ABSTRACT

XIONG, MING. Investigation of Transport Phenomena in the Presence of
Interfaces. Forced Convection in  Composite Porous/Fluid Domains,
Solidification with a Mushy Region, and Meniscus Formation in Dip Coating
Processing (Under the direction of Andrey V. Kuznetsov)

Transport phenomena play an important role in many practical applications. Every time a
new technology is developed, analysis of transport processes is crucia for its success.
Numerical and analytical investigations of transport processes in forced convection in
composite porous/fluid domains, solidification of binary alloys, and meniscus formation in
dip coating process are performed. These processes include mass, momentum, and energy
trangport across interfaces. For forced convection in composite porous/fluid domains, the
validity of single-domain approach is investigated via comparisons between the numerical
and exact solutions. An anaytical solution for fluid flow described by the Brinkman-
Forchheimer-Darcy equation is obtained by utilizing the boundary layer approximation.
Solidification of binary aloys is studied by utilizing a porous medium approach for modeling
transport processes in the mushy zone. A three-phase model is developed to predict
microporosity formation during this process. Solute redistribution during this process is
modeled by using the Schell and lever rules to describe solute transport at the local scale. The
investigations show that initial hydrogen concentration is an important factor affecting
microporosity formation. Also, some effective ways of controlling microporosity formation
are suggested based on these investigations. Another process studied in this dissertation is the

dip coating with liquid carbon dioxide used as a solvent. This is a new deposition technique



developed in recent years. A model accounting for evaporation during this process is
obtained based on the classical free meniscus theory. Numerical results agree well with
experimental data. These results show that the dry film thickness increases with the increase

of evaporation rate and initial solute concentration.
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1 INTRODUCTION

Transport phenomena play a major role in many areas of science and engineering. There are
a great number of practical applications that involve these processes. In this dissertation,
transport phenomena in three processes, forced convection in composite porous/fluid
domains, solidification of binary alloys, and meniscus formation in advanced coating
processing, are investigated. A common feature of these processes is that in all three of them
there is an interface across which the exchange of mass, momentum and energy takes place.
Because transport phenomena across interfaces are common in many industrial applications
and processes, extensive studies in this area have been performed and numerous theories
have been developed. A brief review of previous research on these three processes is given

below.

1.1 TRANSPORT PHENOMENA IN COMPOSITE POROUSFLUID DOMAINS

Investigation of transport phenomena in porous media is an important subject of research
because of the increasing number of applications of porous media in energy related and
geophysical engineering problems [1]. There is extensive literature available in this field [1-
22]. Studies in this field gradually progress towards more complex models. For small
filtration velocity, a simple Darcy law gives reasonably good agreement with experiments.
For large filtration velocity, inertial forces become important and the Forchheimer correction

to the Darcy law must be utilized. Finally, if boundary or interfacial effects need to be



considered, the Brinkman extension of the Darcy law must be invoked. During the last
decade, it became common to utilize the so-called Brinkman-Forchheimer-extended Darcy
equation, which accounts for, in addition to the Darcian resistance to the flow, both the
inertial (Forchheimer) and boundary (Brinkman) effects. The problem becomes even more
complicated when there is an interface between a homogeneous fluid and porous medium.
Beavers and Joseph [4] first investigated boundary conditions at the porous/fluid interface
and numerous subsequent studies have followed their classical research [5-14]. Currently, the
most commonly accepted form of the interfacial conditionsis that suggested by Ochoa-Tapia
and Whitaker [11, 12]. These conditions assume continuity of the filtration velocity and a
jump in the shear stress at the interface. Utilizing these conditions introduces a new
experimental constant which controls the magnitude of the jump in the shear stress. To avoid
numerical difficulties arising from utilizing these complicated boundary conditions, the
single-domain approach is widely utilized [15-22]. However, no study has been done before
to investigate the validity and limitations of this approach. In this dissertation the implicit
boundary conditions imposed at the porous/fluid interface by utilization of the single-domain

approach are investigated.

Numerical smulations are often necessary because the more complex the model is, the more
difficult it is to obtain an analytical solution. Often an analytical solution becomes possible if
a number of additional physically sound approximations can be introduced. Vafai and Kim
[23, 24] introduced the boundary layer approach into the field of forced convection in porous
media and obtained an analytical solution for fluid flow in the interfacial region. Several

studies have been performed following their work [25-27]. In this dissertation a Couette flow



in a composite duct is investigated by utilizing the boundary layer approximation. Thermal
dispersion and non-Darcian effects are accounted for. Finally, the effect of thermal dispersion
on forced convection in a circular duct partly filled with a saturated porous medium is
investigated numerically. A numerical method of solution is required because so far it is

impossible to obtain an exact solution for this complicated forced convection flow case.

1.2 TRANSPORT PHENOMENA DURING BINARY ALLOY SOLIDIFICATION

The solidification problem has received increasing interest in recent years because of its
relevance to many fields, such as metalurgy, materials processing, purification of metals,
crystal growth, and casting processes [28]. Considerable work has been done in this area [28-
39]. The complexity of modeling this process results from the phase change that occurs in the
mushy zone where the solid, liquid and gas phases coexist simutaneousy. So far, the
majority of models of microporosity formation describe the mushy zone as consisting of only
solid and liquid phases, which means microporosity formation in the mushy zone is
neglected. Microporosity formation is an important physical phenomenon during
solidification and often can not be neglected. Microporosity is a common microstructural
defect present in castings which considerably affects the properties of a material. Correct
prediction of microporosity formation during solidification is necessary for finding ways of
controlling microporosity and improving the quality of castings. This dissertation presents a

three-phase model to ssimulate a unidirectional solidification process, which describes the



mushy zone as consisting of three phases (solid, liquid, and gas phases). The microporosity
formation during solidification under different gravity conditions is investigated by utilizing
this model and some valuable insight into this process is obtained. This investigation is
important for the development of future processing technologies for human operations on
extraterrestrial surfaces such as those on the Moon or Mars. It is also important for utilization
of the microgravity environment to better understand the physics of microporosity formation.
The effects of other factors, such as initial hydrogen concentration, models describing solute

transport at the local scale, and solute concentration, are investigated.

1.3 TRANSPORT PHENOMENA IN DIP COATING PROCESS

Liquid coating techniques are widely used in industrial processes to deposit thin films on the
surface of a wafer. Dip coating is one of the most commonly utilized deposition techniques.
It is used to produce photographic films, protective or cosmetic coatings, solid reflective
coatings on glass windows and many other types of coatings [40-42]. Carbon dioxide is
chosen as a solvent because of its unique physical properties near the critical point, such as
sengitivity to temperature and pressure variations, low viscosity, and low surface tension.
Although considerable work has been done on modeling dip coating processes [43-49], there
are few works on dip coating that consider evaporation, which is a crucia phenomenon in
this deposition process. This dissertation extends the classica free meniscus theory to

account for evaporation effects. Numerical investigations of the dip coating process with



liquid carbon dioxide as the solvent are carried out. Theoretical predictions agree well with

experimental results.
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2 ON THE LIMITATIONS OF THE SINGLE-DOMAIN APPROACH
FOR COMPUTATION OF CONVECTION IN COMPOSITE

CHANNELS

ABSTRACT

In this chapter, comparisons between the numerical solutions for forced convective flow in
composite channels, partly occupied by a homogeneous (clear) fluid and partly by a fluid
saturated porous medium, and the exact solutions for the same problems are carried out. This
is done to establish limitations of the single-domain approach utilized to obtain the numerical
solutions. These limitations result from the assumptions that are implicitly invoked once the
single-domain approach is utilized to model fluid flow in the interface region between the
porous medium and a clear fluid. It is shown that the single-domain approach results in
correct matching of the shear stress at the porous/fluid interface only if the adjustable
coefficient in the representation for the excess stress equals to zero and aso if the effective

viscosity of the porous medium equals to the fluid viscosity.

21 INTRODUCTION

Convection in composite domains partly occupied by a homogeneous (clear) fluid and partly

by a fluid saturated porous medium is a subject of permanent interest for researchers. This
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interest is due to many important engineering applications relevant to this problem. Solid
matrix heat exchangers, the use of porous materials for heat transfer enhancement, fault

zones in geotherma systems and solidification of binary alloys are a few to mention in this
respect.

The single-domain approach has recently become very popular for numerical solution of
convection problems in composite channels. In this approach, a single set of governing
equations is formulated in such a way that equations reduce to the correct limits in both the
porous and the clear fluid regions. To obtain the correct limits, values of certain coefficients
in the single-domain version of the governing equations jump when crossing the interface.
Since in the single-domain approach one set of governing equations is uniformly valid in
both fluid and porous regions, there is no need to explicitly utilize any boundary conditions at
the porousd/fluid interface, and matching of variable values is inherent in the formulation
itself. Boundary conditions have to be explicitly treated only at the external boundaries of the
computational domain. The single-domain approach is especially beneficial for the problems
related to solidification of binary alloys. In general, during solidification of a binary alloy,
the computational domain consists of three regions, namely, the solid, the two-phase (mushy)
and the liquid (melt) regions. In solidification problems positions of the solid/mushy and the
mushy/liquid interfaces are not fixed, the interfaces move with time and their geometrical
shape changes. If the single-domain approach is utilized to obtain a numerical solution of the
solidification problem, there is no need to track explicitly the geometrical shape of the three

regions as well as positions of the solid/mushy and the mushy/liquid interfaces.
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The single-domain approach was successfully utilized in Beckermann and Viskanta [1],
Bennon and Incropera [2], Schneider and Beckermann [3], Yoo and Viskanta [4], Voller and
Prakash [5], Vafai and Kim [6], Huang and Vafai [7], Kim and Choi [8], Hadim [9], and in
many other papers. Because of the popularity of the single-domain approach, it is important
to analyze what boundary conditions are implicitly imposed at the porous/fluid interface
when this approach is utilized. To analyze this problem, we will compare numerical solutions
of three test problems obtained utilizing the single-domain approach with exact analytical

solutions of the same problems.

Obtaining an anaytical solution requires explicit imposing of boundary conditions at the
porous/fluid interface. The problem of boundary conditions at the interface was analyzed in
Ochoa-Tapia and Whitaker [10, 11]. In these papers, Ochoa-Tapia and Whitaker, by means
of complicated volume averaging analysis of the momentum equations in the interface
region, have shown that matching the Brinkman-Darcy and Stokes equation retains

continuity of velocity, but produces ajump in the shear stress.

The schematic of the problem considered in this investigation is displayed in Fig. 1.
Hydrodynamically fully developed flow in a composite channel whose central part is filled
with a homogeneous (clear) fluid and whose peripheral part is filled with a fluid saturated
porous medium is considered. Because of the symmetry of the problem only haf of the
channel is displayed in Fig. 1. Numerical and analytical solutions are compared for three
different geometrical configurations of the composite channel: 1) Parallel-plate channel,
porous layers of uniform porosity are attached to the walls of the channel; 2) Parallel-plate

channel, porous layers of variable porosity are attached to the walls of the channel; 3)
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Axisymmetric channel, a cylindrical porous layer of uniform porosity is attached to the wall

of the channel.

¥lor ¥)

A

Figure 1 Schematic diagram of the problem

22 PARALLEL-PLATE CHANNEL PARTLY FILLED WITH A POROUS

MEDIUM OF UNIFORM POROSITY

2.2.1 Exact Solution

The equations governing the fluid flow in this case take the following form:

0£yEsS (1)

SEYEH @)
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where H is half the distance between the plates, K is the permeability of the porous medium,
p is the pressure, s is half the thickness of the clear fluid region, U, is the filtration
(seepage) velocity, X isthe streamwise coordinate, y is the transverse coordinate, m is the
fluid viscosity, m, is the effective viscosity in the Brinkman term for the porous region.

Equation (1) describes the fully developed flow in the clear fluid region while Eq. (2)
describes the fully developed fluid flow in the porous region. The third term in Eq. (2) is the
traditional Darcy term while the second term is the so-called Brinkman term which accounts

for viscous forces and makes it possible to impose the no-dip boundary condition at the solid
wall. The effective viscosity in the Brinkman term, m, , isin general distinct from the fluid

viscosity, m .

Egs. (1) and (2) must be solved subject to the following boundary conditions:

T, | _

= =0 )
Wl

m|)7:s- 0 = G|7:s+0 (4)

Ty, 1y, . m o
My —{~ - m—{~ =b—7 U ©)
ﬂy y=s+0 ﬂy y=s-0 K}/Z f|y_

where b is dimensionless adjustable coefficient in the representation for the excess stress at

the interface,

uf |’)7:H = O (6)
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Egs. (4) and (5) present boundary conditions suggested in [10, 11]: EQ. (4) presents
continuity of the filtration velocity, and Eq. (5) presents a jump condition for the shear stress
a the porous/fluid interface. Continuity of the filtration velocity at the interface was utilized
in many works on porous media. Probably the best physical interpretation of this condition is
given in Nield [12]. Nield [12] considered the interface of the porous medium that contains
both pores and solid particles. In the pores, the fluid velocity in the porous medium matches
with the fluid velocity outside the medium. Over the solid portion of the interface, the
velocity is zero both in the medium (no motion in the solid phase) and in the neighboring
clear fluid (because of the no-dip condition). The average velocity in the porous medium
thus matches with the average velocity in the neighboring fluid. Nield [12] also provides a
good physical explanation of the jump condition for the shear stress at the porous/fluid
interface. According to Nield [12], over the pore section of the interface, the velocity shear is
continuous, however, this is not the case over the solid section. In the solid the velocity shear
is identically zero, but in the adjacent clear fluid it can have some nonzero value. Therefore,

the averaged velocity shears do not necessarily match at the interface.

Though Egs. (4) and (5) were obtained in [10, 11] by a strict volume averaging procedure,
they include an adjustable coefficient in the representation for the excess stress at the
interface, b, whose value must be determined experimentally. Physically, coefficient b
accounts for the possible nonzero value of the velocity shear in the clear fluid adjacent to the
solid portion of the interface. Estimations carried out in [10,11] have shown that - 1Eb£1.
The boundary conditions at the interface in the form given by Egs. (4) and (5) were utilized

in[13, 14].
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Since there are no reliable experimental estimates of the coefficient b for different porous
media, many papers utilize direct matching of the shear stress at the interface instead of the
jump condition given by Eqg. (5). If we use b=0 in Eq. (5), this equation takes the following

form:

flu,

.
Ty i

— 7
y=s+0 ﬂy ( )

My

y=s-0

which implies that the shear stress is continuous at the interface. Equation (7) was utilized,
for example, in Poulikakos and Kazmierczak [15] and in Vafai and Kim [16]. Probably for
many practical situations it gives a reasonable compromise which can be used until reliable
experimental data for estimation of the value of the coefficient b are available. However, asit
is shown in [11], for some porous media using b=0 results in very large disagreement with
experimental data, and using the jump in the shear stress condition given by Eqg. (5) is redly
necessary.

Following [13], the exact solution of Egs. (1)-(2) aong with boundary conditions given by

Egs. (3)-(6) can be presented in the following dimensionless form:

u=u, +%(Sz-y2) O£y E£ES (8)
u = Cexp(- 1'—y)+Dexp( 1'y)+Da SEy£1l 9)
g«/ﬁ gvDa

where the dimensionless velocity at the porous/fluid interface is given by the following

equation:
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u =" 2Dag- (- SvDa +bDa)[exp(s) - exp(- s)] +Da (10)
(g+b)exp(s) +(g- b) exp(- s)

and integration constants in Egs. (8) and (9) are given by the following equation:

c=" Da(g+ b) exp(s) + (- SYDa +bDa) (11)
(g+b)exp(s) +(g- b)exp(-s)
_ . Da(g- b)exp(-s) + (- S¥Da +bDa) (12)
(g+b)exp(s) +(g- b)exp(-s)
where
_1-S
5" /Da )

The dimensionless parameters and variables in Egs. (8)-(13) are defined as follows:

K u,m y s e, u/v2
Da=—, =_f , == =—, = A ” 14
H? e’ 7TH H 97 Em | (4
where
&
=& (49

is the applied pressure gradient.
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2.2.2 Numerical Solution

For the single-domain numerical solution, Egs. (1) and (2) are combined into one equation

which isvalid in both porous and clear fluid regions:

-j_gwl‘.f%-vz%nf:o 0E£VEH (16)
where

Y, =1, Y,=0 0£VEs (17)
Y, =m, /m, Y, =1 SEVEH (18)

No boundary conditions at y=s are required for the numerical solution of Eq. (16).
Boundary conditions are required only at the external boundaries of the computational
domain, thatisat Yy =0 and ¥ =H . These boundary conditions are given by Egs. (3) and (6),

respectively.

2.2.3 Comparison Between Exact and Numerical Solutions

Figure 2a presents the comparison between the exact and numerical solutions computed for
Da=0.01, S=0.5 and b=0 for three different values of the coefficient g while Fig. 2b presents
the comparison between the exact and numerical computed for Da=0.01, S=0.5 and g=1 for
three different values of the coefficient b. The curves depicting the exact solution for the case
b=0and g=1 do not have a kink at the interface, at y=0.5. For any other value of b and g the

"exact" curves have a kink. This kink in the velocity distribution at the interface occurs
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~

because if b® 0 or g! 1, then, according to Eq. (5), ?"Lj
y

, Ty

, that is the

jesio 1Y l§=s0

derivative of velocity is not continuous at the interface. This kink is not very well visible in
Fig. 2b in the curve which depicts the exact solution for b=0.5. This is because the kink for
this case is small. However, if the interface region is shown on a magnified scale (Fig. 3), the

presence of the kink in this curve is very well visible.

————— g=0.5 (exact)
g= 1.0 (exact & numerical)
025 e g= 2.0 (exact) 025k s b=-05
Eay, e g= 0.5 (humerical) L b=0.0
C 'Q._{ __________ - g= 2.0 (numerical) N \\\ ———— — b=05
020 | R, 0.20 - \_,\ ————— numericd (coincides
- Da=001 i ", with exad forb=0.0)
b S=0.50 F ;
= r S i
010 010
005 005
0.00 C o0 0 0 v vy 1 | 0.0 L
0.00 0.25 0.50 0.75 1.00 0.00
y
Figure 2a Figure2b

Figure 2 Comparison between the exact and numerica solutions for a parallel-plate
composite channel with porous layers of a uniform porosity attached to the walls for different

values of (a) the coefficient g and (b) the coefficient b

From Figs. 2a and 2b it follows that the numerical solutions obtained utilizing the single-

domain do not produce any kink in the curve depicting velocity distribution at the interface.
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These figures show that the numerical solution coincides with the exact solution only if b=0
and g=1. The numerical curvesfor g=0.5 and g=2 in Fig. 2a are significantly distinct from the
curves which depict the exact solution. It should be noted that the single-domain formulation
does not allow for any explicit imposing of boundary conditions at the porous/fluid interface,
therefore parameter b can not be included into the numerical solution. Figure 2b shows that
variation of parameter b results in considerable variation of the velocity distribution in the
channel, however, for the reason explained above, the numerical solution does not reflect this

variations.

It means that utilization of the single-domain approach implicitly imposes the following

boundary conditions at the porous/fluid interface:

u|)7—s 0 = |y:s+0 (19)
L e (20)
W y=s+0 ﬂy y=s-0

This conclusion was tested by comparing numerical results obtained by utilizing the single-
domain approach with an analytical solution of Egs. (1)-(2) along with boundary conditions
given by Egs. (3), (4), (6) and (20). If the boundary condition given by Eq. (5) is replaced
with the boundary condition given by Eq. (20), numerical and analytical solutions coincide
for any values of gand b (the latter is obvious because in case of Eqg. (20) the anaytical

solution does not depend on b at al).
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In other words, from the results obtained it follows that utilization of the single-domain

approach is judtified only if there is no jump in the shear stress at the interface and
smultaneoudy if the effective viscosity of the porous medium, my , equas to the fluid

viscosity, m . The latter requirement is the especially serious limitation. For example, in

recent experimental work by Givler and Altobelli [17] a water flow through a tube filled with

an open-cell rigid foam of high porosity has been investigated. It has been obtained that for

thisflow m, = (7.5_+32'j)m :

0.050 -
i Da=0.01
- S=050
L b=05
0.045
S 0040
0.035 -
0.030_||||||||||||||||||||
0.490 0.495 0.500 0.505 0.510

y

Figure 3 "Exact" velocity distribution near porous/fluid interface for b=0.5 of uniform

porosity
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23 PARALLEL-PLATE CHANNEL PARTLY FILLED WITH A POROUS

MEDIUM OF VARIABLE POROSITY
2.3.1 Exact Solution

The governing equations and boundary condition are the same as those for the former case
and are given by Egs. (1)-(6). The only difference is that the permeability coefficient in Egs.

(2) and (5) is assumed to be a quadratic function of the coordinate y:
K=c(H-y)* (21)

This means that the Darcy number defined in Eqg. (14) is also a quadratic function of the

coordinate y:
Da=c(l- y)? (22)

Egs. (21) and (22) show that in this case the permeability changes from its maximum value at
the interface (and this corresponds to the maximum porosity) to zero at the solid wall (this

corresponds to the zero porosity).

The exact solution of Egs. (1)-(6) accounting for Egs. (21)-(22) can be presented in the

following dimensionless form:

u=u, +%(SZ- y?) 0£YES (29)
> 2
U= AL y)EEED/ _‘;(;203_/)1 SEYEL (24)
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where the dimensionless velocity at the porous/fluid interface can be determined from the

following equation:

2

a- Stzge- s La+ v a- o)
U, = 1 9° (25)
e D +9—(1+J1+4)]
c 2 gc

/e

and integration constants A and B can be determined from the following equations:

bi/c(l- 9 +2g%c- S

A= — y (26)
2. ) (1+a1(g%0 -1) /2 b .9 a4
(2g9°c- )(1- 9) [JE+ 5 1+, 1+ gzc)]
., (- 9[2g’c- S- izc(“ 1+4€)(1- 9)]
5 ot b & : 4 &
(29°c - 1)[$+%(1+ \/1+ E)]

2.3.2 Numerical Solution and Comparison with the Exact Solution

For the single-domain approach numerical procedure for this case Egs. (16)-(18) have to be
solved accounting for variable permeability given by Eq. (21). Figures 4a and 4b depict the

comparison between the exact and numerical solutions. The curves depicted in Fig. 4a are
computed for c=0.01, S=0.5 and b=0 for three different values of the coefficient g while the
curves depicted in Fig. 4b are computed for c=0.01, S=0.5 and g=1 for three different values

of the coefficient b. Similar to Figs. 2a and 2b, the exact and numerical solutions coincide
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only for b=0 and g=1. This shows that in this case utilization of the single-domain approach
results in implicit imposing at the porous/fluid interface the boundary conditions given by
Egs. (19) and (20). This conclusion was again tested by comparing the numerical solution
with a modified analytical solutions obtained for the case when Eq. (5) was replaced with EQ.
(20). This comparison has shown that the numerical solution coincides with the modified

analytical solution for any values of b and g.

————— g=0.5 (exact)

020 C g= 1.0 (exact & numerical) 0.20 T b=-05
L mmmmmeemeee- g= 2.0 (exect) L b=00
C2n mmmmm g= 0.5 (humerical) E, R _ b=o
R o - [ b=05
015 RSTTTTT — 9=20 (numerical) 0.15 “, ————= numerica (coindde
L E- K with exactforb = 0.0)
c=0.01 ™
L S=0.50
> 010 b=00 5010 | c=001
5 S=0.50
g=10
0.05 I 0.05
0.00-"' - > el ] 000 b1 P ol |
0.00 , 075 1.00 0.00 0.25 0.50 0.75 1.00
y
Figureda Figure4b

Figure 4 Comparison between the exact and numerical solutions for a paralel-plate
composite channel with porous layers of a variable porosity attached to the walls for different

values of (a) the coefficient g and (b) the coefficient b
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24 AXISYMMETRIC CHANNEL PARTLY FILLED WITH A POROUS MEDIUM

OF UNIFORM POROSITY
2.4.1 Exact Solution

The equations governing the fluid flow in this case take the following form:

- d_5+ (_dzaf +£@

— — — =0 OETE£s 28
dx dr? rd?) (28)

~ o~ -

G AU L LT I Y SETEH 29)
dx dr? rdr’ K

where T isthe radial coordinate and T =s isthe position of the interface.

Equations (28) and (29) must be solved subject to the following boundary conditions:

o | _
0 =0 30
7. (30)
a|?:s 0 = ~|?:s+0 (31)
14, 14 m

- =b——1.|. 2
nlﬁT[4‘FL:s+O mﬁ‘?:s—o bK}/2 Uf|r:S (3 )
U], =0 (33)

The exact solution of Egs. (28)-(29) along with boundary conditions given by Egs. (30)-(33)

can be presented in the following dimensionless form:

u=u, +%(SZ- r2) 0£r£S (34)
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+ PDa r
LI SEr£l (35)

Cl'O( )+D1K0(

@/_ @/D_

where r=r/H and |, and K , are modified Bessel functions of the order n.

The dimensionless velocity at the porous/fluid interface is given by the following equation:

u, ={Dba’ [K, (gJ_) K ( )][9I (%/—) bl ( )]

1
+Da’ [I, +hbK
a’ [ ( ,_)][g<( ,—) o[—=— ﬁ .
1 a (36)
+|0 Ko 'Io K0
[(g/—) (@/—) (@/—) («/—)](2
Ko l, bl, +1, K,
{ (%/—)[9 (g«/_) (g\/—)] (@/—)[g (@/—

and integration constants in Egs. (34) and (35) are given by the following Equations:

- bDa)}

) +bK, (—=

g\/—)]}

S\/_
g«/—)]+K (gJ_ a -

)[@K( )+bK (gJ_)]}

) +bKy(—=

=-{Da’ [K, (g«/_
K bl o +1
i ( )[g (g\/_) (g\/_)] (g\/_

D, ={- Dal (9 ) blo(%/_)]+|o(gJL P2 ppay) -

Ko bl , I +bK 4
{ (J_)[g (gJ_) (9\/—)]+ (9\/—)[9K( J_) (9\/—)]}

2.4.2 Numerical Solution and Comparison with the Exact Solution

For the single-domain numerical solution, Egs. (28) and (29) are combined into one equation

which is valid in both porous and clear fluid regions, smilar to Eq. (16):
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i gwlm(?;i* +%%)- Yz%af =0 0ETEH (39)
where

v, =1, Y,=0 0ETES (40)
Y,=m, /m, Y,=1 SETEH (42)

Again, no boundary conditionsat t =s are required for the numerical solution of Eq. (39).
Boundary conditions are required only at the externa boundaries of the computational
domain, that isat T =0 and T =H . These boundary conditions are given by Egs. (30) and
(33), respectively.

Figures 5a and 5b depict the comparison between the exact and numerical solutions. The
curves depicted in Fig. 5a are computed for Da=0.01, S=0.5 and b=0 for three different
values of the coefficient g while the curves depicted in Fig. 5b are computed for Da=0.01,
S=0.5 and g=1 for three different values of the coefficient b. Similar to Figs. 2aand 2b and to
Figs. 4a and 4b, the exact and numerical solutions coincide only for b=0 and g=1. This shows
that in this case utilization of the single-domain approach again results in implicit imposing
at the porous/fluid interface not the "exact" boundary conditions given by Egs. (31) and (32),
but the boundary conditions which require continuity of both the filtration velocity and its

first derivative with respect to the transverse coordinate:

(42)
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This conclusion was again tested by comparing the numerical solution with a modified
analytical solution obtained for the case when Eq. (32) was replaced with Eq. (43). This
comparison has shown that the numerical solution coincides with the modified anaytical

solution for any values of b and g.
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Figure 5a Figure5bb

Figure 5 Comparison between the exact and numerica solutions for an axisymmetric
composite channel with a porous layer of a uniform porosity attached to the wall for different

values of (a) the coefficient g and (b) the coefficient b
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25 CONCLUSIONS

The main objective of this chapter is to establish what boundary conditions are implicitly
imposed at the porous/fluid interface when the convective problem in a composite channel is
numerically solved utilizing the single-domain approach. To do this, comparisons between
the single-domain numerical solutions and the exact solutions are carried out for three
different geometrical configurations of a composite channel. It is established that utilization
of the single-domain approach results in implicit imposing at the interface the condition of
continuity of the filtration velocity and also the condition of continuity of its first derivative
with respect to the transverse coordinate. This means that the single-domain approach is
applicable to the fluid flow problems in composite configurations only if there is no jump in
the shear stress at the interface and if simultaneously the effective viscosity of porous

medium equals to the fluid viscosity.
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3 FORCED CONVECTIONIN A COUETTE FLOW IN A COMPOSITE
DUCT: AN ANALYSIS OF THERMAL DISPERSION AND NON-

DARCIAN EFFECTS

ABSTRACT

An analysis of fluid flow and heat transfer in a fully developed Couette flow through a
composite channel that is partly filled with a clear fluid and partly with a fluid saturated
porous medium is presented. The porous medium is attached to a fixed plate and uniform
heat fluxes of different intensities are imposed on both plates. The momentum transport is
described by the Brinkman-Forchheimer-Darcy equation and the effect of transverse thermal
dispersion is accounted for in the energy equation for the porous region. An analytica
solution for the fluid flow is obtained utilizing the boundary layer technique. The temperature
field and the Nusselt numbers at the upper and lower plates are obtained by direct numerical
integration. The dependence of the Nusselt numbers on the thickness of the porous region,

the ratio of heat fluxes on both plates, and the Darcy number, is investigated.

3.1 INTRODUCTION

A number of investigations of transport phenomena in composite channels that are filled with
both a porous medium and a clear fluid have recently been conducted. Poulikakos and

Kazmierczak [1] analytically investigated pressure-driven forced convection in composite
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ducts partly filled with a Brinkman-Darcy porous medium. Vafai and Kim [2] obtained the
first exact solution for fluid flow in the interface region. A perturbation analysis of fluid flow
and heat transfer in the interface region between a clear fluid and a Brinkman-Forchheimer
porous medium was presented in Vafai and Thiyagargja [3]. The groundbreaking works of
Vafa and Kim [4, 5] demonstrated that by utilizing the boundary layer approach it is possible
to obtain an analytical solution for the forced convection problem in a channel filled with a

fluid saturated porous medium.

The problem of boundary conditions at the fluid/porous interface was first investigated by
Beavers and Joseph [6] and Beavers et al. [7]. Proceeding from the results of an experimental
investigation, a dip-flow boundary condition at the fluid/porous interface was suggested in
these references. According to this boundary condition, the velocity gradient on the fluid side
of the interface is proportiona to the dip velocity at the interface. Further insight into this
problem was gained in Ochoa-Tapia and Whitaker [8, 9], who by means of complicated
volume averaging analysis of the momentum equations in the interface region have shown
that matching the Brinkman-Darcy and Stokes equation retains continuity of velocity, but

produces a jump in the shear stress.

Although the Couette flow is one of the most important and fundamental flow Situations,
investigations of forced convection in the Couette flow through a porous channel have been
rather limited. Bhargava and Sacheti [10] and Daskalakis [11] numerically investigated heat
transfer in Couette flows through a porous medium by using the Brinkman-Darcy equation.
Nakayama [12] presented analytical solutions for the momentum transport in a Couette flow

described by the Brinkman-Forchheimer-Darcy equation. Kuznetsov [13] adopted the
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approach of Vafai and Kim [4, 5] and obtained an analytical solution for the fluid flow and
heat transfer of Couette flows in a composite channel. However, in Kuznetsov [13] no
thermal dispersion was considered and one of the two parallel plates was treated as adiabatic.
Figure 6 depicts the schematic diagram of the problem investigated in this chapter.
Incompressible, steady, fully developed, laminar flow under constant pressure gradient in a
composite channel bounded by two infinite parallel plates is considered. The lower part of
the channel is filled with a clear fluid and the upper part is filled with a fluid saturated

isotropic porous medium of uniform porosity. The upper plate and the porous medium are
fixed and the lower plate moves with a constant velocity, T, . Uniform heat fluxes ¢, and d,

are imposed on the fixed plate and the moving plate, respectively.

fixed plate
|, boundary laver at the fixed wall LA
e . (s et el
I n — o — - —- —————————————— i d‘ f‘l
& M |
N e e ]| ]
boundary layer at the interface v Y
#—
X \r}ﬂl‘ Huicl I‘{‘,‘E;i(m & I
Y
moving plate .
i i,
q

Figure 6 Schematic diagram of the problem
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3.2 PROBLEM FORMULATION

The governing equations for this problem can be presented as:

——t=0 ~dEYEO )

-E-'_mﬁ dyz Kuf_ K12 u" =0 0£§/£d 2
_ T 1T _
rcu —=Kk, — -dEYEO 3
et fﬂyz y 3
-~ 7 ~d .. ~ ~
ret =V ER Lok p S oM 0EVEd @)
X ﬂy% m  glyg

where C is the dimensionless experimental constant, c, is the specific heat capacity of the
fluid, d is the thickness of the porous region, d is the average particle diameter in the

porous region, F is the Forchheimer coefficient, K is the permeability of the porous medium,

Kk, is the thermal conductivity of the fluid, k. is the stagnant therma conductivity of the
porous medium, T isthe fluid temperature, T, is the filtration velocity, X is the streamwise
coordinate, y is the transverse coordinate, m, is the effective viscosity of the porous
medium, m is the fluid viscosity, r, isthe fluid density, and d is the width of the gap

between the porous medium and the moving plate.

Egs. (1) and (2) are the momentum equations for the clear fluid region and the porous region,

respectively. For the porous region, this is the Brinkman-Forchheimer-extended Darcy
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equation. Egs. (3) and (4) are the energy equations for the clear fluid and porous regions,
respectively. Longitudinal heat conduction is neglected in the energy equations and in Eqg. (4)
the local thermal equilibrium assumption between the fluid and solid phases is utilized. The
longitudinal thermal dispersion is also neglected, which is valid for large Peclet numbers.

This is because for large Peclet numbers Y°T/fX? is negligible in comparison with

1 2'T'/‘HS‘/2 , which means longitudinal conduction is negligible [14]. The contribution from
longitudinal dispersion is then automatically negligible since it is multiplied by a negligible
term; therefore only the effect of transverse therma dispersion is included in the energy

eguation for the porous region.

Equations (1)-(4) must be solved subject to the following boundary conditions:

~ ~ T "
uf |§/:—d :uw’ - kf ﬂ_ :q2 (5)
1Y/

- s fu, fu, aom o=

U, |- =U.|._ ., L -m—= =b u. | 6a
f |y:_0 flg=+0 rr&f ﬂy - m ﬂy oo K}é f |y_0 ( )

~ ~ r.ud, ofT T

-|-|~ =7 gﬁm +Ck, Pr e pgﬂ—I =k, il (6b)
y:O y:+0 m ﬂ y y:+0 1‘[y 7:_0

T, =0 & rck, prdid O ™
fly=d ’ g m f m éw y 1

where b is the dimensionless adjustable coefficient describing the jump in the shear stress at

the interface of the clear fluid and the porous medium [8, 9].
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The governing equations and boundary conditions can be recast into dimensionless form by

introducing the following dimensionless parameters:

U T-

_[’If — — 1 _y

u=d o y=ln T=o =Y 8
T, 0, T -7, TH (8a)

alpo, |,

L el

_em, v* _ Edg K

g=g—q , G=-"L—, Da=— (8h)
emr u Ianuw H

where Da is the Darcy number, G is the dimensionless applied pressure gradient, H=d+d

is the height of the channel, Re,, is the Reynolds number, 'I~'1 is the temperature at the fixed

[«

~ 1 ‘-~ . -
wal, T =ﬁ O/ Tdy is the mean temperature of the flow, and U, =
m -d

1

I

d

(M. dy is the
-d

mean flow velocity.

According to Began [15], the First Law of Themodynamics results in the following

relationship:
T _dT, _ (9, +3) ©
ix dX r,cU_H
The dimensionless equations can now be presented as:
d’u _
G+—=0 -SEYyEQ (10)
dy
2
spdu L RFeg 0£YES, (11)

u
dy> Da Da"?
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where S =d/H and S, =d/H,
2H(.
u =— (143)
kf(Tl- Tm)
is the Nusselt number at the fixed plate, and
U, H
Re, =t (14b)
m

is the Reynolds number.

The dimensionless boundary conditions which corespond to Egs. (10)-(13) are:

u . =1, ar q2 Nu, (15)

y_-81 dy y=-S; 2q1
du du b

u._ =ul _, i -—  =—u 16a
|y= 0 y=+0 g ?y{y:+0 dy o \/ﬁ |y_0 ( )

o =T ‘gLCXPereH u%ﬁ =ar (16b)
’ g kf ﬂdy y=+0 dy y=-0

ul,s, =0, T, =0 (17)

The Nusselt number at the moving plate is defined as:
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The relationship between Nu, and Nu, isgiven by:
Nu, =Ny 9z 1 (19)

'q,1-T(-S)

3.3 SOLUTION
3.3.1 Velocity Distribution

The velocity distribution in the clear fluid region (- S £y £0) can be obtained by
integrating Eq. (10) subject to boundary conditions given by Egs. (15) and (16a). This results

in:
u=u, - lez- E(Gsf- 2u; +2)y

5 5 5 (20)

where u, isthe velocity at the clear fluid/porous medium interface.

The exact solution of the velocity distribution in the porous region is not available. Following
Vafa and Kim [2, 4, 5], the assumption is made that the two momentum boundary layers in
the porous region (the boundary layer near the fixed plate and the boundary layer near the
interface) do not overlap in the center of the porous region, at y =1. Under this assumption,

the following conditions are valid outside the momentum boundary layers:
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where L is the y-coordinate of any point in the far-field region. Here L ischosenas S, /2.

From Eg. (21) the momentum equation in the far-field region reduces to:

G- éw - FuZ =0 (22)
where

Re, F
F = DaT"“ ) (23

From Eq. (22), the velocity in the far-field region is found to be:

- 1+1/1+ 4F_GDa’

u, =
2DaF,

Using this approach the velocity distribution in the porous region can be obtained.

In the boundary layer near the interface (O£ y £ L ), the velocity distribution is given by the

following equation:

él- z u
u=(u, +uU,)a 1 -U 25
(¥ 1)%3 1 ( )
where
3
u, =2u, + 26
1 “* 2DeF. (26)
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In the boundary layer near the fixed wall (L £y £S,), the velocity distribution is given by

the following equation:

1w
= (u, +U1)e—+1u (28)
e,

where u, isgiven by Eq. (26), and z, isgiven as:

T
e U 3 1/2 -
U, +u, 162 U i
2, =& {1,2e><|o}_—8_FD(u¥+u1)5| S, - y) (29)
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The dimensionless velocity at the clear fluid/porous medium interface, u,, can be found from
the jump in the shear stress condition given by Eq. (16a). This results in the following

equation for u;:

0> 1GS*-2u,+2 b
( - Uy )8 F (U 1)H +§ Sl _mui (30)

The dimensionless mean velocity, U, can be found from the following equation:



L

0 S
U= dpdy + ¢yidy + gpdy (31)
-s; 0 L

This results in the following equation for U:
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3.3.2 Temperature Distribution

With the velocity distribution found, the temperature distribution and the Nusselt number at
the fixed plate can be obtained by solving Egs. (12) and (13) and by utilizing the

compatibility condition [14], i.e.
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In the clear fluid region (- S, £ y £0), the temperature distribution is:

é q, u

e TS 0
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where T, isthe temperature at the clear fluid/porous medium interface.

The exact solution of Eq. (13) (providing the velocity distribution is given by Egs. (25)-(29))

is not available, but the temperature gradient can be obtained analytically.

In the boundary layer near the interface (O£ y £ L ), the temperature gradient is:

Nulgﬂq—ﬁ%
Q9 Q?_ 4exp(Ay) >‘(U¥ + ul) + 4(U¥ +U1)

i
) .
dar = % 2 € +Uy yg
y 12 U & Alexp(Ay)+B)  A(L+B) 0 36)
1
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+(R+C¥rxRe, u,)ﬂ 5 (R+CxPrxRe,, u)*
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where
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In the boundary layer near the fixed wall (L £y £S,), the temperature gradient is:

Nu, 0 g 1

2 U Alexp(Ay) + B, exp(AS,)][exp(AL) + B, exp(AS,)]

2|2
o

(39)

|y S S p—)

B, en(A(S, +v))+B, ep(A(S, + L))+ ep(A(L +Y))+ B2 exp(2AS, )
U, A(y- L) +4B,(u, +u1)[exp (A(S, +L)) - exp(A(S, + )

+(R+CxPrxRe,, U, dT R+C><Pr><Re u)
“%

where

82 —_ V¥ 1 (40)
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34 RESULTSAND DISSCUSSION

Figure 7a shows the dimensionless velocity and the temperature distributions in the channel.
This figure is computed utilizing the following parameterss. C=0.1, F=0.1, G=10,
Pr=07, q,/q, =1, R=1, Re, =10%, S =02, g=1,and b=0. The velocity decreases
rapidly as the distance from the moving plate increases and the velocity in the porous region
is much smaller than in the clear fluid region. Increasing the Darcy number results in an
increase in the permeability of the porous medium and therefore leads to a larger velocity in
the porous region. It can be seen that for the cases of Da =107 and Da=10* there is a
region where the velocity does not change with y, which means the momentum boundary
layers in the porous region do not overlap. Thus for these cases the boundary layer
approximation is valid. The validity of the boundary layer approximation is investigated in
detail in Vafa and Kim [5] and in Kuznetsov [16]. These references show that this
approximation is valid for most practical porous media and only fails if the Darcy number

takes on very large values (of the order of unity). In Nield et al. [17] a novel approach is
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suggested that makes it possible to handle the fluid flow problem without utilizing the
boundary layer approximation. This novel approach works well for large Darcy numbers,
however, it can result in numerical difficulties for small Darcy numbers. Since in this
analysis porous media with moderately small Darcy numbers are considered, the boundary

layer approximation is more appropriate.
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Figure 7 Velocity and temperature distributions for different values of (a) the Darcy number

and (b) heat flux ratio

According to Fig. 7a, the dimensionless temperature distributions are quite different for
varing Darcy numbers. There is a visible kink at the porous/clear fluid interface even when

R =1. This is because the thermal dispersion in the transverse direction is accounted for in
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the computation. Figure 7b gives the dimensionless temperature distributions in the channel
at different q,/q, for Da =10"2. Other parameter values are the same as those for Fig. 7a. It
can be seen that the temperature distribution changes dramatically with q,, / g, . For the case
of g,/q, =102, the temperature gradient at the lower plate is aimost zero, meaning that the

lower plate is almost adiabatic. Similarly, when q/q; =102, the temperature gradient at the

upper plate is almost zero, meaning that the upper plate is amost adiabatic.
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Figure 8 Comparison of the Nusselt number obtained here with Kuznetsov [13]

To test this solution, the comparison of the Nusselt number at the lower plate with the results
of Kuznetsov [13] is given in Fig. 8. In this reference the flow is caused by the moving plate

alone, the pressure gradient is zero, the transverse thermal dispersion in the porous medium is
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not accounted for, and the upper plate is adiabatic. Thus the corresponding parameter values
utilized in this computation are: C=0, F, =10?, G=10"°, Pr=0.7, q,/q, =10°, R=1,
g=1, b=0. The Nusselt number utilized in Kuznetsov [13] corresponds to the Nusselt

number utilized in this chapter divided by a factor of two and the curves depicted in Fig. 8
correspond to the definition of the Nusselt number utilized in this chapter. It can be seen that
the Nusselt number at the lower plate computed utilizing Eq. (18) completely coincides with
the results of Kuznetsov [13], visudly it is not possible to distinguish between the curves

computed utilizing the present solution and the curves computed utilizing Kuznetsov [13].
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Figure 9 Nusselt numbers (a) at the fixed plate and (b) at the moving plate varying with the

width of the clear fluid region S (=S)) for different heat flux ratios
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Figure 9 depicts the dependence of the Nusselt numbers at both plates on the size of the gap
between the porous medium and the moving plate for different q,/q,. The following
parameters are utilized in this computation: C=0.1, Da=10%, F=0.1, G=10, Pr=0.7,
R=1, Re, =10%, g=1,and b=0.For q,/q, =102 and q,/q, =1, Fig. 9 shows that the
Nusselt number of the upper plate (Nu,) decreases rapidly with an increase in the width of
the gap. For g, /q, =102, Fig. 9ashowsthat Nu, is negative. In this case a negative Nusselt

number means that the temperature of the upper plate, 'I~'1, is lower than the mean flow

temperature, fm . Thisis possible when the lower plate is heated more heavily than the upper

plate. Similarly, the Nusselt number at the lower plate (Nu,) can take on negative values

when the temperature at the lower plate, 'TZ, is lower than the mean flow temperature, T,..
This can happen when the upper plate is heated more heavily than the lower plate, so that for
d,/d, =102 Nu, inFig. 9b is negative.

Figure 10 shows the dependence of the Nusselt numbers on the width of the gap between the

porous medium and the moving (lower) plate for different values of the Darcy number when
d,/9, =10%. The other parameters have the same values as those utilized for Fig. 9. The
Nusselt number at the upper plate changes monotonically with the gap for Da=10"2. For
Da =10"* the minimum vaue of the Nusselt number is obtained a¢ S =0.06. The minimum

possessed by the Nu(s) dependence is investigated and explained in Poulikakos and
Kazmierczak [1]. The Nusselt number of the lower plate decreases rapidly with an increase

in the width of the gap.
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Figure 10 Nusselt numbers (a) at the fixed plate and (b) at the moving plate varying with the

width of the clear fluid region S (=S)) for different values of Darcy number
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Figure 11 Nusselt numbers as a function of heat flux ratio
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Figure 11 depicts changes in the Nusselt numbers at both plates for q, / g, . The parameter
values utilized in this computation are C=0.1, Da=10"?, F=0.1, G=10, Pr=0.7,
R=1, Re,, =10%, § =0.2, g=1,and b=0. Fig. 11a shows there is a jump a a certain
d,/q, value for each Nusselt number. This jump in the Nusselt number occurs when the
denominators on the right-hand side of Eqgs. (14a) and (18), T,- T, for Nu, and T, - T, for
Nu,, approach zero. This unexpected behavior of the Nusselt number is actually in good
agreement with classical results. According to Kays and Crawford [18], for the Poiseuitte

flow of a clear fluid in a paralel-plane duct which is heated from both walls, the Nussalt

number can be expressed as:

Nu, = 2 (419)
198,60
2 Og o 5
Nu, = 2 (41b)
1 9 ql
2 70 q2 g
1
These equations show that for these Nusselt numbers there is ajump when —gl q 2
1 ﬂ
or 7—0 gl —® —. Since the jump in the Nusselt number can occur in simple clear fluid
2@

flows, it can aso happen in a more complex flow, such as the one considered in this chapter.

Figure 11b shows that when q"z/q; 3 40, the Nusselt numbers on both plates approach
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asymptotic values. This asymptotic case corresponds to the situation when the upper (fixed)

plate is adiabatic, and heat flux isimposed only at the lower (moving) plate.

3.5 CONCLUSIONS

The fluid flow and heat transfer in a fully developed Couette flow through a composite
channel that is partly filled with a clear fluid and partly with a fluid saturated porous medium
are analyzed. Uniform heat fluxes are imposed on both of the plates. In the porous region the
Brinkman-Forchheimer-extended Darcy equation is utilized to describe the momentum
transport while the thermal dispersion along the transverse direction is accounted for in the
energy equation for the porous region. The boundary layer approximation is utilized to
analytically solve the momentum equation in the porous region. This approximation is valid
for most practical porous media, except when the Darcy number takes on very large values.
The dependence of the Nusselt numbers on the width of the gap between the porous medium
and the moving plate, on the ratio of heat fluxes on both plates, and on the Darcy number is
analyzed. The Nusselt numbers at both plates display a jump if the ratio of heat fluxes
imposed at the upper and lower plates change. If the heat flux ratio approaches infinity, the

Nusselt numbers at the upper and lower plates approach asymptotic values.
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4 INVESTIGATION OF THE EFFECT OF THERMAL DISPERSION
ON FORCED CONVECTION IN A CIRCULAR DUCT PARTLY

FILLED WITH A SATURATED POROUSMEDIUM

ABSTRACT

A numerical simulation of the fully developed forced convection in a circular duct partly
filled with a fluid saturated porous medium is presented. The Brinkman—Forchheimer-
extended Darcy equation is used to describe the fluid flow in the porous region. The energy
equation for the porous region accounts for the effect of thermal dispersion. The dependence
of the Nusselt number on a number of parameters, such as the Reynolds number, the Darcy
number, the Forchheimer coefficient, as well as the thickness of the porous region is
investigated. The numerical results obtained in this research are in agreement with published

experimenta data.

41 INTRODUCTION

Considerable attention has recently been paid to the fluid flow and heat transfer in composite
systems that are composed of regions filled either with a homogeneous fluid or with a fluid

saturated porous medium. This interest is due to the wide use of these systems in engineering
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applications such as solar receiver devices, thermal insulation, heat exchangers, energy

storage units, ceramic processing and catalytic reactors [1].

Studies in this field gradually progress towards complex models. At the beginning of these
studies, a simple Darcy equation was used to describe the fluid flow in a porous medium.
However, for high-speed flows it was found that that there is a deviation from the classical
linear correlation between the pressure gradient and the filtration velocity, which is given by
the Darcy equation. Then the so-called Darcy-Forchheimer equation, which includes a
quadratic drag term to account for the deviation from linearity, was introduced. Further
development of the model made by Brinkman was stimulated by a desire to impose the non-
dip boundary condition at the solid wall [3]. It has recently become very popular to utilize
the Brinkman-Forchheimer-Darcy equation, which accounts for both non-linear effects and
viscous effects near the boundaries. Now this model is accepted and widely used [3-9].
Moreover, it has been found that thermal dispersion effects play an important role in forced
convection in porous media [1, 10-14]. The models used to describe the transport phenomena
in porous media are getting more and more sophisticated. The more complex the moddl is,
the more difficult it is to get an accurate general theoretical solution. Poulikakos and
Kazmierczak [15] presented analytical solutions for fully developed forced convection in
parale plate channels and circular ducts partly filled with porous media. They utilized the
Brinkman flow model and neglected thermal dispersion in the radial and transverse
directions. Vafai and Kim [16] obtained a boundary layer solution for a fully developed
forced convection problem in a paralel plate channel filled with a Brinkman-Forchheimer

porous medium. Nield et al. [2] performed a theoretical analysis and obtained a solution for
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the same problem without utilizing the boundary layer approximation. Neither Vafai and
Kim [16] nor Nield et al. [2] considered the effect of thermal dispersion. In this chapter the
Brinkman-Forchheimer-Darcy equation is used as the momentum equation for the porous
region and the radial thermal dispersion in the porous medium is accounted for in the energy
equation for the porous region. Because of the geometrical configuration considered in this
chapter and the presence of a non-linear term in the momentum equation, it is impossible to
obtain an exact analytical solution for this problem. Thus, a numerical solution is adopted.

The two cases of a constant heat flux and a constant wall temperature are investigated.

4.2 PROBLEM FORMULATION

# g or T, = const

[ F,
! -
Fine
X__¥

Figure 12 Schematic diagram of the problem
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The geometrical configuration considered in this research is displayed in Fig. 12. Forced
convection flow occurs in an infinite horizontal circular duct whose wall is subject to a
uniform heat flux or a constant temperature. Assuming hydrodynamically and thermally fully

developed flow, the governing equations for this problem are:

0 ~
> int
Mg

- = ——ftr g - EUP =0 r ETET 2

d')*(' drz 'f.- d?’ﬁ K f 1/2 “f int 0 ()
_ 9T 2T 1970 N

r.cu—=k.¢—+——7 OfL£reEr 3

f~f leS(“' f ﬂrz rﬂ"r‘:a int ()
T e r.u.d g 9qTu -

rfcfufﬂ—:ilea?(m+0kar Tt p%ﬂg r ETEr, (4)

x r‘ﬂr% m g Trg

where C is the dimensionless experimental constant, c, is the specific heat capacity of the

fluid, c. is the Forchheimer coefficient, d, is the average particle diameter, K is the
permeability of the porous medium, k, is the thermal conductivity of the fluid, k, is the
stagnant thermal conductivity of the porous medium, r is the radius of the circular duct, r,,
isthe radius of the clear fluid region, T isthe temperature, U, is the filtration velocity, my

is the effective viscosity of the porous medium, m is the fluid viscosity, and r, is the fluid

dengty.
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The Forchheimer coefficient, c., and the permesbility, K, can be calculated utilizing

formulas that are based on the results of experimental measurements carried out by Ergun

[17]:
1.75
co=_ =M 5
F 15062 ©
_ eSdp2
K=—" _ (6)
150(1- e)

where e isthe porosity of the porous region.

The stagnant thermal conductivity of the porous medium, k. , is calculated as:
K =ek; +(1- ek, (7)
where k. isthe thermal conductivity of solid phase.

Equations (1) and (2) are the momentum equations for the clear fluid and porous regions,
respectively. In the porous region, the Brinkman-Forchheimer-extended Darcy equation is
used. Equations (3) and (4) are the energy equations for the clear fluid and porous regions,
respectively. The longitudinal heat conduction and longitudinal thermal dispersion are both
neglected, which is justified if the Peclet number is large enough. Isotropy and homogeneity
of the porous medium and local thermodynamic equilibrium in the porous region are

assumed.
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421 Constant Heat Flux

For the constant heat flux situation, Egs. (1) - (4) must be solved subject to the following

boundary conditions:

R M -0 ®)

Tl Tr =0

~ - u fu -

U |?:rim-0 = uf|?:rim+0 My ﬂ_~f . -m Ff . =b Km}/z uf|?:rim (9a)

I=Tint +0 I =fint- 0

~ ~ r.u.d. onT T

T =T gﬁm +Ck, prugﬂ— = f'"—~ (9b)
r:rim'0 r:"im+o gﬂ? F:rim+0 ﬂl’ F:I’im-O

- & r u.d ogT .

U|.., =0 k, +Ck, Pr—/— LA L (10)
T=r, g m gﬂl’ Fe

where b is the dimensionless adjustable coefficient describing the jump in shear stress at the

interface between the clear fluid and the porous medium [18, 19].

The governing equations. (1) - (4) and boundary conditions (8) - (10) for the constant heat

flux case can be recast into the dimensionless form by introducing the following

dimensionless parameters.

~ —~ _I':_
ufnl 1 U:Umr? ’ T= w
Gr Gr

(o] (o] m w

u=
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where Da is the Darcy number, F is the scaled Forchheimer coefficient, and G is the applied

pressure gradient.

In Eq. (11a), U, isthe mean velocity and T,

defined as:

is the mean temperature of the flow. They are

(12)

(13)

For the constant heat flux [20], the First Law of Thermodynamics results in the following

relationship:

The dimensionless governing equations can now be presented as:

2
12U 1
d® radr
2
j|_+92&d;J Eﬁg-i u- Fu’=0
dr rdrg Da
U 29T, dT
U dr® rdr
hl —EE%(—m+C>Pr><Re u—rd—Tu
rdr$ g drg

O£r£R,,

R £rf£l

int

0ErER,,

R,.ErEl

int
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where Nu is the Nusselt number defined by Eq. (19) below:

Nu = h_D = —Eroq — (19)
k kf (TW - Tm)

Re, in Eq. (18) is the Reynolds number based on the characteristic velocity scale, Gro2 m,

given by Eqg. (20). An dternative would be to define the Reynolds number based on the mean
flow velocity. In that case, however, the Reynolds number would depend on the solution,

therefore using a characteristic velocity scale is preferable.

Gr 2

d,
e, _§m -
f

Id_O

Q

where n; is the kinematic viscosity of the fluid.

The dimensionless form of boundary conditions given by Egs. (8) - (10) is:

du dT
=0 - =0 21
dri,, dr|,_, (21)
du du b
u =u 2 - =—u 223
|r:Rim- ° |r:Rim+O g dr r=Rjn+0 dr r=Rijpy- 0 '\/ﬁ |r:Rim ( )
LI | F X CxPrxRe, ung _dr (22b)
T=Rint =Rine kf ﬂdr =R+ dr (=Ry-0
u_ =0 T =0 (23)

66



In the energy equations (Egs. (17) and (18)), the Nusselt number is present as a parameter.

Therefore, one more equation is needed to close this problem. This additional equation is

given by the compatibility condition obtained from the definition of fm [20]:

1

O/Trdr = J (24)
o 2

4.2.2 Constant Wall Temperature

The dimensional governing equations and boundary conditions for this case are similar to
those for the isoflux case (Egs. (1) - (4) and (8) — (10)). The difference is that the second

equation in Eqg. (10) is replaced by:
T =T (25)

The dimensionless governing equations and boundary conditions for the flow velocity are the

same as for the isoflux case and are given by Egs. (15), (16), (21), (22a), and (23). According

to Begjan [20], a pertinent relationship between E and &
X

0 for the isothermal boundary
X

condition is given by the following equation:

T _d 12 Gy

= = 26
11X dx L recU, =)

This results in the following dimensionless energy equations for the clear fluid and porous

regions, respectively:
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d°T  1dT

S AT =S 42 0£r£R,, @7)
U dre rdr
4 5 AT
- YT _1de, +CxPrRe, ugrd_Tu R.EreEl (28)
U rdr gk, g drg

The dimensionless boundary conditions for the temperature are also the same as those for the
isoflux wall case, which are given by Egs. (21), (22b), and (23). Since the Nusselt number is
present in the energy equations (Egs. (27) and (28)) as an unknown parameter, an additional
eguation is needed again to close the problem formulation. This additional equation follows

from the definition of the Nusselt number:

Nu = - 2Kn AT (29)
kf dr r=1

43 NUMERICAL PROCEDURE

Since there is a non-linear term in the momentum equation for the porous region, the
equations are first written in the finite-difference form while the Newton iteration method is

used to obtain the velocity field. Once the velocity distribution is found, it is easy to obtain

the temperature distribution. For the isoflux wall, NL can be computed from Egs. (15) - (18)
u

and (21) - (23). The Nusselt number can then be obtained by substituting the velocity

distribution and NL into Eq. (24).
u
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In the case of the isotherma wall, it is important to avoid a trivia solution for the
temperature. The same method as in Poulikakos and Kazmierczak [15] and Nield et al. [2] is
utilized here. First a value of the Nusselt number is guessed and Eq. (29) is utilized to obtain
an expression for the first interior node near the wall. The temperature distribution for this
Nusselt number is computed beginning from the wall and proceeding towards the duct center.
Then the Newton iteration is used to adjust the Nusselt number and the process is repeated

until the boundary condition at the center of the duct is satisfied.

44 RESULTSAND DISCUSSION

44.1 Constant Heat Flux

Figure 13 shows how the Nusselt number changes in relation to the Reynolds number, Re,,

according to these computations and shows a comparison of the numerical results with the

experimental results obtained by Quinton and Storrow [21]. Since the experimental results

given by Quinton and Storrow [21] are reported in terms of Re,, the numerical results
obtained here are also given in terms of Re,, where Re, is the Reynolds number based on
the mean flow velocity and is associated with previoudly utilized Re, by the following

correlation:

Re, =URe, (30)

69



The parameters utilized in the computation of Fig. 13 are the same as in Quinton and Storrow

[21], Da=3.3895" 10°, F=513.7467" Re_, k_/k, =1.2075, Pr=0.7, R, K =0.0,
p m f

int

e=037,and g= i. For the constant C, two different values are utilized, C=0.08 and

Je

C=0.1 (0.1 is the value suggested in Wakao and Kaguei [22]). When the Reynolds number
is very small (of the order of unity), the Nusselt number does not depend on the Reynolds
number and has an asymptotic value of 9.31. There is some difference between the numerical
results and the experimental data for small Reynolds numbers. This is because longitudinal
thermal dispersion is neglected in the computations, which can only be done for large Peclet
numbers (Pe=PrxRe). If the Reynolds number is larger than 100, the Nusselt number
increases rapidly with an increase in the Reynolds number and the numerical results agree
well with the experimental data, especialy in the case of C =0.08.

Figure 14a displays the velocity distributions between the duct center and the wall for
different values of the scaled Forchheimer coefficient, F, and the radius of the clear fluid
region, R, . As expected, an increase in the Forchheimer coefficient causes a decrease in the
velocity distribution. This is because an increase in the Forchheimer coefficient means an

increase in the resistance to the flow. It is also noticeable that when R. . is0.25 thereis afar-

int
field region in the porous medium where the velocity does not change along the radius. This
far-field region is located between the two momentum boundary layers, one of which is

located near the solid wall and the other near the porous medium/clear fluid interface [23,

24]. When increasing R, from 0.25 to 0.80, the velocity in the porous region stays nearly
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the same, but the velocity in the clear fluid region increases considerably. Since the presence
of the porous medium heavily affects the fluid flow in the duct, it can be expected that it will
also affect the heat transfer. Figure 14b displays the temperature distributions from the duct
center to the wall. There is a kink at the interface, which in this case is caused by thermal
dispersion in the porous medium. According to the second Equation in (22b), thermal
dispersion results in a discontinuity in the temperature gradient at the interface, even when

stagnant thermal conductivity of the porous medium, k_, is equal to the fluid thermal

m?

conductivity, k, , aswas assumed in computing of Fig. 14b.
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Figure 13 Dependence of the Nusselt number on the particle Reynolds number for the case

of an isoflux wall
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The effect of the position of the clear fluid/porous medium interface on the Nusselt number is

illustrated in Fig. 15 for different values of the Darcy number and the Forchheimer

coefficient. The casewhen R,,, = 0 corresponds to the duct being completely filled with the
porous medium. When most of the duct is filled with the porous medium (R, £0.05), the

Nusselt number has nearly no dependence on R. .. When the duct is completely filled with

int
clear fluid region, i.e. R, =1, the Nusselt number approaches 4.36, which coincides with
the value given in Bgan [20]. Increasing the Darcy number causes an increase in the Nusselt
number while increasing the Forchheimer coefficient causes a decrease in the Nusselt
number. This is because a large Darcy number corresponds to a larger permeability of the
porous medium, which trandates to a larger filtration velocity, while a larger Forchheimer

coefficient means a stronger resistance to the flow, which trandates to a small filtration
velocity. When the Darcy number is of the order of 10 or less and the Forchheimer

coefficient is of the order of 10° or greater, the Nusselt number does not monotonically
change with the thickness of the clear fluid region, but has a minimum value. This effect was

first shown and explained in Poulikakos and Kazmierczak [15].
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Figure 14 (a) Velocity and (b) temperature distributions for different values of the thickness

of porous medium and Forchheimer coefficient for the case of an isoflux wall
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Figure 15 Dependence of the Nusselt number on the thickness of the porous medium for the

case of an isoflux wall
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4.4.2 Constant Wall Temperature

Figure 16 depicts the change of the Nusselt number with the Reynolds number. To compare
the numerical simulations with the experimental data of Verschoor and Schuit [25], the

parameter values used in this figure are the same as in Verschoor and Schuit [25]:

Da=1867" 10", F=106.27" Re,, k,, /k, =5.481, Pr=0.7, R,, =00, e=0412, and

g:i. The results are similar to those for the isoflux case. The numerical results dightly

Je

overpredict the rate of increase of the Nusselt number when the Reynolds number is

increased.

300 C ¢
r ———— c=0.08 Ir'r
e C=0.10 i)
250 | ) e
C o experimental it
C il o
200 | if
r !
L II'II
C e
L /
zZ 150 N ,i'f o
L f:,l‘n
[ e
- J
100 | i
- 9
C A
50 _.5;/
- ._..»-r"//.
C 11 L1 | | 1
0.0 1.0 20 30 4.0
log,,(Re)

Figure 16 Dependence of the Nusselt number on the particle Reynolds number for the case

of an isothermal wall
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Figure 17 Temperature distributions for different values of the thickness of porous medium

and Forchheimer coefficient for the case of an isothermal wall

Figure 17 depicts the temperature distributions in the duct for different values of the
Forchheimer coefficient for the isothermal wall. The parameters utilized to compute Fig. 17
are the same as those used to compute Fig. 14 for the isoflux wall case. The velocity
distributions corresponding to the temperature distributions shown in Fig. 17 are exactly the
same as those for the isoflux wall case, which are shown in Fig. 14a. This is because the

velocity distributions do not depend on the boundary condition for the temperature.

The dependence of the Nusselt number on the position of the clear fluid/porous medium
interface is shown in Fig. 18. The Nusselt number has the same trend as in the isoflux wall
case (Fig. 15), with the only difference being that the value of the Nusselt number in this case

is dightly smaller than that in the isoflux case when computing for the same parameter
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values. When the whole duct is filled with a clear fluid, the numerically computed value of

the Nusselt number is 3.65, which is very close to the value (3.66) given in Bgan [20].
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Figure 18 Dependence of the Nusselt number on the thickness of the porous medium for the

case of an isothermal wall

45 CONCLUSIONS

A numerical simulation of the forced convection in a circular duct partly filled with a
Brinkman-Forchheimer porous medium is presented. The therma dispersion effect is
analyzed. Two kinds of therma boundary conditions (isoflux wall and isothermal wall) are

investigated. The trend of the Nusselt number variation with the parameters, such as the
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Darcy number, the scaled Forchheimer coefficient, the interface position, and the Reynolds
number, is similar for both the isoflux and isothermal boundaries. The Nusselt number

increases with an increase of the Reynolds number and does not change monotonically when
the Darcy number is of the order of 10 or less and the Forchheimer coefficient is of the

order of 10° or greater. Increasing the Darcy number or decreasing the Forchheimer
coefficient causes an increase in the Nusselt number. When the Darcy number is very small,

the Forchheimer coefficient has only a weak effect on the Nusselt number.
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5 INVESTIGATIONS OF SOLIDIFICATION PROCESS OF BINARY ALLOYS --

ALUMINUM-COPPER ALLOY CASTING

ABSTRACT

Segregation and microporosity formation are two important physical phenomena that occur
during solidification of binary alloys. The aim of these studies is to investigate the factors
influencing microporosity formation and solute redistribution. A three-phase model of the
mushy zone which describes the mushy zone as consisting of the solid, liquid, and gas phases
is presented to simulate this process. The model accounts for heat, mass, and solute transport
as well as microporosity formation. Parametric analyses for different initial hydrogen
concentrations, gravity conditions, and values of external pressure at the free surface are
carried out. The effects of solute diffusion at both local and globa scaes are also

investigated.

5.1 INTRODUCTION

Solidification of binary alloys has recelved consistent interest because of its relevance to
many fields such as metallurgy, materias processing, purification of metals, crystal growth,
and casting [1-14]. In binary alloy solidification, important physical phenomena that
determine the quality of castings include solute redistribution and microporosity formation.

During this process, solidification occurs within the mushy zone that consists of the liquid,
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solid, and gas phases. Solidification shrinkage occurs in the mushy zone because of the
density difference between the liquid and solid phases. Interdendritic flow and microporosity
formation in the mushy zone compensate for the shrinkage. Interdendritic fluid flow
redistributes solute that is rejected by the solidifying dendrites into interdendritic liquid
because of the difference in solubility of solute in the liquid and solid phases. This
redistribution is called macrosegregation [15]. Modeling this process becomes even more
complicated if microporosity formation is taken into account. Microporosity is a common
microstructural defect in castings that reduces the mechanical properties of the material.
There are two factors leading to microporosity formation in the mushy zone during this
process, a local pressure drop due to interdendritic flow and the difference in gas solubility
between the liquid and solid phases. With an increase of the volume fraction of solid phase,
the gas is expelled into the liquid phase, which leads to increase of thermodynamic pressure
of the gasin the liquid phase. When the thermodynamic pressure of the gas is large enough to
overcome the local pressure in the mushy zone plus the pressure imposed by surface tension,
pore nucleation occurs and the pore grows. This process results in microporosity formation.
The appearance of microporosity partially compensates for the shrinkage and thus reduces
interdendritic flow [16], which consequently reduces the solute redistribution. In this chapter,
an auminum-rich aluminum-copper aloy is chosen because of the availability of the
thermodynamic data needed to construct a microporosity formation model and also because
hydrogen is the only gas with noticeable solubility in aluminum and therefore it is the only

gas that can contribute to microporosity. The solubility of hydrogen in this aloy heavily
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depends on the copper concentration, which means that a microporosity formation model

must be coupled with solute transport.

The magjority of the models of microporosity formation describe the mushy zone as a two-
phase region that consists of the liquid and solid phases. Recent papers by Kuznetsov and
Vafa [17, 18] suggest a three-phase model of the mushy zone. These papers were the first
that considered the influence of gas bubbles on the transport processes in the mushy zone.
The main limitation of [17, 18] was that solidification was assumed to be spatialy uniform,
which is possible only at a very small cooling rate. Because solidification was assumed to be
gpatially uniform, no macrosegregation was considered. A recent investigation by Voller and
Sundarragj [15] demonstrates that microporosity formation may have a significant effect on
inverse segregation because it partially compensates for the shrinkage and thus reduces
interdendritic fluid flow, resulting in the reduction of solute transport towards the cooled
wall. However, no microporosity formation model was considered in [15]; instead

microporosity distributions were obtained by the empirically based friction factor approach.

The major purpose of this chapter is to present a novel three-phase model to simulate the
solidification process of binary alloys, which involves a detailed accounting of the coupling
of thermodynamics, fluid flow, and solute transport at the local scale of the mushy zone. This
makes it possible to theoretically analyze the influence of microporosity formation on the
solute redistribution. The effects of several parameters that affect microporosity formation

and solute redistribution are investigated.
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5.2 PROBLEM DESCRIPTION AND GOVERNING EQUATIONS
5.2.1 Governing Equations

A schematic diagram of the unidirectional solidification process is displayed in Fig. 19. An
insulated mold contains the Al-4.1%Cu aloy, initialy in the molten state. At the free surface
of the alloy a constant pressure of one atmosphere is maintained at all times (Fig. 19a). At the
bottom, the constant heat flux is withdrawn, alowing the solidification to proceed

unidirectionaly from the bottom to the top. Following from Voller and Sundarrg [15], the
computational domain is defined by O£ x £ X, , where X, is defined as the bottom of the
feeder region (Fig. 19b). Theregion X, £x £ X, is occupied by a shrinkage cavity after

solidification. During the solidification process this region works as a riser, feeding liquid

metal to compensate for the shrinkage. The riser contains macroporosity, whose formation is
not considered in this research. This explains why the region X, £x £ X, is not included

in the computational domain.

Tnsulated Maold Insulated Mold

{ atm Feeder Region

Wl i ='.|..-.nlll:-|r||:|l T }

R

Figure 19 Schematic diagram of the unidirectional solidification process of Al-4.1%Cu
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In the formulation of a three-phase model of the mushy zone, the general conservation
equations of mass, solute, momentum, and energy, derived in Ganesan and Poirier [19],
Poirier et al. [20], and Ni and Beckermann [21] are utilized. These equations express the
conservation laws for a loca volume in the mushy zone, which in this case contains a
mixture of the solid, liquid, and gas phases. For the one-dimensional situation considered

here these equations can be simplified as follows.

The mass conservation of the aloy is given by the following:

(v

o 0 @

%(F) +

where t is the time, u is the vertical filtration velocity, x is the vertical coordinate, r, isthe
density of the liquid phase, and r is the average aloy density. Equation (1) expresses the
mass conservation of the aloy, therefore the expression for T contains only the terms that

account for the densities of the solid and liquid phases:
r=rie +ree )
where e and e, are the volume fractions of the liquid and solid phases, respectively, and r ¢

is the dengity of the solid phase. The term r e, is not included in the definition of average

alloy density. This is because, different from a boiling problem, the gas phase does not
consist of aluminum vapor. Instead, the gas phase consists of hydrogen whose density is
negligible compared to the density of liquid auminum. In Eq. (1), it is also assumed that the

liquid phase density does not depend on its hydrogen content.
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In the definition of the average alloy density, T, as well as in the definitions given below for
the average copper density in the mixture, r C, and the average enthalpy per unit volume of

the mixture, rH, the equilibrium lever model is utilized, which assumes complete mass

diffusion in both the solid and liquid phases in the local averaging volume (at the local
scale). An dternative formulation could be based on a Scheil model that assumes zero mass

diffusion in the solid at the local scale, which will be described in detail later on.

The mass conservation of the solute (copper) is given by the following:

T Iic) . p Ig 10 €
it fix ixe X g

where C, is the mass concentration of copper in the liquid phase, D, is the diffusivity of
copper in the liquid phase (on the global scale; between the averaging volumes, the

diffusivity of copper in the solid phase is assumed to be zero), and r C is the average copper

density in the mixture. r C, utilizing the lever rule, can be defined as:
E =r 6C +reels 4)

where C, is the mass concentration of copper in the solid phase. Again, Eq. (4) does not
contain the gas phase term because there is no copper that is in the gas phase.

The momentum equation is presented as:

K dP
us-—(=+r.g) ©)
m dx
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where g is the gravitational acceleration, K is the permeability of the mushy zone, P is the

local pressure in the mushy zone, and m is the dynamic viscosity of the liquid phase.

The permeability of the mushy zone is calculated, according to the Kozeny-Carman
correlation [22], to be:

d’e

“ 100 5 ©

where d is the average base diameter of a dendrite. Following from [23], d is assumed to be
10“m.

Assuming local thermal equilibrium between the liquid, solid, and gas phases in the mushy

zone, the conservation of energy for the mixture can be presented as.

frH  A(rcuT) 9 uDh) _ 9 & 175 (7)
qt X X xé Xg

where k is the mixture thermal conductivity, T is the temperature, Dhis the latent heat of
solidification, and r H is the average enthalpy per unit volume of the mixture. rH, for the

case of constant specific heats and densities, can be defined as:
rH=(r C e +rCe€s+r,C,e,)T+r eDh )

where ¢, ¢; and c, are the specific heats at constant pressure of the liquid, solid, and gas
phases, respectively, e, is the volume fraction of the gas phase (microporosity). Because the

term r ¢ e, is much smaller than the two other terms, it is neglected in the computations.
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In Eq. (8) r, isthe density of the gas phase, which can be determined according to the ideal

gas Equation of state:

— Pgﬁ/l Ho

r
’ RT

©)

where M, isthe molar mass of hydrogen gas, P, is the pressure of the gas phase, and R is

the universal gas constant.

The thermal conductivity of the mixture in Eq. (7) is defined as:

k=6 k_+eks+ek, (10)
where k, kg and k, are the thermal conductivities of the liquid, solid and gas phases,
respectively.

The volume fractions of the liquid, solid, and gas phases must satisfy the following Equation:
e tes+e, =1 (11

Because of Eq. (11), the volume fraction of gas phase implicitly influences the continuity

equation, Eq. (1). Indeed, as soon as the gas phase appears, the sum e_ +e; becomes smaller

then unity, which influences the average density of the alloy, T =r e +r ;.

In this model, local thermal and phase equilibrium is assumed in the mushy zone and the

equilibrium phase diagram is approximated by the following linear equations:

C =(T-T)/G 12)
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C; =kC, (13)
where T isthe melting temperature of pure duminum, G is the representative liquidus slope
on the phase diagram, and Kk is the equilibrium partition ratio for copper, C;/C, .

Combining Egs. (4) and (11)-(13), the liquid volume fraction can be defined by the
following:

_1C-r k(- e )(T-T,))/G

T KT - T,)/G

(14)

The proposed differential governing Egs. (1), (3), (5), and (7) are valid not only in the mushy
zone, but reduce to the correct limits for the liquid and solid regions as well. These equations
are thus valid throughout the computational domain. For this reason, no boundary conditions
are required for the solid/mushy and mushy/liquid interfaces. Only boundary conditions at
the bottom and the top of the computational domain must be specified. These boundary

conditions are postulated similarly to [15].
At the bottom of the computational domain, x =0, the boundary conditions are:

RE :q(w, ﬂCL

ix x

=0, u=0 (15

where ¢ is the constant heat flux at the bottom;

at the top of the computational domain, x =X, , the boundary conditions are:

=0, p=p,  u=mir, (16)
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where m is the mass flow rate upon entrance to the computational domain from the region

occupied by the riser (X; £x£ X, ) that compensates for the shrinkage and p,,, is the

atmospheric pressure, which is assumed to be 10° Pa.

5.2.2 Microporosity Formation Model

There are a number of factors that lead to microporosity formation in aluminum castings.
First of al, the solubility of hydrogen in the solid phase is much smaller than that in the
liquid phase, so when the volume fraction of the solid phase increases at a given location in
the mushy zone, the remaining liquid phase at that location gathers more and more hydrogen
as it is being expelled from the solid phase. Therefore, as the volume fraction of the solid
phase increases, the pressure of the dissolved hydrogen in the remaining liquid phase aso
increases. Also, the shrinkage created by a density difference between the liquid and solid
must be compensated for by interdendritic fluid flow, whose velocity is proportiona to the
pressure gradient, according to the Darcy law. The pressure gradient that is required to drive
interdendritic fluid flow can be created only by a pressure drop in the mushy zone. Thus the
pressure in the mushy zone decreases and does so at a faster rate in the regions of the mushy

zone with alarge volume fraction of the solid phase because of a smaller permeability.

In summary, as the volume fraction of solid phase increases at a given location in the mushy
zone, two processes occur, an increase in pressure of the hydrogen that is dissolved in the

liquid phase and a decrease of local pressure in the mushy zone.

The thermodynamic condition for pore nucleation can be expressed by the following:
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2s
P, =P+=— (17)

where P is the local pressure in the mushy zone, obtained from the momentum Eq. (5); B, is

the pressure in the gas phase; r is the radius of the pore; and s is the surface tension between

gas and liquid [24, 25]. The surface tension can be calculated according to the following

thermodynamic correlation suggested in [24]:
s =0.868+0.721" 10°C, +1.29" 10°C? (18)

Equation (17) expresses the porosity nucleation condition in terms of pressure. For modeling
purposes it is more convenient to express this condition in terms of the hydrogen
concentrations in the aloy. Similar to Eq. (4), the average hydrogen density in the mushy

zone can be expressed by the following:

rc" =reC¢ +r e C'+r_ e, 100 (19)

where C!' and C{ are the mass concentrations of hydrogen in the liquid and solid phases [wt
pct], respectively. The factor of 100 is present in the last term of Eq. (19) because the mass

concentration of hydrogen in the gas phase is 100 wt pct.

The average mass concentration of hydrogen in the liquid-solid-gas mixture can be then

expressed as.

o = r CH
[ +r .8 +r 8,

(20)
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As long as the amount of hydrogen that can be dissolved in the liquid and solid phases at a

given temperature, pressure, and copper concentration is larger than the initial hydrogen
concentration (C,,,) at this location, no microporosity will form in the mushy zone. This

condition is given by the following:

H oy H
Cls= e S LANL A >Cho (21)
Fs€&+r e

Once the condition given by Eq. (21) is violated, microporosity formation begins in the
mushy zone. Following from Huang et al. [26], any hydrogen segregation in the casting is
assumed to be negligible. This means that the mass of hydrogen per unit mass of aloy at a
given location does not change during the solidification process and that this hydrogen can

either remain dissolved in the alloy or be expelled into the gas phase. The volume fraction of

microporosity, e, can then be found from the mass balance for hydrogen, which can be

expressed as cH= C,,, or in more detailed form, by the following equation:

PM
H H g H2 4
r<&Cs +r eC’ + =T €, 100

=Cy (22)

re.+r e +FZ’MH2e
SeS L™~L ﬁT g

One of the functions involved in Eq. (22) is that of the mass concentration of hydrogen

dissolved in the liquid phase, C!'. Poirier et al. [24] suggested to calculate this concentration
utilizing the equation for the equilibrium constant (K ) for the reaction of %Hz(g) =H,

which can be presented as:
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Ko = cﬁ/ﬁ (23)

The equilibrium constant can also be expressed in terms of the solubility of hydrogen as:

K.=K,S (24)

€q

where K , hasavaue of 2.822° 10" and Sis the solubility of hydrogen (in cm® per 100 g

of aloy) in equilibrium with gaseous hydrogen at 1 atm of pressure [24].

The solubility of hydrogen in Al-Cu liquid aloys can be determined using the data published

by Opie and Grant [27]. The solubility is thus given by the following:
INS=-A/T+B (25

where the functions A and B are determined by the local mass concentration of copper in the

Al-Cu aloy and are defined by:
A= a, + aiclle - ach + aacﬁlz (26)
B= bo + blcll_lz - b2C|_ + bscilz (27)

where a, =5871, a =8264, a,=1254, a,=1437, b,=6.033, b, =0.7007,

b, =0.1859, b, = 0.01032.

The mass concentration of the hydrogen that is dissolved in the solid phase (C, aso
involved in Eq. (22)) can be related to that in the liquid phase by the equilibrium partition

ratio k,, whichisegual to 0.069 in this case. This relation is given by:

C = k,C! (29)
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Solving Eq. (22) for e, and accounting for Egs. (11), (23), (24), and (28), the volume

fraction of microporosity can be expressed by the following:

- CHo[r LEL +r s(l' eL)] - KOS\E[I’ LEL +rs(1' eL)kH]

P.M PM
(rs B QRTHZ)CHO +( gRTHz 400- rSkHKOS\/g)

(29)

9

where the solubility, S, is given in terms of the mass of the copper concentration in the liquid

phase (C, ) by Egs. (25)-(27).

To complete the model, it is necessary to relate the pressure in the gas phase, P, in Eq. (29),

to the local pressure in the mushy zone, P. This relation is given by Eq. (17). The utilization
of Eq. (17) requires a model for the radius of a hydrogen pore in order to evauate the term
that involves the surface tension. It is assumed that once the pore has nucleated it will
continue to grow until the solidification is complete. The following linear correlation is

assumed between the radius of the pore and the volume fraction of the liquid phase:

0
e -e
r=r,+(,-r)——-

L

(30)

where €] is the volume fraction of the liquid phase when the gas pore first appears (which
depends on the location in the casting); r, is the pore nucleation radius; and r, is the radius
of the "grown up" pore, when the aloy at the given location has been completely solidified.
According to Eq. (17), the pore nucleation radius (r,) cannot be infinitely small, otherwise

the pressure in the gas phase would never overcome the surface tension and the pore would
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never nucleate. Following from Emadi et a. [25], it isassumed that r, and r, are 10mm and

70mm , respectively.

Since the distribution of microporosity depends on the position, an average microporosity in

the casting can be characterized by the following parameter:

e, =(1/X, )(ijagdx (31)

0

53 EFFECTS OF INITIAL HYDROGEN CONCENTRATION, SURFACE

TENSION, AND GRAVITY CONDITIONS ON SOLIDIFICATION

Since microporosity formation during solidification processes is associated with a pressure
change in the mushy zone, it is influenced by the metallostatic pressure created by the meta
above the mushy zone. Therefore, gravity is one of the factors that influence microporosity
formation. In microgravity this factor is absent, ssimplifying the physical picture of
microporosity formation. Another factor that will make the results of experiments carried out
in microgravity easier to interpret is the absence of microporosity migration, which is
unavoidable in standard gravity because of natura convection. Thus microgravity
experiments possess the potential for clarifying the current description of the microporosity

formation process and for the testing of theoretical models of this process.
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The experiments that have been performed thus far under extended microgravity conditions
were done aboard a space shuttle with aluminum alloys, utilizing samples prepared by
induction melting in a vacuum to reduce the concentration of hydrogen dissolved in the alloy
[28]. Therefore these experiments revealed no considerable microporosity after solidification.
To take advantage of a microgravity experiment for testing microporosity formation theories
it will be necessary to experiment with a number of aloy samples with different initia
hydrogen concentrations. Before planning such an experiment it is necessary to carry out a
theoretical investigation aimed at predicting what microporosity distributions will look like
in microgravity. This investigation will make it possible to plan an optimal experiment and to
make full use of its results. Also, the investigation of microporosity formation under
conditions of reduced or increased gravity is important to the development of future
processing technologies for human operations on extraterrestrial surfaces such as those on the

Moon or Mars.

The major focus of this section is to study how variable gravity will affect the microporosity
distribution and macrosegregation in the solidification of binary aloys. Macrosegregation

and microporosity formation under different gravity conditions are analyzed.

An implicit finite difference method is utilized on a uniform grid to discretize the governing

equation. Computations are performed utilizing 10,001 grid points in the x-direction and the

time step of 10°° s. The grid independence of the solution is checked by performing a

computation with 20,001 grid points.
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The convection terms in the governing equations are discretized using upwind finite

differences while the diffusion terms are discretized using centered differences.
Computations are performed utilizing 10* nodal points. When porosity is not included in the

calculations, there is no need to solve the momentum equation and a time step of 1072 is
enough to avoid instabilities and oscillations. However, when porosity is included in the
calculations, oscillations exist for time steps smaller than even 10 if the momentum
equation is solved in a conventional way, despite the implicit finite-difference formulation
that is employed. To avoid this instability problem, the governing equations are modified for
the numerical purposes. The continuity equation is substituted into the momentum equation,

leading to the following second-order differential equation for the pressure:

] B . oK ceslPo 1 Kaa’Po ir aéi_g_( ] )‘ﬂeL 32)
S qt mgdx EX m  &dx? Q,_ m Sdxg "t Tt

In Eq. (32) the rate of porosity growth, ﬂ‘ﬂt IS expressed as.

‘:ﬂe TR, N Te, ﬂ_S+ﬂeg £+ Tie, e, N e, qC, >0

B, It TSTt 9T Mt e Tt TC Tt ’
Te, 1|
Ty 1 (33)
Tt
% 0 e, £0

where the first term can be written in terms of % utilizing EQ. (17), and the last four terms

are treated as source terms.
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Property Vaue Unit Ref.
c. 1100 Jkg K ? [15]
Cs 900 Jkg K™ [19]
C, 41 wt pct
d 104 m [23]
D, 0 (diffusion is neglected) m3s !
K, 0.423 Wm K [29]
k, 100 Wm K [15]
Ks 200 Wm K [15]
K, 2.822° 10”7 [24]
M., 2 gmol [29]
q’ 10° Wm-2
R 8314 Pam?/kmol K [29]
T, 933.2 K [15]
X, 0.1323 m [15]
G -3.73 [24]
Dh 3.95" 10° Jkg? [15]
K 0.173 [24]
k., 0.069 [24]
m 3.00° 10°° Kgmst [30]
re 2580 (constant density model) kgm?® [15]
2564.7 +1.4023° C, [31]
r. 2438 (constant density model) kgm?® [19]
2358.5+21.685 C, +7.2914" 102" C? [31]

- 7.2351 10" C?

Table 1 Data utilized in computations
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Another difficulty experienced in these computations is the appearance of a negative local
pressure in the mushy zone. This typically occurs when the volume fraction of the liquid
phase, e, , becomes smaler than 10°° because of a very small permeability of the mushy
zone for thisrange of e, (see Eq. (11)). Because a negative local pressure is impossible in

real castings, it is assumed that when the local pressure drops to zero at a certain location in
the mushy zone, solidification shrinkage in this location is compensated by porosity growth.

This prevents any further drop of the local pressure.

The thermophysical properties of the Al-4.1%Cu alloy along with the geometrical data and

test conditions are summarized in Table 1. Figures 20-23 are computed for the condition of

standard gravity (g =9.81m/s?).

Figure 20 shows the effect of surface tension and the initial hydrogen concentration on the
microporosity distribution after the solidification of the aloy has been completed.
Computations that neglect the surface tension were performed by utilizing a value of zero for
s in Eq. (17). For the case of a low initia hydrogen concentration (C,, =10° wt pct)
computations accounting for the surface tension predict no microporosity formation in the
casting. If the same computations are repeated assuming no surface tension, they predict a
small degree (about 0.05%) of microporosity. For a larger initial hydrogen concentration
(Cyo =47 10" wt pct) the same computations predict a much larger volume percent of
microporosity (average microporosity is 2.75% and 3.5% for computations with surface
tension and with no surface tension, respectively). This shows that surface tension hinders

microporosity formation and results in a smaller degree of microporosity in the casting, as is
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physically expected. The volume fraction of microporosity increases dightly with an increase
in the distance from the bottom of the chill, comes to a maximum, and decreases close to the

feeder region. This decrease is because of the good feeding conditions that exist close to the
feeder region. For the case where C,,, hasavaue of 4” 10°° wt pct the maximum porosity

variation along the height of the casting is less than 0.5%, which indicates a very uniform
microporosity distribution. According to Fig. 20, the most important parameter that affects

the volume percent of microporosity in auminum castings is this initid hydrogen
concentration in the melt, C,,. Mélting in a vacuum can efficiently decrease C,,, and thus

significantly decrease or completely eliminate microporosity.
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Figure 20 Microporosity distribution for different initial hydrogen concentrations computed

accounting for or neglecting the influence of surface tension
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The solidification of binary aloys is accompanied by a solute redistribution. In the case of
unidirectional solidification, which is considered in this chapter, no natura convection is
assumed in the liquid and mushy regions, therefore the solute redistribution is caused solely
by the interdendritic fluid flow that compensates for the shrinkage. Microporosity formation
compensates for this shrinkage and therefore reduces the interdendritic fluid flow. This logic
suggests that the increase in solute concentration at the bottom of the casting (inverse

segregation) should be reduced by the formation of microporosity.
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Figure 21 Distributions of the average mass copper concentration with and without

microporosity
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Figures 2la-b display the distributions of the average mass concentration of copper
(C=rC/T) in the casting. The curves displayed in these figures correspond to the
microporosity distributions that are displayed in Fig. 20. Figure 21b shows that the maximum
copper concentration at x=0 for the case of no microporosity is about 4.38%, while for the
case when the degree of microporosity is large (C,, =4" 10°° wt pct, surface tension
included) it is only 4.23%. It might seem surprising that for the case of the maximum degree
of microporosity (C,,, =4 10°° wt pct, no surface tension) the copper concentration at x=0
is dlightly larger than 4.23%. This can be explained, however, by a dight change in
solidification dynamics in the mushy zone, which results in larger copper concentration in the
liquid phase (C, ) and thus in more copper transport towards the bottom of the casting.

Figure 21a shows that the average copper concentration in the computational domain is
dightly above the initial copper concentration of 4.1%. This does not mean however, that the
mass conservation of copper is violated, because the feeder region (Fig. 19b), which is not
included in the computational domain, is heavily depleted of copper at the end of the
solidification process. Thus the total mass of copper (in the computational domain plus the

feeder region) is conserved.
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Figure 22 Propagation of the solidus and liquidus fronts with and without microporosity

Figure 22 depicts the effect of microporosity formation on the propagation of the liquidus

and solidus fronts. For the dash curve, an initial hydrogen concentration of 4" 10> wt pct
was assumed (surface tension effects were accounted for). This figure shows that accounting
for the microporosity formation results in dightly faster propagation of the solidus and
liquidus fronts. This is because microporosity results in a decrease of the density and specific
heat of the alloy per unit volume. Because the heat flux that is removed from the bottom is
kept constant, a porous aloy solidifies a little faster than a dense alloy. Figure 22 also shows
that the width of the mushy zone remains nearly constant as the solidification process
proceeds, except in the upper part of the casting. Once the liquidus line reaches the feeder
region, the thickness of the mushy zone decreases until the alloy has been completely

solidified. For this reason, feeding conditions in the upper part of the casting are significantly

103



different from those in the rest of the casting, which explains the differences in the

microporosity distribution near the feeder region, displayed in Fig. 20.
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Figure 23 Microporosity distributions computed for constant or variable density models

Figures 20-22 are computed by assuming that the densities of the liquid and solid phases are
constant. The experimenta investigation by Ganesan and Poirier [31] shows that in practice
the liquid and solid densities do change with the solute concentration in an aloy during the
solidification process. Figure 23 displays the effect of a variable density model on the

microporosity distribution in the casting. Computations are performed for the initial

hydrogen concentration of 4” 10°°> wt pct, accounting for the surface tension effects. From
thisit is observed that the constant density model overpredicts the degree of microporosity by

approximately 0.25 %. The microporosity distribution computed for the variable density

104



model also displays a different trend at the border with the feeder region. This is because the
constant density model assumes that the aloy will always shrink during the solidification
process. In the variable density model [31], the liquid density can be larger than that of the
solid if the solute concentration in the liquid is large enough, which means that at certain
stages of the solidification the shrinkage cannot only be greatly reduced, but the alloy may

even expand.

Figures 24a-b depict the porosity and average copper concentration distributions at different
gravity conditions for constant densities at the liquid and solid phases. The initial hydrogen
concentration utilized for Figs. 24a-b is 4" 10° wt pct. The five different gravitational
accelerations utilized in these computations are: 1) g =0 (microgravity); 2) g =1.62 m/ s?
(Moon); 3) g=369m/s’ (Mars); 4) g=9.81lm/s’ (Earth, standard gravity); 5)
g =22.88m/s* (Jupiter). Figures 24a shows that in microgravity the microporosity
distribution is very uniform, except in the region close to the feeder. This is because of the
changing feeding conditions when the liquidus front approaches the top of the casting. For
the greatest gravitationa acceleration for which computations were performed
(g =22.88m/s?), the variation of microporosity with the distance from the bottom is very

large, which is explained by the large influence of the metalostatic head on the feeding
process (see Fig. 29). The effect of gravity is greater for the case with larger initial hydrogen
concentration. Figures 24b show that the variations of microporosity caused by changing the
gravitational acceleration are not large enough to cause visible changes in the copper

redistribution.
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Figure 24 Distributions of (a) microporosity and (b) average copper concentration computed

with the initial hydrogen concentration at 4” 10°° wt pct

54 EFFECTS OF COPPER DIFFUSION AND METALLOSTATIC PRESSURE ON

MICROPOROSITY FORMATION
The numerical procedure and parameters utilized in computations are the same as those in the
former section. Figures 25-29 are computed assuming constant densities in the solid and
liquid phases respectively and an initiad hydrogen concentration of C,, =4"10"° wt pct.

Thermophysical properties of the Al-4.1%Cu aloy aong with other parameters utilized in

computations are the same as those listed in Table 1.
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As mentioned before, the solidification of binary aloys is accompanied by a solute

redistribution. Figure 25a shows the computed distributions of the average mass
concentration of copper (C = rC/ T ) adong the height of the casting as well as a comparison

with the experimental data obtained by Kato and Cahoon [32]. In the case of unidirectional
solidification considered in this section, the solute redistribution is caused by the
interdendritic fluid flow that compensates for the shrinkage and also by the diffusion of
copper in the liquid phase (copper diffusion in the solid phase is neglected). Because
microporosity formation partially compensates for the shrinkage, it reduces the interdendritic
fluid flow. As a result, microporosity can decrease convective solute transport during
solidification. Figure 25a shows that the average mass concentration that was computed
assuming no microporosity formation is dightly larger than that when microporosity
formation is accounted for. In Fig. 25a, there is little difference between the curves computed
with and without the diffusion of copper in the liquid phase. The difference is more visible in
Fig. 25b, which depicts the average mass concentration of copper near the bottom of the
casting. Near the bottom, the average copper concentration is much smaller than the initia
value of 4.1 wt pct when diffusion is accounted for. It is interesting to note the difference that
accounting for diffusion makes in the mathematical formulation of the problem. When
performing computations that do not account for diffusion, the species equation reduces to a
first-order differential equation and there is no need to utilize a boundary condition at the
bottom; whereas when computations are performed that do account for diffusion, the species
equation is a second-order differentia equation that requires a boundary condition at the

bottom (given by the second equation in Eqg. (15)).
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Figures 25a-b show that accounting for the diffusion of copper in the liquid phase affects the
copper redistribution only near the bottom of the computational domain, in the thin diffusion
boundary layer. The mechanism of formation of the diffusion boundary layer was first
described in Schneider and Beckermann [33]. When metal in contact with the cooled wall is
in the mushy state, intensive cooling from the wall leads to a strong positive temperature
gradient in the mushy region. Because the temperature and liquid concentration in the mushy
zone are coupled through Eqg. (12) and the value of G is negative, this positive temperature
gradient causes a negative concentration gradient in the interdendritic liquid. Thus copper
concentration in the liquid phase decreases from a maximum at the wall to the initia
concentration (4.1 wt pct) outside the mushy zone. This concentration gradient in the liquid
phase causes solute diffusion from the wall region towards the inner part of the casting. The
wall is assumed to be impermeable for copper diffusion. For this reason, the outflow of the
solute from the wall region cannot be compensated for and the interdendritic liquid near the
wall has a lower copper concentration than if there were no solute diffusion. The solid phase
that forms from this interdendritic liquid is also depleted of solute. This results in a lower

average copper concentration in a thin layer near the wall. The width of this diffusion

boundary layer is small, due to a large value of the Lewis number, Le=k, /(c,r D,) (for

Al-4.1%Cu alloy Lewis number can be estimated to be 7.610" 10°).
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Figure 25 Distribution of average mass concentration of copper after complete solidification

It should be noted that the computed solute distribution in the upper part of the casting is
quite different from that given in experimental data [32]. One possible explanation for this
discrepancy is because of the utilization of alever model to describe the solute redistribution
at the local scale. The lever rule predicts that the eutectic fraction will never appear during
solidification if the initial solute concentration is below the solid eutectic concentration (5.65
wt pct in the aluminum-copper system). An aternative to lever rule is the so-caled Schell
model, which assumes an infinite mass diffusion of the solute in the liquid phase and zero
diffusion in the solid phase at the local scale. Voller and Sundarrgj [15] have shown that the
utilization of the Scheil model results in concentration profiles that are in better agreement

with existing experimental data. As mentioned previously, no microporosity formation model
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was included in their simulations and microporosity distribution was obtained using an
empirically based friction factor approach. Therefore, a combination of the Scheill model with

the microporosity formation model will be given later on.
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Figure 26 Microporosity distributions after complete solidification

Figures 26a-b depict the microporosity distributions that were computed accounting for and
neglecting copper diffusion in the liquid phase. The porosity distributions are nearly the same
for these two cases except in the region very close to the bottom. When diffusion is
neglected, the porosity increases smoothly with an increase of the distance from the bottom.
When diffusion is accounted for, the porosity distribution goes through a minimum. This is

because the solute concentration is one of the factors that have an effect on the porosity (for
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example, hydrogen solubility in the liquid phase is a function of C, , as can be seen from

Egs. (26) and (27)).
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Figure 27 Mass flux distributions at standard gravity at t=80s for accounting for the

microporosity formation or neglecting it

Mass transfer during the solidification process is caused by a density difference between the
solid and liquid phases. Figure 27 displays the mass flux (- r u) distribution at t =80s,
computed with and without microporosity formation. In the region occupied by the melt
(e, =1), the mass flux has a constant value. In the mushy zone, the mass flux decreases until

it vanishes at the solidus line. The width of the mushy zone for these two cases is about the
same. However, the mass flux for the case with no porosity is approximately twice that when

porosity formation is accounted for. As mentioned before, solidification shrinkage is
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compensated for by interdendritic fluid flow and microporosity growth, therefore the

appearance of microporosity reduces the interdendritic fluid flow.

Because the microporosity formation process is associated with a pressure change in the
mushy zone, it is affected by metallostatic pressure, created by the metal above the mushy
zone. Therefore, gravity is one of the factors that affect microporosity formation. While Figs.
25-27 are computed for conditions of standard gravity, Figure 28 is computed for different
values of gravity. Figure 28 shows the local pressure distributions at t =80s computed for
five different gravitational accelerations: 1) g=0 (microgravity); 2) g=1.62 m/s2 (Moon);
3) g=3.69m/s? (Mars); 4 g=9.81m/s* (Earth, standard gravity); 5) g =22.88m/s’

(Jupiter). Figure 28 shows that an increase of gravity increases the gradient of local pressure.
In the melt region and in the mgjority of the mushy zone, the local pressure increases with the
distance from the free surface (except in conditions of microgravity). In the part of the mushy
zone close to the solid front, the local pressure drops because of a small permeability. The

corresponding distributions of microporosity and copper concentration under different

gravity conditions are given in Fig. 24.
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Figure 28 Local pressure distributions at different gravity conditions at t=80s

All of the previous figures are computed accounting for the surface tension term in Eq. (17).
Figure 29 depicts the dependence of the average microporosity (defined in Eg. (33)) on
gravitational acceleration. Computations are performed both accounting for the surface
tension and neglecting it (in the latter case, the zero value for s was utilized in Eq. (17)).
Figure 29 shows that the average microporosity decreases linearly with an increase in the
gravitational acceleration for both of these cases. This occurs because of better feeding
conditions (larger metallostatic head) for larger gravitational accelerations. When surface
tension is neglected however, the predicted degree of microporosity is larger. This is because
when there is no surface tension microporosity can nucleate at a smaller pressure drop in the
mushy zone. It is interesting that in the range of gravitational accelerations utilized in these

computations the two curves depicted in Fig. 29 remain parallel.
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Figure 29 Dependence of average microporosity after complete solidification on

gravitational acceleration for accounting for surface tension or neglecting it

5.5 COMPARISON BETWEEN LEVER AND SCHEIL RULES

As mentioned before, microporosity formation is coupled with solute transport. The aim of
this section is to investigate the effect of the model of solute diffusion at the local scale
(which means at the local scale of the microscopic representative elementa average volume
(REV)) on solute transport and microporosity formation during this process. Both the Scheil
rule and the lever rule are utilized to describe the solute diffusion at the local scale. The lever
rule assumes complete mass diffusion in both the liquid and solid phases. However, the

Scheil rule assumes complete mass diffusion in the liquid phase but zero mass diffusion in
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the solid phase. Assuming constant properties in the liquid and solid gas, the mixture solute

density, utilizing the Scheil and lever rules, can be expressed as, respectively [15]:

rc=r,eC, +(§SrSCSda (34)
rc=r_eC, +r e,Cq (35)

where C is the mass concentration of copper in the solid phase. Equations (34) and (35) do

not contain the third term corresponding to the gas phase for the obvious reason (because

there is no copper in the gas phase).

In this section, only the region close to the cooling surface is considered. Therefore, the far
field boundary condition is utilized a the top. At the bottom, constant heat transfer

coefficient is given. The boundary conditions utilized in computations are given as below:

At x =0, —_— =nT - , =0, =0 36
X ., o™ Taw) g5 ! (36)
Atx=X,, T=T,, C =C,, P =P (37)

where C, is the initial copper concentration, h is the heat transfer coefficient at the bottom,

Pe

X

is the external pressure imposed at the free surface, T, is the ambient temperature, and

T, istheinitial temperature of the molten alloy.
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Figure 30 Flow chart of the numerical procedure
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The numerical procedure utilized in this section is based on research done by Voller [34]
with several modifications introduced because of microporosity formation and three-phase
structure of the mushy zone. Since Voller [34] described the scheme in detail, only a flow

chart summarizing the procedure is shown in Fig. 30. A grid number of 1000 and a time step
of 10 s are utilized in computations. The height of the computational domain in this section

is X, =0.4m, the heat transfer coefficient is h = 5000W / m?s, and the initial temperature is

T, =1000K . The other thermophysical properties and solidification conditions utilized in the

following computations are the same as those listed in Table 1.

Figure 3la depicts distributions of the volume fraction of the liquid phase for different

moments of time during the solidification process. The initial hydrogen concentration in

these computationsis 10°°> wt pct. Computations are performed for both the lever and Scheil
rules. When the Schell rule is utilized, some amount of eutectic phase (around 8% in this
case) appears. The volume fraction of the liquid phase decreases gradually from unity to 8%
as solidification goes on and then the remainder of the liquid phase solidifies at a constant
temperature at the eutectic front. This is different from the solidification pattern predicted by
the lever rule, in which case the liquid volume fraction decreases smoothly from unity to zero
within the mushy zone and no eutectic forms in the alloy with 4.1% initial copper
concentration. It can also be observed that the width of the mushy zone is larger if the Schell
rule is utilized when compared to that for the lever rule. This is because the temperature
variation over the mushy zone predicted under the Scheil rule is from the eutectic

temperature to the liquidus temperature, which is larger than that predicted by the lever rule.
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Figure 31b shows distributions of the average copper concentration (C = E/F ) predicted by
the Schell rule and the lever rule, respectively, computed for the same parameter values as
Fig. 31a. Both models predict an inverse segregation pattern near the bottom. However, the
Schell rule predicts a heavier inverse segregation and larger average copper concentration in
the solidified region than the lever rule. This occurs because the Scheil rule assumes zero
mass diffusion of the solute in the solid phase at the local scale. As a result, more copper is
rejected by the solidifying dendrites into an interdendritic liquid. The Scheil rule predicts a
eutectic concentration of 33.2% once the volume fraction of the liquid phase gets smaller
than approximately 8%, while the lever rule predicts no eutectic formation for the initial
copper concentration of 4.1%. A jump of the average copper concentration is predicted by
the Scheil rule at the eutectic front, which does not exist if the lever rule is utilized. This
shows that the diffusion of solute at the local scale has significant effect on solute transport
[15]. The effect of this diffusion on microporosity formation is shown in Fig. 31c. When the
lever rule is utilized, the predicted microporosity is dightly larger than that predicted under
the Scheil rule. This shows that the microporosity formation problem is coupled with solute
transport. Microporosity formation partly compensates for the shrinkage and thus reduces the
interdendritic flow and inverse segregation. This is the reason for the smaller average copper
concentration predicted by the lever rule in Fig. 31b. At the eutectic front, the microporosity
distribution predicted under the Scheil rule has an abrupt change, which means microporosity
continuously increases after the appearance of eutectic phase until complete solidification.
According to the computation, microporosity compensates one fifth of the solidification

shrinkage of the eutectic fraction and the rest is compensated by the interdendritic flow.
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Figure 31 Distributions of (&) volume fraction of liquid phase, (b) average copper
concentration, and (c) microporosity at different moments given by the Scheil and lever

modds
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According to Eq. (15), increased local pressure is one of the factors hindering pore nucleation
and growth. There are several ways to influence the local pressure, such as to change the
metallostatic head by changing the height of the casting (adding a riser), to change the
effective gravitational acceleration (by utilizing the centrifugal force), and to change the
external pressure imposed at the free surface. Computations for different effective
gravitational accelerations and external pressures are performed and the effect of these
factors on microporosity formation is displayed in Figs. 32a and 32b, respectively. The initia
hydrogen concentration utilized in computations is 10> wt pct. Figure 32a shows that the
porosity distribution predicted at standard gravity is more uniform and on average it is larger
than that predicted for the larger gravitational acceleration corresponding to the gravity on
Jupiter. The difference of porosity between x =0 (at the bottom) and x =0.07m is about
1.7% for standard gravity and about 2.7% for Jupiter gravity. This is because larger
gravitational acceleration results in larger metallostatic head, therefore the pressure in the
mushy zone stays above critical (critical pressure is the pressure below which microporosity
formation occurs) over a larger portion of the mushy zone than for standard gravity. Figure
32b depicts the microporosity distributions at standard gravity for different externa
pressures. Increasing external pressure significantly decreases porosity, as expected.
However, the uniformity of porosity distribution is not affected; increasing external pressure
simply shifts microporosity distribution towards smaller values. Therefore, increasing
external pressure at the free surface is an effective way to control microporosity formation

during the solidification process. It can also be observed that the choice of a particular model
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of solute diffusion has a minor effect on predicted microporosity distributions for large

external pressures.
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Figure 32 Effects of (a) gravitational acceleration and (b) external pressure on microporosity

distribution

Figure 33a displays the effect of the initial hydrogen concentration in the aloy on
microporosity formation. A larger degree of porosity is predicted for larger initia hydrogen
concentration, as expected. Therefore, another possible way to control microporosity
formation is to control the initial hydrogen concentration in the molten aloy, which can be

achieved, for example, by vacuum melting. It can aso be seen that the difference between the
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predicted degree of microporosity by the Scheil rule and by the lever rule is alittle larger for
a larger initial hydrogen concentration. This shows that the model of solute diffusion at the
local scale has a heavier effect on microporosity formation for larger initial hydrogen
concentration. Figure 33b shows distributions of the average copper concentration for
different initial hydrogen concentrations predicted by the Scheil and lever rules, respectively.
For different initial hydrogen concentrations, distributions of the average copper
concentration after complete solidification are almost the same. Comparison of Figs. 33b and
33a indicates that microporosity formation only dlightly reduces inverse segregation.
However, when comparing the curves obtained by utilizing different models of solute
diffusion at the loca scale for the same initial hydrogen concentration, the difference is
obvious. This shows that the major factors affecting solute transport are the solute diffusion
at the local scale as well as solute transport by interdendritic flow. Therefore, choosing a
proper model for the solute diffuson a the local scale is crucia for modeling

macrosegregation.

Figures 34a-c depict the dependence of the average microporosity in the wall region, g , ONn
gravitational acceleration, metallostatic head, and external pressure. Computations are
performed for both the Scheil and lever rules for different initial hydrogen concentrations.
The average microporosity is computed in the region close to the wall, between x =0 (the

bottom) and x =0.07m. Figures 34a-b show that average microporosity decreases linearly
with increase in gravitational acceleration and metallostatic head. Compared with Figs. 34a
and 34b, Fig. 34c shows that external pressure has heavier effect on average microporosity

compared to the metallostatic head and initial hydrogen concentration. The average
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microporosity decreases rapidly with increase of external pressure, especially for large initia

hydrogen concentration.
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Figure 33 Distributions of (a) microporosity and (b) average copper concentration for

different initial hydrogen concentrations
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Figure 34 Dependence of average microporosity on (a) gravitational acceleration, (b)

metallostatic head, and (c) external pressure
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Figures 31-34 are computed for the initial copper concentration of 4.1%. For alloys with
initial copper concentration larger than 5.65%, the eutectic phase appears during
solidification even when the lever rule is utilized. Computations with initial copper
concentration of 6% are performed to show the effect of the diffusion model on solidification
and results are shown in Figs. 35a-c. Figure 35a depicts distributions of the volume fraction
of the liquid phase at different moments of time during solidification under the Scheil and
lever rules, respectively. The eutectic fraction predicted by the lever rule is around 0.8% for
this case, which is much smaller than that predicted by the Scheil rule (around 14%).
However, the widths of the mushy zone predicted by these two rules are amost the same.
This confirms our explanation of the wider mushy zone predicted by the Schell rule for initial
copper concentration of 4.1% (Fig. 32a). The distributions of average copper concentration
and microporosity are shown in Figs. 35b and 35c, respectively. At the eutectic front, an
abrupt change in average copper concentration and microporosity is predicted by both the

Scheil and lever rules (cf. Figs. 35b and 35c).
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Figure 35 Distributions of (@) volume fraction of liquid phase, (b) average copper
concentration, and (¢) microporosity at different moments of time computed utilizing the

Scheil and lever rules with initial copper concentration of 6%
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5.6 DEPENDENCE OF MICROPOROSITY FORMATION ON THE DIRECTION

OF SOLIDIFICATION

Metallostatic head is an important factor in microporosity formation in binary aloys. The
aim of this section is to suggest a new approach in the investigation of the effect of gravity on
microporosity formation in solidification of binary alloys. Instead of traditional
unidirectional solidification from the bottom (cf. Fig. 36(a)), the mold is cooled from the top,
asit is schematically shown in Fig. 36(b). In this case solidification proceeds from the top to
the bottom. To keep the alloy in contact with the top surface (the chill), the bottom of the
mold is designed as a piston that inserts a positive pressure on the liquid alloy from the
bottom. The aim of this section is to investigate how, if at al, microporosity formation and
solute transport will be affected. If these processes are indeed affected, this new technique
can be used in future experimental studies. The comparison of samples solidified “against the
gravity” and “aong the gravity” can be used as a tool to validate microporosity formation

models.

The Scheil model is utilized in this section to model the solute transport on the local scale.
The numerical procedure utilized in this investigation is the same as the one used in the
former section. From a physical standpoint, the only difference between the processes
displayed in Figs. 36a and 36b is the direction of gravity relative to the direction of
solidification. Therefore, the same code can be utilized for computing both cases by using

different values for gravity, g=9.8m?/s for the case of Fig. 36aand g=-9.8m?/s for the

case of Fig. 36b. Also, solidification in microgravity is modeled, in which case g=0. The
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time step of 10"?s and 1,001 noda points in x direction are utilized. The grid independence
of the solution is checked by performing a computation with 2,001 nodal points. The
thermophysical properties and geometrical parameters utilized in computations are the same

as those in the former section.

dT
— K=
P = Fa dx

= .n'll,]"|_1 o ]"|
x=1

il

-x =10
LIQUID gutectic
front
MUSHY
MLUSHY
¢ cutectic
) front LIQUID
SOLID
—— =0 r o= xh
: 1 I A A
+ R 1
{I'l'n'“l-'] ; I L
@ (b)

Figure 36 Schematic diagrams of two methods to carry out unidirectional solidification

process. (@) “against the gravity” and (b) “aong the gravity”

Figures 37a-d display distributions of the volume fraction of the liquid phase, microporosity,

local pressure, and average copper concentration, respectively, at t=300s for three cases:
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solidification “against the gravity” (cf. Fig. 36a), “aong the gravity” (cf. Fig. 36b), and in
microgravity. The initial hydrogen concentration utilized in computations is 10 °wt pct.
Figure 37a shows that the distributions of the volume fraction of the liquid phase, for these
three different solidification cases computed at the same moment of time, practically
coincide with each other. This means that the direction of solidification has aimost no effect
on solidification rate, as expected. Microporosity distribution, on the contrary, greatly
depends on the direction of solidification. For the traditional solidification “against the
gravity” (cf. Fig. 36a), microporosity increases with the distance from the chill (from the
bottom boundary). For solidification “along the gravity” (cf. Fig. 36b) microporosity
decreases with the distance from the chill (from the top boundary). Under microgravity,
microporosity distribution is uniform. These trends of microporosity distributions are
explained by Fig. 37c, which depicts distributions of the local pressure in the molten region
and in the mushy zone. For traditional solidification (cf. Fig. 36a), the local pressure in the
molten region increases with the distance from the free surface. This increase continues even
in the mushy zone until the volume fraction of the liquid becomes very small. At this point,
the local pressure begins to drop to maintain the filtration of interdendritic fluid, which
compensates for the shrinkage. Since pressure in the mushy zone is one of the factors that
hinders pore nucleation, higher local pressure in the mushy zone corresponds to less porosity.
Thus, in the case of traditional solidification, microporosity decreases with the distance from
the free surface because larger distance corresponds to larger metallostatic head, which
trandates to larger pressure in the mushy zone. In the case of solidification “aong the

gravity” (cf. Fig. 36b), an external pressure of 1 atm is imposed by the piston. The pressure
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increases with the distance from the chill until it attains its maximum value of 1 atm at the
interface with the piston, therefore microporosity decreases with the distance from the chill.
For the microgravity case, the pressure distribution is uniform and this explains the uniform
distribution of microporosity. The distributions of the average copper concentration
displayed in Fig. 37d show no visible dependence on the direction of solidification. This
result is unexpected because, in the case of unidirectional solidification, the copper
redistribution is mainly caused by the interdendritic fluid flow, which compensates for the
shrinkage. Since microporosity partly compensates for the shrinkage, one would expect that a
larger microporosity would correspond to a smaller macrosegregation of copper and vise
versa.  This paradoxical result of practical independence of macrosegregation on
microporosity is explained in Fig. 38. Since the easiest way to influence the degree of
microporosity is to change the initial hydrogen concentration, Fig. 38 presents computations

performed for traditional solidification method (cf. Fig. 36a) for two different initia

hydrogen concentrations, 10> and 8" 10> wt pct.
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Figure 37 Distributions of (a) volume fraction of liquid phase, (b) microporosity, (c) local
pressure, and (d) average copper concentration at t=300s for two opposite directions of

solidification and the microgravity case
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Figure 38a displays how the volume fraction of liquid phase and microporosity at the bottom
(at the chill) change with time. As can be seen, the solidification process is a little faster for a
larger initidl hydrogen concentration, which is explained by a smaller latent heat of
solidification of a REV for a larger degree of microporosity. For a larger initial hydrogen

concentration, microporosity nucleation at the bottom occurs at an earlier moment of time.

For C,, =10"° microporosity nucleation starts when e, equals approximately 0.26 while for

C,, =8 10°° nucleation starts amost simultaneously with the beginning of solidification,

quickly attains an amost constant value, and then dightly increases as the eutectic front

passes through the REV. The effect of microporosity on the mass flux (r  u) and average

copper concentration (6) Is shown in Fig. 38b. Since the degree of microporosity for
C,, =8 10°° is very large (about 5%), it seems logical to expect that for this initia
hydrogen concentration microporosity growth will compensate most of the shrinkage (which
is about 5.5%). This must lead to almost no macrosegregation of copper and the average
copper concentration at the bottom is therefore expected to be close to its initial value in the
molten alloy (4.1 wt pct). However, Fig. 38a shows that the shrinkage and microporosity
growth are not synchronized. Microporosity grows very fast in the beginning of solidification

of the REV (cf. Fig. 38a), while shrinkage is linearly correlated to the change of the volume
fraction of the liquid phase. The mass flux for C, =8’ 10°° is positive in the beginning of

solidification, which means that microporosity completely compensates for the shrinkage and
even pushes molten alloy upwards, out of the REV. However, after a short period of

intensive growth, microporosity comes to a steady state and at a later stage of solidification
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shrinkage is compensated by interdendritic fluid flow, which transports copper into the REV.
It should be noted that, in the beginning of solidification of the REV, the copper
concentration in the interdendritic liquid is still low and, therefore, whether shrinkage is
compensated by interdendritic fluid flow or by microporosity growth is not a concern. At a
later stage of solidification of REV, when copper concentration in interdendritic liquid
becomes large, microporosity has already attained the steady state and therefore does not
influence the copper transport. This explains why the average copper concentration at the

bottom is about 4.43 wt pct, much larger than its initial value of 4.1 wt pct in the molten

aloy, for both small and large initial hydrogen concentrations.
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Figur e 38 Time dependence of (a) the liquid fraction and microporosity and (b) mass flux

and average copper concentration at the bottom for traditional unidirectional solidification
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5.7 CONCLUSIONS

A three-phase model of the mushy zone, which accounts for the influence of microporosity
on the transport processes in the mushy zone, is suggested. The effects of several factors on
microporosity formation and solute transport, such as initial hydrogen concentration,
effective gravitational acceleration, external pressure, and models of solute diffusion at the
local scale, are investigated. The model of solute diffusion at the local scale has a significant
effect on solute transport and microporosity formation. This is because the solubility of
hydrogen in an aluminum copper alloy heavily depends on copper concentration and the
Schell rule always predicts some eutectic formation during solidification, but this does not
happen with the lever rule if the initial solute concentration is less than 5.65% [15]. However,
unless microporosity is very large, microporosity formation has a minor effect on
macrosegregation. This is because the degree of porosity formed during this process is
typically small and it does not completely compensate for the shrinkage. Therefore, the major
factors that influence macrosegregation are the solute diffusion at the local scale and the
interdendritic flow. Numerical simulations show that the initial hydrogen concentration is the
major parameter that affects the degree of microporosity in auminum castings.
Computational results also revea that in microgravity conditions microporosity distribution
is uniform throughout the casting, except in the region close to the feeder. Under increased
gravity, microporosity significantly increases with the distance from the cooled wall, which
is explained by the reduction of the metallostatic head and thus worsening feeding conditions
in the upper part of the casting. Average microporosity linearly decreases when the

gravitational acceleration or the external pressure increases. The obtained results suggest that
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effective ways to control microporosity are to increase external pressure at the free surface

and to decrease initial hydrogen concentration in the molten aloy.
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6 NUMERICAL INVESTIGATION ON DIP COATING WITH LIQUID

CARBON DIOXIDE

ABSTRACT

A numerica investigation of a novel high-pressure dip coating process with liquid carbon
dioxide utilized as a solvent is presented. A mathematical model of this dip coating process is
obtained by extending the classical free meniscus theory to account for the effect of
evaporation on the free surface profile and on the final thickness of the coating layer. A finite
difference method is utilized to predict the dynamic response of meniscus profiles and the
thickness of the film. The effects of evaporation rate, initial solute concentration, withdrawal
velocity, and viscosity on the film thickness are investigated. The theory is validated by
extensve comparisons with experimental results. Limitations and possible future

improvements in the theory are discussed.

6.1 INTRODUCTION

Liquid coating techniques are widely used in industrial processes to produce thin films.
Modeling the formation of these films is important to control the deposition process [1].
Commonly either an organic or water based solvent is utilized in these processes. The use of

organic solvents in liquid coating processes results in the emission of volatile organic
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compounds (VOC), which are harmful to the environment. Similarly, when water based
solvents are used large quantities of wastewater are generated, whose cleaning requires
complicated and expensive separation equipment [2]. A sensible alternative is the utilization
of liquid carbon dioxide in these coating processes [3]. The advantages of using carbon
dioxide as a solvent arises from its physical properties near the critical point including
sensitivity to temperature and pressure variations. Low viscosity and low surface tension of
liquid carbon dioxide is advantages for deposition of thin films. Also, carbon dioxide is
easier to separate from coating formulations and it is more environmentally acceptable than

organic solvents.

Liquid coating techniques include several different methods, such as free meniscus, spin, pre-
metered, and self-metered coating process [2, 4, 5]. Dip coating is one of the most common
free meniscus coating techniques. It is used in many industrial processes, such as producing
chocolate covered foods, photographic films, galvanization of steels, coating glass plates, and
deposition of thin lubricant films on magnetic disks [6-9]. In this chapter, the dip coating
process with liquid carbon dioxide is investigated by means of numerical modeling. There
are three different schemes of the dip coating process. withdrawal, drainage, and continuous
processes. For the purpose of modeling, the withdrawal process is the same as the drainage
process. Here the withdrawal/drainage process is considered. The schematic diagram of the
process is shown in Fig. 1. From a hydrodynamic standpoint, this is a free surface problem.
Considerable work has been done on modeling problems involving free surface [1, 6, 7, 11-
21]. However, most of them considered both liquid and gas phases matching at the interface

to account for evaporation, which is very complex and time-consuming. Some papers utilized
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a quasi-one-dimensional model to describe this problem but neglected evaporation. Hurd and
Brinker [19, 20] started from experimental measurements to discuss physical aspects of sol-
gel film formation in dip coating process. The effect of evaporation on film thickness was
analyzed qualitatively. Effects of solute concentration on properties of the solution were
neglected. No detailed numerical procedure and free surface profiles were presented in [19-

21].
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Figur e 39 Schematic diagram of dip coating process
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6.2 PROBLEM DESCRIPTION
6.2.1 Numerica Model

The governing equations for the dip coating process are obtained assuming a quasi-steady
two-dimensional problem. If the thin layer approximation is utilized, the parabolized

governing equations can be presented as:

Continuity =0 @

X-momentum r UE+VE9—-% lae ‘nuo rg 2

™x fTyg dx ﬂyg ﬂyéf

ﬂTo dp i a?(‘ﬂTo

3
Vo g v o ©

Energy re, gu—+v

Utilizing the low curvature approximation, the capillary pressure is determined by the

curvature of the free surface [10], therefore, its gradient can be expressed as:
= —I (4)

Substituting Eq. (4) into Eq. (2) resultsin:

& fu Muod daedho ‘ﬂae‘ﬂuo
reguU—+v—=z== m—=
™ g dxg dx? g ‘ﬂyg ‘ﬂyg

rg ©)

The continuity equation, Eg. (1), can be used to eliminate v:

J(ru)

er'O."Tdy (6)
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Substituting Eq. (6) into the x-momentum equation, Eq. (5), results in:

2
ruﬂ_u_ge«‘ﬂ(r )lyoﬂu d & d’°ho ﬂaemﬂ_uo

: 7
*x &7 ™ “afy dxg ngﬂyg Vo ' 0

For small withdrawal velocities the quadratic terms on the left-hand side of Eq. (7) can be

neglected, and this equation can be simplified as:

diée x) h§+ JTU . Hx)g =0 (8)

X

Ty’
Here s(x), n{x), and r (x) are the surface tension, viscosity, and density of the solution (the
polymer dissolved in liquid CO,), respectively. They are functions of the mass fractions of

the polymer (C,, ) and liquid CO, (C,,) in the solution:

S(X) =S poICpoI + SCOZCCOZ (ga)

r (X) =T poICpoI +tr COZCC02 (gb)
5 L

n(X) = m:ozg-i"' _f pol 9 (9C)
e 2 g

Two models are utilized to describe the solution surface tension. One is the linear model
given by Eq. (98). Another assumes it to be constant which is independent with solute
concentration. Eq. (9c) for effective viscosity of the solution follows from Einstein's formula

[22].Ineq. (9¢), T, isthe volume fraction of the polymer, which can be related to the mass

fraction by the following equation:
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C:pO| (gd)
+r,C

pol co, ~co,

r pol

f
SN

pol

The mass fractions of the polymer and liquid CO, can be related by the following equation:
Cpol (X) =1- CCOZ(X) (10)

Equation (8) can be integrated twice with respect to y utilizing the following boundary

conditions:
a y=0: u=u (1138
() fu _
a y=h(X): mﬂ— =0 (11b)
y

where U is the withdrawal velocity of the plate.

Integration of Eq. (8) with boundary conditions (11a) and (11b) resultsin:

1 édae \d’ho Usy® 0
me—x (X)dng r(x)gtg? hyB (12)

For a steady-state problem, the mass flow rate of polymer through any cross-section must be

constant (because polymer does not evaporate). This results in the following requirement:

h(x)

Quor =T (X) (o (x)udly = constent (13)
0
where Q,,, isthe mass flow rate of the polymer.

Subgtituting Eg. (12) into Eg. (13) and integrating it results in:
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Quo = 1 (X)C (X )1Uh+ h? ed Ee d ho. (4) Ul

proes 9% (14)

Equation (14) must be solved subject to the following boundary conditions:

X® X, o (15a)
ryucC v
X® X, %h:- r EU (15b)
¥
2
X® X, ddxr; =0 (15¢)
e kg u

where E is the evaporation rate of CO, expressed per unit surface area éwu r, ad

C,ax arethe average density of the solution and the polymer concentration at a large height

when the flow in the thin film becomes hydrodynamically fully developed, and x, is the
vertical position where the flow becomes hydrodynamically fully developed. For very thin
filmsat x, , back flow due to gravitational draining can be neglected and Eq. (15b) can be
obtained by considering mass balance of carbon dioxide [23]. The choice of X, is discussed

later on.

An additional equation is needed to determine the unknown mass flow rate of polymer, Q.

This condition follows from matching the curvature of the entrained meniscus region with
that of the static meniscus region, as was suggested by Landau and Levich [10]. According to

Landau and Levich, the matching condition can be expressed as [10]:
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112 /2

&s, 0 d’h gt‘)1
X® X, =260 ® J2g—>=% (15d)

dx 17/

where s, and r , are the surface tension and the density of the solution at initial polymer

concentration (before the evaporation started), respectively.

For a dip coating process with no evaporation from the free surface, Egs. (15a-d) provide al
boundary conditions that are needed to determine the thickness of the coating layer deposited

during this process. This is because for the case with no evaporation this thickness is

independent of the choiceof X, ,aslongas x, isat least twice as large as the coordinate of

112
: . &S, 0 : o
the matching point, X, =«/§gﬁi . However, if evaporation is accounted for, the
09 g
solution exhibits a heavy dependence on the choice of x, . The choice of x, uniquely

determines the thickness of the meniscus region at the matching point, h .. . Therefore,

instead of prescribing a certain value to X, , it is more physically sound to prescribe a
definite value to the thickness of the meniscus at the matching point. Prescribing this
thickness effectively prescribes the size of the thin meniscus region (the region where a thin
layer approximation is applicable, cf. Fig. 39). For computational purposes, instead of
prescribing the physical size of the meniscus, we will prescribe the ratio of the thin meniscus

size to the thickness of the wet coating layer deposited during this process, y =h ../h, . It

should be noted that the size of the meniscus region, h, .. , can be computed numerically

from the model based on full Navier-Stocks equations. However, the theory presented in this
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chapter is based on parabolized equations resulting from the thin layer approximation,

therefore, this theory requires a value of the parameter y as an input parameter.

The dimensionless coordinate and dimensionless film thickness can be introduced as:

L1/3 11413
ur,C
% = ?3"]’ i ‘o (16)
S0 (4] onl
~ Ur,C_ . hi{x
h= ¥ “~pol,¥ ( ) (17)
onl

where m, isthe viscosity of the solution before the evaporation started.

Utilizing these dimensionless variables, Eq. (14) can be recast into its dimensionless form as:

~r(X) o /e
m, r(%)i%(s‘() dZFIQ_ Cpol,¥ -h ‘s Cpol (X) ] r 2(5()9 Q?)ol -0 (18)
R)r, dk&s, &’ h°c, () anfx) Uricl,,

Since Q,,, is proportional to the withdrawal velocity U to the power 5/3 (cf. Eq. (22)), the

last term in Eq. (18) is small compared to other terms in this equation for small withdrawal

velocity U, and this equation can be recast as:

~—

~ 1 (%
~. C.,-h

m r(x) d &(x)d*hd ™ r,
n(s\() r¥ d)z S0 ds\(zé Fl:%Cpol(;()

Cpa (%)

=0 (19)

Boundary conditions for EQ. (19) are given by the dimensionless form of equations (15a-c):

o0
I
[

X® X, (202)
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{® % ch_ _E @®s, 0
X® X &k r(x)Ug3mUy

"
R® %, :)22':0 (200)

Also, at the matching point between the dynamic and steady meniscus regions, the matching

condition that represents the dimensionless form of Eq. (15d) can be expressed as.

s@ 5z =BT YUTCuny pEs, & (213)
match = =
: gso a9 onl r Ogg
. 2 2
9N e ?0 ¢ Qo ﬁg' 92 (21b)
dx Mg U ,C,, &Sop

According to Eg. (21b), Q,,, can be expressed as

,213 J1/2
B O | o 1 as, 0
o = = Ur,C,,—=&—x a 22
Qpl gsofa ¥ “~pol,¥ «/Egrogfz ( )
where
d?h
-0 (23)

a must be found from the numerical solution of Eq. (19) with boundary conditions given by

Egs. (20a)-(20c).
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Combining Egs. (16) and (22), an equation for the dimensionless variable X can be recast as

1/2

ﬁmogg

. So g
X= 61/3
ag—b Uz

So @

According to Eg. (15a) and Eqg. (22), the thickness of the wet coating layer deposited during

(24)

the process can be found as:
,1/2

a &s, 0 a&8m, 62/3
h, =—g—% % Uz (25)
Y Jigroga gso P

The mass conservation of carbon dioxide for an elementary volume between x and x+dx can

be written as:

h(x) h(x+dx)

r(x)C,, (X) Qudy - r (x +dx)C,, (x+dx) (udy = Edx

(26)
The evaporation rate E can be obtained from the Hertz-K nudsen equation [25] as:
M a/DP 2
N,2(2pM ., KT

where k is the Boltzman constant (1.3805" 10°*J/K), M, is the molar mass of carbon

dioxide (44 kglkmol), N, is the Avogadro constant (6.02° 10*kmol"*), T is the

temperature, a, is the evaporation coefficient, and DP is the pressure drop, which acts as
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the driving force for evaporation. According to experimental measurements, a, equals
5” 10°° for liquid carbon dioxide.

Utilizing the Taylor expansion, Eg. (26) can be recast as:

h(x) qC._ o) PTG
T ¢, 00 gpy +1 (022 Gy +1 (x)Cor, (06 pbg=-EC) (29
x o > 5 xXg, g

According to Eqg. (13):

h(

onl

x)
Oy = —————— 29
O = T C 0 (29)
Substituting Eg. (29) into Eq. (28), the following is obtained:
ﬂr (X) onl 1TC(:O onl ﬂ e onl 9_
C. (x +r (X G +r(x)C, —¢——+=-E(x) (30
ix o, { )r(x)Cpo, 0 X r(X)C,, (X)Ce, x ér(x)Cpolg ) (30)

Equation (30) must be solved subject to the following boundary condition imposed at the
border between the entrainment and static meniscus regions:
s, 0
X® X, =262 C.. =G, (31)
9o
where C, is the initiadl mass fraction of CO, (before evaporation started). Imposing this
boundary condition implies that the effect of evaporation on polymer concentration in the

solutionwhen x <X .., iSnegligible. Thisis a reasonable assumption because for X <X, ..,

matcl

the thickness of the meniscus is very large, and evaporation of carbon dioxide does not have

significant effect on polymer and CO,, concentrations.
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Utilizing the same dimensionless variables, the dimensionless form of Eqg. (30) can be recast

as.
ﬂCcoz E(l_ Cc02 )2
" aBmUG %2
r ¥ Cpol,¥ U :
So @

Equation (31) contains a yet undetermined parameter, C,,,, which is the polymer

concentration at the height when the flow in the liquid film becomes hydrodynamically fully
developed.

The appropriate boundary condition for Eq. (32) is

. 2
X match = /30 C = CO (33)
0]

a D U3
So

(%]

It is convenient to recast Eq. (32) intermsof C_:

ﬂC ol EC oI2
e : e (343)
r ¥Cpol,¥ U :
So o

Corresponding boundary conditions for Eg. (34Q) then are:

. 2
Xmatch = J1/3 Cpol :1- c:O (34b)
m 0]
a U=
So (4]
5\( = 5\(¥ ! CpoI = Cpol,¥ (340)

152



The analytical solution of Eq. (34a) with boundary condition (34b) can be obtained as:

_ 1
Con =7 ER- o) 39
1-C, 4138
* 1, Coy U 2
Se @
Substituting Eq. (34c) into Eq. (35), the following quadratic equation for C_;, is obtained:
_ 1
Cp0|,¥ - 1 E()2¥ B imatch) (36)
1_ Co 61/3
My Croly Uﬁb Uz
So @
Where r ¥ =r poICpoI,¥ +r CO, CCOZ,¥ =r poICpoI,¥ +r CO, (1_ Cpol,¥) .
The solution of Eqg. (36) is
_ - B+4/B?*+4AC
Cpol,¥ - 2A (37)
where
1/3
5
A=(r T eo,)U !’U; (383)
[ ] 61/3
B=rco, - Q- C por = T c0,) U bUi (38b)
co 0 pol co g: 5
and
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..1/30

é asm, 0
C=(@- Co)§5(5<¥ - )A(match) +tr COZU Uz l:J (38¢)
So a H

If no evaporation is considered during dip coating process, i.e. E = 0, Eq. (19) can be

simplified as
d*h 1-h o 39)
dx® hs

which is exactly the same as the original Landau and Levich's equation [10].

6.2.2 Numerical Procedure
The numerical procedure can be divided into three steps:

(1) Solve Eq. (35) to obtain the distribution of C,, (X).
(2) Utilizing the obtained distribution of C, (X), cdculate C,,(X), n{%), and s(X),
substitute them into Eq. (19), and then solve this equation to obtain ﬁ(f()

(3) Compute a according to Eq. (23) and evaluate whether the convergence criterion

a"™-a"|£5 10° is satisfied. If it is not satisfied, return to step (1) and iterate until

convergence.

When solving Eg. (19), the numerical integration may lose stability near the remote point

Xy . To avoid this difficulty, Eq. (19) is linearized in the neighborhood of X, . When X is
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closeto X, , a Taylor expansion can be used for the dimensionless thickness of the layer,

density of the fluid, and the concentration of polymer, respectively:

h=1+e(x) (40)

r(30 =1, 1+ %) (a1)
Cpa(R) = Cpy L+ R) @)

where &(x) is the unknown smal function, g(f():%ﬂrﬂg() (%- %,), and
d(%) = Cl “C%‘;(X)L *- %,)

Substituting Egs. (40)-(42) into Eqg. (19), and neglecting higher powers of small terms, Eq.
(19) can be linearized as:
m r(x) das(r) d’eo

= — i+g+e+d=0 43
mXx) r, dxg s, dk’g g (43)

Equation (43) must be solved subject to the following boundary conditions:

X =K, e=e, (449)
=%, :—2 =0 (44b)
and

% =g, j:f =0 (44c)
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where e, is a small positive number (of the order of 10*°) utilized to avoid the trivial

solution.
After linearization, it is possible to investigate the behavior of the solution near X, in detail.

The linearized equation, Eq. (43), can be solved anayticaly if it is assumed that the
properties of the polymer solution are the same as those of liquid carbon dioxide. In this case,

Eq. (43) can be simplified as:

d%e
—+e+d=0 45
dx? (49)

which must be solved subject to boundary conditions given by Egs. (44a)-(44c). Since the

solution for C__ (X) is given by Eq. (35), the analytical solution of Eq. (45) can be obtained

pol

as:

A A

_ . 6
&%) =- D(X- &,) +Co &XP(X, - X) +C, X1 QCosga@(ﬁ- 2,07
e @ 2 P
.3 1 0
+c,op X O B3 03 (46)
e 2 g 82 :
where
E
D= @73
yCyyy U 2
So 4]
e, D
Co=—-— 47b
o= 2 (47b)
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3e, D
c,=——+— 47c
=33 (470)
and
c, = Eeo (47d)

The polymer considered in this chapter is Fomblind Z-DOL 2000. The properties used in the

computations are given in Table 2.

Properties r (kg/ m®) s(N/m) nmPa S
CoO, 703 0.69" 10°° 15.02" 10°°
Fomblina Z-DOL 2000 1810 24" 102 0.15385

Table 2 Physical properties of carbon dioxide and polymer

6.3 RESULTSAND DISCUSSION

A number of computations are performed by utilizing two different models for the surface
tension of the solution. For the linear model the surface tension is computed according to Eq.
(9¢). The second model assumes that surface tension of the solution remains constant equal

to that of pure liquid carbon dioxide. Figures 40-42 are computed for the initia polymer

concentration of 0.61 wt pct, withdrawal velocity of 1.5 mm/s, and parameter y of 4 10°.

157



Figure 40a displays a comparison of the free surface profiles computed for different
evaporation driving forces ( DP) between the system pressure and thermodynamic pressure at
the liquid/gas interface. The pressure difference drives the evaporation and for relatively
small values of evaporation rate is linearly proportional to DP, as given by Eq. (27). The
caseof DP =0 corresponds to no evaporation from the free surface. Free surface profiles
computed utilizing the same model for surface tension of the solution (either linear or

constant) exhibit larger curvature near x, for larger evaporation rate (larger DP) than for

the case of no evaporation (DP =0). For the curves computed assuming no evaporation the
thickness of the layer at x, is larger. Comparing the curves computed utilizing different
models of surface tension, it can be seen that the linear model predicts larger dynamic
meniscus region than the constant surface tension model. Figure 40b displays the polymer
concentration distribution along the plate. These computation distributions correspond to the
free surface profiles displayed in Fig. 40a. When there is no evaporation (DP=0), the
polymer concentration does not change along the height of the plate, as expected. For the
case with evaporation, the polymer concentration increases along the height of the plate. The
rate of polymer concentration increase becomes large as the polymer layer gets thinner. This
is because according to Eq. (27) for constant DP the evaporation rate from the unit surface is

constant, but the volume of the solution is smaller if the layer thicknessis smaller.

Figure 41 depicts a comparison of theoretical predictions of the effect of the evaporation
driving force DPon dry film thickness with experimental data. The numerical predictions
show that the dry film thickness depends amost linearly on the pressure drop no matter

which model for the solution surface tension is utilized. The theoretical predictions agree
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well with experimental results, except for large values of DP. The discrepancy can be

explained by a number of different factors. First, in computations a constant pressure drop is

assumed during the whole process, which results in a constant evaporation rate. However,

during the experiment, only the system pressure is controlled and kept constant. The

thermodynamic pressure at the liquid/gas interface may change because of the interface

cooling during evaporation. This may result in the faillure of constant DP assumption for

larger evaporation rates. Second, the evaporation rate is related to DP by the Hertz-Knudsen

equation (Eq. (27)), which utilizes a constant value of a,. The assumption that a, is

constant may fail for large values of DP.
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Figure 41 Effect of the evaporation driving force on dry film thickness
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Figure 42 Effect of initial polymer concentration on dry film thickness

Figures 42 shows theoretical predictions of the effect of initial polymer concentration on the

dry layer thickness and their comparison with experimental data. Computations are
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performed for two different evaporation rates. It can be observed that the dry layer thickness
increases with an increase of the initial polymer concentration. The numerical results are in
good agreement with experimental data. Also, the initial polymer concentration has heavier
effect on the layer thickness if evaporation occurs. Theoretical predictions agree well with
experimental data obtained by Novick et al. [26] if constant surface tension mode is utilized.
However, current theory sightly but consistently overpredicts the dry film thickness even for
the constant surface tension model. This can be attributed to neglecting the cooling effect by

evaporation from the free surface.

The dependence of the dry film thickness on the withdrawal velocity is displayed in Fig. 43.
These computations are performed assuming that the solution surface tension equals to that
of carbon dioxide, the pressure difference is DP=3 ps, and the initiad polymer

concentration is 0.51 wt pct. Two cases are computed: (1) the parameter y is kept constant,
equal to 47 10°; (2) the parameter y changes with the withdrawal velocity, as
logy =694.431U , +2.829. Physicaly, the second case is more realistic because there are

experimental indications that the size of the meniscus region, h depends on the capillary

match ?

number, Ca = m;W . The numerical predictions obtained by assuming constant y show that

the dry film thickness decreases with an increase of withdrawal velocity, which contradicts

experimental results. This is obviously because the parameter y depends on the withdrawal
velocity. The numerical prediction obtained by utilizing variable y agrees very well with

experimental data.
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Figure 43 Dependence of dry film thickness on withdrawal velocity

6.4 CONCLUSIONS

The major novel feature of the theory developed in this chapter is accounting for the
evaporation from the free surface. Because of the physical properties of carbon dioxide,
accounting for evaporation is crucial to obtain reliable predictions of the film thickness
deposited in this process. This investigation shows that the dry film thickness increases with
the increase of evaporation rate and with the increase of initial solute concentration. The
initial solute concentration has larger effect on film thickness when evaporation is accounted

for than when it is neglected. Numerical predictions agree well with experimental results.
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7 CONCLUSIONS

In this dissertation transport phenomena in three processes that involve interfaces are
investigated. These processes include forced convection in composite porous/fluid domains,
solidification of binary alloys during which the mushy region appears, and meniscus
formation in dip coating processing. Different theoretica and numerical approaches are

utilized in modeling these processes.

7.1 REMARKS ON FORCED CONVECTION IN COMPOSITE POROUSFLUID

DOMAINS

Convection in composite domains partly filled with a homogeneous (clear) fluid and partly
with a fluid saturated porous medium is of permanent interest to researchers because of its
wide relevance to engineering applications. Starting from the nineteenth century, a
considerable amount of work has been done in the field of porous media, when multiple
theories have been developed, and different approaches have been suggested. In this
dissertation the validity of the single-domain approach is investigated by comparing the
numerical and exact solutions for forced convection flow in a composite porous/fluid
channdl. It is found that utilization of this approach results in implicitly imposing the
continuity conditions for filtration velocity and its first order derivative with respect to the

transverse coordinate at the interface. This implies that this approach is applicable to the fluid
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flow problems in composite configurations only if there is no jump in the shear stress at the

interface and if the effective viscosity of the porous medium is equa to the fluid viscosity.

An attempt to analyticaly solve a fully developed Couette flow problem in a composite
porous/fluid channel is conducted by utilizing the boundary layer approximation. In the
porous region the momentum transport is described by the Brinkman-Forchhel mer-extended
Darcy equation and the thermal dispersion along the transverse direction is taken into
account in modeling energy transport. The results obtained predict a discontinuity in the
Nusselt number when certain parameters, such as the heat flux ratio at the upper and lower

plates, are varied.

A numerical simulation of forced convection in a circular porous/fluid duct is presented
because it is currently impossible to obtain analytical solution for this problem. It shows that
the Nusselt number increases when increasing Reynolds and Darcy numbers, while decreases

when increasing the Forchheimer coefficient.

7.2 REMARKSON SOLIDIFICATION OF BINARY ALLOYS

Microporosity formation and solute redistribution are two important phenomena present in
solidification of binary alloys, more specificaly, in the mushy region. Most of the previous
work in this area treated the mushy zone as a two-phase mixture consisting of only solid and
liquid phases. This approach neglects pore nucleation and growth in the mushy zone.

Previous literature did not consider in detail the effect of microporosity formation on solute
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transport. This work presents a three-phase model to describe the mushy zone as consisting
of liquid, solid, and gas phases. The Scheil and lever rules are utilized to describe solute
transport at the local scale. The physical aspects of microporosity formation and
macrosegregation are analyzed based on numerical investigations. Parametric analyses of the
factors influencing microporosity formation are performed. It is found that increasing the
external pressure, decreasing gravitational acceleration, and utilizing vacuum melting are
efficient ways to control microporosity formation during this process. The possibility of
extending this technology to extraterrestrial surfaces and microgravity environment is aso

investigated.

7.3 REMARKSON DIP COATING PROCESS

Dip coating with carbon dioxide as solvent is a very new technology developed in recent
years. This technology is of great interest to industry. This interest originates from the
physical properties of carbon dioxide as well as its friendliness to the environment.
Accounting for evaporation is crucial in modeling this process because carbon dioxide is
highly evaporable. A mathematical model based on the extension of the classical free
meniscus theory is developed. Severa factors affecting the fina film thickness such as
evaporation rate, initial solution concentration, and withdrawal velocity, are investigated. The
dry film thickness is found to increase with the increase of evaporation rate and initial solute

concentration. Comparisons between experimental data and numerical results show good
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agreement between them and suggest that further studies are needed to take into account the
effect of gravity. Also, evaporation rate given by currently available experimental data is the
average one and assumed to be uniform at any height. However, there is experimental
evidence that in redlity it deviates from the uniformity. Further studies accounting for
evaporation rate should take into account the dependence of evaporation rate on the position

along the wafer.
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