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Whenafine powderis dumpednto asilo, thegastrappedy theparticleswill slovly escape
by diffusing throughthe material. The correspondinginesen gaspressuredistribution
createsa body force that is taken into accountthroughDarg/’s law. By using spatial
averaging,the formulation, even thoughessentiallyone-dimensionain space,includes
effectsduethe geometryof the container An efficient androbustnumericalschemebased
on a DAE formulationis proposedandimplemented. Variouscomputationaresultsare
presente@nddiscussedo establistthe validity of theapproach.

1. INTRODUCTION

This paperdealswith various problemsrelatedto the simulationof aeratedpowder
consolidation. This kind of phenomenas routinely encounteredluring the handlingof
fine powdersin countlessapplications.Typically apowderis storedin abunkeror silo, see
Figurel. Duringfilling, air getstrappedin the materialleading,in somecasesto partial
fluidization [8], [14] andnoticeablechange®f the mechanicaproperties.Over time the
excessir diffuseghroughthepowderandeventuallyescapethroughthetop surface. This
paperaimsto find the lengthof time a given materialtakesto consolidate.With respect
to applicationsthe ultimategoalis to be ableto predictandconsequenthavoid flooding
i.e., the suddendischage from a hopperof afine powderat a muchgreateratethanthat
of theflow of ordinarygranularmaterials. Furthercommenton the connectionbetween
floodinganddeaeratiortanbefoundin [12].

Early work by Janssefi6] analyzedhe behaior of a columnof granularmaterialin a
container Forcesdueto the gradientof gaspressuravereneglected,andtheanalysiswas
restrictedto vertical cylinders. Someother modelsare basedon drasticsimplifications,
suchasconsideringa constanvertical stresq9].

Thepresentnodelis derivedfrom basicconserationprinciplesof massandmomentum.
Theforcesresultingfrom nonuniformgaspressuraretakeninto accounthroughDargy’s
law. The modelingassumptionsoughly follow that of [8], seealso[4], [12]. In those
publications the effectsof the geometryof the containerareneglected,in effect, treating
only the caseof cylindrical bunkers. In [4], that caseis mathematicallyanalyzedanda
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FIG. 1. Geometryandcoordinatesystemsfor the vertical conicalbunker. The heightof the column of
powderof time t is denotedH (t).

robust numericalmethodis proposedandimplemented.One of the contributionsof this
paperis the extensionof thosemodelsto generalaxisymmetricdomains. Although the
modificationmayappeamsatechnicaldetail,it hasprofoundramificationswith respecto
the structureof the system seeremarksatthe endof §2.

Apart from using specific physical constitutive laws, the main restrictve assumption
consistof neglectingthefluctuationgn thehorizontaldirections allowing for anessentially
onedimensionaln spacdormulation. In otherwords,theproblemis describedxclusively
in termsof quantitiesthat have beenaveragedin the horizontaldirection. It shouldbe
noticedthatin mary situationsthe useof quasione-dimensionatonsolidatiormodelscan
only beviewed asa first step,andfull multidimensionabpproacheshouldbe considered
instead Wereferto [16] and[10], Chap.5for remarksaboutthelimitationsof suchmodels.
Moreimportantlyhowever, evenasimplifiedmodelsuchastheoneconsideredhereis very
sensitie to the valuesof various material coeficients suchas compressibility This is
clearlyillustratedby our numericalresults,seee.g. Figure5. Thosematerialcoeficients
aretypically hardto measurén anaccuratevay.

The paperis organizedasfollows. The modelis derivedin Section2. The resulting
systemis nonlinearand strongly coupled. It consistsof an essentiallyparabolicPDE, an
ODEandanintegral equation.Thethreemainunknovnsaretheaverageverticalstressthe
averagegaspressurandtheheightof the powderin thecontainer Throughanappropriate
transformationthe calculationsareperformedn afixedreferencecomputationatiomain.
A discretizatioris proposedn Section3. Thespatialdiscretizatioris secondrderaccurate
andusesacombinatiorof certeredFinite DifferencesandBDF[1], [5]. Thesemidiscretized
in spacesystemcorresponddo a semi-eplicit index 2 Differential Algebraic Equation
(DAE). Thetime discretizationis doneby a linearly implicit Euler discretizationwhich,
althoughonly first order, is the simplestacceptabl@umericalapproactor theabove type
of DAEs. Our numericalexperimentsshaw it to be bothrobustandefficientin the present
context. Computationatesultsarepresentednddiscusse®ectiond. Finally, Section5 is
devotedto concludingremarks.

2. THE MODEL

We considelgenerabxisymmetrichopperssillustratedin Figurel. In orderto simplify
the problem,a pseudoone-dimensiondormulationis derived by averagingall quantities
on horizontalcross-sectionsThe heightof the powderin the containerat a generictime
t canthusbe describedby a function H(t). Using cylindrical coordinatesthe domain



occupiedby thepowderattimet is givenby
{(r,8,2);0 < 2 < H(t),0 <8 < 2m,0<r < R(2)},

whereR(z) standgfor theradiusof the hopperat heightz.
For anarbitraryfunction f, we define

1 R(z) p2m
1= [ [ swosrara,

wheref(z) istheaveragedsalueof thefunction f atheightz in thehopper By axisymmetry
thefunctionsconsideredheredo notdependntheangularvariabled, andthuswith aslight
ahuseof notation

_ R(z)
6= [ fmoran )

Invoking axisymmetrythe stresgensorhastheform

orr 0 0y
T = 0 ogg9 O .
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Consideraninfinitesimalslice of materialof heightéz. Theforcesactingon suchaslice
areaveragecandsummed.The averagevertical stresds clearlygivenby &... We denote
by v andp the bulk densityandgaspressurgespectiely, andby 4 andp, their respectie
averagevalues.Thevariousforcesare

e weightof solid: —y 7 R?(z) 0z;

o if 7, is the averagewall shearstressanda,, the averagenormal stresson the wall,
thereareupwardforcesof 2 w R(z) §z 7, and2« R(z2) R'(2) 62 G.;

e upwardpressuraueto thewall: 27 R(z) R'(2) 6z p(z,1);

e pressuratbottom: p(z,t) © R?(z), andtop: —(p(z,t)+dp) m R%(z+4§z); thiscreates
aforce—m R(2)20p — 27 R(2) R'(2) p(2,t) 62;

e averagevertical stressat bottom: .. (z), andtop: —(7..(z) + do..); (compressie
stressegretakenaspositive for granularmaterial);this createsa force —m R2(2) do,, —
27 R(2) R'(2) 6, 0%.

Theresultingbalanceof forcesequationis

2R(z) _

RC) Toz — (fw + 3w R'(2)) +7=0.

0.0..+ 0.p+

2
R(2)
Onthewall, thelaw of sliding friction applies

Tw = HwOw, 2

where i, is the coeficient of wall friction. The averagestresstensorT is diagonal;
in otherwords, both .. and &, are principal while .., = 0. Notice thata,,(2) =



cos? 8(2)o,-(2) + sin? §(2)o..(2) wheretan #(z) = R'(z). Theratio of averagevertical
stresss, ., to averagewall stresss,,
Ow

k=—, @)

O—ZZ

is takenasdependingnthegeometryonly, see§4 for moredetails. Theaboreassumption
is the pendantto Janssems analysis,[6], [8], [10], which is routinely usedin vertical
bunkers. In (3), k¥ dependson the geometryof the containerand hasto be determined
throughexperimentq8], [13] and§4. Equationg?2) and(3) thenyield

2£(i;) Ozz — i (Nw + RI(Z)) ké..+7=0. 4)

LetI" bethe densityof the solid particles,which is assumedonstant.The gasdensity
denotedy p, is anunknown functionof time andposition. Thesewo quantitiesarelinked
throughthe bulk densityy

7:fSF+(1_fs)pa )

wheref, is thevolumefractionoccupiedby thesolid. Generallyl is atleastthreeorders
of magnituddargerthatp, andthus

7
fom L ®)

The averagebulk densityis consideredasa function of the averagemajor consolidating
stresshereg,,, i.e.,7 = 5(5,.). Varioussuchrelationshave beenproposedsee[10],
§6.2,for areview. Thosemodelstypically make sensdor only alimited rangeof valuesof
g,.. Following [7], we assume

5 = (1 + 2228, @)

where0 < g8 < 1isthecoeficientof compressibilityof thematerial,y,, > 0 ando,, > 0
arematerialconstantsWe referto [3] and[2] for respectiely theoreticabndexperimental
investigationof the precisenatureof the bulk density/stresselation.

Assumingpowder is neitherenteringnor leaving the system the total massM of the
solidis consered,leadingto

H()
/ R*(z) (5 (2,t)) dz = =M, t>0. (8)
0

Applying the continuityequationto both gasandsolid phaseswe get

Oy +V-(yus) = 0 ©)
0.(0=F)p) +V- (A= Foug) =0, (10)

whereus andug arethevelocitiesof the solid andthe gas,respectiely.



Usingaxial symmetryandapplyingthe averagingoperator(1) to (9) yields

R(2)
Oy + %W(R(z),z) us,r(R(2),2) + ﬁ/o 0, (fy(r, Z) s (7, z)) rdr =0.
Further assuminghe grainsin contactwith thewall to move tangentiallywith respecto
it, we obseneu, »(R(2),2) = R'(z) us,.(R(z), z). Elementarymanipulationghenleads
to
_ 1 2
6{)’ + R2—(z) 82 (R (Z) 'yus,z) =0.

Neglectingfluctuationsn theradialdirectiongivesyu;, ; ~ ¥ 45, .. Similar principlescan
beappliedto local conserationof gas. Thoseconserationlaws thenread

oy + R%(z) 9. (R*(2)¥tsz) = 0, (11)
@01—%m)+§%5@(R%@ﬁa—%ﬁ%J = 0. (12)

In additionto (3) and(7), two additionalconstitutive equationsareconsidered First, the
gasis assumedo beidealandisothermal

P_fo (13)
P Po

wherepy andpg areconstanteferencevalues. Secondpressurgradientandvelocities
arerelatedthroughDaroy’s law, which readshere

ﬂg,z - ﬂs,z = _K(ﬁ) azpa (14)

whereK is the permeability takenasa function of the averagebulk density We take [8]
o AN
K=k (L) 15)
Yo

whereK, andy, arereferencevaluesanda is a positive constant.Theparameterg, 0.,
Ym, @, Ko and~yy appearingn (7) and(15) have to be determinedexperimentally

We now eliminatevelocitiesfrom thesystem.Puttingtogether(14) and(11) yields,after
integrationbetweerD anda genericpoint z

[ ®#@aG i + B ) (5006 + KGE0.56)
-—mmww(%Am+KW®w@@)=a

Assumingno gasleavesthe (closed)containerat z = 0, naturalboundaryconditionsat
thebottomarethena, . (0,t) = 0 andd.p(0,¢) = 0. Thepreviousequationcanbesolved
for a4, .(2), leadingto

7 =Y " Re)ase) di - K(3(2) 0.5(



Using(13) andtheabove expressiorfor @, . (2), (12) canberewrittenin termsof pressure
p eliminatingp from the problem.

The full systemof equationscan now be considered. The three unknowns of the
problemarethe averagedgaspressurep, the averagedvertical stressg,, andthe height
of the powder H(t). We obtainthe following systemof integrodifferentialequationsn
{(2,t);0<t,0< 2 < H(t)}

_ ¥ I T 1 1 1
0—(1—f)atp—;6t7—R2—(z)az< ;—f)/ R2 (16)
v _ ~ Kp, . _
_(1 - f)az(pKazp) + ?8/76217:
0= 8 Uzz + 6 + 2%(2)) Uzz - %(Nw + Rl(z))kﬁzz +'77 (17)
. H(t)
N o= / R2(2)7(5.: (5, 1)) d&. (18)
0

Thesystemis completedby initial andboundaryconditions

p(70) = Po,
6ZZ(H(t)at) =0, azﬁ(oat) =0, ﬁ(H(t)at) = Patm;

where pq;., is the value of atmospherigressure. The boundaryconditionat z = 0
correspondso asolid bottomedcontainer This canbe easilymodifiedto includethe case
whensomematerialexits throughan outletat the bottom. A mathematicaanalysisof the
above problemin the caseof a cylindrical containeri.e., R'(z) = 0, canbefoundin [4].

A usefultool for the presentkind of equationsconsistsan mappingthe entire problem
into a fixed spatialdomain. Upon discretization this type of formulationleadsto better
stability propertieghanformulationswherethe grid moveswith the material,suchas|8].
Let

y= Z/H(t) p(yat) :ﬁ(zat) G(yat) :5'zz(zat)'
Basedon theserelations the previous systemof equationg16), (17) and(18) yields

0= -2 (ow- yapi((f))) -2 ('Y’Bto—yv’@yafg((tt))) (19)
— ; 2 8,0 — ! UHI(t)
LDl O ( > / B ( AT >
1 I
0 = 0yo+0yp+ 2R (R((H)(Zg;(t) o— R?g((f))y) (/J/w + R'(z)> ko + H(t)y, (20)
5= 1) [ R0 (o 0.1) . (21)

wherewe have droppedthebarnotation. Initial andboundaryconditionshecome

p(yao) = pO(y)a Y€ (03 ]-)a (22)
0(17 t) =0, 6yp(0a t) 0, p(]-a t) = Patm, (23)



Thechangdrom R(z) = cst to agenerafunctionR( ) isfarfrombeing ben‘gn. If R(z) =
Ry = cst, (21) canbesolvedfor H(t): H(t) = 7= ( o Yoy )dy) . Takingthe
derivative, onecanalsoobtainan explicit expressmrfor H'(t). Thoseexpressionsanbe
thensubstitutedn (19) and (20) to fully eliminate H from the system[4]. For general
functionsR however, (21) is a nonlinearequationfor H (t), which cannotbe expectedto
alwaysyield explicit solutions. To maintaingenerality H (¢) is not eliminatedfrom the
systembeforediscretizationbut is rathercomputedasan unknonvn alongwith stressand
pressure.

3. DISCRETIZATION

Theseequationgrediscretizedandsolvedin thefixedrectanguladomain(0, 1) x (0, T").
SetAy = 1/N andlety; = (i —1)Ay i=1,...,N + 1. Thesemidiscretizedariables
arepressureP(t) = [Pi(t),..., Pn(t)] andstressX(t) = [21(¢), ..., Xn(t)]. Notethat
theremainingunknowvn, H, depend®nly ontime. Theboundaryconditionsaty = 1 read
Pni1 = Pum andXny; = 0. A secondorderspatialdiscretizatiorfor bothvariablesis
used.Thediscretizecbperatorsaare

Cp: N x N matrix correspondingo a secondrdercenteredliscretizatiorof 9, with
pressurédoundaryconditions(aty = 0 andy = 1),

D: N x N matrix correspondingo a secondordercenteredliscretizatiorof g, with
pressurdoundaryconditions(aty = 0 andy = 1),

C,: N x N matrix correspondingo a secondorderbackwarddifferentiationformula
(BDF [1], [5]) for 0, with stressboundarycondition(aty = 1).

Although more sophisticatedliscretizationmethods,suchas BDF basedalgorithms[1],
shouldbeconsideredn spaceaswell in generalthediffusionlike dynamicsof thepresent
problemaresuficiently simpleto mitigatethis point of view. The constructiorof C, and
D is elementaryFor C, wetake

-3 4 -1 0 ... ... 0
0-3 4-1 0 0
1 cee
C, AT 0 0-3 4-1 0
0 ... ... 0 -3 4 -1
0 ... ... ... 0 -3 4
| 0 0 —2

In addition,thefollowing discretizedntegral operatorsareintroduced

N+1

Zw] 5 and(Ba (W ,—Zw] i

wherew denotesheweightsof thequadratureThreeadditionalvariablescorrespondingo
thederivativesof thethreemainthreeunknavns P, ¥ andH arealsointroducedlV = d; P
V =d;Y¥ andL = H'. Thespatiallydiscretizedoroblemis

4P =U (24)
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1 1 1 Py L
— (( — 5GP - 7—3002) (BA(RWV) — ﬁBA(R%’YCaEO

DA
1 ¥ PK , .
~ sz (1= P)D(P,D)P + =259/ CoSCpP + bel = f(P,U,V, 5, H, L)
2HR' 2H
=0, P+ Y4 b2 — —— (i + R+ H 2
0 CoX+C) +R(HY) + be ROAY) (uw + R+ Hy (26)
=G(P,U,V,%,H,L)
a4y =V (27)
dH =1L (28)
0 = HAx (R}(HY)y) = h(P,U,V,%, H, L), (29)
wherey(X) and+'(X) arevectorsandY = [y, ...,yn]. Thetwo vectorsbel andbc2

resultfrom the presencef boundaryconditions. Also, vectorto vectormultiplicationin
theabove expressionss takento be componentwiseThe problemhasthe form

P = U,
0 = f(P,UV,S,H,L),

0 = g(P7070727H70)7
@y =V
dH = L

0 = h(0,0,0,%, H,0)

This correspondso ansemi-eplicit index 2 DAE or equivalentlya fully implicit index 1
DAE [1]. A linearly Implicit Eulertime discretizatior{5], [11] of (24)-(29)leads

I —AtI 0 0 0 0 prtt _ pr ur
—ALfT —ALfE AR At —ALfE AL fR yrtt —yn lig
—Atgt —Atgy —Atgy —Atgy —Atgy —Atgs yrtt—ym | At g"

0 0 —AtI I 0 0 et _wn [T 48

0 0 0 0 1 —At HF' g™ L
—Ath? —Ath} —Ath} —Ath} —Ath? —Ath? Lt — e h"

wherethe subscriptsdenotederivativeswith respecto the correspondingariables. The
first partialderivativesof f andg areevaluatedthroughfinite differences.

4. COMPUTATIONAL RESULTS

Two caseswith differentgeometriesareconsidered.Thefirst correspondso a cylinder
andthesecondo a bunker consistingof a cylinder for the upperportionanda conefor the
lower portion. The datais initialized asfollows.

Thevaluesof variousparameterin themodelhave beentakenasto represenarealistic
situation

By = .25 T = 200 Ibs/f

Ym = 60 los/ft? Ky =10~* ftYlbs~1s!
om = 13 Ibs/ft? a=4

7o = 80 Ibs/ft? Uy = tan(m/9)



Theatmospheripressures p,;, = 2116.8 Ibs/ft>.

Thedeterminatiorof theratio & betweenwall stressandvertical stresssee(3), is more
delicate. In the caseof a perfectlyplasticflow, sucha coeficient could be derived from
a plasticity model, Mohr-Coulombfor instance[10]. Although this is often doneaspart
of ananalysisa la Janssensuchan approachis not consistentvith the mechanicaktates
considerederesinceonecannotassumehe materialto have reachedyield. Thevalueof
theratio k does however, depencbn the geometry For plasticgranularflows, the stresses
are usually believed to be closeto an active statein a vertical cylindrical hopper while
they tendto be in a passie statein converging conical hoppersfor instance[10], [15].
Experimentakvidence[13] seemdo point to the fact that, even here,a similar behaior
canbe obsened. More precisely the value of k£ tendsto be muchlower in a corverging
conicalsectionthanin averticalcylindrical one. Thevaluesbelow aretakento reflectthis.

Let us considerthe cylinder with radiusR = 0.5ft (andthus R’ = 0) with aninitial
heightof powder H (0) = 5ft. Theratio k is takenask = 1/3. An initial pressurdield,
po, consistentvith theboundaryconditionsin (23) is givenas

In thecalculationselon, N = 200 andNT = T'/At = 500.

For the secondcase the radiusof thecylinderis R = 0.5 ft. Theradiusatthe bottom
of the bunker is 0.4ft, andthe heightof the conicalpartis 1ft. Thus,R' = 0.1. In order
to have approximatelythe samemassof materialin this hopperasthefirst case the total
initial heightof the powderis H(0) = 5.459ft. Theconsidered/aluesof k are1/3in the
cylindrical part,andk = 3 in the conicalpart. The sameinitial pressurdield is taken. In
addition,N = 200 andNT = T /At = 500 asbefore.

Figure2 givesatypicalillustrationof thebehaior of theproblemin acylinder. Notethat
Figure?2 is relatedto the original geometryof the problemii.e., thevariableis z noty. As
expectedasettlemenbf thepowderis obsened. For bothgraphsthetopline corresponds
tothepositionof thetop of thepowdercolumn,i.e.,thefreeboundary Further thepressure
fieldis foundto asymptoticallycorvergeto auniformpressuraaluecorrespondingo pqm ,
the atmospherigressurej.e., equilibrium of the pressureds established.The stresdfield
is alsofound to corvergeto a stationarydistribution o, which, in termsof the original
variablez, is solutionto

2
6z0'oo—m/vbw k'O'oo +’Y(0'oo) = 0, 0<Z<Hoo,

0oo(Hoo) =0,

where H, is the asymptoticvalue of the heightof the powder column. Figure 4, left,
illustratesthe corvergenceo the asymptoticstationarystateafter 2000s.

Figure3 givesatypicalillustrationof thebehaior of theproblemin abunkerconsisting
of acylinderastheupperpartandaconein thelower part. Again settlemenbf the powder
is obsenedby consideringhetop line of thegraphs.As in the previouscasethepressure
field asymptoticallycorvergesto a uniform pressurevalue correspondindo py:m - The
stresdfield alsocorvergesto a stationarydistribution o, which, in termsof the original
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variablez, is solutionto

R 2
zV oo 2—— © T N w ! (o] [es} = ’ HOOJ
0.000 + R(z)a R(z)(u + RN koo +Y(00) 0 0<z<

0oo(Hoo) =0,

whereH ., is theasymptotiovalueof the heightof thepowdercolumn. Figure4 illustrates
the corvergenceo theasymptoticstationarystateafter2000s.

To verify the resultsof the calculations,an experimentmust be designedso that the
parameterfor themodelcanbedeterminedVery accurateneasurementsf theseparam-
etersareneededo verify the calculatedesultswith experimentabnes.ConsiderFigure5
which shavs the half-life of the over-pressurat the bottomof a cylindrical bunker versus
the compressibilityparametey3. The half-livesrangefrom nearlyzeroto approximately
650for 8 rangingfrom zeroto four. It canbe shovn thatthe half-life of the over-pressure
is alsosensitve to otherparameterin the model[12].

5. CONCLUSIONS

Existing modelsfor powder consolidatiorhave beenextendedto generalaxisymmetric
domaingn orderto take into accoungeometricakffects. In this procesandaswith those
prior modelsaveragingon horizontalcrosssectionglaysa fundamentasimplifying role.
The resultingsystemconsistsof an essentiallyparabolicPDE,andan ODE in spaceand
anintegral equation.In spiteof the strongnonlinearcoupling,thosecanbe thoughtof as
respectrely equationgor the gaspressuretheverticalstressandthe heightof the powder.
A fundamentabndproblematicmaterialparameteis the ratio & betweenwall stressand
verticalstress.

Unfortunately someof the parameterenteringthemodel,suchask or thecompressibil-
ity 4, arenot easyto measuren areliableway. To make mattersworse,the presenivork
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illustratesthat evenrelatively small variationsin thosecoeficientscanhave a noticeable
effectonthesolution,see e.g.,Figure5. This maypartially explain therelative sparsityof
experimentakesultsfor the presentype of problems.

Themaincontritutionsof the paperarefirst a carefulgeneralizatiorof earliermodelsin
orderto take geometricakffectsinto accountandsecondhe designandimplementation
of arobustandefficient numericalalgorithmfor the correspondingquations While they
extendearlierresults[4], [8], [12], the presenteccomputationakxperimentsseemto be
consistentwvith them.

Variousaspect®f thepresentmodelarequestionableprimarily theuseof apseudmne-
dimensionaformulation through spatialaveraging. Although a truly multidimensional
approachappearso be desirable,its precisenature, especiallyin term of constitutve
assumptionss unclear
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