M1/1*

THE NUMERICAL INTEGRATION METHOD: A SURVEY OF
APPLICATIONS IN REACTOR AND POWER TECHNOLOGY

J.E. GOLDBERG

School of Civil Engineering,
Purdue University, West Lafayette, Indiana 47907, U.S.A.

SUMMARY

The numerical integration method was developed originally, nearly twenty years ago by
J.E. Goldberg and J.L. Bogdanoff, for the analysis of nonuniform shells of revolution which
could not be analyzed readily and properly by classical methods. N.W. McLachlan, some forty
years ago, described one such shell elegantly as being “recalcitrant to the inquisition of the
mathematician®. In reactor and power technology, examples of such shells include reactor and
secondary containment, natural draft cooling towers and heat exchanger cases. The reactor ves-
sel and, in some situations, the heat exchanger case may be a multi-cellular or branched shell.
The problems of interest are the determination of stresses and deformations due to applied
loads and temperature, investigation of stability, and determination of dynamic characteristics
and response. The numerical integration method, particularly when used in conjunction with
several developments which were made subsequent to the original presentation, handles these
problems—as well as classically tractable problems— in an extremely efficient and accurate
manner and has been shown to have definite advantages over a number of other methods fre-
quently used in these applications.

There are, in reactor and power technology, a number of other situations in which the nu-
merical integration method may be effectively used. Among these, in reactor technology, are
the stability and vibration problems of multi-vaned control rods. The vanes are generally thin
and are then susceptible to buckling induced by thermal gradients due to particle bombardment
and coolant flow, Furthermore, their dynamic characteristics may be seriously degraded by the
existence of these thermal gradients.

Turbine wheels are another important group of components which may have serious
problems induced by the thermal environment. The outer rim of a turbine wheel carries the
turbine buckets and is therefore at a higher temperature than the inner portion of the wheel.
This produces hoop compression in the rim and the wheel becomes susceptible to out-of-plane
buckling at lower speeds. Also, the dynamic characteristics of the wheel are degraded and vi-
bration at large amplitude may result. These problems are readily handled by the numerical
integration method even in cases where the thickness of the wheel varies with the radius.

Another class of problems which may be efficiently handled by the numerical integration
method includes the foundation slabs of large stacks and of certain pieces of equipment. These
may often be treated as thick plates whether uniform or suitably nonuniform, on elastic foun-
dations.

The present paper discusses these problems of shells, control rods, turbine wheels and foun-
dation slabs along with problems of straight and curved beams of either solid or open section
which may exist in supporting or enclosing structures. The mathematical formulation of the
several classes of problems will be given, the similarity which exists between the equations of
the several problems is indicated, and their solution by a single, general form of the numerical
integration method is described and applications to nonlinear problems are discussed.
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1. Introduction

The present paper is concerned primarily with a method which was developed originally by
Goldberg and Bogdanoff for the analysis of shells of revolution but has application to a con-
siderably broader class of structures'and components. This method has been called "the
numerical integration method" by some of its subsequent users. Although this name, through
continued usage, has come generally to mean the method which is the topic of this paper, it
is a®somewhat unfortunate appellation. For one thing, it implies unintentionally an exclu-
sive license to the use of numerical integration algorithms or processes in connection with
the analysis of shells. For another, the name does not disclose the concept, the nature and
the capabilities--such as they may be--of the method.

The principal objective of the paper is two-fold: to disclose the characteristic fea-
Lures of the method, and to indicate by means of 3wfew examples the range of problems in
power technology which may be effectively hand]ed'By the same method and, in fact, by the
same computer program.

Shells, particularly shells of revolution, shell-Tike structures and shell-1ike compon-
ents are widely used and therefore have an important place in current technology. In reactor
and power technology, among the most visible applications are reactor vessels, containment
structures, steam generators and heat exchangers, natural draft cooling towers, stacks and
chimneys, and tanks and containers for fuel and other materials. Portions of piping systems
in power generating plants often are also treated as shells in their design and analysis.

Problems in these areas are now generally handled with the aid of digital computers, and
several computerized approaches have been effectively applied to various shell problems.
These approaches have been mainly of two types: discretization using finite element or lump-
ing techniques, and numerical integration of an appropriate set of differential equations.

There are a considerable number of numerical integration methods for shells, particular-
1y shells of revolution, and many more could be devised for shell analysis as well as for
other classes of problems. To avoid the confusion that often arises with proliferation, one
should distinguish between conceptually new methods on one hand and minor adaptations or vari-
ants of such methods on the other hand. With this distinction in mind, one may classify
methods for shell analysis according to the format of the equations which, finally, are inte-
grated.

To some extent, the integration algorithm is not and should not be the basis of classi-
fication unless that algorithm is essential to the use of the method. For example, finite
differences have long been used for obtaining numerical solutions to shell problems. The
finite difference approximations to the derivatives may be applied to the differential equa-
tion of shell theory at any of several Tevels. Considering, for example, the cases of thin
shells under asymmetric loading for which the differential equations have a total order of
eight, one may, following Donnell's theory, write the equations as a single equation of
eighth order in terms of the normal displacement {or, following Vlasov's formulation, as a
single equation of eighth order in a stress function) with supplemental or auxiliary equa-
tions to provide information on other ‘dependent variables. The derivatives, now up to eighth
order, may now be replaced by finite difference approximations, and the differential equa-
tions are thereby transformed to a system of algebraic equations which are then solved by any
of several well-known and available simultaneous equation algorithms. Notwithstanding the
fact that the "mathematical molecule” corresponding to the eighth derivative is inconveniently
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long, this method is clearly feasible, at Teast for certain problems, if a suitable simultane-
ous equation algorithm and a computer are available.

An alternative and perhaps generally better method is likely to be obtained if, instead
of using a single eighth-order differential equation in one variable, one were to write the
eighth-order system as two coupled differential equations of fourth order in each of two de-
pendent variables. These equations are then transformed through the use of finite differ-
ences to algebraic equations. Although the band-width of the resulting system of algebraic
equations would be nearly the same as would be obtained with the single eighth-order differ-
ential equation, the mathematical molecules would be about one-half as long, the coefficients
would be smaller and the other dependent variables of interest (e.g., stress-resultants and
stress-couples) might be more easily and accurately calculated. However, the number of equa-
tions would be twice as large as would be obtained from the single eighth-order equation. As
a second alternative, the governing differential equations might be written as a coupled
triad in three dependent variables, say one fourth-order and two second-order differential
equations, to perhaps some additional advantage. broceeding along these lines, Budiansky and
Radkowski devised a very useful finite difference method for the analysis of thin shells of
revolution [7]. Making a judicious selection of four dependent variables, they obtained a
set of four coupled second-order differential equations which they then transformed into sys-
tems of algebraic equations.

Other numerical integration algorithms such as the Runge-Kutta scheme and various pre-
dictor-corrector schemes have also been used effectively in the analysis of shells of revolu-
tion. Use of the Runge-Kutta scheme, which has advantages over cértain other schemes, is
restricted to first-order differential equations. Consequently, when the governing differen-
tial equations are obtained in forms of higher order than the first, they must be reduced to
first-order forms through the introduction of other dependent variables, either real or fic-
titious. Using this approach with a somewhat ad hoe, but thoroughly suitable for his purpose,
choice of dependent variables, Galletly developed influence or stiffness coefficients for
uniform toroidal segments [8]. Since the meridional curves of shells of revolution often can
be approximated satisfactorily by a collection of circular arcs, Galletly's technique may be
applied to certain problems of arbitrary shells of revolution.

The numerical integration of Goldberg and Bogdanoff was developed during the early and
middle 1950's. Faced with the need for an analysis of nonuniform shells of revolution, an
effort was first made to apply various standard numerical techniques to the higher-order
forms of the governing equations. Serious difficulties were encountered, and the cause of
these difficulties was traced to the derivatives of the shell properties, especially the
derivatives of the flexural rigidity. It was clear that these difficulties would be elimi-
nated or minimized by applying numerical techniques to lower-order forms of the governing
equations if these were obtained in such a way as to avoid derivatives of shell properties.
This observation motivated the form of the equations in the Goldberg-Bogdanoff numerical inte-
gration method [1-6].

2. General Form of Eauations

In contrast to other formulations of shell problems, the numerical integration method
devised by Goldberg and Bogdanoff writes the governing equations of the m-th order system as
an ab initio set of m first-order ordinary differential equations in m intrinsic or natural
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dependent variables for each Fourier index. These equations, when obtained directly from
first principles as is always possible, will contain no derivatives of either rigidities or

geometric parameters. For example, in the case of a thin shell being treated by an approach

that is consistent with conventional or classical thin-shell theory, the total system is of

eighth order and the m intrinsic dependent variables are four displacement quantities and

four tractions:

a)
b)
c)
d)
e)
f)

the three components of displacement at the middle surface,

the rotation of the tangent to the meridian,

the membrane normal force in the meridional direction,

the meridional moment,

an effective meridional transverse shear similar to the Kirchhoff shear, and
an effective membrane shear.

These quantities will appear or will evolve naturally when the first-order equations are ob-

tained from first principles.

As a direct consequence of this choice of dependent variables, several important advan-

tages accrue to the method:

a)

c)

The intrinsic dependent variables chosen for integration are precisely the complete
set of quantities, both tractions and displacements, that are exposed at the bound-
aries. Consequently, the boundary conditions take on the extremely simple form of
merely assigning the specified boundary values to the appropriate variables.
Because the equations involve no derivatives of rigidities, the thickness and mate-
rial properties may vary arbitrarily, either continuously or abruptly, along the
path of integration without complicating the calculations or tending to reduce
accuracy.

Loadings may be distributed, partially distributed, localized or line loadings, and

‘may vary arbitrarily in the meridional direction. Loadings which are not axisymmet-

ric are expanded into Fourier series in the circumferential direction. The equa-
tions reduce automatically to a set of six first-order equations (for thin shells)
in the case of axisymmetric loading.

Any stable numerical integration scheme may be used. The Runge-Kugga fourth-order
scheme gives extremely good results, but certain predictor-corrector methods are
also useful and effective. When a self-starting algorithm such as the Runge-Kutta
scheme or certain predictor-corrector methods are used, the step size need not be
constant but may vary arbitrarily. Step size may therefore be adjusted, either con-
tinuously or blockwise, for maximum computing efficiency using smaller steps where
gradients are expected to be steep. Automatic selection of optimum step size can be
made a part of the computer program. The accommodation of variable step size is in
direct contrast to, say, the finite difference methods where it is not convenient to
vary step size.

lications of the Numerical Integration Method

Although developed initially for the analysis of shells, the numerical integration
method can be applied to a fairly broad range of problems which may be encountered in reactor
and power technology. Possible applications include the following:
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Structures and Components

A. Bars and Beams
1. Straight, Curved, Uniform, Nonuniform
2. Solid Sections, Closed Thin-Walled Sections, Open Thin-Walled Sections
3. Single Span and Continuous Beams
4. Beams on Elastic Supports, Beams on Uniform or Nonuniform Elastic Founda-
tions
5. Elementary Beam Theory, Timoshenko Beam Theory, Reissner and Higher-Order
Beam Theories
B. Plates
1. Thin Plates, Moderately Thick Plates, Very Thick Plates, Layered and Sand-
wich Plates
2. Uniform Plates, Plates Having Varying Thickness
3. Orthotropic Plates, Stiffened Plates, Corrugated Plates
4. Circular Plates with Arbitrary Boundary Conditions, Rectangular Plates
5. Continuous Rectangular Plates with Rigid or Elastic Supports
6. Circular Plates on Rigid or Elastic Ring Supports at Arbitrary Locations
7. Plates on Uniform or Nonuniform Elastic Foundations
C. Shells (Properties and Thickness May Vary in Direction of Integration)
1. Shells of Revolution
2, Circular and Noncircular Cylindrical and Prismatic Shells
3. Thin Shells, Moderately Thick Shells, Thick Cylinders
4. Branched Shells, Multicellular Shells, Box Girders
5. Flanged Shells
6. Stiffened Shells, Layered Shells
Materials (Character and Properties May Vary in Direction of Integration)
A. Isotropic
B. Orthotropic
C. Anisotropic
D. Microelastic
E. 'Layered, Sandwich

Applications
Complete Shells

A.
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Reactor Vessels

Containment

Steam Generators, Heat Exchangers, Superheaters
Natural-Draft Cooling Towers

Chimneys, Stacks

Storage Tanks

Axial Flow Turbine Cases

Piping, Straight or Circularly Curved, with or without Flanged Connections
Box Girder Conduits, 60nveyor Supports, Bridge Span s
Fuel Bundle Cases

Prestressed Shells
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B. Partial Shells, Roof Structures

1. Domes
2. Prismatic Shells: Barrel Roofs, Folded Plates, North-Light Roofs, Free-
Form Sections
3. Protective (Thick) Roof Structures
C. Plates
Floor Slabs
Foundations
Protective Walls
Hoppers, Bins
Stellate Control Rods
Turbine Wheels, Large Gears
D. Bars, Beams; Straight, Curved
1. Structural Elements
2. Machinery Components, Pushrods
3. Piping
IV Problems
A. Stress and Deformation; Static, Quasistatic
1. Self-Weight, Dead Load, Low Acceleration Body Forces
2. - Internal and External Pressure, Varying over Surfaces
3. Distributed Loading, Partial Loading, Localized Loads
4. Thermal Stresses: Distributed, Varying through Thickness and over Surfaces,
Hot Spots; Solar Heating; Snow and Ice Cooling

Y G BWw N -

5. Shrinkage Stresses in Concrete
6. Live Load, Snow Load, Wind Load
7. Quasistatic Earthquake Loading
8. Imperfections

9. Settlement

10. Nonlinear Behavior
11, Development of Plastic Zones
B. Dynamic Problems
1. Modes and Frequencies of Vibration; Undamped, Damped
2. Dynamic Response; Undamped, Damped
a. Earthquake Response
b. Response to Wind Gusts; Vortex Shedding
c. Missiles
3. Deterministic Response
4. Random Response
5. Nonlinear Response
C. Stability Problems
*  3ifurcation Instability
Nonlinear Stability, Creep Instability
Nonconservative Buckling
Imperfection Sensitivity
Thermally Induced Buckling, Control Rods and Turbine Discs or Wheels
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The foregoing 1ist is, of course, somewhat incomplete. Additional items doubtless may

be added. Moreover, many variations of the Tisted items are certainly possible, and some of
these might properly be added. Practically all of the listed problems have been solved pre-
viously or similar problems have been solved by the numerical integration method so that the
applicability of the method has been established.

4. Derivation of Governing Equations

4.1 Nonuniform Straiaht Beams

As a simple example, the equations for steady-state vibration of a beam resting on a
hypothetical massless elastic foundation are derived [12]. The external transverse loading
is taken as q(x,t) = q(x) cos wt. Rotatory and transverse inertia, and shear deformation are
included. The equations of motion are obtained in a conventional way. After noting that the
response is in phase with the loading, the equations of motion are found to reduce to the
following:

d
%8»= kw - wipAw - q 3 a¥-= Q + w?plB (4.1-1)

in which Q, M, w and 8 are respectively, shear, bending moment, transverse displacement and
rotation of the cross section (using Timoshenko beam theory); k is the spring constant of the
foundation; p is the mass density; A and I are the area and second moment of the cross sec-
tion. The parameters may be functions of x. The relations between internal tractions and
displacements are

e __ M. dw o O
d« ~ T ET ax - BT RG (4.1-2)

in which E and G are the normal and shearing moduli, and A' is the effective cross-sectional
area for shear (e.g., 5A/6 for a solid rectangular section).

Equations (4.1, 4.2) are the four first-order equations for steady-state forced vibra-
tion of shear-deformable beams. With w set equal to zero, they may be applied to problems of
response to static or quasistatic loading of bars and beams. The equations may be modified
to include effects of axial loads and may then be used for static and dynamic stability prob-
lems. If k is made frequency-dependent, more realistic elastic foundations may be considered

4.2 Flexure of Discs
Consider a disc subjected to in-plane loads or body forces which produce a known polar
symmetric planar stress field. The partial differential equations of steady-state motion are
readily written and may be reduced to ordinary differential equations when the disturbance
and response vary and cos wt and are cyclic functions of the angular coordinate. In this
case, if the response mode has n diametral nodal lines, the three equations of motion (one
transverse and two moment equations) become

d d?w dw 2 W) dw 2 _
o Q) Fny+r N gt Ne{a?-- n r] - Fpo gyt wihrw = —q

Lrm)-n Mg = Mg = r Q. - w?plr 32 =0 (4.2-1)

é%—(r Mre) FaMg Mt Q - nw?plw = 0

Here Mr’ Me are the bending moments; M . is the twisting moment; Qr and Qe are the transverse

re
shears; w is the normal displacement; Fr is the body force resultant over the thickness, h;

Nr and Ne are the (known) stress-resultants due to the in-plane loads and body forces; q is
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the n-th component of normal loading; p is the mass density; I = h®/12. The loadings and all
parameters in these equations may vary with r. The circumferential variations of the extern-
al loading and of the response are homogeneous in cos né or sin n@, and these factors have
been cancelled.

Two new dependent variables are now introduced:

dw _ ¢ _ s
s S = radial slope (4.2-2)
V.=Q. -n "0 _ ivchhoft shear (4.2-3)
r r r e
The relations between the displacements and the moments are
- ds S n? . _ S n? ds
MY‘ = -DW"‘\)[F Y‘_ZwH H Me = -DF—F—ZW+\)W (42-4)
= wo_n -
Mg = D(1 - v)[Fz»- n s} (4.2-5)

in which D is the flexural rigidity and v is Poisson's ratio.

With the substitution of (4.2-2, -3) into (4.2-1), and the elimination -- by purely
algebraic operations -- of Qe between the first and third of (4.2-1}, and taking the specific
case of a disc rotating with angular velocity @ in its own plane producing the body force Fr’
one obtains the pair

d d 2
r HF—(r Vr) =2 Mg+ n2Me - err E% -r Ne[s - %:—w] + ph@?r3S - (phr? + n%pl)w?w
(4.2-6)
DM = Mg+ My QL+ putIrs (4.2-7)
Eliminating dS/dr between eq. (4.2-4) yields
- (S n?w
Mg = WM, - D(1 - v2) |3 - T (4.2-8)
The first of (4.2-5) may be written as
M 2
R v["Tz"i - %] (4.2-9)

Now, eqs. (4.2-6, -7, -8, -9) form a set of four first-order differential equations
which may be integrated numerically using, say, the Runge-Kutta technique or any other stable
and efficient technique. Equations (4.2-7, -8) may be considered as auxiliary equations
which can either be substituted into (4.2-6, -7) or can be evaluated point-by-point (in the
computer) as the integration proceeds and then substituted into (4.2-6, -7). The equation
may be used for problems of free or forced vibration and for buckling problems. With w equal
to zero, the equations redyce to the static case, and with n equal to zero they reduce to the
symmetric case. The equations may be extended to include elastic foundations and may be
applied to plates which are continuous over elastic concentric line supports.

4.3 Curved Girder with Open Section

Curved girders may be of several types: compact section, thin-walled open section,
thin-walled closed section, and others. As a relatively simple example, equations are de-
rived for a beam of the I- or wide flange type. For simplicity, the axis of the beam is
assumed to be a planar curve and one of the principal axes of the sections is assumed to lie
in the same plane. The loading consists of concentrated and varying distributed loads
applied at the centroids of the sections and normal to the plane of the girder, and concen-
trated and distributed couples acting about the circumferential axis. For small deformations,
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as here assumed, only twist and displacements normal to the plane of the girder need be con-

sidered.
The differential equations of equilibrium are found to be
dM

dM _ T . dQ _ . dT _ M . f

ds "N TR ds = "9 s - RrR-" T T
in which M is the normal bending moment, T is the torsional moment, Q is the normal shear, Sf
is the transverse shear in one flange, Mf is the bending moment in one flange, R is the local
mean natural radius of curvature, s is the distance along the curved axis, q is the varying
normal Toading and m is the varying moment loading.

In the case of I and wide-flange sections, the total torsional moment is made up of the

=S (4.3-1)

simple Saint Venant torsion for the entire section, Ts’ the flange shear force couple:
T=T, +Sh (4.3-2)

in which h is the distance between flange centroids
The compatibility relations are

_ dv ¢ _ofde . Ldv _ h(d%¢ , 1 d?v
M= -ED oo R] Ts = C-[ds t R, Me=-Ele 2listt R asz) (4-3-3)

in which I is the modulus of elasticity, I is the moment of inertia of .the entire section for
normal bending, If is the moment of inertia of one flange in the strong direction, C is the
Saint Venant torsional rigidity (shear moduius times line integral of the cube of the thick-
ness), ¢ is the rotation of the section in its own plane, and v is the displacement normal to
the plane of the girder.

With the introduction of two additional dependent variables (A = tangential slope and
¥ = rate of rotation), the eight first-order equations obtained:from (4.3-1, -2, -3) are

dQ dv _ . M _ 5T, do _

ds q ds A ds Q R ds v (4.3-4)
ar_m, a ML e dy . Me 1w g

s RTM ds ETTR ds = 33 ds ~ "ETAYRIET TR

The following auxiliary equation expresses Sf in terms of intrinsic variables for use in the
fourth differential equilibrium equation of (4.3-4):

-1 A -
5 h[:T c[w + RD (4.3-5)
The following equations can provide additional information if desired:

warping angle = h[w + %} H T, = C[¢ + %J (4.3-6)

Equations (4.3-4, -5, -6) may be used for girders for which the axis is a planar circu-
lar or noncircular curve. The properties and radius, R, may vary with s. These equations
may be augmented to include elastic foundations, dynamic terms, which will permit calculation
of modes and frequencies of free vibration and also dynamic response. Initial and prestress
loadings may be included in the formulation, which will also permit the calculation of criti-
cal loads.

Cases of tilted sections, in-plane toads, certain unsymmetrical sections and sections
for which the shear center and centroid do not coincide can also be handled if the equations
are properly modified. In the last two cases, the more general form of the warping rigidity
function must be used in place of the flange rigidity, Elf, which is appropriate for I and
wide-flange beams. Similar equations forming a sixth-order system may be obtained ab initio
or by reducing the foregoing system for cases of straight beams.
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4.4 Thick and Layered Plates

In certain cases it is convenient to perform the numerical integration in other than one
of the surface directions. Thus, in the case of a thick or layered plate, if the shape and
edge conditions are conducive, transforms or series expansions may be made in the surface
directions, leaving the thickness direction as the direction. As a simple example under con-
straints of brevity, a rectangular plate of isotropic material, simply supported at its edges,
is considered.

The surface loadings, body forces, normal displacements and stresses in the normal di-
rection are expanded into double sine series in the surface coordinates, thus obtaining terms
in sin(mmx/a) sin{nmy/b) where a and b are the lateral dimensions. The remaining displace-
ments are expanded into compatible double trigonometric series. Thus, when the three equi-
1ibrium equations and three of the six equations of Hooke's law are written, one obtains
almost directly the following:

ds

2x _ _mm [

=2 %% T h Sxy X

dsxz nm mm

dz =—F5yy+?SXy-Y; (44—1)
ds
_zz _mm nm _

dz_aszx+bsyz [

in which all dependent variables are the -amplitudes for the index pair m, n; Sxx’ etc. are
stresses; X, Y, Z are body forces; U, V, W are components of displacement. The differenti-
ated dependent variables are the intrinsic variables of this formulation and comprise all
quantities which may be involved in the boundary conditions at the two surfaces. Three aux-
iliary equations in the undifferentiated dependent variables are obtained from the three pre-

viously unused equations of Hooke's law:

_ ofnmU |, ma¥ _
SXy = ij;—+ —E—] (4.4-2)
. _ =Emm i _ ~Enm
sxx - \)(Syy + Szz) == U Syy - v(SXX + SZZ) = =% v (4.4-3)

The Tast pair may be solved simultaneously to yield expressions which can be evaluated in
terms of dependent variables and substituted, as needed, into (4.4-1):

n¥

v(1+v)SZZ— Em v(1+v)szz- Em T oa

Sex © H Syy = v (4.4-4)
Equations (4.4-1, -2, -4) may be used for the analysis of thick plates. As written,
these equations apply directly to plates in which the material either is homogeneous, or

varies arbitrarily in the thickness direction either continuously or abruptly. The necessary

n,

modifications for orthotropic or anisotropic materials are obvious. The effects of elastic
foundations are easily included through the boundary conditions at the foundation interface.
In dynamic cases where the forcing functions or disturbances have a circular frequency w, the
body forces for steady-state response may be taken with the same timewise variation, and their
amplitudes will be equal to pw? times the amplitude of the displacement; thus, X = pw?U, etc.
4.5 Shells

Derivation of the desired first-order equations for thin and moderately thick shells has
been treated rather thoroughly in the literature [1, 2, 4, 5, 6]. The differential equa-
tions of equilibrium for thin shells are easily written by inspection, and the stress-
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displacement relations can be taken from the equations of three-dimensional elasticity in
curvilinear coordinates and integrated through the thickness. Alternatively, the equilibrium
equations may be obtained by a variational procedure. In the case of moderately thick shells
and in other cases where a higher-order theory is desired, the Hellinger-Reissner varijational
theorem [10] has been particularly useful in deriving both equilibrium and compatibility equa-
tions as well as the necessary auxiliary equations.

5. Computational Procedure

The governing differential equations and the auxiliary equations together with the
boundary conditions form a two-point boundary vatue problem. However, boundary value prob-
lems cannot be handled readily as such on a digital computer and it is necessary to transform
the problem into an associated set of initial value problems. The procedure will be de-
scribed for the problem of a thin shell subjected to unsymmetrical loading.

Since the problem is of eighth order for each Fourier integer, n, four of the intrinsic
dependent variables will be specified at the initial boundary. For purposes of iilustration,
these will be assumed to be the four components of displacement (ug, Vo, Wy, 60) and are not
necessarily equal to zero. Initial values of the remaining intrinsic variables must be such
as to satisfy the terminal boundary conditions. To accomplish this, five 1inearly independ-
ent solutions are obtained by numerical integration according to the following schedule in
which is the effective membrane (Bassett) shear

Initial values

olution u v l W 8 l Nx Mx Vx N;v Loads
0 Ug Vv, W Bo 0 0 0 0 Include
1 0 0 0 0 1 0 0 0 Delete
2 0 0 0 0 0 1 0 0 Delete
3 0 0 0 0 0 0 1 0 Delete
4 0 0 0 0 0 0 0 1 Delete

It can be seen that Solution 0 plus any linear combination of Solutions 1-4 will satisfy the
differential equations as well as the initial boundary conditions. Moreover, since each
solution produces values throughout and at the terminal boundary, the Tinear combination
which satisfies the four terminal boundary conditions is uniquely determined. If C;, Co, Cs,
C, are the weights which must be assigned to Solutions 1-4, then these numbers are the re-
quired initial values of NX, Mx’ Vx’ N; , respectively.

Solutions to shell (and certain other) problems generally tend to propagate exponentiai-
1y and special measures must be taken to obtain a satisfactory well conditioned coupling ma-
trix between the ends. The obvious technique for doing this is to‘pivide the total path of
integration into segments over each of which nine independent numerical integrations are per-
formed to obtain fixed-edge tractions and an 8 x 8 stiffness matrix. These are then combined
into a global sti%fness matrix by means of which the displacements at all segment junctions
are determined. A final integration with the fixed-edge tractions and the known displace-~
ments as initial values is now made over each segment.

A more efficient segmenting technique was developed by the author in the early 1960's
and has been a standard part of our programs since then. In this procedure, five integra-
tions are made over the first segment in accordance with the table presented above. These
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are now combined to obtain five linearly independent solutions for which the terminal dis-

placements, if represented as vectors, are taken to have the following magnitudes:
[uvwe]l]=[0000], [1000], {0100], [0010], [000O01] (5.1-1)

Since each integration produces values of tractions and displacements, the associated trac-
tions at the terminal edge of the segment are readily determined for each of the foregoing

displacement vectors. If these tractions are arranged as a stiffness matrix, one may write
thee following matrix formula for the magnitudes of these tractions associated with any dis-
placement vector:

0 u v W 3] 1
X Ny Ny Ny Ny Ny
u
M me M4 oM ow e
X X X X X X v (5.1-2)
0 u \ i ¢}
Yy Yy Yy Yy Yy Yy W
* %0 *U *V *W *6
ny ny ny ny ny ny 9

Terms with zero superscripts are fixed-edge tractions; the remaining terms in the 4 x &
matrix are stiffness coefficients associated with the previously obtained unit terminal edge
displacement vectors. Using (5.1-2) tractions at the initial boundary of the next segment
are determined in terms of displacements. Thus, five integrations over this segment with
initial displacements according to (5.1-1) and tractions given by (5.1-2) will provide all
information for starting the succeeding segment. This procedure is followed for all seg-
ments. At the terminal end of the last segment, true boundary conditions are imposed, and
these yield the correct displacements at the initial end of the last segment. The correct
displacements.at the initial end of the preceding segment are found by a simple multiplica-
tion of a 4 x 4 matrix by the column vector of terminal displacements. This step is repeated
successively until the magnitudes of the unknown variables at all junctions and at the ini-
tial boundary are determined. In the case of singly-connected branches, segment junctions
should be placed at branch points and the 4 x 5 matrix of (5.1-2) for the branch should be
added to the incoming segment matrix.
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