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1 IntroductionThe vibration of distributed parameter structures is a subject of widespread and lastinginterest in engineering, and there is a large literature on the subject contributed by bothmathematically inclined theorists and practicing structural engineers. As is well-known, thedynamical models for vibrating structures, given by partial di�erential equations togetherwith appropriate boundary and initial conditions, are essentially in�nite dimensional sys-tems. For theoretical convenience and analysis, it is often assumed that the system does notpossess damping. The concept of undamped systems not only serves a useful purpose forinvestigating the intrinsic properties of in�nite dimensional systems but can also be looselyjusti�ed as an approximation in certain circumstances involving light damping and shorttime observation of vibrations. But in fact all physical systems do possess damping, nomatter how small. Indeed, if a system (even in a vacuum) is set in motion and allowed tovibrate freely, the vibration will eventually die out; the rate of decay depends on the amountof damping. There are several mathematical models representing physical damping. Themost often encountered types of damping in vibration studies are linear viscous damping andKelvin-Voigt damping which are special cases of proportional damping. Viscous dampingusually models external friction forces such as air resistance acting on the vibrating struc-tures and is thus called \external damping", while Kelvin-Voigt damping originates fromthe internal friction of the material of the vibrating structures and is thus called \internaldamping" or \material damping".In system analysis, identi�cation and control, it is convenient and highly desirable that theoriginal partial di�erential equations together with the boundary conditions be decomposableinto an in�nite number of uncoupled ordinary di�erential equations. When possible, this isusually done by using an eigenfunction expansion of the system sti�ness operator. Indeed,this is the basic assumption underlying most engineering analyses and testing of complexphysical systems, as well as a popular assumption in feedback control design. If a systemhas this decoupling property, we say that the system has \Normal Modes". For undampedsystems, it is widely recognized that a continuous system usually has normal modes. Fordamped systems, however, the situation is much more complicated. For lumped systemsconsisting of mass, spring and dampers, it has been shown that the commutability of themass weighted sti�ness operator and damping operator is a necessary and su�cient conditionfor the existence of normal modes (Caughey, 1960). These results are extended to continuoussystems in (Caughey and O'Kelley, 1965) and to continuous systems with special asymmetriesin (Inman and Olsen, 1988). In (Meirovitch, 1967), it is shown that a damped continuousmechanical system has normal modes if the damping operator is a linear combination of its2



mass operator and sti�ness operator; this is physically a very special case. Mathematically,the condition for the existence of \normal modes" is that one be able to simultaneouslydiagonalize (through a coordinate transformation) the mass, sti�ness and damping operatorsof the system. This is the standard de�nition of normal modes as used in both vibrationanalysis and in vibration testing (Ewins, 1984).In this paper we investigate a more general a class of mechanical systems, consistingof a continuous structure and a �nite number of concentrated masses, elastic supports andoscillators. Such systems are often called \combined dynamical systems" in engineering lit-erature. These include systems arising in the emerging �eld of smart material structuresas well as oft-studied articulated structures (such as those arising in large space structuresand robotics applications). Interest in such systems is likewise of long standing, but it hasonly been in the last several years that methods for the systematic and practical analysis oftheir vibration, both free and forced, have emerged (see, for example, Bergman and Nichol-son, 1985a; Bergman and Nicholson, 1985b; Nicholson and Bergman, 1985; Nicholson andBergman, 1986a; Nicholson and Bergman, 1986b; Bergman and McFarland, 1988a; Bergmanand McFarland, 1988b). While the parallels between the analyses of simple continuousstructures and of these combined systems have been recognized for some time (Miles, 1956;Bishop and Johnson, 1960; Lin, 1962; Chen, 1963a; Chen, 1963b; Pan, 1965; Gupta, 1970;Jacquot, 1970; Mead, 1971; Davies and Roger, 1979; Dowell, 1979; Kasprzyk, 1984; Banks,Gates, Rosen, and Wang, 1988), these have not, heretofore, been fully investigated. Sinceone quickly enters the realm of models with unbounded operators, the analysis is often quitedelicate and di�cult to carry out with rigor.We shall be working with the weak form of system dynamic equations by using sesquilin-ear forms. We believe these are the most natural tools to use for the discussions herebecause the sti�ness and damping operators are essentially di�erential operators containingdelta functions and/or distributional derivatives. Earlier ad hoc approaches (Bergman andMcFarland, 1988; McFarland, 1990) to examination of such systems attempted to extend thecommutativity of operators conditions (see also Inman and Olsen, 1988) directly to combinedsystems. Such an approach leads immediately to conceptual di�culties with domains of op-erators and interpretations of derivatives. To avoid such di�culties we employ a sesquilinearform approach in the context of weak or variational solutions. Using this approach, we shallderive some conditions under which such systems have normal modes. Before we begin workon the general model, we shall look at several special cases. One is a cantilever 
exible beamsystemwith piezoceramic patches (the standard elementarymodel in smart material studies).The other is a cantilever beam with an oscillator attached at some point. The �rst modelarises from control of articulated multidimensional 
exible structures using sensor/actuator3



con�gurations involving piezoceramic patches. In this case, the coe�cients of the dampingoperator as well as the sti�ness operator (and even the mass density) contain characteristicfunctions and thus are not continuous. We shall show that the system generally does nothave normal modes even for Kelvin-Voigt damping. For the second system, we shall alsoshow that the system does not possess normal modes except in very special cases where thebeam and oscillator are \matched". Based on these observations, we next present a gen-eral model for a combined discrete and continuous system and discuss the conditions underwhich the overall system has normal modes. When Kelvin-Voigt damping is considered, itis found, much like the second case above, that the overall system does not possess normalmodes unless some matching conditions are satis�ed. These results are interesting becausethey reveal that a combined discrete-continuous system rarely possesses normal modes evenif the continuous system itself does. Thus the usual engineering analyses that begin with theassumption of normal modes are simply not valid and hence not useful in analyzing thesevery important systems. Despite this, when the system is fully descretized in the usual wayvia the �nite element or assumed modes method, the propensity is, indeed, to invoke theassumption of classical damping, accepting the likelihood of modeling error without a fullunderstanding of its origin or e�ect.2 Motivating ExamplesTo motivate the general cases, we �rst consider three special cases.Example 1. As the most common example used in the \smart structures" literature,we consider a 
at beam subject to transverse vibrations with a pair of piezoceramic patchesattached for sensing and actuating. The beam, depicted in Fig.1, is assumed to have length`, width b, thickness h and cantilever end conditions with the �xed end at x = 0 and freeend at x = `. It is assumed that the beam is homogeneous and constructed from a materialwhich essentially satis�es the Euler-Bernoulli hypothesis for displacement and Kelvin-Voigtdamping hypothesis (this means that damping is proportional to strain rate). To controlthe vibration of the beam, a pair of identical piezoceramic patches are bonded to oppositesides of the beam over the region x1 < x < x2. The Young's moduli, linear mass densitiesand damping coe�cients for the beam and patch are denoted by E;Ep; �; �p and Cd; Cdp,respectively, with the subscript p denoting patch properties. The patch thickness is denotedby hp.Let w(t; x) denote the transverse displacement of the beam at time t and at position x.From fundamental mechanics (force and moment balance for small disturbances and initial4
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x x1 2Figure 1: Cantilevered beam with piezoceramic patchesconditions), we know that the dynamic equation governing the free vibrations (no controlaction) of the beam is given by (Banks, Smith, and Wang, 1996)~�@2w@t2 + @3@t@x2�gCdI(x)@2w@x2 �+ @2@x2�gEI(x)@2w@x2 � = 0 (1)w(t; 0) = @w@x (t; 0) = @2w(t; `)@x2 = @3w(t; `)@x3 = 0where the derivatives are interpreted in the sense of distributions (e.g., see (Banks, Smith,and Wang, 1996) for details as well as experimental validation of the appropriateness of thismodel for our example) and e� = �hb+ 2b�php�p(x)gCdI(x) = CdI + 2b3 Cdpa�p(x)gEI(x) = EI + 2b3 Epa�p(x)with I = h3b12 , a = (h=2 + hp)3 � h3=8, and �p(x) is the characteristic function for [x1; x2].It is clear that gEI(x) and gCdI(x) are discontinuous as a function of x. De�ne V =H2L(0; `) = f� 2 H2(0; `)j�(0) = �0(0) = 0g, H = L2(0; `) and assume the Gelfand tripleconstruction V ,! H ,! V � (see Wloka, 1992). Here H2(0; `) is the usual complex SobolovspaceW 2;2(0; `). Then the sti�ness operator A : V ! V � and damping operator B : V ! V �are given by A = @2@x2�gEI(x) @2@x2�; B = @2@x2�gCdI(x) @2@x2�;where the derivatives are interpreted in the distributional sense. Or, more precisely (A�)( ) =hgEI�00;  00i, (B�)( ) = hgCdI�00;  00i for �;  2 V , h�; �i is the complex inner product inL2(0; `) and prime denotes spatial di�erentiation.5



The system (1) can be written thus as (again see (Banks, Smith, and Wang, 1996))M �y(t) +B _y(t) +Ay(t) = 0 in V � (2)where M is ~�Id with Id the identity on V (or H or V �). For normal modes one must have acomplete orthonormal family f�ng satisfyinghM�n; �mi = �nm(A�n)(�m) = �n�nm(B�n)(�m) = ~�n�nmwhere �nm is the usual Kronecker delta. In particular, we must have for all n;m�hbh�n; �mi+ 2�phpb Z x2x1 �n ��m = �nmEIh�00n; �00mi + 2b3 Epa Z x2x1 �00n ��00m = �n�nmCdIh�00n; �00mi + 2b3 Cdpa Z x2x1 �00n ��00m = ~�n�nm:The �rst equation just states that f�ng is an orthonormal set in L2(0; `) with the weightedinner product h~��; �i. De�ning Ê = EI, Ĉd = CdI, Êp = 2b3 Epa, Ĉdp = 2b3 Cdpa, we may writethe second and third equations asK0@ h�00n; �00miZ x2x1 �00n ��00m 1A =  �n�nm~�n�nm ! (3)where K = � Ê ÊpĈd Ĉdp �. Thus, if K us invertible, that is, if we do not have existence of a k 6= 0such that (Ê; Êp) = k(Ĉd; Ĉdp), we �nd that h�00n; �00miR x2x1 �00n ��00m ! = K�1  �n�nm~�n�nm ! =  
n�nm~
n�nm ! (4)for all n;m. In particular, this implies that h~��n; �mi = �nm, h�00n; �00mi = 
n�nm and the f�ngsatisfy the boundary conditions for a cantilevered beam. That is, the f�ng form a completeorthonormal family for an undamped beam with mass density ~� and sti�ness EI = 1 (sucha family is completely determined by the beam parameters and boundary conditions in theusual manner). However, the second equation arising from (4) yields that this set f�ngmust also satisfy R x2x1 �00n ��00m = 0 for n 6= m, a condition that does not in general hold for anarbitrary patch on [x1; x2] � (0; `). Hence the assumption of invertibility of K leads to acontradiction. 6



Thus if we are to have a set of normal modes for the cantilevered beam with patches, wemust have that (Ê; Êp) = k(Ĉd; Ĉdp) for some k 6= 0. This condition (while an extremelyrare and physically unreasonable condition in general) is clearly also su�cient for normalmodes. Thus we have arguedTheorem 1. A necessary and su�cient condition that the system (1) have normal modes isthat there exist k > 0 such that (Ê; Êp) = k(Ĉd; Ĉdp) where Ê � EI, Êp = 2b3 Epa, Ĉd = CdI,Ĉdp = 2b3 Cdpa.It is interesting to observe that while the standard \smart structure", i.e., system (1)with piezoceramic patches does not in general possess normal modes, the system without thepatches and with homogeneous material does have normal modes for Kelvin-Voigt dampingis present.Example 2. Consider a cantilever beam with an oscillator attached to the beam at point�, as illustrated in Fig.2. Again, consider Kelvin-Voigt damping. Let the notations for thebeam be the same as in Example 1, except that now gEI = EI and gCdI = CdI are constants.
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Figure 2: Cantilevered beam with oscillator attachedLet the mass, damping and spring coe�cients of the oscillator be denoted by mH; cH andkH , respectively. Let w(t; x) denote the displacement of the beam and let z(t) denote the7



displacement of the mass of the oscillator. It is assumed that both are measured from theequilibrium state. Then the dynamical system of the composite structure is given by� �w(t; x) + CdI _w0000(t; x) + EIw0000(t; x)= [cH( _z(t)� _w(t; x)) + kH(z(t)� w(t; x))]�(x� �); 0 < x < `; (5)mH�z(t) + cH( _z(t)� _w(t; �)) + kH(z(t)� w(t; �)) = 0;w(0; x) = w0(x); _w(0; x) = w1(x); z(0) = z0; _z(0) = z1;where �(x � �) is the Dirac Delta distribution, and hence �(�) = R0̀ �(x)�(x � �)dx for� 2 H1(0; `), and w0; w1; z0; z1 are given initial data.To proceed further, we de�ne a complex Hilbert space H = L2(0; `) � Cl with innerproduct< y1; y2 >= Z `0 w1(x) �w2(x)dx+ z1�z2; for y1 = (w1; z1); y2 = (w2; z2) 2 H:De�ne a Hilbert space V = f(w; z) 2 H2(0; `) � Cl jw(0) = w0(0) = 0g with inner productinduced norm k(w; z)k2V = Z `0 w00(x) �w00(x)dx+ (z � w(�))(�z � �w(�)):Let V ,! H ,! V � again be the usual Gelfand triple formulation.De�ne a sti�ness operator A : V ! V � byA�wz � = 0B@EIw0000(x) + kH(w(x)� z)�(x� �)kH(z �w(�)) 1CAand a damping operator B : V ! V � byB �wz � = 0B@CdIw0000(x) + cH(w(x)� z)�(x� �)cH(z � w(�)) 1CA ;where again the derivatives and Delta operator are interpreted in the distributional sense.Then Equation (5) can be written as the abstract second-order initial value problemM �y(t) +B _y(t) +Ay(t) = 0 in V �; t > 0; (6)y(0) = y0; _y(0) = y1where y = (w; z)T and My = (�w;mHz)T , y0 = (w0; z0), y1 = (w1; z1).Let �A(y1; y2) : V � V ! Cl be the symmetric sesquilinear form given by�A(y1; y2) = EI R0̀ w001(x) �w002(x)dx+ kH(w1(�)� z1)( �w2(�)� �z2) (7)8



for y1 = (w1; z1); y2 = (w2; z2) 2 V .Similarly, let �B be the sesquilinear form which has exactly the same form as �A exceptthe constants EI and kH are replaced respectively by CdI and cH . At this point, it is easyto show that �A(y1; y2) =< Ay1; y2 >V �;V and �B(y1; y2) =< By1; y2 >V �;Vwhere < �; � >V �;V denotes the usual duality pairing (Banks, Smith, and Wang, 1996; Wloka,1992). Furthermore, we have the following lemma.Lemma 1. For any y1; y2 2 V , there exist positive constants 
 and c such thati) j�A(y1; y2)j � cky1kV ky2kV , i.e., �A is V -continuous.ii) �A(y1; y1) � 
ky1k2V , i.e., �A is V -elliptic.The proof of this lemma is obvious and is thus omitted.Similarly, we can show that �B has the same properties as stated in Lemma 1.Using these notations, we are able to write the equation of (5) as< M �y(t);� > +�A( _y(t);�) + �B(y(t);�) = 0; for all � 2 V: (8)This is the precise meaning of the equation in (6) which is called the weak form or variationalform of system (5). We can rewrite equation (8) as an equivalent �rst order vector system,or leave it in second order form. In either case, there are basic abstract results (see Chap.4 of (Banks, Smith, and Wang, 1996)) for such systems that guarantee the existence of aunique solution in an appropriate sense. We are more interested here in the conditions underwhich there exist normal modes.Theorem 2. There exist normal modes for system (6) if and only if there exists aconstant k > 0 such that �EIkH � = k �CdIcH � : (9)Proof: Condition (9) is obviously su�cient. We need only to show the necessity. Let �n bethe generalized orthonormal eigenvectors of the operator A such that< M�n;�m >= �nm; for all n;m:That is, the f�ng simultaneously diagonalize M and A. It is shown in the Appendix howto uniquely solve this eigenvalue problem. If there exist normal modes for (6), then it isnecessary that these f�ng also diagonalize B, that is,�A(�n;�m) = 0;�B(�n;�m) = 0; for all �n = (wn; zn);�m = (wm; zm); for all n 6= m:9



This means thatEI Z `0 w00n(x) �w00m(x)dx+ kH(zn �wn(�))(�zm � �wm(�)) = 0;CdI Z `0 w00n(x) �w00m(x)dx+ cH(zn � wn(�))(�zm � �wm(�)) = 0;for all n 6= m. Suppose condition (9) does not hold. Then from these two equations, we haveR0̀ w00n(x) �w00m(x)dx = 0(zn � wn(�))(�zm � �wm(�)) = 0;for all n 6= m, which implies zn = wn(�) or zm = wm(�), for all n 6= m. Therefore, thereexists at most one integer n1 such that zn1 6= wn1(�) and zn = wn(�) for all n except n = n1.Since �n(x) = �wn(x)zn � are the eigenfunctions of A which also diagonalizeM , the equationA�n(x) = �nM�n(x)must be satis�ed for some scalar �n. This is equivalent toEIw0000n (x) + kH(wn(�)� zn)�(x� �) = ��nwn(x) (10)kH(zn � wn(�)) = mH�nznwn(0) = w0n(0) = w00n(`) = w000n (`) = 0:Since zn = wn(�) for n 6= n1, the second equation above gives zn = 0 for all n 6= n1 because�n 6= 0. Hence wn(�) = 0 for all n 6= n1. Thus, equation (10) reduces toEIw0000n (x) = ��nwn(x)wn(x) = w0n(0) = w00n(`) = w000n (`) = 0; n 6= n1;which is exactly the eigenvalue problem for a cantilever beam with density �, sti�ness EIwithout any attached oscillators. Such a set fwng is determined uniquely (independent of�) and does not satisfy wn(�) = 0 for all n 6= n1.Thus condition (9) is necessary for the beam with oscillator system to have normal modes.When condition (9) is satis�ed, we say that the beam and the oscillator are \matched". Sincethey are rarely matched for arbitrarily given oscillators, the overall system rarely has normalmodes.Remark: Consider the special case where the oscillator is attached at the tip end, i.e.,� = `. In this case, the dynamic equations can be written as follows (using force balancenotions on the states y(t) = (w(t; x); w(t; `); z(t)))� �w(t; x) + CdI _w0000(t; x) + EIw0000(t; x) = 0; 0 < x < `;10



�CdI _w000(t; `)� EIw000(t; `) = cH( _z(t)� _w(t; `)) + kH(z(t)� w(t; `)) (11)mH�z(t) + cH( _z(t)� _w(t; `)) + kH(z(t)� w(t; `)) = 0:The second equation above can be formally obtained by integrating the �rst equation of (5)from `� to `+, noting that w000(t; `+) = 0; R `+`� �w(t; x)dx = 0, and then setting `� = `. Thismodel is extensively studied in existing literature (see, for example, (Banks, Gates, Rosen,and Wang, 1988)). It should be noted that there exists an essential di�erence betweenequation (5) and equation (11). In equation (11), w(t; `) is an independent variable. Thatis to say, (w(t; x); w(t; `); z(t)) is chosen as state variable if we wish to write equation (11)in the abstract form as before. This is in sharp contrast with equation (5) where w(t; �)is not an independent variable. In that case only y(t) = (w(t; x); z(t)) was chosen as thestate variable. Since the mathematical formulation is thus somewhat di�erent for discreteelements attached to the free end of a beam, we shall assume that the discrete elements suchas oscillators are attached only at the interior points of continuous structures in the nextsection.In (Inman, 1989, p281) it is shown formally (not rigorously) that the modal analysis ofthe system of Fig. 2 \e�ectively couples the design problem so that passive control cannotbe performed on a per mode basis." It is also noted in (Inman, 1989) from an analysis of(Bergman and Nicholson, 1985b) that proportionality results only if �n�m = constant for allm;n. This, of course, is not possible with the exception of perhaps one mode. In (Bellos,1989) it is shown experimentally that in fact only one mode of the system of Fig. 2 exhibitsa normal mode behavior.Example 3. Let us now consider the situation where an elastic support is attached tothe beam at x = �. Let ke and ce denote respectively the spring and damping coe�cientsof the elastic support. Using the notations de�ned in Example 2, we are able to write thedynamical equations governing the free vibrations of the beam as follows:� �w(t; x) + CdI _w0000(t; x) + EIw0000(t; x)+kew(t; x)�(x� �) + ce _w(t; x)�(x� �) = 0; 0 < x < `:Let V = fw 2 H2(0; `)j w(0) = w0(0) = 0g. De�ne A : V ! V � and B : V ! V � byAw(x) = EIw0000(x) + kew(x)�(x� �); Bw(x) = CdIw0000(x) + cew(x)�(x� �):Let �A and �B be the sesquilinear forms associated with A and B. We show that for thesystem to have normal modes, it is necessary and su�cient that there exists a constant ksuch that �EIke � = k �CdIce � :11



The proof of this claim is similar to but simplier than that in Example 2. So we only providean outline. Let fwng be the generalized orthogonal eigenfunctions of A. To have normalmodes, it is necessary that �A(wn; wm) = 0;�B(wn; wm) = 0; for all n 6= m;which means EI Z `0 w00n(x) �w00m(x)dx+ kewn(�) �wm(�) = 0;CdI Z `0 w00n(x) �w00m(x)dx+ cewn(�) �wm(�) = 0; for all n 6= m:Therefore, if (EI; ke) 6= k(CdI; ce), thenZ `0 w00n(x) �w00m(x)dx = 0;wn(�) �wm(�) = 0;which implies wn(�) = 0 for all n, except possibly one integer n1. But then, the eigenvalueproblem Awn(x) = �nwn(x) is reduced toEIw0000n (x) = �nwn(x);wn(0) = w0n(0) = w00n(`) = w000n (`) = 0; n 6= n1which is the eigenvalue problem for a free beam without any attachments. For the latter, theeigenfunctions are already determined and they cannot satisfy the constraint wn(�) = 0 forall n 6= n1 and arbitrary �. This contradiction shows that (EI; ke) = k(CdI; ce) is necessaryfor the system to have normal modes.3 Normal Modes of Combined Discrete-Continuous Sys-temsIn this section we generalize the �ndings of the speci�c examples of the previous section totreat combined systems that include a multi-dimensional distributed parameter structuralmember, such as a beam, plate or shell, subject to transverse vibrations, to which a �nitenumber of discrete systems have been attached. Other vibrating structures, such as shaftsin torsion, are readily treated by the ideas to be presented here.We consider a typical two-dimensional planar member, occupying a region denoted by 
with a boundary of @
 arbitrary shape. This structure, which has area mass density �, is12



assumed to undergo transverse displacements w(t; x1; x2) that can be described by the usuallinear theory of in�nitesimal elasticity. We further assume thatAssumption (H1): Some part of the boundary is clamped and the natural boundaryconditions on the remaining part are such that the sti�ness operator is self-adjoint in someappropriate Hilbert spaces to be de�ned below.This is a reasonable assumption for a signi�cant number of realistical physical systems.To treat the problem in a uni�ed form, we further assume in the following that there are noattachments of the discrete subsystems on the boundary. However,as noted in the remark inthe last section, the case where attachments do exist on the boundary can also be treated.A total of N discrete subsystems is attached to the continuous member at the points�i; i = 1; � � � ;N in 
. Speci�cally, let Ne be the number of elastic supports (linear springs),Nm the number of concentrated masses, and No the number of lumped parameter linearoscillators in the combined system, so that N = Ne +Nm +No. Examples of such discretesystems are depicted in Fig.3. The ith elastic support has sti�ness ki and includes a dashpotwith viscous damping coe�cient ci; the ith concentrated mass is of mass mi; and the ithdiscrete oscillator has N = N(i) degrees of freedom, with sti�ness kij , damping coe�cientscij, and masses mij; j = 1; � � � ; N(i). The displacement of the jth mass of the ith oscillatoris denoted by zij(t), and the displacements of all the masses of this oscillator can be writtenas the vector zi(t) = (zi1(t); � � � ; ziN(i)(t))T ; i = 1; � � � ;No:Since in our discussions we are only concerned with the existence of normal modes of thebasic system, we do not assume that any speci�c external forces are applied to the system.Let w(t; x) denote the displacement of the continuous structure at time t and position x.Let LK and LC denote respectively the sti�ness and damping operators of the continuousstructure. We assume the following:Assumption (H2): LC is proportional to LK.We assume this because we already know the continuous system alone has normal modesunder this condition and our objective here is to see what happens for the combined discrete-continuous systems under this same condition. It is clear that if we consider Kelvin-Voigtdamping in a homogeneous continuous structure, then the above assumption is satis�edautomatically. Kelvin-Voigt damping is a proportional strong damping that is most likely toallow the system to have normal modes. In other words, if a system does not have normalmodes when Kelvin-Voigt damping is considered, then it is most unlikely to have normalmodes for other kinds of damping. 13
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= �PN(i)j=1 mij�zij(t): (15)The dynamical equations of the ith oscillator subsystems are given bymi1�zi1(t) + ci1[ _zi1(t)� _w(t; �i)] + ci2[ _zi1(t)� _zi2(t)]+ki1[zi1(t)� w(t; �i)] + ki2[zi1(t)� zi2(t)] = 0mij�zij(t) + cij[ _zij(t)� _zi(j�1)(t)] + ci(j+1)[ _zij(t)� _zi(j+1)(t)] (16)+kij [zij(t)� zi(j�1)] + ki(j+1)[zij(t)� zi(j+1)(t)] = 0;...miN(i)�ziN(i)(t) + ciN(i)[ _ziN(i)(t)� _zi(N(i)�1)(t)] + kiN(i)[ziN(i)(t)� zi(N(i)�1)(t)] = 0:Motivated by Example 2, we wish to write the coupled equations (12) and (16) in acompact form similar to (6). For this purpose, let us de�ne a Hilbert spaceH = L2(
)� Cl N(1) � � � � � Cl N(No)with inner products < U; Y >= Z
 u(x)�y(x)dx+ u1�y1 + � � � + uNo�yNofor U(x) = (u(x); u1; � � � ; uNo); Y (x) = (y(x); y1; � � � ; yNo) 2 H. We also de�ne operators �̂and L̂K by �̂U(x) = 0BBBBBB@ [�+PNmi=1mi�(x� �i)]u(x)M1u1...MNouNo 1CCCCCCA ;and L̂KU(x) = 0BBBBBB@LKu(x) +PNoi=1 ki1(u(�i)� ui1)�(x� �i) +PNei=1 kiu(�i)�(x� �i)K1u1...KNouNo 1CCCCCCA ;where Mi = diag(mij); j = 1; : : : ; N(i); i = 1; � � � ;Noand Kiui = 0B@ ki1(ui1 � u(�i)) + ki2(ui1 � ui2)...kiN(i)(uiN(i)� ui(N(i)�1)) 1CA ; i = 1; � � � ;No:15



The operator L̂C can also be de�ned just in the same way as L̂K except that LK and kij inL̂K should be replaced by LC and cij respectively.With these de�nitions, we can formally write equations (12)-(16) in an abstract form onthe Hilbert space H by �̂ �W (t) + L̂C _W (t) + L̂KW (t) = 0; (17)for W (t) = (w(t; �); z1(t); � � � ; zNo(t)).Next, let us de�ne a Hilbert spaceV = H2L(
) �Cl N(1) � � � � �Cl N(No)where H2L(
) is a space of all functions which are twice di�erentiable in L2(
) and satisfy theclamped boundary conditions on @
. The inner product in V can be de�ned as a summationof the inner product in H2L(
) and the inner products in Cl N(i); i = 1; � � � ;No.For U(x) = (u(x); u1; � � � ; uNo); Y (x) = (y(x); y1; � � � ; yNo), we de�ne a sesquilinear formby �̂K(U; Y ) = < L̂KU; Y >= �K(u; y) + NeXi=1 kiu(�i)�y(�i)+ NoXi=1 ki1(u(�i) � ui1)�y(�i)+(K1u1)�y1 + � � �+ (KNouNo)�yNo= �K(u; y) + NeXi=1 kiu(�i)�y(�i)+ NoXi=1 ki1(ui1 � u(�i))(�yi1 � �y(�i))+ NoXi=1 ki2(ui2 � ui1)(�yi2 � �yi1)...+ NoXi=1 kiN(i)(uiN(i) � ui(N(i)�1))(�yiN(i) � �yi(N(i)�1))where �K(�; �) is the sesquilinear form associated with LK.Similarly, we can de�ne an sesquilinear form associated with the damping operator L̂Cas follows: �̂C(U; Y ) = < L̂CU; Y >= �C(u; y) + NeXi=1 ciu(�i)�y(�i)16



+ NoXi=1 ci1(ui1 � u(�i))(�yi1 � �y(�i))+ NoXi=1 ci2(ui2 � ui1)(�yi2 � �yi1)...+ NoXi=1 ciN(i)(uiN(i) � ui(N(i)�1))(�yiN(i) � �yi(N(i)�1))where �C(�; �) is the sesquilinear form associated with the operator LC .With these de�nitions, we are able to write equation (17) in the usual weak form:< �̂ �W (t);� > +�̂C( _W (t);�) + �̂K(W (t);�) = 0 for all � 2 V: (18)Since the boundary conditions for the continuous structure are assumed to be in such aform that the operators LK and LC are self-adjoint, it is easy to see that �K and �C aresymmetric. Therefore, from the above de�nitions, it is easily veri�ed that both �̂K and �̂Care symmetric, V -continuous and V -elliptic, from which the existence of a unique solutionof equation (18) taken with appropriate initial conditions easily follows (again, see Chap. 4of (Banks, Smith, and Wang, 1996))Our primary concern is to use these sesquilinear forms to derive conditions under whichthere exist normal modes for system (17) (or (18)).Theorem 3 Under assumptions (H1) and (H2), there exist normal modes for the discrete-continuous system (17) if and only if there exists a constant k > 0 such thatpK = kpC (19)where pK = (1; k1; � � � ; kNe; k11; � � � ; k1N(1); � � � ; kNoN(No))and pC = (
; c1; � � � ; cNe; c11; � � � ; c1N(1); � � � ; cNoN(No)):Proof: The su�ciency is obvious. We need only to show the necessity. Let �n(x) =(wn(x); zn1 ; � � � ; znNo)T be the generalized eigenfunctions of the operator L̂K such that< �̂�n;�m >= �nm; for all n;m:These eigenfunctions can be obtained using the same procedures as given in the Appendix.In order to have normal modes, it is necessary that�̂K(�n;�m) = 017



�̂C(�n;�m) = 0 (20)holds for any n 6= m. Assumption (H2) implies that�C(wn; wm) = 
�K(wn; wm)for a constant 
. Thus eq.(20) is equivalent to the following equations:xnm0 + NeXi=1 kixnmi + NoXi=1 ki1ynmi1 + NoXi=1 ki2ynmi2 + � � �+ NoXi=1 kiN(i)ynmiN(i) = 0 (21)
xnm0 + NeXi=1 cixnmi + NoXi=1 ci1ynmi1 + NoXi=1 ci2ynmi2 + � � �+ NoXi=1 ciN(i)ynmiN(i) = 0 (22)where xnm0 = �K(wn; wm)xnmi = wn(�i) �wm(�i); i = 1; � � � ;Neynmi1 = (zni1 � wn(�i))(�zmi1 � �wm(�i)); i = 1; � � � ;No...ynmiN(i) = (zniN(i)� zni(N(i)�1))(�zmiN(i)� �zmi(N(i)�1)); i = 1; � � � ;No:From eq.(21), we know that for each �xed n and mvnm = (xnm0 ; xnm1 ; � � � ; xnmNe ; ynm11 ; � � � ; ynmNo1; � � � ; ynmNoN(No))Tis orthogonal to pK when both of them are viewed as 1+Ne+PNoi=1N(i) dimensional vectors.We prove pK = kpC by induction.We have seen in Example 2 that when there is only one oscillator attached to the contin-uous member, pK = kpC is necessary and su�cient in order to have normal modes. Example3 shows also that pK = kpC is necessary and su�cient for a system with one elastic supportattached to the continuous member.Consider then a system with Nm number of concentrated masses, Ne number of elasticsupports, and PNoi=1N(i) number of oscillators attached to the continuous member. LetN = 1+Ne+PNoi=1N(i). Suppose that pNK = kpNC is necessary for this system to have normalmodes, where pNK ; pNC are the vectors pK; pC for the N dimensional system.We are going to augment the above N -dimensional system into an N + 1-dimensionalaugmented system. There are three ways to augment the system by one dimension.1) Case 1: Attach one additional oscillator to an existing oscillator group, say, the j'thoscillator group, where 1 � j � No. 18



2) Case 2: Attach one additional oscillator as a new oscillator group with only one oscillator,say, the (No + 1)'th oscillator group.3) Case 3: Attach one additional elastic support, say, the (Ne+1)'th elastic support to thecontinuous member.We have to show that pN+1K = kpN+1Cis necessary for this augmented system to have normal modes for each of the three casesabove, where pN+1K = (pNK; p1); pN+1C = (pNC ; p2);and p1 = kj(N(j)+1); p2 = cj(N(j)+1) for case 1; p1 = k(No+1)1; p2 = c(No+1)1 for case 2; andp1 = k(Ne+1); p2 = c(Ne+1) for case 3.We prove the necessity only for case 1 as an illustration; the other two cases can besimilarly argued. Since we have that normal modes for the N+1 dimensional system impliesnormal modes for the N dimensional system and hence pNK = kpNC , we need only to showkj(N(j)+1) = kcj(N(j)+1) is also necessary. Suppose kj(N(j)+1) 6= kcj(N(j)+1). Then it followsfrom equations (21)-(22) that(pNK; kj(N(j)+1)) � (vnm; ynmj(N(j)+1)) = 0;(pNC ; cj(N(j)+1)) � (vnm; ynmj(N(j)+1)) = 0;where ynmj(N(j)+1) = (znj(N(j)+1) � znjN(j))(�zmj(N(j)+1) � �zmjN(j)):Since pNK = kpNC , multiplying both sides of the second equation by k, and subtracting fromthe �rst we obtain (kj(N(j)+1) � kcj(N(j)+1))ynmj(N(j)+1) = 0:If kj(N(j)+1) � kcj(N(j)+1) 6= 0, we have ynmj(N(j)+1) = 0 for any n 6= m, which meansznj(N(j)+1) � znjN(j) = 0holds for all n, except possibly one n1. Substituting this equation into the eigenvalue equationof L̂K, i.e., L̂K�n = �n�n;we see that znj(N(j)+1) = znjN(j) = � � � = znj1 = wn(�j) = 019



for all n 6= n1, which is impossible since the eigenfunctions fwng are determined a priori,once the physical system's con�guration is determined. They cannot satisfy the constraintwn(�j) = 0 for all n 6= n1 and arbitrary �j . This contradiction shows that kj(N(j)+1) =kcj(N(j)+1) is necessary for the augmented system to have normal modes. We have thusshown that (19) is a necessary and su�cient condition for the discrete-continuous system(17) to have normal modes.When the relation in equation (19) holds, we say that the discrete-continuous systemsare \matched". Since condition (19) is rarely satis�ed, the two combined systems are mostunlikely to be matched. Therefore, generically, the combined discrete-continuous systems donot have normal modes even if the continuous system alone does have normal modes.It should also be remarked that the necessary and su�cient condition in Theorem 3 isa generalization of the well-known commutability condition. To see this, let us considera situation where there is only one group of oscillators in a series connection. Let n bethe number of the oscillators, and let the spring coe�cients and damping coe�cients berespectively numbered as k1; k2; � � � ; kn and c1; c2; � � � ; cn. Then from the de�nition of L̂K,we see that the sti�ness operator in this case can be expressed asKnz = 0BBBB@ k1z1 + k2(z1 � z2)k2(z2 � z1) + k3(z2 � z3)...kn(zn � zn�1) 1CCCCA= 0BBB@ k1 + k2 �k2�k2 k2 + k3 �k3�k3 . . . kn 1CCCA0B@ z1...zn1CAand Cnz = 0BBBBBB@ c1z1 + c2(z1 � z2)c2(z2 � z1) + c3(z2 � z3)...cn(zn � zn�1) 1CCCCCCA= 0BBB@ c1 + c2 �c2�c2 c2 + c3 �c3�c3 . . . cn 1CCCA0B@ z1...zn 1CA :20



It is well-known that a necessary and su�cient condition for this system (we assume withoutloss of generality that diag(mi) = M = I, i.e., these are the mass weighted sti�ness anddamping operators) to have normal modes is that Kn and Cn commute (Caughey, 1960),i.e., KnCn = CnKn:On the other hand, according to Theorem 3, we know that a necessary and su�cient conditionis that there exists a scalar constant k such thatpnK = kpnC ;where pnK = (k1; k2; � � � ; kn);pnC = (c1; c2; � � � ; cn):These two conditions are actually equivalent because of the following theorem.Theorem 4. Let Kn; Cn; pnK ; pnC be de�ned as above. For any n, KnCn = CnKn if andonly if there exists a constant k such that pnK = kpnC .Proof. The su�ciency is obvious. We prove necessity by induction.For n = 1, this is obviously true. Suppose KnCn = CnKn implies there exists a constantk such that pnK = kpnC . We are going to show that Kn+1Cn+1 = Cn+1Kn+1 implies pn+1K =kpn+1C .Since Kn+1 = 0B@ ~Kn11 ~K12~KT12 kn+1 1CA ;where ~Kn11 = Kn + 0B@ 0 00 kn+1 1CA ; ~K12 = � 0�kn+1 � ;where 0 represents various zero matrices or vectors with compatible dimensions. Similarly,Cn+1 = 0B@ ~Cn11 ~C12~CT12 cn+11CA ;where ~Cn11 = Cn + 0B@ 0 00 cn+1 1CA ; ~C12 = � 0�cn+1 � :21



Therefore, Kn+1Cn+1 = 0BBBB@ ~Kn ~Cn + � 0 00 kn+1cn+1 � ~Kn ~C12 + ~K12cn+1~KT12 ~Cn + ~CT12kn+1 2kn+1cn+1 1CCCCAand Cn+1Kn+1 = 0BBBB@ ~Cn ~Kn + � 0 00 kn+1cn+1 � ~Cn ~K12 + ~C12kn+1~CT12 ~Kn + ~KT12cn+1 2kn+1cn+1 1CCCCA :Comparing elements of these two matrices, we have~Kn ~C12 = ~Cn ~K12;from which we obtain kncn+1 = cnkn+1:Since it is assumed that kn = kcn, we see from the above equation that kn+1 = kcn+1.Therefore, pn+1K = kpn+1C . The proof is complete.4 Concluding RemarksIn this paper, a general model has been derived for a combined elastic continuous structureand a �nite number of discrete systems, with the objective to study conditions under whichthe combined system has normal modes. It is shown that unless a matching condition issatis�ed, the system does not have normal modes even for Kelvin-Voigt damping. Thematching condition is, however, very di�cult to satisfy. Therefore, the combined systemsrarely have normal modes even if the simple continuous system alone has normal modes.Note that this result discusses the nature of the zeros or eigenvectors of a transfer functionof the system, not the poles. Hence the results apply to underdamped, overdamped andcritically damped modes (i.e., complex, real, distinct or repeated poles).We further note that our detailed analysis depends heavily on the form of dampingwhich is assumed proportional (Kelvin-Voigt damping). However our techniques readilygeneralize to imply similar conclusions about the lack of normal modes for general classes ofproportionally damped systems, including those with Rayleigh damping.In our treatment we have used the standard de�nition of \normal modes" that requireszero o�-diagonal terms in modal approximations. Issues related to approximation of non-normal mode systems (i.e., those with nonzero o�-diagonal elements) by normal mode (zeroo�-diagional) approximations have been discussed for example in (Bellos, 1989; Bellos andInman, 1989; Huang and Ma, 1994; Ma and Caughey, 1995).22



AppendixWe indicate how to solve the eigenvalue problem of the operator A de�ned in Section 2.Equivalently, we want to solve for �n; wn(x) and zn from system (10) which is recapped asfollows for convenience:EIw0000n (x) + kH(wn(�)� zn)�(x� �) = ��nwn(x); 0 < x < `;kH(zn � wn(�)) = mH�nzn (23)wn(0) = w0n(0) = w00n(`) = w000n (`) = 0:Since a delta function is contained in this equation, we may consider the problem on twoseparate regions (0; ��] and [�+; `). For 0 < x � ��, system (23) reduces toEIw0000n (x) = ��nwn(x); 0 < x < ��kH(zn �wn(��)) = mH�nzn (24)and for �+ � x < `, system (23) reduces toEIw0000n (x) = ��nwn(x); �+ < x < `kH(zn � wn(�+)) = mH�nzn: (25)At the point x = �, the derivatives of wn(x) up to the 2nd-order must be continuous, so thatwn(��) = wn(�+);w0n(��) = w0n(�+); (26)w00n(��) = w00n(�+):Integration of the �rst equation in system (23) yieldsEIw000n (�+) �EIw000n (��) = kH(zn � wn(�)) (27)which is the jump condition for the shear force. Substituting the second equation of system(23) to eliminate zn in equation (27), we obtainEIw000n (�+)� EIw000n (��) = kHmH�nkH �mH�nwn(�): (28)In addition to these conditions, wn(x) should of course satisfy the boundary conditions atboth ends x = 0 and x = `, i.e.,wn(0) = w0n(0) = w00n(`) = w000n (`) = 0: (29)23



Let �n = EI�4n. Then the solution of equation (24) is given bywn(x) = C1e�nx + C2e��nx + C3ej�nx + C4e�j�nx; 0 < x < � (30)and the solution of equation (25) is given bywn(x) = C5e�nx + C6e��nx + C7ej�nx + C8e�j�nx; � < x < ` (31)where Ci; i = 1; � � � ; 8 are unknown constants to be determined. Since there are exactly 8boundary conditions as shown in eqs.(26),(28), (29), there exists a unique solution for Ciwhen �n satis�es some speci�c algebraic equation from which we can evaluate the eigenvalues.Once the Ci are determined, the eigenfunctions wn(x); 0 < x < ` are readily obtained fromequations (30) and (31).Acknowledgment:This research was supported by the U.S. Air Force O�ce of Scienti�c Research in part(H.T.B.) under grant AFOSR F49620-95-1-0236 and in part (H.T.B, D.J.I.) under grantAFOSR F49620-93-1-0280. The second author would like to gratefully acknowledge Prof.K. Ito for numerous discussions on a number of topics while he was a visiting professor atN.C. State University.ReferencesBanks, H.T., Gates, S.S., Rosen, I.G., and Wang, Y., 1988, \The identi�cation of adistributed parameter model for a 
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