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ABSTRACT

We obtain equivalencies between closed queueing networks with blocking with

respect to buffer capacities and the number of customers in the network. These

results can be used in approximations, in the buffer allocation problem as well as

to explain the behavior of closed queueing networks with finite buffers. We also

present exact efficient solutions for special cases.
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1. Introduction

Closed queueing networks have proved to be useful in modeling computer

systems, distributed systems, production systems and flexible manufacturing sys­

tems. In recent years, there has been a growing interest in the development of

computational methods for the analysis of queueing networks with finite buffers.

This is primarily due to a growing need to model actual systems which have finite

capacity resources. An important feature of systems with finite buffers is that a

server may become blocked when the capacity limitation of the destination queue

is reached. Various blocking mechanisms have been considered in the literature so

far. These blocking mechanisms arose out of various studies of real life systems. A

discussion on these different blocking mechanisms can be found in Onvural and

Perros [15].

Closed queueing networks with infinite buffer capacities, under certain res­

trictions, have been shown to have product-form steady state queue length distri­

butions (see Gordon and Newell [8], Baskett, Chandy, Muntz, Palacios [4]).

Efficient algorithms to calculate the performance measures of these networks

have been developed based on this property. In general, closed queueing networks

with finite buffers (hereafter referred to as CQN-B) could not be shown to have

product form solutions. Hence, these algorithms are not applicable when limita­

tions are imposed on buffer capacities. However, certain CQN-B have been

reported in the literature as having product form solutions when: a) the routing

matrix is reversible; b) the branching probability depends on the state of the ori-
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ginating node and the state of the destination node; c) the probability of blocking

does not depend on the number of customers in the destination node but simply

is constant; d) the service rate at each node is constant but there is zero probabil­

ity that a queue is empty; ( see Kelly [10], Le Nyl l I], Akyildiz [1], and Hordijk

and Van Dijk [9]). Also, a CQN-B has always a product form solution if it con­

sists of two nodes (see, Akyildizl l], Gordon and Newell[7], Perras [16])~ A survey

of closed queueing networks with blocking can be found in Onvural [13].

Since CQN-B, in general, could not be shown to have closed form solutions,

most of the techniques that are used to analyze such networks are in the form of

approximations, simulation and numerical techniques. In this paper, we obtain

equivalencies between CQN-B with respect to buffer capacities and the number of

customers in the network under two different blocking mechanisms. Two CQN-B

are equivalent if they have the same rate matrix. These results are applicable to

CQN-B under some other blocking mechanisms through equivalencies between

different blocking mechanisms (see Onvural and Perras [15]). The equivalencies

presented in this paper do not constitute a solution technique for CQN-B. Rather,

they provide an insight into the behavior of their performance. We also show that

in certain cases the CQN-B studied in this paper have a product form solution.

We will define the queueing network under study in the next section.

Equivalencies between CQN-B with respect to buffer capacities and the number

of customers in the network are given in Section 2.2. In most cases, we establish

an equivalency between two CQN-B by first showing that both networks have the
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same number of states. We then define equivalencies between the states of the

two networks so that the transition rates into and out of corresponding

equivalent states are the same, thus showing that they have the same rate matrix.

Some of the results obtained in Section 2.2 are generalized to another blocking

mechanism in section 3. Special networks are investigated in Section 4. Finally,

the conclusions are given in Section 5.

2. CQN-B Under Type 1 Blocking Mechanism

\Ve will consider closed queueing networks consisting of N nodes and K custo-

mers. Each node consists of a single queue served by a server with an exponen-

tially distributed service time with rate J.Li ' i=l, ..,N. Let Hi denote the capacity

of node i including the service space in front of the server. A customer upon corn-

pletion of its service at node i attempts to enter destination node j with probabil-

ity P ., i=l, ...N; j=l,.. ,N. If at that moment, node j is full, the customer will be
I]

forced to wait in front of server i until a space would become available at node j.

Server i remains blocked for this period of time, and it can not serve any other

customer waiting in its queue. If more than one server is blocked by the same

node, then these servers will get unblocked in a first-blocked-first-unblocked

fashion. According to the classification given in Onvural and Perros [15] this

blocking mechanism will be referred to as type 1 blocking mechanism.

Due to the blocking mechanism described above, and due to the fact that

these N nodes are arbitrarily interconnected, it is possible that deadlocks may



occur. For instance, assume that node i is blocked by node j. Now it is possible

that a customer in node j may, upon completion of its service, choose to go to

node i. If node i is at that time full, then a deadlock will occur. In this paper, it is

assumed that deadlocks are detected immediately and resolved by instantane-

ously exchanging blocking units. This may violate the first-blocked-first-

unblocked rule described above. For further details, see Onvural and Perras [14].

Now, let n= min {Bi } . Clearly the number of customers in the network,
i= 1,.. ,N

N

K, is such that 1:5 K :5 L Bi . For 1:5 K ~ 0, blocking does not occur and

i=1

hence the network has a product form solution. This product form solution can

be obtained by treating the queueing network as if the queue at each node has an

infinite capacity. In particular, let x = e ./11. be the relative utilization of node i
• I '-s

where ei is the mean number of visits per unit time a customer makes to the ith

node and is a solution of the following system of linear equations:

N

ei = L ej Pji ' i = 1,.u , N (1)

j=l

Let us assume for a moment that each node has an infinite capacity. Now, define

(il'u,ij, ..,iN ) to be the state of a closed queueing network with infinite buffer

capacities where i . is the number of customers at node j with o~ i. <K and
} J

lV

L ij=K. Let 1T(i1,oo,iN ) be the steady state queue length distribution of the net­

j=1

work. Then, 1T(.) is the solution of the global balance equations:
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". ( iI' ··,iN) L L P 'k8 'J.1. =J } }

J = lie= 1

6

(2)

L iT(il'U, iN) = 1

(il, ..,i.~)EZ

where

if i. >0
)

otherwise

and Z is the set of all feasible states.

The queue length distribution of the network defined in Section 2 for

1<:: K <: n is:

N .
. . _ -1 l,

iT(11""'N)- GK IT Xi

}=l

(3)

where G; 1 is a normalizing constant, chosen so that the distribution sums to

unity ( Gordon and Newell[8]).

When the number of customers is greater than the minimum buffer capacity,

then blocking will occur. In this case, product form solutions are, in general, not

available.



2.1. Aggregation Principle

In this section, we will introduce a concept called "aggregation principle",

which is used in some of the results presented below.

Consider a node j of a CQN-B under type 1 blocking with buffer capacity

B .. If B.=K-l, where K is the number of customers in the network, then there
} } ,

can be at most one node blocked by node j at any time. In this case, the blocked

node has exactly one customer (which has completed its service), node j is full

and all other nodes are empty. For states in which node I is blocked by node j,

.,
we will use the superscript *, Le., it, to denote that node I is blocked while super-

script l, i.e. i = B1
, denotes that node j is full and it is blocking node l. Hence,

1 1

the state (O, ..,i/=l,..,ij = (K -1)/ ,.. ,0) denotes that node 1 is blocked by node j.

Then:

p/;J.l/ P(O, ..,i/= 1,.. ,i; = (K -1), ..,0)= J.l} P(O, ..,i/-= 1,.. ,i; =(K -1/ ,..,0) (4)

where, P(.) is the steady state queue length distribution of the CQN-B under

consideration. Note that the right hand side of Eq. (4) is the rate out of the state

in which node j is blocking node I and the left hand side is the rate into such

.,
state. Furthermore, define a state (0, ...,;.=B.+1, ..,0) such that:

J J

N
• , IP(O, ...,i; =B; + 1,.. ,0)= 2: P(O, ..,i/ =1,.. ,i} =(K -1) ,.. ,0)

1=1

(5)

.,
That is, P(O, ...,i; =Bj+l, ..,O) is the probability that node j is blocking a

node. Summing both sides of Eq. (4) over l and using equation (5) we have:
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N

2: p/j IJ./ P(O•..• i/= 1,..•i j = (K -1), ..,0)= IJ.j P(O, ...,i
j
=B;+1,...,0) (6)

1= 1

Now, let us increase the buffer capacity of node j by one (i.e. let B) =K) while

keeping all the other parameters the same. Then, there can not be any node

blocked by node j. Writing down the equilibrium equation for the state

(O, ... ,ij=K,..,O) we have:

2:P/jlJ./ P(O, ..,i/=1, ..,i j=(K-1), ..,0)=IJ.) P(O, ..,i)=K,..,O) (7)
/=1

We note that the aggregated state in the CQN-B with Bj = K -1, (i.e.

•(O, ... ,i j =B j+1, ..,O), defined by equation (5)) has the same behavior as the state

(O, ..,ij=K,.. ,O) in the CQN with Bj=K, i.e., equation (7), while keeping all the

other parameters the same. This property will be called the aggregation prin-

ciple.

2.2. Some Properties of CQN-B Under Type 1 Blocking

We now proceed to investigate some of the properties of CQN-B under type

1 blocking. This is done mainly through a number of theorems presented in this

section.

In the following theorem we show that when a node becomes blocked, the

service space in front of the blocked server behaves like an additional buffer space

for the blocking node. This is shown only for the case when there are no custo-

mers in the blocked node waiting for service during the blocking period.
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THEOREM l:Consider a CQN-B under type 1 blocking as described in section

2 with buffer capacities Bi * Let S={i: Bi=K} be the set of nodes with buffer

capacities equal to the number of customers in the network. We shall refer to

this network as CQN-B-l. Now, consider another CQN-B identical to CQN-B-l

except that the buffer capacity of node j, j E 5, is reduced by one. We shall refer

to this network as CQN-B-2. Then the two networks have the same rate matrix

if all the states in which node j is blocking another node are aggregated into one

state (i.e. applying the aggregation principle) in CQN-B-2.

Proof: Without loss of generality, let node j in CQN-B-l be such that Bj=K.

Let CQN-B-2 be identical to CQN-B-l, except that Bj=K-l. The only difference

between these two networks is that in CQN-B-2, node j may cause blocking of a

node while node j in CQN-B-l will not cause any blocking. We note that there

can be at most one node blocked by node j at any time in CQN-B-2. After the

aggregation principle is applied to CQN-B-2, i.e. equation (5), the two networks

have the same rate matrix.

The equivalency of the steady state queue length distributions can be sum-

B =K B·=K-l
marized as follows: Let P J (. ),P J (.) be the steady state probability dis-

tributions of CQN-B-l and CQN-B-2 respectively. Then for the states in which

node j is not blocking a node, we have

For the states in which node j is blocking node I in CQN-B-2 we have,
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N
Bj=K-l .-_ 1 _ B,=K .L P (0,.,,11 - 1,.. ,Bj,O,..,0) - P (O""j =Bj, ..,O)

1=1

Note that, in the above proof we assume that there is only one node with B. =K.
1

If more than one node has the buffer capacity K in CQN-B-l. then the above dis-

cussion should be repeated for each of these nodes. 0

Let us consider a CQN-B under type 1 blocking with K= min (B
j
)+1 cus-

i= 1,.. ,N

tomers in it. In such a network blocking may arise when the node with the smal-

lest buffer becomes full. The blocked node will contain exactly one customer

which has completed its service and has attempted to enter the full node. Furth-

errnore, all nodes other than the blocked node and the blocking node are empty.

In the following theorem, we prove that a CQN-B with K= min {Bi }+ l custo-
c=l,.. ,N

mers has a product form solution. We note that this result is immediate from

Theorem 1. However, in this special case we are able to present the form of pro-

duct form solution of the blocking network without applying the aggregation

principle.

THEOREM 2: Consider a CQN-B under type 1 blocking as described in section

2 with buffer capacities Bi . If the number of customers in the network, K, is

equal to n+l, \l;..here n= min {B,}, then the network has a product form solu­
i=l, ..,N

tion.

P f L t ( " . ") be the state of a CQN-B where t IS the number ofroo: e 11' &2, ··, 'N J
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N

customers at node j with 2: i) =n+1, and i j -< Hi' j=l,oo,N. Also, without loss

} = 1

of generality, let be the node with the smallest buffer and let

(O,oo,i/-=l, ..,i =B',..,O) denote a state of the network in which node 1 is blocked
} }

by node j. The steady state queue length distribution of the CQN-B, P(i1, ..,iN ),

is the solution of the following system:

N N

P (i 1 ' · · , iN) 2: 2: p)/c &j Jl. j

j =lk =1

N iV

= 2: 2: Pj/c&/cJl.jP(il' ..,i j + 1,..,i/c -l,oo,iN), (ill · · · I iN) E ZI

j = lk = 1

P(O,..,i, =1,.. ,i j =Bj , .. ,0)Plj Jl., = P(O,oo, i,-= 1,.. , i j = B:, .. ,O)Jl. j' (0,..,i/= 1,..,ij = B:, .. ,O) E Z2

where Zl and Z2 is the set of all feasible states in which no node is blocked and

in which one node is blocked respectively. Z=Zl U Z2 is the set of all feasible

states. Let,

11'( iI' •. , iJV )

Of .' d r B 1
1 ',= 1 an J. = .

} }

(9)

where ej is given by (1) and "IT(.) is the solution given by (3) obtained by assuming

that CQN-B has infinite buffers and K=n+l. Clearly,
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By substituting these expressions for P(.) into equation (8), it can be easily

verified that the balance equations are satisfied. 0

Under certain restrictions, the rate matrix of a CQN-B under type 1 block-

ing is identical for a range of values of K. In particular, let there be a node m in

J.V

a CQN-B with 8 m ~ ( 2: Hi) - Bm , l.e., the buffer capacity of node m is greater

i=l

than or equal to the remaining total capacity of the network. Then, the following

theorem proves that this is a sufficient condition for the network to have the

same rate matrix for a range of values of K.

THEOREM 3: Consider a CQN-B under type 1 blocking as described in section

2 with buffer capacities Bi . Let Bm = max (Bi ) · If Em ~(2: Bi ) - Bm then the
i= 1,.. ,N

N

network has the same rate matrix for all K E S, where S={ L : (2: Bi )-Bm + 1 :5

i=1

L :s: B
m

}. Furthermore, the network with K=Bm +1 customers in it will have

the same rate matrix as for all K E S if all the states in which node m is blocking

another node are aggregated into one state. (i.e. if the aggregation principle is

applied)

Proof: Consider all nodes other than node m. We first note that the distribution

of K customers over the remaining N-l nodes is independent of K. This is

N

because K takes values greater than (2: BJ-Bm , the total capacity of the remain-

i=1
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N

ing nodes. ( 0 bviously, this will not be the case if K < (2: Bi )- Bm). In order to

i == 1

N

clarify this point, let us consider the states of the system for K > (2: Bi )-Bm ·

i=1

There is a state in which all N-l nodes are full {i.e.

N

(il=B1, ..,im=K- 2: BJ,..,iN=BN)), and another state in which all N-l nodes

j=l

j=l-=m

are empty (Le. (i
1
=O,..,im = K ,ee' z"N=O) ). The remaining states reflect all the

N ,
possible combinations in between with im =K - 2: ij" );ow, let K =K+k,

j=l

j=1=m

• •where K $': B . Then, we can easily verify that for K we still obtain the samem

states, only im will contain k more customers. Similarly, it can be easily verified

that the number of states where some node(s) is blocked is independent of K for

N

K~( 2: Bj)-Bme Hence, the state space of the N-l nodes and the transitions

i == 1

N

between them are independent of K. Furthermore, for ( 2: H, )-B
m

+1 :5 K :5 8
m

"=1

node rn can not block any node and can not be empty. Hence, transitions into

and out of node III are independent of K, K ES. Therefore, for all K ES, we have

N..
the same rate matrix. That is, for K and K such that (2: B

i
)-B

m

i=l

+l:5K<K- $;Bm we have pK(il, ..,iN)=pKo (il, ..,im+K--K, ..,i
N

) , where pK(.)

and pK' (.) are the steady state queue length distributions with K and K-
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customers in the network respectively.

To complete the proof, we need to show that the network with K= B +1 custo-
m

mers has the same rate matrix as the rate matrix of the network with K=B cus-
m

torners after all the states in which node m is blocking a node are aggregated into

one state (i.e. equation (5)). However, this is immediate from Theorem 1. 0

Now, consider a CQN-B with K customers such that the node with the max-

imum buffer capacity can not be empty. Then, the following theorem shows that

if the buffer capacity of this node and the number of customers in a CQN-B are

increased by the same amount, then the stochastic behavior of the network (i.e.

its rate matrix) does not change.

THEOREM 4: Consider a CQN-B-l under type 1 blocking as described in sec-

tion 2 with buffer capacities B, and let Bm = max {Bi } . Also, consider a CQN-
i= 1,.. ,N

B-2 with the same parameters as CQN-B-l except that the buffer capacity of

node m is increased to B'. Now, let the number of customers in CQN-B-l, K, bem .

N

such that node m can not be empty, i.e. K~ (L B, )-Bm +1. Then, CQN-B-l

i=l

- -with K customers has the same rate matrix as CQN-B-2 with K =K+Bm-Bm

customers.

Proof: Let I and i' be the number of customers at node m in CQN-B-l and
m m

N

CQN-B-2 respectively. We first note that, K- ~ B,~ im~ min (Bm ' K) in CQN-

i=l
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N
I , • I

B-1, and K - L Bi~ i
m

-smin(Bm ' K ) in CQN-B-2. Hence, im and im can take

i=1

the same number of (different) values in both networks. Furthermore, given the

, .
number of customers, i 7 in CQN-B-l and i = i +K -K in CQN-B-2, node mm m m

in CQN-B-l and CQ~-B-2 can not be empty and the number of customers left to

be distributed over remaining N-l nodes are the same in both networks. Simi-

larly, it can be argued that the number of states in which one or more nodes are

blocked is the same in both networks. (We note that this is not the case if node

m is allowed to be empty.) Hence, both networks have the same number of states.

Furthermore, a state (iI' ... , im , · . · ,iN) of CQN-B-l is equivalent to the state

,
(iI' · · · , im + K - K ,..., iN) of CQN-B-2 in the sense that both states have the

same transition rates into and out of corresponding equivalent states. Hence,

P l( . . . ) p2(. . K' K .)
11'··· ,Im , · · · ,IN = &1'··· 'Zm+ - ,... ,IN

where, p\) and p\) are the steady state queue length distributions of CQN-B-l

and CQN-B-2 respectively. 0

COROLLARY 1: Consider a CQN-B-l under type 1 blocking as described in

section 2 with buffer capacities Bi . Also, consider a CQI\-B-2 identical to CQN-

B-1 but with buffer capacities Ci , i=l,.. ,N. Let K
1

and K
2

be the number of CliS-

tomers in CQN-B-l and CQN-B-2 respectively such that no node can be empty.

Then, the two networks have the same rate matrix if they have the same number

N lV

of free spaces, i.e. ( L e, )-K 1= ( L c,)-K2'

i=l i=1
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Proof: We first note that if no node is allowed to be empty then the node with

the maximum buffer capacity can not be empty. Then, the proof follows from the

successive applications of theorem 4 to the CQN-B with the larger number of cus-

tomers in it. For presentation purposes, let K 1 and K 2 be the number of custo-

mers in CQN-B-l and CQN-B-2 respectively such that no node can be empty (Le.

N N

Kl~(2:Bi)- min Bj + l and K2~(2:CJ- min Cj + l ). Furthermore, let
i=1 i=I, .. ,N i=1 i=l, ..,N

11 and 12 be the total number of free spaces in CQN-B-l and CQN-B-2 respec-

N N

tively {i.e. 11 =( 2: Bi ) - K 1 and 12= ( 2: Cj ) - K 2) · If 11= /2=1 then the number of

i=1 i=l

states in which no node is blocked is the same in both networks since it is equal to

the number of ways in which I free spaces can be distributed over N nodes.

Furthermore, if the number of customers in the two networks is such that no

node can be empty, i.e. I < min {Bi, Ci } , then the number of states in which
i= 1,.. ,N

one or more nodes are blocked is the same. Hence, the two networks have the

same number of states. Now, let di=Bi-Ci , i=l,..,N. Then, a state (i1, .. ,i1v) of

CQN-B-l is equivalent to a state (il-dl, ...,iIV-dN) of CQN-B-2 in the sense that

both states have the same transition rates into and out of corresponding

equivalent states. Hence,

where p\) and p2(.) are the steady state queue length distributions of CQN-B-l

and CQN-B-2 respectively. 0
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We now proceed to demonstrate how some of the above theorems can be

used. Let us first define Aj(K) and L.(K) to be the throughput and the mean

queue length of node i respectively with K customers in the network. Further-

more, let A(K) denote the throughput of the network. Then,

X.(K)e j = A(K)I' i = 1, ...,N, where ej is the mean number of visits a customer

makes to ith node per unit time and is given by equation (1). For presentation

purpose, let us consider a three node CQN-B under type 1 blocking with buffer

capacities 12,5,3. \Ve shall refer to this network as CQN-B-l.

From theorem 3, CQN-B-l has the same rate matrix for K=9, .. ,13. Hence,

from the equivalency of the states of CQN-B-l with K= 10,11,12 customers, we

have L1(K)=1+L 1(K-l), K=10,11,12, while L2(K) and L3(K) is the same for

K=9, .. ,12. Clearly, the throughput of the network is the same for all K=9, .. ,13.

Now, let ~max= max X.(K) be the maximum throughput of the network w.r.t.
K=l,..,M

K, where M is the total capacity of the network, i.e. M=B 1+8. If B 1:> 9 then the

value of A. max will be the same for 9::;K::;B 1+l . Now, consider a CQN-B identical

to CQN-B-l with buffer capacities 2,2,2. We shall refer to this network as CQN-

B-2. From corollary 1, CQN-B-l with 19 customers has the same rate matrix as

CQN-B-2 with ,5 customers. Then, L 11 (19)= 10+L; (5), L; (19)=3+L: (5), and

L; (19)=1+L: (5), where L/(19) and Lj'!(5) are the mean queue lengths of node i

in CQN-B-l and CQN-B-2 respectively.

Now, let us consider two three-node-CQN-B with identical parameters and

buffer capacities 4,3,2 with 6 customers and 5,3,2 with 7 customers. Then, from
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theorem 4 the two networks have the same rate matrix, and, hence,

L ~ (7)= 1+L11 (6), L: (7)= L; (6), L: (7)= L; (6), and, A
1

1(7)=A
1
2

(6) for i= 1,2,3.

Further results on CQN-B under type 1 blocking are given in section 4,

where we investigate some special cases.

Figure 1: The Central Server Model

3. CQN-B Under Type 2.2 Blocking Mechanism

In this section, we will discuss the applicability of the results presented

above for type 1 blocking to CQN-B under another blocking mechanism first

introduced by Gordon and ~ewell [7]. According to the classification given in

Onvural and Perros [15], this blocking mechanism will be referred to as type 2.2

blocking. In Type 2.2 blocking mechanism, a customer in queue i declares its des-

tination queue j just before it starts its service. If queue j is full then the ith

server becomes blocked. When a departure occurs from destination queue j, the

ith server becomes unblocked and the customer begins receiving service. While
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the server is blocked, the position in front of the server is occupied by the custo-

mer.

This blocking mechanism for closed queueing network with finite buffers,

arbitrary topology, and any number of customers in it, is not always well defined.

This is because, in this general case deadlocks may occur. These deadlocks can

not be resolved without violating the rules of type 2.2 blocking. For example, let

us consider the central server model shown in figure 1.

Let Bi be the buffer capacity of node i, i=1,2,3. Let PI i' i=2,3 be the

branching probabilities with p 11==0. All service times are assumed to be exponen­

tially distributed. For simplicity, let Bi=2, i=1,2,3, and K=4. Now let us con­

sider the state (1,2,1) where the customer in the first node is blocked (as it wants

to join queue 2 upon completion of its service), and queue 2 is full and its server is

busy serving. If the customer at queue 3 completes its service first, the system

will shift to the state (2,2,0), where the destination node of queue 2 is now full.

This will cause the service at queue 2 to be suspended and the server to become

blocked. Neither server 1 nor server 2 can start service because its destination

node is full. This deadlock can not be resolved without violating the rules of type

2.2 blocking mechanism. For instance, it could be resolved by forcing the

blocked customer at node 1 to change destination node or by temporarily switch­

ing to blocking type 1. In view of the above discussion, we will only study CQN­

B under type 2.2 blocking such that deadlocks can not occur. Akyildiz and

Kundu [3] showed that a CQN-B is deadlock-free if and only if for each cycle C in
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the network the following condition holds:

K < )' B.
~ J

jE C

That is, the number of customers in the network should be less than the total

capacity of each cycle in the network. Hereafter, we will refer to CQN-B which

satisfy the above condition as deadlock-free CQN-B.

Gordon and Newell [7] introduced the concept of holes in cyclic networks

N

under type 2.2 blocking. Let .\1= 2: Bi be the capacity of the network. They

i=l

proved that the network has a product form solution with M-l customers, where

1<: 1< min B i . This result also presents an equivalency between two cyclic net­
i =1,.. .N

works with the same number of free spaces similar to theorem 3 given for type 1

blocking.

The following theorem is an extension of theorem 3 to type 2.2 blocking.

THEOREM 5: Consider a deadlock-free CQN-B under type 2.2 blocking with

lV

buffer capacities B, and let .\1= 2: B, be the total capacity of the network. Now,

i=l

let B
m

= max (BJ Then, if 8 m ? M - Bm , the network has the same rate matrix
1·=1, .•,N

for all K E S, where S={ L : ~f-Bm $ L $ 8 m }.

We note that the set, S~ given above in theorem 5 is different than the set

given in theorem 3. In theorem 3, the equivalency of the network with K=Bm
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and K=B +1 customers is obtained usinz theorem 1. This theorem is not appli-m 0

cable to networks under type 2.2 blocking. Furthermore, it can be easily shown

that a network under type 2.2 blocking does not have the same rate matrix with

K=B and K==B +1 customers. Also, for networks under type 2.2 blocking, it
m m

is possible that node m may be empty for the values in the set S. This is not the

case for networks under type 1 blocking. This is due to the difference in the

definitions of two blocking mechanisms. In type 1, blocking occurs after service

completion while, in type 2.2, blocking occurs before service starts. In type 1

blocking, although the number of states in which no node is blocked is the same

of the network with K==M-B customers is not equivalent to the statem

(i
1
=O,..,im = 1,..,iN =O), since the total rate out of these two states are not the

same. Furthermore, it can be easily shown that two networks have different

number of states. In type 2.2 blocking, the total rate out of the above two states

are the same since there can not be any departure from node m in either case.

Given these differences, theorem 5 can be proved following similar arguments as

in theorem 3.

Finally, we note that theorem 4 given above for type 1 blocking mechanism

is also applicable to deadlock-free CQN-B under type 2.2 blocking mechanism.

Further results on CQN-B under type 2.2 blocking are given in the following

section.



21

4. Special Cases

In this section, we study special cases including symmetric queues. With

some restrictions on the parameters of CQN-B, we will present three cases which

have a product form solution. For symmetric queues, we present an algorithm to

calculate the exact steady state queue length distribution on a reduced state

space.

... --.

Figure 2: A Cyclic Network

4.1. Cyclic Networks-Symmetric Queues

A cyclic network is a closed queueing network consisting of queues in tan­

dem as shown in Figure 2. Now, let us assume that 8,=B < ~, ~i:-li, i=l,..,N,

and type 1 blocking. All service times are assumed to be distributed exponen­

tially. Then, 1$K:s NE. The algorithm given in this section utilizes an aggregate

state space obtained from the original state space of the network after it is

reduced by a factor of N. For presentation purposes, consider a cyclic network

with B=2, K=4 and N=3. The state space has the following structure with all
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transition rates equal to ).1.

Solving the system numerically (see Perros, Nilsson and Liu [11]), we have:

P(2,2 ,O)=P(O,2,2)=P(2,0,2)=0.071429

P(2,3,O)=P(O,2,3)=P(3,O,2)=O.11905

P(2, 1,1)=P(1,2, 1)=P(1,1,2)=0.09.5238

P(3, 1,1)=P(1,3,1)=P( 1,1,3)=0.047619

This result is not surprising seeing that the nodes are indistinguishable. In view of

this, let us define the following classes, where a state is a member of a class if that

state has the same steady state probability as all the other states in the same

class.

S1={(2,2,O),(O,2,2),(2,0,2)}

5 2= {(2,3,0),(0,2,3),(3,0,2)}

53={(2, 1,1 ),( 1,2,1 ),( 1,1,2)}

5 4={(3,1, 1),( 1,3,1 ),( 1,1,3)}
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Then, we have the following state space structure for these equivalence classes

with all transition rates equal to J..L.

Solving this system numerically, we have:

P(S 1)=0.214287; P(S2)=0.35715; P(S3)==0.28571; P(S 4)=0.142857

We note that, P(Si)= P(i1,i2 ,i3) , i=1, .. ,4. Hence, to solve the original

network, we can form the equivalence classes,S., create the rate matrix for these
I

classes and solve the system. Then we can obtain the queue length distribution of

the original network. The following algorithm summarizes this procedure.

ALGORITHM

I.Generate the equivalence classes, S.. , and set up the rate matrix.

2.Solve the system to obtain P(Si)·

3.Calculate the normalizing constant, GK' for the original network as follows:

S

GK = ~ Rj?(SJ
.=1

where S is the number of equivalence classes and R i is the number of states in
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equivalence class i.

The equivalence class of a state (i1,...,iN ) , S" is the cyclic permutation of custo-

rners in that state and it can be determined easily.

Finally, we note that this algorithm is also applicable to cyclic networks

under type 2.2 blocking without any modification.

4.2. Central Server Model-Symmetric Queues

A central server model is shown in figure 1. Each node has a single server, buffer

capacity B., and service times are exponentially distributed with rate II .• Pl' is
t r-t I

the probability that a customer upon completion of its service at node 1 attempts

to go to node i, i=2, ... ,N.

Let us assume that B. =B < x and J..Li=J..L, i=2, ..,N and consider the network

under type 1 blocking. We note that, in general, J..L 1 =1= J.L and B 1 :f.: B. Further-

more, let P1i=1/(N-l), i=2, ...N, Then nodes 2 through ~ are indistinguishable

and hence the algorithm given for cyclic networks above can be applied to nodes

2 through N.

4.3: Merge Configuration-Symmetric Queues

Let us now consider the ceo tral server model under type 1 blocking with B 1 < cc

and Bi=oo, and Plt=p=l/();-l), i=2, ..,N. With these parameters, the network
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has the local balance property after the service rates are modified as follows:

J.Li i =2,...N

J.Li = 1-1 1 i = 1 and no node IS blocked

i =1 and some node (s) are blocked
p

Then, we have:

if some node (s) are blocked.

where i 1+* denotes that node 1 is blocking a node.

Hence, one can use these two sets of equations to obtain the joint queue

length distributions of such networks instead of working with the rate matrix .

•5.4. Type 2 Blocking Mechanism

In this section, we will consider a modification of type 2.2 blocking mechan-

ism defined in section 4. In type 2.2 blocking mechanism, a customer chooses its

destination node before it starts receiving service and if the destination node is

full then the server can not start serving the customer. Let us modify this block-

ing mechanism as follows. A customer in queue i checks its all possible destination

nodes before starting its service. If anyone of its possible destinations is full then

the ith server becomes blocked. We will refer to this blocking mechanism as type
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• •
2 blocking. We note that the only difference between type 2 and type 2.2 block-

ing mechanisms is that in type 2.2 blocking, a server gets blocked if the destina-

•
tion node of its customer is full while in type 2 blocking a server is blocked if

anyone of the destination node is full. The following result follows from Kelly

[10].

THEOREM 6: Consider a reversible CQN as described in section 2 with infinite

buffer capacities. Then a deadlock-free CQN-B derived from this network by

imposing capacity restrictions on the buffer capacities is also reversible under

•type 2 blocking, and, hence, it has a product form solution.

Proof: Kelly [10] showed that if a network is reversible with state space S then

any truncated process with state space A, A~S is also reversible. The form of the

solution of the truncated process is the same as the original process normalized

~

over the state space A. A reversible CQN-B under type 2 blocking is a trun-

cated process of a reversible network with infinite buffer capacities. Furthermore,

since the network with infinite buffer capacities has a product-form solution,

~

CQN-B under type 2 blocking has a product form solution. The form of the

product-form solution is given in equation (3) normalized over the state space of

the network. 0

5. Conclusions

We presented some equivalencies between CQN-B under two types of block-

ing mechanisms. These results are also applicable to CQN-B under some other
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blocking mechanisms through equivalencies between different blocking mechan-

isms (see, Onvural [12] and Balsamo, Persone, and Iazeolla [5]).

Theorem 2 presents a product-form solution for networks under type 1

blocking when the number of customers in the network is equal to the minimum

buffer capacity plus one. It is also shown that the merge configuration under type

1 blocking has the local balance property with modified service rates and, hence,

it possesses a product-form solution. We also defined a modification of type 2.2

..
blocking, i.e. 2 blocking, which has a product form solution. For some special

~

cases, type 2.2 blocking reduces to type 2 blocking and, hence, it has a product

form solution. For example, consider the central server model with B I <x and

Bi=:tJ, i=2, ... ,N. Let, PIi' i=2,3, .. ,N be the routing probabilities, and let J.Li'

i==l, ..,~, be the service rates where the service time at each node is distributed

exponentially. Then, it can be shown that this network under type 2.2 blocking

,
behaves like a network under type 2 blocking, and hence it has a product-form

solution.

For symmetrical CQN-B we presented a numerical solution for calculating

the exact steady state queue length distributions on a reduced state space.

Finally, theorems 1 and 3 to ,) do not present a solution technique for CQN-

B. Instead, they provide an insight into the behavior of their performance. Some

of these theorems have been used to construct an approximation algorithm for

estimating the throughput of cyclic queueing networks under type 1 or type 2.2

blocking. For further details see Onvural and Perras [14]. These theorems may
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also be used in the buffer allocation problem as they provide some constraints on

the buffer capacities. Finally, in some of the approximation algorithms developed

for CQN-B, the analysis is based on a mapping from the states of the network

under study to the states of a similar network but with infinite buffer capacities

(see Akyildiz [1,2], Diehl [6]). If some of these theorems are applicable, then we

can find an equivalent network with smaller buffer capacities and/or fewer custo­

mers in the network which may be easier to analyze, Of, for which the approxima­

tion may yield better values.
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