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INTRODUCTION

In recent years, nonlinear equations have been receiving close
study. The estimstion of the parameters a, B and p in the useful
equation

y=a- "
has received much attention.

Stevens (1951) presented an iterative least squares solution for
the estimation of the parameters. Patterson (1956, 1958, 1959) devel-
oped a class of linear and quadratic estimators, r, for p. He then
estimated @ and B from the linear regression of y on rx. This class of
estimators includes the ones derived by Hartley (1948) and Monroe (1949).

Approximate biases and variances for the class of quadratic esti-
mators of r were presented by Patterson (1958, 1959). Portmen (1961)
derived different approximate bias and variance forﬁulae for the Monroe
estimator.

The purpose of this study is to determine empirically the small
sample properties of these estimators of p and to contrast them with

the approximate or asymptotic properties which have been derived.



METHODS OF ESTIMATING THE PARAMETERS

Least Squares Estimator
An observetion, y, which comes from the single exponential non-
linear equation, can be represented by
X
y=oa-f" te. (1)
The random errors, ¢'s, are assumed to be uncorrelated and to have a

variance of 02. The estimators of the parameters, a, B, and p are a,

b, and r respectively. The equation then becomes
y =8 - br* + e

where e is the residual.

In least squares we minimize N, the sum of the squares of these

residuals. That is,
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The least squares equations are

Nb=§g=-azrx-b2r2x+zrxy=o

-1

N 21 125 0@l g Xl o,

Nr = > = - gh T xr - L xr

It is impossible to obtain explicit solutions for &, b, and r. Several

schemes have been devised to iterate or otherwise obtain solutions.



Stevens (1951) used a method which he attributes to Fisher. By
taking the total derivatives of the partials we obtain:
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For given values of a, b, and r, the three equations become functions

of Aa, Ab and Ar for which we can solve. That is, if Mfl exists, then:

As, N

a
Mo =M'1nb .
Ar N



Stevens (1951) has shown that M can be.altered so that it is only a
function of r. Then, if we start with a value of r, say rl; we can
find a Arl so that ry =Ty + Arl. With r, we find an & and b2 so that
N(a2, b, r2) will be smaller then N(al, bl’-rl)' This iteration pro-
cess i1s then repeated until Ar is as small as desired.

The negative of the expected value of M is the information matrix,
I. The inverse of I is the asymptotic variance covarisance matrix, as

is well known. Apart from a constent term, b, in some of the elements,

M can be written as

P —
n-1 . n-1
n L r b jri-l
i=0 1=
| n-1 n-1
M = g rot $ iroitl
i= i=0
n-1
5 i2r21-2
i=0 J

which 1s symmetric. It is easy to see that the matrix is singular ﬁhen
r=0 and r=l. It follows that the matrix is ill-conditioned when r is
near either of the two values. Stevens' method, then, will not neces-
sarily iterate to a stable value at the extremes of De

. The least squares method of obtaining r requireé a good deal of
calculation. If there are less than thirteen equally spaced observa-
tions, then tables are available to aid in the calculations. This

method also has thé unfortunate property of using an 1ill-conditioned



>
matrix for large or small values of p. To avoid this difficulty one can

fit a quadratic polynomial as recommended by Stevens (1951).

Quadratic Estimators

Patterson (1956, 1958, 1959) presented some estimators of p which
are simpler to calculate than the least squares estimator and are
reasonably efficient and unbiassed. Estimates of d and B are then
obtained by linear regression of .y on r*, The method requires that the
intervals between the x's be equal. This is not required in the least
squares procedure. However, Patterson (1956) showed that the least
squares procedure presented by Stevens (1951) is a complicated quad-
ratic method.

The estimators presented by Patterson are ratios of either linear
or quadratic functions of the observations. The quadratic estimators
are of most interest. They are of the form

¥, Dy, + £y;)

where 1& = (yl, cee yn-l) Ié = (Yb: cees yﬁ,e) :

Pg? k and £ are arbitrary constants and D is an n-1 by n-1 matrix whose
elements we can choose.

The elements of D are chosen to minimize an aspproximate veriance
which is given by Patterson (1958). This variance is derived using the
method of Finney (1958). The D matrix twrns out to be & function of p,
the parameter we wish to estimate, and so we must first specify that ‘

P =Py in order to have a determined matrix to calculate the estimator
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r(po, k/2). Thus the procedure of estimating p becomes most efficient
whén P = Pge |

Patterson (1959) asserts that Hartley (1948) derived an estimator
of p which is the same as r (1, 1). Patterson believes that Monroe
(1949) developed the estimator equivalent to r (1, 0). This assertion
is shown to he correct in Appendix A. Patterson also suggests that
r (1, 1.5) might be the best of the three estimators. In these three
cases p, = 1. |

When p, = 1, Patterson (1958) has shown that we can form the

matrix D by first forming c,. where

iJ
ey = H_E:Jl 1<J .
Then
dyy =S5 - T ¥ %
1 Ciy
1,y
or ( V
i(n-3)  3i(m-1)(n-3) 4 oy
. n n(ng-l) -
J(n-1) = 3ij(n-1i)(n-J) 1> 3
| 2 n(n®-1)
\

The three estimators are then
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It should be noted that the last estimator, r (1, 0) does not
contain the observation Yo in the numeratqr. The first observations
are undoubtedly the most important elements in determining the slope of
the curve, particularly when p is small. For this reason, we might
expect the r (1, 0) estimator to be less stable then the other two

quadratic estimators.



BIAS AND VARIANCE OF THE ESTIMATORS

The least squares procedure gives an asymptotic variance of r
which is obtained from I, the information matrix. For known values of
p, the asymptotic variances of r have been calculated and are given in
Table T.

Patterson (1958) presented formulae for the épproximate blas and
verience of r. These formulae were developed using the method of
Finney (1958).

Let A and B be functions of y and consistent estimators of two

functions of p whose ratio 1s p. Then

r:-A—
B
where
e
E(A) =¢ E(B) =n  and p=E(r)=7q—o.
. T
;-1 A-t B-1n. -1
A Ay, 1\ B 0 0
= o= == — ) —) { —— = L 3 e————
Now 1 =g 50(50)(%)(%) p(1 e )1+ N )
B-n, -1

and by use of the expansion of (1 + 0 ) we get

Mo

= L - I -1.) - ofB-n_)°
TEe [(A-£5) - p(B-mp)] - 5 [(A-£ )(B-,) - p(B-1)°] + ...
Patterson (1958) used parts of the first three terms to obtain the
bias of r and of the first two terms to obtain the variance of r. The
Parts used were the constants and terms involving 02. Terms of higher
order in o were ignored. Patterson showed that the approximations for

the bilas and variance of the three estimators are given by
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o2 (£-pk) trace D+k trace DU- 4 trace DU'+ (lpz-akp-I)Fl-akFE]
o) = v - : -
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where D is as given in (3)
£ and k refer to the specific quadratic estimate

— t t = lAl .

FO = R'DR Fl R'DIR FE R'D"UDR
c oo .. . 00
0

l1 00 . . . O

2 n-2
U= . * . . . R' =(l’ p,p ] olc,p )

OOO...lOJ

2 2
_n-4 _ 2n"-15n + 22
and trace D 5 trace DU 20 .

The approximate varience of r is a function of p, B and the matrix
D. It is by minimizing this variance that Pattersonvspecifies the
elements of D,

The calculations of the approkimate bilas and variance require

formulae for F., Fl and F,. These are given in Appendix B for n=4 to

n=10,
The coefficlents of the bias and the variance are given in Tables
3 and 4. Multiplying the entries in the bias and variance tables by

02/52 glves the bias and the variance approximations.
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Portmen (1961) derived different approximations to the bias and .
varisnce for the estimator r (1, 0). She wrote

¥ (T'eT)y A

X'T'D‘I:Z _ xlTle = A-C

r=

If we let A-C = B we could then expand the ratio of A to B in the same
manner that Patterson and Finney did. However, Portman expanded the

estimator in a Taylor's series and obtained

EPRY- TR
‘o (A..A ) (C-C ) . CC(:"CO) N rAA(:'AO)

I""I‘O

(a-,)(0-C))

+ * e [
Tac H M

The partial derivatives of r with respect to A and C evaluated at

“A. and CO are:

0
r = e I — %o
0 A-C c - A A-C
0™"0 (4,-Co) 0“0
r 2 r =2 r, =—2
ce AA T AC T )
(A,-Co) (a,c.7 (A,-Co )Y

If Ay = E(A) and Co = E(C), then
E(A-Ao) = E(C-CO) =0
2 _
E(A-AO) = Var A
2
E(C-Co) = Var C

E(A-Ao)(C—CO) = cov (A, C) .

Using terms through the qgadraﬁic in the Taylor's expansion we find that
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(\) A, Co Var A (AO+CO) cov(4A,C) Var C ] :
E I‘ = [l + - + .
(B-Co) -~ 7 (A, Cp) AO(AO-CO)2 (AO-CO)2

This gives the bias as:
bias (r) = EOY) -p .
By a similar procedure, using only the linear terms, the approxima-

tion to the variance was found to be:

! 2 2 '
Var(r) = m [CO Var A + AO Var C - 2 AOCO cov (A,C)] .
0 0

Tables of the bias and variance for certain values of @, B and p
were calculated by Portmen (1961). They are reproduced as Tables 5 and
6. |

It is worth noting that the two approximations to the bias and vari-
ance of r given by Portman and Patterson are structurally quite differ-
ent. Patterson used the first terms of the series (1 + E%gg)-l an@
Portmen used the first terms of the Taylor series exfansion of A/A-C.
Also, Portmen used the expansion about E(A) and E(C) whereas Patterson
expanded about go and o where p = go/no. Thus, élthough the ideas of
the approximation are similar, the practical methods of obteining these

approximations are quite different.



THE SAMPLING STUDY

An empirical study of the four estimeting procedures was carried

out to see which might be the better of the four methods of estimating
p in the equation

y:a-ﬁpx“‘e x=O,l,...,n—l . (5)

The four methods are:

(a) Stevens' iterative least squares estimaté
and Patterson's quadratic estimatés

(b) r (1, 1.5)

(e¢) r (1, 0)

(&) © (1, 1) |
where the quadratic estimates are given in (4). p was taken to be .1,
3, 5, 7, and .9 with values of B of 5, 10 or 50 and n was taken as
k, 6, 8 or 10. The value of @ is immaterial to all estimating proce-
dures but i1t was generally taken to be 100. The €'s are uncorrelated
and have & variance of one. Not all combinations of the B, p and n
were taken. However, a wide enough selection of the combinations was
used so that some conclusions could be drawn.

For a given set of Q, B and p, a set of €'s was added to form the
equation (5). These y's were then used to calculate a value of r for
each of the procedures. For this given «, B and p, 100 sets of e's
were used to givg‘us 100 values of r. The particuler values of the
parameters &, B and p were chosen to conform with the work Portmen

(1961) did on approximate bias and variance for the r (1, O) procedure.
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The sampling computeations were done on an IBM 650. As was stated
earlier, Stevens' iterative procedure for estimating r might not con-
verge due to the properties of the matrix being inverted. The program
stopped iterating after calculating nine new r's from the original one.
The criterion for saying that a value of r was the correct solution to
the normel equations was that Ar be less than or equal to 0,0005. For
some samples, particularly when p = .9, Stevens' estimate was too un-
stable to calculate. Stevens' procedure was started using the r (1, 1.5)
estimator.

The mean of the sampie of the r's and the bias are shown in Table
1 along with the approximations to the bilas., In Table 2 the sample
variance and the error mean square of the sample of r's are glven along
with epproximations to the variance and the efficiency relative to the
least squares procedure. .

For those samples where the least squares estimator was calculated
the residual variance was also computed., This was formed by taking the
sum of the sqguares of the observaﬁions subtracted from the predicted
value and dividing this sum by n-3, where n is the number of observa-

tions. The means of these for each sample is shown in Table 8.
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RESULTS AND DISCUSSION

Table 1 glves the information on the bias of the estimates. Where
samples were drewn for each estimator, the least squares one has in
general a smaller bias than the quadratic procedures but oﬁly slightly
better than the r (1, 1.5) estimator. However, the least squares
estimate is unstable for some points as shown by Table 1 and Table 8.
The bias in the r (1, 0) estimator is much'largervthan any of the

others.

The epproximate bies derived by either Patterson or Portman does
not appear to be too accurate.

The variance and the error mean square of r are given in Table 2.
Here we see that the quadratic estimstor r (1, 1.5) has a smaller
variance than the other estimators. Again,"the estimator r (1, 0)
shows up as being unstable. This 1s partially due to wild vélues of r,
one of which went as high as 359. The efficiencies of the quadratic
estimators as compared to Stevens clearly contrasts the procedures.

The approximate variances are quite accurate. The agreement be-
tween the two approximations is surprising, particularly for larger
B's. There appears to be no significant difference between Patterson's
approximate veriance and Stevens' asymptotic variance. It is the
r (1, 0) estimator that is not approximated well. The wild values that
come out of the r (1, O) estimator make it hard to predict; Ir
Portman's (1961) procedure of a Taylor's series expansion on r (1, 1. 5)
were used to obtain approximate variances, it could more fairly be

contrasted with Patterson's procedure.
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The coefficients of the approximate variance as derived by »

Patterson are strikingly similar to the asymptotic variance coeffi-
cients as derived by Stevens. See Tables 3 and 7.

Table 8 shows some of the difficulties given by Stevens' estimstor
and r (1, 0).
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RECOMMENDATIONS

The sampling study suggests that the quadratic r (l, 1.5) estimator

is the better of the four estimators of the Parameter p in
y=a-pp*.

Its mean sample bias 1s lower than all but the leastvsquares estimator.

Its sample variance is quite a bit better than the least squares sample

variance.

However, although the r (1, 1.5) estimator appears to be the best

estimator of p, this does not say that the prediction equation
X
y=a->b[r (1, 1.5)]

is the best quation that can be fitfed. It is certain that the least
squares equation will give a bettei fit in the sense of minimizing the
error sum of squares. This is in the process of being studied further.
Other least squares procedures might give interesting results.
The procedure proposed by Stevens (1951) converges quickly for large B
and p < .9. However at p = .9 and/or small B convergence is not cer-
tain. Possibly the procédure advocated by Pimental Gomes (1953) would
not have these problems. ﬂ '
Besides estimating p, it is also necessary to estimate @, p and
the residual variance. It would be interesting to see howlthe ésti-
mates for the quadratic procedure compare with the least squares method

for these values.
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Teble 1. Sampling results, bias

r(1,1.5) r(1,0) r(1,1) £.8.%  r(1,1.5) r(1,0) r(1,1) L.s.

n=h B=5 p=.1 n=k B=5 p=,5
r 2154 +2596 2341 ,2068 6173 7088 6833 .6132
bias b/ w1154 21596 L1341 ,1068 21175  .2088 ,18%3 .1132
P.bias— .0138 5016 0276 - 0535  .2940 .0803% -
M.biasS - o 37 - - - l.272h - -
n=4 B=10 p=.1 n=4} B=10 p=.3
T .0866 .2009 ,0897 .0870 2824 3Thl 2872 .2828
bilas -.0134 .1009 -.0103-,0130 - =.0176  .OT4L -.0128-.0172
P.bias .0032 Jd254  ,0069 - 0058 ,0632 .0102 -
M.bias - L7722 - - - .1049 - -
_ n=lt B=50 p=.5 n=l B=50 p=.7
r 5059 L5077 .5061 5061 6970  .T7013 .6976 .6975
blas .0059  ,0077 .0061 0061 -.0030  ,0013 -.0024-,0025
P.bias .0005 ,0029 ,0008 - 0017 .0060 .0023 -
M.bias - .0030 - - - 0061 - -
_ n=l B=50 p=,9 ) n=6_ p=5 p=.3
r 9236 9482 9275 M.S.d/ 3295 1301 3575 .320%
blas 0236  .0k82 .0275 M.S. 0295 -.1699 .0575 ,0224
P.bilas .0158 .0436 ,0202 - 0091  .3304 ,0338 -
M.bias - .0L93 - - - .8119 - -
- : n=6 B=5 p=,7 n=6_B=10 p=.7
r 7232 1.2115 .861% 7300 0707  .8036 .6811 .67L%G
bias 0232 5115 L1614 .0300 -.0295  .1036 -.0189 -.0256
P.bias 0078 - .2658 .0433 - 0020 0665 ,0108 -
M.bias - 4419 - - - OTTh - -
. n=6 B=50 p=.9 n=8 B=5 p=.5
r 9022 9146 .90k1 .90%6 5107 1.43227 5378 L1896
blas 0022 .0l46 .00kl .0036 0107 .9322 .0378-,0L04
P.bias .0009 .0118 .,0026 - 0039 2067 .0265 -
M.bias - .0120 - - - 254 - - -

2/ L.S. is the least squares estimator.

E/ P.bias 1s the approximate bias derived b
of which comes from Table k4.

Yy Patterson, the coefficient

(% M.bias 1s the approximate bias derived by Portman for r(1,0) , the

value of which comes from Table 5.
(—l/MS is a missing sample.



Teble 1 (continued)
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r(1,1.5) r(1,0) r(1,1) L.S.

r(1,1.5) r(1,0) r(1,1) L.S.

P.bias .0006 .0055 .0016 -
Mabias - -

) n=8 B=5 p=.9 n=8 B=10 p=.1

T L9105 L.T774L1.0029 M.S. .1200  JLes2 1317 .0935
bias .0105 3.87hk .1029 M.S. 0200 .3252 ,0317 -.0065
P.bias 0067 4869 .0T12 - L0218 4392 0345 -

. M.bias - JT81k . - - - 1.1292 - -

) n=8 B=10 p=.9 n=8 B=50 p=.T

T 8849 1.006L .902k M.S. L7003 7021 .7005 .7002
bias -.0151 .1064 .0024 M.S. .0003 ,0021 .0005 ,0002
P.bias .00L7  .1217 L0178 - .0000 ,0017 .,0002 -
M.bias - 1464 - - - 0017 - -

} n=8 B=50 p=.9 n=10 B=5 p=.7

r 9041 .9089 .90L9 M.S. 6824 1.0525 .T053 .6683
bias L0041  .,0089 .0049 M.S. -0LT6  .3525 .0053 -.0317
P.bias .000L .0049 .0007 - -.0026 1274 .0152 -
M.bias - .0049 - - - - - -

] n=10 B=10 p=.5 n=10 B=10 p=.9

T 5052 .5636 5110 .5150 8801  .9596 .8997 M.S.
bias L0052  ,0636 .0110 .0150 -.0109 .0596 -.,0003 M.S.
P.bias 0029 .0536 .0853% - -.0033 .0635 .0073 -
M.bias - - - - - - - -
- n=10 B=5O p=.5

T 3031 .3080 .3035 .302%

bias .0031 .0080 .00%5 ,002L



Table 2.

r(1,1.5) »(1,0) r(1,1) L.S.

Sampling results, varisance

19

r(1,1.5) »(1,0) »(1,1) L.S.

a/ n=l B=5 p=.1 n=k B=5 p=.5
Var.2 b/ .0934  2,8871L L0947 1056 5459 2.025L .T7199 .580k
EM.S.~ o/ 1058 2.88%  .1117 .1159 5542 2.0487 746k 5874
P S. /M var.2 0700 48.7576 - .0689 .1736 .7288 - .1736.
:! 113% 5% 112% 100% 106% 29% 81% 100%
: n=4 B=10 p=.l n=k B=10 p=.3
Var. 0190 1.517% .0191 .0199 = .0228 .096% .0228 .0238
E.M.S. .0190 1.5125 .0190 .0198 .0229 .1008 .0227 .0239
P.S., M.Var.  .OL75 .1684 -  JOLT2 L0246  .0238 - 0246
Eff. 105% 1% 104% 100% 104% 25% 105% 100%
n=4 B=50 p=.5 n=4 B=50 p=.7
Var. .0021 .0021 .,0021 .0021 = .OOKO .0039 .OOLO .O0O0KO
E.M.S. .0021 .0021 ,0021 .0021 ,0039 .0039 .0039 .0039
P.S., M.Var. .OOLlT .0017 - L0017 .00k  .0046 - 0046
Eff. 100% 100% 100% 100% 100% 100% 100% 100%
n=l B=50 p=.9 n=6_ B=5 p=.3
Var. .0L6e 0490 .04T0 M.S. .0625 55.1956 .065Lk .0722
E.M.S. LOU6T7 .0508 .O4T73 M.S. .0627 56.3475 .0681 .0720
P.S., M,Var. .0401 0433 - .0hko1  .0553 .2ho1 - L0534
Eff. - - - - 115% 1% 110% 100%
n=6 B= =, n=6 B=10 p=.7
Var. J%91L%ﬁ 9%5&%8 0278 J2hLk2 . 02Tk 029k
E.M.S. 21519 11.4827 .9631 .1680 .0284 .2525 L0275 .0297
P.S., M.Var. .0945 1646 - L0944  ,0236  .0251 - .0236
Eff. 110% 1% 18% 100% 106% 12% 107% 100%
n=6 B=50 p=.9 . n=8 B=5 p=.5
Ver. 0051 .0055 L0054 ,0055.  .0391 22.10L~ .0380 .0550
E.M.S. .0054 0057 L0054 .0055 .0388 22.752 © .0391 .0546
P.S., M.Var. .0053 .0053 - .0053 L0375 .OL453 - .0367
Eff, 102% 100% 101% 100%  141%  .2% 145% 100%
-\2
o var - HrEE
2
zgr-eg
b/ E.M.S. = 5

e/ (1) Under »(1,1.5) column is Patterson's approximation to the
variance for r(1,1.5), r(1,0) and r(l,l)

(2) Under the r(1,0) column is Portman's approximation to the
variance for r(1,0).

(3) Under the L.S. column is the asymptotic variance given by Stevens.

=/ Eff. is the ratio of the least squares variance/quadratic variance.



Table 2 (continued)
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Var.
E.MCSO
P.s.
Eff,

Vexr.
E.M.S.
P.s.
Eff,

Var.
E.M.S.
PIS.
Eff.

Var.
E.M.S.
P.S.
Eff,

Var.
E.M.S.
P.S.
Eff,

_r(1,1.5) v(1,0) (1,1) L.S. r(1,1.5) r(1,0) »(1,1) L.S.

M.Var.

M.Var.

M.Var.

M.Var.

M.Var.

n=8 B=5 p=.9 n=8 B=10 p=.1
21163 1,2L46.5 .1k M.S. T .0L138 L.2046  .0138 L0101
1153 1,249.1 .1537 M.S. .0140 L4.268% 0146 .0101
+1440 .3188 - L1440 L0155 L3620 - .0118
- - - - % 2% 3%  100%
n=8 B=10 p=.9 n=8 B=50 p=.7
L0305 OLL5 ,0357 M.S. ~ .000k  .000% .000L .o00%
<034k 0554 ,0354 M.S. .0004k  .,0OO4 .0OOL .OOOL
.0360 0406 - L0360  .0004  .000L - .0004
- - - - 100% 101% 100% 100%
n=8 B=50 p=.9 n=10 B=5 p=,7
.0013 .0013 .0013 M.S. .0210 3.5296 .022F .0303
.0013 .001% .0013 M.S. .0220 3.6186 .0222 .0310
001k .0010 - .00k ,0231 - - .0230
- - - - 138% 1% 136% 100%
n=10 B=10 p=.5 n=10 B=10 p=.9
L0087 .0062 .008L ,0008 ~ .0162 .0189 .0166 M.S.
.0086 .0102 ,0085 .0097 .0162 .0222 .0164 M.S.
.0076 - - L.0072 0140 - - 0094
113% 159% 117% 100% - - - -
n=10 B=50 p=.3
.0005 .000L "~ .0005 .000k
.0005 .0005 ,0005 .000kL
.0005 - - 0004
92% 101% 93% 100%



Table 3. Coefficient of the approximate variance
of r as derived by Patterson
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o n=k n=5 n=6 n=T7 n=8 n=9 n=10
0 1.5556  1.5000  1.5400 1.6178 1.7143  1.821h  1.9352
1 1.7488  1.5276  1.4815 1.5006 1.5506 1.6177 1.6951
.2 2.0311  1.5773 l.k211  1.3709 1.3693 1.3935 1.4330
3 2.4637  1.6790  1.3817 1.2506 1.1929 1.1731 1.1752
4 3.1575  1.8758  1.3898 1.1614 1.0423 9779 +9L43
5 .3394 2.2465 1.4837 1.1280 9372 .8259 1576
.6 6.5548  2.9678  1.7392 1.1901  .9022 .34k .629%
7 11.3845  L4.5397  2.3617  1.4468 «990L L T34 5782
8  25.2457 8.9375 h.ikhl  2.2724  1.3986 .9369 6695
.9 100.221%  31.755% 13.2004 6.5006 3.5998 2.1737 1.4030
2
Var r = 95 (coefficient)

v



Table 4. Coefficient of the approximate bias

of r as derived by Patterson

Coefficient for bias r(1,1.5)
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0 n=4 n=5 n=6 n=T n=8 - n=9 n=10
0 .2963 5853 1.2600 2.2193 3.4286 L.8750 6.5525
.1 3198 3656 J7665  1.3857 2.1848  3.1494k  L4.2730
2 1100 2430 4339 .7995 1.2930 1.8980 2.6076
o3 5783 .1969 .2284 L1k 6925 1.0438 1.4605
b .8597 2167 .1178 1799 3161 5005 .T239
5 1.338L4 <3073 0776 L0514 .0986 .1819 .2887
6  2.2055 <506k 0973 -.0071L -,0167 .0102 L0542
T h.ak72 .9k68 1961 -.0167 -.0745 -,0797 -.0652
8 9.6k 2,187k 5049 0318 -.109%k  -.1hk7  -.1436
9 39.4k543 8.7550 2.,1501 3601 677 -.3107  -.3276
Coefficient for bias r(1,0)

o n=4 . n=>5 n=6 n=7 n=8 n= n=10
0 - - - - - - -

-1 12,5393 19.7893 27.1012 35.0887 U43.9195 53.654k 64.3198
2 T.4871 10,1611 12.7376 15.5490 18.6672 22.1113 25.8865
3 63154 7.3037  8.2593 9.3719 10.6599 12.118k 13,7401
46,3697 6.2717  6.334L  6.5068  7.0179 T7.5658  8.2199
S T.3497  6.1875 5.5518 5.2548 5.1667 5.2168 5.3650
6 9.6705 T7.0086 5.5771 h.7662 14.2899 L.0103  3.8555
-7 1h.9698 9.4118 6.6459 5.1088 L4.1796 3.5851 3.1839
-8 30.0253 16.500k 10.3583 7.1486 5.2898 L4.1278 3.3577
-9 108.8089 52.6795 29.4729 18.2483 12.1725 8.5963 6.3506

Coefficient for bias r(1,1)

o n=4 n=5 n=6 n=7 n=8 n=9 n=10
0 6667  1.2500 2.2K00  3.5467  5.1429  7.0179 9.1667
.1 .6900 95k2  1.5645  2.4070  3.4495  L4.6799  6.0926
.2 .8032 7940 1.117h  1.6189 2.2585 3.0210 3.9009
3 1.0196 <T435 L8462 1.1032  1.4592  1.8957 2.4051
A 1,384k +7933 <7099 .7910 9543 1.1734 1.4378
5 2.0063 .9606 .6859 .6295 6617 JTh13 8527
6 3,156l 1.3101 . 7823 5896 .5216 5102 .5293
T 5.6327 2,1087 1.081k .6868 <5094 231 .3807
.8 12.6638 L4.3078 1.9647 1.0862 .6905 14883 3751
9 50.4193 15.6905 6.4643 3,186 1.7807 1.0957

2
bias = 95 (coefficient)
g

«T269
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Teble 5. Approximate bias of r(1,0) as given by Portman (1961)

pP=.9

p p=.1 p=43 p=¢3 p=.T
5  37.6491  1.5225  1.272h  L.6115 24, 7h2,973.1
10 7722 .1049 +1072 2584 14.7250
50 <0058 .0026 .0030 .0061 .0493
5 10.2634 .8119 489 L9 3.5997
10 .9360 1132 .0658 077k 1488
50 .0120 .0033 .0022 .0028 .0120
5 6.0148 .6568 2544 2262 7814
10 1.1292 1373 .0588 0460 1464
50 .0192 .00k .0021 .0017 .0049

Teble 6. Approximate variance of r(1,0) as given by Portmen (1961)

B p=.l pP=.3 p=e5 p=.T7 pP=.9

5 48,7576 6748 . 7288 5.3793 18,195,014,208.0

10 .168L .0238 okT72 .1633 29.1107
50 .0007 .0010 .0017 .0046 .0433
5 13.6430 2491 .0896 1646 4.1872
10 2651 L0146 .0148 L0251 2225
50 .0006 .0005 .0006 .0009 .0053
5 6.6462 . ,1898 0453 0451 .3188
10 «3620 L0115 .008L .0096 0406
50 .0006 .0005 000k .0004 .0010
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Table 7. Coefficient of the asymptotic variance
of the least squares estimator
P n=4 n=5 n=6 n=7 n=8 =9 n=10
.1 1.7216 1.4337 1.3038 1.2306 1.1838 1.1512 1.1273
.2 2.0189 1.5299 1.3246 1.2161 1.1501 1.1059 1.0743
o3 2.4587  1.6573 1.3354 1.1730 1.0786 1.0179 9761
oA 3.1556 1.8668 1.3702 1.1278 <9914 9067 .8503
5 4.3396  2.2431 1.4763 1.1155 .9182 +7989 <7214
.6 6.5547  2.9666 1.7367 1.1861 .8963 7262 6183
T 11.3845 4.5393  2.3609 1.4458 .9890 7325 5756
8 25.2457 8.9374 4.1439 2.7216 1.3983 9365 6691
.9 100.2214 31.7553 13.2004 6.5005 3.5997 2.1736 Olh3

2
Asymptotic variance = 0—2 (coefficient)

p
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Table 8. Computational notes
B o dun.c.? RV.2.  r(1,0)510¢  ar>10Y
4 5 .1 6/100 2.1756 0 0
4 5 5 16/100 L, 0824 1 2
" 5 .9 2/10 Senou.s 0 1
4 10 .1 0/100 .9011 0 0
L 10 3 0/100 1.0516 0 0
¥ 10 .9 m.s./ - 7 &/
L 50 .7 0/100 7498 0 0
4 50 .7 0/100 9753 0 0
n 50 9 7/30 SeN.U. 0 0
L 50 9 m.S. - 0 -
6 5 3 /100 1.5617 2 0
6 5 .7 17/100 1.2699 2 1
6 10 .7 4/100 18.2580 0 1
6 50 .9 12/100 b/ 0 0
8 5 5 5/100 <9369 2 0
8 5 .9 m.s. - 2 -
8 10 1 2/100 8844 1 1
8 10 .9 MeSe - 0 -
8 50 .7 0/100 1.088 0 0
8 50 .9 m.s. - 0 -
10 5 .7 5/100 1.0368 1 0
10 10 5 0/100 1.001% 0 0
10 10 .9 m.s. - 0 -
10 50 3 0/100 9534 0 0

&

C
&/,

¥ o

b;‘rhe proportion of least squg
=//The residual variance, s .
e nunber of samples where r(1,0) is greater than 10.
e nunber of least squares samples where the increment is greater
e /tha.n 10.

?/Sample not used.

—/Missing sample or least squares estimate was not calculated.

£/ Mso some of r(1,1.5) and r(1,1) were > 10.

—/Contalns an error.

27 (5

es samples that did not converge.
)
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APPENDIX A

A PROOF THAT THE ESTIMATOR PROPOSED BY MONROE IS r(1,0)

Portman (1961) showed that the estimator of p proposed by Monroe
(1949) is a ratio of quadratic terms.

Following the development of Monroe, Portman wrote the model as
x
Ey)=w=a- Bp" .
This is the general solution of the first order differential equation
in w,

c

& (d-w) ¢ where p =e .

dx

The model can be generated exactly by the first order linear difference

equation of the form:

Wi T Wi TRy TRV . - (1)

If this equation is summed over all values of v, and there are

equal increments of the independent varieble, one obtains

= + +
where J
XJ = ifl wi Xj = O, l, ey n“l
i,j= 1, «ve, n n = the number of observations
B el
= W a o e—
o] 0 ﬁe
Po B 1

Ppml B, 1-B,



29
Since the paresmeters, p's of (2), enter linearly, they can be
estimated from actual date, Yy T Wy + € > by the least squeres method

if n is equal to, or greater than, 3.

Portman (1961) took this development and showed how the estimator
of r could be written as a ratio of quadratic terms. She developed the

normel equations in matrix form as follows:

N
Kk' B = Ky
where n .
Po Yo
N N 1
B= [P ¥= |n ' = Lxy]
Ba .
01
and
1 [0 ] ‘ [1 .
1 1 1 1 0
1=|. x=|. y=2y=|. - - Y-
le _n-E _l l l o e @ ]J

The matrices K' and B can be partitioned as follows:

K' = [Ssz] vhere s = [1, X]

A 9 N g

B= %1 o=la)| -
Py %

Then the normal equations are:
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5'88 + s'Tyf, s'y (3)
YTt + y'rnd, = yrty (%)

Premultiplying (3) by ;{'EI."S(S'S)-l and subtracting the results from

(%) glives
-1
5 =I'T'[In- s(s's) "s'ly =z'T'PX
2 X:Tl[In_ S(S'S)-lS']'Iy. y T PTy
Now P S y'T'PTy
S N TR )y

This is the compact form which Portman (1961) used to develop her
approximate bias and variance formulae. It is very similar to the form
used by Patterson (1958). With further simplification the equivalence

of the two can be shown.

th

The element of the k' row and £°° colum of s(s's)'ls' ig needed

first. It is:

2
- - + .
Inx xk Zx xz Lx+n xkxz
th .th tmy 4 '
Using this, we can see that the 1™, J™ element of T'P is given by:
u
' 1- h i<
(t p)iJ =
u
1 i>3
n , n n n n
where u = (n-i4l) 2 x" - Zx S x - (n-i+l) x T x + nx, o x
1 101 J1 1
h=ntx - (= x)2 .
When 1 =1 (t’p)lJ =0 for all j.
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Now T'PT = (T'P)T. Thus, using (T'P) and multiplying on the right
by T gives us: |

(a) (t'pt)lk 0 for all k .

(v) (1:'131;)ng =0 for all £ .
(c) otherwise £
(n-k+1) - 5 it k>4
' -
(n-g+1) - _11; ifk<g
where
. o n n n n n n
£ = [n-£4+1)(n-k+1) = x° - (n-k+1) Ex Z x - (n-£+1l) ExZxm Z x T xJ.

. 1 £ 1l k k£

Therefore, — -
0l 0O.v o o« 0
p'pr = | © where w,, = (t°pt) .
. iJ (i'l):(J"l)
* W
| 0 1
(n-3) -§ 1 y>1
Then Wij =4
(n-i) - 2;1-1 if j<i
n~-1 5 n-1 n-1 n-1 n-1 n-1 n-1
where m = [(n-1)(n-j) £x° - (n-jJ) Zx £x-(n-1) Tx Zx+n Ix % x]
. 0 0 i 0 i
n~1 n-1 n-1

o ® 2 = n(n—l)6(2n-l) s x = ngg-lz 5 x = n(g-l) _plp-1)

o 0 2

p



After some simplification, we find that

[ 1(n-3) _ 313(n-1)(n-3) 1<
n n(n2-l) -
wi.j = { .
J(n-i)  343(n-1)(n-d) 4 5
J n n(ng-l)

By comparing this with (3), we see that

W=D
or that o'pr = [0lo....0] .
0
. D
0
L. -
Similarly T'P(T-In) =lo...0]0 .
0
D .
0
. —
ITm! 1
y TPy ¥, Dy
Thus = X 1 o 2(1,0)

™~ Ty  LpDxn

or the estimator proposed by Monroe (1949) is r(1,0) in Patterson's

(1958) notation.

32
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APPENDIX B

FORMULAE FOR PATTERSON'S APPROXIMATIONS

Formulae used in the calculation of the approximate biss and

veriance of Patterson's quadratic estimators of r are given below.

n=4 Fy = 3; [3 - 20 - 2p2 - 2p5 + Bp”]

F, = 100>F14 6p - 16p 16p3 + lhp&]
F, = 155 [-1 + Jp - 602 + bo? - oM
n=5 F, = i% F k- o2 - 6 - pu + 496]
F, = E%B [24 + 120 - 1h? - blo® - Lo + 1257 + 210
Fp = 7g5 b + 120 - %% - 17 - 90" + 1207 + 1°)
n=6 Fy = 210 [100 + 40p + 28p - 11.2p3 - 112,31P - 112p5 + 28p6 + uop7
+ 100 p8]
F, = (” 2 [3850 + 4270p + L456p° - 5hobp> - 83hlo™ - 5kokyd
210
+ 15608 + 427007 + 385008
E,= . S [1225 + 3220p + 721p - 21+6hp5 - 5uohp 2h61+p5
2 (210)

+ 7210° + 320007 + 122500

= FO=2_18[15+10p+llpe-893-1”94-2895-1”'96'897*1198

+ lOp9 + 15p1°]
F) 2 11207 - 728" - 112007 - 7280°
(28) 7 8 9 10
- 112p" + 476p~ + 56007 + 364p™ "]
F, = 2 — [15h + 420p + 3220% - 5320 - 72807 - 53200 + 32208
2" )

+ 42007 + 15450



n=

ns==

n=

3k
=87 L 4o + hep + 5407 + 207 - 210" - Bp” - 810 - BT
2108 4 2p9 #5110 v szpld 4 4gp22)

[h116 + 76uhp + 87360° + 5948p3 - 37800" - 12600p5

- 161280° - 1260007 - 378008 + 39487 + 873600

+ T6MhoM + 1116012]
F, = (;) [2058 + 5880p + 6468p + 5864;:3 - 289891L 9072p
6 - 907207 - 2898 +w&£+6%sm
+ 588001 + 20580%2)

“J»-

F. =
1oy

&

)

5

- 12600p

6

Fy = —5— [112 + 112p + 157p2 + 62p3 + l7ph - 136p5 - 186p° - 276p7

- 1860° - 13607 + 17020 + 620™% + 15762 + 112,15
+ llEplh] |
S iso 7 [22010 + ;‘-8011»8;) + 621;28;)2 + 50448e> + 128280
- 4502kp" - 9h10ke® - 1180kkoT - oh10ke® - ks0LL?
+ 1282800 + 50448e™ + 6442812 + LBOUGE T
+ 20848014 |
5 [12768 + 379680 + 50298p + 448680° + 112980
- 32787 - T7364° - ON10kpT - TT364° - 3278l

1
+ 1120800 + 148680 T + 5029802 + 37968p13
14]

Fé =

(180)

+ 12768p

10 F, —3— [108 + 120p + 1780° + 108° + 78plL “6lio” - 13200
- 2647 - 2648 26499 - 132070 - Gt + 78,12

+ 10807 + 1780 + 120020 + 108pl6]
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F) = —=—5 [225T2 + 51876p + 770862 + 760980> + hoos8o"

1 (165) 5 ¢ . 8
- 660007 - 69696p° - 12632k - 14BLO4ES - 12632107

- 696960™° - 6600p T + 490380 + 760980 + 77088,
6
]

+ 51876p™ + 225720"

F = : Z = [13662 + 419760 + 62403p° + 671880° + 42603p" - 132007
165) . -

- 58806p° - 10k5kle” - 12632408 - 10k5kLY - 5880600

- 13200™t + 42603p™ + 6718817 + 624030 + 4197600

+ 13662020]



