
ABSTRACT

Samuels, John Richard. Inverse Problems and Post Analysis Techniques for a Stenosis-
Driven Acoustic Wave Propagation Model. (Under the direction of Professor H.T. Banks).

This work is the third component of a multi-stage project that began in the late

1990’s. The project was motivated by a desire to develop a non-invasive and inexpensive

technique to detect coronary stenoses. Our group was tasked with the development of a

mathematical description of a stenosis-driven acoustic wave. The first two iterations of the

project saw the formulation of the one- and two- dimensional versions of the mathematical

model [1, 2]. This work will detail the three-dimensional version of the model, in addition

to addressing the inverse problem in two-dimensions and exploring post analysis techniques

of various statistical models.

The central obstacle to the development of the acoustic wave propagation model

is an appropriate constitutive relationship to be used in the equations of motion [3]. Fung’s

Quasi-Linear Viscoelastic theory provides an excellent description of the relationship be-

tween stress and strain in biological materials by assuming there is a continuous spectrum,

and not a finite number, of relaxation times [4]. But the computational cost of implement-

ing Fung’s constitutive relationship is restrictive. Thus, we will employ internal variables

to reduce computational time while preserving the accuracy of Fung’s theory, a task already

accomplished in the one and two dimensional setting. We will then demonstrate that the

model does indeed capture viscoelasticity and spatially dependent densities.

The goal of this project is to produce methodology that will enhance the ability

to reliably detect the location of an arterial stenosis. To pursue this, we will use the

mathematical model in an inverse problem framework to obtain estimates of the blockage

using simulated data. These results will determine the type of experimental data to be

obtained. Initial efforts in the two-dimensional setting were not adequate and required

further investigation. In this work, we will consider alternate mathematical descriptions

of the occlusion geometry, as well as different statistical estimators. We will then explore

various techniques, e.g., residual plots and Monte Carlo simulations, that can be used to

verify whether model assumptions have been satisfied.
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Chapter 1

Introduction

Coronary artery disease (CAD) is the leading cause of death in the United States

[5]. The disease is caused by a gradual accumulation of atheromatous plaques (e.g. choles-

terol, fatty acids, calcium and fibrous connective tissue) along the wall of the vessel [6].

Although the symptoms of CAD are pronounced in the later stages of the affliction, it is

very difficult to diagnosis the disease before the first onset of symptoms, typically a sudden

heart attack [7].

Current detection techniques include angiograms and CT scans. Angiograms are

an invasive technique, which typically requires entering the vessel through the femoral artery

or the jugular vein - a process many may wish to avoid. Besides the pain inflicted on the

patient, the procedure is also prone to interobserver variability [8, 9]. On the other hand, CT

scans generate a three-dimensional image of an object by taking multiple two-dimensional

X-Rays while rotating around an axis. The scans do not suffer from interobserver variability

and are very quick (an approximate scan time of a pulmonary angiogram is 5 seconds or

less) and relatively accurate [10], but they do have significant drawbacks. For one, a single

CT scan of the heart and surrounding vessels can expose a patient to over 3 years worth

of natural background radiation [11]. Although no direct link between the scans and the

development of cancer has been established, many in the medical community are concerned

the increased dosage would lead to a higher risk of cancer [12]. Also, the machinery required

to perform the scans is also very expensive, which may restrict access to a proper diagnosis.

More importantly, however, CT scans effectively detect calcium deposits, but not the soft

plaques which form the most dangerous arterial lesions.

In the late 1990’s a venture capital company called MedAcoustics developed and
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patented a polyvinyldifloruide (PVDF) array of piezoelectric sensors that could detect the

acceleration of acoustic waves. MedAcoustics hoped these sensors could be used for early

detection of CAD. The idea is pretty simple - blockages in the artery create turbulence in

the bloodflow, which then generates an acoustic wave with a normal and shear component

(Figure 1.1). The acoustic wave propagates through the chest cavity until it reaches the

chest wall, where a series of sensors would detect the acceleration of the shear component

of the wave (the normal component travels too quickly to be detected). The data from the

sensors would then be used to quickly determine the location of the blockages, if any, in

the artery. Unlike the other detection techniques discussed above, the process would be

inexpensive and non-invasive.

Figure 1.1: A depiction of the interaction between an arterial blockage and an acoustic
wave.

Although MedAcoustics developed the hardware for the detection procedure, the

company recognized that a mathematical model that described the propagation of the acous-

tic wave from the stenosis to the chest wall would be necessary. The company sought the

assistance of the Center for Research in Scientific Computation (CRSC) at North Carolina

State University. One- and two-dimensional models were then developed [1, 2]; this the-

sis details the development of a three-dimensional extension. The goal of the dissertation,

however, is not to simply derive the three-dimensional extension of previous mathematical

models. We also seek to address lingering issues with the two-dimensional model, as well

as lay the foundation for experimental testing by highlighting the efficacy of the inverse

problem involving the two-dimensional version of the model and simulated data.

With that said, the organization of the dissertation is as follows. In Chapter 2 we

describe the derivation of the equations of motion. This set of equations will describe how

the acoustic wave propagates in the chest cavity and is based on balancing momentum and

mass in an infinitesimal unit element. The main obstacle to implementing the well-accepted
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equations of motion is the formulation of an appropriate constitutive relationship. Chapter

3 contains the approach that we have adopted - Fung’s quasi-linear viscoelastic theory,

and details of how we implemented Fung’s approach using internal variables. Once the

general form of the three-dimensional Internal Strain Variable (ISV) model is developed,

we must put it in a form that can be implemented numerically. In Chapter 4 we present that

process, as well as biologically relevant versions of the model. Chapter 5 details how the ISV

model takes into account various physical characteristics of biological tissue. Of particular

importance in the ISV model is viscoelasticity and spatially dependent density, both of which

are presented in the chapter. In addition, we also discuss numerical implementation of the

model. In the final chapters of the dissertation, Chapters 6, 7, 8 and 9, we discuss inverse

problem formulations and the impact of noise on estimation of the occlusion parameters.
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Chapter 2

Model Geometry

The ultimate goal of the project is to develop a model that can be used by the

medical community to quickly and reliably detect arterial stenoses. Such a model must

incorporate the complexities of the human chest cavity. However, before testing is performed

on humans experiments must be done on animals, and since pigs have a barrel-shaped chest

cavity with internal properties similar to humans (Figure 2.1), it has been decided that

initial experiments will be performed on pigs. But experiments are costly, even on pigs.

Figure 2.1: Because of their cylindrical chest cavity experiments will be performed on pigs.

So before experiments begin on the pigs, we will simulate the propagation of shear waves

generated by arterial stenoses in a pig’s chest cavity by taking a cylindrical mold and placing

surgical tubing axisymmetrically through the mold. The surgical tubing simulates the pig’s

arterial vein, while the remaining portion of the mold contains synthetic gel with properties

similar to tissues. The simplified physical geometry of the gel mold (Figure 2.2) will allow

us to (initially) ignore certain issues surrounding the complexity of the human chest cavity

and to instead focus our attention on deriving a biologically appropriate constitutive law.
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R2

R1

Z1

Z2

Figure 2.2: The cylinder is a good geometric approximation to a pig’s chest cavity, and is
illustrative of the geometry used in the project.

2.1 Equations of Motion

To describe how a stenosis-driven shear wave propagates through a chest cavity

we will use the classical equations of motion. The equations of motion are obtained by

considering the continuity equation (mass balance) and the momentum equations (momen-

tum balance). We find it more intuitive to derive the equations of motion in rectangular

coordinates than cylindrical coordinates; a simple, yet time consuming conversion will then

yield the model in cylindrical coordinates.

Before we derive the momentum and continuity equations we should first remark

on the mechanics governing the propagation of the acoustic wave. Throughout this project

we will assume that if a stenosis exists along the arterial wall:

1. The blood flow is impeded and becomes turbulent.

2. The turbulence will then deform a portion of the nearby arterial wall, causing a change

in the density of that material.

3. The change in density creates a pressure wave, composed of a normal and shear com-

ponent, that then propagates through the biological medium by altering the density

of nearby areas.

From this perspective, there is no bulk flow of biotissue, but rather particles move into
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and out of a volume element (see Figure 2.3) due to the vibrational motion caused by the

stenosis. Thus, we approach this system from an elasticity viewpoint, and it is from that

viewpoint that we derive the continuity and momentum equations.

2.1.1 Continuity Equation

The continuity equation is a mass balance over a stationary volume element

∆x∆y∆z (again, see Figure 2.3):

rate of mass accumulation = rate of mass in− rate of mass out. (2.1)

Recall that we can express the mass m of an object through its density ρ. The density of

X

Y

Z

∆y

∆z

(x, y, z)

(x + ∆x, y + ∆y, z + ∆z)

∆x

Figure 2.3: Region of volume ∆x∆y∆z that the stenosis-driven acoustic wave propagates
through.

an object with volume ∆x∆y∆z is

ρ =
m

∆x∆y∆z
,

and thus an alternate expression for the mass m in an element with volume ∆x∆y∆z is

ρ∆x∆y∆z. Throughout our derivation we will assume that density is a time and spatially
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dependent quantity, and will denote ρ = ρ(t, x, y, z). Hence, the rate of mass accumulation

within the volume in terms of the density is given by the expression [13]

∂m

∂t
=

∂ρ

∂t
∆x∆y∆z. (2.2)

To determine the rate of mass flow entering (and leaving) the volume in the x direction we

make use of the relation [13]

mass rate of flow = ρ vx ∆y∆z (2.3)

where vx is the x component of the particles’ velocity in the volume element. Thus, the

rate of mass flow across the surface at x is

(ρ vx)
∣∣∣
x
∆y∆z (2.4)

and the mass flow across the face at x + ∆x is

− (ρ vx)
∣∣∣
x+∆x

∆y∆z. (2.5)

The expressions for the other pairs of surfaces are in the same form (which is one reason we

chose to derive the equations in rectangular, and not cylindrical, coordinates). Therefore,

(2.1) can be rewritten as

∂ρ

∂t
∆x∆y∆z =

(
(ρ vx)

∣∣∣
x
− (ρ vx)

∣∣∣
x+∆x

)
∆y∆z +

(
(ρ vy)

∣∣∣
y
− (ρ vy)

∣∣∣
y+∆y

)
∆x∆z

+
(

(ρ vz)
∣∣∣
z
− (ρ vz)

∣∣∣
z+∆z

)
∆x∆y. (2.6)

If we assume ρvx, ρvy and ρvz are sufficiently smooth then a Taylor expansion can be

performed to approximate the mass flow terms:

(ρ vx)
∣∣∣
x+∆x

≈ (ρ vx)
∣∣∣
x

+
∂

∂x
(ρ vx)∆x

(ρ vy)
∣∣∣
y+∆y

≈ (ρ vy)
∣∣∣
y

+
∂

∂y
(ρ vy)∆y

(ρ vz)
∣∣∣
z+∆z

≈ (ρ vz)
∣∣∣
z
+

∂

∂z
(ρ vz) ∆z.

With these approximations in hand we can approximate (2.6) by

∂ρ

∂t
∆x∆y∆z =−

(
∂

∂x
(ρvx) +

∂

∂y
(ρvy) +

∂

∂z
(ρvz)

)
∆x∆y∆z, (2.7)
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which, upon dividing through by ∆V = ∆x∆y∆z, leads to the continuity equation

∂ρ

∂t
=−

(
∂

∂x
(ρ vx) +

∂

∂y
(ρ vy) +

∂

∂z
(ρ vz)

)
, (2.8)

or

∂ρ

∂t
+∇ · (ρ~v) = 0 (2.9)

2.1.2 Momentum Equations

The momentum equations are derived by balancing momentum in a stationary

volume element ∆x∆y∆z (again see Figure 2.3):

rate of momentum accumulation =rate of momentum in (2.10)

− rate of momentum out

+ sum of external forces acting on system.

The left side of (2.10) is easily obtained. The expression for the right side requires more care

since momentum is transported into and out of the volume element by two mechanisms:

particle movement due to the vibrational motion caused by the acoustic wave and outside

forces acting on the element [3]. So, to derive the expression for the right side of the

momentum balance we must consider each mechanism separately.

(a) Rate of Momentum Accumulation

The rate of momentum accumulation is simply the change in momentum with respect

to time, ∂(m~v)
∂t . If ρ = ρ(t, x, y, z) denotes the time and spatially dependent mass

density and V = ∆x∆y∆z is the volume of the desired region then we can denote

momentum as m~v = ρV ~v, which gives the expression for the rate of momentum

accumulation as

∂ (m~v)
∂t

=
∂ (ρV ~v)

∂t
=

∂ (ρ~v)
∂t

∆x∆y∆z. (2.11)

(b) Rate of Momentum In - Rate of Momentum Out

We are interested in describing how momentum enters and leaves the volume element

by the vibrational motion of the acoustic wave. To determine the x component of the

force due to particle transport into and out of the volume element we multiply the
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momentum density (ρvx for the x component) by the volume flowrate normal to the

surface in question [13]. Thus, the rate at which the x component of the momentum

enters the face at x is

ρvx × vx∆y∆z
∣∣∣
x

= (ρvxvx)
∣∣∣
x
∆y∆z (2.12)

and the rate at which the x component leaves the face at x + ∆x is

−ρvx × vx∆y∆z
∣∣∣
x+∆x

= − (ρvxvx)
∣∣∣
x+∆x

∆y∆z. (2.13)

The expressions for the x component of the momentum entering and leaving the

other faces in the volume element possess a similar form. For the x component of the

momentum entering and leaving the face at y and y + ∆y is

ρvx × vy∆x∆z
∣∣∣
y
− ρvx × vy∆x∆z

∣∣∣
y+∆y

(2.14)

and at z and z + ∆z is

ρvx × vz∆x∆y
∣∣∣
z
− ρvx × vz∆x∆y

∣∣∣
z+∆z

. (2.15)

Therefore the x component of the force due to the particle transport from vibrational

motion of the acoustic wave is

Px =
(

ρvxvx

∣∣∣
x
− ρvxvx

∣∣∣
x+∆x

)
∆y∆z +

(
ρvxvy

∣∣∣
y
− ρvxvy

∣∣∣
y+∆y

)
∆x∆z (2.16)

+
(

ρvxvz

∣∣∣
z
− ρvxvz

∣∣∣
z+∆z

)
∆x∆y. (2.17)

If we assume the terms in Px are sufficiently smooth then a Taylor expansion can be

performed to approximate the terms in Px:

ρvxvx

∣∣∣
x+∆x

≈ ρvxvx

∣∣∣
x

+
∂

∂x
(ρvxvx)∆x (2.18)

ρvxvy

∣∣∣
y+∆y

≈ ρvxvy

∣∣∣
y

+
∂

∂x
(ρvxvy)∆y (2.19)

ρvxvz

∣∣∣
z+∆z

≈ ρvxvz

∣∣∣
z
+

∂

∂x
(ρvxvz)∆z. (2.20)

With these expressions the x component of the particle transport term Px is approx-

imated by

Px ≈− ∂

∂x
(ρvxvx)∆x∆y∆z − ∂

∂y
(ρvxvy)∆x∆y∆z (2.21)

− ∂

∂z
(ρvxvz)∆x∆y∆z. (2.22)
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The y and z components of the force due to the vibrational motion of the particles,

Py and Pz respectively, are argued in the same manner as Px:

Py =
(

ρvyvx

∣∣∣
x
− ρvyvx

∣∣∣
x+∆x

)
∆y∆z +

(
ρvyvy

∣∣∣
y
− ρvyvy

∣∣∣
y+∆y

)
∆x∆z (2.23)

+
(

ρvyvz

∣∣∣
z
− ρvyvz

∣∣∣
z+∆z

)
∆x∆y (2.24)

≈− ∂

∂x
(ρvyvx)∆x∆y∆z − ∂

∂y
(ρvyvy) ∆x∆y∆z (2.25)

− ∂

∂z
(ρvyvz)∆x∆y∆z (2.26)

Pz =
(

ρvzvx

∣∣∣
x
− ρvzvx

∣∣∣
x+∆x

)
∆y∆z +

(
ρvzvy

∣∣∣
y
− ρvzvy

∣∣∣
y+∆y

)
∆x∆z (2.27)

+
(

ρvzvz

∣∣∣
z
− ρvzvz

∣∣∣
z+∆z

)
∆x∆y (2.28)

≈− ∂

∂x
(ρvzvx) ∆x∆y∆z − ∂

∂y
(ρvzvy)∆x∆y∆z (2.29)

− ∂

∂z
(ρvzvz)∆x∆y∆z (2.30)

(c) Sum of Forces Acting on Element

To determine the outside forces acting on the volume element in Figure 2.3 we recall

that stress = force
area , and so the force acting on a particular region of the volume

element is simply the product of stress and the area of the region. Recall that the

(α, β) component of the stress tensor S (Sαβ) represents the stress in the βth direction

on the face perpendicular to the αth axis [14]. For instance, the force due to external

influences in the x direction (Fx) is composed of the elements in the stress tensor of the

form S?x multiplied by the area of the face. From Figure 2.4 there are three elements

of the stress tensor in the x direction: Sxx, Syx and Szx. Thus, to determine the

amount of force applied to the volume element in the x direction we need to calculate

the change in Sxx, Syx and Szx in the volume element. For instance, the face with

area ∆y∆z in Figure 2.4 contains a component of the stress in the x direction - Sxx.

The change in Sxx on the two faces with area ∆y∆z is
(

Sxx

∣∣∣
x
− Sxx

∣∣∣
x+∆x

)
∆y∆z. (2.31)
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X

Y

Z

∆y

∆z

(x, y, z)

(x + ∆x, y + ∆y, z + ∆z)

∆x

Syx

Syz

Sxx

Sxz

Sxy

Szz
Szy

Szx

Syy

Figure 2.4: The components of the forces acting on the unit element.

Similarly the change in Syx and Szx on the faces with area ∆x∆z and ∆x∆y respec-

tively is
(

Syx

∣∣∣
y
− Syx

∣∣∣
y+∆y

)
∆x∆z (2.32)

(
Szx

∣∣∣
z
− Szx

∣∣∣
z+∆z

)
∆x∆y. (2.33)

The net sum of the force component in the x direction Fx can then be determined by

summing up over Equations (2.31) - (2.33):

Fx =
(

Sxx

∣∣∣
x
− Sxx

∣∣∣
x+∆x

)
∆y∆z +

(
Syx

∣∣∣
y
− Syx

∣∣∣
y+∆y

)
∆x∆z (2.34)

+
(

Szx

∣∣∣
z
− Szx

∣∣∣
z+∆z

)
∆x∆y. (2.35)

We can approximate the terms in Fx using a Taylor expansion (as we did with Px, Py

and Pz):

Fx ≈− ∂

∂x
(Sxx)∆x∆y∆z − ∂

∂y
(Syx)∆x∆y∆z − ∂

∂z
(Szx)∆x∆y∆z. (2.36)
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The components of the force in the y and z components, Fy and Fz respectively, can

be determined in a similar fashion. Their expressions are

Fy =
(

Sxy

∣∣∣
x
− Sxy

∣∣∣
x+∆x

)
∆y∆z +

(
Syy

∣∣∣
y
− Syy

∣∣∣
y+∆y

)
∆x∆z (2.37)

+
(

Szy

∣∣∣
z
− Szy

∣∣∣
z+∆z

)
∆x∆y (2.38)

≈− ∂

∂x
(Sxy)∆x∆y∆z − ∂

∂y
(Syy)∆x∆y∆z − ∂

∂z
(Szy)∆x∆y∆z (2.39)

Fz =
(

Sxz

∣∣∣
x
− Sxz

∣∣∣
x+∆x

)
∆y∆z +

(
Syz

∣∣∣
y
− Syz

∣∣∣
y+∆y

)
∆x∆z (2.40)

+
(

Szz

∣∣∣
z
− Szz

∣∣∣
z+∆z

)
∆x∆y (2.41)

≈− ∂

∂x
(Sxz) ∆x∆y∆z − ∂

∂y
(Syz) ∆x∆y∆z − ∂

∂z
(Szz)∆x∆y∆z (2.42)

With all components of the momentum balance (2.10) accounted for we find that

the momentum equations takes the form

∂

∂t
(ρvx)∆x∆y∆z =−

(
∂

∂x
(ρvxvx) +

∂

∂y
(ρvxvy) +

∂

∂z
(ρvxvz)

+
∂

∂x
(Sxx) +

∂

∂y
(Syx) +

∂

∂z
(Szx)

)
∆x∆y∆z (2.43)

∂

∂t
(ρvy)∆x∆y∆z =−

(
∂

∂x
(ρvyvx) +

∂

∂y
(ρvyvy) +

∂

∂z
(ρvyvz)

+
∂

∂x
(Sxy) +

∂

∂y
(Syy) +

∂

∂z
(Szy)

)
∆x∆y∆z (2.44)

∂

∂t
(ρvz)∆x∆y∆z =−

(
∂

∂x
(ρvzvx) +

∂

∂y
(ρvzvy) +

∂

∂z
(ρvzvz)

+
∂

∂x
(Sxz) +

∂

∂y
(Syz) +

∂

∂z
(Szz)

)
∆x∆y∆z. (2.45)
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We can divide by ∆V = ∆x∆y∆z and use the chain rule to rewrite Equations (2.43) -

(2.45) as

∂

∂t
(ρvx) =−

[
vx

(
∂

∂x
(ρvx) +

∂

∂y
(ρvy) +

∂

∂z
(ρvz)

)
+ ρvx

∂

∂x
(vx) + ρvy

∂

∂y
(vx)

+ρvz
∂

∂z
(vx) +

∂

∂x
(Sxx) +

∂

∂y
(Syx) +

∂

∂z
(Szx)

]
(2.46)

∂

∂t
(ρvy) =−

[
vy

(
∂

∂x
(ρvx) +

∂

∂y
(ρvy) +

∂

∂z
(ρvz)

)
+ ρvx

∂

∂x
(vy) + ρvy

∂

∂y
(vy)

+ ρvz
∂

∂z
(vy) +

∂

∂x
(Sxy) +

∂

∂y
(Syy) +

∂

∂z
(Szy)

]
(2.47)

∂

∂t
(ρvz) =−

[
vz

(
∂

∂x
(ρvx) +

∂

∂y
(ρvy) +

∂

∂z
(ρvz)

)
+ ρvx

∂

∂x
(vz) + ρvy

∂

∂y
(vz)

+ ρvz
∂

∂z
(vz) +

∂

∂x
(Sxz) +

∂

∂y
(Syz) +

∂

∂z
(Szz)

]
. (2.48)

If the continuity equation (2.9)

∂ρ

∂t
+∇ · (ρ~v) = 0

is used in the momentum equations (2.46) - (2.48) the equations of motion are determined:

ρ

(
∂

∂t
(vx) + ~v · ∇vx

)
=−

(
∂

∂x
(Sxx) +

∂

∂y
(Syx) +

∂

∂z
(Szx)

)
(2.49)

ρ

(
∂

∂t
(vy) + ~v · ∇vy

)
=−

(
∂

∂x
(Sxy) +

∂

∂y
(Syy) +

∂

∂z
(Szy)

)
(2.50)

ρ

(
∂

∂t
(vz) + ~v · ∇vz

)
=−

(
∂

∂x
(Sxz) +

∂

∂y
(Syz) +

∂

∂z
(Szz)

)
(2.51)

We have derived the equations of motion in rectangular coordinates, however, the geometry

that experiments will be performed is roughly cylindrical (see Figure 2.2). So, the equations

of motion must be converted to cylindrical coordinates, which is done in Chapter 2.1.3. After

the change of coordinates is performed and higher order terms are discarded (e.g. vx
∂
∂xvx),

we find that the cylindrical coordinate representation of the equations of motion is given by

ρ
∂2ur

∂t2
= ρ

∂vr

∂t
=

∂Srr

∂r
+

1
r

(Srr − Sθθ) +
1
r

∂Sθr

∂θ
+

∂Szr

∂z
(2.52)

ρ
∂2uθ

∂t2
= ρ

∂vθ

∂t
=

1
r

(Srθ + Sθr) +
∂Srθ

∂r
+

1
r

∂Sθθ

∂θ
+

∂Szθ

∂z
(2.53)

ρ
∂2uz

∂t2
= ρ

∂vz

∂t
=

∂Srz

∂r
+

1
r
Srz +

1
r

∂Sθz

∂θ
+

∂Szz

∂z
. (2.54)

Note that the dynamical model (2.52) - (2.54) requires a biologically appropriate constitutive

law, which is the subject of the following chapter.
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2.1.3 Rectangular to Cylindrical Coordinate Conversion

Recall that the Equations of Motion, in rectangular coordinates, are given by

ρ

(
∂

∂t
(vx) + ~v · ∇vx

)
=−

(
∂

∂x
(Sxx) +

∂

∂y
(Syx) +

∂

∂z
(Szx)

)
(2.55)

ρ

(
∂

∂t
(vy) + ~v · ∇vy

)
=−

(
∂

∂x
(Sxy) +

∂

∂y
(Syy) +

∂

∂z
(Szy)

)
(2.56)

ρ

(
∂

∂t
(vz) + ~v · ∇vz

)
=−

(
∂

∂x
(Sxz) +

∂

∂y
(Syz) +

∂

∂z
(Szz)

)
(2.57)

where “·” is the typical dot product and ∇ is the gradient. Although the rectangular

derivation of the equations was straightforward, the geometry we will be working in is

cylindrical. Thus, a change of coordinates is necessary. Before the conversion is performed,

note that the terms on the left side of (2.55) - (2.57) of the form

~v · ∇ (vx) = vx
∂

∂x
(vx) + vy

∂

∂x
(vy) + vz

∂

∂x
(vz)

=
∂

∂t
(ux)

∂2

∂x∂t
(ux) +

∂

∂t
(uy)

∂2

∂x∂t
(uy) +

∂

∂t
(uz)

∂2

∂x∂t
(uz)

are second order. Since the displacements are assumed to be small the second order terms

can be ignored, which means the equations of motion (2.55) - (2.57) can be approximated

by

ρ
∂

∂t
(vx) = ρ

∂2

∂t2
(ux) ≈−

(
∂

∂x
(Sxx) +

∂

∂y
(Syx) +

∂

∂z
(Szx)

)
(2.58)

ρ
∂

∂t
(vy) = ρ

∂2

∂t2
(uy) ≈−

(
∂

∂x
(Sxy) +

∂

∂y
(Syy) +

∂

∂z
(Szy)

)
(2.59)

ρ
∂

∂t
(vz) = ρ

∂2

∂t2
(uz) ≈−

(
∂

∂x
(Sxz) +

∂

∂y
(Syz) +

∂

∂z
(Szz)

)
. (2.60)

The elements of the displacement vector ~u and the stress tensor S can be converted into

cylindrical coordinates using the relation [3]

ui =
3∑

i′=1

lii′ui′ (2.61)

Sij =
3∑

i′=1

3∑

j′=1

lii′ ljj′Si′j′ (2.62)

where i and j refer to the rectangular coordinate system and i′ and j′ refer to the cylindrical

coordinate system. The matrix l is the matrix that describes the change of coordinates from
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the cylindrical coordinate system to the rectangular coordinate system and is given by [3]



lxr lxθ lxz

lyr lyθ lyz

lzr lzθ lzz


 =




lx1 lx2 lx3

ly1 ly2 ly3

lz1 lz2 lz3


 =




cos θ − sin θ 0

sin θ cos θ 0

0 0 1




With the matrix l defined we can determine the relationship between the rectangular and

cylindrical coordinate representations of both the displacement vector ~u and the stress

tensor S. By (2.61) the x and y components of ~u can be expressed as

ux =
3∑

i′=1

lxi′ui′

=ur cos θ − uθ sin θ

uy =
3∑

i′=1

lyi′ui′

=ur sin θ + uθ cos θ,

while the z component of ~u is simply

uz =
3∑

i′=1

lzi′ui′

= uz.

The relationship between the rectangular coordinate representation and the cylindrical co-

ordinate representation of the stress tensor S follows from (2.62). The elements of S of the

form Sx? are given by

Sxx =
3∑

i′=1

3∑

j′=1

lxi′ lxj′Si′j′

=Srr cos2 θ − Srθ cos θ sin θ − Sθr cos θ sin θ + Sθθ sin2 θ

Sxy =
3∑

i′=1

3∑

j′=1

lxi′ lyj′Si′j′

=Srr cos θ sin θ + Srθ cos2 θ − Sθr sin2 θ − Sθθ cos θ sin θ

Sxz =
3∑

i′=1

3∑

j′=1

lxi′ lzj′Si′j′

=Srz cos θ − Sθz sin θ.
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The elements of S of the form Sy? are given by

Syx =
3∑

i′=1

3∑

j′=1

lyi′ lxj′Si′j′

=Srr cos θ sin θ − Srθ sin2 θ + Sθr cos2 θ − Sθθ cos θ sin θ

Syy =
3∑

i′=1

3∑

j′=1

lyi′ lyj′Si′j′

=Srr sin2 θ + Srθ cos θ sin θ + Sθr cos θ sin θ + Sθθ cos2 θ

Syz =
3∑

i′=1

3∑

j′=1

lyi′ lzj′Si′j′

=Srz sin θ + Sθz cos θ.

And finally, the elements of S of the form Sz? are given by

Szx =
3∑

i′=1

3∑

j′=1

lzi′ lxj′Si′j′

=Szr cos θ − Sθθ sin θ

Szy =
3∑

i′=1

3∑

j′=1

lzi′ lyj′Si′j′

=Szr sin θ + Szθ cos θ

Szz =
3∑

i′=1

3∑

j′=1

lzi′ lzj′Si′j′

=Szz.

Now that we have obtained the relationship between the rectangular and cylindrical coor-

dinate representation for ~u and S we can substitute those expressions into (2.58) - (2.60)
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to arrive at

ρ
∂2

∂t2
(ur cos θ − uθ sin θ) =−

(
∂

∂x

(
Srr cos2 θ − Srθ cos θ sin θ − Sθr cos θ sin θ

+ Sθθ sin2 θ
)

+
∂

∂y

(
Srr cos θ sin θ − Srθ sin2 θ

+ Sθr cos2 θ − Sθθ cos θ sin θ
)

+
∂

∂z
(Szr cos θ − Sθθ sin θ)

)
(2.63)

ρ
∂2

∂t2
(ur sin θ + uθ cos θ) =−

(
∂

∂x

(
Srr cos θ sin θ + Srθ cos2 θ

− Sθr sin2 θ

− Sθθ cos θ sin θ
)

+
∂

∂y

(
Srr sin2 θ + Srθ cos θ sin θ

+ Sθr cos θ sin θ + Sθθ cos2 θ
)

+
∂

∂z
(Szr sin θ + Szθ cos θ)

)
(2.64)

ρ
∂2

∂t2
(uz) =−

(
∂

∂x
(Srz cos θ − Sθz sin θ) +

∂

∂y

(
Srz sin θ

+ Sθz cos θ
)

+
∂

∂z
(Szz)

)
. (2.65)

The next step in the conversion process requires converting the rectangular spatial

derivatives in (2.63) - (2.65) (e.g. ∂/∂x) to cylindrical spatial derivatives (e.g. ∂/∂r). To

do so, we recall that

x =r cos θ

y =r sin θ

z =z.

Basic trigonometric properties yield

x2 + y2 = r2 θ = tan−1
(y

x

)
,

which leads to

∂r

∂x
= cos θ

∂r

∂y
= sin θ

∂θ

∂x
= −sin θ

r

∂θ

∂y
=

cos θ

r
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Since the right side of equations (2.63) - (2.65) depends on r, θ and z we must utilize

the above trigonometric relationships as well as the chain rule (2.66) - (2.68) to convert the

spatial derivatives in rectangular coordinates to spatial derivatives in cylindrical coordinates

[3]:

∂

∂x
=

∂

∂r

∂r

∂x
+

∂

∂θ

∂θ

∂x
(2.66)

∂

∂y
=

∂

∂r

∂r

∂y
+

∂

∂θ

∂θ

∂y
(2.67)

∂

∂z
=

∂

∂z
. (2.68)

To obtain the r and θ components of the cylindrical coordinate representation for

the displacement vector ~u we only need to consider equation (2.63) (equation (2.64) yields

the same results). To do so, (2.66) - (2.68) will be used to decompose the right side of

(2.63) as a cos θ component and a − sin θ component. We will then compare the right side

of (2.63) to its left side to obtain the first two elements of of the displacement vector ~u.

Using (2.66) - (2.68) we see that (2.63) is equivalent to

∂

∂x

(
Srr cos2 θ − Srθ cos θ sin θ − Sθr cos θ sin θ + Sθθ sin2 θ

)
+

∂

∂y

(
Srr cos θ sin θ

− Srθ sin2 θ + Sθr cos2 θ − Sθθ cos θ sin θ
)

+
∂

∂z
(Szr cos θ − Sθθ sin θ)

=
∂Srr

∂r

∂r

∂x
cos2 θ +

∂

∂θ

(
Srr cos2 θ

) ∂θ

∂x
− ∂Srθ

∂r

∂r

∂x
cos θ sin θ − ∂

∂θ
(Srθ cos θ sin θ)

∂θ

∂x

− ∂Sθr

∂r

∂r

∂x
cos θ sin θ − ∂

∂θ
(Sθr cos θ sin θ)

∂θ

∂x
+

∂Sθθ

∂r

∂r

∂x
sin2 θ +

∂

∂θ

(
Sθθ sin2 θ

) ∂θ

∂x

+
∂Srr

∂r

∂r

∂y
cos θ sin θ +

∂

∂θ
(Srr cos θ sin θ)

∂θ

∂y
− ∂Srθ

∂r

∂r

∂y
sin2 θ − ∂

∂θ

(
Srθ sin2 θ

) ∂θ

∂y

+
∂Sθr

∂r

∂r

∂y
cos2 θ +

∂

∂θ

(
Sθr cos2 θ

) ∂θ

∂y
− ∂Sθθ

∂r

∂r

∂y
cos θ sin θ − ∂

∂θ
(Sθθ cos θ sin θ)

∂θ

∂y

+
∂Szr

∂z
cos θ − ∂Szθ

∂z
sin θ.

Now we will apply the chain rule and substitute in for ∂r/∂x, ∂r/∂y, ∂θ/∂x and ∂θ/∂y to
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derive an equivalent expression for (2.63):

∂Srr

∂r
cos3 θ +

∂Srr

∂θ
cos2 θ

(
−sin θ

r

)
− Srr · 2 cos θ sin θ

(
−sin θ

r

)
− ∂Srθ

∂r
cos2 θ sin θ

− ∂Srθ

∂θ
(cos θ sin θ)

(
−sin θ

r

)
− Srθ

(− sin2 θ + cos2 θ
)(
−sin θ

r

)

− ∂Sθr

∂r
cos2 θ sin θ − ∂Sθr

∂θ
(cos θ sin θ)

(
−sin θ

r

)

− Sθr

(− sin2 θ + cos2 θ
)(
−sin θ

r

)

+
∂Sθθ

∂r
cos θ sin2 θ +

∂Sθθ

∂θ

(
sin2 θ

) (
−sin θ

r

)
+ Sθθ · 2 sin θ cos θ

(
−sin θ

r

)

+
∂Srr

∂r
cos θ sin2 θ +

∂Srr

∂θ
(cos θ sin θ)

(
cos θ

r

)
+ Srr

(− sin2 θ + cos2 θ
) (

cos θ

r

)

− ∂Srθ

∂r
sin3 θ − ∂Srθ

∂θ

(
sin2 θ

) (
cos θ

r

)
− Srθ · 2 cos θ sin θ

(
cos θ

r

)

+
∂Sθr

∂r
sin θ cos2 θ +

∂Sθr

∂θ

(
cos2 θ

) (
cos θ

r

)
+ Sθr (−2 cos θ sin θ)

(
cos θ

r

)

− ∂Sθθ

∂r
cos θ sin2 θ − ∂Sθθ

∂θ
(cos θ sin θ)

(
cos θ

r

)
− Sθθ

(− sin2 θ + cos2 θ
)(

cos θ

r

)

+
∂Szr

∂z
cos θ − ∂Szθ

∂z
sin θ. (2.69)

If the trigonometric identity cos2 θ + sin2 θ = 1 is used in (2.69), (2.63) can be written as

cos θ

(
ρ
∂2ur

∂t2

)
− sin θ

(
ρ
∂2uθ

∂t2

)
=cos θ

(
∂Srr

∂r
+

Srr

r
+

1
r

∂Sθr

∂θ
− Sθθ

r
+

∂Szr

∂z

)

− sin θ

(
∂Srθ

∂r
+

Srθ

r
+

Sθr

r
+

1
r

∂Sθθ

∂θ
+

∂Szθ

∂z

)
,

which gives the dynamics of the r and θ components of ~u as

ρ
∂2ur

∂t2
=

∂Srr

∂r
+

Srr

r
+

1
r

∂Sθr

∂θ
− Sθθ

r
+

∂Szr

∂z
(2.70)

ρ
∂2uθ

∂t2
=

∂Srθ

∂r
+

Srθ

r
+

Sθr

r
+

1
r

∂Sθθ

∂θ
+

∂Szθ

∂z
. (2.71)

Now that we have the dynamics of the r and θ components of the displacement

vector, we only need to determine the cylindrical coordinate representation of (2.65) in

order to determine the dynamics of the z component of ~u:

ρ
∂2

∂t2
(uz) =−

(
∂

∂x
(Srz cos θ − Sθz sin θ) +

∂

∂y

(
Srz sin θ

+ Sθz cos θ
)

+
∂

∂z
(Szz)

)
.
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This process is more straightforward than the calculation of the dynamics r and θ com-

ponents of the displacement vector since the conversion from rectangular to cylindrical

coordinates does not alter the z component of ~u. Thus, we only need to apply formulas

(2.66) - (2.68) to the right side of (2.65) in order to see that (2.63) is equivalent to

ρ
∂2

∂t2
(uz) =

∂

∂x
(Srz cos θ − Sθz sin θ) +

∂

∂y

(
Srz sin θ + Sθz cos θ

)
+

∂

∂z
(Szz)

=
∂Srz

∂r

∂r

∂x
cos θ +

∂

∂θ
(Srz cos θ)

∂θ

∂x
− ∂Sθz

∂r

∂r

∂x
sin θ − ∂

∂θ
(Sθz sin θ)

∂θ

∂x

+
∂Srz

∂r

∂r

∂y
sin θ +

∂

∂θ
(Srz sin θ)

∂θ

∂y
+

∂Sθz

∂r

∂r

∂y
cos θ +

∂

∂θ
(Sθz cos θ)

∂θ

∂y

+
∂Szz

∂z
.

Now we will apply the chain rule and substitute in for ∂r/∂x, ∂r/∂y, ∂θ/∂x and ∂θ/∂y to

arrive at

ρ
∂2

∂t2
(uz) =

∂Srz

∂r
cos2 θ +

∂Srz

∂θ
cos θ

(
−sin θ

r

)
+ Srz (− sin θ)

(
−sin θ

r

)

− ∂Sθz

∂r
cos θ sin θ − ∂Sθz

∂θ
sin θ

(
−sin θ

r

)
− Sθz cos θ

(
−sin θ

r

)

+
∂Srz

∂r
sin2 θ +

∂Srz

∂θ
sin θ

(
cos θ

r

)
+ Srz cos θ

(
cos θ

r

)

+
∂Sθz

∂r
sin θ cos θ +

∂Sθz

∂θ
cos θ

(
cos θ

r

)
+ Sθz (− sin θ)

(
cos θ

r

)

+
∂Szz

∂z
. (2.72)

If the trigonometric identity cos2 θ + sin2 θ = 1 is again used, (2.72) can be written as

ρ
∂2uz

∂t2
=

∂Srz

∂r
+

Srz

r
+

1
r

∂Sθz

∂θ
+

∂Szz

∂z
(2.73)

which gives the z component of the Equations of Motion. Therefore, the cylindrical coor-

dinate representation for the Equations of Motion are given by

ρ
∂2ur

∂t2
=

∂Srr

∂r
+

Srr

r
+

1
r

∂Sθr

∂θ
− Sθθ

r
+

∂Szr

∂z
(2.74)

ρ
∂2uθ

∂t2
=

∂Srθ

∂r
+

Srθ

r
+

Sθr

r
+

1
r

∂Sθθ

∂θ
+

∂Szθ

∂z
(2.75)

ρ
∂2uz

∂t2
=

∂Srz

∂r
+

Srz

r
+

1
r

∂Sθz

∂θ
+

∂Szz

∂z
. (2.76)
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Chapter 3

Constitutive Equations

In Chapter 2 we presented the equations of motion in cylindrical coordinates. How-

ever, in order to utilize equations (2.52) - (2.54) a physiologically appropriate constitutive

law must be determined. Fortunately much work has been done by Y.C. Fung on develop-

ing stress-strain laws for various biological systems, including tissues. According to Fung’s

Quasilinear Viscoelasticity Theory [4] an appropriate constitutive equation for biological

tissue is

Sij(t) =
∫ t

−∞
Gijkl(t− τ)

∂S
(e)
kl (Ē(τ))

∂τ
dτ (3.1)

where Sij is the Kirchoff stress tensor, Ē is the Green’s strain tensor, Gijkl is the reduced

relaxation function (with Gijkl(0) = 0) and S
(e)
kl is the “elastic” stress tensor. Green’s

strain tensor Ē(τ) = {Eij}i,j=1,2,3 is symmetrical and is commonly used when materials

undergo small deformations, while the elastic stress tensor S(e) = {S(e)
ij }i,j=1,2,3 describes

the material’s response to a sudden application of a step function [4]. If an adequate

form for these quantities are developed the resulting stress tensor S = {Sij}i,j=1,2,3 can be

implemented in the equations of motion.

3.1 The Reduced Relaxation Function Gijkl

The tensor Gijkl is the “reduced” relaxation function in (3.1), where reduced refers

to the condition that Gijkl(0) = 1. Fung proposed the following form for the one dimensional
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version of reduced relaxation function G(t)

G(t) =
{

1 + c

[
E1

(
t

τ2

)
−E1

(
t

τ1

)]}[
1 + c ln

τ2

τ1

]−1

(3.2)

with E1(z) =
∫∞
z e−tt−1dt and τ1 and τ2 represent the fast and slow viscous time phenomena

[4].

Fung was primarily interested in describing the relationship between stress and

strain in biological tissue. However, typical viscoelastic models (such as the Maxwell and

Kelvin-Voight viscoelastic models) did not adequately model this behavior, because they

assume there are a finite number of relaxation times in the material (see Figure 3.1). For

Fung, an alternative constitutive relationship must assume a continuous spectrum of relax-

ation times.

Figure 3.1: Hysteresis vs. frequency. The smooth curve represents Fung’s kernel, while
the series of small bell-like curves represent Kelvin-Voight viscoelastic models for various
relaxation times.

Fung’s kernel, given by Equation (3.2), does assume a continuous spectrum of re-

laxation times in the constitutive law (3.1). With his kernel Fung was able to significantly

enhance the mathematical description of the relationship between stress and strain in bi-

ological tissue. Unfortunately if the constitutive law (3.1) is used in a dynamical system

(such as (2.52) - (2.54)) with Fung’s reduced relaxation function (3.2) the system is not

computationally tractable for use in inverse problems. One reason for this is that Fung’s

kernel is formulated with a double integral and so if, for instance, a finite difference scheme

is used to integrate the equations of motion with the kernel, then at every step the scheme

must integrate multiple double integrals - a time consuming task. To remedy this situation,

we will approximate Fung’s constitutive law using internal variables. The internal variables

will lead to a form of the equations of motion that is not only computationally tractable but

also closely approximates solutions utilizing Fung’s kernel in the one- dimensional setting

[1].



23

To approximate Fung’s kernel, we assume that the molecules within the biological

tissue are elastic on a microscopic scale. Thus, the stress response of a particular molecule

within the material (on a microscopic scale) takes the form

σij = Gijklekl (3.3)

where ekl is the strain applied to the molecule of interest. If Gijkl = Gjikl and Gijkl = Gijlk

then the tensor Gijkl can be written [15]

Gijkl = λδijδkl + µ (δikδjl + δilδjk) . (3.4)

If Einstein notation is used (summation over repeated indices) the three dimensional con-

stitutive law takes the form:

Sij(t) =
∫ t

−∞
[λ(t− τ)δijδkl + µ(t− τ) (δikδjl + δilδjk)]

∂S
(e)
kl (Ē(τ))

∂τ
dτ (3.5)

=
∫ t

−∞

[
λ(t− τ)

∂

∂τ

(
S

(e)
11 (Ē(τ)) + S

(e)
22 (Ē(τ)) + S

(e)
33 (Ē(τ))

)
δij

+2µ(t− τ)
∂S

(e)
ij (Ē(τ))

∂τ

]
dτ (3.6)

3.2 Use of Internal Variables to Approximate Model

In [1] the authors decreased computational time by approximating Fung’s one

dimensional quasi-linear viscoelastic model

σ(t) =
∫ t

−∞
G(t− τ)

∂S(e)(Ē(τ))
∂τ

dτ (3.7)

using internal variables (σ(t) =
∑n

j=1 εj(t)). To employ the internal variable approach the

authors assumed that the material possessed a finite number of relaxation times (instead of

a continuous spectrum of relaxation times as Fung proposed). The assumption is equivalent

to approximating G in (3.7) by a finite sum of exponential functions:

G(t) =
n∑

j=1

Cj exp
(
− 1

τj
t

)
.

The main advantage to using internal variables in (3.1) with the equations of motion in the

one-dimensional case is that the dynamical system can be integrated much more quickly

without a significant loss of accuracy [1]. Although it might be obvious why such an
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approximation would be computationally beneficial, it is not as obvious what the n internal

variables εj physically represent. Previous work [16] suggests that the internal variables

represent various classes of molecules in a particular material. For instance, if a tissue

sample is comprised of three different types of molecules then, in our representation, there

would be n = 3 internal variables each identified by a particular relaxation time τj . As

shown in [16], such a finite class of molecules can often be successfully viewed as a good

approximation to a continuum of classes of molecules (i.e., the Fung approach): an identical

approach was employed in the two dimensional case [2] with success.

The same approach will be utilized in three dimensions. To do so, we will approx-

imate the parameters λ(t) and µ(t) in (3.4) by exponentials, such that

λ(t) = Cλe−νλt µ(t) = Cµe−νµt. (3.8)

If these exponential parameters are used in (3.6) then the stress tensor Sij can be written

as

Sij(t) = ελ(t)δij + εij
µ (t),

where

ελ(t) =
∫ t

−∞

[
Cλe−νλ(t−τ) ∂

∂τ

(
S

(e)
11 (Ē(τ)) + S

(e)
22 (Ē(τ)) + S

(e)
33 (Ē(τ))

)]
dτ (3.9)

εij
µ (t) =

∫ t

−∞

[
2Cµe−νµ(t−τ)

∂S
(e)
ij (Ē(τ))

∂τ

]
dτ (3.10)

are internal variables with ελ(0) = 0 and εij
µ (0) = 0. Note that the form of equations (3.9)

and (3.10) can be written (using the constant of variation formula) as solutions to linear

differential equations :

∂ελ

∂t
= −νλελ + Cλ

∂

∂t

(
S

(e)
11 (Ē(t)) + S

(e)
22 (Ē(t)) + S

(e)
33 (Ē(t))

)
, ελ(0) = 0 (3.11)

∂εij
µ

∂t
= −νµεij

µ + 2Cµ
∂

∂t
(S(e)

ij (Ē(t))), εij
µ (0) = 0. (3.12)

In addition, if we suspect that there are multiple internal variables in the material the

constitutive equation becomes

Sij(t) = δij (ελ1 + ελ2 + · · · ) +
(
εij
µ1

+ εij
µ2

+ · · · )
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with

ελk
(t) =

∫ t

−∞

[
Cλk

e−νλk
(t−τ) ∂

∂τ

(
S

(e)
11 (Ē(τ)) + S

(e)
22 (Ē(τ)) + S

(e)
33 (Ē(τ))

)]
dτ (3.13)

εij
µk

(t) =
∫ t

−∞

[
2Cµk

e−νµk
(t−τ)

∂S
(e)
ij (Ē(τ))

∂τ

]
dτ, (3.14)

which, according to the constants of variation formula, is equivalent to

∂ελk

∂t
= −νλk

ελk
+ Cλk

∂

∂t

(
S

(e)
11 (Ē(τ)) + S

(e)
22 (Ē(τ)) + S

(e)
33 (Ē(τ))

)
, ελk

(0) = 0 (3.15)

∂εij
µk

∂t
= −νµk

εij
µk

+ 2Cµk

∂

∂t
(S(e)

ij (Ē(τ))), εij
µk

(0) = 0. (3.16)

3.3 General Theoretical Model

We can now rewrite the equations of motion (2.52) - (2.54) using the internal

variables ελk
and εµk

formulated in Section 3.2, where u1 = ur, u2 = uθ and u3 = uz are

the respective displacements. If we assume S
(e)
ij = S

(e)
ji , then the internal variables εij

µk are

symmetric and the general theoretical model becomes:

ρ
∂2u1

∂t2
=

∑

k

(
∂

∂r

(
ελk

+ ε11
µk

)
+

1
r

(
ε11
µk
− ε22

µk

)
+

1
r

∂

∂θ

(
ε21
µk

)
+

∂

∂z

(
ε31
µk

))
(3.17)

ρ
∂2u2

∂t2
=

∑

k

(
1
r

(
ε12
µk

+ ε21
µk

)
+

∂

∂r

(
ε12
µk

)
+

1
r

∂

∂θ

(
ελk

+ ε22
µk

)
+

∂

∂z

(
ε32
µk

))
(3.18)

ρ
∂2u3

∂t2
=

∑

k

(
∂

∂r

(
ε13
µk

)
+

1
r

(
ε13
µk

)
+

1
r

∂

∂θ

(
ε23
µk

)
+

∂

∂z

(
ελk

+ ε33
µk

))
(3.19)

∂ελk

∂t
= −νλk

ελk
+ Cλk

∂

∂t

(
S

(e)
11 (Ē(t)) + S

(e)
22 (Ē(t)) + S

(e)
33 (Ē(t))

)
(3.20)

∂ε11
µk

∂t
= −νµk

ε11
µk

+ 2Cµk

∂

∂t
(S(e)

11 (Ē(t))) (3.21)

∂ε22
µk

∂t
= −νµk

ε22
µk

+ 2Cµk

∂

∂t
(S(e)

22 (Ē(t))) (3.22)

∂ε33
µk

∂t
= −νµk

ε33
µk

+ 2Cµk

∂

∂t
(S(e)

33 (Ē(t))) (3.23)

∂ε12
µk

∂t
= −νµk

ε12
µk

+ 2Cµk

∂

∂t
(S(e)

12 (Ē(t))) (3.24)

∂ε13
µk

∂t
= −νµk

ε13
µk

+ 2Cµk

∂

∂t
(S(e)

13 (Ē(t))) (3.25)

∂ε23
µk

∂t
= −νµk

ε23
µk

+ 2Cµk

∂

∂t
(S(e)

23 (Ē(t))) (3.26)
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Initial Conditions

We will assume that the material is initially at rest, along with no stress applied to the

system. Thus, u1(0, r, θ, z) = 0, u2(0, r, θ, z) = 0, u3(0, r, θ, z) = 0, v1(0, r, θ, z) = 0,

v2(0, r, θ, z) = 0, v3(0, r, θ, z) = 0 and Sij(0, r, θ, z) = 0. Since no energy is being applied to

the system the “elastic” stress tensor is given by S
(e)
ij (0, r, θ, z) = 0, which forces the

internal variables ελk
and εij

µk to be zero at t = 0.

Boundary Conditions

Inner Radius: In the human chest cavity a heart beat creates turbulence in the blood flow

which then generates an acoustic wave that propagates through the chest cavity to the

chest wall where sensors will capture its acceleration. We will model the force that the

blood flow exerts on the arterial wall by an impulse function. Therefore,

S11(t, R1, θ, z) = f11(t, θ, z), S22(t, R1, θ, z) = f22(t, θ, z) and S33(t, θ, z) = f33(t, R1, θ, z).

Outer Radius: We will assume the outer boundary of the model represents a free surface -

thus Sij(t, R2, θ, z) = 0.

Z1 and Z2 Boundaries: The Z1 and Z2 boundaries are considered free, so

Sij(t, r, θ, Zi) = 0 for i = 1, 2.
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Chapter 4

Computational Models

The internal variable model developed and presented in Chapter 3 can be quickly

adapted to many different scenarios simply by altering the form of the “elastic” stress tensor

S
(e)
kl . To obtain an appropriate form of the elastic stress tensor, we will again turn to Fung’s

earlier analysis. In this chapter we will present three different viscoelastic models, which

are derived by altering the parameters in S
(e)
kl .

4.1 Calculating the elastic response S
(e)
kl

The three dimensional analogue to the two dimensional strain energy function

(SEF) used in [2] is

ρ0W
(2)(Ē) =

1
2
f(α, Ē) +

c

2
exp(F (a, Ē)) (4.1)

where

f(α, Ē) =α1E
2
11 + α2E

2
22 + α3E

2
33 + α4E

2
12 + α4E

2
21 + α5E

2
13 + α5E

2
31 (4.2)

+ α6E
2
23 + α6E

2
32 + 2α7E11E22 + 2α8E11E33 + 2α9E22E33

and

F (a, Ē) =a1E
2
11 + a2E

2
22 + a3E

2
33 + a4E

2
12 + a4E

2
21 + a5E

2
13 + a5E

2
31 (4.3)

+ a6E
2
23 + a6E

2
32 + 2a7E11E22 + 2a8E11E33 + 2a9E22E33.

The strain energy function (4.1) accounts for both small and large strains. We can emphasize

different strain regimes by altering the parameters in f(α, Ē) and F (α, Ē). Since f(α, Ē)
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depends on powers of the components of Ē and F (α, Ē) depends on the exponent of the

components of Ē, f(α, Ē) is more sensitive to small strains and F (α, Ē) is more sensitive

to large strains.

With this SEF we can determine the “elastic” responses in the constitutive equa-

tion (3.1) by [4]

S
(e)
kl =

∂ρ0W
(2)(Ē)

∂Ekl
. (4.4)

The definition leads to the following form of the elastic responses S
(e)
kl :

S
(e)
11 =

∂ρ0W
(2)(Ē)

∂E11
=

1
2

(2α1E11 + 2α7E22 + 2α8E33) (4.5)

+
c

2
(2a1E11 + 2a7E22 + 2a8E33) exp(F (a,E)) (4.6)

S
(e)
22 =

∂ρ0W
(2)(Ē)

∂E22
=

1
2

(2α2E22 + 2α7E11 + 2α9E33) (4.7)

+
c

2
(2a2E22 + 2a7E11 + 2a9E33) exp(F (a,E)) (4.8)

S
(e)
33 =

∂ρ0W
(2)(Ē)

∂E22
=

1
2

(2α3E33 + 2α8E11 + 2α9E22) (4.9)

+
c

2
(2a3E33 + 2a8E11 + 2a9E22) exp(F (a,E)) (4.10)

S
(e)
12 =

∂ρ0W
(2)(Ē)

∂E12
=

1
2

(2α4E12) +
c

2
(2a4E12) exp(F (a,E)) (4.11)

S
(e)
13 =

∂ρ0W
(2)(Ē)

∂E13
=

1
2

(2α5E13) +
c

2
(2a5E13) exp(F (a,E)) (4.12)

S
(e)
23 =

∂ρ0W
(2)(Ē)

∂E23
=

1
2

(2α6E23) +
c

2
(2a6E23) exp(F (a,E)) (4.13)

4.2 Create Computational Model

We will consider three different models, each formed by altering the elastic re-

sponses S
(e)
kl in Fung’s constitutive law (3.1). These forms are the analogues of the forms

chosen in the 2D ISV model [2].

ER1 In this scenario we set the small stress term f(α, Ē) to be zero (αi = 0), and set
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Eij = Eji = 0 for i 6= j (a4 = a5 = a6 = 0) to obtain:

S
(e)
11 =

c

2
(2a1E11 + 2a7E22 + 2a8E33) exp(F̃ (a,E))

S
(e)
22 =

c

2
(2a2E22 + 2a7E11 + 2a9E33) exp(F̃ (a,E))

S
(e)
33 =

c

2
(2a3E33 + 2a8E11 + 2a9E22) exp(F̃ (a,E))

S
(e)
ij =S

(e)
ji = 0 for i 6= j

where F̃ (a, Ē) = a1E
2
11 + a2E

2
22 + a3E

2
33 + 2a7E11E22 + 2a8E11E33 + 2a9E22E33. In

this model there are 7 unknowns: c, a1, a2, a3, a7, a8, a9.

ER2 In this scenario we neglect the small stress term f(α, Ē) (αi = 0), and set Eij = Eji

for i 6= j to obtain:

S
(e)
11 =

c

2
(2a1E11 + 2a7E22 + 2a8E33) exp(F (a,E))

S
(e)
22 =

c

2
(2a2E22 + 2a7E11 + 2a9E33) exp(F (a,E))

S
(e)
33 =

c

2
(2a3E33 + 2a8E11 + 2a9E22) exp(F (a,E))

S
(e)
12 = S

(e)
21 =

c

2
(2a4E12) exp(F (a, E))

S
(e)
13 = S

(e)
31 =

c

2
(2a5E13) exp(F (a, E))

S
(e)
23 = S

(e)
32 =

c

2
(2a6E23) exp(F (a, E))

where F̂ (a, E) = a1E
2
11 + a2E

2
22 + a3E

2
33 + a4E

2
12 + a4E

2
21 + a5E

2
13 + a5E

2
31 + a6E

2
23 +

a6E
2
32 + 2a7E11E22 + 2a8E11E33 + 2a9E22E33. In this model there are 10 unknowns:

c, a1, a2, a3, a4, a5, a6, a7, a8, a9.

ER3 In this scenario we will retain the small stress term f(α, Ē), but will set Eij = Eji = 0



30

for i 6= j (α4 = α5 = α6 = 0 and a4 = a5 = a6 = 0) to obtain:

S
(e)
11 =

1
2

(2α1E11 + 2α7E22 + 2α8E33)

+
c

2
(2a1E11 + 2a7E22 + 2a8E33) exp(F̃ (a,E))

S
(e)
22 =

1
2

(2α2E22 + 2α7E11 + 2α9E33)

+
c

2
(2a2E22 + 2a7E11 + 2a9E33) exp(F̃ (a,E))

S
(e)
33 =

1
2

(2α3E33 + 2α8E11 + 2α9E22)

+
c

2
(2a3E33 + 2a8E11 + 2a9E22) exp(F̃ (a,E))

S
(e)
ij =S

(e)
ji = 0 for i 6= j

where F̃ (a,E) = a1E
2
11 +a2E

2
22 +a3E

2
33 +2a7E11E22 +2a8E11E33 +2a9E22E33.In this

model there are 13 unknowns: c, a1, a2, a3, a7, a8, a9, α1, α2, α3, α7, α8, α9.

Just as in the one and two dimensional approaches we will convert equations (3.17)

- (3.26) into a system of first order partial differential equations for the models ER1, ER2

and ER3. The first order PDE will facilitate the necessary computations. To begin, we

recall that the (symmetrical) strain components Eij in cylindrical coordinates are [14]:

Err = E11 =
∂u1

∂r
(4.14)

Eθθ = E22 =
1
r

(
u1 +

∂u2

∂θ

)
(4.15)

Ezz = E33 =
∂u3

∂z
(4.16)

Erθ = E12 = E21 =
1
r

∂u1

∂θ
+

∂u2

∂r
− u2

r
(4.17)

Erz = E13 = E31 =
∂u1

∂z
+

∂u3

∂r
(4.18)

Eθz = E23 = E32 =
∂u2

∂z
+

1
r

∂u3

∂θ
, (4.19)

where u1 = ur, u2 = uθ and u3 = uz. To create the first order PDE we will introduce

the variables v1, v2, v3, w1, w2, w3, w4, w5, w6, w7, w8 and w9 to write the computational
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models ER1, ER2 and ER3. The variables will be defined by

v1 =
∂u1

∂t
, v2 =

∂u2

∂t
, v3 =

∂u3

∂t
, (4.20)

w1 =
∂u1

∂r
, w2 =

∂u1

∂θ
, w3 =

∂u1

∂z
, (4.21)

w4 =
∂u2

∂r
, w5 =

∂u2

∂θ
, w6 =

∂u2

∂z
, (4.22)

w7 =
∂u3

∂r
, w8 =

∂u3

∂θ
, w9 =

∂u3

∂z
, (4.23)

which, upon substitution of F̂ (a, Ē) and F̃ (a, Ē), gives

F̂ (r, ā, w̄, ū) = a1w
2
1 + a2

1
r2

(u1 + w5)
2 + a3w

2
9 + 2a4

(
1
r
w2 + w4 − u2

r

)2

(4.24)

+ 2a5 (w3 + w7)
2 + 2a6

(
w6 +

1
r
w8

)2

+ 2a7w1
1
r

(u1 + w5) (4.25)

+ 2a8w1w9 + 2a9
1
r

(u1 + w5)w9 (4.26)

F̃ (r, ā, w̄, ū) = a1w
2
1 + a2

1
r2

(u1 + w5)
2 + a3w

2
9 + 2a7w1

1
r

(u1 + w5) (4.27)

+ 2a8w1w9 + 2a9
1
r

(u1 + w5)w9. (4.28)

4.2.1 ER1

In order to create a coupled system of first order PDEs we need to make the

following definitions:

zλk
= ελk

− cCλk
exp

(
F̃ (r, ā, w̄, ū)

)(
w1 (a1 + a7 + a8) + w9 (a3 + a8 + a9)

+
w5

r
(a2 + a7 + a9) +

u1

r
(a2 + a7 + a9)

)

z11
µk

= ε11
µk
− 2cCµk

exp
(
F̃ (r, ā, w̄, ū)

)(
a1w1 + a7

1
r

(u1 + w5) + a8w9

)

z22
µk

= ε22
µk
− 2cCµk

exp
(
F̃ (r, ā, w̄, ū)

)(
a2

1
r

(u1 + w5) + a7w1 + a9w9

)

z33
µk

= ε33
µk
− 2cCµk

exp
(
F̃ (r, ā, w̄, ū)

)(
a3w9 + a8w1 + a9

1
r

(u1 + w5)
)

.
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We can now substitute the variables zλk
and zij

µk into Equations (3.17) - (3.26) to obtain a

coupled system of first order PDEs for the ER1 model:

∂v1

∂t
=

∑

k

1
ρ

[
∂

∂r

(
zλk

+ z11
µk

+ cCλk
exp

(
F̃ (r, ā, w̄, ū)

)

(
w1 (a1 + a7 + a8) + w9 (a3 + a8 + a9)

+
w5

r
(a2 + a7 + a9) +

u1

r
(a2 + a7 + a9)

)
+ 2cCµk

exp
(
F̃ (r, ā, w̄, ū)

) (
a1w1

+a7
1
r

(u1 + w5) + a8w9

)
)

+
1
r

(
z11
µk
− z22

µk
+ 2cCµk

exp(F̃ (r, ā, w̄, ū))
(
a1w1

+a7
1
r

(u1 + w5) + a8w9

)
− 2 cCµk

exp
(
F̃ (r, ā, w̄, ū)

)(
a2

1
r

(u1 + w5)

+a7w1 + a9w9

))]

∂v2

∂t
=

∑

k

1
ρ

1
r

∂

∂θ

(
zλk

+ z22
µk

+ cCλk
exp

(
F̃ (r, ā, w̄, ū)

)(
w1 (a1 + a7 + a8)

+w9 (a3 + a8 + a9) +
w5

r
(a2 + a7 + a9) +

u1

r
(a2 + a7 + a9)

)

+2cCµk
exp(F̃ (r, ā, w̄, ū))

(
a2

1
r

(u1 + w5) + a7w1 + a9w9

) )

∂v3

∂t
=

∑

k

1
ρ

∂

∂z

(
zλk

+ z33
µk

+ c Cλk
exp

(
F̃ (r, ā, w̄, ū)

)(
w1 (a1 + a7 + a8)

+w9 (a3 + a8 + a9) +
w5

r
(a2 + a7 + a9) +

u1

r
(a2 + a7 + a9)

)

+2 cCµk
exp

(
F̃ (r, ā, w̄, ū)

)(
a3w9 + a8w1 + a9

1
r

(u1 + w5)
) )

∂zλk

∂t
= −νλk

(
zλk

+ cCλk
exp

(
F̃ (r, ā, w̄, ū)

)(
w1 (a1 + a7 + a8)

+w9 (a3 + a8 + a9) +
w5

r
(a2 + a7 + a9) +

u1

r
(a2 + a7 + a9)

))

∂z11
µk

∂t
= −νµk

(
z11
µk

+ 2c Cµk
exp

(
F̃ (r, ā, w̄, ū)

)(
a1w1 + a7

1
r

(u1 + w5) + a8w9

))

∂z22
µk

∂t
= −νµk

(
z22
µk

+ 2c Cµk
exp

(
F̃ (r, ā, w̄, ū)

)(
a2

1
r

(u1 + w5) + a7w1 + a9w9

))

∂z33
µk

∂t
= −νµk

(
z33
µk

+ 2 cCµk
exp

(
F̃ (r, ā, w̄, ū)

)(
a3w9 + a8w1 + a9

1
r

(u1 + w5)
))
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∂u1

∂t
= v1

∂u2

∂t
= v2

∂u3

∂t
= v3

∂w1

∂t
=

∂v1

∂r
∂w5

∂t
=

∂v2

∂θ
∂w9

∂t
=

∂v3

∂z

where F̃ (r, ā, w̄, ū) = a1w
2
1 + a2

1
r2 (u1 + w5)

2 + a3w
2
9 + 2a7w1

1
r (u1 + w5) + 2a8w1w9 +

2a9
1
r (u1 + w5) w9.

4.2.2 ER2

As in the ER1 model, we need to make the following definitions in order to create

a coupled system of first order PDEs:

zλk
= ελk

− cCλk
exp

(
F̂ (r, ā, w̄, ū)

)(
w1 (a1 + a7 + a8) + w9 (a3 + a8 + a9)

+
w5

r
(a2 + a7 + a9) +

u1

r
(a2 + a7 + a9)

)

z11
µk

= ε11
µk
− 2cCµk

exp
(
F̂ (r, ā, w̄, ū)

)(
a1w1 + a7

1
r

(u1 + w5) + a8w9

)

z22
µk

= ε22
µk
− 2cCµk

exp
(
F̂ (r, ā, w̄, ū)

)(
a2

1
r

(u1 + w5) + a7w1 + a9w9

)

z33
µk

= ε33
µk
− 2cCµk

exp
(
F̂ (r, ā, w̄, ū)

)(
a3w9 + a8w1 + a9

1
r

(u1 + w5)
)

z12
µk

= ε12
µk
− 2cCµk

exp
(
F̂ (r, ā, w̄, ū)

)
a4

(
1
r
w2 + w4 − u2

r

)

z13
µk

= ε13
µk
− 2cCµk

exp
(
F̂ (r, ā, w̄, ū)

)
a5 (w3 + w7)

z23
µk

= ε23
µk
− 2cCµk

exp
(
F̂ (r, ā, w̄, ū)

)
a6

(
w6 +

1
r
w8

)
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Just as we did for the ER1 model, we can now substitute the variables zλk
and zij

µk into

Equations (3.17) - (3.26) to obtain a coupled system of first order PDEs for the ER2 model:

∂v1

∂t
=

∑

k

1
ρ

[
∂

∂r

(
zλk

+ z11
µk

+ cCλk
exp

(
F̂ (r, ā, w̄, ū)

)(
w1 (a1 + a7 + a8)

+ w9 (a3 + a8 + a9) +
w5

r
(a2 + a7 + a9) +

u1

r
(a2 + a7 + a9)

)

+ 2cCµk
exp

(
F̂ (r, ā, w̄, ū)

)(
a1w1 + a7

1
r

(u1 + w5) + a8w9

))

+
1
r

(
z11
µk
− z22

µk
+ 2cCµk

exp
(
F̂ (r, ā, w̄, ū)

)(
a1w1 + a7

1
r

(u1 + w5) + a8w9

)

− 2cCµk
exp

(
F̂ (r, ā, w̄, ū)

)(
a2

1
r

(u1 + w5) + a7w1 + a9w9

))

+
1
r

∂

∂θ

(
z12
µk

+ 2cCµk
exp

(
F̂ (r, ā, w̄, ū)

)
a4

(
1
r
w2 + w4 − u2

r

))

+
∂

∂z

(
z13
µk

+ 2cCµk
exp

(
F̂ (r, ā, w̄, ū)

)
a5 (w3 + w7)

)]

∂v2

∂t
=

∑

k

1
ρ

[
1
r

(
2z12

µk
+ 4cCµk

exp
(
F̂ (r, ā, w̄, ū)

)
a4

(
1
r
w2 + w4 − u2

r

)

+
∂

∂r

(
z12
µk

+ 2cCµk
exp

(
F̂ (r, ā, w̄, ū)

)
a4

(
1
r
w2 + w4 − u2

r

))

+
1
r

∂

∂θ

(
zλk

+ z22
µk

+ cCλk
exp

(
F̂ (r, ā, w̄, ū)

)(
w1 (a1 + a7 + a8)

+ w9 (a3 + a8 + a9) +
w5

r
(a2 + a7 + a9) +

u1

r
(a2 + a7 + a9)

)

+ 2cCµk
exp

(
F̂ (r, ā, w̄, ū)

)(
a2

1
r

(u1 + w5) + a7w1 + a9w9

))

+
∂

∂z

(
z23
µk

+ 2c Cµk
exp

(
F̂ (r, ā, w̄, ū)

)
a6

(
w6 +

1
r
w8

))]
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∂v3

∂t
=

∑

k

1
ρ

[
∂

∂r

(
z13
µk

+ 2c Cµk
exp

(
F̂ (r, ā, w̄, ū)

)
a5 (w3 + w7)

)

+
1
r

(
z13
µk

+ 2cCµk
exp

(
F̂ (r, ā, w̄, ū)

)
a5 (w3 + w7)

)

+
1
r

∂

∂θ

(
z23
µk

+ 2cCµk
exp

(
F̂ (r, ā, w̄, ū)

)
a6

(
w6 +

1
r
w8

))

+
∂

∂z

(
zλk

+ z33
µk

+ c Cλk
exp

(
F̂ (r, ā, w̄, ū)

)(
w1 (a1 + a7 + a8) + w9 (a3 + a8 + a9)

+
w5

r
(a2 + a7 + a9) +

u1

r
(a2 + a7 + a9)

)

+ 2cCµk
exp

(
F̂ (r, ā, w̄, ū)

) (
a3w9 + a8w1 + a9

1
r

(u1 + w5)
) )]

∂zλk

∂t
= −νλk

(
zλk

+ cCλk
exp

(
F̂ (r, ā, w̄, ū)

) (
w1 (a1 + a7 + a8) + w9 (a3 + a8 + a9)

+
w5

r
(a2 + a7 + a9) +

u1

r
(a2 + a7 + a9)

))

∂z11
µk

∂t
= −νµk

(
z11
µk

+ 2cCµk
exp

(
F̂ (r, ā, w̄, ū)

)(
a1w1 + a7

1
r

(u1 + w5) + a8w9

))

∂z22
µk

∂t
= −νµk

(
z22
µk

+ 2cCµk
exp

(
F̂ (r, ā, w̄, ū)

)(
a2

1
r

(u1 + w5) + a7w1 + a9w9

))

∂z33
µk

∂t
= −νµk

(
z33
µk

+ 2cCµk
exp

(
F̂ (r, ā, w̄, ū)

)(
a3w9 + a8w1 + a9

1
r

(u1 + w5)
))

∂z12
µk

∂t
= −νµk

(
z12
µk

+ 2cCµk
exp

(
F̂ (r, ā, w̄, ū)

)
a4

(
1
r
w2 + w4 − u2

r

))

∂z13
µk

∂t
= −νµk

(
z13
µk

+ 2cCµk
exp

(
F̂ (r, ā, w̄, ū)

)
a5 (w3 + w7)

)

∂z23
µk

∂t
= −νµk

(
z23
µk

+ 2cCµk
exp

(
F̂ (r, ā, w̄, ū)

)
a6

(
w6 +

1
r
w8

))
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∂u1

∂t
= v1

∂u2

∂t
= v2

∂u3

∂t
= v3

∂w1

∂t
=

∂v1

∂r
∂w2

∂t
=

∂v1

∂θ
∂w3

∂t
=

∂v1

∂z
∂w4

∂t
=

∂v2

∂r
∂w5

∂t
=

∂v2

∂θ
∂w6

∂t
=

∂v2

∂z
∂w7

∂t
=

∂v3

∂r
∂w8

∂t
=

∂v3

∂θ
∂w9

∂t
=

∂v3

∂z

where F̂ (r, ā, w̄, ū) = a1w
2
1+a2

1
r2 (u1 + w5)

2+a3w
2
9+2a4

(
1
rw2 + w4 − u2

r

)2+2a5 (w3 + w7)
2+

2a6

(
w6 + 1

rw8

)2 + 2a7w1
1
r (u1 + w5) + 2a8w1w9 + 2a9

1
r (u1 + w5) w9.
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4.2.3 ER3

We again need to make the following definitions in order to create a coupled system

of first order PDEs:

zλk
= ελk

− Cλk

(
w1 (α1 + α7 + α8) + w9 (α3 + α8 + α9) +

w5

r
(α2 + α7 + α9)

+
u1

r
(α2 + α7 + α9)

)
− cCλk

exp
(
F̃ (r, ā, w̄, ū)

)(
w1 (a1 + a7 + a8)

+w9 (a3 + a8 + a9) +
w5

r
(a2 + a7 + a9) +

u1

r
(a2 + a7 + a9)

)

z11
µk

= ε11
µk
− 2Cµk

(
α1w1 + α7

1
r

(u1 + w5) + α8w9

)

−2cCµk
exp

(
F̃ (r, ā, w̄, ū)

)(
a1w1 + a7

1
r

(u1 + w5) + a8w9

)

z22
µk

= ε22
µk
− 2Cµk

(
α2

1
r

(u1 + w5) + α7w1 + α9w9

)

−2cCµk
exp

(
F̃ (r, ā, w̄, ū)

)(
a2

1
r

(u1 + w5) + a7w1 + a9w9

)

z33
µk

= ε33
µk
− 2Cµk

(
α3w9 + α8w1 + α9

1
r

(u1 + w5)
)

−2cCµk
exp

(
F̃ (r, ā, w̄, ū)

)(
a3w9 + a8w1 + a9

1
r

(u1 + w5)
)

Just as we did for the ER1 and ER2 models, we can now substitute the variables zλk
and

zij
µk into Equations (3.17) - (3.26) to obtain a coupled system of first order PDEs for the
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ER3 model:

∂v1

∂t
=

∑

k

1
ρ

[
∂

∂r

(
zλk

+ z11
µk

+ Cλk

(
w1 (α1 + α7 + α8) + w9 (α3 + α8 + α9)

+
w5

r
(α2 + α7 + α9) +

u1

r
(α2 + α7 + α9)

)

+2Cµk

(
α1w1 + α7

1
r

(u1 + w5) + α8w9

)

+cCλk
exp

(
F̃ (r, ā, w̄, ū)

)(
w1 (a1 + a7 + a8) + w9 (a3 + a8 + a9)

+
w5

r
(a2 + a7 + a9) +

u1

r
(a2 + a7 + a9)

)

+2cCµk
exp

(
F̃ (r, ā, w̄, ū)

) (
a1w1 + a7

1
r

(u1 + w5) + a8w9

))

+
1
r

(
z11
µk
− z22

µk
+ 2Cµk

(
α1w1 + α7

1
r

(u1 + w5) + α8w9

)

+2cCµk
exp

(
F̃ (r, ā, w̄, ū)

) (
a1w1 + a7

1
r

(u1 + w5) + a8w9

)

−2Cµk

(
α2

1
r

(u1 + w5) + α7w1 + α9w9

)

−2cCµk
exp

(
F̃ (r, ā, w̄, ū)

) (
a2

1
r

(u1 + w5) + a7w1 + a9w9

))
]

∂v2

∂t
=

∑

k

1
ρ

1
r

∂

∂θ

(
zλk

+ z22
µk

+ Cλk

(
w1 (α1 + α7 + α8) + w9 (α3 + α8 + α9)

+
w5

r
(α2 + α7 + α9) +

u1

r
(α2 + α7 + α9)

)

cCλk
exp

(
F̃ (r, ā, w̄, ū)

) (
w1 (a1 + a7 + a8) + w9 (a3 + a8 + a9)

+
w5

r
(a2 + a7 + a9) +

u1

r
(a2 + a7 + a9)

)

+2Cµk

(
α2

1
r

(u1 + w5) + α7w1 + α9w9

)

+2cCµk
exp

(
F̃ (r, ā, w̄, ū)

) (
a2

1
r

(u1 + w5) + a7w1 + a9w9

) )
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∂v3

∂t
=

∑

k

1
ρ

∂

∂z

(
zλk

+ z33
µk

+ Cλk

(
w1 (α1 + α7 + α8) + w9 (α3 + α8 + α9)

+
w5

r
(α2 + α7 + α9) +

u1

r
(α2 + α7 + α9)

)

c Cλk
exp

(
F̃ (r, ā, w̄, ū)

)(
w1 (a1 + a7 + a8) + w9 (a3 + a8 + a9)

+
w5

r
(a2 + a7 + a9) +

u1

r
(a2 + a7 + a9)

)

+2Cµk

(
α3w9 + α8w1 + α9

1
r

(u1 + w5)
)

+2cCµk
exp

(
F̃ (r, ā, w̄, ū)

)(
a3w9 + a8w1 + a9

1
r

(u1 + w5)
) )

∂zλk

∂t
= −νλk

(
zλk

+ Cλk

(
w1 (α1 + α7 + α8) + w9 (α3 + α8 + α9) +

w5

r
(α2 + α7 + α9)

+
u1

r
(α2 + α7 + α9)

)
+ c Cλk

exp
(
F̃ (r, ā, w̄, ū)

)(
w1 (a1 + a7 + a8)

+w9 (a3 + a8 + a9) +
w5

r
(a2 + a7 + a9) +

u1

r
(a2 + a7 + a9)

))

∂z11
µk

∂t
= −νµk

(
z11
µk

+ 2Cµk

(
α1w1 + α7

1
r

(u1 + w5) + α8w9

)

+2cCµk
exp

(
F̃ (r, ā, w̄, ū)

)(
a1w1 + a7

1
r

(u1 + w5) + a8w9

) )

∂z22
µk

∂t
= −νµk

(
z22
µk

+ 2Cµk

(
α2

1
r

(u1 + w5) + α7w1 + α9w9

)

+2cCµk
exp

(
F̃ (r, ā, w̄, ū)

)(
a2

1
r

(u1 + w5) + a7w1 + a9w9

))

∂z33
µk

∂t
= −νµk

(
z33
µk

+ 2Cµk

(
α3w9 + α8w1 + α9

1
r

(u1 + w5)
)

+2cCµk
exp

(
F̃ (r, ā, w̄, ū)

) (
a3w9 + a8w1 + a9

1
r

(u1 + w5)
) )

∂u1

∂t
= v1

∂u2

∂t
= v2

∂u3

∂t
= v3

∂w1

∂t
=

∂v1

∂r
∂w5

∂t
=

∂v2

∂θ
∂w9

∂t
=

∂v3

∂z
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where F̃ (r, ā, w̄, ū) = a1w
2
1 + a2

1
r2 (u1 + w5)

2 + a3w
2
9 + 2a7w1

1
r (u1 + w5) + 2a8w1w9 +

2a9
1
r (u1 + w5) w9.
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Chapter 5

Computational Results

5.1 Computational Method

To integrate the internal variable model (3.17) - (3.26) we will utilize the two-step

MacCormack Finite Difference scheme. The scheme is a second order method and is fairly

straightforward to implement. However, there is one difficultly in the development of the

code - the incorporation of the boundary conditions. To update the boundary conditions

the method of boundary characteristics is employed. The method requires formulating the

internal variable model in matrix vector notation

Ut = AUr + BUθ + CUz + Q (5.1)

where U is the vector of state variables, A is the coefficient matrix corresponding to Ur,

B is the coefficient matrix corresponding to Uθ, C is the coefficient matrix corresponding

to Uz, and Q is the vector of terms that are not related to derivatives. By examining

the eigenvalues of these matrices we can determine the number of conditions that can be

imposed on each boundary [17].

Before we discuss the eigenvalues of the matrices A, B and C we point out that

their form is relatively simple. This feature is due to the fact that all of the dependent

variables zλk
and zij

µk do not depend on any spatial derivatives. For instance, since the

elements of A correspond to the coefficients of the partial derivative with respect to r
(

∂
∂r

)
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A can be written as

A =




03×nv

A12×nv

0(nv−15)×nv


 (5.2)

where A contains all of the nonzero elements of A and nv represents the number of de-

pendent variables in the ISV model. If we assume there are two internal strain variables

(k = 2) then nv = 29 and

A1 = [A4,1, A4,2, 0, . . . 0, A4,7, . . . , A4,19, 0, . . . , 0] (5.3)

A2 = [A5,1, A5,2, 0, . . . 0, A5,7, . . . , A5,15, 0, . . . , 0, A5,24, A5,25, 0, . . . , 0] (5.4)

A3 = [A6,1, A6,2, 0, . . . 0, A6,7, . . . , A6,15, 0, . . . , 0, A6,26, A6,27, 0, 0] (5.5)

A4 = [0, . . . , 0, A7,4, 0, . . . , 0] (5.6)

A7 = [0, . . . , 0, A10,5, 0, . . . , 0] (5.7)

A10 = [0, . . . , 0, A13,6, 0, . . . , 0] . (5.8)

where the subscript i of Ai represents the ith row of A . The remaining rows of A

(A5,A6,A8,A9,A11 and A12) all equal 01,nv.

To determine the number of conditions we can impose at each boundary we must

examine the eigenvalues of the appropriate matrix. That is, if we are interested in the

boundary conditions at r = R1, R2 and z = Z1, Z2 then the eigenvalues of A and C must be

calculated. We are not interested in the value of those eigenvalues per se., but rather the

sign of each eigenvalue. The sign of the eigenvalue specifies the direction that information

propagates in the system, and whether the interior points depend upon the boundary or

not. If information propagates toward the boundary then a boundary condition cannot

be prescribed and the boundary must be updated numerically. However, if information

propagates from the boundary a boundary condition can be prescribed [17]. Figure 5.1

illustrates this concept for the case when the longitudinal direction z is fixed.

To calculate the eigenvalues of A we input the elements of the matrix A into

Matlab (via the symbolic number generator sym) and use the eig command to determine

the eigenvalues of the matrix. If the ISV model has 2 internal variable then the matrices A

and C in (5.1) have three positive eigenvalues, three negative eigenvalues and 23 eigenvalues

that are zero. Therefore, we can specify at most three variables at the radial and longitudinal
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C− C+C+C−

R1

0

R2

6.14

Figure 5.1: Characteristics’ interaction with the boundary for a fixed z.

boundaries - the remaining variables will have to be updated numerically according to the

second order scheme (5.9)

Un+1 = Un + ∆tUn
t +

1
2
∆t2Un

tt

= Un + ∆t [AUr + BUθ + CUz + Q]n +
1
2
∆t2 [AUr + BUθ + CUz + Q]nt . (5.9)

However, in order to prescribe a boundary condition for a variable we have to have an

analytic expression for that variable. If we assume there is no variation of the wave in the θ

and z directions then we can derive an analytic expression for w1(t, R1, θ, z) (= f11(t, θ, z))

and w1(t, R2, θ, z) (= 0) [1]. We will use the function f11(t, θ, z) to model the disturbance

along the arterial wall. Due to the complexity of the model we are not able to derive an

analytic expression for any of the remaining state variables at the r boundary, and for

none of the state variables at the z boundary. Thus, those elements of U will be updated

numerically.

We have yet to deal with the boundary conditions for the θ component. However,

since the geometry is periodic we can specify that the state variables at θ = 0 must equal

their values at θ = 2π.
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5.2 Incorporation of Viscoelasticity and Varying Levels of

Density in ISV model

Two significant features of the Internal Strain Variable model (3.17) - (3.26) is the

incorporation of viscoelasticity and density. These characteristics are prominent features

of any realistic depiction of the human chest cavity, and are thus an integral component

of the ISV model. Both features were considered in the two dimensional version of the

model [2]. Indeed, it was shown that by adjusting the parameters λ and µ in (3.8), the two

dimensional model can display both viscoelastic and elastic properties. In addition, the 2D

model can incorporate geometries with heterogeneous densities by manipulating the density

parameter ρ. We will perform a similar study of λ, µ and ρ for the three dimensional ISV

model in the succeeding sections. In order to compare these results to those obtained in

the one- and two- dimensional settings both simulations will assume no variation in the θ

and z directions.

5.2.1 Comparison of Different Levels of Viscoelasticity

The central thrust of our modeling efforts up to this point have focused on approx-

imating Fung’s kernel, Gijkl, in a computationally efficient manner. To do so we assumed

the material is isotropic and introduced the time dependent coefficients λ(t) and µ(t) to help

describe (3.2). Taking the 1D model as motivation, we set λ(t) and µ(t) to be exponential

functions, each with a particular relaxation form of the exponent. The effect of the approx-

imation was to assume our system has a finite, and not a continuous spectrum of relaxation

times. Indeed, the form of the ISV model is very similar to the Maxwell and Kelvin-Voight

viscoelastic models [1] where it is very simple to eliminate the viscous behavior and obtain a

strictly elastic model. In the 1D ISV model, the viscous portion of the model was removed

by setting νk = limτ→∞ 1
τ = 0. We should be able to achieve the same result in the 3D ISV

model.

To validate that the 3D ISV model does account for both viscoelastic and elastic

behavior we will choose a particular value of ν?
λk

and ν?
µk

in (3.2) and proceed to propagate w1

in the ER1-2ISV model for different multiples of those exponentials. For these simulations,

we chose to run ER1-2ISV for 0ν?
k , 10ν?

k , .02ν?
k , .1ν?

k and ν?
k . The closer the relaxation

parameter is to zero the more we expect w1 to behave like that for an elastic medium
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(e.g., very little dissipation of energy). Conversely, if the relaxation parameter is large then

the medium possesses viscoelastic properties which should dissipate energy quicker than an

elastic medium.

This is exactly the type of behavior that is witnessed in Figures 5.2 - 5.10. For

smaller exponential values (.02ν?
k and .1ν?

k) the energy of the wave dissipates slowly, while

the wave for larger exponential values (10ν?
k) the wave dissipates more rapidly. In fact, by

time t = 9.7738e − 002 the wave corresponding to 10ν?
k has almost completely dissipated,

while the waves corresponding to .02ν?
k and .1ν?

k have significantly more energy. We also

notice that if the medium is completely elastic (0ν?
k) the wave does not lose any energy

during the simulation.

Before we discuss w1’s behavior in a heterogeneous geometry, we point out two

interesting behaviors in Figures 5.2 - 5.10. First, the polarity of the wave changes at

r = 1.1 in Figure 5.6. This is due to the fact that we have prescribed the inner and outer

boundary conditions for w1 (see discussion in Section 5.1). Since the boundary for w1 is

fixed the amplitude of the wave must become negative when interacting with the boundary.

Although we did not include examples for the other model variables, we mention that since

their boundary conditions were not specified the polarity of their waves will not change at

the boundary.

Figures 5.2 - 5.10 have another distinguishing characteristic - there are small am-

plitude, high frequency oscillations near the inner radius r = 1. The magnitude of this

behavior was not apparent in the 2D simulations performed in [2], which raised questions

as to the accuracy of the model implementation. To examine the issue further, we integrated

the 3D ISV model with different step sizes dt. For larger values of dt the amplitude of the

oscillations were more pronounced than for smaller values of dt. Indeed, the same behavior

was witnessed in the 2D ISV model, but to a much smaller extent. Therefore, we attribute

the behavior to numerical error, and not to any inherent dynamics of the wave.
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Figure 5.2: Profile of w1 at t = 4.5003e− 02 for various mediums.
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Figure 5.3: Profile of w1 at t = 6.4535e− 002 for various mediums.
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Figure 5.4: Profile of w1 at t = 8.4066e− 002 for various mediums.
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Figure 5.5: Profile of w1 at t = 9.7738e− 002 for various mediums.
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Figure 5.6: Profile of w1 at t = 1.5633e− 001 for various mediums.
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Figure 5.7: Profile of w1 at t = 2.1090e− 001 for various mediums.
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Figure 5.8: Profile of w1 at t = 5.2743e− 001 for various mediums.

1 1.02 1.04 1.06 1.08 1.1

−0.02

−0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

Radius

w
1(t

,r
)

 

 
ν = 0ν

*

ν = 10ν
*

ν = .02ν
*

ν = .1ν
*

ν
*

Figure 5.9: Profile of w1 at t = 5.9253e− 001 for various mediums.
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Figure 5.10: Profile of w1 at t = 6.5763e− 001 for various mediums.
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5.2.2 Heterogeneous Chest Cavity

We have demonstrated in the previous section that the ISV model can incorporate

viscoelastic properties of the biological medium - a necessary feature since most biological

structures are viscoelastic in nature [4, 18]. Another common feature of biological structures

is that they do not have a uniform density, but rather a heterogeneous density. That is, the

density will vary at different spatial locations in the geometry. Our model should be able to

accommodate such a reasonable assumption and indeed it does. We will demonstrate the

3D ISV model can incorporate a heterogeneous density by setting the density parameter ρ

to be

ρ(r) =





ρhet r1 ≤ r ≤ r2

1100 otherwise
(5.10)

where ρhet will be based upon the case we are considering (see Figure 5.11). For these

simulations we will set ρhet to be 500, 800 and 2100. Obviously, we expect higher densities

to have a larger impact on the propagation of the wave than lower densities. As we can see

from the various waves in Figures 5.12 - 5.16 the effect of the densities is as we expected. The

speed of w1 for each wave is the same at the start of the simulation (Figure 5.12), but once

the heterogeneity is introduced at r = r1 (Figure 5.13) the waves differentiate themselves.

The low density wave travels through the heterogeneous material much quicker than the

higher density geometries. The medium density material is the next quickest wave, followed

by the homogenous density. The slowest traveling wave is the one propagating through the

high density geometry. This observation not only makes intuitive sense, but follows from

the fact that the 3D ISV model (3.17) - (3.26) specifies that the wave speed is inversely

proportional to the density of the geometry. Also note that much of the wave energy has

dissipated once the wave has exited the heterogeneity, which is attributable to the fact that

viscoelasticity is present in the simulations.
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Figure 5.11: The homogeneous chest cavity and a profile of the heterogeneous chest cavity
for a fixed value of z.
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Figure 5.12: Profile of w1 for a fixed value of z at t = 4.1504e − 003 for a heterogeneous
geometry.
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Figure 5.13: Profile of w1 for a fixed value of z at t = 6.5918e − 003 for a heterogeneous
geometry.
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Figure 5.14: Profile of w1 for a fixed value of z at t = 8.2194e − 003 for a heterogeneous
geometry.
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Figure 5.15: Profile of w1 for a fixed value of z at t = 1.4730e − 003 for a heterogeneous
geometry.
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Figure 5.16: Profile of w1 for a fixed value of z at t = 1.4730e − 002 for a heterogeneous
geometry.
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Chapter 6

Parameter Estimation: MLE, OLS,

and GLS

6.1 The ISV Model and Data

It is necessary to ensure the ISV model possesses certain characteristics, such as

the ones discussed in Chapter 5. However, we would be making a serious mistake if we

assume the ISV model captures all of the behavior in a human chest cavity, pig chest cavity

or even a cylindrical gel mold. In fact, it is crucial that we recognize that various types

of errors will be present in any experiment (e.g., measurement error, numerical error or

model error) and that those errors will certainly effect any parameter estimates we obtain

from an inverse problem. Although we have developed a working implementation of the 3D

ISV model, we will instead focus our energy on resolving some long-standing problems with

the inverse problem for the 2D ISV model. This is a necessary step before the more time

consuming and complicated issues surrounding the 3D ISV model are tackled - issues that

will have to be resolved in future project investigations.

6.2 Description of Statistical Model

In our discussions here we consider a statistical model of the form

~Yj = ~f(tj , ~θ0) + ~εj , j = 1, . . . , n, (6.1)
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where ~f(tj , ~θ) corresponds to the mathematical model at the jth covariate for a particular

vector of parameters ~θ ∈ Rp, ~x ∈ RN , ~f ∈ Rm. The term ~θ0 represents the “truth” or the

parameters that generate the observations {~Yj}n
j=1 with no error. (The existence of a truth

parameter ~θ0 is standard in statistical formulations and this along with the assumption that

the means E[~εj ] are zero yields implicitly that the statistical model (6.1) is a correct descrip-

tion of the process being modeled.) The terms ~εj are random variables which can represent

measurement error, “system fluctuations” or other phenomena that cause observations to

not fall exactly on the points ~f(tj , ~θ) from the smooth path ~f(t, ~θ). Since these fluctuations

are unknown to the modeler, we will assume ~εj is generated from a probability distribution

(with mean zero throughout our discussions) that reflects the assumptions regarding these

phenomena. For instance, in a statistical model for pharmacokinetics of drug in human

blood samples, a natural distribution for ~ε = (ε1, . . . , εn)T might be a multivariate normal

distribution. In other applications the distribution for ~ε might be much more complicated

[19].

The purpose of our presentation here is to discuss methodology related to the

estimation of the true value of the parameters ~θ0 from a set Θ of admissible parameters,

and its dependence on what is assumed about the variance var(~εj) of the error ~εj . We

discuss two inverse problem methodologies that can be used to calculate estimates θ̂ for ~θ0:

the ordinary least-squares (OLS) and generalized least-squares (GLS) formulations as well

as the popular maximum likelihood estimate (MLE) formulation in the case one assumes

the distributions of the error process {~εj} are known. Our summary is based on [20].

6.3 Normally distributed error

In the introduction of the statistical model we initially made no assumptions on the

probability distribution that generates the error ~εj . In many situations one readily assumes

that the errors ~εj = 1, . . . , n, are independent and identically distributed (we make the

standing assumptions of independence across j throughout our discussions in this Chapter).

We discuss a case where one is able to make further assumptions on the error, namely that

the distribution is known. In this case, maximum likelihood techniques may be used. We

discuss first one such case for a scalar observation system, i.e., m = 1. If, in addition, there

is sufficient evidence to suspect the error is generated by a normal distribution then we may

be willing to assume εj ∼ N (0, σ2
0), and hence Yj ∼ N (f(tj , ~θ0), σ2

0). We can then obtain
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an expression for determining ~θ0 and σ0 by seeking the maximum over (~θ, σ2) ∈ Θ× (0,∞)

of the likelihood function for εj = Yj − f(tj , ~θ) which is defined by

L(~θ, σ2|~Y ) =
n∏

j=1

1√
2πσ2

exp{− 1
2σ2

[Yj − f(tj , ~θ)]2}. (6.2)

The resulting solutions θMLE and σ2
MLE are the maximum likelihood estimators (MLEs) for ~θ0

and σ2
0, respectively. We point out that these solutions θMLE = θn

MLE(~Y ) and σ2
MLE = σ2 n

MLE(~Y )

are random variables by virtue of the fact that ~Y is a random variable. The corresponding

maximum likelihood estimates are obtained by maximizing (6.2) with ~Y = (Y1, . . . , Yn)T

replaced by a given realization ~y = (y1, . . . , yn)T and will be denoted by θ̂MLE = θ̂n
MLE and

σ̂MLE = σ̂n
MLE respectively. In our discussions here and below, almost every quantity of

interest is dependent on n, the size of the set of observations or the sampling size. On

occasion we will express this dependence explicitly by use of superscripts or subscripts,

especially when we wish to remind the reader of this dependence. However, for notational

convenience we will often suppress the notation of explicit dependence on n.

Maximizing (6.2) is equivalent to maximizing the log likelihood

log L(~θ, σ2|~Y ) = −n

2
log(2π)− n

2
log σ2 − 1

2σ2

n∑

j=1

[Yj − f(tj , ~θ)]2. (6.3)

We determine the maximum of (6.3) by differentiating with respect to ~θ (with σ2 fixed) and

with respect to σ2 (with ~θ fixed), setting the resulting equations equal to zero and solving

for ~θ and σ2. With σ2 fixed we solve ∂

∂~θ
log L(~θ, σ2|~Y ) = 0 which is equivalent to

n∑

j=1

[Yj − f(tj , ~θ)]∇f(tj , ~θ) = 0, (6.4)

where as usual ∇f = ∂

∂~θ
f = f~θ

. We see that solving (6.4) is the same as the least squares

optimization

θMLE(~Y ) = arg min
~θ∈Θ

J(~Y , ~θ) = arg min
~θ∈Θ

n∑

j=1

[Yj − f(tj , ~θ)]2. (6.5)

We next fix ~θ to be θMLE and solve ∂
∂σ2 log L(θMLE, σ2|~Y ) = 0, which yields

σ2
MLE(~Y ) =

1
n

J(~Y , θMLE). (6.6)

Note that we can solve for θMLE and σ2
MLE separately – a desirable feature, but one that does

not arise in more complicated formulations discussed below. The 2nd derivative test (which
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is omitted here) verifies that the expressions above for θMLE and σ2
MLE do indeed maximize

(6.3).

If, however, we have a vector of observations for the jth covariate tj then the

statistical model is reformulated as

~Yj = ~f(tj , ~θ0) + ~εj (6.7)

where ~f ∈Rm and

V0 = var(~εj) = diag(σ2
0,1, . . . , σ

2
0,m) (6.8)

for j = 1, . . . , n. In this setting we have allowed for the possibility that the observation

coordinates Y i
j may have different constant variances σ2

0,i, i.e. σ2
0,i does not necessarily have

to equal σ2
0,k. If (again) there is sufficient evidence to claim the error is independent and

identically distributed and generated by a normal distribution then ~εj ∼ Nm(0, V0). We can

then obtain the maximum likelihood estimators θMLE({~Yj}) and VMLE({~Yj}) for θ0 and V0

by determining the maximum of log of the likelihood function for ~εj = ~Yj − ~f(tj , ~θ) defined

by

log L
(
Y 1

j , . . . , Y m
j |~θ, V

)
= −n

2

m∑

i=1

log σ2
0,i −

1
2

m∑

i=1

1
σ2

0,i

n∑

j=1

(
Y i

j − f i(tj , ~θ)
)2

= −n

2

m∑

i=1

log σ2
0,i −

n∑

j=1

(
~Yj − ~f

(
tj , ~θ

))T
V −1

(
~Yj − ~f

(
tj , ~θ

))
.

Using arguments similar to those given for the scalar case we determine the maximum

likelihood estimators for ~θ0 and V0 to be

θMLE = arg min
~θ∈Θ

n∑

j=1

(
~Yj − ~f

(
tj , ~θ

))T
V −1

MLE

(
~Yj − ~f

(
tj , ~θ

))
(6.9)

VMLE = diag


 1

n

n∑

j=1

(
~Yj − ~f(tj , θMLE)

)(
~Yj − ~f(tj , θMLE)

)T


 . (6.10)

Unfortunately, this is a coupled system, which requires some care when solving numerically.

We will discuss this issue further in Sections 6.4.2 and 6.4.5.

6.4 Unspecified Error Distributions

In Section 6.3 we examined the estimates of ~θ0 and V0 under the assumption

that the error is normally distributed and is constant in longitudinal data. However, it is
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almost always the case that the error’s distribution is completely unknown to the modeler.

Without knowledge of the distribution we must resort to estimating particular parameters

using estimation procedures other than the MLE. In this section we will review two popular

estimating procedures: ordinary least squares (OLS) and generalized least squares (GLS).

6.4.1 Ordinary Least Squares (OLS)

The statistical model in the scalar case takes the form

Yj = f(tj , ~θ0) + εj (6.11)

where the variance var(εj) = σ2
0 is constant in longitudinal data (note that the error’s

distribution is not specified). If we define

θOLS(~Y ) = arg min
~θ∈Θ

n∑

j=1

(
Yj − f

(
tj , ~θ

))2
(6.12)

then θOLS can be viewed as minimizing the distance between the data and model where all

observations are treated equally. We note that minimizing (6.12) corresponds [19] to solving

for ~θ in
n∑

j=1

(
Yj − f

(
tj , ~θ

))∇f
(
tj , ~θ

)
= 0. (6.13)

We point out that θOLS is a random variable (εj = Yj − f(tj , ~θ) is a random variable); hence

if {yj}n
j=1 is a realization of the random process {Yj}n

j=1 then solving

θ̂OLS = arg min
~θ∈Θ

n∑

j=1

(
yj − f

(
tj , ~θ

))2
(6.14)

provides a realization for θOLS (we will designate a realization of a random variable or

estimator θ as θ̂).

Once we have solved for θOLS in (6.12), we can replace ~θ0 in

σ2
0 =

1
n

E[
n∑

j=1

[Yj − f(tj , ~θ0)]2] (6.15)

by θ̂OLS to obtain an estimate σ̂2
OLS for σ2

0.
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Even though the error’s distribution is not specified we can use asymptotic theory

to approximate the mean and variance of the random variable θOLS [21]. As n → ∞, we

have that

θOLS = θn
OLS ∼ Np(~θ0,Σn

0 ) ≈ Np(~θ0, σ
2
0[χ

nT (~θ0)χn(~θ0)]−1) (6.16)

where the sensitivity matrix χn(~θ) = {χn
jk} j=1,...,n

k=1,...,p
is defined as

χn
jk(~θ) =

∂f(tj , ~θ)

∂~θk

and

Σn
0 ≡ σ2

0[nΩ0]−1 (6.17)

with

Ω0 ≡ lim
n→∞

1
n

χnT (~θ0)χn(~θ0), (6.18)

where Ω0 is assumed to exist [21]. Since ~θ0 and σ2
0 are generally unknown, one will instead

use the realization ~y = (y1, . . . , yn)T of the random process ~Y to obtain the estimate

θ̂OLS = arg min
~θ∈Θ

n∑

j=1

[yj − f(tj , ~θ)]2 (6.19)

and the bias adjusted estimate

σ̂2
OLS =

1
n− p

n∑

j=1

[yj − f(tj , θ̂)]2 (6.20)

to use as an approximation in (6.16).

Both θ̂ = θ̂OLS and σ̂2 = σ̂2
OLS will then be used to approximate the covariance

matrix

Σ0 ≈ Σ̂ = σ̂2[χnT (θ̂)χn(θ̂)]−1. (6.21)

We can then obtain the standard errors (SE(θ̂OLS,k)) for the kth element of θ̂OLS by cal-

culating SE(θ̂OLS,k) ≈
√

Σ̂kk. Also note the similarity between the MLE equations (6.5)

and (6.6), and the scalar OLS equations (6.19) and (6.20). That is, under a normality

assumption for the error, the MLE and OLS formulations are equivalent.

If, however, we have a vector of observations for the jth covariate tj and we assume

the variance is still constant in longitudinal data, then the statistical model is reformulated

as

~Yj = ~f(tj , ~θ0) + ~εj (6.22)
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where ~f ∈Rm and

V0 = var(~εj) = diag(σ2
0,1, . . . , σ

2
0,m) (6.23)

for j = 1, . . . , n. Just as in the MLE case we have allowed for the possibility that the

observation coordinates Y i
j may have different constant variances σ2

0,i, i.e., σ2
0,i does not

necessarily have to equal σ2
0,k. We note that this formulation also can be used to treat the

case where V0 is used to simply scale the observations, i.e., V0 = diag(v1, . . . , vm) is known.

In this case the formulation is simply a vector OLS (sometimes also called a weighted least

squares (WLS)). The corresponding OLS problem will consist of minimizing

θOLS = arg min
~θ∈Θ

n∑

j=1

(
~Yj − ~f

(
tj , ~θ

))T
V −1

0

(
~Yj − ~f

(
tj , ~θ

))
, (6.24)

where the procedure weights elements of the vector ~Yj− ~f(tj , ~θ) according to their variability.

Just as in the scalar OLS case, θOLS is a random variable (again ~εj = ~Yj− ~f(tj , ~θ) is)); hence

if {~yj}n
j=1 is a realization of the random process {~Yj}n

j=1 then solving

θ̂ = arg min
~θ∈Θ

n∑

j=1

(
~yj − ~f

(
tj , ~θ

))T
V −1

0

(
~yj − ~f

(
tj , ~θ

))
(6.25)

provides an estimate (realization) for θ̂ = θ̂OLS for θOLS. By the definition of variance

V0 = diag


 1

n

n∑

j=1

(
~Yj − ~f(tj , ~θ0)

)(
~Yj − ~f(tj , ~θ0)

)T


 ,

so an unbiased estimate of V0 for the realization {~yj}n
j=1 is

V̂ = diag


 1

n− p

n∑

j=1

(
~yj − ~f(tj , θ̂)

)(
~yj − ~f(tj , θ̂)

)T


 . (6.26)

However, the estimate θ̂ requires the (generally unknown) matrix V0 and V̂ requires the

unknown vector ~θ0 so we will instead use the following expressions to calculate θ̂ and V̂ :

~θ0 ≈ θ̂ = arg min
~θ∈Θ

n∑

j=1

(
~yj − ~f(tj , ~θ)

)T
V̂ −1

(
~yj − ~f(tj , ~θ)

)
(6.27)

V0 ≈ V̂ = diag


 1

n− p

n∑

j=1

(
~yj − ~f(tj , θ̂)

)(
~yj − ~f(tj , θ̂)

)T


 . (6.28)
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Note that the estimates θ̂ and V̂ are a coupled system of equations, which will require

greater effort in implementing a numerical scheme.

Just as in the scalar case we can determine the asymptotic properties of the OLS

estimator (6.24). As n →∞, θOLS has the following asymptotic properties [20]:

θOLS ∼ N(~θ0,Σn
0 ) (6.29)

where

Σn
0 =




n∑

j=1

DT
j (~θ0)V −1

0 Dj(~θ0)



−1

(6.30)

and the m× p matrix Dj(~θ) = Dn
j (~θ) is given by




∂f1(tj ,~θ)
∂θ1

∂f1(tj ,~θ)
∂θ2

· · · ∂f1(tj ,~θ)
∂θp

...
...

...
∂fm(tj ,~θ)

∂θ1

∂fm(tj ,~θ)
∂θ2

· · · ∂fm(tj ,~θ)
∂θp


 .

Since the true value of the parameters ~θ0 and V0 are unknown, their estimates θ̂ and V̂ will

be used to approximate the asymptotic properties of least squares estimator θOLS:

θOLS ∼ Np(~θ0, Σn
0 ) ≈ Np(θ̂, Σ̂n) (6.31)

where

Σn
0 ≈ Σ̂n =




n∑

j=1

DT
j (θ̂)V̂ −1Dj(θ̂)



−1

. (6.32)

The standard errors can then be calculated for the kth element of θ̂OLS (SE(θ̂OLS,k)) by

SE(θ̂OLS,k) ≈
√

Σ̂kk. Again, we point out the similarity between the MLE equations (6.9)

and (6.10), and the OLS equations (6.27) and (6.28) for the vector statistical model (6.22).

6.4.2 Numerical Implementation of the OLS Procedure

In the scalar statistical model (6.11) the corresponding estimates θ̂ and σ̂ can be

solved separately (this is also true of the vector OLS in the case V0 = σ2
0Im, where Im is the

m×m identity), and thus the numerical implementation is straightforward - first determine
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θ̂OLS according to (6.14) and then calculate σ̂2
OLS according to (6.20). The estimates θ̂ and

V̂ in the vector statistical model (6.22), however, require more care since they are coupled:

θ̂ = arg min
~θ∈Θ

n∑

j=1

(
~yj − ~f

(
tj , ~θ

))T
V̂ −1

(
~yj − ~f

(
tj , ~θ

))
(6.33)

V̂ = diag


 1

n− p

n∑

j=1

(
~yj − ~f(tj , θ̂)

)(
~yj − ~f(tj , θ̂)

)T


 . (6.34)

To solve this coupled system the following iterative process will be followed:

1. Set V̂ (0) = I and solve for the initial estimate θ̂(0) using (6.33). Set k = 0.

2. Use θ̂(k) to calculate V̂ (k+1) using (6.34).

3. Re-estimate ~θ0 by solving (6.33) with V̂ = V̂ (k+1) to obtain θ̂(k+1).

4. Set k = k + 1 and return to 2. Terminate the process when two successive estimates

for θ̂OLS are sufficiently close to one another.

6.4.3 Generalized Least Squares (GLS)

Although in Section 6.4.1 the error’s distribution remained unspecified, we did

however require that the error remain constant in variance in longitudinal data. That

assumption may not be appropriate for data sets whose error is not constant in longitudinal

data. A common relative error model that experimenters use in this instance [20, 19] is

Yj = f(tj , ~θ0) (1 + εj) (6.35)

where E(Yj) = f(tj , ~θ0) and var(Yj) = σ2
0f

2(tj , ~θ0). We will say that the variance generated

in this fashion is non-constant variance. The method we will use to estimate ~θ0 and σ2
0 is a

particular form of the Generalized Least Squares (GLS) method.

To calculate the random variable θGLS the following equation must be solved for

the estimator θGLS:
n∑

j=1

wj

(
Yj − f

(
tj , θ̂GLS

))∇f(tj , θ̂GLS) = 0, (6.36)

where Yj obeys (6.35) and wj = f−2(tj , θGLS). The quantity θGLS is a random variable,

hence if {yj}n
j=1 is a realization of the random process Yj then solving

n∑

j=1

f−2(tj , θ̂)
(
yj − f

(
tj , θ̂

))∇f(tj , θ̂) = 0, (6.37)
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for θ̂ gives an estimate of θ̂GLS for θGLS.

The GLS estimator has the following asymptotic properties [22]:

θGLS ∼ Np(~θ0, Σn
0 ) ≈ Np

(
~θ0, σ

2
0

(
χnT (~θ0)W−1(~θ0)χnT (~θ0)

)−1
)

(6.38)

where the sensitivity matrix χ(~θ) = χn(~θ) = {χn
jk} is defined as

χn
j k(~θ) =

∂f(tj , ~θ)
∂θk

j = 1, . . . , n, k = 1, . . . , p

and

Σn
0 ≡ σ2

0[nΩGLS
0 ]−1 (6.39)

with

ΩGLS
0 = lim

n→∞
1
n

χnT (~θ0)W−1(~θ0)χnT (~θ0)

and W (~θ) = diag
(
f2(t1, ~θ), . . . , f2(tn, ~θ)

)
. Note that since ~θ0 and σ2

0 are unknown, the

estimates θ̂ = θ̂GLS for σ̂2 = σ̂2
GLS will be used in (6.38) to calculate

Σn
0 ≈ Σ̂n = σ̂2

(
F T

~θ
(θ̂)W−1(θ̂)F~θ

(θ̂)
)−1

(6.40)

where [20, 19] we take the approximation

σ2
0 ≈ σ̂2

GLS =
1

n− p

n∑

j=1

1

f2(tj , θ̂)

(
yj − f(tj , θ̂)

)2
.

We can then approximate the standard errors of θ̂GLS by taking the square roots of the

diagonal elements of Σ̂. We will also mention that the solutions to (6.27) and (6.37) depend

upon the numerical method used to find the minimum or root, and since Σ0 depends upon

the estimate for ~θ0, the standard errors are therefore affected by the numerical method

chosen.

6.4.4 GLS motivation

We note the similarity between (6.13) and (6.37). The GLS equation (6.37) can

be motivated by examining the weighted least squares (WLS) estimator

θWLS = arg min
~θ∈Θ

n∑

j=1

wj [Yj − f(tj , ~θ)]2. (6.41)
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In many situations where the observation process is well understood, the weights {wj} may

be known. The WLS estimate can be thought of minimizing the distance between the

data and model while taking into account unequal quality of the observations [19]. If we

differentiate the sum of squares in (6.41) with respect to ~θ, and then choose wj = f−2(tj , ~θ),

an estimate θ̂GLS is obtained by solving

n∑

j=1

wj [yj − f(tj , ~θ)]∇f(tj , ~θ) = 0

for ~θ. However, we note the GLS relationship (6.37) does not follow from minimizing the

weighted least squares with weights chosen as wj = f−2(tj , ~θ).

Another motivation for the GLS estimating equation (6.37) can be found in [23].

In the text the authors claim that if the data are distributed according to the gamma

distribution, then the maximum-likelihood estimator for ~θ is the solution to

n∑

j=1

f−2(tj , ~θ)[Yj − f(tj , ~θ)]∇f(tj , ~θ) = 0,

which is equivalent to (6.37). The connection between the MLE and our GLS method

is reassuring, but we’d like to determine if there is a connection between the MLE and

GLS estimator if the variance of the data is assumed to depend on g(tj , ~θ) (i.e., var(Yj) =

σ2
0g

2(tj , ~θ) = σ2
0/wj) and not the model output f(tj , ~θ). We would expect that there

is a corresponding maximum likelihood estimator of ~θ whose form is equivalent to the

appropriate GLS estimating equation (wj = g−2(tj , ~θ))

n∑

j=1

g−2(tj , ~θ)[Yj − f(tj , ~θ)]∇f(tj , ~θ) = 0. (6.42)

In their text, Carroll and Rupert [23] briefly describe how distributions belonging to the ex-

ponential family of distributions generate maximum-likelihood estimating equations equiv-

alent to (6.42).

6.4.5 Numerical Implementation of the GLS Procedure

Recall that an estimate of θ̂GLS can either be solved directly according to (6.37)

or iteratively using the procedure outlined in Section 6.4.3. The iterative procedure as

described in [19] is summarized below:
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1. Estimate ~θ0 by θ̂(0) using the OLS equation (6.12). Set k = 0.

2. Form the weights ŵj = f−2(tj , θ̂(k)).

3. Re-estimate ~θ0 by solving

n∑

j=1

ŵj

(
yj − f

(
tj , ~θ

))∇f(tj , ~θ) = 0

to obtain θ̂(k+1).

4. Set k = k + 1 and return to 2. Terminate the process when two successive estimates

for θ̂GLS are ”close” to one another.

We have found that the above procedure does not adequately estimate ~θ0, so

we will instead seek out a different numerical argument. Recall that the above iterative

procedure was formulated by maximizing (for ~θ ∈ Θ)

n∑

j=1

f−2(tj , θ̃)
(
yj − f

(
tj , ~θ

))2

and then updating the weights wj = f−2(tj , θ̃) after each iteration. Thus, an alternative

iterative procedure involves completing the following steps:

1. Estimate θ̂GLS by θ̂(0) using the OLS equation (6.12). Set k = 0.

2. Form the weights ŵj = f−2(tj , θ̂(k)).

3. Re-estimate θ̂GLS by solving

~θ
(k+1)
GLS = arg min

θ∈Θ

n∑

j=1

ŵj

(
yj − f

(
tj , ~θ

))2

to obtain the k + 1 estimate of θ̂GLS.

4. Set k = k + 1 and return to 2. Terminate the process when two successive estimates

for θ̂GLS are ”close” to one another.

One would hope that after a sufficient number of iterations ŵj would converge to f−2(tj , θ̂GLS).

Fortunately, [19] claims that if the process enumerated above is continued an infinite number

of times, then ŵj → f−2(tj , θ̂GLS).
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6.5 Research Formulation

6.5.1 Introduction to Problem

The inverse problem theory and methodology presented in our earlier discussions

provide an appropriate foundation for the work done in the following sections. In these

sections we will implement the two estimators, OLS and GLS, to approximate various

parameters in the ISV model. Although it seems natural to implement the estimators on

the three-dimensional version of the ISV model, there are lingering issues with the inverse

problem for the two-dimensional ISV model. This is not an insignificant issue. During recent

efforts to obtain experimental data, concerns have been raised about the identification of

the parameters representing the occlusion. Some questioned whether the inverse problem is

intractable. Thus, to alleviate concerns regarding the inverse problem we will address the

inverse problem for the two-dimensional ISV model first, and defer the implementation of

the inverse problem for the three-dimensional ISV model to future investigations.

6.5.2 Model Presentation

The motivation and development of the two-dimensional ISV model provided a

clear-cut path for the three-dimensional version. Therefore, descriptions and results pre-

sented in the early chapters of this work closely mirror those discussed in [2]. However, we

will briefly recount the pertinent issues of the two-dimensional version to ensure maximum

clarity.

In [24, 2] the authors developed a two dimensional model that describes how shear

waves that are caused by arterial blockages propagate through biotissue. Just as in this

work, the motivation behind the research is to use sensors that could quickly and cheaply

detect coronary stenoses in arteries without an invasive procedure. For the two-dimensional

geometry, the authors assumed that the sensors would be located on the chest wall and would

detect the acceleration of shear waves from within the chest cavity (see Figure 6.1). The

acceleration data would then be compared to the model to determine if a stenosis is located

in the artery. Although the two-dimensional model contains a number of parameters (e.g.,

the relaxation parameters νλk
and νµk

), the two of particular interest represent the location

of the occlusion along the inner wall of a circular geometry (see Figure 6.1).

The model in [24, 2] is sophisticated; however, we should not be under the illusion
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Figure 6.1: Geometry with occlusion along the inner radius.

that it (or any model) perfectly describes the situation at hand. It is not difficult to imagine

that noise generated from measurement error or biological influences from within the chest

cavity might corrupt our data. Thus we need to investigate how random noise might impact

our model. Ideally, we would like to begin this investigation by comparing the OLS and

GLS estimates for ~θ = (q1, q2)T to each other, but solving for an estimate of θ̂GLS requires

an expression for ∇f(tj , ~θ). It is obvious from Figure 6.1, though, that the solution is

discontinuous along the inner wall of the geometry. Unless we alter the geometry of the

occlusion we will be unable to compare θ̂OLS to θ̂GLS for ~θ = (q1, q2)T .

There are, however, parameters embedded continuously in the model, which will
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allow us to calculate ~θGLS. The model dynamics developed in [24, 2] is given by:

ρ
∂ 2u1

∂t2
=

∂

∂r

(
ελ + ε11

µ

)
+

1
r

∂

∂θ

(
ε21
µ

)
+

1
r

(
ε11
µ − ε22

µ

)
(6.43)

ρ
∂ 2u2

∂t2
=

∂

∂r

(
ε12
µ

)
+

1
r

∂

∂θ

(
ελ + ε22

µ

)
+

1
r

(
ε12
µ + ε21

µ

)
(6.44)

∂ελk

∂t
= −νλk

ελk
+ Cλk

∂

∂t

(
S

(e)
11 + S

(e)
22

)
(6.45)

∂ε11
µk

∂t
= −νµk

ε11
µk

+ Cµk

∂

∂t

(
S

(e)
11

)
(6.46)

∂ε12
µk

∂t
= −νµk

ε12
µk

+ Cµk

∂

∂t

(
S

(e)
12

)
(6.47)

∂ε22
µk

∂t
= −νµk

ε22
µk

+ Cµk

∂

∂t

(
S

(e)
22

)
. (6.48)

The relevant terms in the model are the radial (r) and tangential (θ) position of the shear

wave (u1 and u2 respectively), the ”elastic” stress tensor S
(e)
ij and the internal strain variables

ελ and εkl
µ . The parameters Cλk

and Cµk
for k = 1, 2 assist in approximating the reduced

relaxation parameter G in Fung’s quasi-linear viscoelastic model [4]. The parameters q1

and q2 arise in the inner radius boundary conditions (see Figure 6.1). It’s obvious that

the model depends continuously on the parameters Cλk
and Cµk

; hence those parameters

are better candidates for the GLS inverse problem formulation than q1 and q2 since that

method requires calculating ∇f(tj , ~θ). The remainder of the parameters (νλk
and νµk

) will

be taken as fixed in the estimation procedure.

6.5.3 Inverse Problem Comparison

As was intimated in Section 6.5.2, we will not alter the geometry of the occlusion

to be continuous and perform an inverse problem analysis on (q1, q2)
T . Instead, we will first

investigate results from the OLS and GLS methods and the corresponding standard errors

from the more well-behaved parameters

~θ =




Cλ1

Cλ2

Cµ1

Cµ2




.

To do so the following procedure will be followed:
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1. Since there is no data the model f(t, ~θ) will be solved for ~θ = ~θ0 where

~θ0 =




C0
λ1

C0
λ2

C0
µ1

C0
µ2




=




1187.43236

1432.64603

386.639704

3456.74921




.

2. Next, varying levels of normally distributed error will be introduced in two ways: with

constant variance (cv) and nonconstant variance (ncv). That is,

~Yj = ~f(tj , ~θ0) +
α

100
~εj

in the constant variance case with ~εj ∼ N(0, V0) and

Yj = f(tj , ~θ0)
(
1 +

α

100
εj

)

in the nonconstant variance case with εj ∼ N(0, σ2
0). The parameter α allows us to

adjust the level of noise introduced in the statistical models.

3. Once noise is added to the data, the noisy data is used to estimate θ̂ using the

numerical implementation of the OLS and GLS formulations for α = 0, . . . , 10.

Therefore, four cases will be considered: the OLS estimate obtained using data

generated with constant variance, the OLS estimate obtained using data generated with

nonconstant variance, the GLS estimate obtained using data generated with constant vari-

ance and the GLS estimate obtained using data generated with nonconstant variance.

Initially, constant variance was added to the scalar model f(tj , ~θ0)

Yj = f(tj , ~θ0) +
α

100
εj (6.49)

where var(εj) = σ2
0 for α = 0, . . . , 10. However, data from some sensors were swamped by

the level of noise introduced. This situation arose from the fact that different sensors had

varying scales of acceleration data (see Figure 6.2). The noise was generated in Figure 6.2

by setting α = 100 and εj ∼ N(0, 1). It is obvious that the 1st sensor’s reading has not

been significantly affected by the noise, but the 5th sensor’s data’s scale has been totally

corrupted.



71

So, instead of implementing a scalar model in the constant variance regime, we

will treat the observations in the constant variance case by

~Yj = ~f(tj , ~θ0) +
α

100
~εj (6.50)

where var(εj) = V0 = diag(σ2
0,1, . . . , σ

2
0,m) and the ith element of the vector ~Yj represents the

ith sensor’s acceleration at the chest wall. In this regime we can add sensor-specific constant

variance error to each element in the array ~f(tj , ~θ0), and thus avoid totally corrupting each

sensor’s data. Since nonconstant variance depends upon the model (and hence it’s scale)

adding nonconstant variance will not swamp any sensors readings. In other words, for

nonconstant variance data, we use a simple scalar error εj to formulate the model and data

as

Yj = f(tj , ~θ0)
(
1 +

α

100
εj

)
.
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Figure 6.2: Comparison of the scale between the readings of two sensors.
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6.5.4 Computational Results

Following the procedure outlined in Section 6.5.3 an optimized estimate θ̂opt for

each case was obtained. Next we will compare the estimates obtained using the OLS

and GLS methods on the constant variance data set (Tables 6.2 and 6.3 and Figure 6.3).

Although one might suspect the OLS estimate to be more accurate than the GLS estimate

on the constant variance data set it appears the estimates from both methods do equally

well in estimating ~θ0. This observation is bolstered by examining Figure 6.3. The main

difference between the estimates lies in their respective standard errors. The standard error

of the GLS estimate, which is computed using invalid formulas, is much more optimistic

than that of the OLS estimate.

In Section 6.4 we presented both the OLS and GLS methods, as well as each

method’s standard error. As was pointed out in the section, the standard errors are derived

from the variance of an estimate’s asymptotic distribution. The asymptotic distribution for

both methods is a normal distribution and the form of the variance, and hence the standard

error, depends upon the error generating term in the statistical model [21]. For instance, if

the statistical model has constant variance

Yj = f(tj , ~θ0) + εj V(Yj) = σ2
0

and the OLS method is used to estimate ~θ0 then the standard errors of the estimate θ̂OLS

is given by (6.21). On the other hand, if the statistical model has nonconstant variance

Yj = f(tj , ~θ0) + f(tj , ~θ0) εj V(Yj) = σ2
0 f2(tj , ~θ0)

and the GLS method is used to estimate ~θ0 then the standard errors of the estimate θ̂GLS

is given by (6.40). Therefore, in order to obtain the correct standard errors, the correct

form of the error generating term and estimation procedure must be specified. That is, if a

data set has constant variance and the OLS method is used to estimate ~θ0 then the correct

standard error formula is given by (6.21); similarly, if a data set has nonconstant variance

and the GLS method is used to estimate ~θ0 then the correct standard error formula is

given by (6.40). Thus, if the error generating term in the statistical model is not correctly

specified any conclusions regarding the standard error are incorrect!!

Although it is imperative that the error structure in the statistical model be spec-

ified correctly, we point out that one can calculate asymptotic statistics of an OLS estimate
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on nonconstant variance generated data. If Var(Yj) = σ2
0f

2(tj , ~θ0) and the OLS method is

used to estimate ~θ0 then as n →∞ [25]

θOLS ∼ Np

(
~θ0, σ

2
0

(
χnT (~θ0)χn(~θ0)

)−1
χnT (~θ0)W (~θ0)χn(~θ0)

(
χnT (~θ0)χn(~θ0)

)−1
)

(6.51)

where χn(~θ0) and W−1(~θ0) are the same as that in Chapter 6.4.3. The conditions necessary

for (6.51) to hold are similar to the conditions presented in Chapter 6 - namely

lim
n→∞χnT (~θ0)W (~θ0)χn(~θ0)

and

(
χnT (~θ0)χn(~θ0)

)−1
χnT (~θ0)W (~θ0)χn(~θ0)

(
χnT (~θ0)χn(~θ0)

)−1
−

(
lim

n→∞χnT (~θ0)W (~θ0)χn(~θ0)
)−1

both exist and are nonnegative definite [26, 25]. Although the OLS procedure is easy to

implement and possesses asymptotic statistics for constant and nonconstant variance data

sets, the OLS estimator is not always the best estimator for a given data set. The reason

why we assume a data set has constant variance when OLS is employed is because of the

asymptotic relative efficiency (ARE) of (6.40) with respect to (6.51). The ARE provides a

means of determining which estimate converges to its asymptotic variance quicker, and it

can be shown that θ̂GLS is more efficient than θ̂OLS when the data has nonconstant variance

[25]. Therefore, we will assume a data set has constant variance when OLS is used to

estimate ~θ0, and will use (6.21) to calculate the standard errors of the estimate from the

OLS procedure.

A further issue to be resolved is the calculation of the sensitivity matrix χn(~θ).

Because of the complication of the shear wave model, the sensitivity matrix cannot be

calculated by analytical techniques. Instead, we will approximate χn(~θ) using the first

order approximation

χn
jk(~θ) ≈

f(tj , ~θ + hk)− f(tj , ~θ)
hk

.

However, choosing an appropriate value of ~h is essential to obtaining an accurate approx-

imation. To justify setting ~h = 10−10[1, 1, 1, 1] in the results presented in Tables 6.2, 6.3,

6.4 and 6.5 we report standard errors with varying values of h. The findings in Table 6.1

were calculated according to (6.32), α = 3 and

~θ = ~θ0 = (1187.43236, 1432.64603, 386.639704, 3456.74921)T .
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The results show that ~h = 10−10 × ones(1, 4) is an acceptable step size value where the

components of hk denotes the step size of the kth component of the parameter vector ~θ.

The term ones(1, 4) denotes the 1x4 row vector where all entries equal 1.

Table 6.1: Impact of different step sizes on approximation of sensitivity matrix for the
relaxation parameters Cλk

and Cµk
.

h SE(Cλ1) SE(Cλ2) SE(Cµ1) SE(Cµ2)

10−4 × ones(1, 4) 3.6023e + 04 3.6023e + 04 1.5134e− 01 1.0016

10−8 × ones(1, 4) 4.1297 4.1232 1.5059e− 01 9.5438e− 01

10−9 × ones(1, 4) 4.3200e− 01 4.2572e− 01 1.1067e− 01 3.3942e− 01

10−10 × ones(1, 4) 4.9633e− 02 4.5244e− 02 3.3447e− 02 4.7282e− 02

10−11 × ones(1, 4) 5.2457e− 02 5.2331e− 02 4.1252e− 02 5.4501e− 02

10−12 × ones(1, 4) 5.5961e− 02 5.51430e− 02 5.6880e− 02 5.6539e− 02

10−13 × ones(1, 4) Inf Inf Inf Inf

Going back to the computational results of the constant variance data set (Tables

6.2 and 6.3 and Figure 6.3) we see that the GLS estimate is as accurate as the OLS estimate.

The main difference between the two methods is the corresponding standard error; the

standard errors of the GLS estimate are much more appealing than the standard errors of

the OLS estimate. However, the fact that the data has constant variance means that we

would be wrong to report the GLS results on this data set, since the expression for standard

errors corresponding to the GLS method are derived under the assumption that the data

set has nonconstant variance.

Table 6.2: Estimation using the OLS procedure with constant variance data for α = 3

α ~θinit
~θ0 θ̂cv

OLS Standard Error
3 1100.000 1187.432 1155.660 0.22743310
3 1400.000 1432.646 1455.667 0.23246094
3 350.000 386.640 390.278 0.16176841
3 3400.000 3456.749 3436.025 0.21157166

Now we will compare the estimates obtained using the OLS and GLS methods on

the nonconstant variance data set (Tables 6.4 and 6.5 and Figure 6.4). Although one might

suspect the GLS estimate to be more accurate than the OLS estimate on the nonconstant
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Table 6.3: Estimation using the GLS procedure with constant variance data for α = 3

α ~θinit
~θ0 θ̂cv

GLS Standard Error
3 1100.000 1187.432 1162.446 0.04007688
3 1400.000 1432.646 1462.446 0.04062001
3 350.000 386.640 384.670 0.03158570
3 3400.000 3456.749 3446.752 0.03797396
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Figure 6.3: Comparison of the constant variance estimates for the st sensor with α = 3.

variance data set it (again) appears the estimates from both methods do equally well in

estimating ~θ0. This observation is again bolstered by examining Figure 6.4. The main dif-

ference between the estimates (again) lies in their respective standard errors. The standard

errors of the GLS estimate are still more optimistic than that of the OLS estimate, but now

the GLS results are correct since the data set has nonconstant variance. Using the OLS

based standard error would give incorrect estimates for the standard errors.

An interesting observation from the simulations reported in Tables 6.2 - 6.5 is the
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Table 6.4: Estimation using the OLS procedure with nonconstant variance data for α = 3

α ~θinit
~θ0 θ̂ncv

OLS Standard Error
3 1100.000 1187.432 1161.867 0.07329180
3 1400.000 1432.646 1461.869 0.07170462
3 350.000 386.640 384.895 0.05162474
3 3400.000 3456.749 3474.578 0.07734921

Table 6.5: Estimation using the GLS procedure with nonconstant variance data for α = 3

α ~θinit
~θ0 θ̂ncv

GLS Standard Error
3 1100.000 1187.432 1163.501 0.01863883
3 1400.000 1432.646 1463.501 0.01899244
3 350.000 386.640 386.557 0.01474706
3 3400.000 3456.749 3448.968 0.01774607

Table 6.6: Standard errors obtained with a different estimate θ̂ for α = 3

α SE(θ̂cv
OLS) SE(θ̂ncv

OLS) SE(θ̂cv
GLS) SE(θ̂ncv

GLS)
3 .2356770 .2618172 .2682730 .0121120
3 .2267969 .2700248 .2686650 .0119206
3 .1619844 .8086739 .1594453 .0120431
3 .2336860 .5258509 .2627922 .0124671

standard errors for the GLS estimate are more optimistic than that of the OLS estimate.

Before we make any generalizations regarding which estimates have more optimistic stan-

dard errors, recall that the estimates θ̂OLS and θ̂GLS are realizations of the random variables

θOLS and θGLS, and also that the standard errors depend upon the value of the estimate

θ̂OLS and θ̂GLS. Hence, two realizations of θOLS (or θGLS) will most likely produce two dif-

ferent estimates θ̂OLS (θ̂GLS), which in turn will generate two different standard errors. For

instance, Table 6.6 displays standard errors for estimates obtained from different realiza-

tions {yj} of the observation process {Yj} than that of Tables 6.2 - 6.5. As we expected,

the standard errors for the estimates are different than the first simulation. What is most

striking, however, is that the GLS estimate is no longer always more optimistic than the

OLS estimate. Thus, conclusions regarding the accuracy of an estimator should be based

on a large number of realizations of that estimator - a process that will be described in the

following section.
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Figure 6.4: Comparison of the nonconstant variance estimates for α = 3.
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6.6 Estimating the Occlusion parameters q1 and q2

Now that we have demonstrated the effectiveness of the OLS and GLS estima-

tors in estimating the parameters Cλk
and Cµk

we turn our attention back to estimating

the occlusion parameters q1 and q2. We initially sidestepped estimating q1 and q2 because

the model is discontinuous with respect to the parameters, which makes the estimation

procedure somewhat tricky. In fact, previous efforts [2] have encountered difficulties es-

timating the occlusion parameters even when there was no noise introduced in the sys-

tem. A sampling of the results from that work are summarized in Table 6.7 where Mat-

lab’s fminsearch was used to minimize the OLS estimating equation (6.14). Of particular

concern is when the optimization routine simply returns the initial guess, such as when

q0 = [π/6, 5π/6] = [.523598, 2.617993].

Table 6.7: OLS estimation results for the 2D discontinuous model using Matlab’s fminsearch
α initial parameters optimal parameters true parameters relative error
0 π

4 = .785398 .790306 .785398 0.6%
3π
4 = 2.356194 2.422462 2.356194 2.81%

0 π
3 = 1.047197 .929387 .785398 18.3%
2π
3 =2.094395 2.336559 2.356194 .833%

0 π
6 = .523598 .523598 .785398 33.3%

5π
6 =2.617993 2.617933 2.356194 11.1%

0 π
2 = 1.570796 .711527 .785398 9.4%
π
2 = 1.570796 2.36885 2.356194 .53%

To try to obtain better results we decided to make the model continuous with

respect to q1 and q2. Besides a potential improvement in parameter estimation, a contin-

uous occlusion geometry is closer to the physical characteristics of a arterial stenosis. To

implement the continuous occlusion geometry, the signal from the input will be impeded,

at a linear rate, near q1 and q2 (see Figure 6.5). That is, the impulse function along the

arterial wall will be defined as f11(t, θ, z) = r(θ)w1(t, R1, θ, z), where

r(θ) =





0, θ ∈ (q1, q2)
1
δ (q1 − θ) , θ ∈ (q1 − δ, q1)
1
δ (θ − q2) , θ ∈ (q2, q2 + δ)

1, otherwise

(6.52)

denotes the ramp function and δ indicates the distance from q1 and q2 at which the impulse

function is no longer occluded. Matlab’s fminsearch was used in both the OLS and GLS
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estimating procedures. Gradient-based, trust region optimization methods were attempted,

such as lsqnonlin, but the error in the estimates was significant while the computation time

remained about the same as fminsearch.

����
����
����
����

����
����
����
����

q1 q2

Acceleration Sensors

Rigid Occlusion

Figure 6.5: Altered occlusion allows the model to depend continuously on q1 and q2.

The OLS and GLS results obtained from using fminsearch (with the continuous

model) are given in Tables 6.9 and 6.10 respectively. We believe these result are an im-

provement from the estimates obtained by the discontinuous model with fminsearch. In

particular, when the exact solution is the initial value in the optimization routine, we ex-

pect the routine to return the exact solution when the forward-generated data has no noise.

That didn’t happen with the discontinuous model, but does occur with the continuous

model. Another promising result from using the continuous model with fminsearch is that

the optimal value is not the same as the initial value for any of the optimizations. This

situation arose with the discontinuous model (see the third simulation in Table 6.7) and

is the most troubling aspect of the discontinuous model. When the continuous model is

optimized using fminsearch (Tables 6.9 and 6.10) the estimates for both q1 and q2 for all

the simulations are excellent. Thus, we will use the continuous model with the fminsearch

optimization routine to approximate the location of the occlusion when the data has been

corrupted. We will also make the assumption that q1 = q2 when initializing the results

presented in Tables 6.11, 6.12, 6.13 and 6.14. This initialization is equivalent to assuming
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no blockages are present in the artery.

The time it takes to compute q1 and q2 is between 800 - 900 seconds and 1000

- 2500 seconds for the OLS and GLS methods using fminsearch respectively. The time it

takes to compute q1 and q2 is between 800 - 900 seconds for both the OLS and GLS methods

using lsqnonlin. Just as in the previous section, we need to address the approximation of

the sensitivity matrix χn. Again, a forward difference scheme will be used to approximate

χn, but an appropriate step size ~h needs to be determined. Table 6.8 displays the standard

error for varying levels of the step size ~h issue with the constant variance statistical model

where ~θ = ~θ0 = (π/4, 3π/4)T and α = 10. For our purposes we will set the step size
~h = 10−6×ones(1, 2) when approximating the sensitivity matrix for the occlusion parameters

q1 and q2.

Table 6.8: Impact of different step sizes on approximation of sensitivity matrix for the
occlusion parameters q1 and q2.

h SE(q1) SE(q2)

10−2 × ones(1, 2) 1.2044e− 04 9.0675e− 05

10−6 × ones(1, 2) 1.2231e− 04 9.1071e− 05

10−10 × ones(1, 2) 1.2259e− 04 8.9493e− 05

10−16 × one(1, 2) Inf Inf

Table 6.9: OLS estimation results for the 2D continuous model using Matlab’s fminsearch

α initial parameters optimal parameters ~θ0 relative error
0 π

4 = .785398 .78540 .78540 0%
3π
4 = 2.356194 2.3562 2.3562 0%

0 π
3 = 1.047197 .78536 .78540 .00510%
2π
3 =2.094395 2.3562 2.3562 0%

0 π
6 = .523598 .78540 .78540 0%

5π
6 = 2.617993 2.3562 2.3562 0%

0 π
2 = 1.570796 .78538 .78540 .00255%
π
2 = 1.570796 2.3562 2.3562 0%
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Table 6.10: GLS estimation results for the 2D continuous model using Matlab’s fminsearch
α initial parameters optimal parameters ~θ0 relative error
0 π

4 = .785398 .78540 .78540 0%
3π
4 = 2.356194 2.3562 2.3562 0%

0 π
3 = 1.047197 .78540 .78540 0%
2π
3 =2.094395 2.3562 2.3562 0%

0 π
6 = .523598 .78540 .78540 0%

5π
6 = 2.617993 2.3562 2.3562 0%

0 π
2 = 1.570796 .78540 .78540 0%
π
2 = 1.570796 2.3562 2.3562 0%

Table 6.11: OLS estimation results for the 2D continuous model using Matlab’s fminsearch
with CV error

α initial parameters optimal parameters ~θ0 relative error SE
2 π

2 =1.570796 .78539 .78540 0% 2.3728e-05
π
2 =1.570796 2.3562 2.3562 0% 1.8217e-05

4 π
2 =1.570796 .78539 .78540 .00127% 5.0233e-05
π
2 =1.570796 2.3562 2.3562 0% 3.7085e-05

8 π
2 =1.570796 .78555 .78540 .0191% 9.8035e-05
π
2 =1.570796 2.3562 2.3562 0% 7.1959e-05

10 π
2 =1.570796 .78534 .78540 .00764% 1.2347e-04
π
2 =1.570796 2.3562 2.3562 0% 9.0529e-05

Table 6.12: OLS estimation results for the 2D continuous model using Matlab’s fminsearch
with NCV error

α initial parameters optimal parameters ~θ0 relative error SE
2 π

2 =1.570796 .78541 .78540 .00127% 3.7059e-04
π
2 =1.570796 2.3562 2.3562 0% 3.6991e-04

4 π
2 =1.570796 .78490 .78540 .0637% 7.3616e-04
π
2 =1.570796 2.3557 2.3562 .0212% 7.4441e-04

8 π
2 =1.570796 .78501 .78540 .0450% 1.5360e-03
π
2 =1.570796 2.3560 2.3562 .00849% 1.5454e-03

10 π
2 =1.570796 .78435 .78540 .13% 1.8835e-03
π
2 =1.570796 2.3569 2.3562 .0297% 1.8889e-03
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Table 6.13: GLS estimation results for the 2D continuous model using Matlab’s fminsearch
with CV error

α initial parameters optimal parameters ~θ0 relative error SE
2 π

2 =1.570796 .786541 .78540 .15% 2.055343e-04
π
2 =1.570796 2.353690 2.3562 .11% 2.054282e-04

4 π
2 =1.570796 .784193 .78540 .15% 3.899241e-04
π
2 =1.570796 2.356844 2.3562 .028% 3.897943e-04

8 π
2 =1.570796 .785371 .78540 .0035% 7.816567e-04
π
2 =1.570796 2.356133 2.3562 .0026% 7.813815e-04

10 π
2 =1.570796 .785114 .78540 .036% 9.719429e-04
π
2 =1.570796 2.356181 2.3562 .00058% 9.715764e-04

Table 6.14: GLS estimation results for the 2D continuous model using Matlab’s fminsearch
with NCV error

α initial parameters optimal parameters ~θ0 relative error SE
2 π

2 =1.570796 .785422 .78540 .0031% 2.071356e-02
π
2 =1.570796 2.356179 2.3562 .00064% 2.073407e-02

4 π
2 =1.570796 .785401 .78540 .00033% 4.038974e-02
π
2 =1.570796 2.356166 2.3562 .0012% 4.041175e-02

8 π
2 =1.570796 .785321 .78540 .0099% 8.153026e-02
π
2 =1.570796 2.356328 2.3562 .0057% 8.157475e-02

10 π
2 =1.570796 .785165 .78540 .03% 1.025934e-01
π
2 =1.570796 2.356243 2.3562 .0021% 1.024360e-01
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Chapter 7

Investigation of Statistical

Assumptions

7.1 Introduction

The form of the error in the data (which of course is rarely known) dictates which

method, and corresponding asymptotic theory, one should choose. The OLS method is

most appropriate for constant variance observations of the form Yj = f(tj , ~θ0) + εj whereas

the GLS should be used for problems in which we have nonconstant variance observations

Yj = f(tj , ~θ0)(1 + εj).

We emphasize that in order to obtain the correct standard errors in an inverse

problem calculation, the OLS method (and corresponding asymptotic formulas) must be

used with constant variance generated data, while the GLS method (and corresponding

asymptotic formulas) should be applied to nonconstant variance generated data. Not doing

so can lead to incorrect conclusions. In either case, the standard error calculations are

not valid unless the correct formulas (which depends on the error structure) are employed.

Unfortunately, it is very difficult to ascertain the structure of the error, and hence the

correct method to use, without a priori information. Although the error structure cannot

definitively be determined, there are two residuals tests that can be performed after the

estimation procedure has been completed to assist in concluding whether or not the correct

asymptotic statistics were used. We give details below.
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7.2 Residual Plots

One can carry out simulation studies with a proposed mathematical model to

assist in understanding the behavior of the model in inverse problems with different types

of data with respect to mis-specification of the statistical model. For example, we consider

a statistical model with constant variance noise

Yj = f(tj , ~θ0) +
α

100
εj , Var(Yj) =

α2

10000
σ2

0,

and nonconstant variance noise

Yj = f(tj , ~θ0)
(
1 +

α

100
εj

)
, Var(Yj) =

α2

10000
σ2

0 f2(tj , ~θ0).

We can obtain a data set by considering a realization {yj}n
j=1 of the random process {Yj}n

j=1

through a realization of {εj}n
j=1 and then calculate an estimate θ̂ of ~θ0 using the OLS or

GLS procedure.

We will then use the residuals rj = yj − f(tj , θ̂) to test whether the data set is

i.i.d. and possesses the assumed variance structure. If a data set has constant variance

error then

Yj = f(tj , ~θ0) + εj or εj = Yj − f(tj , ~θ0).

Since it is assumed that the error εj is i.i.d. a plot of the residuals rj = yj − f(tj , θ̂) vs. tj

should be random. Also, the error in the constant variance case does not depend on f(tj , θ0),

and so a plot of the residuals rj = yj−f(tj , θ̂) vs. f(tj , θ̂) should also be random. Therefore,

if the error has constant variance then a plot of the residuals rj = yj−f(tj , θ̂) against tj and

against f(tj , θ̂)) should both be random. If not, then the independent constant variance

assumption is suspect.

We turn next to questions of what to expect if this residual test is applied to a

data set that has nonconstant variance generated error. That is, we wish to investigate

what happens if the data are incorrectly assumed to have constant variance error when

in fact they have nonconstant variance error. Since in the nonconstant variance example,

Rj = Yj − f(tj , ~θ0) = f(tj , ~θ0) εj depends upon the deterministic model f(tj , ~θ0), we should

expect that a plot of the residuals rj = yj − f(tj , θ̂) vs. tj should exhibit some type of

pattern. Also, the residuals actually depend on f(tj , θ̂) in the nonconstant variance case,

and so as f(tj , θ̂) increases the variation of the residuals rj = yj − f(tj , θ̂) should increase
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as well. Thus rj = yj − f(tj , θ̂) vs. f(tj , θ̂) should have a fan shape in the nonconstant

variance case.

In summary, if a data set has nonconstant variance generated data, then

Yj = f(tj , ~θ0) + f(tj , ~θ0) εj or εj =
Yj − f(tj , ~θ0)

f(tj , ~θ0)
.

If the distribution εj is i.i.d., then a plot of the modified residuals rm
j = (yj−f(tj , θ̂))/f(tj , θ̂)

vs. tj should be random in nonconstant variance generated data. A plot of rm
j = (yj −

f(tj , θ̂))/f(tj , θ̂) vs. f(tj , θ̂) should also be random.

Another question of interest concerns the case in which the data are incorrectly

assumed to have nonconstant variance error when in fact they have constant variance error.

Since Yj − f(tj , ~θ0) = εj in the constant variance case, we should expect that a plot of

rm
j = (yj−f(tj , θ̂))/f(tj , θ̂) vs. tj as well as that for rm

j = (yj−f(tj , θ̂))/f(tj , θ̂) vs. f(tj , θ̂)

will possess some distinct pattern.

There are further issues regarding residual plots: As we shall see by examples,

some data sets might have values that are repeated or nearly repeated a large number of

times (for example when sampling near an equilibrium for the mathematical model or when

sampling a periodic system over many periods). If a certain value is repeated numerous

times (e.g., frepeat) then any plot with f(tj , θ̂) along the horizontal axis should have a

cluster of values along the vertical line x = frepeat. This feature can easily be removed by

excluding the data points corresponding to these high frequency values (or simply excluding

the corresponding points in the residual plots). Another common technique when plotting

against model predictions is to plot against logf(tj , θ̂) instead of f(tj , θ̂) itself which has the

effect of “stretching out” plots at the ends. Also, note that the model value f(tj , θ̂) could

possibly be zero or very near zero, in which case the modified residuals Rm
j = Yj−f(tj ,θ̂)

f(tj ,θ̂)

would be undefined or extremely large. To remedy this situation one might exclude values

very close to zero (in either the plots or in the data themselves). We chose here to reduce

the data sets (although this sometimes could lead to a deterioration in the estimation results

obtained). In our examples below, estimates obtained using a truncated data set will be

denoted by θ̂tcv
OLS for constant variance data and θ̂tncv

OLS for nonconstant variance data.
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7.3 Example using Residual Plots

We illustrate residual plot techniques by exploring a widely studied model - the

logistic population growth model of Verhulst/Pearl

ẋ = rx
(
1− x

K

)
, x(0) = x0. (7.1)

Here K is the population’s carrying capacity, r is the intrinsic growth rate and x0 is the

initial population size. This well-known logistic model describes how populations grow when

constrained by resources or competition. The closed form solution of this simple model is

given by

x(t) =
K x0e

rt

K + x0 (ert − 1)
. (7.2)

The left plot in Figure 7.1 depicts the solution of the logistic model for K = 17.5, r = .7

and x0 = 1 for 0 ≤ t ≤ 25. If high frequency repeated or nearly repeated values (i.e., near

the initial value x0 or near the asymptote x = K) are removed from the original plot, the

resulting truncated plot is given in the right panel of Figure 7.1 (there are no near zero

values for this function).
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Figure 7.1: Original and truncated logistic curve with K = 17.5, r = .7 and x0 = .1.

For this example we generated both constant variance and nonconstant variance

noisy data ( we sampled from N (0, 1) random variables to obtain realizations of εj ) and

obtained estimates θ̂ of ~θ0 = (K, r, x0) by applying either the OLS or GLS method to a

realization {yj}n
j=1 of the random process {Yj}n

j=1. The initial guesses ~θinit = θ̂(0) along with

estimates for each method and error structure are given in Tables 7.1-7.4 (the superscript
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tcv and tncv denote the estimate obtained using the truncated data set). As expected,

both methods do a good job of estimating ~θ0, however the error structure was not always

correctly specified since incorrect asymptotic formulas were used in some cases.

Table 7.1: Estimation using the OLS procedure with constant variance data for α = 5.

α ~θinit
~θ0 θ̂cv

OLS SE(θ̂cv
OLS) θ̂tcv

OLS SE(θ̂tcv
OLS)

5 17 17.5 1.7500e+001 1.5800e-003 1.7494e+001 6.4215e-003
5 .8 .7 7.0018e-001 4.2841e-004 7.0062e-001 6.5796e-004
5 1.2 .1 9.9958e-002 3.1483e-004 9.9702e-002 4.3898e-004

Table 7.2: Estimation using the GLS procedure with constant variance data for α = 5.

α ~θinit
~θ0 θ̂cv

GLS SE(θ̂cv
GLS) θ̂tcv

GLS SE(θ̂tcv
GLS)

5 17 17.5 1.7500e+001 1.3824e-004 1.7494e+001 9.1213e-005
5 .8 .7 7.0021e-001 7.8139e-005 7.0060e-001 1.6009e-005
5 1.2 .1 9.9938e-002 6.6068e-005 9.9718e-002 1.2130e-005

Table 7.3: Estimation using the OLS procedure with nonconstant variance data for α = 5.

α ~θinit
~θ0 θ̂ncv

OLS SE(θ̂ncv
OLS) θ̂tncv

OLS SE(θ̂tncv
OLS )

5 17 17.5 1.7499e+001 2.2678e-002 1.7411e+001 7.1584e-002
5 .8 .7 7.0192e-001 6.1770e-003 7.0955e-001 7.6039e-003
5 1.2 .1 9.9496e-002 4.5115e-003 9.4967e-002 4.8295e-003

Table 7.4: Estimation using the GLS procedure with nonconstant variance data for α = 5.

α ~θinit
~θ0 θ̂ncv

GLS SE(θ̂ncv
GLS) θ̂tncv

GLS SE(θ̂tncv
GLS )

5 17 17.5 1.7498e+001 9.4366e-005 1.7411e+001 3.1271e-004
5 .8 .7 7.0217e-001 5.3616e-005 7.0959e-001 5.7181e-005
5 1.2 .1 9.9314e-002 4.4976e-005 9.4944e-002 4.1205e-005

When the OLS method was applied to nonconstant variance data and the GLS

method was applied to constant variance data, the residual plots given below do reveal that

the error structure was misspecified. For instance, the plot of the residuals for θ̂ncv
OLS given

in Figures 7.4 and 7.5 reveal a fan shaped pattern, which indicates the constant variance

assumption is suspect. In addition, the plot of the residuals for θ̂cv
GLS given in Figures 7.6

and 7.7 reveal an inverted fan shaped pattern, which indicates the nonconstant variance

assumption is suspect. As expected, when the correct error structure is specified, the i.i.d.
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test and the model dependence test each display a random pattern (Figures 7.2, 7.3 and

Figures 7.8, 7.9).

Also, included in the right panel of Figures 7.2 - 7.9 are the residual plots with

the truncated data sets. In those plots only model values between one and seventeen were

considered (i.e. 1 ≤ yj ≤ 17). Doing so removed the dense vertical lines in the plots with

f(tj , θ̂) along the x-axis. Nonetheless, the conclusions regarding the error structure remain

the same.
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Figure 7.2: Residual plots: Original and truncated logistic curve for θ̂cv
OLS with α = 5.
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Figure 7.3: Original and truncated logistic curve for θ̂cv
OLS with α = 5.
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Figure 7.4: Original and truncated logistic curve for θ̂ncv
OLS with α = 5.
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Figure 7.5: Original and truncated logistic curve for θ̂ncv
OLS with α = 5.
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Figure 7.6: Original and truncated logistic curve for θ̂cv
GLS with α = 5.
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Figure 7.7: Original and truncated logistic curve for θ̂cv
GLS with α = 5.
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Figure 7.8: Original and truncated logistic curve for θ̂ncv
GLS with α = 5.
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Figure 7.9: Original and truncated logistic curve for θ̂ncv
GLS with α = 5.
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In addition to the residual plots, we can also compare the standard errors obtained

for each simulation. At a quick glance of Tables 7.1 - 7.4, the standard error of the parameter

K in the truncated data set is larger than the standard error of K in the original data set.

This behavior is expected. If we remove the “flat” region in the logistic curve, we actually

discard measurements with high information content about the carrying capacity K [27].

Doing so reduces the quality of the estimator K. Another interesting observation is that the

standard errors of the GLS estimate are more optimistic than that of the OLS estimate, even

when the non-constant variance assumption is wrong. This example furthers the conclusion

that before one reports an estimate and corresponding standard errors, there needs to be

some assurance that the proper error structure has been specified.
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7.4 Shear Wave Model Residual Plots

The residual tests presented in Section 7.2 worked very well on the logistic curve

example in Section 7.3. Now we will apply these tests to the shear wave propagation model

developed in Chapter 3.3. The setup for the tests is exactly the same as was performed

earlier - the OLS and GLS methods will be used to estimate ~θ0 on data sets with constant

and nonconstant variance noise. In order to avoid the dense vertical lines and division by

zero we will also consider the truncated data sets as well. Looking at Figure 7.10 there

are high frequency repeated values at f(tj , ~θ0) = 0 and f(tj , ~θ0) = −.02 for the 8th sensor;

thus the truncated data set will not include model values that are near zero or −.02 (which

simultaneously takes care of dividing by zero).

~Yj = ~f(tj , ~θ0) + α~εj ~ε i
j ∼ max

k

∣∣∣~f i(tk, ~θ0)
∣∣∣N(0, 1) (7.3)

Yj = f(tj , ~θ0) (1 + αεj) εj ∼ N(0, 1) (7.4)
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Figure 7.10: 8th sensor’s true plot, and a histogram of the model’s values with 20 bins for
α = 0.

As we mentioned earlier, both methods do a good job at estimating ~θ0 in the shear

wave propagation model, however the error structure was not always correctly specified.

That is, the OLS method was applied to nonconstant variance data and the GLS method

was applied to constant variance data. We hope the residual plots reveal the error, just

as in the logistic curve example. The plot of the residuals for θ̂ncv
OLS given in Figure 7.14
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Figure 7.11: 1st sensor’s true plot.

reveals a fan shaped pattern, which indicates the constant variance assumption is suspect.

In addition, the plot of the residuals for θ̂cv
GLS given in Figure 7.16 reveals the residuals have

a deterministic structure, which indicates the nonconstant variance assumption is suspect.

As expected, when the correct error structure is assumed the i.i.d. test and the model

dependence test both display a random pattern (Figures 7.12 and 7.18).

Also, Figures 7.13, 7.15, 7.17 and 7.19 display the residual and modified residual

plots with the truncated data sets. Doing so removed the dense vertical lines in the plots

with f(tj , θ̂) along the x-axis. More importantly, though, the modified residuals no longer

blowup in the truncated data set, making the conclusions regarding the error structure

straightforward.
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Figure 7.12: 8th sensor’s residual plots for θ̂cv
OLS with α = 3.
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Figure 7.13: 8th sensor’s residual plots for θ̂cv
OLS with α = 3 and truncated data.
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Figure 7.14: 8th sensor’s residual plots for θ̂ncv
OLS with α = 3.
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Figure 7.15: 8th sensor’s residual plots for θ̂ncv
OLS with α = 3 and truncated data.
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Figure 7.16: 8th sensor’s residual plots for θ̂cv
GLS with α = 3.
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Figure 7.17: 8th sensor’s residual plots for θ̂cv
GLS with α = 3 and truncated data.
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Figure 7.18: 8th sensor’s residual plots for θ̂ncv
GLS with α = 3.
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Figure 7.19: 8th sensor’s residual plots for θ̂ncv
GLS with α = 3 and truncated data.
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Chapter 8

Monte Carlo Simulations

Instead of comparing a small number of realizations of θOLS and θGLS to one an-

other, we can compare statistics obtained from a large number of individual realizations

(e.g., sample mean and sample variance) to results from asymptotic theory. The compari-

son will demonstrate (i.) whether large scale asymptotic theory is accurate for the particular

mathematical model, and (ii.) the value of typical realizations and their corresponding stan-

dard errors. Monte Carlo simulations are performed by producing p realizations {yj}n
j=1

({~yj}n
j=1) of the observation process {Yj}n

j=1 ({~Yj}n
j=1) using constant and non-constant

variance error where the error generating term εj (~εj) is sampled from the uniform distri-

bution on the interval (0, 1). The statistical models that will be considered are

Yj = f(tj , ~θ0) +
α

100
εj εj ∼ Uniform(0, 1) (8.1)

~Yj = ~f(tj , ~θ0) +
α

100
~εj ~ε i

j ∼ Uniform(0, 1) (8.2)

Yj = f(tj , ~θ0)
(
1 +

α

100
εj

)
εj ∼ Uniform(0, 1), (8.3)

where f(tj , ~θ0) is the mathematical model. With the p data sets we can obtain p realizations

of θOLS and θGLS. Since the true value of ~θ0 and σ2
0 (V0) are known, we can calculate the true

mean and corresponding covariance matrix of the asymptotic normal distribution (given by

(6.16) and (6.38)) and compare them to the sample mean and sample variance of the p

realizations.

We can test the effectiveness of the asymptotic theory by distributing the errors

uniformly. Since the uniform distribution’s behavior is markedly different than that of the

normal distribution the resulting estimates should provide an insight into how well the
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estimates converge to the normal distribution. We will perform Monte Carlo simulations

on the logistic growth model (7.1) and the two-dimensional stenosis model (6.43) - (6.48).

8.1 Logistic Growth Simulations

To generate constant and nonconstant variance data for the logistic model, we will

use the statistical models (8.1) and (8.3) with α = 10. A quick glance at the results (Tables

8.1 - 8.8) reveals that the sample variance of the estimators improved as the sample size n

increased from n = 64 to n = 4096 with p = 1000 realizations (the subscript ? in θ̂cv
OLS,? and

θ̂ncv
GLS,? denotes the sample size n). This is reassuring, since large scale asymptotic theory

claims that the distribution of the estimates converges to a normal distribution with mean
~θ0 and variance Σ0 (see Sections 6.4.1, 6.4.3 and reference [21]). Results obtained from

p = 2000 realizations of the estimators reinforce that conclusion, and are presented below

as well.

Table 8.1: Comparison of the expected value of constant variance realizations with ~θ0 =
(17.5, .1, .7), σ2

0 = 1/12, p = 1000 realizations.
~θ0 = (17.5, .1, .7)

E(θ̂cv
OLS,8) = (1.7558e + 001, 1.0730e− 001, 6.9183e− 001)

E(θ̂cv
OLS,32) = (1.7555e + 001, 1.0544e− 001, 6.9428e− 001)

E(θ̂cv
OLS,256) = (1.7554e + 001, 1.0504e− 001, 6.9478e− 001)

E(θ̂cv
OLS,512) = (1.7554e + 001, 1.0506e− 001, 6.9474e− 001)

E(θ̂cv
OLS,2048) = (1.7554e + 001, 1.0483e− 001, 6.9504e− 001)

E(θ̂cv
OLS,4096) = (1.7554e + 001, 1.0484e− 001, 6.9503e− 001)
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Table 8.2: Comparison of the covariance for constant variance realizations with ~θ0 =
(17.5, .1, .7), σ2

0 = 1/12, p = 1000 realizations.

Σ0 =




6.7230e− 006 3.8305e− 007 −6.2662e− 007

3.8305e− 007 2.6783e− 007 −3.5590e− 007

−6.2662e− 007 −3.5590e− 007 4.9531e− 007




Cov(θ̂cv
OLS,8) =




6.4207e− 002 3.4748e− 003 −5.5071e− 003

3.4748e− 003 1.5256e− 003 −2.1313e− 003

−5.5071e− 003 −2.1313e− 003 3.1431e− 003




Cov(θ̂cv
OLS,32) =




6.7660e− 005 9.4396e− 006 −1.3137e− 005

9.4396e− 006 5.1815e− 006 −6.6215e− 006

−1.3137e− 005 −6.6215e− 006 8.6536e− 006




Cov(θ̂cv
OLS,256) =




1.4328e− 005 4.2345e− 006 −5.5587e− 006

4.2345e− 006 2.4654e− 006 −3.1526e− 006

−5.5587e− 006 −3.1526e− 006 4.0548e− 006




Cov(θ̂cv
OLS,512) =




1.0484e− 005 3.9572e− 006 −5.1523e− 006

3.9572e− 006 2.2709e− 006 −2.9167e− 006

−5.1523e− 006 −2.9167e− 006 3.7598e− 006




Cov(θ̂cv
OLS,2048) =




4.7737e− 006 1.7839e− 006 −2.3095e− 006

1.7839e− 006 8.5474e− 007 −1.1035e− 006

−2.3095e− 006 −1.1035e− 006 1.4280e− 006




Cov(θ̂cv
OLS,4096) =




3.4261e− 006 1.6652e− 006 −2.1715e− 006

1.6652e− 006 9.5549e− 007 −1.2414e− 006

−2.1715e− 006 −1.2414e− 006 1.6146e− 006




Table 8.3: Comparison of the expected value of constant variance realizations with ~θ0 =
(17.5, .1, .7), σ2

0 = 1/12, p = 2000 realizations.
~θ0 = (17.5, .1, .7)

E(θ̂cv
OLS,8) = (1.7555e + 001, 1.0549e− 001, 6.9416e− 001)

E(θ̂cv
OLS,32) = (1.7555e + 001, 1.0544e− 001, 6.9428e− 001)

E(θ̂cv
OLS,256) = (1.7554e + 001, 1.0508e− 001, 6.9472e− 001)

E(θ̂cv
OLS,512) = (1.7554e + 001, 1.0504e− 001, 6.9477e− 001)

E(θ̂cv
OLS,2048) = (1.7554e + 001, 1.0451e− 001, 6.9499e− 001)

E(θ̂cv
OLS,4096) = (1.7554e + 001, 1.0483e− 001, 6.9505e− 001)
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Table 8.4: Comparison of the covariance for constant variance realizations with ~θ0 =
(17.5, .1, .7), σ2

0 = 1/12, p = 2000 realizations.

Σ0 =




6.7230e− 006 3.8305e− 007 −6.2662e− 007

3.8305e− 007 2.6783e− 007 −3.5590e− 007

−6.2662e− 007 −3.5590e− 007 4.9531e− 007




Cov(θ̂cv
OLS,8) =




9.3817e− 005 6.9103e− 006 −4.8392e− 004

6.9103e− 006 5.7412e− 006 −1.7601e− 006

−4.8392e− 004 −1.7601e− 006 8.9165e− 006




Cov(θ̂cv
OLS,32) =




6.6604e− 005 8.8603e− 006 −1.2320e− 005

8.8603e− 006 5.1508e− 006 −6.5445e− 006

−1.2320e− 005 −6.5445e− 006 8.5034e− 006




Cov(θ̂cv
OLS,256) =




1.5955e− 005 4.7980e− 006 −6.2326e− 006

4.7980e− 006 2.6549e− 006 −3.3786e− 006

−6.2326e− 006 −3.3786e− 006 4.3235e− 006




Cov(θ̂cv
OLS,512) =




1.0536e− 005 3.8063e− 006 −4.9458e− 006

3.8063e− 006 2.1320e− 006 −2.7359e− 006

−4.9458e− 006 −2.7359e− 006 3.5246e− 006




Cov(θ̂cv
OLS,2048) =




2.6810e− 006 2.3571e− 006 −2.1900e− 006

2.3571e− 006 7.2801e− 007 −1.9056e− 006

−2.1900e− 006 −1.9056e− 006 3.1901e− 006




Cov(θ̂cv
OLS,4096) =




3.4407e− 006 1.5797e− 006 −2.0556e− 006

1.5797e− 006 8.7120e− 007 −1.1303e− 006

−2.0556e− 006 −1.1303e− 006 1.4683e− 006




Table 8.5: Comparison of the expected value of non-constant variance realizations with
~θ0 = (17.5, .1, .7), σ2

0 = 1/12, p = 1000 realizations.
~θ0 = (17.5, .1, .7)

E(θ̂ncv
GLS,8) = (1.8393e + 001, 1.2326e− 001, 7.1314e− 001)

E(θ̂ncv
GLS,32) = (1.8376e + 001, 1.0939e− 001, 7.0225e− 001)

E(θ̂ncv
GLS,256) = (1.8374e + 001, 1.0566e− 001, 7.0019e− 001)

E(θ̂ncv
GLS,512) = (1.8377e + 001, 1.0554e− 001, 6.9981e− 001)

E(θ̂ncv
GLS,2048) = (1.8374e + 001, 1.0515e− 001, 6.9996e− 001)

E(θ̂ncv
GLS,4096) = (1.8375e + 001, 1.0495e− 001, 7.0013e− 001)
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Table 8.6: Comparison of the covariance for non-constant variance realizations with ~θ0 =
(17.5, .1, .7), σ2

0 = 1/12, p = 1000 realizations.

Σ0 =




1.0884e− 004 1.9386e− 006 −4.2744e− 006

1.9386e− 006 6.9628e− 007 −1.0692e− 006

−4.2744e− 006 −1.0692e− 006 1.8259e− 006




Cov(θ̂ncv
GLS,8) =




7.2844e− 002 9.6518e− 003 −1.5161e− 002

9.6518e− 003 6.5477e− 003 −8.0379e− 003

−1.5161e− 002 −8.0379e− 003 1.2534e− 002




Cov(θ̂ncv
GLS,32) =




1.6919e− 002 1.8688e− 003 −2.5287e− 003

1.8688e− 003 1.4867e− 003 −1.7065e− 003

−2.5287e− 003 −1.7065e− 003 2.1071e− 003




Cov(θ̂ncv
GLS,256) =




3.2649e− 003 5.8378e− 005 −1.2856e− 004

5.8378e− 005 2.0895e− 005 −3.2090e− 005

−1.2856e− 004 −3.2090e− 005 5.4781e− 005




Cov(θ̂ncv
GLS,512) =




1.0909e− 003 1.1146e− 004 −1.5267e− 004

1.1146e− 004 8.6636e− 005 −1.0642e− 004

−1.5267e− 004 −1.0642e− 004 1.3273e− 004




Cov(θ̂ncv
GLS,2048) =




2.4139e− 004 2.2703e− 005 −3.0767e− 005

2.2703e− 005 2.1144e− 005 −2.5896e− 005

−3.0767e− 005 −2.5896e− 005 3.2092e− 005




Cov(θ̂ncv
GLS,4096) =




1.3423e− 004 1.4616e− 005 −1.9841e− 005

1.4616e− 005 1.0344e− 005 −1.2813e− 005

−1.9841e− 005 −1.2813e− 005 1.6069e− 005




Table 8.7: Comparison of the expected value of non-constant variance realizations with
~θ0 = (17.5, .1, .7), σ2

0 = 1/12, p = 2000 realizations.
~θ0 = (17.5, .1, .7)

E(θ̂ncv
GLS,8) = (1.8387e + 001, 1.1118e− 001, 7.0201e− 001)

E(θ̂ncv
GLS,32) = (1.8381e + 001, 1.0978e− 001, 7.0199e− 001)

E(θ̂ncv
GLS,256) = (1.8374e + 001, 1.0514e− 001, 7.0076e− 001)

E(θ̂ncv
GLS,512) = (1.8377e + 001, 1.0549e− 001, 6.9985e− 001)

E(θ̂ncv
GLS,2048) = (1.8376e + 001, 1.0532e− 001, 7.0032e− 001)

E(θ̂ncv
GLS,4096) = (1.8375e + 001, 1.0498e− 001, 7.0009e− 001)
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Table 8.8: Comparison of the covariance for non-constant variance realizations with ~θ0 =
(17.5, .1, .7), σ2

0 = 1/12, p = 2000 realizations.

Σ0 =




1.0884e− 004 1.9386e− 006 −4.2744e− 006

1.9386e− 006 6.9628e− 007 −1.0692e− 006

−4.2744e− 006 −1.0692e− 006 1.8259e− 006




Cov(θ̂ncv
GLS,8) =




2.3210e− 002 7.0154e− 003 −6.1239e− 003

7.0154e− 003 3.1293e− 003 −6.7012e− 003

−6.1239e− 003 −6.7012e− 003 4.8713e− 003




Cov(θ̂ncv
GLS,32) =




1.6972e− 002 1.9002e− 003 −2.5790e− 003

1.9002e− 003 1.5147e− 003 −1.7685e− 003

−2.5790e− 003 −1.7685e− 003 2.2165e− 003




Cov(θ̂ncv
GLS,256) =




2.1682e− 003 2.2397e− 004 −3.0973e− 004

2.2397e− 004 1.7123e− 004 −2.1207e− 004

−3.0973e− 004 −2.1207e− 004 2.6756e− 004




Cov(θ̂ncv
GLS,512) =




1.0843e− 003 1.1028e− 004 −1.5115e− 004

1.1028e− 004 8.4268e− 005 −1.0364e− 004

−1.5115e− 004 −1.0364e− 004 1.2947e− 004




Cov(θ̂ncv
GLS,2048) =




1.2846e− 004 1.2199e− 005 −2.1988e− 005

1.2199e− 005 6.2199e− 005 −1.0976e− 005

−2.1988e− 005 −1.0976e− 005 1.3553e− 005




Cov(θ̂ncv
GLS,4096) =




1.3662e− 004 1.4830e− 005 −2.0112e− 005

1.4830e− 005 1.0369e− 005 −1.2810e− 005

−2.0112e− 005 −1.2810e− 005 1.6024e− 005



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8.2 Stenosis Simulations

In Section 8.1 we demonstrated how Monte Carlo simulations can be compared to

results obtained from asymptotic theory. The same analysis will now be done on the shear

wave propagation model (6.43) - (6.48). To generate p data sets from simulated data we

will consider the vector form of the constant variance statistical model (8.2) and the typical

non-constant variance statistical model (8.3):

~Yj = ~f(tj , ~θ0) +
α

100
~εj ~ε i

j ∼ max
k

∣∣∣~f i(tk, ~θ0)
∣∣∣U(0, 1) (8.4)

Yj = f(tj , ~θ0)
(
1 +

α

100
εj

)
εj ∼ U(0, 1). (8.5)

The form of the variance of the vector statistical model takes the scale of the mathematical

model into consideration so that none of the sensors’ readings will be swamped by the error

term (see Section 6.5.3 for discussion). We will denote the variance of the error terms as

Var(~εj) = V0 = diag
(

max
k

∣∣∣~f
(
tk, ~θ0

)∣∣∣
)2

/12

for the constant variance case and

Var(εj) = σ2
0 = 1/12

in the nonconstant variance case. In all the reported results α = 10 and, due to time

considerations, the number of realizations of the data sets is p = 100.

With the p data sets, we can generate p realizations of the θOLS and θGLS estimators.

Asymptotic theory claims that the distribution of these realizations converges to a normal

distribution with mean ~θ0 and covariance Σ0. Since ~θ0, σ2
0 and V0 are known quantities,

we will again use (6.16) and (6.38) (Sections 6.4.1, 6.4.3 and reference [21]) to calculate the

appropriate Σ0. We can then determine the standard errors of ~θ0 from asymptotic theory

by taking the square root of the diagonal elements of Σ0.

Recall that in Chapters 6.5 and 6.6 the GLS estimates obtained from the shear

wave propagation model for the occlusion parameters q1 and q2, as well as the relaxation

constants Cµk
and Cλk

, were very close to the true solution in both the constant variance

and nonconstant variance data sets. However, this feature is not evident in the Monte

Carlo simulations that are reported in Table 8.9. In Tables 8.10 and 8.12 θ̂CV
GLS,full is the GLS

estimate obtained from multiple refinements of the weights in the GLS estimating proce-

dure, while θ̂CV
GLS,1 is the GLS estimate obtained from one refinement in the GLS estimating
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Table 8.9: Comparison of constant variance realizations with ~θ0 = (π/4, 3π/4), V0 =

diag
(

20
100 maxj

∣∣∣~f
(
tj , ~θ0

)∣∣∣
)2

/12, p = 100 realizations and sample size n = 1000.

Parameter Expected Value Standard Error
~θ0 (7.8540e− 001, 2.3562) (3.5295e− 005, 2.6112e− 005)

θ̂CV
OLS (7.8413e− 001, 2.3575) (5.2600e− 005, 6.2877e− 005)

Table 8.10: Comparison of constant variance realizations with ~θ0 = (π/4, 3π/4), V0 =

diag
(

20
100 maxj

∣∣∣~f
(
tj , ~θ0

)∣∣∣
)2

/12, p = 100 realizations and sample size n = 1000.

Parameter Expected Value Standard Error
~θ0 (7.8540e− 001, 2.3562) (3.5295e− 005, 2.6112e− 005)

θ̂CV
GLS,full (6.3712e− 001, 2.5818) (5.9499e− 002, 1.7510e− 001)

θ̂CV
GLS,1 (7.8412e− 0012.3574) (1.6645e− 004, 1.5064e− 004)

Table 8.11: Comparison of nonconstant variance realizations with ~θ0 = (π/4, 3π/4), σ2
0 =

1/12, p = 100 realizations and sample size n = 1000.

Parameter Expected Value Standard Error
~θ0 (7.8540e− 001, 2.3562) (3.7466e− 004, 3.7499e− 004)

θ̂NCV
OLS (7.8926e− 001, 2.3523) (2.6148e− 004, 2.5103e− 004)

Table 8.12: Comparison of nonconstant variance realizations with ~θ0 = (π/4, 3π/4), σ2
0 =

1/12, p = 100 realizations and sample size n = 1000.

Parameter Expected Value Standard Error
~θ0 (7.8540e− 001, 2.3562) (3.7466e− 004, 3.7499e− 004)

θ̂NCV
GLS,full (7.8587e− 001, 2.3556) (4.0840e− 004, 5.4969e− 004)

procedure. The mean of θ̂CV
GLS,full reveals that a typical GLS estimate with constant variance

data loses the accuracy we witnessed earlier. Although the behavior is troubling it can



107

be easily explained. Note that in calculating a realization of the GLS estimator we must

iteratively re-weight the residuals (see Chapter 6.4.5). However, if too many cycles of the

IRWLS algorithm are performed with the wrong weights then the GLS estimates may begin

to degrade when applied to constant variance data. In light of this type of behavior, some

researchers suggest performing a single cycle [28, 29], while others maintain that 2 cycles

are preferable [23, 30]. Due to time constraints and the fact that we obtain good estimates

after one cycle, we only performed the first cycle of the IRWLS algorithm when calculating

θ̂CV
GLS in Sections 6.5 and 6.6. However, the Monte Carlo simulations were calculated using

a different termination criterion, which effectively increased the number of iterations per-

formed in the IRWLS algorithm. If we disregard the results of θ̂CV
GLS,full we see that the mean

and standard errors of the Monte Carlo simulation agree well with asymptotic theory.
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Chapter 9

Residual Tests on the

Euler-Bernoulli Beam Model

In Chapter 7.4 we verified that residual plots can effectively test variance assump-

tions for the two dimensional internal variable model (Equations (6.43) - (6.48)). However,

the residual plots in Chapter 7.4 use simulated data, as opposed to experimental data.

Since experimental data for the internal variable model is not (yet) available, we will test

the residual plot approach using an Euler-Bernoulli beam model where experimental data

is readily available.

9.1 Beam Model

The strong formulation of the Euler-Bernoulli beam model is given by

ρ
∂2w

∂t2
+ γ

∂w

∂t
− ∂2M

∂x2
= F (t, x) (9.1)

w(t, 0) =
∂w

∂x
(t, 0) = 0

M(t, `) =
∂M

∂x
(t, `) = 0

w(0, x) = w0(x),
∂w

∂t
(0, x) = w1(x)

where w is the transverse displacement, F is the distributed out-of-plane force, M is the

internal moment, ρ represents the linear density and γ quantifies the effects due to air

damping [31, 32]. The model assumes the width of the material is small compared to the
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length and improves upon the related rod model by considering moment and shear stresses

within an infinitesimal beam element [31, 32].

To avoid approximation difficulties and to utilize ODE integration techniques, a

weak formulation of (9.1) can be developed by multiplying the system by appropriate test

functions and integrating by parts. For instance, if the space of test functions is defined as

V = H2
0 (0, `) = {φ ∈ H2(0, `)|φ(0) = φ′(`) = 0} and φ ∈ V then the weak formulation of

(9.1) is written
∫ `

0
ρ
∂2w

∂t2
φdx + γ

∫ `

0

∂w

∂t
φdx +

∫ `

0
Y I

∂2w

∂x2

d2φ

dx2
dx

(9.2)

+
∫ `

0
cI

∂3w

∂x2∂t

d2φ

dx2
dx =

∫ `

0
Fφdx +

∫ `

0
kpV (t)

d2φ

dx2
dx

where the internal moment M is assumed to be comprised of elastic, damping and external

components [31, 32]:

M = Melas + Mdamp + Mext

= −Y I
∂2w

∂x2
− cI

∂3w

∂x2∂t
+ kpV (t).

The parameters associated with the internal moment are the stiffness coefficient (Y I), the

Kelvin-Voight internal damping coefficient (cI) and piezoelectric material properties (kp).

The time dependent function V (t) describes the voltage input to the piezoelectric (PZT)

patch that excites the beam (see Figure 9.1).

Since the space of test functions V is infinite dimensional, approximate solu-

tions wN (t, x) of w(t, x) are formulated by considering a basis {φj}N
j=1 of V N , where

span{φj}N
j=1 = V N ⊂ V and

wN (t, x) =
N+1∑

j=1

wj(t)φj(x). (9.3)

If φj(x) are cubic B-splines in (9.3) then the approximate solution to w(t, x) solves the

second order ordinary differential equation [31, 32]

M ~̈w +Q ~̇w +K~w = ~F + V (t)~b (9.4)

~w(0) = 0 (9.5)

~̇w(0) = 0 (9.6)
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with ~w(t) = [w1(t), . . . , wN+1(t)]T and

[~F ]i =
∫ `

0
Fφi dx [~b]i =

∫ `

0
φ
′′
i dx.

The matrices M ,Q and K in (9.4) are the global mass, damping and stiffness matrices

respectively and are defined by [31, 32]

[M ]ij =
∫ `

0
ρφiφjdx

[Q ]ij =
∫ `

0

(
γφiφj + cIφ

′′
i φ

′′
j

)
dx

[K ]ij =
∫ `

0
Y Iφ

′′
i φ

′′
j dx.

Note that we assume that the beam is initially at rest, which is reflected in the initial

conditions (9.5) and (9.6). If (9.4) is converted to a first order ODE we can use standard

numerical ODE integration techniques to solve for the vector ~w, and thus obtain an ap-

proximate solution wN (t, x) to w(t, x). The unknown parameters ~θ = (ρ, γ, Y I, cI, kb) need

to be estimated using inverse problem technology.

9.2 Experimental Procedure

To estimate the parameters ~θ = (ρ, γ, Y I, cI, kb) using inverse problem technology

we need to obtain data from an experiment that satisfies the assumptions of the Euler-

Bernoulli beam model. To do so, experimental data will be obtained by activating surface-

mounted PZT patches and measuring the displacement of the beam, via a proximity probe,

at equally spaced times during the experiment (see Figure 9.1). The displacement data will

be used to test whether the statistical model

Yj = f(tj , ~θ0) + εj , Var(εj) = σ2
0 (9.7)

adequately describes the observations of the proximity probe, where f(t, ~θ) is the mathe-

matical model given by (9.4) and ~θ0 = (ρ0, γ0, Y I0, cI0, kp,0) is the ”true” set of parameters.

Error can be introduced in the statistical model through two ways: measurement

error, local disturbances and a misspecification of the mathematical model. If the ex-

perimental beam satisfies the assumptions of the Euler-Bernoulli beam model (9.1) then
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Figure 9.1: Cantilever beam experiment. The PZT patch (b) excites the beam whose
displacements are recorded by the proximity probe (a).

measurement error and/or error generated by local disturbances should dominate the error

process.

To test whether the statistical model (9.7) is an appropriate description of the

observation process, we will examine residual plots (see Chapter 7) of a realization of the

OLS estimator. Previous work has shown that both the time and frequency domains must

be considered in order to arrive at an adequate fit to the data [31, 33]. Thus, we will

formulate θ̂OLS for the beam data as

θ̂OLS = arg min
~θ∈Ω

J(~θ) = arg min
~θ∈Ω

M∑

j=1

(
yj − f(tj , ~θ)

)2
+

NFFT∑

i=1

(
|yf

i | − |gi(~θ)|
)2

where f(tj , ~θ) is the E-B beam model, {yj}M
j=1 is the data set obtained after the volt-

age input is applied to the beam, and ~yf and ~g(~θ) are the fast Fourier transforms of

the data and model values respectively. The Matlab integration scheme ode15s will be

used to solve (9.1), while Matlab’s fminsearch will be used to determine θ̂OLS. If ~θinit =

(.1, .05, .1, .8e− 5, 4) is used to initialize the OLS procedure, we obtain the optimized pa-

rameters θ̂OLS = (.99, .13, 2.5, .65e− 4, .0017).

Recall from Section 7.2 that if a statistical model has constant variance error

then a plot of a realization of Rj = Yj − f(tj , ~θ) versus tj and f(tj , ~θ) should be random.

However, the residual plots in Figure 9.3 exhibit systematic error. We conclude that either
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Figure 9.2: Comparison of the Beam Data and Euler-Bernoulli Model in the time and
frequency domains

the statistical model (9.7) is not the correct one for the beam data or that the beam data

contains behavior not considered in the EB beam model

We will first test the former scenario. Since the constant variance statistical model

does not adequately describe the process, we will determine whether a nonconstant variance

statistical model of the form

Yj = f(tj , ~θ0) + fγ(tj , ~θ0)εj Var(εj) = σ2
0 (9.8)

yields better results. The term γ generalizes the statistical model (6.35) by accounting for

various model-dependent error structures. The modified residual plots with γ = 1 (our

”typical” nonconstant variance statistical model) again shows systematic behavior (Figure

9.4). Other statistical models were attempted (by varying γ), but without success. Indeed,

the reason why systemic error is present can be seen in the frequency plot in 9.2. The E-B

beam model did not correctly specify all the natural modes of the beam data, which occur

at 6 Hz, 35 Hz and 90 Hz. The model did an excellent job estimating the natural mode at 6

Hz, but not the frequencies at 35 Hz and 90 Hz. By ruling out common statistical models,

we conclude that the Euler-Bernoulli (E-B) beam model does not adequately describe the

beam dynamics, or that the data is affected by another nearby disturbance.

Previous investigators of the E-B beam model [33] suggest that signals emitted

from nearby computer screens or light sources excite the beam. We also note that the

PZT patches require an electric field to activate the beam, which may create yet another
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Figure 9.3: Residual plots with θ̂OLS

disturbance in the experiment by affecting the readings of the proximity probe. To try

to minimize the effects of these systematic disturbances another set of experiments was

performed. The goal of the experiment was to

1. determine the source of the systematic disturbance

2. assess how the disturbance affects the experiment (e.g., beam vibration, sensor reading

etc.)

3. produce a data set without the influence of the disturbance.

The reason this issue is significant is that the E-B model assumes the beam is initially at

rest, but a systematic disturbance, whether affecting the sensor or by physically moving the

beam, invalidates that assumption. Thus we should expect that a comparison between data

with a systematic disturbance and the E-B beam model should yield systematic error since

the initial conditions are not correctly specified. By minimizing the unmodeled disturbance

we should obtain a set of data that would closely match the assumptions of the E-B model.

We would then expect that the resulting residual plots possess a random behavior.

To try and determine the source of the systematic disturbance in the beam data,

we performed the following series of experiments:

1. Turn off all lights and non-essential machines that may be emitting signals. Place the

proximity probe away from the beam and take a reading of the probe (Figure 9.5).



114

0 0.5 1 1.5 2 2.5 3 3.5 4
−20

−10

0

10

20

30

40

Time (ms)

R
es

id
ua

ls
/M

od
el

−6 −4 −2 0 2 4 6

x 10
−5

−20

−10

0

10

20

30

40

Model

R
es

id
ua

ls
/M

od
el

Figure 9.4: Modified residual plots with θ̂OLS with γ = 1

2. Position the proximity probe near the beam. Again, turn off all lights and non-

essential machines that may be emitting signals. Without exciting the beam, take a

reading from the proximity probe (Figure 9.7).

3. Keep the lights and non-essential machines off. Excite the beam with the PZT patch

and record the beam’s dynamics with the proximity probe (Figure 9.8).

Figure 9.5 demonstrates that the proximity probe, when isolated from the beam, is not

affected by any disturbance in the room (e.g., air conditioner, power sources, computer

screen, etc.). Therefore, we conclude that the proximity probe does not detect ambient

disturbances in the room and that any type of systematic disturbance in the probe’s readings

must be attributed to displacements in the beam itself. This hypothesis is confirmed by

placing the probe near the beam and taking a reading without exciting the beam. In Figure

9.7 one can clearly see that the beam is disturbed prior to the voltage spike at 6 Hz and 28

Hz.

Now that it has been ascertained that the beam itself is being excited prior to the

voltage spike, we seek to understand how this disturbance affects the beam after excitation.

The frequency plot in Figure 9.8 reveals that the modes (6 Hz and 28 Hz) that are excited

before the voltage spike are amplified after the voltage spike. This observation is made

clearer by examining the two frequency plots in Figure 9.9, which reveals that although the

disturbance’s signal is significantly weaker before excitation it still has a measurable effect

on the beam after excitation. Recall that the Euler-Bernoulli model assumes the beam is
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at rest prior to excitation, which is clearly not the case in this instance.

The final component of our investigation is to produce a data set without the

influence of the systematic disturbance. To do so we will try to filter out the unwanted

frequencies, without significantly altering the rest of the signal.
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Figure 9.5: Time and frequency domain plots of isolated proximity probe.
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Figure 9.6: Time domain plot of the beam before and after a voltage spike at t = 2.5
seconds.

9.2.1 Signal Processing

Thanks to advanced computational programs, such as Matlab, obtaining filtered

data is a relatively straightforward process. However, the underlying mathematical frame-
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Figure 9.7: Time and frequency domain plots of the beam before excitement with the lights
off.

work is substantial and worth a brief overview.

A signal represents the time variation of a physical variable, whereas a system is a

relationship between signals [34]. A common example that illustrates the concept of signals

and systems is the typical mass-spring-dashpot system (MSD) as seen in Figure 9.10. A

mathematical description of the system is given in (9.9),

mÿ(t) + cẏ(t) + ky(t) = f(t) (9.9)

y(0) = 0

ẏ(0) = 0

where the applied force f(t) and the displacement variable y(t) are the input and response

signals, respectively. Obtaining a solution to (9.9) in the time domain requires finding the

homogenous solution, along with a particular solution. We will forgo a description of solving

(9.9), but will point out that a solution of the form y(t) = HMSD[f(t)] can be realized (see

[34]), where HMSD is the operator that generates the displacement y(t) from an applied

force f(t) in the mass-spring-dashpot system.

In general, a system (such as the MSD system) can be expressed mathematically

as

y(t) = H [f(t)] (9.10)

where H operates on the input signal f(t) to generate the response y(t). One can calculate

a solution in the time domain, as was indicated in the MSD system, however, even in
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Figure 9.8: Time and frequency domain plots of beam after a voltage spike with the lights
off.

relatively simple models an analytic solution can be very difficult to determine. Instead,

a transformation can be applied to the system (9.10) in the time domain to generate the

system in the frequency domain

Y (s) = H(s)F (s), (9.11)

where H(s) is said to be the transfer function. In the frequency domain there may be

properties that make finding a solution to the system easier. Once a solution is obtained

in the frequency domain, the system, along with the solution, can then be reverted back to

the time domain (see Figure 9.11).

The system can also be easily manipulated in the frequency domain. For instance,

if an experimenter realized that a frequency had corrupted a set of data the experimenter

might not be able to account for that disturbance in the time domain. This is the situation

we find ourselves in with the beam data reported in Figure 9.2. To remove the unwanted

frequencies a filter can be applied to the data in the frequency domain, transformed back

into the time domain, and be used to compare to the E-B model.

We will utilize Laplace transforms to transform a signal from the time domain to

the frequency domain. A signal x(t) has a Laplace transform provided

1. x(t) = 0 for t < 0

2.
∫∞
0 |x(t)| e−σtdt < ∞ for 0 ≤ σ < ∞
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Figure 9.9: Comparison of the frequency domain of the unexcited and excited beam.

and is defined as

L {x(t)} =
∫ ∞

0
|x(t)| e−stdt = X(s) (9.12)

where s = σ + iω (we point out that the Fourier transform is calculated from the Laplace

transform by setting s = iω) [34]. The inverse Laplace transform of X(s) is defined as

L −1{X(s)} =
1

2πi

∫ σ+iω

σ−iω
X(s)estds = x(t) (9.13)

There are many useful properties of the Laplace transform that facilitate finding a solution

in the frequency domain. For instance, using the linearity property of the Laplace transform

and the fact that L {ẋ(t)} = sX(s) − x(0−) we can apply the Laplace transform to the

MSD system (9.9) to arrive at

Y (s) =
1

ms2 + cs + k
F (s) = H(s)F (s). (9.14)

If the input signal f(t) is the typical Dirac delta function δ(t) (as it is in the beam experi-

ment) then F (s) = 1 and

Y (s) =
1

ms2 + cs + k
(1) = H(s) (9.15)

for the MSD system (9.9). The transfer function H(s) is a rational function and can be

expanded into a series of partial fractions [34]. This is especially useful since

L −1

{
1

s + a

}
= e−atH(t),
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Figure 9.10: A depiction of the mass-spring-dashpot system.

where H(t) is the typical heaviside function. We could then filter out certain frequencies

by neglecting particular terms in the partial fraction expansion, which is equivalent to

discarding certain exponential terms in the time domain for the MSD system.

As the MSD system example shows, if we have a representation of the system in

the frequency domain then we could apply a filter to change the behavior of the output

response Y (s). For instance, if we suspect a certain frequency has corrupted our data we

could minimize the corruption by creating a transfer function H̃(s), which would lead to

the filtered output response function

Ỹ (s) = H̃(s)F (s).

We could then take the inverse Laplace transform of the filtered output response in the

frequency domain, L −1{Ỹ (s)}, to determine the filtered solution ỹ(t) in the time domain.

The filtered time domain data could then be used in a parameter estimation routine that

should produce a better fit to the data.

9.2.2 Filtered Beam Data

We have only briefly described the mathematical underpinnings of signal process-

ing. The discussion above, however, should suffice to understand the basic filter we will

employ on the experimental beam data. As we mentioned earlier, the beam is being excited

at 6 Hz and 28 Hz before the voltage spike is applied to it. This behavior is unaccounted for
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Figure 9.11: A depiction of the transformation between the time and frequency domains.

in the E-B model which assumes the best is initially at rest. We suspect that these modes

are in the range of the beam’s natural modes, and that filtering out such modes would pro-

duce an unrecognizable signal. To test this hypothesis, we will filter out those frequencies

in the data after the voltage spike and then examine the filtered and unfiltered signals in

the time domain. We then will describe how to cope with the systematic disturbance in the

inverse problem.

To obtain the filtered data we will use Matlab’s idealfilter. Idealfilter is a very

basic filter in that it simply removes the specified frequency from a data set. It does this by

taking the fast Fourier transform (via Matlab’s FFT ), identifying the undesired frequencies,

and setting the value of the FFT to zero at those frequencies. If we remove the frequencies

6 Hz and 28 Hz from the data set after excitation the resulting time and frequency plots

are given in Figure 9.12.

What’s important to note is that in the process of removing the 6 Hz and 28

Hz frequencies we have removed a significant amount of behavior from the beam’s signal.

For instance, one can see in Figure 9.12 that a significant amount of information has been

removed from the excited beam data around 6 Hz. We do not believe that the information

contained at that frequency is pure noise, but by filtering that frequency we have treated

the discarded dynamics as noise. Without those dynamics we should not expect the inverse
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problem to produce better estimates of the unknown parameters. Indeed, a comparison of

the filtered and unfiltered time domain data in Figure 9.13 reveals that the removal of the

two frequencies produced a dramatic effect on the signal - an undesirable effect.

Therefore, we conclude that beam’s behavior before the voltage spike is a manifes-

tation of a low energy current exciting the beam at its natural modes. Since the excitation

occurs at the natural modes the disturbance is not due to random noise or measurement

error. The frequencies of the disturbance are amplified by the voltage input, and thus we

cannot simply remove the modes in the frequency domain without severely compromising

the signal.
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Figure 9.12: Comparison of the frequency domain of the filtered and unfiltered data set
after excitation.

The data set, however, still violates an integral assumption of the E-B beam model

- namely, the beam is at rest prior to the voltage spike. It is obvious that a simple filter

will not adequately address this issue, so we are left with two options:

1. Develop a model based observer to estimate the initial condition of the beam after

the voltage spike (as done in [33]),

2. Treat the initial condition of the beam as an unknown set of parameters that will be

determined in an inverse problem.
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Figure 9.13: Comparison of the time domain of the filtered and unfiltered data set after
excitation.

Option 1 is a more robust process, since it does not depend on a particular data

set. Unfortunately, it is time consuming to construct the observer and incorporate it into

the E-B model. Option 2 is much easier to implement, but suffers from being dependent on

the data and the optimization’s numerical method. Since time is a constraint on the current

investigation, we will approximate the initial conditions of the E-B beam model according

to 2.

To do so, we will extend the vector of parameters ~θ = (ρ, γ, Y I, cI, kb) to

~̃
θ = (ρ, γ, Y I, cI, kb, w1(0), . . . , wN+1(0), ẇ1(0), . . . , ẇN+1(0))

and use ~̃
θ to determine

θ̂OLS = arg min
~̃
θ∈Ω

J(~̃θ) = arg min
~̃
θ∈Ω

M∑

j=1

(
yj − f(tj ,

~̃
θ)

)2

+
NFFT∑

i=1

(
|yf

i | − |gi(
~̃
θ)|

)2

where f(tj ,
~̃
θ) is the E-B beam model, {yj}M

j=1 is the data set obtained after the transient

pulse is applied to the beam, and ~yf and ~g(~̃θ) are the fast Fourier transforms of the data and

model values respectively. The data fit is presented in Figure 9.14. The additional degrees

of freedom enjoyed in this scenario allowed the model to capture the power at the second
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mode (35 Hz), but the model is still slightly out of phase at that frequency. In addition,

the model identified a high frequency mode, but again it was off by a few Hertz (see Figure

9.14) and did apply the correct power for the mode.
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Figure 9.14: Comparison of the Beam Data and Euler-Bernoulli Model in the time and
frequency domains

What’s important to note is that a simple visual comparison between the beam

model and beam data (Figure 9.2) might lead to the conclusion that the model adequately

accounts for the dynamics of the beam, neglecting measurement error. However, it is only

upon closer inspection of the error process via the residual plots that it became apparent

that the beam data possessed behavior not accounted for in the beam model. That reflection

forced a closer examination of the model assumptions and experimental design than was

previously performed.
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Chapter 10

Concluding Remarks

10.1 Research Conclusions

This dissertation sought to address seemingly disparate topics. These topics, how-

ever, shared a common goal - to develop a methodology to describe how stenosis-driven

acoustic waves propagate in biotissue. This work contributed to that goal by

1. developing a three-dimensional version of the acoustic wave propagation model that

was an extension of the one- and two- dimensional version of the models presented in

[1, 2] (Chapters 2, 3, 4, 5),

2. addressing lingering concerns regarding the inverse problem in the two-dimensional

case (Chapters 6), and

3. detailing the importance of investigating underlying statistical assumptions (Chapters

7, 8, and 9).

In the early chapters of the thesis we addressed the problem of utilizing a biolog-

ically accurate constitutive equation ((3.1) with (3.2)) in the dynamical equations (2.52)

- (2.54). To do so, we employed internal variables to approximate (3.1), thus making the

problem computationally feasible as well as providing a physically-based framework to view

the geometry (Chapter 3). The model demonstrated the capacity to incorporate heteroge-

neous and viscoelastic mediums - both significant traits of a human chest cavity (Chapter

5).



125

Although the internal variable approach to modeling the three-dimensional stenosis-

driven acoustic wave is the central mathematical contribution in the work, we also demon-

strated the effectiveness of the inverse problem in identifying the occlusion parameters q1

and q2 in the 2D model (Chapter 6). This was not an idle concern. Recent efforts to obtain

funding for testing the ISV model with experimental data required extensive feedback on

the proposed detection methodology. One of the main concerns was the performance of

the inverse problem for experimental data. By establishing that the inverse problem can

accurately identify the occlusion parameters q1 and q2 with simulated data we have shown

that the ISV is not only a viable description of acoustic wave propagation and deserves to

be tested against experimental data, but that the related inverse problem could be readily

developed for non-mathematicians.

The final component of the dissertation (Chapters 7, 8, and 9) does not pertain

solely to the ISV model presented in earlier chapters, but rather explores various statistical

techniques that can assess the underlying assumptions of an experimental data set. After

presenting various statistical methods to achieve that goal (Chapters 7 and 8), we sought

to test those methods on a model where experimental data is readily available. Since

experimental data is not available for the ISV model, we turned to the Euler-Bernoulli

beam equation. The E-B equation describes the motion of a fixed vibrating beam - a system

where data can be easily obtained. The results in that chapter reveal the effectiveness of

the simple statistical techniques that we presented (Chapter 9).

10.2 Future Work

Much work remains to be done with the three-dimensional internal strain variable

model. Further verification needs to be performed on the computational implementation

of the model (e.g., a grid refinement study), and once data is available, the model must

undergo extensive validation. Many issues in the validation phase will have to be addressed

- even if tests are perform on a very simple geometry, such as Figure 2.2. One potential

pitfall is the underlying assumption of the physical process generating the stenosis driven

acoustic wave. Our efforts in this dissertation, and the previous works in [1, 2] have modeled

the behavior of the acoustic wave propagation through biotissue. These efforts assumed

the impulse function representing the blood flow through an artery would be an adequate

description of that biological process. However, the impulse function could very well be
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a gross simplification of the arterial blood flow, thereby severely degrading our model’s

effectiveness. Any validation of the model will have to take that issue into account.

Once a sufficient level of verification and validation of the three-dimensional ISV

model has taken place, and the inverse problem is ready to be thoroughly examined, signifi-

cant coding obstacles will be encountered in the 3D model. These obstacles are attributed to

the complexity of the model, and in particular the computation of the boundary conditions.

Of particular concern is the amount of time to generate one realization of the acoustic wave.

To decrease computational time, the model is currently being implemented in Fortran for

the one, two and three dimensional versions of the model. The Fortran implementation in

the first two versions of the model significantly reduced the computational time and allowed

the inverse problem to be executed expeditiously. The current Fortran implementation of

the 3D model, however, takes drastically more time to generate a realization of the acoustic

wave, thereby prohibiting a timely analysis of the inverse problem for the three dimensional

geometry. One possible remedy is to calculate the boundary of the model in parallel, since

most of the computations are identical for the boundary.
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