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SUMMARY

The non-conservative stability of elastic systems has been of considerable interest to the
power generating industry. The basic method of determining the non-conservative character-
istics of elastic structures is the dynamical method, which is based on the investigation of the
oscillations of systems close to their position of equilibrium. One needs to determine the ei-
genvalues of a non-self-adjoint boundary-value problem. The finite dimensional analog of the
system would be a set of algebraic equations in which the matrices of coefficients in generalized
coordinates contain non-symmetric components.

The study of non-conservative problems of elastic stability is closely related to the theory
of linear non-self-adjoint differential operators. For elastic plates, exact solutions are infeasible
and, hence, numerical methods are required. One such numerical method, the finite element
method, has been shown to be an effective analysis technique for both linear and nonlinear
statical problems and for conventional conservative stability problems. It is expected to be also
an effective technique for non-conservative stability problem.

In this work the non-conservative stability of arbitrarily shaped flat plates is investigated
using the finite element method with isoparametric triangular elements. The basis of deriva-
tion of the finite element equations is Hamilton’s Principle extended to include non-conser-
vative forces. Eigenvalues of the resulting non-symmetric matrices are calculated by first re-
ducing the matrices to upper Hessenburg form and then applying the QR algorithm. While this
method is not efficient computationally for symmetric problems, non-conservative stability
problems leading to non-self-adjoint eigenvalue problems require such an approach. After cal-
culation of the system eigenvalues, the natural frequencies of the total plate and the critical
buckling loads are determined.

Several sample problems are solved to verify the technique developed, and to illustrate the
analysis procedure. Various loading conditions, plate geometries and support conditions are in-
vestigated. The sensitivity of the numerical results to such factors as modelling techniques,
boundary approximations, assumed mass distributions, etc. is explored.
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One of the most important non-conservative problems of elastic stability is the problem
of the stability of flat plates situated in a flow of gas or liquid, e.g. bending torsional
flutter of a cantilevered plate in a flow of gas. Since most problems of practical impor-
tance involve complicated geometries and/or boundary conditions, methods extant for develop-
ing closed-form or analytic approximate solutions are not applicable and numerical solution
methods must be employed instead, Toward that end, a finite element model is presented here-
in for use in predicting stability regimes of flat plates subjected to non-conservative
loads.

Let us first consider the classical problems of non-conservative stability of elastic
systems. E. L. Nikolai (1) first introduced the concept of follower force excitation in
1928, Numerous work has been reported since that time, e.g. works by Reut (2) and B.L.
Nikolai (3). See the texts by Bolotin (4,5) for details. Bolotin (M) has studied various
non-conservative stability problems involving different structural systems, forces and solu-
tion techniques.

The general equations of the stability of elastic systems is discussed by Bolotin (5)
wherein is also given an extensive bibliography. For the particular case of plate stability,
exact methods of solution were used for some special cases. He suggested that for more com-
plex problems one use the Galerkin variational method., More recently, Freodosev (6) used a
series solution expansion to establish bending flutter stability conditions for the one-
dimensional problem of a projectile being accelerated through space by a tangential thrust.
Nemat~Nasser and Hermann (7) considered non-conservative torsion flutter of beams including
warping.

The works discussed above were limited to simple geometric shapes for which exact or
semi-closed form solutions could be generated. In order to consider complex geometries,
numerical methods need be used. One numerical method of structural analysis developed in
recent years is the finite element method. Since 1960 numerous applications of the finite
element approach to a wide variety of linear structural problems have been made, An exten-
sive bibliography is given in Przemieniecki (8). Turner, Dill, Martin and Melosh (9) were
among the first to apply the finite element method to the analysis of geometrically non-
linear problems. Argyris (10), Gallagher and Padlog (11), and Martin (12) have applied the
successive correction technique to large deflection and stability problems. A general for-
mula for geometric stiffness matrices was presented by Oden (13).

The stability of plates under static conservative forces by the finite element method
has been studied by Kapur and Hartz (1&) using the Rayleigh-Ritz approach. Carson and
Newton (15) have investigated plate stability with fully compartible finite elements.
Anderson, Irons and Zienkiewicz (16) have studied conservative dynamic stability using the
finite element method. Hutt (17) considered plates subjected to in-plane pulsating loads.
Tagrangian equations weré used to develop the governing finite element equations for rec-
tangular, isotropic plates. Vance and Sitchin (18) have solved dynamical system by the
direct application of Hamilton's principle.

Finite element analogs of one-dimensional bodies under non-conservative loads have been

considered recently. Barsoum (19), and Mote (20) applied the finite element method to un-
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coupled non-conservative stability problems by using energy methods and the extended

Hamilton's principle. Both Barsoum and Mote considered the classical Beck (21) problem, i.e,
the bending stability of a clamped-free column subjected to a follower force. Barsoum (19)
further considered the stability of a cantilever beam, Mote (20) also solved the problem of
dynamic stability of tubes containing high speed fluids, Both studies were restricted to
menbers with double cross-sectional symmetry.

Mote and Matsumato (22) studied coupled, non-conservative problems of stability by the
finite element method. They investigated the stability of axisymmetrical, coupled columns
discretized by the finite element method and subjected to non-conservative lateral and end
loadings. The significance of the coupling contributions to the stability analysis were
emphasized,

2. Mathematical Model

In this section, the non-conservative stability of plates is investigated using the
finite element method with isoparametric triangular elements. The basis for derivation is
the extended Hamilton's principle as described by Mote and Matsumoto (22)., Hamilton's
principle, (23) states that the time integrated variation in total energy of a system during

some time interval is zero, i.e,
tl
f (6T - 60 - U + gW)dt = O (1)
t0
where §T = variation in kinetic energy
8Q = variation in potential energy of external conservative forces.
8U = variation in strain energy
8W = variation in external work of non-conservative forces.
In a conservative system, W = 0O,

For an elastic plate, neglecting in~plane inertial forces,

_1 I dwy 2
v=gffo &P asay )
where w = transverse displacement, p = mass density per unit area of middle surface, and x,

¥y = Cartesian coordinates on middle surface .of plate. The strain energy of bending in the
0= 3] (5] [ v o ®
[x] ()

plate is

where

Eh3 1 0
[2] - B2 1 (5)
0 0 2(1-v)

and E = Young's modulus, h = plate thickness, u = Poisson's ratio. The potential energy of

external conservative lateral and in-plate forces on a plate is given by
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Q= .;.H [O:\T [N] [o] ax dy - ” pw dx dy (6)

where p = lateral load and

_(d
6= bz (7)
ow
dy
(8)

in which Nx, Ny, ny are the extant in-plane stress resultants.

The external non-conservative forces can only be expressed as virtual work expressions.
The particular form of the virtual work of non-conservative forces will depend on the nature

and location of load. In general

t t
1 1 W dw dw
It &W dt = It [- I £ (w, =5 SE) pw dx dy (9)
o} 0
B by )
- § g (w, > oy bt) gw ds |dt
For example, in the case of supersonic panel flutter with flow parallel to the plate (2&),
t t
1GWdt=Il-I(x°—w+u°—w)5wdxdy (10)
t % oF ot
¢} ¢} 2 2
2q A L
where A = and y ==

v Mf -1

q = dynamic pressure, M= Mach number, V = flow velocity, and g = direction of flow.

VMo~ 1

Tn the case of a follower load applied to an edge of the plate

dw

- — d 11
oW (JINZ Sl %) (11)
where N, = intensity of applied load per unit length of edge, 4 = coordinate along loaded

14
edge, N is direction of load application.

3. Finite Element Analog

The derivation of an isoparametric triangular plate element as presented in Ref. (25)
is adopted herein, Based on cubic interpolation functions within an area coordinate system,

the transverse deflection’at an arbitrary point within en element is given by

w= [L] {U} = [ I Lo 1'3] E; (12)

U3

where
{Ui}T = fw.

i

T
s 05 04} (13)

wi’ Qxi’ eyi being deflection and slopes at the ith node and [L] is given in Ref. (25) as a
function of nodal coordinates of the element.
Substituting Eqs. (12,13) into Egs. (1, 2, 3, 6,9), one obtains for each element the

following matrix equation:

MU+KU+SU-UETU-BGTU-F=O (1)



where e dot (.) denotes time rate, and M is the mass matrix
= f LT L dx dy
K is the stiffness matrix
K = j cTocaxay
. 2 2
[ Pt 2T OLT]T
- 2 2
o - oxdy
S is the initial stress matrix

T T
_ L dL " 0L
S = f [ = —Cy N ox dx dy

bL
'S

F is the lateral load vector
=fp (x5¥) L dx dy
and o ET U + BGT U are derived from the virtual non-conservative work

t t .
f 2 s at = J W ool B+ g ol g) Sudt

tl tl
os B, E, G depending on the parameters of non-conservative loading.
In the case of supersonic panel flutter, Egs, (10, 12, 13, 19) yield
= - rx j UT OL L U dx dy + j 0) L I §U dx dy

and therefore

o= -\ B = -u
T
- [
E = j o Lax dy
G = j LT L dx dy -

for use in Egs. (14,19).
In the case of follower loads distributed along one edge of an element
T
oL

T
W = -Ni U o0 L d& §U
and therefore
o =N, B=0
= OL
E = e L d4
G=0

for use in Egs. (14,19)
Lk, Eigenvalue and Stebility Analysis
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(16a)

(16b)

(17)

(18)

(19)

(20a)

(20b)
(20¢)

(20d)

(21e)

(21b)
(21c)

(214)

If the lateral load term in Eq. (14) is deleted, Eq. (14) can be converted to an eigen-

value problem by assuming
u(t) = "%
and then, Eg. (14) becomes
Mo +K+8-aF -8 ¢fy v =

(22)

(23)

the nontriviel solution for which, for given mass and stiffness properties, exists only for
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certain values of the parameters o, B, w, S. Thus Eq (23) constitutes an eigenvalue pro-

blem to determine the values wy for which nontrivial solutions Vn exists,

Since the matrix of coefficients in Eq. (23) may in general be non-symmetric, the QR
method (26) was employed to determine the real and/or complex eigenvalues of Eq. (23). TFirst
the matrix is balanced by reducing the norm of the matrix through diagonal similarity trans-
formations. Next, the matrix is reduced to upper Hessenberg form by unitary similarity
transformation., After balancing and reducing the matrix, the QR method is employed: the
matrix is deformed into a multiple of an orthogonal (Q) matrix and an upper-triangular (R)
matrix from which the eigenwelues are obtained by deleting rows and columns. Origin shifts
are used to speed convergence,

Once the eigenvalues o, have been determined for specified values of the parameters ¢, B,
S, the system needs to be investigated to determine whether it is stable or not. Furthermore
if the plate is unstable, one should determine the mode of instability - flutter or diver-
gence, Tf the eigenvalue w, are real and negative, the system isstable, If the eigenvalues
are complex, the imstability will occur by flutter. If the eigenvalues are real and positive
the instability will occur by divergence.

To obtain the critical values of the parameters o, 8, S for which instability occurs,
those parameters are increased incrementally while testing the value of the frequency para-
meters w, to determine the stability of the system, Tirst, the load is increased using large
increments. Then e binary search is instituted between the two values of the parameter
corresponding to a sﬁable regime and an unstable regime, respectively. Thus, one converges
on the critical value of the parameter on the boundary of the stable and unstable regimes.

Example Problem:

geveral problems were considered to verify the programming aspects of the previously
described solution techniques. In most cases it was found that the use of a lumped mass
model rather than a consistent mass model led to more acturate and efficient representations
when an equal number of degrees of freedom were included in the model, Condensation of ro-
tational degrees of freedom was used 7).

Here we will present results obtained for cantilevered trapezoidal and triangular plates
subjected to a fallower force on one edge of the plate, 8ee Figure 1 for the layout of
typical meshes of elements considered. In the trapezoidal problem, the effect of geometry on
the critical load was studied. The span L and the length a of the fixed edge were held con-
stant (a/L = 1.2). The length b of the loaded edge was varied from b=0 to b=a=1.2L., Results
are shown in Fig 2 where is plotted the total non-dimensional edge load. Note that the form
of instability is a function of the plate geometry. For a rectangle and those trapezoidal
shapes with larger b/L ratios, the plate undergoes flutter instability. As the plate geome-
try approaches that of a triangle, the instability occurs by divergence. However, in the
limiting case of a triangle, the instability again occurs by flutter.

The anomaly of the above noted shift back to flutter instability for a trianglar shape
prompted a parametric study of apex loaded triangular plates. Various ratios of height L to
base a were considered, As can be seen in Fig. (3), the type of instability is a function
of the ratio. In other words, for a trapezoidal plate, all three dimensions L, a, b have

an effect on the form of instability and a nonlinear effect on the value of critical load at

which instability occurs.
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Fige 1  Typical Trapezoidal and Triangular Meshes
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Figse 3 OCritical Load for Triangles
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