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1. Introduction and Summary. Consider a bundle of n parallel filaments
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of equal length and let the non-negative random variables Xl’ X2, “eo Xn

denote the strength of individual filaments and Y, < Y .i...f_Yn represent

1 2
the corresponding ordered random variables. Now if we assume that the
force of a free load on the bundle is distributed equally on each indivi-

dual filament and the strength of an individual filament is independent

of the number of filaments in a bundle, then the minimum load Bn~beyond

which all the filaments of the bundle give way is defined to be the
strength of the bundle.
Now if a bundle breaks under load L then all the inequalities

L/n Z-Yl’ L/n-1 Z.st eee L Z_Yn are simultaneously satisfied. Conse-

quently the bundle strength can be represented as

(1.1) B = max{nYl, (n—l)Yz, ces Yn} .
Daniels [1] has investigated the probability distribution of Bn and has

shown by very elaborate and complicated analysis that the large sample

distribution of Bn’ properly standardized converges to N(0,1) distribution
when‘{Xi} is a sequence of iid (independent and identically distributed)

random variables having continuous distribution function and certain
other regularity conditions are séfisfied.

The major objective of the present paper is to obtain similar result
by probabilistic argument for a class of statistics of the form

sup{W(x,Sn(X))} to which Bn belongs (under centain simple conditions)
X

where Sn(x) is the empirical distribution function of a sample of size n



from an m-dependent stochastic process and Y is a member of a suitably
chosen family of non-negative valued functions. In sections 2, 3, and

4, the basic regularity conditions and some preliminary results are
derived. 1In section 5, the asymptotic normality of the statistic defined
in section 3 is proved. In section 6, under a concavity assumption,
moment convergence of the statistic is proved. 1In section 7, we have

discussed the special case when w(x,Sn(x)) = x(l-Sn(x)) which in large

sample is equivalent to Bn/n if max Xi/n converges to zero in
1<i<n

probability. We have shown that if'{Xi} is a sequence of non-negative
interchangeable random variables then Bn/n forms a reverse semi-martingale
sequence if E(Xi) < ©, Moreover if'{Xi} is a sequence mnon-negative iid

random variables with its moment generating function M(t) < « for all

ltl < T then for any 0 < o < 1,

0% |E{S;P x(1-5_(x)) - Yo}| +0 as n >

where Yo is maximum of the function X(1-F(x)) attained at a unique point

Xq In section 8, some possible generalizations have been discussed.

2. Statement of the problem. Let‘{Xl,,Xz, ...} be a sequence of random
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variables forming an m-dependent stochastic process, not necessarily

stationary. The marginal cdf of Xi is assumed to be continuous and
is denoted by Fi(X)’ and the joint cdf of (Xi’ Xi+h) is denoted by

Fi h(X,y), forh=1, ..., my, i = 1,2, .... The empirical cdf Sn(x)
L4




3
. when the sample is (Xl’ coes Xn) is defined by
. ~-1ln _ (L, u>0
(2.1) Sn(x) = n Zi=1 c(x—Xi) where c(u) = {O, u<0 } .

Also, the average cdf'f(n)(x) is defined by

-1 on -

(2.2) 'f(n)(x) =n Zi=l Fi(x); thus E {Sn(x)} = F(n)(x), for all x.

Consider a non-negative and real valued function hn(x) = P(x, ?kn)(x)),
where Y(x, fkn)(x)) assumes a unique (and finite) maximum hg at x = xz .

We assume that

(2.3) 0 < B hO < SWP K° <o and 0 < [TBE KO, [SHP £°| <o .
n n n n

Further, we let P, ='f(n)(x§), and assume that

(2.4) 0 < lﬁf p, 2 SHP p, < 1.

Our primary concern is to provide a suitable estimator of hz based on the

e T 0 N e B aE an aw e

sample (Xi’ oo, Xh). Since Sn unbiasedly estimates F(n) at all points,

we are intuitively led to the following estimator of hz. Let

(2.5) Z 5 =V, 5,(%,0), 1 =1, ..., nj
* _ max
(2.6) z = l<i<n Zn,n where Zn,l-i <o f-zn,n .

1

*
Our central problem is to derive the asymptotic normality of n2[zn - hi].

Since the random variates Zn Znn are not all independent (even when

13 v

m = 0), nor necessarily identically distributed, the usual techniques of
deriving the distribution theory for sample maximum fails to provide our

desired result.

-
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Our task is accomplished here by showing that n IZn - hi] is

L

. 2 0 = o , g
proportional to n [Sn(xn) - F(n)(xn)], in probability (as n > ®),

and then using the central limit theorem for the later variable.

3. Basic regularity conditions and the main theorem. We assume that
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absolutely continuous in x and y. Also,

(3.1) (1) Y,y + 8) - P(x,y) = GwOl(x,y + 088), 0 <H <1,
where for all IGI‘i 60(> 0), wOl(x, y + §8) is continuous in § at y =.§(n)’
(3.2) | [y a1 F o | < 8@, o _j: g>(x) dF, (x) <
and g(x) is continuous and uniformly integrable,
(ii) for all (x,y) €[xz + 61, P, * 62] where (61, 62)
are arbitrarily'small,
(3.3) PG+ h,p + k) = UG, )+ by (x0, B )+ k By (0, p)
+o(|n] + [k, [n] <65, [k] <8, ,
where wlO and wOl stand for the partial derivatives, and (iii)
(3.4) o < gt [0 =25 p )| < B8P Uy, a0, p )| <

Since w(x;F(n)(x)) assumes a maximum at xg, it follows from (2.4) that
if fkn)(xz) = (d/dx) Fkn)(x) lxg > 0 and is continuous at xz; then

(3.5) ¥ o 2O >0,
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and if f(n)(x) is continuous at x_ hn(x) Y (x, F(n)(x)) has a

continuous first order derivative at x = xg. Since hn(x) attains a

maximum at xg, for all x in the neighborhood of xz we have

(o] (o] - o]
hn(x) hn(xn) + (x—xn) hn (xne + (1-9)x), 0<H <1

(3.6)

o o . ;. 0y _
hn(xn) + o(x—xn) as hn (Xn) =

We also assume that

lim sup
n>«x

(3.7) s, < €

- o - (o]
{hn(xn + el) - h’ (xn - 82)} <0 for all 0 < ¢ ) 0

1

Concerning'{Fi}, we assume that F, has a continuous density function

i

fi(x) at x = xﬁ for al1i =1, ..., n. Let then
-1 wns=1 o . - r_ptl+m-j ‘o
(3.8 (n)J(X ) = j ZkiO fj+k(m+l)(xn)’ nj 1 1, i=1,...,mkl,
1 m+1
(3.9) ( )(x ) = ZJ -1 J (n)J(X ), where (m+1)nj vono.
Then we assume that
inf — o sup o
(3.10) 0<™n f(n)(xn) < wP ( )(x ) < .

Now, we require the following notations. Let

_ o . .= 1 nrh .

(3.11) Pn,i = Fi(xn)’ i=1,...,n} F(n)h(x,y) Py Zl -1 1 h(x,y) ;
= o _o 2 _ 1 n—h 2
(3.12) %,h = Fmn®a? X0 = Pos Bun = oom Zie1 (Po iPn s4n T Pul

for h=20, 1, ..., m, where of co?rse an,O = pn(l—pn) and

a7t r (p. ., - pn)2 . Then, let

Pn,0 i=1
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6
2 m - : .
(3.13) vn,m = (an,O - Bn,O) + 2 Zh=1 {(n~h) /n} {an,h - Bn,h} ;
2 2 0 2
(3.14) Yn,m - m IlpOl(xn’ pn)]

Finally we assume that excepting in the neighborhood of a finite number

of points (Say, Kél) <o ¥< lék) )

-1 n —
(3.15) n Zi=l Fi(x)[l—Fi(x)] > 0 for all 0 < F(n)(x) <1 and all n .

Then the main theorem of the paper is the following.

Theorem 3.1. Under the conditions stated above, if 1%f Yoom > 0, then

-

l —
(3.16) 38 p{n’[z) - 1] Yom < )= m2 [* exp(- 3tH at,

- 00

uniformly in - © < x < » ,

The proof of the theorem is postponed to section 5.

4. Some preliminary results. Let
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(n)(x ))9 i=1, «v., n

Y < ..o <Y the order statistics., Now, Y ., ..., Y form an
' — "n,n nl

nn
m—-independent process with the marginal cdf's G{n)(x), ceey Gén)(x),
respectively. We have by assumption

(4.2) % Yx, F, x) =h’ <> = G(n)( )=1lfori=1, v.., n .
(n) n n

Lemma 4.1. l;_hn(x) = P(x, ?kn)(x)) has a continuous first order derivative

in the neighborhood of x = xz, then for every € > 0, %%g P{Y 0 i_hg - e/n} =

when (3.6) holds.



Proof. By the hypothesis of the lemma, for any {an} such that

a »0asn>w,
n

o o -, O
(4.3) hn(xn + an) hn(xn) + a hn(xn + Gan) (0 <B <1)

[o] - (o] _
hn(xn) + o(an) as hn(xn) =0 .
Thus, for every € > 0,

(4.4) Gin)(hz - e/n) =P {h () > b - ¢/n}

: 0 : 0 .
=P {xi <x - el(n)} + P {xi >x + ez(n)} ,i=1, ..., n,
where €l(n) and Ez(n) both + 0 as n > * , but
(4.5) nej(n) > §J=1,2, agn>®=>n €(n) >°as n-+>®,

where €(n) = El(n) + Sz(n). From (4.2) and (4.4), we have

(4.6) l-Gén)(hg - ¢/n) =P {xi-i xﬁ} + P'{xi > XZ} - P'{xi f_xg - el(n)}

o . o N
- P {xi Z'Xn + ez(n)} = g(n) fi(xn)’ i=1, ..., n .

Let then
Y(j) = max [Y Y Y I,3=1, ..., m+ 1,
(n) nj’ “njtm+l’ "°°° nj+(nj—l)(m+l) ’ ’ 4
Then, Y _ > Y9 for a11 j = 1 m+ 1. Thus
s n’n By (n) J s s ey . ’
: o min _- ¢, (1) o _
4.7 P {Yn,n <h -¢€/n} <77 P {Y(n) <h -e/n}.
Now, Ygig is the maximum over nj independent random variables. Hence,
nj—l
(3) 0 _ (n) 0
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nj—l n
1 (™) 4o :
< nj kEO Gj+k(m+1)(hn - e/m]
% [1 - €(n) (n)J(x )] s J =1, ..., m+ 1,
Since, SEP (n)J(XO) 2_?kn)(x;) > 0, by (3.9) and ne(n) > ® as n > © ,
we have
mln (i) z oy > > o
(4.9) P{Y(n) < h - e/n}_i [1 - e() f(n)(xn)] 0 as n .

Hence, the lemma follows from (4.7) and (4.9).Q.E.D.

A direct consequence of lemma 4.1 is the following:

o ,
(4.10) n[hn - Yn,n] = op(l), uniformly in {Fi} .

Lemma 4.2. TFor every € > 0, there exists a finite c(e) > 0 such that

1
P{°% |s (x) - (n) | >cEl}<e,

uniformly in {Fi} , satisfying (3.15).

Proof. Let us define

n 1 n,-1

i 13
(4.11) (x) = nJ k§0 c(x-X, sk ( +l)) and F( )4 (x) = e kzo F

for =1, ..., m+ 1. Then, by definition,

1 l l

sup sup =
(4.12) ln {s_(x) - F( )(x)}l < z (;—) 25y | j(x) - F(n)j(x)}[}.

3

Since (m + 1)nj vn, =1, ..., m+ 1, it suffices to prove the following

theoren.

k(w1 ® s



Theorem 4.3, Let {Xi} be a sequence of independent random variables

with continuous cdf's {Fi}, and let S (x) and Fkn)(x) be defined as in

(2.1) and (2.3). Then, if (3.15) holds, for all XA > 0,

1

(4.13) tm p%® ’fs_(o) - Ty @ > <22 (-

k+1 —2k2)\2
n-—>r « k=l e

s

where the equality sign holds when F, = ... = F_ = F for all n.

1 n

-5 1 -
Proof. Let us write Y, = F ,(X,)7" and G, (£) = Py , <t} 0 <t <1,

, -1 .n , *
i=1, ..., n. Thus, n zi=l Gm._(t) =t: 0 <t <1l. Define Gn(t) =
n-l gt c(t - Y ,) and G .(t) = t i=1 n. Also let
i=1 ni ni i? L
1
T %
(4.14) Un(t) =n [Gn(t) -t], 0<t<1.

Thus, it suffices to show that for every A > 0,

% 2,2
(4.15) a > Plocear lu(e)] > 2} < zkil(-l) e

H

uniformly in‘{Fi} satisfying (3.15). Direct computations yield

(4.16) B{0_()} = 0, E{U_()U ()]s < t} = o™ I} s (1-t)), 0 <8 <t <15
(4.17) E{U (8) - U ()} =2 2% (¢, - s )L -t, +8,) < (t - 8)

' n n i=1"71 i i i’ - ?
(4.18) E{U_(t) - Un(s)}4 < 3(t - s)2 for all 0 < s <t < 1.
1)

Note that Yni has nothing to do with the Yni of (4.1) and will not be

used later on.
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Since the sample paths of Un(t) are not continuous (a.e.), we define

(4.19) U = ED + e+ De- - DI -u &y

%
for (k - 1)/(n+ 1) <t <k/(n+1), k=1, ..., n+ 1. Then Un(t) is

-~

a process with continuous sample paths, and using (4.18) we find

(4.20) E{U:(t) - U:(s)}4_§ 27(t - s)z, 0<s<t<l.

Hence by a theorem of Kolmogorov (cf. Hajek and Sidak I3, pp. 177-1791),
it follows that for every € > 0

1lim

(4.21) 50

) 2% s Iofw - 0 @] <o) -

Using (4.14) and (4.19), we have

max l*(k)

1<k<n+l | On'mT l+ 2ot

(4.22) sup lu(t) -1 (t)l

0< t<1 n+1

and hence, from (4.21) it follows that for every € > 0,

lim inf [ sup * _
(4.23) n Plocear 10,(8) - (@] <&} =

It therefore follows from (4.15) and (4.23) that we are only to show that

2.2
lim sup k+1l -2k™A
(4.24) 0 e {0<t<l lU (t)| > A} <2 k§ (-1)" e .

For every n(> 1), let now IZn(t); 0 <t <1] be a Gaussian process

-1 .n
nZigy

with EZ (t) = 0 and E[Z (s)Z (t)ls < t]

[This sequence of Gaussian processes can be conceived of as an average

of n independent Gaussian processes.] Since, by definition

BIZ (t) ~ 2 (1% =0  Z]_ (¢, - s )L -t +8) < (¢t -5 and

si(l-ti), 0<s<t<l.

Nha
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B[z, (6) - 7,()]* = 3Bz (&) - z_()1%}? < 3(¢ - 8)2, according to

v
the same theorem of Kolmogorov (cf. Hajek and Sidak [3, p. 177]),
such a process exists (in the space of all continuous functions).

Now, for any m(> 1) and real X = (A , Am), let Hn(x; A, t) be

l’
o *
the cdf of £ A, U (t,), where 0 < t, < ... < t < 1. Also, let
1 3 nj ~ 1 m —
m ,
) (x, K t) be the cdf of Z Aj Z (t ). Then by (4.23) and the multi-
1

variate central limit theorem we have

(4.25) —mizgw lH (x3 A t) - & (x, A, t)l >0 as n~> o,

for all A and t. Hence, on making use of (4.23), (4.25) and a theorem

*
in Hajek and §1dék [3, p. 180], we may conclude that I]Un(t) - Zn(t)l|

converges in the Prohorov-sense to zero i.e.,

sup

(4.26) 0<te1

*
]Un(t) - Zn(t)l converges in law to zero as n > % ,

Hence, it suffices to show that for every A > 0

® 2.2
(4.27) Hmpr 89 |7 (1) > A} <2 3 (-l A
0<t<l '"n k=1

Consider now the Brownian bridge [Z(t), 0 < t < 1] with EZ(t) =
and E[Z(s)Z(t)|s.§ t] = s(l-t), 0 <s <t <1, For finitely many

points 0 < t(l) <. .0 < t(m) <1, let Dém) and D(m) be the covariance

matrices for Zn(t) and Z(t) respectively. It is then easy to verify

that

@ _ | ol g o @) @)y 8 ) *(m)
(4.28) D™ - p™ = ((n i(ti )ty My geim = D
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*
where Dn(m) is positive semi~definite (p.s.d.) and D(m) is p.d.
Also, by the well-known Kolmogorov theorem
lim max (i) * k+1 —2k2)\2
(4.29) P{ lz¢eMy | > A > 2 5 (-1)F e .

e © "1<i<m o=l

So the desired result will follow if we can show that for every

(1) (m)

mand 1 <t <. .00 <t <1,
max 3) ~ max )
(4.30) P{lijim |z (7] > A} 3P{1§j_<_m lz(e™7y | > A .

(4.30) really follows from (4.28) and the following lemma.

Lemma 4.4, Let 43p be a convex space (in p-dimensions) with the origin

origin as an inner point. Let X and Y be independent normally distri-

buted random variables (p-~vectors) with null means and dispersion

matrices B, and B2 respectively, where B

B, is p.d. and EZ and =B, - B

~3 1722

1

are at least p.s.d. Then

(4.31) P{Xe CP} <PlYe CP} .

where the equality holds only when B, is a null matrix.

3

Proof. There exists a non-singular matrix D such that DB.D” = I and

~dA ~p

Vp are the characteristic

DBD  =v = Diag(vl, cees vp), where Vis oo

roots of Bil BZ' By hypothesis 0 < vl, cesy vp_ﬁ 1. Under the mapping

£ * *
X+DX=X,Y~>DY=Y, let €p be the image of €p. Since ep is

%
convex so is {:p' Let then v ooy Vq >0, q <p, while the remaining

l’



13

p - q of the v's be equal to 0. Then, for the q-dimensional distribu-

* * % *
tion of Xq and Yq, let C pq be the intersection of C 0 with the

* *
g~dimensional hyperplane Xq+ = se. = Xb = 0. Since Vis sses V

1 q

*
1

*

are all positive and Xl’

* *
vees Xq (or Y cees Yq) are all independent,
b

well-known results on the multivariate normal distribution yield that
* %* % %

4,32 P{X € } <P{y € }

(4.32) ~q 'epq ~ ~q 6pq ’

*
where the equality sign holds only when Vi = eee = vq = 1. Since—eapq

' * * * * *
is a sub-space of—fap, P{Xq 8-{3pq} >P{X ¢ 43P} P{x E.ézp}, while

i = L., = = = 4. = = i ili
by virtue of vq+l Vp 0, Yq+l Yp 0, with probability

* % % %*
1, and hence, P{Y e€_}=2{Yy e € } =P{Y e £ } . Hence, (4.31)
~q Pq ~ p ~ P
follows from (4.32). Q.E.D.
) . 3 . ) . = X s
Now, by definition, Y ,in (4.1) is equal to w(X(r)’ F(n)( (r)))

b

where 1 < r < n and X < .00 ZX are the order statistics.

(1) (n)

P
Lemma 4.5. (r/a - pn) +0, asn~>o,

Proof. By the continuity of hn(x) at xg, (4.1) , (4.10) and (3.7),

we have |X - xol LS 0. Hence,
(r) n
(4.33) F, (X, ) -F () 30, asn+o
) (n) *(x) (n) *'n ’ )
' . _ = oy _
Now, upon noting that Sn(X(r)) = r/n and F(n)(xn) P s we have

(X(r))] + (r/n - Pn)’

— e oy _ 1= -
438 Fry ) 7 Fmy &) = Ry Kiyy) - 8,
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where by lemma 4.2, the first term on the right hand side 0f(4.34) is
1
Op(nz). Hence the lemma follows from (4.33) and (4.34). Q.E.D.

Let us now consider a sequence {an} of real numbers, where

a ~ 0 as n » o, and let

(4.35) I ={x: x°-a <x<x>+al;
n n n—" —"n n
1
(4.36) Gn(x) = nz{[Sn(x) -'f(n)(x)] - [Sn(xz) —'f(n)(x;)]}, ern.

Theorem 4.6. There exists tWO‘sequencesA{En} and {Gn} of real and

positive numbers, such that (i) e, 0, 6n + 0 as n > o, and (ii)

P{sup[lGn(x)| : xel ] > en} <$ .

Proof. It follows directly from (4.21) and (4.23).

From lemma 4.5 and theorem 4.6, we have the following.

1 1

Lemma 4.7. nz,[sn(x(r)) = Ty gy mp nz[Sn(xi) - Ty &1

For later convenience, we define
1

* 2 o] = o
(4.37) Wn =n [Sn(xn) - F(n)(xn)]'
inf

*
Lemma 4.8. If "n Vo > 0, then‘X(Wn/vn’m)'+JV(O,1).

b

For proof, see lemma 2.3 of Sen [5].
1

Lemma 4.9. Under (3.2), lziin g(X(i)) = Op(nz)-

Proof. Let gy = g(Xi) and the cdf of 8; be Hi’ i=11, ..., n. Then,

implies that

(2.2)
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® 2
: sup
(4.38) L<i<n é’ g dn, (g) < = .
2 ® 2
Now g [1 - Hi(g)] < f t dHi(t) + 0 as g >~ ©, Hence, for any
g
* *
{gn} for which iiz B, = ©» We have
Supr, _ * * *.2 lim *
(4.39) Ty -H ()] < a(gn)/[gn] » where " a(g ) =0 by (3.2).
Now, let g(j) = max|[ g 1, =1 m+ 1
H 7 n gj, j'*"m."'l’ s o0y gj+(nj_1)(rn_!_l) 9 J , s oy >
so that mix g(X(i)) 1<?<m+1[g(3) =1, .v., m+ 1], Consequently,
max m+l (J) %
(4.40) Py 8(X5)) 2 &, ) < Z L Pl 28}
nj—l
gorl (J) m+l *

* % 9. D
- 1 - ah /e 1% 31 oy 3.3
n n
*
Now, we let g, = eV n, where €(>0) is arbitrarily small. Then the

difference between the right hand side of (4.40) and (m + 1)[ 1 - exp

%
{- a(gn)/(m + 1)82}] converges to zero. Also

_ % 2 &
(4.41) (@) [1 - exp{- a(g ) /(@+l)e"}] < ——-

Thus, P{m?x g(X(i))_i e/ n} >~ 0 as n + o, for every € > 0. Q.E.D.
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Lemma 4.10. Under (3.2)

max

(4.42) 1<i<n

lw(xi, Fray &) - &y, sn(xi»l = op(l) .

Proof. The L.H.S. of (4.42) is bounded above by

(4.43) [lfiin g (X, )][1<1<n I.E(n)(Xi) - Sn(Xi)l] ’

and hence, the lemma directly follows from lemma 4.2 and lemma 4.9.

5. The proof of theorem 3.1. Let us define

o A A G N P S L NS N NN N N N s

* —
(5.1) Vni = w(X(i)’ Sn(X(i))), Vni = w(X(i), F(n)(x(i)))’ i=1,...,n.
* *
Note that Z = m?x V., and Y = m?x V. .. Also let a(l), a(z) be
n i ‘ni n,n i 'ni n n

so defined that

1
o (L, _ o 2), _ .o 2
(5.2) hn(xn a ) = hn(xn + a_ ) = hn - cn logn, ¢ > 0,
Then, both aél) and 322) + 0 as n > %, and by lemma 4.1,
o 1 o 2
(5.3) P{X(r)e[xn - aé ), x + ai )]} +1, asn~>®,

Consider now the two subsets

(1) _ . .0 (1) (2)
(5.4) Sn = {X(i)' x - a ( ) < x +a } and
51(12) = {X(4y¢ (l)qu(l)}

Now, using (2.3), (2.4) and theorem 4.6, we have

ji=

(l)

(5.5) S [P, - V) = gy G PV 1=0 @.

Hence, from (5.3) and (5.5), we have
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-1 -1
¥  _ max _* _ 2 o * 2
- (5.6) Zn,l = (l)vni = Yn,n +n wOl(Xn’ pn)wn + op(n
ieS
n
1 1
Now, by lemma 4.1, nz[hz - Yn n] = op(n 2 , and hence, from (5.6),
we have
1 1
* o0 0 T2 %k 2
(5.7) Zn,l = hn + wOl(Xn’ pn) n Wn + op(n )
Consequently, by lemma 4.8,
2
* o}
(5.8) L (n [zn’l - hn]/Yn’m) -+ X(0,1),
and hence, for any ¢ > 0,
_1
* o 2
(5.9) P{z >h. - (n* logn) ¢/2} 1, as n >,
n,l — n

So the proof of the theorem will be completed if we can show that

1
. - =
(5.10) p{SP v <n® - (m%logn) c/2}+1, a8 0>,
i€S(2) ni— n
n
1
% %
(as then nZ(Z -Z ) 2 0). With this end in view, we divide S(z)
n n,1 n
into two subsets
(2) _ (2), (2) _ L(2) _ (2)
(5.11) sn’l = {X(i)ssn : g(X(i)) <g, < o}, sn’2 =5 sn’l R

, sup )
where g(X) is defined by (3.2) and g, > n IwOl(Xn’ pn)]. Note that

1
* 2 T
Vol £ 8y 018, gy) = Fipy gyl

Nof =

(5.12) n lvni -
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Hence, for all i ¢ Sézi, the right hand side of (5.12) is Op(l), by
b
-1
o 2 (2)
lemma 4.2. On the other hand, V., < h - cn log n for all i € S .
ni — n n,l
Consequently, with probability approaching to unity,
-1 1 1
* o 2 2 o c 2
(5.13) Vni f_hn - cn * log n+ Op(n ) < hn -7n log n, for all
(2)
ie Sn,l .
Thus, 1
, % -7
(5.14) P{ %% v . <n®- (¢/2) n 2 log n} + 1, as n >« ,
. e(2) 'ni—="n
1€Sn 1
b

R , (2) sup o
Finally, for all i ¢ Sn,2’ g(xX) > g, > n lel(Xn’ pn)[ where wOl and

g(X) are continuous functions in the neighbourhood of (x;, pn) and

g, can be an arbitrarily large but finite real number. Therefore, by

* %
lemma 4.10 the supremum of V_, over S(z) is less than Z in probability.
ni n,2 n,l
* %
Hence, Zn 1= Zn in probability. Hence the theorem.
b

*
6. Moment convergence of Zn' We impose the following regularity

conditions: (a) Y(x, y) is concave in y(0 <y <1) i.e.,
(6.1) bx, ¥) < (Q=9)¥(x, 0) + y¥(x, 1), Yy (0, 1),
where (b) Y(x, 6), § = 0, 1 are non-negative,
(6.2) P(x, 0) is 4+ in x and Y(x, 1) is ¥ in x: - ® < x < ® ,
and (c) square integralability of Y(x, 8), § = 0, 1, vi.e.,
P

sup 2 = o =
(6.3) . (,g Wik, 8) dF () 2u,(8) <= for § =0, 1.
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. :
Theorem 6.1. Under (6.1)-(6.3), IE(Zn) - hil >0asn+>>,

Proof. Let X( < evee £ X(n) be the order statistics. Then, by (6.1),

1) —
(6.4) Zi = Vpy s Say)) BT WKy, O + 1Ky, D, Lsicn,

n,i

Now, by (6.2)

n~i 1l en 1gn

(6.5) a w(X(l)s 0) i; z:j=j_ KP(X(J)’ 0) —S--I-l- Z:j=1 1I)(X(J)’ 0.)
_ 1
= ;1' Zj=l lp(Xj, O) b4
i 1l i i

(6.6) n Y &gys D 27 Ty V&gys D S5 Ty WXy D
Ll
= ZJ=1 \b(XJ, .

Therefore, on writing ﬁ% =nt 22=i{¢(xi, 0) + (X, 1)}, we have

6.7 <z¥ <7

(6.7) 0<z <V

%
Now, Z  converges in probability to hg (by theorem 3.1), while by (6.3)
ﬁg is uniformly (in n) integrable. Hence, the theorem follows by using

the dominated convergence theorem (cf. Loeve [4, p. 125]). Q.E.D.
The next problem is to study the conditions under which in theorem

*
3.1 we can replace hg by E(Zn)' We have failed to provide a general

theorem on this. However, in many cases this can be done. 1In the re-
maining of the paper, we consider the special case of iidrv and a

simple Y, where all these results apply directly.
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7. A special case. In the introduction, we have discussed the

P PV VY VR VI VY VR VY VRNV

*
statistic Bn which describes the average strength of a bundle of
n filaments. In the present section we shall show that under certain

© * _ sup = fq s
restriction, Bn = )<x<o x(1 - F(n)(x)) in probability as n > © and

*
we shall also study the moment convergence of the statistic Bn' We

know that
'3 .
(7.1) B = max{Yl, 1 - l/n)Yz, (1 - Z/n)Y3, Yn/n}
where Yl, YZ’ e Yn are the ordered random variables obtained from

n non-negative random variables Xl’ X2, cee Xn which are the individual
strength of the filaments in the bundle.

Lemma 7.1. Let'{Xi} be a sequence of independent non-negative random

variables with distribution functions'{Fi} and let

T
i

x2 dF, (x) < =
0 i

(7.2)
1
Lim p{ m& '{Xi} > €n2 = 0 for every € > 0.

2 s .
and x  be uniformly integrable then oo Fllci<n

Proof. It follows directly from lemma 4.9.

Lemma 7.2. Under the conditions of lemma 7.1.

1

lim 2, _* sup p
o W IB = TP x(1 -8 ()]

1]
o

Proof. Let I(u) = 1 or O according as u > 0 or not. Then

(7.3) Sn(x) =3

. I(X - Xi)’
1

Mg

1
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* _ max _ sup-
(7.4) B = 1<i<n Ir,@ -s (¥, )} = . (-5 ()}
since the sup occurs at one of the jump points. Now at all points

which are not jump points of the function Sn(x), x(1 - S;(x)) =

x(1 - Sn(x)) and at jump points

(7.5 %@ -5s (X)) - X (1-5 (X)) = _ff.i_
Hence
3 1
(7.6) B - %% 11 - s ()] = "= %/ o 2o

This leads us to study the special case when

P(x, F(n)(X)) =x(1 - F<n)(X))

An ineqality: Consider a set of n + m non-negative real numbers

i < < L3 Y < i
with ¥, 25, 2 2 Vogg 28 the corresponding

Xis Koy eoe X o 2

ordered set. Let (xil), xél), i xél)); i=1,2, ... (n:m) be the

all possible combinations of n tuples that can be formed from the

otm x's and let yii)_g yéi)_ﬁ ces f_ygig denote the corresponding
ordered set,

(7.7) bn+m(xl’ Xps oee Xn+m) = makf(n+m)yl, (n+m—1)y2, - yn+m}
and

(7.8) bn(xii), xéi), cee xéi))-= maX{nyii), (n—l)yéi), ces yn}

Lemma 7.3.

o+

(1) (1) (1)
nbn+m(xl, Ky ees xn*ﬂg.ﬁ 'n+m .E bn(Xl s Xyl ees X
-~ fobm i=l
n
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Proof. There are (n+m—j+%) (j—l) combinations where

n-j+k k-1
(7.9) by Gy e w2 e v, 1kgg
Hence
n-l-m

(7.10) {(m)/(m)} z b (x(l), xr(li)) >

(ntm)y., j mm-j+1\ { j-1

T'J' I (n-j+k)

(nn ) k=1 n-j+k k-1

= n(n+m—-j+1) yj; (G=1, 2, ... ntm)

Therefore

()

(mm) \ T b_(x (1)
nt+m .

( m ) 1=l

= nbn+m (Xl, cee Xn)

(7.11) cee xéi)).z n max{(h+m—j+l) yj}

Theorem 7.4. If the sequence of random variables {Xi} is a sequence of iid

]
random variables then the r.v.'s {Bn} with probability one form a reverse-

semi~-martingale if E(Xi) < o,

Proof. Multiplying both sides of (7.11) by the conditional distribution

of X1,<X2, .o X£+m given Bn+m’ Bn+m+l’ cea Bn+m+k and integrating and

observing the interchangeability of the random variables we get

Bn-l-:m Bn+m+k )
otm > " nhmtk

Bn-+m Bn
(,7.12) ntm = E(—;l_
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Moreover
B _ B
(7.13) 0<-2 <« X =£8l2)<».
— n — “n n
Therefore
1im Bn+m < lim E EE Bn-+m Bn+m+k
ko ntm — k> n ntm > """ ntmtk

Bn+m
n+'[D,’ ® s v 00000

with prob. one. That the limiting process is valid follows from

Doob [2, p. 332].

B
Corollary: Under the conditions of theorem 7.4,'E(-—§) is a monotone

decreasing function of n.

Proof. Taking m = 1, multiplying both sides of (7.11) by the joint

distribution of the interchangeable random variables (Xl, X2, e Xn+l)
and integrating we obtain the result immediately.

Theorem 7.5. Let {Xi} be a sequence of iidrv with E(Xi) < o, Then

*
B, a.s.yo’ where v, by assumption is the unique maximum of the function

x(1 - F)).

*

P
> vy . Moreover
n o

Proof. By theorem 3.1 and lemma 7.2 we know that B

* ER—
{Bn} is a reverse semi-matingale sequence and Bn f_Xh which is uniformly

integrable. Therefore, (cf. [4, p. 393]), there exists a random variable

*
Z0 such that Bn 342} Zo' Hence by the equivalence theorem the result

follows [



ro
i~

Let Zni = Xi[l - Sn(Xi)]’ i=1, ..., n, where X are iidrv

1
18
with the common cdf F(x), such that M(t) = E(etx) < o for all |t| < T.

Theorem 7.6. If M(t) <<”,\/ |t| < T, then for any a: 0 < a <1,

*
(7.14) na[[E(Z ) -y ]] > 0 as n > o, where y = max x[1l - F(x)].
n o —_ — 0 X
Proof. Let c(u) = 1 if u > 0 and 0, otherwise. Then,
(7.15) Z . =nt[x, +5° . X X, -X)],i=1, ..., n
ni i j;% i 3 i’ ®? i ’

* *
As E(Zn) is ¥+ in n and by theorem 6.1, E(Zn) >y, as n > =, we must

*
have E(Zn) > Y, for all n, Hence, it suffices to show that for any
o 0 <a<1l1,
o *
(7.16) n (E(Zn) - yo) >0 asn >,
Now, for any positive integer k

k k -k _ .k n k
(7.17) E(Z ;) =E(Z ) =n E{X[1 + zj=2 c(xj - X1}

-k k k k on k-s
o IE (O BOIEL, ety - X1

k k k. k-s ,n-1, % k 1 Lo
=n I () I 00 () I ELRy [e(X-X))] oo leXe X)) T,

*
where rj >1,3=1, ... &, zjil rj = k - s, and the summation Z
extends over all possible choice of Tis wees L. Now, conditioned on

., n are iid with

X,, the random variables c(X.j -X), 3= 2,

E{Je(X; - xP1 (g} =1 - Fx), 3 =2, ooy n -1, andr 21
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k o0
k _ -k k k-s n=-1\.#* k %
(7.18) gy = o 3 (5) 573 () [ A - reont e
s=0 0
k k-s ~(k-s) (n-1\o* [ k=% &
= S -0 ( ) n < 2 >Z é X y dF(x)
(where y = x[1 - F(x)] f_yo)
k k k-s _—(k=-s) /n-1\ * & .
<Ioo(g)n 2 m ( % ) LY, M
k k\ =8 <k-s _2& (k-s-2) 241 2 *
= Zs=0 (s) B Zoa1 Yo Mg <i ) o)
[2] g1
as (n-1) = (n-1) ... (n-%) 5_( —-—§j> . Let us now take
k +1 kn -log 1 -1
(7.19) k = kn = [V 2n log n ] =>< gn noe P8 T o T
Then, from (7.18) and (7.19), we have
ko ' 1 kn k. 1 kn
(7.20) E<Zn1) <n [1+ 7y, {1+Q }] +n [—Y— “1 (1+Q )],

where it can be shown that

(7.21) Q.=0,1i=1, 2,

%
Thus, on using the fact that (Zn)k

. ok L/k_
(7.22)  E@) < [E@ D] P <
k l/kn

_ n
= [nE@Z D]

when M(t) < «© ,

n k
1=1 Zpi» K205

we have

k l/kn

[EET . 2]

i=1 n1
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3k us : 1/k
n 1 1 2 n
5-yo {1+ 2nyo 1+ 3 in + 3 QnZJ}
3u;
1 1 2 1
=Y, L+ 2ny0 [+ 3 in +.§ Qn2] + O(E)}'

Consequently, for any a: 0 <o <1,

-

3y
%* -
(7.23) 2OEE) -yl <—t+iq.+2q T+0@ ) > 0an >,
n o 2n1—dy 3 'nl 3 *n2
(o]

Hence the theorem.

8. Possible generalizations of theorem 3.1. (a) Multivariate case.

g T Y NV VT L

Let X, = (Xij’ cees Xip): (p>21),1=1, ..., n be independent r.v.

with continuous cdf's Fl’ ceny Fn respectively. For the jth variate,
we denote the marginal cdf's by Fi[j]’ i=1, «e., 03 j=1, «.., P

and let

-1 on -Lgm
)(x) =n X F ](X), Sn(j)(x) =n ZJ'.:]. C(X - Xij).

(8.1) i=1 Fi[4

Fn(j
ji=1l, «.., D.

Consider now a function (positive valued)

— - ) 7 p
(8.2) hn(x) = 1’)(}59 Fn(l) (Xl)’ M Fn(p)(xp))’ ?5 € R,

. . : o o
and assume that hn(x) assumes a unique maximum at X , where hn(Xn) =

o
hn < o , Tet then

(8.3) Zni = w(§i, Sn(l)(Xil)’ een Sn(p)’ (Xip)), i=1, ..., n 3
*  max
(8.4) Z,= "5 Z, -
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We denote the partial derivatives of Y(x, Yis oo yp) with

) - ) -
respect to ¥, v yp at X = X_, yj = Fn(j)(xnj)’ i 1, «.ey P

by C FERRERE c p’ respectively, Finally, let

N =

*
(8'5) Wn(j) =n [ ( )(X ) n(J)(an)], J = l’ A ] P .

Then, by the same technique as in theorem 3.1, it can be shown that

1 1
-2 P * "2
(8.6) z “op h +n Zj=l Cos ") T % ™).
Hence,
1
2 , % o} 2
(8.7) La® -0 >N, v ,

= 7P
where Y ZJ -1 %—l [ nj g al COV[Wn(J), n(%)]

(b) Vector case. Suppose now that En(x) = Ihél)(x), cees hib)(x)] ,

where héj)(x) assumes a unique maximum at xgj, i=1, +.., p. The
1

asymptotic multinormality of ﬁz[hn(x) - hg] follows along the same

line as in theorem 3.1.

(c) Extension to linear ordered estimators. We let

%
(8.8) Zn,r = rth maximum of an, vees Z__, T =1, ..., n.

Let us consider a set of weights 8 qs eres B satisfying the follow-

ing conditions: (a)

- (8.9) a _>0,Vr and B =1,

nr — r=1 nr
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*
and (b) X a _Z 'is essentially an extreme statistic, so that a
nr nr nr

rapidly converges to zero as r increases. Specifically, we assume

that

1
(8.10) £ a_=o@m?,

r>k nr
n

where kn is so chosen that

T

o, o _
(8511) hn(xn * kn/n) Z.hn en < log n .

=

Thus, by (3.6), kn = o(nz). Then, proceeding as in the proof of

theorem 3.1, we have

* : *
(a) an, veey Z all belong to Sél), with probability - 1, as n >,

nk
n
1k k
2 * o *)
(8.12) ®) |n° % ez - 1= 3 oa Y6, p) Wl =o (D),
r=1 r=1
k, -5
and (¢) by (8.10), Zr=1 a . = leco(n 7). Further
1 1
2 on * * 2 - _
n Z:r=k +1 Znr Znr S %4k 41 (n Z:r>k anr) B Op(l)' o(1) op(l)'
n n n
Consequently,
1 B
2 on * o 2 n * o _
(8.13) ln® [0, a 2 =-hl-n"[22,a (2 -h)ll= o, (1) .

Along the same line as in lemma 4.1, it can be shown that
1 1

Y - hol = op(l) for all r <k _= o(n2) .

(8.14) n n,r 0
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Hence, from (8.12), (8.13), and (8.14), we have

1
2 ..n * o, . ) %
(8.15) n [Zr=1 %nr “nr " hn] B 1pcvl(xn’ pn) wn '
Consequently,
1
2 n * o
(8.16) Ko™ 12 ;8 2 =-h] /yn’m) > N(0,1) .

~ *
(e) A Jackknife estimator: As by theorem 7.5, |E(Zn) - yo|_§ a/n,

where a < ©, it may be better to consider the alternative estimator

n
x% 1 . * *
(8.17) 2z, =3 Inz -Gz 4,7},
i=1
* N
where Zn—l,i is the maximum of XiIl -AFn_l(Xi)], in a sample of size

n - 1 where the ith observation of the sample of size n is omitted.

*% %
Obviously, the bias of Zn is less than that of Zn' It is easily
1
. *k % )
seen (on using (5.7)) that |Zn - Zn] = op(n 2 , and hence, the

1

' %k
normality of n2 (Zn - hz) would follow from theorem 3.1.

9. Concluding remarks. In order to obtain the asymptotic normality

. .. sup sup _2 _ =
of the statistic < Y(x, Sn‘x)), we have shown that x n ]Sn(x) F(n)(x)l

is bounded in probability. We have relaxed the identity of Fl’ cees Fn

but not thier continuity. In a subsequent paper various limiting

properties of the above statistics for possibly discontinuous cdf's

will be presented.
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