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Abstract. This paper is the third of a series in which a general theory of a priori error estimates
for scalar conservation laws is constructed. In this paper, we consider multidimensional flux-splitting
monotone schemes defined on non-Cartesian grids, we identify those schemes which are consistent and
prove that the L>(0,7%; L' (R%))-norm of the error goes to zero as (Az)'/2 when the discretization
parameter Az goes to zero. Moreover, we show that non-consistent schemes can converge at optimal
rate of (Az)'/? because (i) the conservation form of the schemes and (i) the so-called consistency
of the numerical fluzes allow the regularity properties of the approximate solution to compensate for
their lack of consistency.
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1. Introduction. This is the third of a series of papers in which we develop a
theory of a priori error estimates, that is, estimates given solely in terms of the exact
solution, for numerical methods for the scalar conservation law [16]

v +V - f(v) =0, in (0,T)x R, (1.1a)
v(0) = vy, on RY. (1.1b)

In the first paper of this series [6], a new, general approach for obtaining a priori error
estimates for numerical methods for scalar conservation laws was introduced. The
approach was then used to obtain optimal a priori error estimates for the Engquist-
Osher scheme [9] on one-dimensional uniform grids; in contrast with previous work,
[4], [5], [18-21], [23], [24], [25], [27], [29], [31], (see also [28]), no regularity properties
of the approximate solution were explicitly used. In the second paper of this series
[7], an extension of the above result to the case of flux-splitting monotone schemes
defined on irregular, Cartesian grids was undertaken. As it is well-known, see, for
example, [13], [26], and [30], if the numerical fluxes do not properly take into account
the irregularity of the grids, a loss of consistency is generated and, as a consequence,
a new term in the truncation error appears. In [7] it was shown that this new term
can be controlled without using regularity properties of the approximate solution only

for a subset of the schemes which were called consistent schemes. For this new class
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of schemes, optimal a priori error estimates were proven. In this paper, we consider
the case of flux-splitting monotone schemes of the form

At
uptt = — %] S lel ferclule,ul), (1.2)
ecOK

defined on non-Cartesian grids (see §2.a), we identify those schemes which are con-
sistent and we prove an optimal a priori error estimate for them; more precisely, we
show that the L>(0,T; L*(R?))-norm of the error goes to zero as (Ax)'/? where Az is
the maximum diameter of the finite volumes K. Moreover, we uncover the mechanism
that allows optimal a priori error estimates to hold even for non-consistent schemes.
Extending a similar result obtained in the one-dimensional case [7], we show that the
regularity properties of the approximate solution can compensate for the loss of con-
sistency of the scheme thanks to (i) the conservation form of the schemes and to (ii)
the so-called consistency of the numerical fluzes; the nonlinear nature of the equations
does not play any role in this mechanism.

The error estimate presented in this paper is the first a priori error estimate and
the first optimal error estimate for numerical schemes for scalar conservation laws
defined on non-Cartesian grids. As pointed out above, see also the discussion in [5],
all previous work in error estimation for nonlinear conservation laws has been devoted
to a posteriori error estimates. As a consequence, upper bounds of the total variation
of the approximate solution had to be obtained. Since it is not a trivial matter to
obtain such bounds even for simple schemes, this requirement has significantly slowed
down the progress in this area. Indeed, there are only a few upper bounds of the total
variation available in the literature. In [17] and [8], for monotone schemes in uniform
Cartesian grids, and in [27], for monotone schemes in non-uniform Cartesian grids,
it was proven that the total variation of the approximate solution does not increase
in time. Unfortunately, the techniques used in the above mentioned papers are of
no use in the non-Cartesian grids case since in this case the total variation of the
approximate solutions does increase with time, even when the grids are uniform. For
example, consider the simple case of the linear conservation law in two dimensions
with f(v) = (0,b) v with initial condition vy equal to one in the shaded area shown in
Figure 1 and equal to zero elsewhere.

FIGURE 1. Initial condition vo and triangulation with Az = 1/8.



ERROR ESTIMATES FOR CONSERVATION LAWS 3

Then for the simple Lax-Friedrichs-like scheme (1.2) with

At

1
w-v, (=3

e (v,10) = 5(F0) + F@) - nee = 55

2
and grids of equilateral triangles as shown in Figure 1, a computation shows that the
ratio R of the total variation of the approximate solution up(At) after a single time-
step to the total variation of the initial data up(0) = vy as a function of Az = 1/N
is bigger than one, as is shown in Figure 2; therein, we have taken Ab = .9 and
cfl = 2\/?_5\%1 =.9.

FIGURE 2. The ratio R(N) = [up(At) |pyr2)/ | un(0) |7y (R2)-

The other technique to obtain upper bounds for the total variation of approxi-
mate solutions of numerical schemes for nonlinear conservation laws is an extension,
obtained in [4], see also [15], of an argument introduced in [2] to obtain the conver-
gence of finite difference methods [3] in the framework of measure-valued solutions.
This technique, which is essentially an a priori L*-estimate, was used in [4], [31], [25],
and [5] to obtain that the total variation of the approximate solution blows up like
(A:U)’l/2 as Az goes to zero. This upper bound results in a posteriori error esti-
mates with a rate of convergence of (Az)'/* for finite volume schemes, [4], [31],[25]; of
(Az)'/* for the Discontinuous Galerkin method, [5]; and of (Az)'/® for the Streamline
Diffusion method, [5]. Unfortunately, this technique does not lead to optimal error
estimates since the total variation is bounded only in terms of the L2-norm of the
initial data instead of in terms of its total variation. The advantage of our approach
is that no estimate of the total variation is required to obtain optimal error estimates
for the so-called consistent schemes.

We have to point out, however, that consistent schemes of the form (1.2), (i) can
only be defined on fairly uniform grids and (ii) have to have fairly restrictive numerical
fluxes. For example, upwinding-like schemes are not consistent; see a related result in
[12]. This unfortunate situation is, of course, related to the fact that the schemes of
the form (1.2) update the value at the volume K by only using the information stored
in those volumes K, sharing a common face e with K. We believe that the consistency
requirements for schemes of a wider stencil, like, for example, the Lax-Friedrichs-like
scheme considered in [1], should be weaker. However, we do not explore this issue in
this paper since this would only further complicate an already very technical analysis.

For schemes that are not consistent, we show that optimal error estimates can
still be obtained in spite of the loss of consistency. This phenomenon, sometimes
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called supraconvergence, has been studied by several authors in different contexts;
see, for example, [22], [14], [11] and [10]. Supraconvergence for schemes for the linear
conservation laws has been studied in [33, 34], for the one-dimensional case, and in
[32], for non-uniform, Cartesian grids. Therein, the degeneracy from second-order
to first-order accuracy, due to the irregularities of the grids, “predicted” by a naive
consideration of the L*°-like truncation error is studied. By a careful consideration of
the structure of that truncation error, it is shown that this degeneracy does not actually
take place provided that the scheme is stable and the exact solution is smooth enough.
Our approach is similar in that we show that the structure of the truncation error
allows the stability properties of the scheme to compensate for its lack of consistency.
However, we study the general nonlinear conservation laws, work with an L!-like
truncation error and half-order accurate schemes, require minimal regularity of the
exact solution, and consider general, non-Cartesian grids.

Finally, let us emphasize that the results presented in this paper are not a straight-
forward extension of those obtained in our second paper of this series [7] for irregular,
Cartesian grids. Although the technique to obtain a priori error estimates introduced
in [6] is independent of the space dimension, the irregularity of the grids plays a greater
role in the multidimensional case and renders the manipulation of the truncation error
a much more delicate undertaking.

The paper is organized as follows. In §2, the numerical schemes under considera-
tion and related technical assumptions are presented, and the main results are stated
and discussed. In §3, we give a proof of our main a priori error estimate, Theorem 2.1.
In §4, we give an explanation of the supraconvergence phenomenon and the proof of
the corresponding a priori error estimate, Theorem 2.3. We end with some concluding
remarks in §5.

2. The numerical schemes and the main results.

a. The numerical schemes. We consider, for the sake of simplicity, uniform
partition of RT of the form {t" = nAt},en and triangulations of R?, Ta, = { K },
made of non-overlapping polyhedra. We require that for any two elements K and K’,
K NTE is either a face e of both K and K’ with nonzero (d — 1)-Lebesgue measure
|e|, or has Hausdorff dimension less than d — 1. The maximum diameter of the sets
K of the triangulation Ta, is denoted by Ax.

Given these partitions, we define an approximation u to the entropy solution v of
(1.1) as the piecewise-constant function

u(t,x) = ug, for (t,z) € [t™,#"™!) x K, (2.1)

constructed as follows. At t = 0, the degrees of freedom of u are given by
1 /
0
up = — [ up(s)ds, (2.2a)
“IK ] K

where | K | is the measure of the finite volume K. The remaining degrees of freedom
are defined by the following flux-splitting scheme:

uttt =y — TR Z e fo,rc (Ui, uf ), (2.2b)
ecOK

where K, denotes the finite volume sharing the face e with the finite volume K, and
the numerical flux f, x (v, w) has the form

fe,K(U: w) = fcent;e7K(v7 ’IU) - fvisc;e7K(v7 ’IU), (233)
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with
feentie, ik (0, 0) = ae ik f(V) - nek + e f(w) - ne k, (2.3b)
where n, g is the outward unit normal at the face e of the finite volume K and
fuiscie, i (V,0) = e (Ne(w) — Ne(v)). (2.3¢)
We assume that the flux f. g is consistent with the nonlinearity f -n. x and conser-
vative, i.e., that fo g (u,u) = f(u)-ne x and that fo g (uk,uk.)+ fe k. (uk,,ur) =0,

respectively. For the schemes under consideration, these properties are equivalent to
the following conditions:

e i +bex =1, (consistency), (2.3d)
Ge, k. = be K, be k. = Qe K ;s (conservativity). (2.3e)

We ask that
0 S aeyK,beyK S 1. (23f)

Finally, we require that for every finite volume K and each of its faces e we have

e No() > be i [ f'(0) - mexe |, (2.3g)
and normalize @, and N! by asking that

ae <1, No() < 10D lle- (2.3h)

As it is well-known, this condition ensures the monotonicity of the scheme under the
following condition on the size of the time-step At:

At
Vel > el (ae Ni(uf) = bex f'(uf) -ner) <1, VK € Tag,n>0. (24)

Our results also involve two grid related quantities which we introduce next.
Given a face e € Ea, = |J{e : e € OK for all K € Ta,}, we define C, to be the
convex hull of K} U K, d, to be the diameter of C, and we set

DA, = sup e] de
! e€EAL max{\Kj\,\K{H

(2.5)

Also, given the finite volume K, we denote by tx the number of sets C, for which
| KNC,|#0 for some e € Ea,, and we set

LAg = Sup (K. (2.6)
KeTax

The following table gives the values of those parameters in some elementary cases



6 BERNARDO COCKBURN, PIERRE-ALAIN GREMAUD, AND XIANGRONG YANG

mesh type aspect ratio d DAy LAz

equilateral N/A 2 4 3
cartesian triangular A 2 2\/m 3
cartesian rectangular A 2 \/4-|-—/\2 4
cartesian rectangular A 3 \/m 6

TABLE 1. Values of the mesh related parameters on simple grids

b. Consistency and a priori error estimates.
The generalization of the notion of consistency introduced in [7] for schemes on
irregular, Cartesian grids will be based on the following two quantities:

d

Ag = 1?;2((1 , Z le] (0e); (e, k)i |, (2.7a)

i=1 e€COK

1 d
Ag =sup ——— lelae.Nl(e) (k. — TK)i |, (2.7b)
T 2 | 2
where

(Se = (.’IJe — ."EK) — be,Ke ('TKe — ."EK), (27(3)

where zx denotes the barycenter of the finite volume K and z. the barycenter of the
face e. We say that the scheme (2.2b) with fluxes satisfying the conditions (2.3) is
consistent with respect to the family of triangulations { TAz }Aw>0 if Ag = Ag =0.
If we consider for instance a grid of equilateral triangles, or any affine transformation
of it, and choose
_ _ VST iy B
e,k = be,x =1/2, Ne(e) = | f()[l, e Ne(e) = Te]’

where 3 does not depend on e, then the corresponding scheme is consistent. Note that
to get monotonicity, 8 has to satisfy (still on the equilateral grid)

B sl 1)1 <8< Las) 7).

The conditions for consistency for the schemes under consideration impose heavy
restrictions on the grids and on the numerical fluxes. Indeed, A = 0 if §. = 0, that
is, if

(e —2K) = be k. (T, — TK),

or, equivalently, if

Te = be k. Tk, + be,k Tk

This means not only that the value of the scalar b, g, is determined, but that the
barycenters zx, and zg, and the barycenter of the face e, x., must lie on the same
line! This condition is trivially satisfied for Cartesian or affine transformations of
Cartesian grids, but that is not the case for general non-Cartesian grids. Moreover,
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Ag =0 if and only if
Decor el ae N(c) 2k,
ZeE@K | € | Qe Né(c)

This means, not only that the quantities

|e]ae Ne(c)

e

ZEGBK lela. Ni(c)’

should be independent of ¢, but that the barycenter xx has to be equal to a very
precise convex combination of the barycenters xg_ . This condition is impossible to
satisfy for upwinding-like fluxes unless the grids are Cartesian or affine transformations
of Cartesian grids.

For example, consider the linear case f(v) = (0, b) v in two-space dimensions and
triangulations made of acute triangles. For the upwinding scheme N!(¢) = |(0,b) -
ne k |. If for some face e of the finite volume K the velocity (0,b) is perpendicular to
ne i, we have N!(¢) = 0 and the condition above is impossible to satisfy. This lack of
consistency of upwinding-like schemes has been pointed out in [12] in the framework
of a formal L°-like truncation error analysis.

Fortunately, the consistency condition can be relaxed. We say that a scheme is
p— consistent if there are two nonnegative constants C5 and C, such that

‘5 |vm’71/2 <Cs (Am)pa |a |vm’71/2 < Ca (Am)pa (28)

rKg =

where

Zz:\ r—zg |<(Az)l/? Ak

| 0 ‘var,1/2 = zsélﬂgd (Aaz)d/z s (29)
T x—x z)1/2 AK
‘O[ ‘var,l/Z = sup Z i x |2(Az) ! (210)

z€Rd (Az)d/?
For instance if we consider the two-dimensional case and define

(e —2K,)  (Tr — TK,)
ok — K. |2

be,K = Qe K = 1-— be,K:

N = F Ol  aN()= % (8 independent of ¢),
e
then the conservativity condition (2.3e) is satisfied. Moreover, (2.3f) is verified pro-
vided that

|ze —zk. || < |2k — 2K, and \He\gg,

where 0, = £ (2. — Tk, — Tk, ). In particular, those conditions are satisfied if the
triangulation is acute. Furthermore, to get monotonicity, 8 has to satisfy

be. |l f'(c) el <B < f(e)l]el.
We observe that

Oc || poo
Ag < 2ia,DA, sup (u max{K:“,Ke}>,
e€lAn de

Ak <BY 1 Y (e, —z)il.

i=1 ecOK
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Note that by definition of b, k, d. is here the orthogonal projection of z, — xx on the
direction perpendicular to zx, —x k. Assuming now the triangulation to be uniformly
regular, i.e., Ax < k hg for any K € Ta, (hx = diameter of K), gives

5, ||
‘6‘var,1/2§2H2LAm]]])Az sup @7
ecEn, e

2
K
[@lvara/2 <2 5= 0 sup | > (wx. — k) [l
7 e€ae opk

Without further assumptions on the grid, we have | § |,q,,1/2 = O(1) and | a|yqp1/2 =
O(1) and the above scheme is 0-consistent, i.e., inconsistent (case treated in Theorem
2.3). However, if we assume for instance

18 [le= = O(Az' ),
1Y (ak, —2x) o= = O(AZ' ),

ecOK

then the scheme is p-consistent (case treated in Corollary 2.2). The first of the above
assumptions amounts to having, for e € £a,, the three nodes zk, z¢, xk_ lining up
as Az goes to zero. The second assumption means for instance that the grid becomes
asymptotically equilateral, if simplicial elements are used.

We are now ready to state our error estimate which, following [6], is expressed in
terms of the numerical viscosity associated to the scheme under consideration and in
terms of the measure of consistency introduced above.

THEOREM 2.1. Let the Courant-Friedrichs-Levy condition (2.4) be satisfied. Let u
be the piecewise-constant solution given by the scheme (2.2) with coefficients satisfying
(2.3), let v be the entropy solution. Then

[u(t™) = o) |1 re) < 21 w0 = vo || 1 rey + 800 |7y ey /2N [ vy || (Az)'/?
+C | Vo |TV(Rd) ( ‘ J |var,1/2 + ‘ o ‘var,1/2)
+ [vo l7v(ra) (b1 (Az)¥* + by Az),

where || v, | =sup sup max |vi(v(t,z))/Ax| and the local viscosity coefficient
te(0,t™) 1sijsd
zeR?

I/;g is given by
i At i i 1 i i i
vi(e) = o fi(e) fi(e) — ﬁ le| I:beJ(E fi(e)  ne.x + ae Ne(c)] Elies
ecOK
y 1 y y
&l = 5o, —wx)i (wre, —wx); + g, —Tigh,

T
I = —/(ZEI—CUQ)Z'(ZEI—ZEQ)]' dz' .
121 Jo

The constant C is given by

C =411 f'(0) 1Y + /2Nl vy ||) (1 + by (Az)'/*),
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and || f'(v) || is given by

[ f'() = sup || f'(v(t,z)) e~ .
te(0,t™)
zeR?

The constants by, by, and by are locally bounded functions that depend solely on the
quantities || f'(v) At/ Az, || f'() [/l |l {t" |vo [1}'/%, Day and ia.

An immediate consequence of this result is the following.

COROLLARY 2.2 (p—CONSISTENT SCHEMES). With the notation and under the
assumptions of Theorem 2.1, if the scheme is p— consistent, we have

[ u(N) = o(tV) | ey < 21 1o — vo |1 zay + 8] vo lpy @ay\/ 26N || v || (Ax)'/?
+ O((Am)min{p,3/4})-

c.Supraconvergence and a posteriori error estimates. For non-consistent schemes
in arbitrary triangulations, and this includes notably the upwinding-like schemes men-
tioned in the previous section, it is possible to obtain an error estimate in terms of
the following quantities

0| poo = inf sup max —8< 2.11a
18 Nimen.y e = nf sup ma | (0 = ) (211a)
N m - 2.11b

[ elle=(£aa) Sup e max, Tk, —2K)j |, ( )

which are always of order Az, by (2.7¢), (2.3f) and (2.3h), instead of in terms of the
quantities | [yqp1/2 and [ @ |yqp1/2. The price to pay is that the error estimate now
must depend on the smoothness properties of the approximate solution; see Lemma,
4.1.

THEOREM 2.3. Let the Courant-Friedrichs-Levy condition (2.4) be satisfied. Let u
be the piecewise-constant solution given by the scheme (2.2) with coefficients satisfying
(2.3), let v be the entropy solution. Then

u™) = o(t") ey < 211uo — vo |1 ey + 81 v0 |7y rayy/ 2t || vy || (Am)'/?
2v/2d
=+ || || peo
PRV ————{ || 8l (£t + | @]l (en) }

{DM wae || F @) 1Y [volay (ray +

() 1w ao.vrvea }

+ |00 7y ay (b1 (Az)** + by Ax),

where tiny = infxecr,, t. The constants by and by are locally bounded functions that
depend solely on the quantities || f'(v) |At/Az, || f' )11/ voll, {tN || ve 312, Dag
and iaq, where || vy || is defined in Theorem 2.1.

Beside the estimate itself, which is new, an explanation of why it is at all possible is
worth considering. As will be shown in §4, it is a combination of both consistency and
conservativity of the numerical fluxes which makes it possible by forcing the quantity
D,k = (xe —TK) —be,k. (k. —TK) to be such that D, x = D, k. = 0.. Indeed, we
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have

Y

3

D¢k = (ve —TK) = be k. (T, — TK)
= (2, —2K) — ek (Tk, — TK), by conservativity (2.3e)
=(ze —2x) — (1 —beg) (K, — TK), by consistency (2.3d),

= (T —2K.) = bex (Tr — TK,)

=D. k..

3. Proof of Theorem 2.1. This section is entirely devoted to the proof of
Theorem 2.1. It has exactly the same structure as §3 of [7]. In all the proofs, we
assume that the entropy solution v is smooth since the general case can be obtained
by a standard density argument; see the proof of Proposition 5.5 in [6]. The case in
which v is piecewise smooth is treated in [35].

a. The approximation inequality. Along the lines of [6], we consider the
form

tN N-1
E(um;tN):/O /Rdz > Wk (o(t,x)) ¢t t" ak) | K | At da dt,

n=0 K€Tazx
where U(-) is the absolute value function | - |, and ¥}, is given by
u — 1
Wi() = Ul =) {Hg 4 g 2 el feacluiowke) b

ecOK

The term ¢(t, z,t" !, k) is an averaged test function defined by

1
¢(t7$7tn+1,$]() = m/ @(t7w7tn+1le) d.’lﬁl, (31)
K

where zx denotes the barycenter of the finite volume K, and where the function
p(t,z,t',x") is defined as follows:

d
o(t,z,t' ') =w.,({t—1) H ne, (zi — ), (3.2a)
i=1
= (z1, - ,24), 2 = (2}, -+, 7)) and t, t' being respectively points in R? and R*.

Finally, the functions w,, and n., are constructed as follows

wa(s) =~ w(2), e (s) =~ (), VseR, (3.2b)

€ € ’ €x  €x

where €; and €, are two arbitrary positive numbers. Both w and 7 satisfy the following
conditions: (i) n(t) > 0, for t > 0, (ii) n(t) = n(-t), for t > 0, (iii) the support of 5
is [-1,1], and (iv) fol 7(r)dr = 1/2. For future reference, we set

W (t) :/0 we, (s) ds. (3.2¢)

Furthermore, the functions w and 7 are taken to be smooth approximations to x = xo



ERROR ESTIMATES FOR CONSERVATION LAWS 11

and ., where

(1+¢€)/2, for 2] < (1 —€)/(1+e€),
Xe(z) =8 (1+€)* (1~ |z])/4e, for |z] € [(1—€)/(1+¢),1],
0, elsewhere .

It is easy to verify that we can find a sequence of functions 7 such that

nll)ﬂ)z [0 lrve) =X lrve) = 1+e€ (3.3a)
lim |7 [py@®) = | X lrve) = 2+ e+ 1/e (3.3b)
N—Xe

nli)ﬂ)g 7 [lLee@) = I Xe lLo@) = (14 €)/2. (3.3¢)

We now describe the main ideas on which the derivation of our estimates is based.
From the identity

0= F(u,v;t") = —E,’i‘iv(u,v;tN) + Baiss(u,v;tN) 4 Topp (u, v; ),

and the structure of the term T,,,.(u,v;t"), the following approximation inequality
can be derived, [6, Proposition 7.6]:

e(tV) <2e(0) +8 (ex + el f'(0)) [v0 [ rv(ray + 211 £ (0) I 0 v e At
+2lim  sup {Ej;,(u,v;t")/W (") — FEgiss(u,v;t™)/W (™)},
W=X1<n<N
where e(t) denotes the error || u(t) — v(t) [ 11 (re). Now, to obtain the error estimate,
it is enough to estimate the forms E3; (u,v;t") and Egiss(u, v;t™). The remaining of
this section is devoted to identifying these forms and estimating them.
We start by rewriting U7 (¢)

1
n+1 n
t{uK —Ug |K‘ Z‘e‘feK’u‘K uK)}

A ecOK
= U — ) 5 Jui — e+ S e (i) — perclu, ) 1
At |K\ o
where
pe,K(S) = —|e] [be,K f(s)- Ne g — ¢ Ne (S)]:

and proceed as in [6]. Here, the form Ey;s,(u,v;tV) is

Eiss(u, v;tY) // Z > LREDj(v(t,z)) ¢(t,z, t" ) | K | At da dt,
Rd

n=0 KETAx

where the local rate of entropy dissipation LRED;}(c) is given by
1 tK
LRED}(c) = ~ /n+1 (px () — pr(s)U"(s — ¢)ds

+— Z /u (e, (ufe,) — pe,c(8)) U" (s — c) ds,

eEBK

and pg(s) = s — \ATt\ ZEGBK Pe,k (8).
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The dual form E3, (u,v;t") reads
tN tN
EX(u, vty = — / / / / Uu(t',z') —v(t,x)) i (t, z,t', 2') de dt dx' dt’
0o JraJo Jra
tN
—|—/ / / Uu(t',z') — o™, z) oV, x,t', 2") de da’ dt’
0o JriJra
tN
- / / / Uu(t',2") —vo(z)) p(0,z,t' ") do dx' dt’
Jo  JrdJrd
N-—-1 tN
B Z Z / / Z ‘e‘beJ( [¢(t,$,tn+1,$]()
0o Jrd

n=0 KETa= ecOK
— @t 2, t" k)] F(uf,v) - ne x Atde dt

N-1 o~
+Z Z ./0 ./Rd Z lefae [¢(t, 2,17 2k,)

n=0 KETax e€cOK
- ¢(t7$7tn+1,$]()] NE (u?(ﬂ)) At dz dt7

where the functions F'(u, c) and N, (u,c) is defined as follows:
F(u,c) = / f'(s)U'(s — c) ds, Ne(u,c) = / N!(s)U'(s — c)ds. (3.4)

b. Estimate of Egjss(u,v;t™).

ProproOSITION 3.1. Under condition (2.3g) on the viscosity term N, and if the
Courant-Friedrichs-Levy (CFL) condition (2.4) 1is satisfied, the local rate of entropy
dissipation LRED['(c) is nonnegative. Hence

*Ediss (U: 3 tn) S 0.

Sketch of the proof. The above conditions ensure that the functions p. x(s) and

pk (s) are nondecreasing in s. The result follows from this fact and the definition of
Ediss(uh7v;tn)' 0

c. Estimate of E}, (u,v;tV).

PROPOSITION 3.2. We have

lim sup {E;w (u,v; t”)/W(t”)} <TEWyise + TEWeons + TEW3 0.4,
WX 1<n<N

where

At
TEWyise(u,v;t™) < CotN d { o nlrvie (1+ =) } lvo|| Az,
€ €t

T

At Ax)?/?
TEWeons(,0:8) < 2006 (14 20) (14 B0 ) 1l (| a2+ o).
1 At)2d At
LWy (i) <G { 1170 1SN0 a0 By
tCx t

L (lnl] dln' At
 32Da, 1 (A:U)Z{ 117y ) N In |TV(R)}(1+_)tN}.

2 2
€ € €4

where Cy = |vo|ry(ray and Cy = Cy [|f'(v)]]-
To prove this result, we proceed in several steps.
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First step: Relating the dual form E}, (u,v;t) to the truncation er-

ror. We have the following upper bound for EZ;, (up,v;tV).
LeEMMA 3.3. We have

N-1 tN
Ej, (up, v;tN) < Z Z / / Fup,v(t,z)) Vot z,t" " k) | K| At dzdt
0 JRrd

n=0 KETax

N—-1 N
-2 > // 3 lelbex, [otz, 1" k)
n=0 KeTa. "0 R ccok

— otz " zk )] F(uk,v(t, @) - ne x Atdz dt

N—-1 N
+ X 5 [ ] tela ottt an)

n=0 KETa» ecOK
— ¢t 2, " )| Ne(ufe, v(t, o) At da dt.

To prove this result, we use the fact the v is the entropy solution and make some
algebraic manipulations; see the proof of the similar result [6, Lemma 7.9].

Next, a relation between the functions ¢(x,zk,.) and ¢(x, xk), defined by (3.1),
is needed. That relation is displayed in the following lemma where, for the sake of
clarity, we drop the dependence on ¢ and ¢'. This simple result is a keystone of the
proof of Theorem 2.1.

LeEMMA 3.4. We have

o(@,2x,) — D&, 2x) = —(xK, — 2K) - Vod(2,2x) + He i (@, 25) + He i (),

where
_ d ..
H57K(£E7£EK) = Z ggkajzz] ¢($$K)
ij=1
y 1 i .
g = 5{(-76& —ag)i(vr, — TK); + 15 13},
» 1
Ig = —/(az’—azg)i (2" —zq);dz’,
[ Jo
and
_ 1 1 1,1 p1
H, k(z) = / —/ /// U(z) d\dpdvdz dy' dw' dx’,
O =TT e TKF o JoJoJy
d
W)= DD RO, ele Ml + (L v)) 4 (L )+ (L V),
ij k=1

G = (o~ w'); (va' + (1 v — ), (ulve’ + (1 v)w') + (1w’ — 2.

Proof of Lemma 3.4. Since
1
pla.a) = pla,w’) - [ (@ = w) - Vapla,va’ + (1= v do
0

by the definition of ¢ (3.2), averaging the above equality over K with respect to w'



14 BERNARDO COCKBURN, PIERRE-ALAIN GREMAUD, AND XIANGRONG YANG

yields

" = oz, z L 1w'—w'- z, vz —v)w') dv dw'
olo.a') = d(o.ow) = e [ [ @ =) Voptawa + (1= vy dv

by the definition of ¢, (3.1). Using the above relation recursively twice, we easily
obtain

oz, 2') = ¢p(x,K) ZA’ (x,2K) Z B(a") 02, z1¢($,$K) + Res(z, '),

i,j=1

where
Al(z') = —ﬁ / (2" —w'); dw'
B (x =K // {% /K(l/.’n' +(1-v)w —y');dy } dv dw',
Res(z,2") = |K\3 /1(3/// x) d\du dv dz' dy' dw'.

Averaging the above equation K. with respect to 2’ and using the definition of ¢,
(3.1), yields

d
¢z, zK,) = ¢z, 2K —|—ZA’ O, (2, 2 ) Z B 92, ¢(z,2k) + He ke (2),
i=1 ,j=1
where . .
A = —/ Al(z") da', BY = / B (z') dx’
|K6‘ K. ‘K6| K.
The result follows if we show that A = —(zg, — 2x); and BY = ng. But, since
Al(z") = —(2' — zK);, we do have that A’ = —(zx, — 2k );, and since
B (g :7// —w);(ve'+ (1 —v)w' —zk);dvduw
=—— [ (&' —w) (' +w")/2 — zk); duw'
. :
1
— o [ (@ = i) = (0 = )i (@ = ) + (0 = )y
2|K|Jk
1
= 5{ (' —zK)i (@' — zK); f]llj(}
we have
Bij:_{|K|/ i(@ —zK)jde’ =17
:_{CUK —zk)i(Tk, — |K\/ CU—CUK)d:U’—]I%
:E{(-TKeme)i(-TKe i) + 1%, 1} =€

This completes the proof. 0
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With the above lemma, we can now rewrite the upper bound of E%, (up,v; tV)
as follows.

LEMMA 3.5. We have

E;iv (uhz v; tN) S TEvisc (u7 v; tN) + TEcons(u: (% tN) + TEh.o.t.(u7 v; tN)7

where

T Eyise(u, v; t") Z > // VISCR(v(t, z);t,z)) dzdt At
Rd

n=0 KETaax
At
*Z > / N@)) - S VetV ot i) da | K| A
n=0 KETa:"
A n
s Z/ Pl ot ) - 500, 60,2, axe) do | K| A
n= OKETAm

T Eeons(u,v; t" Z > / CONSR(v(t,x);t,x)) dudt At,

n=0 K€Tazx

TEn ot (u,v;tN Z Z / HOTK v(t,x);t,x)) dodt At

n=0 KETax

At
+Z Z /F ))-7vw¢(tN,a:,t”+1,a:K)daz|K|At

n=0 K€Tazx R
At ntl
72 > F(u m))-Tquﬁ(O,m,t Jx)dr | K| At
n=0 KeTa,”®*
The ‘viscosity’ term VISCR(c;t,x) is given by

time cent visc

VISCg(c;t,x) =VISCE(c;t,x) + VISCE(c;t,z) + VISC K (c; t, ),
where

time

At
VISC(c;t,x) =F(ut,c) - 7| K|V itz t" ),

cent

VISCR(c;t,x) =F(ug,c) - Z le|be.k. FE,K(t,m,t’H'l,mK)ne,K,
ecOK
visc . 1
VISCR (¢t x) = Z le|ae He i (t, 2, 8" 2 ) No(ulfs, c).

ecOK
The ‘consistency’ term CONS2(c;t,x) is given by

cent visc
CONSg(c;t,x) =CONSE(c;t,x) + CONSg(c;t, z),
where

cent
CONSE(c;t,x) =F(ug,c Z le| Veop(t, 2, t" T 2Kk) - 6 e i,
ecOK
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CONSR(cit,z) =— Z le|ae (T, — 7K) - Vad(t,z,t" T zr) No(ul, c).
ecOK
Finally, the ‘high-order’ term HOTZ(c;t, ) is given by

time cent visc

HOT (¢;t, ) =HOT g (c;t,x) + HOT g (c;t,x) + HOT g (c;t, x),

where
HOTE (1, 0) =F(uft,é) - [| K Vo, 0" ax) — | K| Vad(t,a, 0" age)
—£|K\V Gi(t,z, t" )]7
HOT (e:t,2) =F (. c) - S Jelber, Hoaclto, ™ e,
ecOK
HOT? (c:1, 2) = S Jelac Hen (b, 7 N (ufe, o).

ecOK

Proof of Lemma 3.5. The result can be easily obtained by inserting the expres-
sion for ¢(z,zk,) — ¢(x,xKk) of Lemma 3.4 into the upper bound for the dual form
E*(u,v;t") in Lemma 3.3 and rearranging terms.

The only manipulation that deserves mentioning is the following. After the above
cent
mentioned rearrangement, we get for CONS X (c; ¢, ) the expression

F(u}},c)-[\K|Vz¢(t,m,t"+1,m Z |e|b6K (TK 7,EK)V ¢(t Ttn+1 )T] K]
ecOK
This expression can be rewritten as
F(up,c Z le| Vao(t, 2, " xg)  [(we — oK) — be.k, (T, — 2K )] Ne K,

ecOK

or, equivalently, see the definition of d., (2.7c), as
F(ug,c) Z|6|V o, z, t" " 2K) - b e ke,
ecOK
by using the identity
|K|m = Z el [m-(ze — oK)] ne K,
ecOK

with m = V,¢(t,z,t"t!, 2x). The above identity can be proved as follows:
|K|m / m dz’ —/V (2" — zk)] da’
Z / (2 — 2g)] ne,x dl' (")

ecOK

Z el [m'(we_wl()] Ne,K -

e€cOK

This completes the proof. 0

Second step: Estimating T F,;,.(u,v;t"). In this section, we prove the fol-
lowing result.
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LEMMA 3.6. We have

d At
TEm-sc(u,v;tN) < 2Cy M (1 + —) lvo |l Az,
€

T

where Cy = tN|'U0|TV(Rd) W (V).

Proof of Lemma 3.6. We have, by the definition of TE,ss.(u,v;t") in Lemma
3.5,

T Eyise(u,v;t") = Z > B zk) | K| At
n=0 K€Taz

where

tn+1

[I]

Tk / / Flug,v(t,z)) - —V Ge(t,z, t" M xg)
Rd

+ Ful,v(t, z)) - |K‘ > lelbek. Herlt, o, t" ™ wi) ne i
ecOK

1 —
+m > lelacHex(tz, "z ) N (ufe, v(t, x)) | dadt
ecOK

At
7/ F(ql?(av(t]v:m)) ’ _v QS( :tn+17mK)d'T
Rd

+/ F(u%,v(t° z)) - Tquﬁ(O,m,t”“,azK)daz.
Rd

A couple of integrations by parts yield
o At
=) = [ [ {Bugot0) St )
0o Jrd

d
i 2 lelbo 30 00 [ v(t.2) me] €25 00,00t 2.7 )

e€cOK 4,j=1

+— Z le| e Z O Ne (U, v tr))fgk8zj¢(t,m,t"+1,mK)} dz dt,

EGBK i,j=1

Then, by using the definition of F and N, (3.4), we get

2" ak Z/ /R v) 8,0 VL (0(t, 7)) By, Bt 2, " 2 ) da dt

i,j=1

where the entries of the matrix v are

}é()— f() Z [be.ic. £'(¢) Mok + e N(c)] €7

e, K
€K

We have now

TEvisc(u7 v; tN) < Toue |’U0‘TV(R‘1) tN
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where

Touz = sup {Z Z 1I£a<deVK v(t, x)) Oy ¢(trt"+1.K)|K\At}

te(0,t™) * 20 KeTan
z€R?
d At
< Dy o (4 4 Al a8 )] Aa,
€ €t

where we have made use of Lemma 3.7 of [7], the definition of ¢, (3.1), and the
definition of ||v,]||. This completes the proof. 0

Third step: Estimating T'E..,,(u,v;tV).

LemMA 3.7. We have

At (Ax)?/?
+—a

T Eecons(u,v;t") <201 (1+ =) (1

o ) ”TIH%OO(R) (19 lvara /2 + [ lvaras2),

T

where C1 = tN|vo| ry oy || ' (0)]| W (t7Y).
Proof of Lemma 3.7. By definition of the term TE.,ps(u,v;t") in Lemma 3.5,
we can write

T Beons(u,v38") = Z 2 / Vad(t, o, 6" wi) - Ax(ufe, vt @) dr dt At,
n=0 KETAx

where

c) = Z le|(F(u,c) - nek b —aeNe(u,c) (zx, — zK)).

e€cOK

After a simple integration by parts, we obtain

T Eeons(u, v; t") Z Z / B(t,x, " wg) Vau(t,z) - 0y Arc (i, v(t, x)) do dt At
n=0 KETAx
N— d
Z > / $(t, @, " wg) Y| 0a,0(t, 1) | B (v(t, x)) da dt At,
=0 KeTas R i=1
where,

Hence,

TEcons(u7 v; tN) < Taua: tN |UO|TV(Rd)7



ERROR ESTIMATES FOR CONSERVATION LAWS 19

where
N—-1
Tauz = Ssup Z Z ¢(t,$,tn+1,ZIJK)BK(U(t,.’IJ)) At
tE0.L") =0 KeTa.,
zeR?
N—-1
= Ssup Z ¢(t,$,tn+1,$K)BK(U(t,.’IJ)) At
tE(O,t:) n=0 K:|z—xzx |<e,
zER
N—-1
< sup {3 sup olt ™ o) A} AGe),
tE(C”tn) n=0 ZERd
zeR?
with

Med= s { X Babtta)

te(0,t™) .
PR K:|lz—zk |<e€s

Now, by Lemma 3.7 of [7], we have

= ||77||%oc(mz) At N
sup {Z sup ¢(t:$:tn+1:$K)At} < 7,12(1—‘{_ _)W(t )1
te(0,t™) L =g zeR? €z €t
zER?
observing also
Az)/? .
M) < e (14 BDT0) Aan))
6.’1}
Az d/2
< (14 B0 PO (8 harr o+ 1 a2,

and using the definition of |6 [,q,1/2 and | a[yar1/2, (2.9) and (2.10), we get

At (Az)?/?
Touz < 2 (14 o )W (EN) (1+ T) I ||%°°(]R) (16 ]vara/2 + 1 loar/2),
and the results follows. O

Fourth step: Estimating TEj, , ¢ (u, v; tN).
LEMMA 3.8. Suppose that the conditions (2.3) are satisfied. Then,

At)? d At
(At) |77\TV(R)tN+4(1+_)At
€t€4 €t
d?|n |3 d|n At
+ 32D, ta, (Az)2 { ;V(R) + K 6|2TV(R) }(1 + _)tN}7

T T

1
TBno (it™) <Gof 51 70|

where Co = [vo|py ey || ' (0) | W (EN).
time
To prove the above result, we rewrite T Ej, ¢ (u,v; V) as the sum TE} o4 (u,v;tN )+

cent visc
TEh ot (u,v;tN) +TE}p o4 (u,v;t"N), with the obvious notation, see Lemma 3.5, and

estimate each of the above three terms.
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LEMMA 3.9. We have

time 1 At)2d At
TEnon (n.0i™) <Co {3170 EE v vy g g4 2 jarf.
t

€t€y

where Co = |vo|ry (ray [|f'(0) | W(EY).
Proof. Integrating by parts in time and inserting the definition of ¢ (3.1) leads

to
%TTlEeh_ot (u,v; N Z @ (" 2') da' At,
where
o™t z") /t /Rd oot z)) - Ve(p(t, o, " 2') — p(t, 2, ¢" T, 2")) da dt
/ /Rd Fy(u(t™, z"),v(t,x)) - Voo(t,z, t" ™, 2') dz dt.

1 n+1
Noticing that @(t, t" ) — (¢, ") = Az fttn (s — t") 4 (t, s) ds, one gets after
integrating by parts and some elementary manipulations,

tn+1

n+1 / o (s — tn)2 '
o™, ) Fi(u(t™, z'),v(t,x)) - Vg P (t,z,s,z')dsdzx dt

tn+1
- / V. Fu(t™, z'),o(t" ) / (s — t") p(t" x5, 2") ds dx
tn+1

+/Rdv - F(u(t™, 2"), v (x ))/t" (s —t") (0,2, s,2") ds dx.

time
This allows us to write TEy,_ o4 (u,v;tY) = I — IT + III, with the obvious notation.
Now we only need to estimate terms I, I and I1I. First we have

[T] < Towe | ' (0) 112 |00 | 2y @yt

where
Tauz = sup / / |Vm<pt: t x, t , T )‘dﬂf dt
te(0,t" Rd
zERd
At)? d
< (At) |77\TV(R) W(tN)
2 €€

where we follow the lines of [6, Lemma 7.12] and [6, Lemma 7.13].
Next we estimate term I1:

|II‘ < jhuz||fl(v)||‘U0‘TVTRd)Z&t’

Toue = sup/ / tN .t 2" dx' dt’
reR4

<2(1+ E—)W(tN)

where
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by Lemma 3.7 of [7]. The term III can be estimated in exactly the same way.
Combining the estimates of terms I, I1, I completes the proof. 0

cent visc
Before we estimate TEp, ¢ (u,v;tN) and TEj o4 (u,v;t"), we need to prove a

couple of simple auxiliary results.
LeEMMA 3.10. We have

Z Z lelde e,k (®) < 2Dz taall @ |11 (re),

KeTa. e€0K
T, ® d\dudvdz' dy' dw' dz'
w3 m/ K|/Ks///

®=d(A(u(ve' + (1 —v)uw' +(1-XN)z2").

where

Proof. Since the point A(u(ve' + (1 - I/)w’) + (1 —pwy') + (1 — X)z' belongs to
the convex hull of K and K., C,, we have
s 2l

max{| K[, | K[}

| Ze k(@

Hence

d
Z Z ‘e‘dezE,K(é) S Z Z max{|(;( ‘K |}||(I)||L1(Ce

KeTa. e€OK K€eTa, e€EOK

< Day Z Z | ®llr(c.), by (2.5),

K€Tas e€OK
<2Da, Y 19 lzey

e€€fnx

<2Da, D tadll @l
KeTax

S Q]D)Az LAz” P ||L1(Rd)7 by (26)

This completes the proof. 0
LeEMMA 3.11. We have

Ouuz < 4" (A2)? Dag tas (L+ —) W (Y > 2

€t T T

At ){d2|n§“V(R) N dln' TV(R)}

€ €

where

Ouue = Z Z Z Z ‘e‘bek dIeK(|8wa’“Lp(tm)|)At

1<j,k<d n=0 KETa, e€OK

Proof. By the definition of the operator 7, x in Lemma 3.10 and the definition
of ¢, (3.2), we can write Ouue = Oquat - Oqua .2, Where

At

€t

Ouurt = Z we, (t—t"TH AL < 2(14+ =)W (Y,

by [7, Lemma 3.7] and

auzz: Z Z Z ‘e‘beK dIeK(|8a: a:k (337)‘)

1<j,k<d KETa, e€0K
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where RI* (z,2') = H?Zl e, (i — x}). Since, by Lemma 3.10,

®auz,z < 2DAs tax Z || Rjk ('7:7 ) ||L1(Rd)7

1<j,k<d
and since
d
! ! ! !
> oua It |- ¥ T o — s (o — ) (a5 — )
1<j.k<d i=1 1< h<d i=1
i#j#k
d
! "
+ [T e, (i — @) ml! (g — )5 |,
=1
i#]

we have that

2 2
€2 €

Ouuz,z < 2D, LAz{ 717y (=) " n TV(R)}.

This completes the proof. 0
We are now ready to estimate the remaining term in T'E}, , ¢.
LeEmMMA 3.12. Suppose that the conditions (2.3) are satisfied. Then,

cent dz‘yﬂz dn' At
P it <o (A {000 DT b, 20
T T t
T o [CInlve  dn v At
TEn.o.t.(u,v;t") <Co (Ax)? { €2 o €2 : )}(1 € — ) T lle=(ean)s

where Cy = 16N vo |7y ey |f ' (0)]| Dag tas W(EY).
Proof. We only have to prove the first estimate since the second is similar. We
have

cent

TEpo4.( w,v; tN Z Z Z\e\beK@

n=0 KETa. e€OK

where
tN
k=Y // (W, v(t, ) - e i O, Te i (B9F (8, ) daz dt.
1<i,j,k<d R

Moreover, 9k (¢, 1)) = ¢k Oz; 2, ¢, Where (Y% and ¢ are as in Lemma 3.4.
Perforrmng integrations by parts with respect to z;, we get

N
bR =~ / aFuK, (t,z)) - neK)a () Le k(2 Z”“(t x)) dz dt,
1<i,j k<d R

and hence,

cent

TEhot(U'Ut )

| /\

T 11 (0 ||/ / S (n(t.x) | dode

1<i<d

Toua | £/ () | Y |00 TV (R4)

IN
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where
= —ijk
Taua = [2ax, sup Z Z Z Z lelbe k. Ze. k (V" (t, x)) At.
=Te04Y) 1< k<d n=0 KETam c€0K
zeR?
Since

[¢7F | < 4(Az)*d,,
we have that
| Ze ik (BVE () | < 4(A)° de Lo (| Oy a0t ) |),
and so,

Tauz

IN

4(A%)? Oguz

IN

2 62

N v [ ElTve)  dy v
16t (Az)? Dag taqx (1 4+ —) W (t ){ + }

T

by Lemma 3.11. This completes the proof. 0

d. Proof of the error estimate. To obtain the error estimate, we proceed ex-
actly as in [6]. Inserting the estimates obtained in §3.b and §3.c into the approximation
inequality in §3.a, and taking the auxiliary function 7 as in (3.3), we obtain

e(t") < 2e(0) + 8 (ex +etll f'(0) 1) [vo lrv ey + 21 F'(0) |00 v (ma) At

d At
r2co (T (4 B by A
t

T

At Az)d/2
sacY (1420 (14 A 1y (18 oy + | o1 2)

At)?d
Mtl\fﬁ-él(l{-ﬁ)At
€t€x €t

, (@Inl] dln' At
+ 32Da, 1a (A:U)Z{ | \TV(R)+ In TV(R)}(l_'__)tN}:

2 2
€ € €1

1
r2a {3170

where Co = [vo|py(ray and Cy = Co || f'(v) [|. The estimate of Theorem 2.1 is then
obtained by eliminating the parameter At through the use of the CFL condition (2.4)
and then taking the very same optimal values as those in [6], namely,

= SN vy || Az/2, 6 = Ay (Ax)PY e = A(Ax)/t

This concludes the proof of Theorem 2.1.

4. Proof of Theorem 2.3. In this section, we prove Theorem 2.3. The only
difference between the proof of Theorem 2.3 and that of Theorem 2.1 is the following
estimate of the consistency term of the truncation error, T Eeyps(u, v; tV):

LemMA 4.1. We have

TEcons(u7v; tN) < Cl {]D)Az LAg || fl(v) || tN |'UO‘TV(R'1)

N-—1
@I Y Jellups —up At}

n=0 e€E€ax
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where Cy = 2 LY (14 A W (EN) {16 ]l e,z + || @ e~ (e0,) } and Da, and
LAz are defined in (2.5) and (2.6), respectively.
Theorem 2.3 follows easily from this result, §3, as well as the following observation

N-—-1
Do lellufs —up- |AL<

n=0 e€E€ax

1

Linf

[ w ||L1(0,tN;TV(Rd)):

where 1;,y = infxe7,, tx. We note again that beyond merely proving the above
estimate, we aim at understanding the mechanism that allows it to be possible; see the
fourth step of the proof below. This provides an explanation of the supraconvergence
phenomenon for the schemes under consideration.

To prove Lemma 4.1, we will need the following simple auxiliary result.

LEMMA 4.2. We have

Z |6H¢Kj7¢K;

e€EAR

< Dag taq | ¥ |Tv(Rd):

1
where Y = K| Jr v(') da'.
Proof. Let us call © the left hand side of the inequality we want to prove. Then
by the proof of Lemma 3.4,

1 1
0= e 77/ //:U'—w' Vetp(ve' + (1 —v)w') dvdw' dz'
S el g L [ @ =) Testes - )

e€EAL

Assume that |K, | = max{| K. |,| K, |}, then, since |2’ — w'| < d. and since the
point vz’ + (1 — v)w' belongs to the convex hull of K and K., C., we have

d L &
0L e 767/ // O, (W) | dw' dv dx'
2 TR Sy o, 210000

e€EA 7e =1

eld,
> €| Y v (c.)

ez |Ke|

Daq Z Y lrvie.), by (2.5),

e€EAn

Das > ik |¥lrv)

KeTax

]D)Az LAz Z ‘ 1/) |TV(K); by (26)/
KeTax

IN

IN

IN

IN

Daz taz 1Y vy ra)-

This completes the proof. 0
We are now ready to prove Lemma 4.1.
Proof of Lemma 4.1. We proceed in several steps.
First step. First, we rewrite the term T E.,,s(u,v;t") as follows:

N-—-1 N
TE,ons(u,v;tY) = Z / O(t,z,t" " u(t, x)) dx dt At,
n=0 0 R
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where
@(t/ T, tn+1; C) = Z Z vzqs(t/ T, tn+1 ) ,EK) : AS,K(unKa C):
K€Taz e€0K

and
Ae k(u,c) = |e|(F(u,¢) - ne g 6 —acNe(u,¢) (v, — k) ).
Note that, since ) .y | €| ne,x = 0, we can modify A, x(u,c) as follows:

Aex(u,c) = |e| (F(u,c) nex (3 —8) — ae No(u,¢) (zx. — 2K) ),

where ¢ is an arbitrary constant vector.

Second step. Next, we rewrite O(¢,z,t""!;c) as a sum on all the faces e of
finite volumes K of the triangulation, £a,. To perform this discrete integration by
parts, we denote by K and K the two finite volumes sharing the face e, drop the
superscript n in u?, and write ¢x instead of @(t,z,t" ! xk); we get

Ot,z,t" i e) = Z Z Vaeor - Ae k (UK, c)

KeTa. e€0K

Z {Vadyr A g (g, ) + Vabpe - A, g (ug-,c)}

e€€Ax
O1(t,z,t" ) + Ot z, 1" ¢)

where

@1(t,m,tn+1;c) = Z VZ (¢K:r - ¢K;) 'AeyK:r(’u‘K:r:C)a

e€EEAR
@2(t,m,tn+1;c) = Z vz(f’[(; : (Ae,Kj(UK;r:C) +A67K; (UK;:C))
e€EAR
= Z vz(ls](; 'BE(UK;7UK:—=C)7
e€EAR

with the obvious notation for B,. The above results allow us to write T'E.opns(u, v; tY) =
TEl,cons + TEQ,cons-

Third step. To estimate T'Ej cons, we proceed as follows. After a simple inte-
gration by parts, we obtain

N-1 tN
TEicons == ) D / / (rr = br ) Vav(t,x) - OuA, ot (uyer,0(t, ) dz di At,

n=0 ecfaq

and after taking absolute values,

N—-1 tN d
TE1 cons < Z Z / / P+ — P | Z | O, v(t, @) |Ae (v(t, x)) da dt At,
0 JRrd ‘ =l

n=0 e€€ax
where
Ac(c) =|e| max | f'(c) n, g+ (0 = 0)i — e NJ(€) (zy— — T pe4)i |-
1<i<d Ke c K
Hence

TEl,cons <Tyua C || fl(v) || tN |’U0|TV(R'1)7
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where
C =[0e =0 llrm(ean) + I @lle=(enr):

and

Toue = sup Z Z |6H¢K+*¢K*|At

tG(Ot )n 0 e€En,
z€R?

At d
S 2 (]- + _) W(tN) ]D)Az LAz M:

€t €z

by Lemma 3.7 of [7] and Lemma 4.2. This implies

d At
TEl,cons S 2 M _)

(1+

¢ € W(tY) C Dag vas || £/ (0) 1| ¥ 0ol v o).

Note that the term T'E; .,,s has been estimated without using regularity prop-
erties of the approximate solution. This is not the case for the term T'Es o5, as we
see next.

Fourth step. To estimate T'E5 ., we simply take absolute values to obtain

TE2 cons S Z Z / / Z |6 ¢K (UKE—,UK:r)d’Etht,

n=0 e€€aq
where
Be (upe—,ug+) = sup | Be(p—,up+,v(t, 7)) |
te(0,t™)
zeR?

<lel{| (flugs) = flug)) e |16 = llew(ean)
+ [ (Ne(ugr) = Ne(uge-)) -ne |l alle=(es.) }
<lell f'(w)||C lugs —up-].

This is the crucial estimate that allows the supraconvergence phenomenon to take
place: The estimate of B (uy -, ug+) depends only on £*°-norms of de and a, (25 + —
Ty ). This is possible because the above quantities depend only on the face e and
this fact is a direct consequence of the conservativity and consistency properties of
the fluxes, see §2.c.

However, the price to pay, is that now the estimate of T'E» .ons must depend on
the smoothness properties of the approximate solution since

d|nlrv ) "
TBp e <LV oy ) T Y el lufes — | AL,

€
z n=0 e€€anx

Fifth step. The result now follows from the estimates of TE; .ons and T Es cons,
from the fact that T E.ons(u,v;tN) = TEs cons + T'E2 cons, and from the fact that,

since the vector d is arbitrary, we can take C = || 6 lleoe (£a0)/me + |l llgo(£a,) - 0

5. Concluding remarks.

In [6], a general theory of a priori estimates for scalar conservation laws was
proposed. The approach is based on a modification of the original Kuznetsov ap-
proximation theory [17]. The key feature and advantage of this new and modified
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method is that no regularity properties of the approximate solution are needed. This
point is significant since establishing such properties is a well known bottleneck in this
area. This approach was applied to general multidimensional flux-splitting monotone
schemes in [7]. For grids consisting of Cartesian products of possibly nonuniform one
dimensional meshes, optimal order of convergence were obtained.

In the present paper, we generalize this result to general grids. It should be
emphasized that, to the authors’ knowledge, this is the first derivation of optimal
orders of convergence for truly multidimensional numerical methods for conservation
laws. By truly multidimensional, we mean that, in the spirit of the finite volume
methods considered, no “dimension by dimension” argument is used. This fact is not
a mere detail since, as shown in the introduction, standard properties like TVD do not
hold in general on non-Cartesian meshes, which accounts for the lack similar results
so far.

The relationship between the consistency of the method and the properties of the
grid is analyzed. In particular, it is shown that first, requiring consistency imposes
extremely strong restrictions on both the mesh and the numerical fluxes, second, those
restrictions are not needed, neither theoretically nor practically. A much larger class
of “nearly consistent” (but not consistent) schemes is studied. In both cases, optimal
a priori estimates are obtained. It is shown how the combination of the conservation
form of the scheme together with the consistency of the numerical fluzes allows this
supraconvergence phenomenon to take place. For schemes that are non-consistent all
together, optimal error estimates are obtained as well. However, the nature of the
term describing the loss of consistency does require a bound on the total variation
LY0,T;TV(R?)) of the approximate solution (which is used there and only there).

In conclusion, we have shown that the approach taken in [6, 7] keeps its promises,
by being able to tackle problems previously unsolved. The application to non-splitting
numerical fluxes, and to higher-order methods will be the object of future publications.
The generalization to systems of conservation laws constitutes an exciting challenge.
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