
ABSTRACT 

METOYER, RODNEY MAURICE. Modeling and Simulation of Tethered Fluid Kinetic Energy 

Conversion Systems. (Under the direction of Dr. Andre Mazzoleni). 

 

Marine hydrokinetic energy conversion is a subfield within the rapidly growing field of 

marine energy conversion. Ocean and tidal currents may be a rich source of renewable energy, but 

the marine environment presents many challenges to converting the hydrokinetic energy of these 

currents into a usable form. Tethered systems are particularly attractive for harvesting fluid energy, 

but devices that are moored by a flexible tether could be more prone to perturbations in both 

position and orientation due to variations in the marine current speed and direction. Mechanisms 

such as horizontal axis turbines that are designed to be in alignment with the direction of flow 

could be less effective at converting the hydrokinetic energy in the face of misalignment.  

Another possible challenge associated with the application of tethered turbines towards 

marine hydrokinetic energy conversion is that, unlike systems with rotors mounted to ground-fixed 

structures, the tethered system is not able to provide a reaction torque to counter the hydrodynamic 

torque of the rotor. In other words, in a tethered system, it is possible for the stator of a generator 

to spin with the rotor and thus produce no power. One approach to providing a reaction torque is 

to use dual coaxial rotors that are designed to rotate in opposite directions. However, the effect of 

flow misalignment on the hydrokinetic energy conversion of a dual-rotor coaxial turbine is not 

welled studied. 

This work presents an empirical investigation, with comparison to a recently developed 

theory, of the power produced by a dual rotor coaxial turbine when operating in a condition, called 

skew, in which the axis of rotation of the rotors is not aligned with the direction of flow. The results 

of the empirical study support a hypothesis previously developed from theory ï that a coaxial rotor 

in skew can produce more power than a coaxial rotor that is aligned with the flow. Additionally, a 



modeling and simulation study of the equilibrium states of a tethered coaxial turbine is presented 

wherein the effect of parameter variation on the steady-state orientation and position of a dual rotor 

coaxial turbine in a notional ocean current is examined. 

Finally, in conducting this research, a novel method of exploiting the ground-fluid velocity 

difference for hydrokinetic energy conversion was discovered. It was found that a translating 

horizontal axis turbine, when towed or otherwise made to move in a direction counter to the 

direction of flow, could produce much more power than ground-fixed stationary turbine of the 

same size. A theoretical analysis of the approach is presented, and modeling simulation is 

employed to present proof-of-concept applications. 
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1 Introduction  

Kinetic energy is the energy that a thing possesses due to its motion. Fluid kinetic energy 

is the energy in a moving fluid. When the fluid is water, the fluid kinetic energy is known as 

hydrokinetic energy, and when that water is ocean water, the fluid kinetic energy is marine 

hydrokinetic energy. Marine hydrokinetic energy conversion is a subfield within the rapidly 

growing field of marine energy conversion (or MEC ï another major subfield of MEC is ocean 

thermal energy conversion). Marine hydrokinetic energy may be classified as either wave or 

current energy, and current energy may come from tidal currents (marine currents driven by the 

tides) or from ocean currents (marine currents driven by gravity, wind, temperature, and other 

forces). This dissertation describes research that advances the field of marine hydrokinetic energy 

and presents important work towards solutions that address the complications of deploying MEC 

devices. 

The Gulf Stream is a vast ocean current that flows along the eastern United States and is 

nearest land off the coasts of Florida and North Carolina [1]. The power density of the Gulf Stream 

near Cape Hatteras in North Carolina is estimated to be between 500 and 1000 W/m2 [2], and it 

has been suggested that as much as one gigawatt of hydrokinetic power may be extracted from the 

Gulf Stream without significant disruption to the environment [3]. Harvesting some of the 

hydrokinetic energy in the Gulf Stream, or in a similar ocean current, could provide a sustainable 

source of clean energy. However, the complications associated with deploying current energy 

conversion (CEC) devices in deep water make harvesting ocean current energy a challenge. 

Tethered systems are an exciting new approach to harvest fluid energy. Tethered CEC 

approaches include moored turbines (e.g., [4ï7], see Table 3-1 for additional examples), aircraft-

like ñkitesò tethered to ground-based equipment that move periodically through a flowing fluid 
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(see [8] for an excellent review of airborne wind energy systems that includes discussion of 

underwater kites), and other concepts such as tethered aerostats [9] that may be adapted for use in 

liquid. In this work, the tethered turbine CEC devices are investigated, with a focus on coaxial 

turbines. Tethered turbine CEC devices that are design for ocean current energy extraction are 

called ocean current turbines (OCTs). 

1.1 Tethered Coaxial Turbines for Ocean Current Energy Extraction 

Tethered systems are particularly attractive for harvesting fluid energy in areas where the 

water column is deep, but devices that are moored by a flexible tether could be more prone to 

perturbations in both position and orientation due to variations in the current speed and direction. 

Additionally, mechanical devices like turbines that convert the fluid kinetic energy into rotational 

energy require some means of providing a reaction torque to counter the torque imparted on the 

turbine by the fluid. One technology that addresses some of the challenges of hydrokinetic energy 

extraction with a tethered turbine is the dual rotor coaxial turbine [10ï12]. Clever design and 

integration of one or more pairs of counter-rotating rotors in a single-vehicle system can result in 

zero net torque and/or angular momentum [13], thus mitigating the issues arising from tether 

flexibility and eliminating the need for a tower. Furthermore, tethered coaxial turbines tend to 

somewhat self-align with the direction of flow [14]. Thus, the dual-rotor (or multiple rotors in 

counter-rotating pairs) concept is appealing for tethered turbine applications. 

Both coaxial [15] and non-coaxial [16,17] vertical axis dual-rotor systems have been 

studied, and both show potential for improvement in performance over single rotor turbines. For 

example, both the overall power and torque of the dual-rotor coaxial vertical axis machine were 

increased ñby more than threefoldò over a similar single-rotor system [15]. Similarly, constructive 

hydrodynamic interactions could result in a doubling of the efficiency of a non-coaxial dual-rotor 
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vertical axis turbine over a similar single-rotor machine [16]. However, with their axis of rotation 

perpendicular to the direction of flow, vertical axis turbines may require substantial additional 

structure for use in tethered applications and thus may be more appropriate for shallower tidal 

waters than open ocean currents. 

Horizontal axis CECs with non-coaxial rotors are sometimes referred to as side-by-side or 

parallel plane machines. Parallel plane dual-rotor turbines have been deployed on structures fixed 

to the seabed for tidal energy conversion [18], and have been proposed as tethered OCTs [19ï23]. 

However, in their intended operation, there is no hydrodynamic interaction between rotors in the 

parallel plane turbines, thus, notwithstanding farm applications, they lose any advantage that 

constructive interaction may present. Additionally, unlike the coaxial devices where torque 

transmission is in torsion through a shaft, torque between two parallel plane rotors is transmitted 

in bending, requiring additional structure [24]. 

By contrast, coaxial dual rotor turbines have the potential for improved kinetic energy 

conversion performance. In his seminal work, Newman demonstrated that the theoretical limit of 

power extraction for two rotor disks of equal diameter is about 8% greater than the limit for a 

single rotor disk [25], and later extended that work to show that the increase is limited to 13% for 

an infinite number of disks [26]. An investigation of the dual-rotor coaxial turbine concept found 

that, when they are aligned with the direction of flow, coaxial counter-rotating turbines convert 

more power than both single-rotor and co-rotating dual-rotor systems because the leeward rotor is 

able to harness some of the kinetic energy associated with the swirling wake of the windward rotor 

[27]. Additionally, it has been estimated that a 9% increase could be realized through use of a 

smaller ñauxiliaryò rotor coaxial with a main rotor which has the working portions of its blades in 

the dead zone of the main rotor [28]. Others have extended the concept of an auxiliary rotor to 
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address both the dead zone losses and wake retrieval [29] and have shown that the unsteady loads 

on the primary rotor do not increase significantly with use of an auxiliary rotor upstream [30]. 

Coaxial CECs for both wind (e.g. [28ï34]) and hydrokinetic energy conversion (e.g. [35ï

39]) have been studied. Although dual-rotor coaxial turbines can convert more power than a single 

rotor [32], the modest efficiency gains achieved by coaxial turbines may be more relevant for wind 

energy conversion than for ocean currents. In ocean applications, deployment and maintenance 

costs tend to dominate the economic analysis [40], and the benefits of a single-point mooring may 

be more impactful than the increases in power production. For a coaxial dual-rotor CEC with a 

fixed attitude, system properties such as the blade pitch and the separation distance between rotors 

impact the power conversion performance [41]. However, as previously noted, tethered CECs are 

more susceptible to alignment disturbances than fixed systems, and variation in attitude (i.e., skew) 

is known to affect the performance of horizontal-axis turbines. 

Without the large reaction loads provided by a stanchion, tethered CECs are more prone to 

perturbation which could potentially result in suboptimal performance. Hydrostatic conditioning 

[42] or hydrodynamic surfaces [20] may be employed to provide a restoring moment to maintain 

the desired orientation of an OCT, but a flow perturbation can still result in a transient deviation 

in orientation that could result in a loss of power converted and/or undesirable fluctuations of the 

electrical power output. 

There is a strong foundation of experimental and simulation-based analyses of tethered 

axial flow CECs with one or more rotors that attempt to address the challenges associated with the 

tethered systems. Researchers at the Southeast National Marine Renewable Energy Center 

(SNMREC) have conducted numerous empirical and simulation studies to support development 

of a proposed 20 kW single-rotor OCT prototype [43]. A seven degree of freedom (DOF) 
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mathematical model of the system dynamics was derived by treating the two rigid bodies ï the 

rotor and the main body ï separately and then reducing to the equations by assuming symmetries 

and combining terms [44]. The resultant numerical model has been employed to study things like 

control strategies [45] and interactions between turbines in a multisystem deployment [46]. Other 

researchers have investigated tethered single-rotor OCTs empirically using methods such as tow 

testing [47] and scale modeling for laboratory analysis [48]. 

In addition to single-rotor systems, dual-rotor OCTs have also been proposed and analyzed. 

Single rotor systems can have floats and weights to counter the hydrodynamic torque, but they still 

have non-zero angular momentum which can result in unintuitive motion with perturbations. For 

example, consider a system that has a perturbation causing a pitch-down moment. Since this 

moment is equal to the change in angular momentum, assuming the rotor is spinning clockwise 

from the perspective of the body, the negative pitching moment will result in a positive yaw 

motion. This unintuitive dynamic coupling is unavoidable in systems that operate with a non-zero 

nominal angular momentum and may be avoided by using pairs of rotors. 

The dynamics of several lab-scale permutations of coaxial dual-rotor OCTs were analysed 

empirically, and the methodology developed at the lab scale was employed to analyse the dynamics 

of a prototype turbine deployed in a tidal current [14,49]. Others have investigated the energy 

conversion performance of a multirotor coaxial turbine that would notionally be moored by a 

single point, but was fixed to a rigid member for the empirical study [50,51]. Likewise, a closed 

dynamical model of a dual rotor coaxial turbine with two degrees of freedom was developed to 

investigate the stability of solutions for systems that are fixed in space, such as tower-mounted 

wind or tidal turbines [52]. 
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In addition to the tethered OCT research discussed above, there is a wealth of research into 

underwater OCTs and marine energy in general. An excellent assessment of the current status of 

marine current energy conversion is provided in [53]. A comprehensive, albeit somewhat dated, 

review of all deployed underwater turbines is available in Appendix A of [54], and a wealth of 

technical and engineering information about marine renewable energy is available on the Tethys 

Engineering website (tethys-engineering.pnnl.gov) developed by the Pacific Northwest National 

Laboratory (PNNL) to support the U.S. Department of Energy's (DOE) Water Power Technologies 

Office (WPTO). 

An empirical investigation of the effects of misalignment with the direction of flow on the 

power production of a coaxial turbine is presented in Chapter 2, and Chapter 3 provides description 

of a modeling and simulation investigation of the dynamics of an underwater tethered coaxial 

turbine. 

1.2 Towed Turbines for Ocean and Tidal Current Energy Extraction 

Tethered technologies are also applicable in tidal currents. Tidal currents typically occur 

in areas where the water column is not as deep as with ocean currents, so the challenge of deploying 

a fixed substructure is not as prevalent. Still, tethered systems may be advantageous compared to 

ground-fixed systems for tidal current applications just as they are for ocean current applications. 

For example, tower-mounted horizontal axis turbines must rotate 180 degrees or by some other 

means be reoriented to the flow when tides change, but tethered systems may passively reorient 

with the changing tides [55]. 

Another possible advantage to tethered systems that is presented in this dissertation is that 

a towed horizontal axis turbine can convert more energy than a same-sized ground-fixed turbine, 

and a tethered turbine can be towed whereas a turbine mounted to a ground-fixed substructure 

https://tethys-engineering.pnnl.gov/
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cannot. Fluid kinetic energy conversion systems work by taking advantage of the velocity 

difference between the fluid and the conversion mechanism (e.g., a turbine). Systems such as 

horizontal and vertical axis turbines are fixed to the ground and passively exploit the velocity 

difference between the ground and the fluid to convert the fluid power to rotary power. However, 

converting that power with a moving system, e.g., a towed horizontal axis turbine, enables greater 

exploitation of the ground-fluid velocity difference by creating an even greater difference between 

the velocity of the fluid and the velocity of the turbine. 

Improved exploitation of the ground-fluid velocity difference has been previously 

proposed and studied. For example, systems have been designed to exploit the fluid-ground 

interface to propel vehicles in a direction dead-downwind at a speed that is faster than the wind 

[56,57], demonstrating that a more complex system can convert more of the available flow energy 

into usable energy than a simple ground-mounted turbine. Kite-based systems are another means 

of better exploiting the fluid-ground interface to capture flow energy. Interest in airborne wind 

energy generation via a crosswind kite [58] has led to promising concepts for tethered ocean energy 

conversion systems using a similar crossflow approach [59ς66]. However, to our knowledge, 

translation as a means of increasing the energy conversion of a horizontal axis turbine has neither 

been proposed nor studied, perhaps because the concept is somewhat counterintuitive.  

Certainly, it is not possible to move a horizontal axis turbine through a fluid and have the 

power extracted be greater than the power required to move the turbine. However, when a turbine 

is made to translate into the flow (i.e., against the direction of flow), the velocity of the fluid 

relative to the turbine increases, and thus, under the right conditions, the power produced by the 

turbine may also increase, and a net-gain in power of the towed-turbine system is possible. A 

theoretical analysis and simulation-based proof of concept are presented in Chapter 4. 
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1.3 Organization and Contributions 

This dissertation is organized by the contributions made to the field of tethered fluid energy 

harvesting systems.  

The first contribution, described in detail in Chapter 2, is an experimental investigation of 

the power produced by a dual-rotor coaxial turbine when operating in a condition, called skew, in 

which the axis of rotation of the rotors is not aligned with the direction of flow. Dual-rotor systems 

have been proposed as a solution to cancel the reaction torque and angular momentum present on 

a single-rotor turbine that is supported by the structure when the system is mounted but not in the 

case of tethered systems. Even with dual rotors, however, it is likely that a tethered turbine system 

operating in an ocean environment would experience skew due to current transients. The 

experimental work presented in this dissertation describes the effects of skew on power production 

and extends previous theoretical work performed by another investigator [11]. The key finding of 

this work is that the main conclusion from the theoretical analysis is supported ï that is, that a 

coaxial rotor in skew can produce more power than a coaxial rotor that is aligned with the flow. 

Chapter 3 describes the second contribution of this work, which is an analysis of the 

equilibrium position and orientation of a tethered coaxial turbine. In this work, modeling and 

simulation are employed to investigate the effect of variation in the values of key parameters on 

the position and orientation of the tethered dual-rotor system. The results are then used to 

demonstrate the key finding of Chapter 3, that a desired position and orientation may be maintained 

through variation of individual parameters (e.g., the location of the center of mass), and that 

multiple dual-rotor coaxial turbines may be operated from a tether anchor point in which each 

operates at a desired skew angle, but all are in different positions such that they do not collide with 

one another. 
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Perhaps the most exciting contribution is presented in Chapter 4, where a method of 

exploiting the velocity difference between the ground and a fluid is described that increases the 

power conversion of a turbine. They key finding presented in Chapter 4 is that a towed horizontal 

axis turbine can produce more power than a ground-fixed turbine of the same size. 

Finally, in Chapter 5 the major conclusions of the work are presented and discussed. 
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2 Experimental Analysis of Dual-Rotor Coaxial Turbines in Skew and 

Comparison to Actuator Disk Theory 

An abridged version of this chapter was published as ñExperimental Analysis of Dual 

Coaxial Turbines in Skewò in the journal Ocean Engineering [51]. 

Chapter Summary 

Ocean currents are a potentially reliable source of renewable energy, but the complications 

associated with deploying current energy conversion (CEC) devices in deep water make harvesting 

that energy a challenge. One promising approach is to use tethered axial-flow CECs composed of 

one or more pairs of coaxial counter-rotating turbines. However, a dual-rotor system moored in 

unsteady water by a flexible tether is likely to experience a condition, called skew, where the axis 

of rotation is not aligned with the direction of flow. A lab-scale turbine was constructed to 

investigate the effect of skew on fluid power conversion of a coaxial CEC. A semi-empirical model 

of the power conversion was developed for comparing the results to a recently published analytical 

model. It was found that the analytical model represents the data better than a simple ad hoc 

modification to previous models that is often used to estimate the power dynamics. Additionally, 

the results support the existence of a physical phenomenon ï captured by the recent model but not 

represented in the ad hoc modification ï in which the downstream rotor of a coaxial pair is partially 

within the wake and partially out of the wake of the upstream rotor. 

2.1 Introduction  

Ocean currents are a vast and untapped potential source of renewable energy. The Gulf 

Stream current flows along the eastern United States and is nearest the mainland off the coasts of 

Florida and North Carolina [1]. The power density of the Gulf Stream near Cape Hatteras, NC is 

estimated to be 500-1000W/m2 [2], and it has been suggested that as much as one gigawatt of 

hydrokinetic power may be extracted from the Gulf Stream without significant disruption of 
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climatic conditions [3]. Conventional fluid kinetic energy conversion systems, such as bladed 

turbines, may be applied for capturing the power in ocean currents. Current energy converters 

(CECs) for wind are a mature technology. Wind turbines are typically mounted on towers; 

however, with the Gulf Stream current sometimes flowing over deep sea ï waters that may be 

3000 meters or deeper [1,2] ï a vertical cantilever tower is not a feasible means for fixing a CEC 

to the sea bed in the ocean currents along the continental shelf. 

A moored (i.e., tethered) approach may be a feasible alternative to the rigid tower for 

anchoring ocean CECs. Underwater moorings are easier to install and maintain than rigid 

structures, but tethers are unable to provide the stabilizing reaction loads of towers, and an unstable 

tethered system may be prone to entanglement. However, clever design and integration of one or 

more pairs of counter-rotating rotors in a single-vehicle system can result in zero net torque and/or 

angular momentum [13], thus mitigating the entanglement issue and eliminating the need for a 

tower. Furthermore, tethered coaxial turbines tend to self-align with the direction of flow [14]. 

Nonetheless, without the rigid structure, tethered systems are more susceptible to attitude 

perturbations in the still fluctuating ocean currents. In general, turbines are designed to operate in 

a specific orientation (e.g., with the plane of rotation perpendicular to the flow for horizontal axis, 

axial flow turbines). Any perturbation to the attitude of a turbine results in a condition, called skew, 

where the axis of rotation is not properly aligned with respect to the flow. The effect of skew on 

the overall power conversion performance of wind farms has been investigated for tandem turbine 

configurations where the alignment of each rotor with the direction of flow is independent, and it 

has been demonstrated that an increase in power conversion of as much as 12 percent may be 

realized with an upstream turbine operating in skew and a downstream turbine aligned with the 

freestream direction [67]. However, performance of the coupled system depends also on the 
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properties of the operational environment, and operation of the non-coaxial upstream turbine in 

skew may or may not result in greater power conversion [68]. 

The flow alignment of the rotors comprising a multi-rotor system is mechanically coupled, 

and the dual-rotor approach has received a considerable amount of attention partially because the 

net angular momentum and torque of the system may be reduced, and potentially eliminated, by 

having each rotor turn in opposite directions [35]. 

Dual-rotor fluid energy conversion systems may be classified broadly as either coaxial or 

not coaxial. Coaxial turbines are characterized by a common axis of rotation for all rotors in the 

system. Non-coaxial turbines have rotors with axes of rotation that are not collinear. Whether or 

not they are coaxial, dual-rotor machines may be designed such that the nominal direction of flow 

is along the axis (i.e., axial flow) or perpendicular to the flow (i.e., transverse flow). The axial- 

and transverse-flow machines are commonly known as horizontal-axis and vertical-axis, 

respectively, because of their usual orientation with respect to the horizon. 

Both coaxial [15] and non-coaxial [16,17] vertical axis dual-rotor systems have been 

studied, and both show potential for improvement in performance over single rotor turbines. For 

example, both the overall power and torque of the dual-rotor coaxial machine were increased ñby 

more than threefoldò over a similar single-rotor system [15]. Similarly, constructive hydrodynamic 

interactions could result in a doubling of the efficiency of a non-coaxial dual-rotor vertical axis 

turbine over a similar single-rotor machine [16]. However, with their axis of rotation perpendicular 

to the direction of flow, vertical axis turbines may require considerable additional structure for use 

in tethered applications and thus may be more appropriate for shallower tidal waters than open 

ocean currents. 
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Horizontal axis machines have rotors that are designed such that the axis of rotation is 

nominally aligned with the direction of flow. Horizontal axis CECs with non-coaxial rotors are 

sometimes referred to as side-by-side or parallel plane machines. Parallel plane dual-rotor turbines 

have been deployed on structures fixed to the seabed for tidal energy conversion [18], and have 

been proposed as tethered devices for ocean current energy conversion [19ï23]. However, in their 

intended operation, there is no hydrodynamic interaction between rotors in the parallel plane 

turbines, thus, notwithstanding farm applications, they lose any advantage that constructive 

interaction may present. Additionally, unlike the coaxial devices where torque transmission is in 

torsion through a shaft, torque between two parallel plane rotors is transmitted in bending, 

requiring additional structure [24]. 

By contrast, coaxial dual rotor turbines have the potential for improved aero/hydrodynamic 

performance. One concept is to extract the flow power that remains in the wake after the fluid has 

passed through the rotor plane. In his seminal work, Newman demonstrated that the theoretical 

limit of power extraction for two rotor disks of equal diameter is about 8% greater than the limit 

for a single rotor disk [25], and later extended that work to show that the increase is limited to 13% 

for an infinite number of disks [26]. An investigation of this concept for wind energy conversion 

found that, when they are aligned with the direction of flow, coaxial counter-rotating turbines 

convert more power than both single-rotor and co-rotating dual-rotor systems because the leeward 

rotor is able to harness some of the kinetic energy associated with the swirling wake of the 

windward rotor [27]. 

Another idea investigated for wind turbines is to use auxiliary rotors to extract energy from 

otherwise underexploited flow. In a single-rotor horizontal axis turbine, the portion of blade 

nearest the axis of rotation (i.e., the blade root) is called the blade dead zone because the relative 
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flow speed is lower than it is in regions closer to the tip and because structural considerations 

typically require a less efficient section shape at the root. Improved exploitation of the freestream 

fluid power may be possible through use of a smaller ñauxiliaryò rotor which has the working 

portions of its blades in the dead zone of the main rotor. It has been estimated that a 9% increase 

could be realized using this approach [28]. Others have extended the concept of an auxiliary rotor 

to address both the dead zone losses and wake retrieval [29] and have shown that the unsteady 

loads on the primary rotor do not increase significantly with use of an auxiliary rotor upstream 

[30]. 

Coaxial CECs for both wind (e.g. [28ï34]) and hydrokinetic energy conversion (e.g. [35ï

39]) have been studied. Although dual-rotor coaxial turbines can convert more power than a single 

rotor [32], the modest efficiency gains achieved by coaxial turbines may be more relevant for wind 

energy conversion than for ocean currents. In ocean applications, deployment and maintenance 

costs tend to dominate the economic analysis [40], and the benefits of a single-point mooring may 

be more impactful than the increases in power production. For a coaxial dual-rotor CEC with a 

fixed attitude, system properties such as the blade pitch and the separation distance between rotors 

impact the power conversion performance [41]. However, as previously noted, tethered CECs are 

more susceptible to alignment disturbances than fixed systems, and variation in attitude (i.e., skew) 

is known to affect the performance of horizontal-axis turbines. 

To better understand how attitude perturbations affect the power conversion performance 

of a coaxial turbine, Khatri et al. extended the multiple actuator disk theory [26] to a system of two 

coaxial actuator disks operating in skew [12]. We call the extension the extended dual actuator 

disk (eDAD) model. From analysis of the extended theory, the authors found that, under optimal 

conditions, the total power converted by a dual-rotor coaxial system operating in skew is greater 
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than the power converted by the same system when the axis of rotation is aligned with the direction 

of flow (see Fig. 8 in [12]). This finding is in contrast to the monotonic decrease in extracted power 

with skew by a single turbine system [69ï71]. 

Although the effects of a single non-coaxial turbine in skew in a tandem rotor system have 

been studied and the power dynamics of counter-rotating rotors have been examined when they 

are aligned with the direction of flow, coaxial turbines in skew have not been thoroughly 

investigated. The objective of this work was to experimentally measure the power dynamics of a 

dual-rotor coaxial turbine operating in skew and to compare the results to the eDAD model 

developed by Khatri et al. This paper describes the approach to the investigation beginning with a 

brief discussion of the theoretical background and the eDAD model followed by a presentation of 

the results with discussion. 

2.2 Theoretical Background and the eDAD Model 

When a rotor operates in a moving fluid, the velocity of the fluid is affected by the presence 

of the rotor. In the axial single actuator disk theory, a single parameter, typically referred to as the 

induction factor, quantifies the relationship between the magnitude of the fluid velocity at the three 

boundaries of two regions of the flow. The two flow regions are upstream and downstream of the 

disk, and the boundaries are far upstream, in the rotor plane, and far downstream. The single 

actuator disk theory employs conservation of momentum and mass continuity to describe the fluid 

velocity at the rotor plane and far downstream from the rotor as a function of the induction factor 

and the known freestream velocity [72]. The induction factor is a measure of the change in the 

speed of the fluid that is induced by the rotor; thus, it is a measure of the transfer of kinetic energy 

between the flow and the rotor. When a rotor is operating to add energy to the fluid, as in 

propulsion, the induced change is an increase in velocity of the fluid. Conversely, when a rotor is 
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operating to extract energy from the fluid, as with a turbine, the induced change is a retardation of 

the flow. 

Newman extended the single actuator disk theory first to two actuators [25] and then to an 

infinite number of disks representing a series of coaxial rotors [26]. Like the single actuator disk 

model, Newmanôs model relates the velocity at the boundaries of regions of the flow using 

induction factors, where the number of induction factors necessary to describe the relationship 

between velocities is equal to the number of rotors. For example, in a two-rotor model, two 

induction factors define the flow speed at the boundaries between three regions of flow as a fraction 

of the freestream speed. The three regions, shown in the left panel of Figure 2-1, are (a) upstream, 

(b) between, and (c) downstream, and the four boundaries are far upstream, in the plane of the 

windward rotor, in the plane of the leeward rotor, and downstream. The first induction factor 

describes the relationship between the flow speed far upstream of the windward rotor (left side of 

region a), in the plane of the windward rotor (between regions a and b), and downstream of the 

windward rotor but upstream of the leeward rotor (region b). The second induction factor describes 

the relationship between the flow speed between the rotors (region b), in the plane of the leeward 

rotor (between regions b and c), and far downstream of the leeward rotor (right side of region c). 

These two induction factors may be described as the windward and leeward induction factors, 

respectively. 
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Figure 2-1. Two-dimensional schematic of the flow regions in the momentum disk model for coaxial turbines with and 

without skew. When the axes of rotation are aligned with the direction of flow (left), there are three flow regions: (a) 

the upstream retardation of the freestream by the windward turbine, (b) the wake of the windward turbine that is also 

being retarded by the leeward turbine, and (c) the wake of the leeward turbine. When the axes are in skew with respect 

to the freestream (right), there are two additional flow regions: (d) the upstream retardation due to the exposed 

portion of the leeward turbine that is experiencing "fresh flow," and (e) the wake of the exposed portion of the leeward 

turbine. The fraction of the leeward rotor that remains in the wake of the windward rotor is called the ñwake area 

fractionò and is described mathematically by Equation (5). 

Both the single actuator-disk model described by Betz [72] and the multi-disk model 

developed by Newman [26] assume that the actuator disks are perpendicular with the direction of 

flow (i.e. that the axis of rotation of a rotor represented by the actuator disk is aligned with the 

flow). The eDAD model extends the dual actuator disk model to account for operation in skew 

when the axis of rotation is at angle with respect to the direction of flow [12]. As demonstrated 

conceptually by the right panel in Figure 2-1, when a dual coaxial rotor system operates in skew, 

the leeward rotor may emerge from the wake of the windward rotor and create two additional flow 

regions: a region upstream of the exposed portion of the leeward rotor and an region downstream 

of the exposed portion  (region (d) and region (e) in the right panel of Figure 2-1, respectively). 

The third induction factor, which may be described as the fresh-flow induction factor, describes 

the relationship between the fluid velocity at the outside boundaries of these additional regions 

and in the plane of the exposed portion of the leeward rotor. 
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The physical result of the leeward rotor emerging from the wake is that, for the portion of 

the rotor experiencing fresh flow, there is a larger amount of kinetic energy available in the fluid 

than for the portion of the rotor that is within the wake. If the leeward rotor is able to harvest the 

additional energy, the total power generated by the dual-rotor system may be greater than it would 

be if the leeward rotor were to remain in the wake of the windward rotor. 

The power ὖ  available in a fluid of density ” flowing with freestream velocity ὠ  

through an area of interest ὃ is expressed as Equation (1) ï the rate of flow of kinetic energy 

through the area [73]. 

ὖ
ρ

ς
”ὃὠ  (1) 

From the Rankine-Froude axial momentum theory, the power available to an actuator disk 

of area ὃ is given by Equation (2), where Ὡ is the axial induction factor, defined as the ratio of the 

axial fluid speed at the disk to the axial freestream speed [74]. 

ὖ ς”ὃὩρ Ὡ ὠ  (2) 

In the classical actuator disk theory, Equation (1) is typically used as a reference for 

Equation (2) to compute the formula for the nondimensional power coefficient ὅ τὩρ Ὡ . 

For a single rotor operating in skew at angle $\theta$ with respect to the direction of flow, assuming 

that the rotor can only extract energy in the axial direction, then only the axial component of the 

velocity at the rotor plane is contributing to the available power. In this case, ὠ  in Equation (2) is 

replaced by ὠȟ ὠÃÏÓ—, and normalization by the reference power of Equation (2) 

provides an estimate for how the power of a single rotor may change with skew, given by (3). 

ὅ
ὖ

ὖ
τὩρ Ὡ ÃÏÓ— (3) 
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Equation (3) suggests that a simple modification of the single actuator disk model by the 

cube of the cosine of the skew angle is sufficient to describe the power dynamics. At small angles 

(i.e. less than 30 degrees), observed power may deviate significantly from the cosine-cubed 

modification of the axial momentum theory, particularly during dynamic skew [69], and more 

sophisticated treatments such as the Glauert lift correction or the vortex cylinder model may be 

more accurate [75]. However, empirical power data for a single rotor are well described over a 

large range of skew angles by the cosine cubed modification (e.g. Fig. 5-20 in [74]). 

 
Figure 2-2. Comparison of the power coefficient with skew. The solid (red) line shows the Newman model multiplied 

by the cube of the cosine of skew. The other three lines show the eDAD model with the values indicated in the legend 

for the fresh-flow induction factor. 

If the power extracted by a single rotor in skew can be estimated by modification of the 

single actuator-disk model by the cube of the cosine of the skew angle, then it is reasonable to 

assume that the same is true for the dual-disk model. However, such a modification of Newmanôs 

dual-rotor model neglects the fresh-flow effect described above. By contrast, the eDAD model 

captures the fresh-flow effect resulting in an increase in predicted power conversion. As 

demonstrated graphically in Figure 2-2, according to the eDAD model a turbine with equal 

diameter rotors separated by a distance of one half of the diameter has a theoretical maximum 
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power coefficient of 0.677 at 11 degrees skew, an increase of 5.72% over the theoretical maximum 

of 0.64 at zero skew. To generate Figure 2-2, the windward and leeward induction factors in both 

the modified Newman and eDAD models are set at the optimal zero-skew values of 1/5 and 3/5, 

respectively [12]. Three different values for the fresh-flow induction factor in the eDAD model 

are used to generate the three curves in the figure. The most power is predicted when the fresh-

flow induction factor is at the optimal value (1/3, dotted line [12]). Slightly less power is predicted 

when the fresh-flow induction factor is at the maximum value allowed by momentum theory (1/2, 

dashed line), but there is still an increase with skew (power coefficient of 0.66 at 9 degrees vs. 

0.64 at zero skew). If the fresh-flow portion of the leeward rotor is not inducing any change to the 

fluid velocity (i.e., induction is 0, dot-dashed line) then it is not extracting energy and only the 

portion in the wake of the windward rotor is contributing to the total power produced. 

In the Newman model, the power coefficient is maximized by a windward induction factor 

of 0.2 and a leeward induction factor of 0.6, resulting is a power coefficient value of 0.64 [25]. 

The solid line in Figure 2-2 shows how the power coefficient of the Newman model diminishes 

monotonically when modified by the cube of the cosine of the skew angle. Likewise, there is a 

monotonic decrease in power with skew predicted by the eDAD model when the windward and 

leeward induction factors are 0.2 and 0.6, respectively, and the value of the fresh-flow induction 

factor is small, i.e., when the fresh-flow portion of the leeward rotor is not extracting much energy 

from the fluid. Not surprisingly, the total power predicted by the eDAD model is also less than 

that predicted by the modified Newman model when the fresh-flow induction factor is zero because 

only the portion of the leeward rotor that is in the wake of the windward rotor is contributing to 

the total power production. By contrast, when the fresh-flow induction factor is at the optimal 

value (1/3, the dotted line in Figure 2-2), the power increases with skew to a maximum value at 
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around 12 degrees and then decreases with any additional skew. The nonmonotonic curve suggests 

that, for a given dual-rotor coaxial turbine under certain conditions, there is an optimum, non-zero 

skew angle where the power produced is greater than it would be if the system were aligned with 

the flow. 

The induction of a spinning rotor is a function of both the geometry (e.g., the shape, size, 

and number of blades) and the rate at which it spins. Consequently, the situations depicted in Figure 

2-2 are all physically difficult to realize. As the dual-rotor system experiences skew in a constant 

current, the axial component of the flow velocity diminishes, the rotor spins slower, and the 

induction factor changes. Similarly, as the leeward rotor emerges from the wake of the windward 

rotor during skew, the exposed portion is in a different region of flow (Figure 2-1). As the rotor 

spins, sections of different blades will enter and exit the fresh-flow (Figure 2-1 right - (d) and (e)) 

and wake (Figure 2-1 right - (b) and (c)) regions of the flow. In order to maintain a constant 

induction factor for the entire rotor, each blade would need to dynamically morph into a new 

geometry as it passes into a new flow region during a cycle of rotation, which is obviously 

problematic. However, Figure 2-2 is nonetheless instructive because it demonstrates the theoretical 

maximum and shows that the eDAD model can capture the hypothesized fresh-flow phenomenon 

whereas existing actuator disk models do not. 

The fresh-flow induction factor is independent of the area of the exposed portion of the 

leeward turbine. However, the power produced by the dual-rotor coaxial turbine in skew does 

depend on how much of the leeward rotor is exposed. Thus, Khatri et al. developed a formulation 

for the wake area fraction, given by Equation (5), that depends on the geometry of the system (e.g., 

the rotor diameter and the distance between the rotors), the skew angle, and the values of the 

windward and leeward induction factors. 
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In developing the formulation for wake area fraction, Khatri et al. assumed a cylindrical 

stream tube (i.e., no wake expansion). Therefore, the eDAD model overestimates the wake 

deflection of the windward rotor and thus underpredicts the wake area fraction at a given skew 

angle (or, equivalently, overpredicts the proportion of leeward rotor exposed to fresh flow). As a 

result, the eDAD model provides a boundary of expected power production for a real dual-rotor 

turbine operating in skew. 

The change in axial component of flow speed due to skew is the same for all sections of 

the coaxial rotors. However, the portion of leeward rotor remaining in the wake of the windward 

rotor is reduced with skew; therefore, at any fixed value for the leeward induction factor, the 

portion of the rotor will have less area and will thus convert less power. The power converted by 

the overall system, however, depends also on the power converted by the portion of the leeward 

rotor exposed to fresh flow. If the fresh-flow induction factor is zero, then the overall system will 

convert less power than if the entire leeward rotor were within the wake, as demonstrated by the 

dot-dash line in Figure 2-2. If the value of the fresh-flow induction factor is 1/3rd (i.e., that portion 

of the leeward rotor is optimally extracting power), then the system will be converting more power 

than it would have been if the leeward rotor were entirely in the wake. This is true even if the 

portion of the leeward rotor in the wake is optimally extracting power because the kinetic energy 

is higher in the freestream flow than it is in the wake of the windward rotor. 

In practice, the fresh-flow induction factor is unlikely to be zero (although it is possible, 

e.g., a slowly rotating single-bladed turbine). Furthermore, it is reasonable to assume that, at any 

rotation speed, the fresh-flow induction factor would be similar in value to the windward induction 

factor if the two rotors are of similar geometry because the exposed portion of the leeward rotor is 

experiencing similar flow. Therefore, it is reasonable to suggest that the observed power 
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coefficient of a real rotor would be somewhere between that predicted by the Newman model and 

the value predicted by the eDAD model when the value of the fresh-flow induction factor is 1/3rd. 

The power coefficient for a dual-rotor system ð similar to Equation (3) for a single rotor 

τ is defined as the ratio of the power produced by both rotors to the reference power given by 

Equation (1). The equation for the power coefficient of the eDAD model is given by Equation (4), 

where ‌ is the wake area fraction, Ὡ  is the windward induction factor, Ὡ is the leeward induction 

factor, Ὡ is the fresh-flow induction factor, and — is the skew angle [12]. When ‌ is equal to one 

(i.e. the leeward rotor is completely in the wake of the windward rotor), (4) reduces to the modified 

Newman model, and when — is also zero (i.e. no skew), (4) is exactly the dual-turbine model 

described by Newman [25]. 

ὅ
ὖ

ὖ

τÃÏÓ—

ς ‌
ρ Ὡ Ὡ ‌ρ Ὡ Ὡ ςὩ ρ ‌ ρ Ὡ Ὡ  (4) 

The eDAD curves in Figure 2-2 are constructed using Equation (4). The meticulous 

observer may notice a slight kink in the curve representing the power when the fresh-flow 

induction factor is at the optimal value (eDAD 1/3, dotted line) located just past 50 degrees of 

skew. That is the point at which the leeward rotor fully emerges from the wake of the windward 

rotor, thus the wake area fraction reaches a minimum value of zero, and the power diminishes as 

the cosine-cubed of the skew angle as if both disks were independent. 

The wake area fraction, described by (5) is defined as the fraction of the leeward rotor that 

is within the wake of the windward rotor. In (5), Ὠ is the distance between the rotors, Ὀ is the 

diameter of the rotors, and all other symbols are as described previously. 

‌ ρ
ςÔÁÎ—

ς Ὡ Ὡ

Ὠ

Ὀ
 (5) 

A full treatment of the derivation of (4) and (5) may be found in [12]. 
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2.3 Materials and Methods 

A prototype dual-rotor coaxial CEC system was designed and built to measure the 

mechanical rotary power converted from the fluid flow power. The prototype system was mounted 

in a controlled flow environment and observations were made under various conditions. The data 

collected were reduced and applied towards analysis of the actuator disk models through 

construction of a semi-empirical composite model. 

2.3.1 Dual-Rotor Prototype 

To maximize the reconfigurability of the prototype, the reusability of components, and the 

overall usefulness of the experimental platform, the principle of hierarchical modularity was 

applied to develop the dual-rotor CEC system [76]. The modules at the top layer include the body 

and rotors. Secondary modules within the body module include components for actuation and 

sensing, and the rotors modules contain blade units at the secondary level. Further down the 

hierarchical levels are modules that are not physically separable from the blade units but are 

nonetheless independent from a design perspective. These modules include the blades and the 

airfoils. 

2.3.1.1 Rotor 

Conceptually, a rotor is made up of one or more blades, though in practice a single-bladed 

rotor is problematic. The two major design parameters of the rotor are the number of blades and 

the radius. A three-bladed rotor was chosen for its axial symmetry and resistance to cogging in 

skew operation [10]. 

The rotor radius was designed to maximize power conversion while falling within the 

constraints imposed by the open-channel water tunnel at North Carolina State University. The 

water tunnel test section has a nominal cross section of 81 by 61 cm (32 by 24 inches) [77]. Under 
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optimal conditions the wake behind the rotor expands by a factor of about three [74]; therefore, a 

rotor diameter of 20.3 cm (8 inches) was selected to minimize the possibility of wake-wall 

interactions propagating upstream and corrupting the measurements. 

2.3.1.2 Blade Units 

The blade units are composed of the blades and an incorporated hub portion that facilitates 

rotor assembly (see bottom Figure 2-4). The blades are designed as a series of constant-chord 

airfoils with a specified orientation to define the spanwise twist distribution. The SG6040 airfoil 

was selected for its favorable performance at lower Reynolds numbers [78]. The twist distribution 

was designed by first calculating the optimal tip speed ratio ‗ according the approach described 

in [79] which is repeated here for convenience. 

The time (ὸ) required for a blade to enter space previously occupied by another blade (6) 

is compared to the time (ὸ) it takes for the upstream propegation of disturbed fluid in the flow to 

pass the point of initial disturbance (7). 

ὸ
ς“

ὲ‫
 (6) 

ὸ
ί

ὠ
 (7) 

In (6) and (7), ὲ is the number of blades in the rotor, is the radial speed of the rotor, ί is ‫ 

the distance of upstream propagation of the disturbance, and ὠ  is the freestream velocity of the 

fluid. Assuming that the power conversion is maximal when a rotor blade is timed to enter a stream 

tube just as the perturbation caused by the previous blade has passed the rotor plane, (6) is equated 

to (7) and algebraically manipulated to result in (8). 

‫
ς“

ὲί
ὠ (8) 
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Finally, (8) is combined with the definition of tip speed ratio to compute the optimal tip 

speed ratio (9). A commonly used, empirically determined value for R/s is 2 [79]. 

‗
‫Ὑ

ὠ

ς“

ὲ

Ὑ

ί
 (9) 

The spanwise twist distribution is computed from the optimal tip speed ratio by setting the 

orientation of the section such that angle of attack at that section maximizes the lift to drag ratio. 

A radial blade section which is located at a distance ὶ from the axis of rotation will experience a 

relative velocity which is the sum of the freestream velocity, the velocity due to rotation, and the 

velocity induced on the flow by the blade (Figure 2-3). In the case of a horizontal-axis turbine 

aligned with the freestream flow, assuming inviscid flow, the tangential speed is equal to the 

product of the radial distance and the angular rate of rotation (10), and the axial component is equal 

to the sum of the freestream velocity and the product of the freestream velocity and the axial 

induction factor. When the induced velocity opposes the freestream velocity, the axial speed is 

described in scalar form by (10). 

 
Figure 2-3. The blade twist distribution is designed by computing a desirable twist angle („) between the section 

chord line and the plane of rotation. The twist angle is determined from the angle between the relative velocity and 

the plane of rotation (‰) and the angle of attack (‌). 
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ὠ ‫ὶ 

ὠ ρ Ὡὠ 
(10) 

The relative inflow angle (‰) is defined as the angle between the relative velocity 

experienced by the blade section and the plane of rotation (given in Figure 2-3 by the direction of 

the tangential velocity). The tangent of the relative inflow angle is given by (11). 

ÔÁÎ‰
ὠ

ὠ

ρ Ὡὠ

‫ὶ
 (11) 

From the single-rotor momentum theory, the maximum power is produced when the 

induction factor is equal to 1/3 [72]. Using the optimum induction factor and combining (8) with 

(11), an expression for the relative inflow angle as a function of the radial distance of the blade 

section is obtained for a given rotation speed. Finally, the twist angle as a function of the spanwise 

coordinate is given by Equation (12) for a desired angle of attack, ‌. The value of ‌ is chosen 

to maximize the lift to drag ratio for the airfoil. 

„ὶ ÁÒÃÔÁÎ
ς

σ

Ὑ

‗ὶ
‌ (12) 

Equation (12) was used to design two twist distributions: one with ‗ τȾσ“ (the 

theoretical optimum for a three-bladed rotor according to the method described above), and 

another using ‗ ς. The latter was chosen because it results in a higher twist angle, as 

demonstrated by Figure 2-4, thus reducing the cut-in speed of the rotor at the expense of efficiency. 

The two twist distributions were used in two different dual-rotor system configurations: one where 

the twist of the windward rotor is high and another where it is low. The twist of the leeward rotor 

is high in both configurations. 
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Figure 2-4. The two blade twist distributions used are shown with an example blade unit. Above: The upper curve 

(solid line) results from using a desired tip-speed ratio (‗) of 2, thus increasing the twist angle along the span of the 

blade and lowering the axial velocity of flow required for the rotor to start turning at the expense of efficiency at the 

design speed. The lower curve results from a ‗ of τȾσ“ and has a lower mean section angle resulting in higher 

efficiency at the design speed. Below: A blade unit designed with the lower twist distribution showing the twist of the 

blade. 

2.3.1.3 Body 

An analysis of the eDAD model indicates that when the distance between the two rotors is 

approximately half of their diameter, there may be an enhanced performance zone where the net 

power converted in skew operation is increased and insensitive to small variations in orientation 

[12]. The minimum length of the prototype is restricted by the dimensions of the internal 

components, and the rotor diameter is constrained by the water tunnel test section to about 20 cm 

(8 inches). With some clever space-saving innovations and a few lucky discoveries throughout the 

painstakingly iterative process, the axial distance design goal was approximately achieved. The 

rotor-plane to rotor-plane distance is 10.2 cm (4.02 inches) for the 20 cm (8 inches) rotors, or about 

half of the rotor diameter. 

The central housing components include a cylindrical shell and end caps. The shell is made 

of a clear polycarbonate cylinder that allows for observation of moisture-sensing indicator strips 

inside of the body during underwater operation. The inner end caps are machined from martensitic 
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stainless steel, and the outer end caps are 3D-printed with Verowhite Plus RGD 835 --- chosen for 

its low moisture absorption coefficient compared to other compatible polymers --- using an 

Objet30 printer (Stratasys Ltd., Edina, MN). The major components of the apparatus are labeled 

in the section view of a CAD rendering of the prototype shown in Figure 2-5. 

 
Figure 2-5. Section view of the CAD model of the modular prototype with major components labeled. 

The rotary shaft power is transmitted through the hermetically sealed end caps using a 

custom-built magnetic torque coupling system (Figure 2-5) which enables complete enclosure of 

the electronics. Data and power are transferred to and from the sealed enclosure by wires which 

pass through the sealed end caps. 

2.3.1.4 Instrumentation 

The instrumentation hardware within one-half of the body tube is composed of a HB-20M 

magnetic hysteresis brake (Magtrol Inc., West Seneca, NY, USA), a QTA141 torque sensor (Futek 

Inc., Irvine, CA, USA), and a KMA210 magneto-resistive angular position sensor (NXP 

Semiconductors, Eindhoven, NL). This arrangement ensures that both the windward and leeward 
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rotors have a separate, dedicated set of instruments, which are used to actuate or record data 

independently. The instrument wiring passes through the body endcaps and is routed through the 

hollow sting and connected to an externally located data acquisition system (described in Data 

Collection).  

The purpose of the brake is to simulate the mechanical load of an electrical generator. There 

are several classes of electrically actuated brakes with two having the most repeatable torque with 

application of current: magnetorheological (particle) brakes and magnetic hysteresis brakes. The 

resistive torque of a particle brake is modulated by electromechanically changing the viscosity of 

a fluid with ferromagnetic particles in suspension. In contrast, the resistive torque of a magnetic 

hysteresis brake is modulated by changing the current in a coil and thus the magnetic field through 

a gap occupied by a ferromagnetic rotor. 

The hysteresis brake was chosen for the ability to control the torque remotely and because 

it has near-zero torque when there is no applied electrical current. In contrast, the particle brakes 

are subject to a reaction torque that is proportional to the angular rate even when no electrical 

current is applied. The torque was modulated by manually adjusting the applied current using a 

laboratory power supply. 

The orientation of the rotor was measured using the angular position sensor and the angles 

were used to compute the mean angular rate between samples. 

2.3.2 Data Collection 

The experimental prototype was secured to a rigid sting and mounted on an electronically 

controlled rotary stage above the test section of the North Carolina State University free surface 

water tunnel [77]. A CAD rendering of the water tunnel is shown in Figure 2-6, and Figure 2-7 

shows the prototype turbine mounted on the sting attached to the rotary stage in the water tunnel. 
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The nominal depth of the test section is 610 mm (24 inches) and the width is 810 mm (32 inches). 

A 7.5 kW (10 HP) Baldor Reliance Super E EM3774T motor controlled by an ACS355 variable 

frequency drive (ABB) powers flow through a 4.5:1 contraction providing a velocity range from 

0.15-1.0 m/s with an average streamwise turbulence varying linearly from 0.2\% to 0.9\% along 

the 2.4 m (96 inches) length of the glass panels [77]. 

 
Figure 2-6. Left: CAD rendering of the water tunnel [77] . Right: The turbine is mounted on a sting at the center of 

the test section and the skew angle is adjusted using the electronically controlled rotary mount. D = 20 cm (8 inches), 

d = 10 cm (4 inches). 

Data were captured using a standalone data acquisition system with a PXI 8102 embedded 

controller in tandem with a 24-bit PXI 4462 module for multichannel recording and managed 

through a custom virtual instrument (VI) running on LabView software (National Instruments, 

Austin, TX, USA). All data were sampled at 1000 Hz, hardware synchronized, and recorded to file 

using the custom VI. 
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Figure 2-7. Bottom view of the turbine in the test section of the water tunnel. 

Figure 2-8 provides a side view of the prototype mounted in the water tunnel. 

 
Figure 2-8. Side view of the dual-rotor coaxial turbine prototype in the water tunnel. 

The experimental procedure began with calibration of the zero-skew angle and recording 

of the no-load signal from the torque sensors for systematic error detection. Then, the fluid velocity 

in the tunnel was brought to 0.5 m/s. Next, the current setting on the brake power supplies was 
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modulated until the target signal was obtained from the torque sensors on the upstream and 

downstream rotors. Finally, the rotary stage motor was used to set the prototype to a desired angle 

of skew. Upon achieving each skew angle, following a brief period of time to allow damping of 

transient phenomena, the sensor signals were sampled for 10 seconds and then the skew angle was 

increased to the next increment. The procedure was repeated at incremental skew angles in both 

directions until a rotor stalled (typically the leeward rotor) for both of the two twist distributions 

of the upstream rotor. Table 2-1 shows the experimental input parameter values for the high-high 

twist turbine, that is, the turbine with the twist distribution shown by the solid line in Figure 2-4. 

Table 2-1. The experimental input parameters for the turbine configuration with high-twist blades on both rotors. 

Windward 
Brake (Nmm) 

Leeward 
Brake 
(Nmm) 

Skew Angles (Deg) 

0 0 
-67.5, -62.5, -60, -57.5, -55, -52.5, -50, -40, -30, -20, -10, -6, 0, 10, 20, 30, 40, 50, 

52.5, 55, 57.5, 60, 62.5, 65 

7.5 0 -45, -42.5, -40, -30, -20, -10, 0, 10, 20, 30, 40, 42.5 

16 0 -30, -27.5, -25, -22.5, -20, -10, 0, 10, 20, 22.5, 25, 27.5 

20 0 -22.5, -20, -17.5, -15, -12.5, -10, -5, 0, 10, 12.5, 15, 17, 20, 22.5, 25 

0 7.5 -60, -57.5, -55, -52.5, -50, -40, -30, -20, -10, 0, 10, 20, 30, 40, 50 

12 7 -37.5, -35, -30, -20, -10, 0, 10, 20, 30, 35 

20 7 -22.5, -20, -10, 0, 10, 20 

0 10 -47.5, -45, -42.5, -40, -35, -30, -25, -20, -15, -10, 0, 10, 15, 20, 25, 30, 35, 40 

10 10 -37.5, -35, -32.5, -30, -27.5, -25, -22.5, -20, -10, 0, 10, 20, 22.5, 25, 27.5, 30, 32.5, 35 

20 10 -22.5, -20, -10, 0, 10, 20 

0 14 -35, -32.5, -30, -20, -10, 0, 10, 20, 30 

12 14 -30, -27.5, -25, -20, -10, 0, 10, 20, 25, 27.5 

20 12 -22.5, -20, -17.5, -15, -10, 0, 10, 15, 17.5 

Table 2-2 shows the experimental parameters for the prototype with the low-twist 

distribution on the upstream rotor (dotted line in Figure 2-4) and the high twist distribution on the 

downstream rotor (i.e., the low-high twist turbine). 
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Table 2-2. The experimental input parameters for the turbine configuration with low-twist blades on the windward 

rotor and high-twist blades on the leeward rotor. 

Windward 
Brake (Nmm) 

Leeward 
Brake 
(Nmm) 

Skew Angles (Deg) 

0 0 
-80, -75, -70, -67.5, -65, -62.5, -60, -50, -40, -30, -20, -10, 0, 10, 20, 30, 40, 50, 60, 

62.5, 65, 67.5 

10 0 -50, -47.5, -45, -42.5, -40, -30, -20, -10, 0, 10, 20, 30, 40, 42.5, 47.5 

20 0 -37.5, -35, -32.5, -30, -20, -10, 0, 10, 20, 30, 35 

22 0 -30, -27.5, -25, -22.5, -20, -10, 0, 10, 20, 22.5, 25, 27.5 

28 0 -20, -17.5, -15, -12.5, -10, -7.5, -5, 0, 0, 5, 10, 12.5, 15, 17.5 

0 3 
-65, -62.5, -60, -57.5, -55, -52.5, -50, -40, -30, -20, -10, 0, 10, 20, 30, 40, 50, 52.5, 55, 

57.5, 60, 62.5, 65 

16 3 -37.5, -35, -32.5, -30, -27.5, -25, -22.5, -20, -10, 0, 10, 20, 22.5, 25, 27.5, 30, 32.5 

22 3 -27.5, -25, -22.5, -20, -17.5, -15, -12.5, -10, 0, 10, 12.5, 15, 17.5, 20, 22.5, 25, 27.5 

28 3 -20, -17.5, -15, -12.5, -10, -7.5, -5, 0, 5, 10, 12.5 

2.3.3 Data Reduction 

The ten seconds of torque and angular position data for the windward and leeward rotors 

per collection period were reduced to a mean torque and angular rate for each rotor. To reduce the 

torque data, the signals were first post-processed through the MATLAB (Mathworks, Natick, MA) 

minimum-order low-pass filter with a cutoff frequency of 20 Hz to remove noise. After filtering, 

the first and last one thousand samples (two seconds of data) were rejected, and the remaining 

eight thousand samples (eight seconds of data) were reduced to the quadratic mean and the 

standard deviation. The angular position data were converted to an angular rate using the 

MATLAB discrete fast Fourier transform (FFT) algorithm. 

2.3.3.1 Uncertainty Estimation 

Prior to and following each sweep of skew angles in either direction and with the water 

tunnel still, the systematic error in the torque measurement was obtained by removing current from 

the electric brakes and sampling the torque sensor signals for 10 seconds. The total systematic 

error for each sweep of skew angles given in Table 2-1 and Table 2-2 for the low-high and high-

high rotor twist turbine configurations, respectively, is estimated as the root-mean-square of the 
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two collections of no-torque samples bracketing the sweep. The imprecision error in the torque 

measurement is estimated as the standard deviation over the sample period. The speed imprecision 

error is similarly estimated as the standard deviation in the numerical derivative of the angular 

position over the sample period. Finally, the combined measurement uncertainty in the power 

coefficient, shown as error bars in Figure 2-12, Figure 2-13, and Figure 2-14, is estimated from 

the combined coefficient of variation. 

2.3.4 Supplementary Model 

Both the modified Newman and eDAD models estimate power from the values of induction 

factors and the skew angle. Neither model includes properties of physical rotors such as blade 

number, twist distribution, or rotation speed; therefore, these physical properties cannot be used as 

model inputs for comparison to observation, making a direct connection between the models and 

empirical data challenging. To convert the physical properties of the rotors to values of induction 

that can be used as model inputs, we developed a supplementary empirical model of induction as 

a function of the rotation speed or tip speed ratio. 

The mechanical shaft power developed by the spinning rotor, given by Equation (13), is 

the product of the torque † and the angular rate .‫ 

ὖ †‫
†‗ὠ

Ὑ
 (13) 

Considering the relationship between torque and total hydrodynamic force at a given 

spanwise location along the blade, a comparison of the equations for the mechanical shaft power 

(13) and the change in fluid power across the actuator disk for a single turbine system (2) suggests 

that induction may be linear in ‗ when the angle between the axis of rotation and the total 

hydrodynamic force is small. For a dual-turbine system, a similar comparison suggests that the 
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windward induction may be linear in the windward tip speed ratio (‗ ) and the leeward induction 

may be linear in both the leeward tip speed ratio (‗) and the windward induction factor. Thus, we 

postulate a linear model for induction, shown in Equation (14), where the values of coefficients 

ὥ, ὥ, ὦ, ὦ, and ὦ are determined empirically. 

Ὡ ὥ‗ ὥ 

Ὡ ὄ‗ ὦὩ ὦ 

(14) 

The relationship between the power coefficient and the rotor speed is complicated and non-

linear. However, the concavity of the curve is well established, and the shape remains concave 

when a single rotor operates in skew [80]. Therefore, the appropriateness of the linear model of 

induction as a function of ‗ is verified by constructing the power coefficient curve from the linear 

induction model in composition with the single actuator disk model as given by Equation (15). 

ὅ τὩρ Ὡ τὥ‗ ὥ ρ ὥ‗ ὥ  (15) 

The result of Equation (15) when ὥ πȢρ and ὥ ρ is shown as Figure 2-9. As 

expected, the curve is concave and it is of a similar shape to the qualitative curves used in textbooks 

for demonstration [74] as well as the empirical curves used in modeling and simulation [81ï83]. 

 
Figure 2-9. Demonstration that combining the linear induction model with momentum theory produces the expected 

concave curve. 
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Finally, the postulated relationship between ‗ and the induction factors may be exploited 

to compare experimental data to the analytical models through construction of a semi-empirical 

composite model where the coefficients of Equation (14) are determined by induction factors that 

are calculated from the measured mechanical power. When the dual-rotor system is in skew, the 

total power converted depends on the wake area fraction, which is a function of both induction 

factors as well as the induction by the exposed portion of the leeward rotor. Thus, there is no 

unique solution for the induction factors when the system is in skew. However, when the dual-

rotor system is aligned with the flow, the wake area fraction is unity, and Equation (15) may be 

separated into two equations for windward and leeward power as shown in (16). 

ὅȟ τὩ ρ Ὡ  

ὅȟ τρ Ὡ Ὡ ςὩ  

(16) 

The induction factors at zero skew for a measured shaft power are computed by first solving 

for the three roots of the windward power function and then neglecting those that are infeasible 

according to momentum disk theory (i.e., π Ὡ πȢυ). Then, the realizable windward induction 

factors are substituted into the leeward power function, and the leeward induction factors are 

determined from the allowable roots (ςὩ Ὡ πȢυ Ὡ ). Next, the computed induction 

factors are compared to the measured tip speed ratios using (14), and the values of the coefficients 

ὥ, ὥ, ὦ, ὦ, and ὦ are determined by a least-squares fit. Lastly, Equation (14), with the 

empirically determined coefficient values, is combined with either the eDAD model or the 

modified Newman model to construct a semi-empirical composite model of power coefficient as 

a function tip speed ratio. For the Newman model, the coefficient values are all that is required to 

construct the power coefficient curves. Producing curves using the eDAD model requires an 

additional value for the fresh-flow induction factor which must be assumed. 
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2.4 Results and Discussion 

The results of the supplementary linear induction model are discussed first, followed by 

the results of the composite models. 

2.4.1 Linear Induction Model  

The values for the coefficients ὥ, ὥ, ὦ, ὦ, and ὦ in (14) were calculated as described 

above. The windward induction factors computed from the power observations are shown in 

Figure 2-10 along with the resultant models for the two twist configurations. 

 
Figure 2-10. The windward induction factors computed from the measured power at zero skew are linearly 

proportional to the tip speed ratio (TSR). Lines show the linear best-fit for both twist distribution variations. 

As described in 2.3.1.2, the lower-twist configuration is the more efficient and is therefore 

able to extract a higher proportion of energy from the flow. After cut-in, the lower-twist rotor is 

also expected to rotate faster than the higher-twist configuration in a flow of constant velocity. 

Accordingly, the windward induction factor curve for the lower-twist rotor is above and to the 

right of the windward induction curve for the higher-twist rotor. Additionally, the higher-twist 

induction curve appears less linear than the lower-twist curve. The exact source of the nonlinearity 

is unknown, but it may be due to a breakdown of the assumptions of the momentum disk theory 
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for the higher-twist rotor. For example, at lower rotation speed a rotor is less like an actuator disk 

than at high rotation speed. Furthermore, wake rotation is neglected by the axial momentum theory, 

but the higher-twist rotor may be imparting a high level of vorticity to the wake relative to the 

induced velocity, particularly at low rotation speeds. In any case, the linear model appears to be a 

decent representation of the windward induction factor for both configurations throughout the 

observed range of tip speed ratio. 

The observations and resultant models for the leeward induction factors are shown in 

Figure 2-11, with the higher-twist configuration shown at the left and the lower-twist configuration 

at the right. The planar surfaces show the linear models as described by Equation (14) with the 

empirically determined coefficient values. Again, the linear model describes the data well for both 

configurations. 

 
Figure 2-11. The leeward induction factor computed from the measured power at zero skew is linearly proportional 

to the tip speed ratio for both the low-high (LH) and the high-high (HH) twist configurations. 

Having determined the coefficient values for the supplementary induction models, the 

measured mechanical power coefficients may now be plotted along with the power coefficient 

curve predicted by the composite actuator disk models for the two twist configurations, as shown 

in Figure 2-12. Note that the Newman and eDAD models are identical when skew is zero. For 

brevity, the dual-rotor configuration with the lower-twist windward and higher-twist leeward 
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rotors is referred to as the low-high (LH) configuration, and the version with both higher-twist 

windward and leeward rotors is called the high-high (HH) configuration. 

 
Figure 2-12. The total (windward plus leeward) power coefficient versus relative TSR (the sum of windward and 

leeward TSR) at zero skew for both the low-high (LH - right) and high-high (HH - left) twist configurations. Note that, 

at zero skew, the Newman and eDAD models are identical. The shaded regions around the curves show the 95% 

confidence interval on the composite model as computed from the uncertainty in the linear induction model. 

Figure 2-12 demonstrates that, at zero skew, the data are well described by the composite 

model. The analytical power coefficient models include induction factors Ὡ  and Ὡ as 

independent variables, but not TSR. The tip speed ratio is incorporated into the analytical models 

using the empirically determined linear relationship between induction factors and TSRs. Because 

it is the zero-skew data that are applied to construct the supplementary induction models, this 

figure also shows the range of relative TSR, defined as the sum of the windward and leeward TSR, 

for which this particular composite model is valid, which is from about 7.5 to 9.7 for the LH twist 

configuration and between about 6.5 and 9.2 for the HH configuration. 

2.4.2 Coaxial Turbines in Skew 

After determining the coefficient values for the linear induction model from the zero-skew 

measurements, the empirical model is combined with the actuator disk models to create a 

composite model which may be compared to the experimental observations over the full range of 
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skew angles. Since the fresh-flow induction factor (Ὡ) in the eDAD model cannot be back-

calculated from the observations, two assumed values for Ὡ are considered: first, the case of Ὡ

Ὡ , and second, the case of Ὡ ρȾσ. 

The first case, Ὡ Ὡ , is chosen because the eDAD model assumes that the exposed 

portion of the downstream rotor is experiencing the same freestream flow as the upstream rotor 

and that they both modify the flow as a function of ‗ in the same way. If both of the rotors are 

identical, then it is reasonable to assume that the induction factor as a function of rotor speed is 

identical for both. Of course, this assumes that not only is the fresh-flow portion of the leeward 

rotor completely out of the wake but also that the wake also has no effect on the surrounding fluid, 

which is unlikely. Additionally, the rotors are identical only in one of the two configurations tested. 

Therefore, another case is included for comparison. 

In the eDAD model, the portion of the leeward rotor that has emerged from the wake of 

the windward rotor is treated the same as an isolated actuator disk which will convert the maximum 

amount of power when the induction factor is 1/3. Therefore, assuming Ὡ ρȾσ corresponds to 

the optimal case and yields the maximum power coefficient from the eDAD model and an upper 

bound on the composite model. The lower bound of the composite model occurs when the fresh-

flow induction factor is zero, i.e., when the exposed portion of the leeward rotor is not converting 

any power. The lower bound is not included in the figures. 
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Figure 2-13. The total power coefficient versus relative TSR for the HH prototype configuration. The shaded regions 

around the curves show the 95% confidence interval for the composite model. 

Just as Fig. Figure 2-12 shows that the composite models are a good representation of the 

observed data at zero skew, which may not be surprising considering the coefficients in the 

empirical portion of the composite model are computed from the zero-skew data, Figure 2-13 

demonstrates that the composite model holds for coaxial turbines in skew. In this figure, the 

measured power coefficient is plotted against the measured relative TSR at different skew angles 

along with the modified Newman model and the eDAD model with two assumed values for the 

fresh-flow induction factor. 
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The data represented in Figure 2-13 were collected using the HH configuration of the dual-

rotor prototype. In that configuration, the twist distribution of the blades of the windward rotor is 

higher than the theoretically optimal twist distribution. Thus, the HH configuration is the less 

efficient of the two configurations. In this case, the windward rotor is not retarding the flow 

sufficiently for the leeward rotor to be operating in its intended flow regime, thus neither rotor is 

optimally extracting energy. Additionally, a more efficient windward rotor would deflect the wake 

more strongly and reduce the wake area fraction. Thus, with the less efficient rotor, the proportion 

of leeward rotor exposed to fresh flow with skew is reduced. The reduced efficiency and the 

reduced exposure to fresh flow combine to make the rotor extract less energy at high skew angles, 

as demonstrated by the lower-right panel of Figure 2-13. Nonetheless, the composite model does 

describe the observations well for most cases, and the eDAD model with the fresh-flow induction 

factor equal to the windward induction factor seems to be the better description at low skew angles, 

although it is difficult to distinguish the eDAD model from the modified Newman model. At lower 

skew angles, the eDAD model appears to be a slightly better fit, and the observations generally 

fall between the modified Newman model and the maximum of the eDAD model (Ὡ ρȾσ). At 

the high 40 degrees skew angle, both the eDAD and modified Newman models overestimate the 

mean of the observations. In all cases, the windward induction factor seems to be a better estimate 

of the fresh-flow induction factor than the optimal value (i.e., 1/3), and it is likely that the actual 

induction factor value is somewhere between the two. 
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Figure 2-14. The total power coefficient versus relative TSR for the LH prototype configuration. The shaded regions 

around the curves show the 95% confidence interval. 

In contrast, the LH configuration is designed such that the windward rotor has a 

theoretically optimal twist distribution for the unperturbed flow and the leeward rotor has a twist 

distribution designed for the flow conditions in the wake of the windward rotor. For this more 

efficient design, the appropriateness of the composite model is more apparent. Furthermore, Figure 

2-14 shows that the fresh flow phenomenon must be considered when modeling dual-rotor coaxial 

systems in skew. If the leeward rotor were completely in the wake of the windward rotor during 

operation in skew, the modified Newman model would be a good representation. However, Figure 

2-14 clearly shows that the modified Newman model underpredicts the power, particularly at skew 
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angles greater than about 10 degrees, likely because the simple cosine cubed modification does 

not capture the process of the leeward rotor emerging from the low-energy wake of the windward 

rotor. Thus, with the more efficient twist distributions, the eDAD composite model appears to be 

more appropriate than the simple cosine-cubed modification commonly used to estimate the effect 

of skew on the power production of current energy converters. 

2.5 Conclusions 

Harvesting the vast and renewable resource of ocean current hydrokinetic energy will 

require creative solutions to numerous challenges. The tethered dual-rotor coaxial turbine is a 

promising approach, but without a complex structure providing reaction loads to counter the 

perturbations in orientation imposed by a turbulent ocean, the tethered system is likely to operate 

at times in skew with the angle of skew fluctuating with the turbulence. Previous analytical work 

speculated that, rather than being a problem to avoid, operating a coaxial turbine in skew may have 

benefits due to the fresh flow phenomenon where a portion of the leeward rotor emerges from the 

wake of the windward rotor. The results of the current work demonstrate that the fresh flow 

phenomenon does occur when a coaxial turbine operates in skew and therefore may be exploited. 

Although the existence of the fresh flow effect was confirmed, evidence that operation in 

skew results in a net increase in power was not found; therefore, the conclusion that operation of 

a coaxial turbine in skew is necessarily desirable over operation without skew is not reached. 

However, this work demonstrates that the eDAD model represents the power production in skew 

better than an ad hoc trigonometric modification to the Newman model. According to the eDAD 

model, with the proper induction factors and rotor separation distance, the turbine will produce 

more power in skew than when aligned. Therefore, it is reasonable to conclude that a careful, 
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iterative rotor design process to effectively tailor the induction factors will lead to a turbine design 

that reliably produces more power when in skew (specifically between about 10 and 20 degrees). 

The composite model created by integration of the eDAD model, and the supplementary 

induction model describes the power dynamics well for the specific coaxial turbine that was 

designed in the conditions in which it was operated. Although it is based on an idealization and an 

assumed relationship between induction and rotor speed that may not hold outside of the measured 

range, the results show that the semi-empirical composite model is an approach that is appropriate 

for describing the power dynamics of a turbine configuration. Therefore, a composite model could 

be combined with others in a comprehensive system model to study other domains such as the 

dynamics and stability of a tethered coaxial system. 

These results demonstrate that the eDAD model captures the salient effects of the fresh 

flow phenomenon and that the fresh flow effect must be considered when designing coaxial turbine 

systems that may operate in skew. The semi-empirical composite model presented is useful for 

application to modeling and simulation of tethered coaxial dual-rotor CECs. 
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3 Dynamic Model of a Tethered, Multirotor Axial -Flow Current Energy 

Extraction System 

A version of this chapter was published as ñModeling, simulation, and equilibrium analysis 

of tethered coaxial dual-rotor ocean current turbinesò in the journal Energy Conversion and 

Management [84]. 

Chapter Summary 

Tethered multirotor axial flow turbines have been proposed to overcome the many 

challenges associated with extracting the vast and reliable hydrokinetic energy available in 

offshore ocean currents where deep waters make rigid bases infeasible. However, tethered systems 

are inherently more propone to perturbation than hydrokinetic energy converters that are fixed to 

rigid bases. Although the effects of flow misalignment on multirotor coaxial turbine hydrokinetic 

energy conversion have been investigated recently, resulting in the novel idea that operating 

coaxial turbines in skew may be beneficial over operation with the axis of rotation aligned with 

the direction of flow. However, the spatial dynamics and equilibrium behaviors of tethered coaxial 

turbines have not been well characterized, limiting designersô ability to explicitly tailor the 

operational orientation of the device. 

In this work, a computational model of a dual rotor coaxial turbine is presented, and the 

model is employed to explore the equilibrium behavior of the turbine with variations in the 

parameter space. It is demonstrated that a dual rotor turbine may be operated in a fail-safe 

positively buoyant configuration with a tether that is anchored to a surface-dwelling platform and 

located at some desired depth below the surface. Additionally, the analysis shows that more than 

one turbine system may be anchored to a single point while maintaining the desired orientation to 

maximize energy production and position of each turbine to avoid collision. A complete 

characterization of the hydrostatic state and a comparative study of simulation cases is also 
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presented. The results of this work may be used to inform application-specific coaxial turbine 

design and to develop additional targeted empirical and simulation studies. 

3.1 Introduction  

Moving fluids such as rivers and ocean currents contain kinetic energy which may be 

extracted and converted into electrical power by current energy converters (CECs). Axial-flow 

turbine CECs contain one or more rotors that are driven by the current such that the axis of rotation 

is nominally aligned with the direction of flow. Wind turbines, a type of axial-flow CEC for 

converting wind kinetic energy, are a mature technology which typically consist of a single rotor 

mounted to a tower [74], although tower-mounted multirotor systems [29] and tethered aerial CECs 

[9] have been proposed for wind current energy conversion. 

Ocean currents are a potentially vast source of renewable energy, and marine current 

energy conversion is a rapidly progressing area of research [85]. Although knowledge and 

expertise developed for wind energy conversion may be applied toward ocean CECs, the marine 

environment presents different challenges that must be overcome [53], particularly for the offshore 

environment. CECs in tidal and river currents that flow in shallow waters may be mounted to 

tower-like stanchions that are fixed to the seabed, but rigid structures are not appropriate for 

supporting turbines that operate in deep waters. 

The Kuroshio current in the Pacific ocean near east Asia and the Gulf Stream current in the 

Atlantic ocean near the United States are two ocean currents with sites that may be suitable for 

ocean current turbines (OCTs ï a specific class of CECs) [1,86]. Where it flows near Cape Hatteras 

off the coast of North Carolina, the power density of the Gulf Stream is estimated to be 500-

1000W/m2 [2], and it has been estimated that up to 1GW could be extracted from the Florida 

Current portion of the Gulf Stream without significant disruption of climatic conditions [3]. Using 
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a rigid tower to support a turbine in these currents is often infeasible because the energy density is 

highest at the surface, and currents like the Gulf Stream may be located where the sea floor is deep, 

in some locations more than 3000m [1]. 

A tethered system may be a feasible alternative to a rigid-tower system. Tethered CECs 

may include one or more pairs of rotors rotating in opposite directions to reduce or cancel angular 

momentum and torque [22], and tethered systems are advantageous in their ease of installation, 

mobility, and maintenance when compared to structurally fixed systems. Tethered systems can 

operate below the surface to avoid interference with marine traffic yet be able to ascend to the 

surface for maintenance and repairs. Furthermore, tethered CECs have greater transverse 

manoeuvrability than rigidly mounted systems, enabling them to move with the maximum energy 

density in meandering currents like the Gulf Stream [87]. Tethered CECs may also double as 

exploration UUVs [88]. 

3.1.1 Tethered Turbines 

In addition to the difficulties associated with any OCT such as high axial loads and the 

harshness of the marine environment [89], moored turbines face challenges that are not present in 

rigidly fixed systems. Without the large reaction loads provided by a stanchion, tethered CECs are 

more prone to perturbation which could potentially result in suboptimal performance. Hydrostatic 

conditioning [42] or hydrodynamic surfaces [20] may be employed to provide a restoring moment 

to maintain the desired orientation of an OCT, but a flow perturbation can still result in a transient 

deviation in orientation that could result in a loss of power converted and/or undesirable 

fluctuations of the electrical power output. 

There is a strong foundation of experimental and simulation-based analyses of tethered 

axial flow CECs with one or more rotors that attempt to address the challenges associated with the 
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tethered systems. Researchers at the Southeast National Marine Renewable Energy Center 

(SNMREC) have conducted numerous empirical and simulation studies to support development 

of a proposed 20kW single-rotor ocean current turbine prototype [43]. A seven degree of freedom 

(DOF) mathematical model of the system dynamics was derived by treating the two rigid bodies 

ï the rotor and the main body ï separately and then reducing to the equations by assuming 

symmetries and combining terms [44]. The resultant numerical model has been employed to study 

things like control strategies [45] and interactions between turbines in a multisystem deployment 

[46]. Other researchers have investigated tethered single-rotor OCTs empirically using methods 

such as tow testing [47] and scale modeling for laboratory analysis [48]. 

In addition to single-rotor systems, dual-rotor OCTs have also been proposed and analyzed. 

Single rotor systems can have floats and weights to counter the hydrodynamic torque, but they still 

have non-zero angular moment which can result in unintuitive motion with perturbations. For 

example, consider a system that has a perturbation causing a pitch-down moment. Since this 

moment is equal to the change in angular momentum, assuming the rotor is spinning clockwise 

from the perspective of the body, the negative pitching moment will result in a positive yaw 

motion. This unintuitive dynamic coupling is unavoidable in systems that operate with a non-zero 

nominal angular momentum and may be avoided by using pairs of rotors.  

Tethered dual-rotor OCTs mostly fall into one of two categories: coaxial rotors and parallel 

plane rotors. Coaxial systems are configured such that the axes of rotation of both rotors are 

colinear. The rotors of parallel plane systems have parallel axes and parallel planes of rotation. 

Parallel plane systems are sometimes called side-by-side or parallel-axis OCTs, and coaxial 

systems have been referred to as tandem OCTs. A novel third class of dual-rotor OCT with 
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coincident rotors (i.e. both parallel plane and coaxial) has been proposed [90] and its technical 

feasibility for tidal current energy conversion has been demonstrated [91].  

Parallel plane dual rotor OCTs have been studied using both experiment and simulation. 

VanZwieten et al. modeled a dual-rotor system with the parallel plane configuration in three 

dimensions using a six DOF model where the system moves freely in space as a single body [22]. 

The rotors are not separate dynamical bodies in this model. Thus, the angular momentum of the 

spinning rotors is not accounted for in the dynamical equations of motion. The hydrodynamic loads 

of the rotors are modeled using an empirical relationship between the rotation rate and the relative 

velocity for a given configuration and a look-up table developed from CFD simulations [22]. A 

similar parallel plane dual rotor device for tidal currents was analyzed empirically at the lab and 

prototype scales [20], and the effects of mooring line type and configuration on the dynamics of a 

similar PP dual-rotor OCT were studied using a lumped-parameter model [23]. 

The dynamics of several lab-scale permutations and of coaxial dual-rotor OCTs were 

analysed empirically, and the methodology developed at the lab scale was employed to analyse the 

dynamics of a prototype CR turbine deployed in a tidal current [14,49]. Others have investigated 

the energy conversion performance of a multirotor coaxial turbine that would notionally be moored 

by a single point but was fixed to a rigid member for the empirical study [50,51]. Likewise, a 

closed dynamical model of a dual rotor coaxial turbine with two degrees of freedom was developed 

to investigate the stability of solutions for systems that are fixed in space, such as tower-mounted 

wind or tidal turbines [52]. 

In addition to the tethered OCT research discussed above, there is a wealth of research into 

underwater OCTs and marine energy in general. An excellent assessment of the current status of 

marine current energy conversion is provided in [53]. A comprehensive, albeit somewhat dated, 
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review of all deployed underwater turbines is available in Appendix A of [54]. Table 3-1 provides 

an overview of relevant extant tethered axial flow CEC research. 

Table 3-1. Extant tethered turbine research. 

System Name Config. Hydrodynamic Modeling Tether Modeling References 

Messina Double 
Rotor 

6-6cc CFD Massless rod [55,90ς95] 

CorMat 3-4c Experiment Experiment [14,35,49] 

GEM 3-3p Experiment Experiment [20,21] 

C-Plane (FAU) 3-3p Empirical curve (thrust 
sources) 

Lumped mass (single-link) [22] 

KGS 3-3p CFD-based Table Lumped mass (multi-link) [96] 

SKGS 3-3p CFD-based Table Lumped mass (multi-link) [19] 

FKT 3-3p Coefficients Lumped mass (Orcaflex) [23] 

COET (FAU) 3 Blade element(ish) (using 
Orcaflex buoy objects) 

Lumped mass (Orcaflex) [43,97] 

COET (FAU) 3 Unsteady BEMT Lumped mass (unknown 
number of links) 

[44ς46,98,99] 

COET (FAU) 3 Experiment Experiment [42,100] 

Kanamoto 3-5c Experiment Experiment [101] 

Okinawa IST 4 Experiment Experiment [48] 

Okinawa IST 3 Experiment Experiment [47] 

Seaplace 5 CFD Experiment [102] 

Key: Configuration: number of blades in each rotor followed by an identifier if multirotor 
Identifiers: c=coaxial, p=parallel axis coplanar, cc=coaxial and coplanar 

Any dual-rotor turbine has the potential for torque and angular momentum cancelation. 

Parallel plane dual-rotor OCTs are attractive because the two rotors produce twice the power of a 

single rotor while canceling torque and angular momentum without the need for additional design 

work. However, parallel plane systems require either two generators or a mechanism to transmit 

the power from both rotors to a single generator, and because they are side-by-side, the torque of 

parallel plane CECs must be transmitted in bending, requiring additional structure to transmit the 

loads which may be cost prohibitive [24]. 

By contrast, coaxial systems transmit torque in torsion which requires only a shaft. Coaxial 

systems have additional benefits such as direct transmission of the torque from both rotors to a 

single generator, and they demonstrate a lack of the undesirable swirl downstream that is present 

with single-rotor systems [39]. In addition, recent work suggests that coaxial dual-rotor turbines 
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may be purposely operated with flow misalignment to take advantage of an apparent insensitivity 

to orientation perturbation at small angles [12,51]. However, because the leeward rotor operates 

within the wake of the windward rotor, coaxial dual-rotor OCTs do not produce twice the power 

of a single system. Additionally, the exact cancelation of angular momentum and torque in a 

coaxial system would require careful design of the rotors and, since the rotors interact through the 

fluid and the loads are therefore interdependent, it may be difficult or impossible to design a 

coaxial dual rotor turbine that produces zero net torque over a broad range of conditions. The effect 

of unbalanced rotor loads and conditions such as flow misalignment and hydrostatic state on the 

operation of a tethered dual rotor coaxial turbine have not been studied.  

In this chapter, a comprehensive computational model is described which may be used to 

facilitate the design of dual-rotor CECs. The model is exercised to investigate the steady-state 

dynamics of a coaxial dual-rotor OCT operating under a variety of conditions, and the results are 

discussed with application to a novel concept for multiturbine hydrokinetic energy farms. The 

findings will inform tethered coaxial turbine design and help narrow objectives for future empirical 

investigations. 

3.2 Approach 

As with any engineered system, some level of uncertainty is involved when developing 

multirotor turbines for ocean current energy extraction. Simple variations in the configuration, 

such as the location of a generator or ballast in the body, can lead to erroneous estimates in 

configuration parameter values (e.g., location of the mass center of the system) that can have a 

deleterious effect on performance. The purpose of this study is to investigate the effects of 

parameter variation on the steady-state behavior of a tethered coaxial turbine. The goal is to 

identify phenomena which may be exploited or avoided. For example, variations in pitch [45] and 
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generator torque [99] have been investigated as inputs to control the trajectory of a tethered single-

rotor turbine. In this study we assess the change in the equilibrium position with variations in 

configuration and environmental parameter values, and, for each equilibrium position, determine 

the sensitivity to flow perturbation, thereby identifying parameters that warrant further study for 

the dual-rotor coaxial turbine. Towards that end, a modular and extensible computational model 

of the turbine dynamics was developed.  

This section begins with a detailed description of the modeling and simulation environment 

followed by a description of the study design (i.e., configuration and environmental parameters for 

equilibrium analysis and flow perturbations for transient analysis). 

3.2.1 Model Overview 

The first step in the modeling and simulation approach undertaken was the development of 

a conceptual model of the system [103]. A conceptual model is a specification of the physical 

system and its environment which provides a conceptual basis for the mathematical modeling and 

forms the foundation of the computational model. For the dual-rotor OCT system there is an 

inherent hierarchical structure, as shown in Figure 3-1. 

 
Figure 3-1. The hierarchical conceptual model of the CEC simulation software. 

Each box in Figure 3-1 represents a constituent model object. In composition, the model 

objects represented by the boxes comprise the composite computational model which forms the 
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core of the CEC modeling and simulation environment. The description of the modeling and 

simulation environment is organized in the following subsections according to the conceptual 

model objects shown in Figure 3-1, beginning with the Vehicle model. 

3.2.2 Vehicle Model 

The CEC vehicle is modeled as an assembly of rigid bodies including a vehicle body and 

one or more rotors.  Each rotor consists of an assembly of blades, blade sections, and airfoils. 

Imbedded in the vehicle body is a generator which provides a reaction torque to the rotors which 

is a function of the electrical load. 

The external loads on the vehicle include the tether tension, buoyancy, gravity, and the 

hydrodynamic loads. The internal loads include the torque of the generator and the reaction 

moments in the plane perpendicular to the plane of rotation. In the following sections, the equations 

of motion are described followed by the computation of external and internal loads. 

3.2.2.1 Equations of Motion 

Other researchers have developed dynamical models for tethered turbines, e.g. [22]; 

however, to our knowledge, none of the exiting modeling and simulation work includes higher 

degree of freedom systems, likely due to the increased complexity associated with additional 

degrees of freedom. For example, the EOM for a 2-body (i.e. single rotor) system may be greatly 

reduced by choosing a point of reference in the vehicle body frame that is coincident with the 

origin of the rotor frame [44]. However, in a multirotor system this reduction strategy is physically 

impossible unless the rotors exist in the same space (e.g. [90]). Even for the simpler single rotor 

7DOF systems, the equations of motion are more complicated when the center of mass is arbitrary 

(i.e., not on the axis and in the plane of rotation). Adding the addition degree of freedom necessary 

to model the second rotor brings the total to 8, further complicating the equations. 
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The governing equations of motion for the multibody system are derived for a general dual-

rotor CEC. The only assumptions used in the derivation are that the three bodies that make up the 

dual-rotor system are rigid and that the rotors are symmetric about their respective axes of rotation. 

A representation of a general dual-rotor CEC is shown in Figure 3-2. 

 
Figure 3-2. The general two-rotor vehicle with reference frames and a representative position vector 

The four kinematical vector equations of motion and four dynamical vector equations of 

motion are derived using a Newton-Euler approach. A brief overview of the derivation is presented 

in the following sections, and additional details are provided in Appendix B.  

3.2.2.1.1 Kinematical Equations 

The kinematical equations of motion are derived directly from the kinematics represented 

in Figure 3-2. 

ὺᴆϳ ὅ Ӷ ὺᴆϳ Ӷ
 (17) 

‫ᴆӶ
Ӷ

ὅӶ ὅ Ӷ (18) 

‫ᴆӶ ὅ ӶὅӶ  (19) 

‫ᴆ ὅ ӶὅӶ  (20) 
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The four matrix equations provide three scalar equations each for a total of twelve scalar 

equations. However, the rotor frames are defined such that rotation with respect to the vehicle 

frame is only possible in the Ὧᴆ direction which is shared by the body and rotor frames. Therefore, 

(19) and (20) only provide one non-zero scalar equation each and there are actually eight 

kinematical equations. The ordinary time derivatives of eight of the sixteen state variables appear 

in the kinematical equations (e.g. ὼȟὼȟὼȟ—ȟ‎ȟ‍ȟ‰ , and ‪ ); thus, equations (17)-(20) provide 

a system of eight first-order ordinary differential equations which may be solved numerically. 

However, all sixteen of the state variables appear in the kinematical equations and therefore the 

equations must be solved simultaneously with the dynamical equations. The unknown state 

variables and derivatives that appear in the dynamical equations are enumerated and discussed in 

the next section. 

3.2.2.1.2 Dynamical Equations 

The dynamical equations of motion are derived from the Newtonian mechanics. A detailed 

derivation is provided in Appendix B. The dynamical equations of motion are written in (21) as a 

matrix of matrices. 

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ Ὂᴆ

Ӷ
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(21) 
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In (21) ╔  is the 3x3 identity matrix and  is a 3x3 matrix of zeros. This equation may be 

written compactly as (22) where Ⱳ is a 12x1 column vector of loads, ╜ is a 12x12 mass matrix, 

and ╬ is a 12x1 column vector of Coriolis and centripetal terms. 

Ⱳ ╜♫ ╬ (22) 

Again, there are only two assumptions made in the derivation: 1) that all bodies in the 

multibody system are rigid, and 2) that the rotors are axisymmetric such that the center of mass is 

coincident with the axis of rotation. 

The first matrix row (i.e., the first three scalar rows) in (21) and/or (22) describe the 

translational dynamics of the multibody system. These rows provide three scalar equations and 

contain six unknown state derivatives. The next three rows describe the angular dynamics of the 

multibody system and provide three additional scalar equations while introducing two additional 

state derivatives. The final six rows describe the angular dynamics of the individual rotors in 

isolation. These rows provide six more scalar equations and introduce only four additional 

unknown state derivatives: the free component of the angular acceleration of each rotor and the in-

plane reaction torque of each rotor. Only two components of the reaction torque are unknown 

because the third component is the shaft torque which is a function of the other variables. Thus, 

the four matrix dynamical equations provide 12 scalar equations for the 8 unknown state 

derivatives and 4 unknown reaction torque components. 

The dynamical and kinematical vector equations combine to form 20 scalar equations for 

20 unknown variables. The states of the system may be solved by numerical integration of the 16 

state derivatives, and the unknown reaction torques may be solved simultaneously or as a post-

processing step if their values do not need to be known during simulation runtime (e.g., for a 

Coulomb friction model). Table 3-2 shows the 20 unknown scalar variables that appear in the 

equations, including the 16 state variables and 4 unknown reaction loads. 
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Table 3-2. The 20 scalar variables in the dual-rotor CEC model. 

Symbol Meaning 
S

ta
te

 V
a
ri
a
b
le

s 

●, ●, ● The x, y, and z coordinates of the position of the mass center of the system in the ὕ frame. 

ό, ό, ό 
The x, y, and z coordinates of the time rate of change of the position vector to the mass 

center of the system with respect to the ὕ frame as expressed in the ὃӶ frame. 

ύ , ύ , 
ύ  

The x, y and z coordinates of the angular velocity of the ὃӶ frame with respect to the ὕ 

frame as expressed in the ὃӶ frame. 

—, ‎, ‍ First, second, and third angles of rotation from the ὕ frame to the ὃӶ frame. 

ὴ 
The coordinate defining the angular velocity of the ὖ frame with respect to the ὃӶ frame as 
expressed in the ὖ frame. 

ή 
The coordinate defining the angular velocity of the ὗ frame with respect to the ὃӶ frame as 

expressed in the ὗ frame. 

‰  Third angle of rotation from the ὃӶ frame to the ὖ frame. 

‪  Third angle of rotation from the ὃӶ frame to the ὗ frame. 

R
e

a
c
tio

n
 

L
o

a
d

s Ⱳ , Ⱳ  
The x and y (in-plane) components of the external torque applied to the first rotor which 
include the reaction torque components and the aerodynamic moments from the blade 
section (i.e., † = † ȟ † ȟ with only † ȟ  being unknown). 

† , †  The x and y (in-plane) components of the external torque applied to the second rotor. 

3.2.2.2 Hydrodynamic Loads 

The hydrodynamic loads are computed for the vehicle body and each rotor separately, and 

then summed to compute the vehicle-system loads. The hydrodynamic loads that depend on 

velocity are computed directly using the approaches described in the following sections, and the 

apparent mass loads are integrated directly into the mass matrix using the approach described in 

section 3.2.2.3. 

3.2.2.2.1 Rotor Loads 

The loads on the rotors include the hydrodynamics loads, the generator torque, and the 

friction between the rotor shaft and the vehicle body. The hydrodynamic loads fall into two 

categories: the velocity-dependent loads and the acceleration-dependent loads. The computation 

of the velocity-dependent hydrodynamic loads is described in this section. Modeling of the 

acceleration-dependent loads is described in the Added Mass section. The generator model is 
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described in the Generator section, and the model of friction between the body and the rotors is 

described in the Body Loads section. 

The velocity-dependent hydrodynamic forces are modeling using the blade element 

method. In accordance with the assumptions made in the derivation of the dynamical equations of 

motion, each rotor is made of two or more blades arranged such that the mass distribution is 

axisymmetric. Additionally, to simplify the apparent mass computation, the geometry is assumed 

to be symmetrical about two orthogonal planes that are both parallel with the axis of rotation. Note 

that these assumptions do not require that the blades be constructed of a homogeneous material, 

only that each blade in the rotor have identical geometry and mass properties and that any two or 

more blades be uniformly distributed around the axis of rotation. 

A set of reference frames facilitates transformation of velocities and forces between the 

environment and the rotor and its components. The blades are positioned in a rotor frame using a 

supplementary blade frame which is defined such that the motion of the blade frame with respect 

to the rotor frame remains a simple rotation regardless of the motion of the blade. Let ὦ

ὖȟᴆ ȟᴆ ȟὯᴆ  be a frame fixed to blade ὦ which is a component of rotor ὶ. Frame ὦ  is 

defined by the unit vector  which is parallel to the plane of rotation and tangential to the path 

traced by a point rotating about the axis of rotation at a nonzero radius, the unit vector Ὧ  which 

is parallel to the axis of rotation, and the unit vector  to form an orthogonal set, as shown in 

Figure 3-3. 
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Figure 3-3. The relationship between the rotor frame and the blade frame. 

Blades are comprised of blade sections which are prismatic extrusions of airfoils. The 

domain of the blade section is defined by a distance of half of the width of the section extending 

in either direction from the section location, defined as a distance along  from the origin of 

frame ὦ , as shown in Figure 3-4. 

 
Figure 3-4. A blade section is a 3D extension of a 2D airfoil. 

The blade section frame  ὥ ὥȟᴆȟᴆȟὯᴆ , shown in Figure 3-5, is defined by the section 

geometry with the origin located at the quarter-chord of the airfoil at the midplane of the section. 

The unit vector ᴆ is directed from the quarter chord to the geometric trailing edge of the section. 

The unit vector Ὧᴆ is perpendicular to the plane of the prismatic section that is opposite the axis of 

rotation of the rotor, and ᴆ completes the orthogonal set. 
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Figure 3-5. The blade section frame is defined with respect to the blade section geometry. 

The rotor, blade, and blade section frames are shown together in Figure 3-6 for reference. 

The rotor shown in Figure 3-6 is designed to spin in the positive direction about the Ὧᴆ axis when 

the freestream velocity is directed in the Ὧᴆ direction (i.e., coming from the positive Ὧᴆ 

direction). 

 
Figure 3-6. In the rigid-body rotor with no pre-cone, the rotor, blade, and blade section frames are related by simple 
rotations. 

The airfoil is a two-dimensional generalization of the blade section. The operational 

property of an airfoil computational model object is a piecewise polynomial function that defines 

the aerodynamic force coefficients over the full 360-degree range of angle of attack. The 

polynomial functions are constructed from key-points that commonly appear in 360-degree 

coefficient curves. The value of the force coefficients at the key points may be determined 
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empirically or estimated by extrapolation. The key points for the lift coefficient are shown in Table 

3-3 and graphically in Figure 3-7 for a representative lift curve. 

Table 3-3. Key points used to construct cubic Hermite piecewise polynomials to represent the section lift coefficient. 

Angle of Attack Lift Coefficient Angle of Attack Lift Coefficient 

0 c1 a9 CL = 0 reverse 

a2 Attached maximum a10 Attached maximum reverse 

a3 Post-separation minimum a11 Post-separation minimum reverse 

a4 Post-separation maximum a12 Post-separation maximum reverse 

90 c2 a13 CL = 0 stalled reverse 

a5 CL = 0 stalled 270 c4 

a6 Reverse Pre-attachment minimum a14 Pre-attachment Minimum 

a7 Reverse Pre-attachment maximum a15 Pre-attachment maximum 

a8 Reverse Attached minimum a16 Attached minimum 

180 c3 a1 CL = 0 

The piecewise polynomials that define the force coefficient curves are constructed from 

shape preserving cubic Hermite interpolation polynomials using the Matlab pchip algorithm (The 

Mathworks, Inc.). Polynomial interpolation is used because the first derivative is continuous, 

facilitating use of a variable-step solver in the numerical integration of the state derivatives. 

 
Figure 3-7. Graphical description of the key points in a representative 360-degree lift coefficient curve. 

3.2.2.2.2 Fluid-Structure interaction 

Blade element momentum theory (BEMT) is a common method of estimating the 

interactions between the fluid and the structure for a rotor. The elegant solution method to the 

BEMT equations described by Ning [104] is included as an option in the computational model. 
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However, BEMT is derived for a single rotor operating with its axis aligned with the direction of 

flow.  

To apply BEMT to rotors in skew additional computation and/or correction is required. 

BEMT compares the thrust of a radial element of a blade with an annular element of a momentum 

disk. From the perspective of the blade element, the only correction necessary for dealing with 

steady-state skew is to resolve the relative velocity into components in the section frame. However, 

the momentum side of the BEMT must also be modified for skew. Empirical correction equations 

and theoretical modifications exist [105], but they are valid only for steady skew and often only 

for small angles. 

Dynamic skew is much more complicated and requires unsteady force coefficient models 

at the section level. Having two rotors interact further complicates the hydrodynamics. A model 

for dual-rotor coaxial turbines operating in steady-skew has been developed [12], but, to our 

knowledge, an engineering model for dual coaxial rotors operating in arbitrary unsteady dynamic 

conditions does not exist. 

BEMT is based on the principle that when a rotor revolves in a fluid, the fluid experiences 

forces that are equal and opposite to the hydrodynamic loads on the rotor. Thrust on the rotor 

comes from a change in the momentum of the fluid across the plane of rotation. When the fluid 

momentum decreases the thrust is positive; thus, the velocity of the fluid is reduced. Likewise, 

when a hydrodynamic force creates a positive torque about a rotor axis, an equal-and-opposite 

force is imparted on the fluid resulting in an equal and opposite torque about the axis. BEMT 

compares the governing equations of an annular momentum disk element to the equations of a 

blade element to approximate the resultant velocity of the fluid due to the forces. In most 

implementations the velocity change is quantified by axial and tangential induction factors. These 
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induction factors are fractions of change in the nominal fluid velocity that result from the change 

in moment (that is, as a result of the hydrodynamic forces acting on the system). In steady-state, 

the forces on the rotor, and the equal-and-opposite forces on the fluid, are constant; therefore, the 

induction factors are constant in steady-state. 

An axial induction factor and a tangential induction factor are included in the model. A 

BEMT model is also included in the computational model which may be used to compute induction 

factors for any state of the rotors. However, since the magnitude and direction of any error 

associated with the misapplication of BEMT to the coaxial turbines undergoing arbitrary motion 

is unknown, and because the modeling objectives of the current study are to observe the results of 

a known perturbation, the induction factors are treated as parameters rather than as variables. In 

other words, for the study of equilibrium conditions, the BEMT model is deactivated, and the 

induction factor values remain constant during the simulation. These constant induction factors are 

appropriate for investigations around steady-state conditions but are less appropriate for unsteady 

simulations. 

Figure 3-8 shows the power and torque coefficients of a representative rotor using the blade 

element method alone (dot-dashed red line), the constant axial induction factor (solid blue line), 

and BEMT solved using the approach described in [104] (dashed blue line). The figure 

demonstrates that the constant induction factor curve does not exactly match the BEMT curve; 

however, it captures the salient features of the torque and power curves for a single rotor and, for 

a dual-rotor coaxial system undergoing arbitrary motion, there is no evidence that the single-rotor 

BEMT model would be more accurate than a constant-induction estimation. Therefore, to save 

computational costs and for the reasons described above, the constant induction estimation is 

employed in the equilibrium analysis. 
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Figure 3-8. The BEM model alone (i.e., no induction) provides a poor representation of the power dynamics. For a 
single turbine, a constant induction factor captures the salient features of the more accurate BEMT model and is 
computationally economical. For dual-rotor coaxial turbines undergoing arbitrary motion, it is not clear that BEMT is 
any more accurate than constant induction factors. 

3.2.2.2.3 Body Loads 

The body loads are modeled using the modified form of Morisonôs equation [106] 

described in [107]. The equation is decomposed into a normal component which contains both an 

acceleration term and a viscous damping term and an axial component which contains only a 

damping term. The entire expression is shown in Eqn. (23), where ὅ  is an added mass coefficient, 

ὅ is a normal force coefficient, and ὅ is an axial force coefficient; however, it should be noted 

that the first term is an approximation of the normal component of the total apparent mass force, 

which is completely accounted for by the added mass model described in section 3.2.2.3. 

Therefore, since this force is accounted for, the first term in (23) is left in the expression for reader 

convenience but this portion of the body load is computed along with the apparent mass of the 

rotors at the level of the vehicle modeling object which is one hierarchical level above the body 

modeling object (see Figure 3-1). 

The modified form of Morisonôs equation is the commonly used axial and tangential 

decomposition of the original equation. This decomposition is repeated here for convenience. Let 
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ὸᴆ be the unit vector tangent to the body axis. Then the tangential component of the relative velocity 

ὺᴆ  is ὺᴆ ὺᴆ ẗὸᴆὸᴆ, and the normal component is ὺᴆ ὺᴆ ὺᴆ. From the identity 

ὥᴆ ὦᴆ ὧᴆ ὥᴆẗὧᴆὦᴆ ὥᴆẗὦᴆὧᴆ it can be seen that ὺᴆ ὸᴆ ὺᴆ ὸᴆ. 

Following the decomposition, the hydrodynamic force on the body per unit length is 

written as Eqn. (23). Note that (23) must be multiplied by the body length to compute the total 

force on the body. 

Ὂᴆ ”
“

τ
Ὀὅ ὥᴆ ẗὲᴆὲᴆ

ρ

ς
”Ὀὅὸᴆ ὺᴆ ὸᴆ

ρ

ς
”Ὀὅ ὺᴆ ẗὸᴆὸᴆ (23) 

The normal and axial force coefficients are model parameters. The normal force coefficient 

value may be estimated using methods and data found in literature. For the simulation study 

descried presently, the value of the normal force coefficient ὅ is estimated at 1.2 and the axial 

force coefficient ὅ is estimated to be 0.1 based on data described in [108], [109] and [110]. 

In addition to the normal and axial loads, a torsional drag is computed according to [111]. 

For laminar flow, the torsional drag coefficient is given by ὅ ψὙϳ , where Ὑ  is the 

rotational Reynolds number which is computed using (24). 

Ὑ
”ɱὶ

‘
 (24) 

For turbulent flow, the transcendental equation (25) is solved. The transition from laminar to 

turbulent occurs at a Ὑ  of 60 [111]. 

ὅ
ρ

πȢψυχςρȢςυÌÎὙ ὅ
 (25) 

The hydrodynamic torque about the body due to viscous drag is then given by (26). 

Ὕ ὧ
ρ

ς
”“ɱὶὒὅ  (26) 

The iterative process required to solve (25) may impose a relatively high computational 

cost depending on the simulation case. For many cases, the transition from laminar to turbulent 
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flow comes very early in the simulation. For example, this transition occurs at rotation rates less 

than about 0.2 RPM for body diameters at the meter scale. When the rotor torques are imbalanced, 

the body can reach such a low rotation rate very quickly. Therefore, to save computational effort, 

a parameter is included to allow use of a lower-fidelity viscous torsion model where (26) is still 

used to compute the viscous torsion but with a constant value of 0.02 for ὅ , eliminating the need 

to solve (25) but creating error at very low-Reynolds numbers that may have a small impact on the 

transient dynamics leading to equilibrium but which does not affect the steady-state behavior of 

the turbine. 

The expression in (26) includes a parameter, ὧ , that is not in the model described by 

[111]. This parameter enables modification of the viscous damping torque and may be used, for 

example, to approximate changes to the coefficient due to surface roughness or the addition of 

baffling. 

3.2.2.3 Added Mass 

Most of the geometry-dependent hydrodynamic loads are captured in the section model by 

the lift and drag coefficients. However, there is an additional hydrodynamic load that is present 

even in idealized potential flow when lift and drag are nonexistent which is important to consider. 

This load, called the apparent mass or added mass force, is a force on the vehicle that is 

proportional to the inertial acceleration, which is due, at least in part, to the inertia of the 

surrounding fluid. The apparent mass load is often neglected in aircraft modeling because the 

density of air is low enough that the inertial force on the body is small relative to the other forces, 

but it must be considered in underwater applications. The added mass of the system is computed 

using slender-body approximation. 
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3.2.2.3.1 Added Mass Definition 

The added mass hydrodynamic force is the force on the body due to the inertial acceleration 

of the body with respect to the fluid [112]. 

Let the hydrodynamic force in the X, Y, and Z directions of the body frame due to the 

apparent mass effect be called ὢ, ὣ, and ὤ, respectively, and the moments about the X, Y, and 

Z axes be called ὑ , ὓ , and ὔ , respectively. Then, let the contribution to the apparent mass 

force/moment in each body direction due to the body-frame inertial accelerations be called the 

hydrodynamic derivatives as in matrix ╜═. In other words, the added mass matrix is defined in 

Eqn. (27) where ὢ , ὢ , etc. and ό, ὺ, ύ, ὴ, ή, and ὶ are the coefficients of the linear 

and angular velocity vectors expressed in the body frame. 

╜═

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὢ ὢ ὢ ὢ ὢ ὢ

ὣ ὣ ὣ ὣ ὣ ὣ

ὤ ὤ ὤ ὤ ὤ ὤ

ὑ ὑ ὑ ὑ ὑ ὑ

ὓ ὓ ὓ ὓ ὓ ὓ

ὔ ὔ ὔ ὔ ὔ ὔỨ
ủ
ủ
ủ
ủ
ủ
Ủ

 (27) 

Assuming the hydrodynamic derivatives are constant, the added mass matrix may be 

combined with the inertia matrix in the state equations. Because we are working in the body frame, 

an additional matrix is necessary to describe the Coriolis-centripetal terms in the force and moment 

expressions. The Coriolis-centripetal added mass matrix may be computed directly from the 

hydrodynamic derivatives in the same way that the rigid body Coriolis-centripetal matrix may be 

computed from the mass and inertia matrix. The approach used to incorporate the apparent mass 

terms in the present model is described in Appendix C. 
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3.2.2.3.2 Computing Added Mass Coefficients 

The underwater coaxial turbine may be represented by a composition of slender bodies, so 

strip theory is adapted for use about an arbitrary point defined with respect to the body geometry. 

Let ὶᴆϳ  be a vector describing the position of point ὥ with respect to arbitrary point ὃ, 

where point ὥ is within a two-dimensional section of a slender body. Since the body is slender, the 

acceleration of any point on the one-dimensional surface of the section is approximately equal to 

the acceleration of point ὥ in the section plane. The acceleration of point ὥ may be written as (28). 

ὥᴆϳ
Ӷὥᴆϳ ‫ᴆӶ ὺᴆϳ ‌ᴆӶ ὶᴆϳ ‫ᴆӶ ‫ᴆӶ ὶᴆϳ  (28) 

The inertial linear acceleration of the section expressed in the section frame is given by 

(29) and the inertial angular acceleration expressed in the section frame is given by (30). 

ὥᴆϳ ὅ Ӷ ὥᴆϳ Ӷ
 (29) 

‌ᴆӶ ὅ Ӷ ‌ᴆӶӶ (30) 

The linear and angular accelerations are combined into a single expression by defining the 

6x6 rotation matrix shown in (31), where  is a 3x3 zero matrix. 

Ὑ Ӷ ὅ Ӷ

ὅ Ӷ (31) 

Thus (29), (30), and (31) combine into (32). 

ὥᴆϳ

‌ᴆ
Ὑ Ӷ

ὥᴆϳ Ӷ

‌ᴆӶӶ
 (32) 

In slender-body strip theory, the apparent mass loads per unit length of a section are related 

to the acceleration in the section plane by the section added mass matrix, shown in (33). 

╪═

ụ
Ụ
Ụ
Ụ
Ụ
ợ
π π π π π π
π ὥ ὥ ὥ π π
π ὥ ὥ ὥ π π
π ὥ ὥ ὥ π π
π π π π π π
π π π π π πỨ

ủ
ủ
ủ
ủ
Ủ

 (33) 
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The added mass coefficients for a slender body may be computed by integrating the 

contributions of each section over the length of the slender body. Typically, the section and slender 

body frames are chosen such that the axis along the length of the body is coincident with the axis 

that is normal to the section plane so that the kinematics of the section as the result of body motion 

are easily intuited. However, to combine multiple slender bodies into one composite body it is 

necessary to relax the conventional colocation of the body long axis and the section normal axis. 

In matrix form, the force per unit length of the slender body due to a unit acceleration may be 

written as (34). 

Ὢᴆ

†ᴆ
╪═

ὥᴆϳ

‌ᴆӶ
╪═ Ὑ

Ӷ
ὥᴆϳ Ӷ

‌ᴆ Ӷ

 (34) 

The total hydrodynamic force on the body due to the apparent mass is then the summation 

over the ὔ constituent sections of the force per unit length times the differential length of each 

section, as shown in (35), where the transpose of (31) is employed to convert the contributions into 

the body frame. 

Ὂᴆ Ӷ

ɬᴆ Ӷ

ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὢ
ὣ
ὤ
ὑ
ὓ
ὔỨ
ủ
ủ
ủ
ủ
Ủ

ӶὙ
Ὢᴆ

ʐᴆ
ɝὰ ὶᴆϳ Ӷ

Ӷὅ Ὢᴆ ɝὰ

 ӶὙ ╪═ Ὑ Ӷ
ὥᴆϳ Ӷ

‌ᴆӶӶ
ɝὰ 

(35) 

Equation (35) provides an expression for each component of the apparent mass 

hydrodynamic loads in the body frame. Finally, from the definition of the added mass matrix, the 

partial derivative of each body force component with respect to each body frame acceleration 

coefficient is calculated to compute each element of the composite body added mass matrix. Figure 

3-9 shows the sections used to compute the added mass matrix for a representative coaxial turbine.  
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Figure 3-9. Sections used to compute added mass for a representative coaxial turbine configuration. 

The added mass force cannot be computed from the system states the way that the velocity-

dependent hydrodynamic forces can because the added mass force depends on accelerations, which 

are the variables being numerically integrated. Computing the added mass force from the 

accelerations of the previous timestep is technically feasible, but such an approach introduces a 

lag which may have undesirable effects including potentially non-physical behavior. Incorporating 

the apparent mass hydrodynamic loads into the model requires integration into the equations of 

motion. 

Integrating the added mass terms into the equations of motion requires more than adding 

constants into the system mass matrix. The apparent mass is defined as the hydrodynamic loads 

on the system due to the inertial acceleration of the bodies; therefore, added mass coefficients must 

be multiplied by both non-inertial body frame accelerations and body frame speeds (i.e., Coriolis 

and centripetal terms) to fully account for the apparent mass forces and torques. The approach to 

incorporating the added mass terms into the equations is described in detail in Appendix C. 
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3.2.2.4 Weight and Hydrostatic Loads 

The hydrostatic loads, also called restoring loads, include the weight and the buoyancy of 

the turbine. The weight is computed as the mass of the vehicle times the acceleration due to gravity. 

The moment about point ὃ due to the weight is equal to the cross product of the vector to the center 

of gravity from point ὃ and the weight vector. In this work we assume that the center of gravity is 

coincident with the center of mass and the weight of the turbine acts at the center of mass in the 

negative Ὧᴆ direction. The weight vector is shown as Equation (36) where ά  is the mass of the 

dual-rotor turbine system and Ὣ is the acceleration due to gravity. 

ὡᴆ άὫὯᴆ (36) 

According to Archimedesô principle, the buoyancy of the turbine is equal to the weight of 

the displaced fluid. The buoyancy force acts at the center of buoyancy which is located at the 

geometric center of the volume [112]. To facilitate simulation design, the buoyant force is 

computed in terms of the density of the turbine relative to the density of the fluid, as shown in 

Equation (37) where „ is the relative density. 

ὄᴆ
ρ

„
άὫὯᴆ

ρ

„
ὡᴆ (37) 

3.2.2.5 Generator 

The purpose of the generator is to convert the mechanical shaft power of the rotors into 

electrical power. In this model, the rotor shafts are assumed to be attached to a generator stator on 

one side and a generator rotor on the other side, and therefore the torque produced by the generator 

acts only on the rotors. This assumption allows for the treatment of the generator torque as an input 

signal to the rotor modules, facilitating future extension if a different generator model is desired. 

For the current effort, the generator is modeled as a separately excited or permanent magnet direct-

current (DC) machine.  The total generator torque includes the electromagnetic torque produced 
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when a current is present (i.e., the generator is under load and producing power) and a speed-

dependent viscous torque that approximates the no-load friction. The equivalent circuit for the DC 

generator is shown in Figure 3-10. 

 
Figure 3-10. The equivalent circuit of a separately excited DC generator. 

In the figure, EA is the electromotive force of the armature, RA is the total armature 

resistance including brush resistance, LA is the armature inductance, and RL is the load resistance. 

In steady state, the shaft torque (Ὕ) is equal to the sum of the electromagnetic torque (Ὕ) 

and any torque due to bearing friction (Ὕ), as shown in Eqn. (38). 

Ὕ Ὕ Ὕ (38) 

The electromagnetic torque developed in the machine is proportional to the product of the 

magnetic flux (‰) and the armature current (Ὅ), as shown in (39), where ὑ is the proportionality 

constant (sometimes referred to as the machine constant) [113]. 

Ὕ ὑ‰Ὅ (39) 

The electromotive force induced in the armature due to the motion of the conductors 

relative to the magnetic field (Ὁ) is equally proportional to the product of the magnetic flux and 

the angular rate of the rotor (‫ ), as shown in Eqn. (40) [113]. 

Ὁ ὑ‰‫  (40) 

Applying Ohmôs law and from Kirchhoffôs circuit laws, in steady state the armature current 

is equal to the load current (Ὅ), shown in Eqn. (41), and the electromotive force of the armature is 

equal to the voltage across the armature resistance (ὍὙ) and the voltage across the load (ὍὙ). 

Ὅ Ὅ (41) 
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Ὁ ὍὙ ὍὙ (42) 

Finally, substituting (38) to (41) into (42) and rearranging results in the expression for 

electromagnetic torque, Eqn. (43). 

Ὕ
ὑ‰‫

Ὑ Ὑ
 (43) 

As expected, as the load resistance tends towards infinity (i.e., an open circuit), the 

electromagnetic torque goes to zero. For a constant generator load, the developed torque is 

proportional to the speed. 

The shaft connection is modeled as a plain bearing with a journal sliding over a bearing 

surface (i.e., a shaft rotating in a hole). Various models of the friction torque of a plain bearing are 

described in literature, including the classical Coulomb friction model, the Dahl model, and models 

based on viscous effects [114]. The accuracy with which the various models reproduce different 

phenomena at small spatiotemporal scales varies, but at larger scales they all produce similar 

behavior ï that is, some torque opposes the shaft motion. The opposing torque is the salient 

phenomenon that must be represented in the composite model to accurately assess equilibrium 

conditions of the coaxial turbine. Therefore, a viscous model for friction torque (Ὕ), shown in 

Eqn. (44), is chosen for simplicity, where ὧ is the viscous friction coefficient. 

Ὕ ὧ‫  (44) 

3.2.3 Environment Model 

The operational environment is modeled as a fluid in constant gravity. The gravity is 

assumed to act downward in the inertial frame. 
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3.2.3.1 Fluid Model 

The fluid has properties such as density and viscosity which may be set to zero to simulate 

operation in a vacuum. A full list of the fluid properties used for this work is available in 

5Appendix D. 

The fluid model includes flow functions to simulate various conditions. For example, the 

start-up conditions of a water or wind tunnel may be simulated using a sigmoidal (generalized 

logistic) ramp function. A transient variance in the magnitude and/or direction of flow is modeled 

using a smooth, dual-sigmoid perturbation function. Additionally, a linear wave model with a 

sinusoid superposed onto a mean velocity may be used to simulate a deep-water wave traveling 

through a current [115]. 

3.2.4 Tether Model 

The tether model represents the physical system that connects the turbine to a nominally 

fixed point in the environment. The tether, sometimes referred to as a cable, is comprised of a 

mechanical subsystem and a power/data transfer subsystem. In this work, only the mechanical 

subsystem is represented, but the model does consider the space that could be taken up by electrical 

wires or other power/data transfer media. 

A common lumped parameter model, often referred to as a ñbeadò model in the tether 

literature, is employed to represent the tether [116ς118]. The tether is discretized into ὲ π nodes 

(beads) and ὲ ρ links plus two endpoints. All of the tether mass is lumped into a point 

representation at the nodes. If there are no nodes, the implicit assumption is that the tether is 

massless. 

The link mass is distributed evenly to the adjacent nodes except for the end links. At the 

ends, half of the mass is distributed to the medial nodes and the other half is neglected. This 



   

77 

 

approach allows for the complete neglect of the tether mass in a zero-node, one-link tether. This 

may be preferable in some cases as the actual inertia about the anchor point of the tether depends 

on the spatial configuration and the one-link model is not able to represent the spatial configuration 

of the tether. 

Note that the tether loads are either internal or external, as described below. 

3.2.4.1 Internal Loads 

The internal loads are uniquely determined by the position and velocity of the nodes and 

the endpoints. The tether is treated as a viscoelastic material with two superposable internal loads: 

one conservative and one dissipative. 

3.2.4.1.1 Conservative Internal Load 

The conservative internal load is the portion of the tether tension that follows Hookeôs law,  

„ Ὁ‭ where „ is the normal stress, ‭ is the normal strain, and Ὁ is Youngôs modulus of elasticity. 

This elastic load may be modeled as an ideal spring where the spring constant (Ὧ) is computed 

from the tether geometry (length ὒ and area ὃ) and the Youngôs modulus of the tether material 

using Eqn. (45). 

Ὁ
Ὧὒ

ὃ
 (45) 

From the definitions of engineering strain (ɝὒȾὒ) and normal stress (ὊȾὃ), Hookeôs law is 

rewritten as the equation for the internal conservative load, (46), where Ὧ is a spring constant and 

ί is the stretch defined as the unstretched length of the link subtracted from the current length. It 

is assumed that the flexible tether is able to carry only tension and not compression and this 

assumption is enforced using ί π. 

Ὂ

ὃ
Ὁ
ί

ὒ

Ὧὒ

ὃ

ί

ὒ
ᴼὊ Ὧί (46) 
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The spring constant for the entire tether is computed assuming a constant radius, and the 

spring constant for each link is computed to satisfy (47), which reduces to Ὧ ὲὯ if all links are 

of equal length. 

ὒ

Ὧ

ὒ

Ὧ
 (47) 

3.2.4.1.2 Dissipative Internal Load 

The dissipative internal load is modeled as a viscous force that is proportional to the relative 

velocity between two adjacent points along the tether. Assuming a linearly viscous material, the 

equation for the internal dissipative load may be written as (48), where ὧ is a viscous damping 

coefficient and ί is the time rate of change of the link stretch. 

Ὂ ὧί (48) 

The viscous damping coefficient required to achieve a desired damping ratio (‒) may be 

estimated for the entire tether-turbine system from the total system mass, spring constant, and the 

damping ratio, using Eqn. (49). 

ὧ ‒ς Ὧά  (49) 

Like the spring constants, values for the damping coefficients of the individual links in 

series are computed using Eqn. (50). 

ὧ ὲὧ (50) 

3.2.4.2 External Loads 

There are three classes of external loads: hydrostatic loads, hydrodynamic loads, and 

weight. The hydrodynamic loads include the apparent mass force and the dissipative velocity-

dependent forces. The hydrostatic load is the buoyancy force, which should be treated separately 

from the weight since it is not necessarily colinear with the weight. Like the mass, the external 

loads on the ith link are distributed evenly to the ith and (i-1)th nodes. 



   

79 

 

The relative velocity of a link is the mean velocity of the end points minus the velocity of 

the fluid. The relative velocity is decomposed into a normal and a tangential velocity. A normal 

load proportional to the normal velocity and an axial load proportional to the axial velocity. 

The hydrodynamic forces per unit length on the cylindrical link element in the discrete 

tether model are completely analogous to the body forces on the cylinder of the vehicle body and 

thus may be expressed as (23) [107], where the first term describes the added mass force and the 

second and third term describe the normal and axial velocity-dependent loads, respectively. For 

convenience, (23) is duplicated below. 

Ὂᴆ ”“ὶὅ ὥᴆ ẗὲᴆὲᴆ ”ὶὅὸᴆ ὺᴆ ὸᴆ ”ὶὅ ὺᴆ ẗὸᴆὸᴆ 

When the tether radius is very small, the added mass on the tether is negligible compared 

to the other hydrodynamic loads in the tethered turbine system and the first term may be neglected. 

The second and third terms are used to compute the normal and axial velocity-dependent 

dissipative forces, and these loads are divided and applied to the adjacent nodes as described above. 

The hydrostatic loads are given by Equations (36) and (37).  

Finally, the total external loads are then given by (51). 

Ὂᴆ Ὂᴆ Ὂᴆ (51) 

The fidelity of the lumped model increases with the number of nodes [119], but the 

increased spatial fidelity may not be worth the extra computational expense [120]. When a 

relatively large turbine is in a relatively fast current attached by a tether that is approximately 

neutrally buoyant, the large thrust keeps the tether in what is essentially a straight line. In this case 

the tension is dominant, and the inertia of the tether is negligible, i.e., neglecting the inertia of the 

tether does not significantly affect the accuracy of the simulation results produced by the model. 
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Thus, for the steady-state analyses, the simulations are conducted with a single-link massless tether 

to reduce the computational burden. 

3.2.5 Study Design 

The objective of this work is to investigate how variations in configuration and 

environmental parameters affect the equilibrium orientation of the dual-rotor coaxial turbine and 

how the turbine responds to flow perturbations at those equilibrium positions. The study is 

designed around a notional turbine that may be appropriate for use the in the Gulf Stream off the 

coast of North Carolina. This design, called the baseline or reference design, is based on a cursory 

analysis of various technoeconomic metrics and should not be construed as a final design 

recommendation for dual rotor coaxial OCTs. This design may be a good starting point for turbines 

operating in the Gulf Stream off the coast of North Carolina, but a more rigorous design process 

is needed prior to advancing to the prototype stage, and a different design may be more appropriate 

for other applications (e.g., tidal, Florida, Kuroshio currents). However, varying parameters values 

around this baseline design provides information about the behavior of dual rotor coaxial turbines 

as a class to establish a foundation for future, application-specific analyses. 

3.2.5.1 Reference Turbine 

The reference (a.k.a. baseline) configuration of the dual rotor coaxial turbine studied in this 

paper is described in tabular form in 5Appendix D and a brief justification of design choices along 

with the configuration and environmental parameters that were varied for the analysis are provided 

in this section. The full parameter permutation tables are available in 5Appendix E. 
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3.2.5.2 Rotor Design Parameters 

The primary design parameters at the rotor level and below include the number of blades, 

the rotor radius, and the blade section shape. The baseline values and the reason for choosing those 

values are given in the following sections, beginning with the airfoil. 

3.2.5.2.1 Airfoil  

The simulation software developed by the first author for this work includes curves for five 

airfoils: SG6040, S814, NACA0009, NACA0015, and a flat plate. We used the NACA0015 airfoil 

for the study. Data for the force coefficient curves were obtained from [121]. 

The lift and drag at each blade section are computed by transforming the relative velocity 

into the local section frame as described in section 3.2.2.2.1. The local relative velocity is then 

used to compute an angle of attack and then, from the airfoil force data, the force coefficients at 

the blade section are computed. If the BEMT model is active, the force coefficients are used in an 

iterative algorithm to adjust the local relative velocity and new force coefficients are computed 

until the convergence criteria are met. If the BEMT model is not active, the flow induction 

parameters are applied to adjust the local relative velocity a priori (see section 3.2.2.2.2). 

Table 3-4 and Table 3-5 show the values used for the key points in the force coefficient 

curves to construct the piecewise polynomials for interpolation, and Figure 3-11 shows the 

interpolation functions along with the force coefficient data obtained from [121]. It is apparent 

from the figure that the interpolation curves are a good representation of the measured force 

coefficients. 
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Table 3-4. Point values used to construct the piecewise polynomial lift curves. 

Angle of 
Attack 

Lift 
Coefficient 

Description Angle of 
Attack 

Lift 
Coefficient 

Description 

0 0 c1 -180 0 CL = 0 reverse 

14.32 1.122 Attached maximum -171 0.908 Attached maximum reverse 

19.3 0.59 Post-separation minimum -160.4 0.616 Post-separation minimum reverse 

42.45 1.05 Post-separation maximum -140.5 0.95 Post-separation maximum reverse 

90 0.09 c2 -93.2 0 CL = 0 stalled reverse 

93.2 0 CL = 0 stalled -90 -0.09 c4 

140.5 -0.95 
Reverse Pre-attachment 
minimum 

-42.45 -1.05 Pre-attachment Minimum 

160.4 -0.616 
Reverse Pre-attachment 
maximum 

-19.3 -0.59 Pre-attachment maximum 

171 -0.908 Reverse Attached minimum -14.32 -1.122 Attached minimum 

180 0 c3 0 0 CL = 0 

Table 3-5. Point values used to construct the piecewise polynomial drag curves. 

Angle of Attack Drag Coefficient Angle of Attack Drag Coefficient 

0 0.0069 180 0.0387 

8.4 0.016 -180 0.0094 

14.3 0.031 -150 0.6 

18.66 0.145 -90 1.84 

70.19 1.659 -70.19 1.659 

90 1.84 -18.66 0.145 

135.24 1.105 -14.3 0.031 

150 0.6 -8.4 0.016 

180 0.0094 0 0.0069 

175 0.044 360.1 0.028 

 

 
Figure 3-11. The lift and drag curves generated using piecewise polynomials and the values reported in [121]. 
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3.2.5.2.2 Rotors 

For the baseline configuration, both rotors are axially aligned and there are three blades on 

each rotor. Each blade has a mass of 5000 kg and, since the rotor modeling object is comprised of 

blade objects, the blade object is implicitly defined to include all of the structure necessary for 

composition into a rotor, not just the structure designed for aerodynamic properties (i.e., a portion 

of hub and any other structure necessary for a rotor is included in each blade). Thus, each three-

bladed rotor has a mass of 15000 kg. 

The rotor radius is the most important factor in determining the economic viability of any 

tethered ocean CEC. The theoretical limit to the power converted by an axial flow turbine is 

proportional to the square of the rotor radius. Bigger rotors produce more power, but bigger rotors 

also have more mass and are more difficult to transport and assemble, particularly under water. 

Additionally, larger rotors have higher loads which will require more robust tethers and anchors. 

A rigorous trades analysis and design approach that is outside of the scope of this effort will need 

to be performed to determine the optimal rotor radius for a particular application. 

Installation cost is a major barrier to the broader implementation of marine CEC 

technology. Simply put, it is more expensive to deploy systems in the ocean than on land. Very 

large, 100m scale systems will require large ships and/or offshore assembly. In contrast, smaller, 

1m scale systems can be ferried out on small vessels and dropped into the water (assuming an 

existing structure for mooring). However, as stated above, bigger rotors produce more power and, 

considering factors such as grid connection and power management, larger turbines typically result 

in more efficient overall systems. Because marine current energy is associated with higher capital 

costs compared to other renewable sources [53], it is likely that ocean CECs will max out at the 

10m scale even though wind rotors are approaching the 100m scale. 
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Additionally, the larger the rotor diameter the larger the potential velocity gradient that 

may be experienced by the rotor. Velocity gradients present a challenge in wind turbine design 

[74], and due to the higher fluid density, a velocity gradient could present even more of a design 

challenge in water. However, a rotor with a radius of 18 meters (36 meter diameter) could 

experience nominally uniform flow in the Gulf Stream [122]. At this size, the reference power, 

defined as the hydrokinetic power available in an area equal to the area swept by the rotor (i.e. 

ὖ ρȾς”ὃὠ ) is about 2MW in the average Gulf Stream speed of 1.8 m/s [123]. However, the 

speed of the Gulf Stream varies and the location of maximum flow meanders. Therefore, for a 

more conservative estimate, it is assumed that the average speed of flow observed by the turbine 

is 1.5 m/s. In that case the reference power is about 1.71 MW and the theoretical limit according 

to Newman for the axially aligned dual-rotor coaxial turbine is about 1.1 MW [26]. A rating of 1.1 

MW makes power production of this notional turbine comparable to the large-scale wind systems 

which make up the majority of commercial wind energy projects [124]. Additionally, as discussed 

briefly in the introduction of this paper and in detail in [12] and [51], a coaxial turbine operating 

in skew is able to produce more power than the same turbine when aligned with the flow. 

3.2.5.3 Additional Design Parameters 

In addition to the rotor design parameters there are also environmental, tether, vehicle, 

body, and generator parameters corresponding to the modeling objects shown in Figure 3-1. These 

additional parameters are listed in 5Appendix D. In this section, we briefly describe the reasons 

for selecting the values for these parameters. 

3.2.5.3.1 Environment 

The environment is the ocean, i.e., water. The water temperature is chosen to approximate 

the average temperature in the Gulf Stream and the viscosity is set accordingly. In this model, the 
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water pressure is assumed constant at the surface value and gravity is also assumed to be constant. 

The flow speed of 1.5 m/s is chosen as a representative value of the mean Gulf Stream velocity as 

discussed in section 3.2.5.2.2. 

3.2.5.3.2 Tether 

The tether is modeled as an ultra-high-molecular-weight (UHMW) polyethylene rope 

which is braided around electrical conductors for power takeoff. For these simulations, the space 

filled by the electrical conductors is considered but their mechanical properties are neglected. 

A brand of UHMWPE rope sold by Cortland (a division of Enerpac Tool Group) called 

Spectra is used as a reference tether. A Spectra rope with a diameter of 0.1 meter (4 inches) has a 

maximum tensile strength of about 4.5 MN if it is an unmodified line or about 4.0 MN if it has 

been spliced [125]. The maximum tether tension that was observed in preliminary simulations was 

less than 2.0 MN. Therefore, for the analysis, the tether diameter is set to 0.2m with the assumption 

that the electrical conductors will take up inner portion of the tether and the outer portion will have 

a cross sectional area equivalent to the cross-sectional area of the 0.1m diameter homogeneous 

rope (i.e., the internal 0.173-meter diameter is conductor and the remainder of the 0.2-meter 

diameter of the rope is Spectra). 

The baseline tether length is assumed to be 200 meters. 

3.2.5.3.3 Vehicle Body 

The vehicle body modeling object, or simply body, represents the central portion of the 

turbine between the rotors that houses the generator and other power transfer and ballast structure. 

It is modeled as a slender body of revolution with an outer radius of 0.6 meter and a length of 1.8 

meters. The mass of the body is estimated at 7 kg by assuming a monocoque structure with a wall 

thickness of 2 cm, and the mass moment of inertia is computed accordingly. The shape, which is 
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necessary for computing the added-mass coefficients, is assumed to be approximately ellipsoidal. 

The body is also assumed to be sufficiently smooth such that the torsional friction modifier (ὧ  

described in the Body Loads section) is 1.0. 

3.2.5.3.4 Generator 

As previously stated, a rigorous design effort will need to be performed to design an 

appropriate turbine for a given application, including the generator design. For this work, 

parameter values for the generator model described in section 3.2.2.5 were chosen ad hoc such that 

the output electrical power is slightly less than the input mechanical power and the slope of the 

torque-speed curve is such that the generator torque is appropriate given the hydrodynamic torque 

over the range of observed rotor speeds. These parameter values, and indeed this generator model, 

may or may not be suitable for simulation of a more mature turbine design; however, this model 

and these values provide a plausible electromagnetic torque that is appropriate for use as a reaction 

torque in the turbine model for the purposes of this equilibrium study. 

The product of the machine constant and total flux, ὑ‰ , is assumed to be 200 Wb. The 

armature and load resistances are both assumed to be 0.1 ɱ. The generator mass is approximated 

as 1000 kg by assuming a power to weight ratio of 1 kW/kg for the permanent magnet DC machine 

which is conservative given the current state of permanent magnet electric machine technology. 

3.2.6 Simulation 

For each simulation, the initial conditions of the turbine were such that the axis of rotation 

was aligned with the flow and the angular velocity of each rotor was approximately what it would 

be in steady state if the turbine were to stay aligned with the flow. From these initial conditions 

the governing equations were simulated for one hour using a variable timestep solver (Matlab 

ODE45, The Mathworks, Inc.). After one hour of simulation time, steady state was tested by 
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computing the net change in orientation over the final ten seconds of simulation time. If the change 

was greater than 1/100th of a degree over ten seconds, the initial conditions for the simulation were 

reset to the mean of the values of the states over the simulation (to speed convergence), and the 

procedure was repeated. This process was repeated until the convergence criteria were met. Figure 

3-12 shows the time evolution of a representative simulation over the first hour of simulation time 

and then over the second hour following the reinitialization procedure. 

 
Figure 3-12. The time evolution of a representative simulation case for the first hour of simulation time (left) and the 
second hour of simulation time following the reinitialization procedure. 

3.3 Results and Discussion  

The purpose of the simulation study was to observe how variations in certain parameters 

affect the dynamic equilibrium of the turbine. To understand the relative influence of the 

hydrostatic and the hydrodynamic loads, it is desirable to model the hydrostatic equilibrium of the 

turbine in still water. Hence, this section begins with a mathematical formulation of the hydrostatic 

equilibrium of the tethered turbine from theory with comparison to simulation results followed by 

an analysis of the dynamic equilibrium. 

3.3.1 Static Equilibrium  

When a turbine is tethered in still water the equilibrium orientation depends only on the 

hydrostatic loads and may be determined analytically. Recall that angle — is defined as the angle 
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of rotation about the intrinsic ᴆӶ axis (see Figure 3-2). To facilitate the discussion the pitch angle 

(‰ — ωπ) is defined, as shown in Figure 3-13. Note that the pitch angle is equal to the skew 

angle when there is no yaw (‎) and flow is steady and horizontal (see Appendix B for a detailed 

description of the kinematics); however, pitch is defined with respect to the horizon whereas skew 

is defined with respect to the direction of freestream flow, therefore, although they may be used 

interchangeably in the analysis in this section when there is no yaw, in general pitch and skew are 

not necessarily equal. 

 
Figure 3-13. The pitch of the coaxial turbine is defined as the rotation about the intrinsic ᴆӶ axis minus 90 degrees. 
When the turbine frame is aligned with the inertial frame the pitch is -90 degrees. 

The pitch of the free, unrestrained turbine is easily determined from the location of the 

center of mass. In general, the center of mass is defined in the body reference frame by three 

parameters (see Appendix B); however, since the coaxial turbine is axisymmetric, the body frame 

may be defined such that the center of mass is in the ᴆӶ-ὯᴆӶ plane without loss of generality in the 

hydrodynamic load formulations. Thus, the location of the center of mass is defined for the coaxial 

turbine by two parameters, ί and ί, and the pitch of the free turbine may be computed using Eqn. 

(52), shown pictorially in Figure 3-14. 
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Figure 3-14. The static equilibrium orientation of a free coaxial turbine. 

‰ — ωπ ÁÒÃÔÁÎ
ί

ί
ωπ (52) 

Of course, if the density of the turbine is less than the water (i.e., it is positively buoyant) 

it will float to the surface, and if it is denser than the water, it will sink. Therefore, unless it is 

perfectly neutrally buoyant, an untethered turbine in still water will be in its equilibrium orientation 

either on the surface or the bottom of the body of water, and upon reaching the surface or the floor, 

either a portion of the turbine will emerge from the water thereby altering the buoyancy or there 

will be a reaction force due to contact on the bottom, both of which will alter the equilibrium 

orientation. 

An additional load must be considered in the static equilibrium model when a turbine is 

constrained by a tether, as shown in Figure 3-15. 

 
Figure 3-15. The tether tension must be considered when modeling the static equilibrium of a tether-constrained 
turbine. The green dot in the figure indicates the tether attachment point. 
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In equilibrium, the sum of the forces and the sum of the moments is equal to zero. From 

the sum of the forces, the tether must align with the Ὧᴆ axis, as demonstrated by Eqn. (53). 

ὄᴆ ὡᴆ Ὕᴆ π Ὕ π ὥὲὨ Ὕ ὡ ὄ  (53) 

Equation (54), derived from the sum of the moments and the geometry shown in Figure 

3-15, demonstrates that the static equilibrium orientation is a function of the location of the center 

of mass, the distance to the tether attachment point, and the relative density of the turbine. 

ὶᴆ ὄᴆ ὶᴆ ὡᴆ π ὡ ίÃÏÓ— ίÓÉÎ— ὥÓÉÎ— ὡ
ὥ

„
ÓÉÎ— (54) 

In the current study the origin of the body reference frame is at the geometric center of the 

turbine, thus the distance to the tether attachment point is half the body length (i.e., ὒ ςϳ ). 

Substituting half the body length into (54) and solving for angle — results in an expression for the 

pitch (Eqn. (55)). 

‰  — ωπ ÁÒÃÔÁÎ
ςί„

ὒ ρ „ ςί„ 
ωπ (55) 

When the relative density is unity (i.e., the turbine is neutrally buoyant), (52) is recovered 

from (55), as expected. Equation (55) shows that the static equilibrium orientation may be 

determined from the geometry and the relative density of the turbine. Additionally, (55) may be 

nondimensionalized by considering the location of the center of mass as a fraction of the body 

length, that is, ί and ί may be written as ί ὥὒ and ί ὥὒ respectively. Then the 

equilibrium angle is a function of the nondimensional location of the mass center and the relative 

density, which is of course nondimensional, and (55) may be rewritten as (56). 

‰ ÁÒÃÔÁÎ
ςὥ„

ρ „ ςὥ„ 
ωπ (56) 

Equation (56) and the plots generated from the equation and shown in Figure 3-16 

demonstrate that the rate at which the hydrostatic equilibrium orientation changes from a nose-up 

to a nose-down sense with change in the axial coordinate of the center of mass increases as the 
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radial coordinate of the center of mass approaches the axis. In other words, when the radial distance 

of the center of mass is small, the equilibrium orientation may change rapidly with a change in the 

axial position of the center of mass. Conversely, when the center of mass is radially distant from 

the body axis, the equilibrium orientation is less sensitive to a change in the axial location. 

Additionally, Figure 3-16 shows that when the tether tension is considered in the equilibrium the 

center of mass is not necessarily directly under the center of buoyancy, as demonstrated by the 

orientation diagrams at the bottom of the figure. 

 
Figure 3-16. The hydrostatic equilibrium orientation versus nondimensional axial position of mass center at three 
nondimensional radial locations of center of mass. The rate of change in equilibrium orientation with axial position 
of mess center is sensitive to the radial position. (Colorless legend: Relative density curves are in descending value 
top to bottom with 1.00 being the top curve). 

Finally, two different coaxial turbines in a stationary fluid were simulated using the 

computational model and the resultant static equilibrium orientations were compared to the 

equilibrium orientations computed using Eqn. (56). Figure 3-17 shows the results of the 

simulations (dots) plotted with Eqn. (56) (lines) for six different relative density values. As the 

figure demonstrates, the static equilibrium orientation is well represented by the computational 

model. 
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Figure 3-17. The static equilibrium orientation vs. axial location of the center of mass for six different relative density 
values with the radial location of the ballast being five times the body radius (left) and 60 percent of the body radius 
(right). The bars show the full range of motion of the turbine following an initial 3 degree offset from equilibrium. 
(Colorless legend: Relative density curves are in descending value top to bottom with 1.00 being the top curve). 

The equations of motion discussed in section 3.2.2.1 demonstrate that any change in 

position or orientation requires an acceleration which is proportional to the sum of the external 

forces and moments. If the initial conditions of the computational model are such that the external 

forces and moments are in balance and the net sum of these loads is zero, then there is no 

acceleration, and the turbine will remain in its initial state. In that case, it could be possible that 

the right-hand side of the equations of motion is zero and the equilibrium is numerically stable but 

not physically stable. To ensure that the simulations were evolving over time towards stable 

equilibria rather than staying in a numerically zero net load state, the initial orientation of the 

turbine was set to three degrees from the equilibrium orientation. The bars in Figure 3-17 show 

the full range of pitching motion during one hour of simulation time and the markers show the 

mean pitch angles. The right side of Figure 3-18 shows the time evolution of the pitch angle during 

simulation for the case with relative density of 0.95 and the axial location of the center of mass 

9.57% of the body length. 
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Figure 3-18. Left: The stable equilibrium (solid circle) and unstable equilibrium (dashed circle) indicated on the pitch-
moment curve generated from Eq. (54). Right: The evolution of the turbine pitch over one hour of simulation time 
with initial pitch 3 degrees less than the stable equilibrium pitch. The solid line indicates the table equilibrium pitch 
angle. 

3.3.2 Dynamic Equilibrium  

When a tethered turbine is anchored in moving water (or if the turbine is moving through 

still water) the equilibrium orientation depends on both the hydrostatic loads and the hydrodynamic 

loads. Although it may be possible to develop a closed-form expression for the equilibrium 

orientation of a specific turbine configuration using empirical data and curves fit to those data, a 

more general approach is to use modeling and simulation to investigate the hydrodynamic 

equilibrium.  

A modeling and simulation analysis of the tethered turbine equilibrium was conducted 

using the developed computational model and the analysis campaign is described in this section. 

In order to assess the sensitivity of the equilibrium orientation to changes in both hydrostatic and 

hydrodynamic parameters, a one-at-a-time sensitivity analysis was conducted by varying the axial 

flow factor of the rotors (Ὢ ï the hydrodynamic parameter of interest) and the nondimensional 

radial position of the center of mass of the turbine (ὥ ï the hydrostatic parameter of interest) over 

a relative density range from 0.95 to 1.0 and a nondimensional axial position of the center of mass 



   

94 

 

from 0.0% to 9.57% of the turbine body length. The position of the center of mass was modulated 

in the model by locating the ballast at defined points in the body (specifically between 0% and 

50% of the length of the body in the aft direction from the center of geometry for the axial position 

and between 40% and 240% of the body radius in the radial direction). To simplify the analysis, 

the flow factors of both rotors were assumed to be equal.  

First, the relative influence of the primarily hydrostatic influencing parameters on the 

overall combined hydrostatic and hydrodynamic equilibrium was estimated by varying only the 

hydrostatic parameters and holding the hydrodynamic parameters constant. Next, a similar 

approach was employed to estimate the relative influence on the combined equilibrium of the 

primarily hydrodynamic influencing parameters. Then, the orientation sensitivity to the hydrostatic 

and hydrodynamic parameters was determined numerically. Finally, the equilibrium orientation 

and position of a representative turbine were studied under various conditions. The implications 

to possible turbine farm applications are discussed at the end of this section. 

3.3.2.1 Effect of Hydrostatic Influencing Parameters 

To investigate the relative influence of the hydrostatic parameters on the equilibrium 

orientation of the turbine in a moving fluid the hydrostatic parameters were varied while the 

hydrodynamic parameters were held constant. Of course, hydrodynamic loads are affected by the 

movement and orientation of the turbine, so the hydrodynamic loads are not necessarily constant, 

but the parameters that influence the hydrostatic loads are not varied during these simulation 

sweeps. 

For the hydrostatic sweeps, both rotor axial flow factors are set to 2/3 (i.e., induction factors 

are 1/3 ï the Betz-optimal) and the radial location of the center of mass is varied from 40% of the 

turbine body radius to 240% of the radius. Figure 3-19 shows the equilibrium pitch angle plotted 
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against the nondimensional axial position of the center of mass for six different values of relative 

density and three different nondimensional radial positions of the center of mass. 

 
Figure 3-19. The hydrostatic (top) and hydrodynamic (bottom) equilibrium pitch angle over the range of simulated 
relative density and nondimensional axial position of center of mass for three different values of radial position of 
center of mass. 

As Figure 3-19 demonstrates, the equilibrium pitch angle is dominated by the 

hydrodynamic loads. However, the hydrostatic effect is evident. To better see the impact of the 

hydrostatic loads on the hydrodynamic equilibrium the pitch angle is plotted against the 

nondimensional radial location of the center of mass in Figure 3-20. 
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Figure 3-20. The equilibrium pitch angle as a function of the nondimensional radial location of the center of mass for 
four different nondimensional axial locations of the center of mass. 

Figure 3-20 shows that as the axial position of the center of mass is moved toward the aft 

of the turbine (i.e., away from the center of geometry toward the leeward rotor such that a nose-up 

hydrostatic moment is imparted), the slope of the pitch vs. radial location of CM curve decreases. 

Additionally, the pitch becomes increasingly sensitive to variation in the radial location of the 

center of mass. This effect is further demonstrated by Figure 3-21 where the partial derivative of 

the pitch angle with respect to the nondimensional radial location of the center of mass of the 

turbine, computed numerically, is plotted against the relative density of the turbine for six different 

nondimensional axial locations of the center of mass. The figure clearly shows that, for any value 

of relative density, the sensitivity of the pitch to variation in the radial position of the center of 
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mass increases (as an increase in magnitude in the nose-down direction) as the axial position of 

the center of mass moves away from the center of geometry towards the rear of the turbine. This 

result is completely intuitive and should come as no surprise. As the distance from the center of 

buoyancy to the center of mass increases, the moment arm increases and therefore moving the 

center of mass in a perpendicular direction (i.e., the radial direction) will have a larger effect on 

the equilibrium orientation than when the moment arm is smaller. Furthermore, a decrease in 

relative density increases the buoyancy and therefore increases the hydrostatic moment such that 

if the turbine tends to nose-down it will nose-down less and if it tends to nose-up it will nose-up 

more. 

 
Figure 3-21. The numerical partial derivative of the pitch angle with respect to the nondimensional radial position of 
the center of mass of the turbine. 

3.3.2.2 Effect of Hydrodynamic Influencing Parameters 

To compare the relative influence of the hydrodynamic parameters on the equilibrium 

orientation to the influence of the hydrostatic parameters, similar simulations were conducted 

where the center of mass was held constant, and the hydrodynamic loads were varied. This was 

accomplished by varying the rotor induction factors. As discussed briefly in section 3.2.2.2.1, the 

induction factor is a measure of the modification of incoming flow by the rotor disk, and the 

induction of a physical rotor is a function of both the rotor geometry and its trajectory with respect 
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to the fluid. In the computational model used in this work, the flow factor (i.e., one minus the 

induction factor) is treated as an independent, a priori flow speed modification at the rotor disk 

plane; therefore, modification of the axial flow factor is a straight-forward way to modulate the 

hydrodynamic rotor loads globally, although the physical mode of realization of a desired flow 

factor is left to interpretation. 

Both flow factors were kept equal such that the hydrodynamic loads were balanced, and 

the two factors were varied simultaneously as if they were one parameter in a one-at-a-time 

sensitivity analysis. This was repeated for the range of relative density and nondimensional axial 

location of the center of mass described in the previous section. Figure 3-22 shows the equilibrium 

pitch angle plotted against the nondimensional axial location of the center of mass for six different 

relative density values and four different axial flow factor values. 



   

99 

 

 
Figure 3-22. The equilibrium pitch angle as a function of the nondimensional axial location of the center of mass for 
four different rotor axial flow factors (EAA = 0.6, EFF = 2/3, EBB = 0.7, ECC = 0.8). 

Figure 3-22 demonstrates again that the equilibrium orientation of the coaxial turbine in a 

moving fluid is heavily influenced by the hydrodynamic loads. The figure also shows that the 

equilibrium orientation is sensitive to variation in the hydrodynamic loads and that the degree of 

sensitivity varies with both the nondimensional axial position of the center of mass and the relative 

density. This result is better demonstrated by Figure 3-23 where the numerically computed partial 

derivative of pitch with respect to rotor axial flow factor is plotted against the relative density for 

six different values of nondimensional axial location of the center of mass. 
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Figure 3-23. The numerical partial derivative of pitch with respect to rotor axial flow factor plotted against relative 
density for six different axial locations of center of mass. Right: the hydrostatic-only equilibrium pitch angle for 
comparison. 

From Figure 3-23 it is clear that the sensitivity of the pitch angle to variations in rotor axial 

flow factor increases as the axial position of the center of mass moves from the center of geometry 

to the leeward side of the turbine. Additionally, the sensitivity is influenced by changes in the 

relative density. This is an interesting result as it suggests that the sensitivity of the turbine 

equilibrium orientation to hydrodynamic load variation is heavily influenced by the state of the 

hydrostatic loads. In other words, how sensitive the turbine is to variation in hydrodynamic load 

depends on the hydrostatic state. When there is a nose down hydrostatic pitching moment, 

increasing the axial hydrodynamic load tends to increase the equilibrium pitch angle (that is, 

reduce the magnitude of nose-down pitch). Likewise, when there is a nose up pitching moment, 

increasing the axial load tends to decrease the pitch angle. In other words, the tethered dual-rotor 

coaxial turbine tends to align with the flow with a vigor that increases with the axial thrust. 

This result may be attributable to the hydrostatic equilibrium pitch angle. For example, at 

a relative density of 0.95 the equilibrium pitch angle is zero degrees when the axial location of the 

center of mass is about 2.75% of the body length aft of the center of geometry (Figure 3-23, right). 

Accordingly, when the axial location of the ballast is aft by 15% of the body length (i.e., the axial 

location of the center of mass is 2.87% of the body length) the pitch angle is relatively insensitive 



   

101 

 

to the flow factor when the relative density is 0.95. However, increasing the relative density 

increases the sensitivity of pitch to flow factor for this configuration (i.e., moving left on the dashed 

line in the left panel of Figure 3-23 which corresponds to moving up along the dashed line in the 

right panel). By contrast, when the axial location of the center of mass is about 5.74% of the body 

length changing the relative density of the turbine has little effect on the sensitivity of the pitch 

angle to changes in flow factor. Finally, when the ballast is on the leeward end of the turbine (i.e., 

the axial location of the center of mass is 9.57% of the body length aft of center) changing the 

relative density once again has an effect on the pitch sensitivity to axial thrust but not as much as 

when the ballast is centrally located. These effects demonstrate the interaction between the 

hydrostatic and hydrodynamic parameters and that while, in general, the orientation of the turbine 

is more sensitive to changes in hydrodynamic influencing parameters than hydrostatic influencing 

parameters, the degree of the hydrodynamic sensitivity is tempered by the hydrostatic state. 

3.3.2.3 Unequal Hydrodynamic Loads on Rotors 

In the previous section the analysis was simplified by assuming that the hydrodynamic 

loads on the two rotors would be equal and opposite such that they are in balance. However, in a 

physical dual-rotor coaxial turbine it may be difficult to perfectly balance the rotor loads. As 

discussed in section 3.1, different induction factors for each rotor may be desirable to fully exploit 

the hydrokinetic energy which could make balancing the rotor loads a challenge. In this section 

the condition where the hydrodynamic loads are different for each rotor is analyzed. The 

hydrodynamic equilibrium orientation and position of the tethered dual-rotor turbine with different 

rotor loads is examined through a series of case studies. 

When a rotor is at some skew angle in a uniform flow, the blades of the rotor will be 

advancing into the tangential component of the relative velocity on one side of the rotor disk plane 
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and retreating from the tangential component on the other side of the disk with the result being an 

azimuthal variation in the local angle of attack of a blade section as the rotor turns (Figure 3-24). 

This azimuthal variation in the angle of attack leads to a load imbalance and resultant moment 

perpendicular to the axis of skew. In other words, when a single rotor is situated at some pitch 

angle in a uniform horizontal flow there will be a hydrodynamic yawing moment.  

 
Figure 3-24. The effect of advancing and retreating as the blade of an inclined rotor turns through the rotor plane 
results in a change in the magnitude and direction of the relative velocity of the blade section which changes the local 
total section load. 

For a dual-rotor turbine where the rotors are contrarotating and the hydrodynamic loads are 

balanced between the rotors, as in the simulations described in the previous section, the yawing 

moments are equal and opposite, thus the turbine may experience pitch without yaw and the skew 

angle is equal to the pitch angle in uniform horizontal flow. However, when the rotor loads are not 

perfectly balanced, there will be a net yawing moment. The equilibrium skew angle („) is the 

combination of pitch (— ωπ), yaw (‎), and the direction of flow. As described previously, the 

direction of flow is defined as ᴆ and the axis of rotation is in the ὯᴆӶ direction, thus the skew angle 

may be computed by „ ὯᴆӶϽᴆ resulting in (57), and the pitch angle is the angle between the 

body axis and the horizontal plane.  

 „ ÁÃÏÓÃÏÓ‎ÃÏÓ— (57)  
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The direction of the yawing moment is not easily envisioned from intuition for a pitched 

dual rotor turbine. If the rotors are contrarotating, blade sections on opposite sides of the rotor disk 

will be advancing for the windward and leeward rotors. In other words, if the blade sections are 

advancing on the port side of the turbine for the windward rotor, then they will be advancing on 

the starboard side of the turbine for the leeward rotor. The direction of the contribution to the total 

yawing moment of each rotor depends on the total effect of advancing (retreating), including the 

change in magnitude and direction of each local section load due to the decrease (increase) in the 

angle of attack combined with the increase (decrease) in the magnitude of the relative velocity and 

the sum resultant rotor loads due to the local change in each section load. Furthermore, the net 

magnitude and direction of the turbine yawing moment depends on the magnitude and direction of 

each rotorôs contribution, i.e., whether the turbine tends to yaw to port or starboard with pitch 

depends on the combination of multiple factors. However, even though pitch and yaw individually 

depend on hydrostatic parameters, since the hydrodynamic loads are a function only of surface 

geometry and flow speed, at any constant flow speed and rotor speeds the pitch-yaw relationship 

is independent of the hydrostatic state, as demonstrated by Figure 3-25. 
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Figure 3-25. The relationship between yaw and center of mass location (top) compared to the relationship between 
yaw and pitch (bottom) for a flow speed of 1.5m/s (left) and 2.0m/s (right). 

The equilibrium orientation of the turbine is described by the pitch and yaw angles, or 

equivalently, by the skew angle as the combination of pitch and yaw. As thrust is the dominant 

hydrodynamic load, a neutrally buoyant tethered turbine operating without skew will have an 

equilibrium position downstream of the tether anchor point at a distance defined by the tether 

length. If the turbine is not neutrally buoyant and/or it is operating at a nonzero equilibrium skew 

angle it will have an equilibrium position which includes some depth (related to the pitch) and 

lateral drift (related to the yaw). Figure 3-26 shows the relationship between depth and pitch (left) 

and drift and yaw (right) for the baseline turbine configuration. The figure demonstrates that the 

turbine depth is sensitive to the pitch angle, and the analysis in the previous section illustrated that 

the pitch angle is sensitive to the location of the center of mass; thus, the depth is sensitive to the 
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location of the center of mass. Likewise, the drift is sensitive to the yaw angle, and since the yaw 

angle is a function of the pitch angle, the drift is also sensitive to the location of the center of mass. 

However, the figure also shows that the drift is not sensitive to the relative density (i.e., buoyancy) 

whereas the depth is sensitive to buoyancy, an intuitive result. 

 
Figure 3-26. The relationship between depth and pitch (left) and drift and yaw (right) over a range of hydrostatic 
parameter values for the baseline turbine configuration. 

It is thus stablished that a tethered coaxial turbine with unbalanced rotor loads may 

experience lateral drift from the horizontal position of the tether anchor point when pitched due to 

yaw and that the combination of pitch and buoyancy may result in the turbine arriving at a depth 

different from the tether anchor point. In the following section, we examine how changes in 

hydrostatic and hydrodynamic parameter values affect the equilibrium position (i.e., drift and 

depth). 

3.3.2.3.1 Turbine Equilibrium Position 

The equilibrium position of the turbine depends on the tether length, the buoyancy, the 

hydrodynamic loads, and the orientation both in the gravity field and in the flow field. In steady, 

uniform, horizontal flow, the orientation in the flow and gravity is fully defined by the skew angle. 

Recall that Khatri et al. found from the theoretical analysis that operation of a turbine in 

steady skew may have benefits; specifically, at a skew angle of around 15 degrees and a 
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nondimensional rotor separation distance of about 0.5, the power converted by a coaxial dual rotor 

turbine may be greater than the power converted when the same turbine is aligned with the flow 

and the power conversion may be insensitive to small perturbations in orientation (see Fig. 8 in 

[12]). Therefore, in the following analysis the relationship between position (e.g., depth and drift) 

and skew is examined under various conditions with a focus on the position when skew is 15 

degrees.  

First, the relationship between depth and skew was examined under different hydrostatic 

states with constant hydrodynamic parameter values, as shown in Figure 3-27. In the figure, the 

four panels show four different radial locations of the ballast (i.e., the center of mass). The markers 

in each panel indicate different axial locations of the ballast, and the lines connect the axial 

locations for equal relative densities. Thus, the figure enables visualization of the depth-skew 

relationship with variation over three parametric dimensions. 
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Figure 3-27. Depth versus skew angle for different values of relative density and axial position of center of mass with 
the radial location of the ballast at 0.4 (top left), 0.8 (top right), 1.6 (bottom left), and 2.4 (bottom right) times the 
vehicle body radius. 

Figure 3-27 shows that, as expected, the depth at a constant equilibrium skew angle is 

slightly different for different values of relative density. However, the effect on depth of relative 

density is small because of the large magnitude of the hydrodynamic thrust. Furthermore, the 

figure shows that changing the axial position of the ballast will change both skew and depth, 

whereas the radial location of the ballast has little effect on either. Hence, the figure demonstrates 

that if the goal is to modulate the steady-state depth without affecting the equilibrium skew angle, 

changing the position of the ballast (i.e., the center of mass) is not a reliable strategy. Control over 

the buoyancy of the vehicle would provide some control over the depth while maintaining a 

constant skew angle, but not much. 
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Similarly, Figure 3-28 shows the relationship between drift and skew. In this case, the 

buoyancy (i.e., relative density) of the turbine provides no authority over the drift. In fact, the 

figure shows that the only way to change the drift is to change the skew, a result which may also 

be intuited from Figure 3-28. 

 
Figure 3-28. Drift versus skew angle for different values of relative density and axial position of center of mass with 
the radial location of the ballast at 0.4 (top left), 0.8 (top right), 1.6 (bottom left), and 2.4 (bottom right) times the 
vehicle body radius. 

In contrast, Figure 3-29 shows the relationship between depth and skew with variation in 

hydrodynamic parameters. Similar to the previous two figures, Figure 3-29 shows the depth-skew 

relationship with variation over three dimensions in the parameter space. However, in this case 

one of the parameter dimensions, shown by the four different panels, is primarily hydrodynamic 

influencing. Three of the four panels show variation in the axial induction factors. The upper-left 












































































































































































































































