Abstract

LIU, WENLEI. DEVELOPMENT OF LINKAGE AND ASSOCIATION METHODS
TO MAP DISEASE GENES. (Advisor: Dr. Bruce S. Weir)

Identification of disease susceptibility genes is one of the primary aims of con-
temporary genetic research. With the recent development in molecular biology tech-
niques, large-scale gene mapping with a dense genome-spanning set of markers be-
comes a reality. The availability of markers throughout the genome has made linkage
and association studies more feasible. In the first chapter, we review many linkage
and association methods and point out the potential problems with current linkage
and association analysis. In the second chapter, we modify two identity-by-state
(IBS) test statistics of Lange (Lange K. 1986a, A test statistic for the affected-sib-
set method. Annals of Human Genetics 50, 283-290; Lange K. 1986b, The affected
sib-pair method using identity by descent relations. American Journal of Human
Genetics 39, 148-150.) to allow for inbreeding in the population. We evaluate the
power and false positive rates of the modified tests under three disease models using

simulated data. When the population inbreeding coefficient is large, both the false



positive rates and power are reduced when the modified test statistics were applied,
although power remained high under a recessive disease model. Allowing for inbreed-
ing is therefore appropriate at least for diseases known to be recessive. In the third
chapter, we compute the proportions of affected sib pairs sharing 0, 1 and 2 marker
alleles identity-by-decent (IBD) in an inbred population and express them in terms
of higher order decent measures. We perform two consistency checks on the identity
state probabilities and the two consistency checks verify our calculations. We did the
same thing for affected sib pairs from first cousin marriage in an inbred population. In
the fourth chapter, we study linkage and linkage disequilibrium (LD) simultaneously
for single QTL using family data in an attempt to increase mapping resolution and re-
duce false positive rates. We estimate QTL allele frequencies, LD and recombination
factions between the marker loci and the QTL locus and the QTL model parameters
using an EM algorithm. After performing single analysis, we extend our model to
study two marker loci simultaneously so that we can increase the accuracy of the
estimations. Our simulation results show that our EM algorithm can give consistent

estimates of all the parameters considered.
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Chapter 1

Review of linkage and association
Methods

1.1 Introduction

In the 20th century geneticists began to unravel some aspects of inherited human
diseases and try to find the disease genes. The primary tools for gene discovery are
linkage and association studies. With the development in recent decades of molecular
biology techniques, large-scale gene mapping with a dense genome-spanning set of
markers became a reality. The availability of markers throughout the genome has
made linkage and association studies more feasible. Markers are loci of DNA se-
quences that are polymorphic between individuals. These loci are normally known
sequences and the variation can be easily detected. One important method for locat-
ing genes that influence a particular disease is to study the possible genetic linkage
between a putative disease susceptibility locus and a marker locus. Linkage refers to
two loci being physically close to each other on a chromosome. Showing that a marker
locus is not transmitted randomly in affected individuals implies that the marker locus

is physically close to the disease gene locus on the chromosome. Identifying markers



that are linked to a disease locus is the initial step to locating disease gene. Molecular
biology methods are needed to further refine the position of the disease locus on the
chromosome.

Affected sib-pair (ASP) methods were first established by Penrose (1953) and have
been among the most popular linkage methods to detect disease susceptibility genes
since then. The basis of ASP methods is that affected individuals should show greater
than expected concordance at markers because affected sib-pairs are likely to have
inherited the same marker allele if the marker locus is linked to the disease locus.
The most widely used measure of marker concordance of two siblings is the number
of alleles they share identical by descent (IBD). In a non-inbreeding population, and
in the absence of linkage, the expected proportions of sib-pairs with 0, 1 and 2 marker
allele IBD are 0.25, 0.5 and 0.25, respectively. Affected sibs will share marker alleles
IBD more often than expected by chance if there is linkage between the marker locus
and the disease locus (Haseman and Elston 1972; Day and Simons 1976; Suarez 1978).
This is because affected siblings will share disease alleles at the disease locus and share
common alleles at nearby marker loci. The simplest approach for detecting deviations
from the expected IBD proportions is to the count the number of sib pairs sharing
0, 1, and 2 alleles IBD and to compare these numbers with the expected numbers
under the null hypothesis of no linkage using a usual chi-square goodness of fit test
(Cudworth and Woodrow, 1975). Many other test statistics have been proposed, such
as the H-E method (Haseman and Elston, 1972) in which the squared sib-pair trait

differences are regressed on the proportion of IBD marker alleles; the two-allele test,



which is based on the proportion of sib pairs with two marker alleles IBD (Day and
Simons, 1976; Suarez et al., 1978; Weitkamp et al., 1981); and the mean test, which
is based on the mean number of marker alleles IBD (Blackwelder and Robert, 1985;
Knapp M, 1994a). Methods have also been established for analyzing markers that are
not highly polymorphic (Risch, 1990; Holmans, 1993) and families with more than
two affected sibs (Green et al., 1983; Payami et al., 1985). Studying discordant sib-
pairs enables us to detect linkage (Khoury et al., 1991) and typing unaffected siblings
may substantially increase power if there is assortative mating (Sribney and Swift,
1992). Recent developments in ASP methods (Davies et al., 1994; Schwab et al.,
1995; Weeks and Lathrop 1995; Field et al., 1996; Goldgar and Easton, 1997; Juo et
al., 1998; Nemesure et al., 1999; Li and Reich, 2000) have led to an explosion in the
number of possible statistics that people use. The power of many ASP methods were
investigated by Davis and Weeks (1997). They found that the ASP mean test (Knapp
et al., 1994a) is generally most powerful and theoretically sound and performs well
on a variety of disease models.

Linkage analysis studies the marker segregation pattern in affected individuals
through a pedigree, while association analysis, or linkage disequilibrium mapping,
measures deviation from the random occurrence of alleles in a haplotype in unrelated
individuals or nuclear families. Linkage disequilibrium (LD) refers to association
between alleles at different loci. We call alleles at two different loci associated alleles

if the haplotype frequency differs from the product of the two allele frequencies.



Association studies are an important complement to linkage analysis. The case-
control test was one of the first established tests of association. The classic case
control study design compares allele frequencies in a sample of unrelated affected
individuals, the cases, and a sample of unrelated unaffected individuals, the controls
(Terwilliger and Ott 1994, chap.24). In the simplest case of diallelic loci, a simple
chi-square test of a 2x2 contingency table can be performed. Many population-based
association methods have been developed recently. Hastbacka et al. (1992) performed
linkage disequilibrium mapping to map the diastrophic dysplasia (DTD) gene in an
isolated Finland population. They also estimated the recombination fraction between
a marker locus and a disease locus and the mutation rate of marker loci by using Luria
and Delbruck’s classic analysis (1943). Kaplan et al. (1995) proposed a likelihood-
based association method to locate disease genes in non equilibrium populations.
They modeled the initial growth phase of the disease with a Poison branching process
and estimated the recombination fraction between marker and disease loci based
on a simulated disease population. Terwilliger (1995) also constructed a likelihood-
ratio test, which has only 1 df, to test for linkage disequilibrium. His approach
can be applied to multiallelic marker systems and extended to multiple marker loci

simultaneously. It maintains higher power than the conventional case control test.

1.2 1IBS tests

Most ASP tests require clearly determined marker identity by descent state. In many

cases, the parents may be unavailable for typing, especially for diseases with late onset.



Even when parents are available, the markers may be incompletely polymorphic and
thus the IBD status of the sib pairs can not be inferred unequivocally. This will cause
trouble in ASP tests which are based on testing IBD sharing. These problems can be
avoided if we relax IBD relations by substituting identity by state (IBS) relations in
sib pairs. IBS refers to two alleles with same allelic form. IBS does not consider the
ancestor of the alleles. Two alleles identical by descent are also identical by state,
but two alleles identical by state may or may not be identical by descent. For highly
polymorphic marker system, IBS relations correspond fairly closely to IBD relations.
IBS relations are easy to determine and do not require parental information or highly
polymorphic marker systems. Lange first proposed the IBS tests to detect linkage
using affected sib pairs (1986a, b). He computed the expected proportions of the three
IBS categories and proposed to test deviations from the expected proportions with a
chi-square goodnees of fit test (1986a). He also constructed a test statistic based on
the Central Limit Theorem which could analyze families with arbitrary numbers of
affected sibs (1986b). Later, Weeks and Lange generalized the IBS tests to pedigrees
and developed an affected-pedigree-member (APM) method (1988). They modified
the original Lange test (1986b) by recomputing the theoretical mean and variance
for each pedigree and then introduced a weighting factor based on marker allele
frequency. Bishop and Williamson (1990) further generalized the method to more
distant degrees of relationship and examined the power of a chi-square goodness-of-
fit IBS test. They also studied the effect of several factors (the polymorphism of the

marker, the distance between loci, the mode of inheritance and the genetic relationship



of the affected individuals) on detecting linkage. The APM method statistic has also
been generalized to multiple linked markers (Weeks and Lange, 1992). Later, Weeks
et al. (1995) developed a X-linked version of the APM method which can be applied
to test for linkage of complex diseases to X-linked markers.

IBS methods are generally less powerful than IBD methods, especially when
parental data are available. The power of IBS tests was studied by Bishop and
Williamson (1990) and they suggested that power depended on the polymorphism of
the marker, the probability of identity by descent at the trait locus, and the recombi-
nation fraction between the trait and marker loci. Thomson and Motro (1994) studied
the statistical power to detect linkage between a diallelic marker and disease for four
IBS tests. They found that two of their tests have undesirable power and the other
two tests have more power, especially when there is linkage disequilibrium. Nemesure
et al. (1999) constructed a normalized identity by state statistic, which they claimed
to give result similar to those obtained by the traditional IBD approach, when most of
the pedigrees had at least one homozygous parent or two parents sharing a common

allele.

1.3 Model-based linkage analysis

A model-free method (also called a nonparametric method) requires no information
about the underlying genetic mechanism of the disease. Most ASP methods are
model-free linkage analyses. Actually, one of the main advantage of ASP methods is

that there is no need to know the mode of inheritance of the disease. A model-based



method requires the specification of the underlying trait distribution and is based
on a likelihood ratio, the logarithm of which is called a lod score. Likelihood ratio
tests compute the logarithm of likelihood ratio of the probability of data under a
particular value of recombination fraction versus the probability of data under the
null hypothesis of no linkage, ie recombination fraction equals 0.5, and reject the null
hypothesis if the resulting lod score exceeds the cutoff value. When the mode of
inheritance of a disease is well established, lod score linkage analysis will most often
be the method of choice in detecting disease susceptibility genes, because likelihood
ratio tests will usually yield more power compared to model-free tests. The other
advantage of lod score methods is that they can give an estimate of the recombi-
nation fraction in most cases. Morton (1955) first proposed a lod score method to
detect linkage and numerous modifications have been made since then. Demenais and
Amos (1989) showed that a lod score analysis was more powerful than the H-E sib
pair linkage analysis (Haseman and Elston, 1972) for a single locus quantitative trait
in a nuclear family. Goldin and Weeks (1993) also compared the likelihood method
to several nonparametric methods and showed the nonparametric linkage methods
had somewhat lower power than does the lod score method. The likelihood ratio
method proposed by Risch (1990) can test linkage using IBD information when the
marker is not 100% polymorphic. He used a maximum-likelihood method (1989) to
estimate the IBD probabilities. A “maximum” lod score (MLS) method is performed
to test linkage using affected relative pairs. The main difference between the MLS

method and Bishop and Williamson’s IBS method is that MLS method take into



account not only how many markers an affected relative pair share but also which
ones they share (e.g. they will count a pair of identical homozygotes and a pair of
identical heterozygotes separately). Risch’s method makes more use of the available
marker sharing information and thus should give more power. The “possible triangle”
method introduced by Holmans (1993) improved the power of Risch’s test, especially
for low polymorphism markers, by restricting maximization to a set of IBD proba-
bilities consistent with possible genetic models. Cordell et al. extended the lod score
method to be applicable to X-chromosomal data (1995a) and allows the simultaneous
detection and modeling of two unlinked disease loci (1995b). Farrall (1997) proposed
another likelihood method that can test linkage to a second putative susceptibility
gene that happens to map close to an established susceptibility gene. Many other
likelihood based linkage methods have been developed recently (Olson, 1997; Knapp
1998). Weeks et al. (1990) and Clerget-Darpoux et al. (1990) studied lod score over
alternative segregation models on realistic pedigrees and both found maximizing lod
score over many models leads to an increase of evidence for linkage. Knapp et al.
(1994b) showed that a lod score analysis for an assumed recessive mode of inheritance,
irrespective of the true mode of the disease, is equivalent to the mean test. Their
work has been extended to cope with samples with locus heterogeneity (Huang and
Vieland, 2001).

Despite the wide use of lod score analysis, there has been much discussion con-
cerning what constitutes a significant lod score. Historically, a base 10 logarithm has

been used. Morton (1955) suggested that a lod score of 3 corresponds to a type I



error of 1073, This suggestion was adopted by many people. However, there is some
difficulty in assessing the statistical significance base on lod score of 3. The actual
significance of a lod scores depends on how many parameters are estimated and how
many tests are performed. Holmans (1993) derived asymptotic distributions for his
likelihood-ratio test statistic, enabling test criteria to be found for any required test
size and enabling p values to be assigned to results. Maclean et al. (1993) also stud-
ied the distribution of lod statistics under an uncertain mode of inheritance in small
samples which were mostly composed of affected individuals and found the resulting

distribution was a x? distribution.

1.4 Comparison between ASP tests and TDT tests

Linkage may cause association. However, association may have nothing to do with
linkage. Many factors, such as population admixture, migration and selection may
lead to association between alleles at two well separated loci. Although the case
control test is a valid test of association in theory, it could be difficult to apply the
test. When there is population stratification, the classic case control study design may
detect association between a disease allele and a genetic marker allele, even in the
absence of linkage. Population stratification may exist when the cases and controls
are not well matched ethnically or the mating is not random. Falk and Rubinstein
(1987) first tried to overcome the problem of population stratification by constructing
a haplotype relative risk (HRR) test. They used the parental haplotypes present in

the affected child as cases and parental haplotypes not present in the affected child as



controls. Now the cases and controls are well matched and the problem of population
stratification is eliminated. The haplotype-based haplotype relative risk (HHRR) test
proposed by Terwilliger and Ott (1992) studies haplotype-based data rather than
genotypic data and gives much higher power than the original HRR test. Another
association-based test is the transmission/disequilibrium test (TDT) (Spielman et
al., 1993). TDT is also based on the HRR statistic, but TDT studies transmissions
from only the heterozygous parents. TDT is not affected by population stratification
either.

The affected sib-pair test and transmission/disequilibrium test (TDT) are two of
the most widely used tests in linkage and association analysis. ASP methods study
the possible genetic linkage between a putative disease susceptibility locus and one
or more marker loci by demonstration of nonrandom segregation of parental alleles
in affected children within families. The TDT test was originally developed as a
test for linkage in the presence of association. Now, the TDT test has been widely
used as a test for association in the presence of linkage. The TDT test statistic is
based on the HRR statistic, which counts parental marker alleles (or haplotypes)
transmitted to an affected child and compares them with those parental alleles not
transmitted. Under the null hypothesis of no linkage the heterozygous parents should
transmit the two marker alleles to affected offspring with equal probability. If there
is linkage and association between marker and disease loci, the associated marker
allele should be transmitted with higher probability compared to the other allele.

The TDT test procedure compares the number of times that heterozygous parents

10



transmit the associated marker to an affected offspring with the number of times that
they transmit the alternate marker allele.

Compared to ASP tests, the TDT has the advantage that it does not require data
either on multiple affected family members or on unaffected sibs. The TDT just needs
family trios - two parents and one affected offspring to conduct linkage analysis. It is
not affected by the presence of population stratification, which may cause population
association and produce false positive in some other linkage analysis. However, the
TDT requires both linkage and association between marker and disease loci to detect
linkage. Sufficient markers must be typed to ensure that one will be near enough
to the disease locus. In contrast, ASP methods do not need linkage disequilibrium
to detect linkage. Association analysis has better resolution than linkage analysis,
because, ideally, only closely linked loci will show association. Thus, the TDT test
is more appropriate for fine scale mapping. In addition, the TDT test can be more
powerful than ASP tests even when the same data are used, especially for complex
diseases (Risch and Merikangas, 1996). McGinnis (1998) compared the power of
TDT and ASP test under different values of recombination fraction, disequilibrium,
penetrance and disease allele frequency. He found that the TDT yields higher power
than the ASP tests and the superior power of the TDT is greatest when susceptibility
loci confer modest disease risk. The power of the TDT is greatly increased if there
is strong disequilibrium between marker and disease locus and if the disease allele
and positively associated marker allele have similar population frequencies. Although

both TDT and ASP methods are used to detect linkage, they can not give estimates
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of the recombination fraction between marker and disease locus. Thus, molecular

biology methods are necessary to further refine the position of the disease locus.

1.5 Development of linkage methods

One of the earliest ASP methods developed by Haseman and Elston (1972) used
logistic regression to compare IBD allele sharing in concordant and discordant sib
pairs. ASP methods were initially restricted to sib pairs only. When there were more
than two affected siblings in a family, randomly selecting one pair was suggested.
However, this will lead to information loss and different results might be obtained
when different pairs of sibs are selected. Many different schemes have been proposed
that allow utilization of multiple siblings simultaneously. For instance, Ewens and
Clarke (1984) proposed a maximum likelihood statistic that can analyze data from
both affected and unaffected siblings in a family of any size and allows estimation of
parameters associated with HLA-linked diseases. Other test statistics which can use
multiple sibling information are also available (Suarez and Hodge, 1979; Green et al.,
1983; Cockerham and Weir, 1983; Hodge, 1984; Sham, 1997). Recently, Abel et al.
(1998) compared four methods that can analyze multiplex sibships and studied their
powers and type I error rates. They found that the weighted and likelihood methods
yielded high power and consistent type I error rates. They also showed theoretically
that the likelihood method is expected to be more powerful than the classical mean
test when the sibship has two affected siblings and a common asymptotic type I error

is used.
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Sometimes, unaffected relatives are available. Typing unaffected relatives can in-
crease power to detect linkage. First, parents are sometimes unavailable and typing
unaffected siblings or relatives will allow inference of the parental genotypes. Second,
typing unaffected relatives allows detection of genotyping errors in the affected sib
pairs. Third, typing unaffected relatives allows estimation of marker allele frequen-
cies. Sribney and Swift (1992) showed that the sample sizes required for sib trios
of affected and unaffected siblings are much smaller than the corresponding sample
sizes for affected sib pairs, when there is assortative mating and multiple disease loci.
Levinson (1993) studied the information gained by typing unaffected relatives under
standard lod score linkage methods and found that unaffected siblings can provide
information even when both parents are typed. Holmans and Clayton (1995) studied
two likelihood based tests and found the power of a test using unaffected siblings to
infer parental genotypes was more powerful than another test which was based on
IBD sharing states of the entire sibship.

Many diseases follow clear Mendelian, single-locus segregation patterns. In con-
trast, many complex diseases, such as diabetes and psoriasis, do not exhibit simple
Mendelian transmission. More than one locus might be involved in disease suscepti-
bility. Although ASP methods initially aim to identify single disease loci, many new
ASP methods have been proposed which can detect two or more disease loci simul-
taneously. Schork et al. (1993) developed a two-trait-locus, two-marker-locus linkage
test and mapped two disease loci simultaneously. They found that two-trait-locus,

two-marker-locus linkage analysis can provide substantially more linkage information
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compared to the traditional one-trait-locus, one-marker-locus methods. Dizier et al.
(1994) extended the marker-association-segregation x? (MASC) method to model ef-
fect of two candidate genes simultaneously by using two markers linked to the two
candidate genes. Knapp et al. (1994c) evaluated the behavior of different single-
marker and two-marker tests under a wide range of two-trait-locus heterogeneity and
epistatic model. They got very similar results to those of Schork et al. (1993). Ad-
ditionally, they found that there are some restrictions in using the two-marker tests,
such as the segregation model must be suitable and the second disease locus should
have larger effect. Risch’s maximum lod score method (1990) has also been extend
to detect and model two unlinked disease loci simultaneously (Cordell et al., 1995b).
Many other two locus disease linkage analysis are also available (Goldstein et al.,
1996; Goldgar and Easton, 1997; Juo et al., 1998; Li and Reich, 2000).

The effect of non-genetic factors on linkage analysis, such as age, environment, and
population stratification have been ignored until recently. Li and Hsu (2000) studied
effects of incorporation of age at onset information on the power of ASP and TDT
tests. They showed the power of both IBD test and TDT test can be greatly affected
by the disease onset age of the offspring. Gauderman et al. (1999) proposed a test
for linkage in the presence of gene-environment interaction and showed that their test
had superior power in detecting linkage compared to the standard mean test. Mandal
et al. (1999), Guo (2000), Gauderman and Siegmund (2001) also studied the effect of
environment on power of several ASP methods. Gene-gene interaction has also been

studied (Niu et al., 1999). Leal and Ott (2000) examined the benefits and costs of
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stratifying sib-pair data under three different situations and found that the power of

ASP methods to detect linkage will be affected by sib-pair stratification.

1.6 Development of association methods

The simplest way to detect allelic association is to perform a case-control study.
However, case-control design is difficult to apply because of the effect of possible
population stratification. The family-based association tests, such as HRR test and
TDT test, are not affected by population stratification, because in these methods
parental alleles not transmitted to the affected child are used as controls. The orig-
inal TDT test aims to deal with cases where the marker locus has only two alleles.
Many modifications have been made to handle multiallelic marker cases. Bickeboller
and Clerget-Darpoux (1995) extended the biallelic TDT to compare transmitted and
nontransmitted alleles of one parent for a multiallelic marker (TDT,). They also
developed a test statistics, TD'T in which they studied both parents’ allele transmis-
sion and compared genotypes formed by the two transmitted alleles and genotypes
formed by the two nontransmitted alleles. Spielman and Ewens (1996) also proposed
a test statistic (T;,net) that generalized the biallelic TDT test to multiallelic markers.
They compared the number of times each marker allele is transmitted to affected
offspring to the number of times it is not and summed over all alleles at the marker
loci. Their test statistic is relatively easy to use. TDT test was initially constructed
to test linkage and association in families with known parental genotypes. When the

disease has a late age of onset, it is very difficult or impossible to obtain parental
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genotype information. The test statistics proposed by Curtis (1997) circumvent the
problem of genotyping parents by using unaffected siblings as controls so that the test
is still robust against bias due to population stratification. The S-TDT test proposed
by Spielman and Ewens (1998) deals with missing parental data in a similar way.
S-TDT compares the observed number of certain alleles in affected children with the
number expected with no linkage, conditioned on the observed distribution of marker
genotypes in the whole sibship. They also combined TDT and S-TDT into an overall
test for data consisting of families with known parental genotypes and families with
missing parental data. However, the TDT test has more power than S-TDT. They
suggested the use of the TDT if the data can be analyzed by either method. The TDT
test has also been extended to more than one marker locus. Wilson (1997) studied the
marker transmission of two multiallelic marker loci from parents to affected offspring.
The author assumed that the disease locus is located between two marker loci and
the parental haplotypes are known. Zhao et al. (2000) proposed a statistical method
to analyze multiple tightly linked markers simultaneously. Their simulation results
showed that their tests have more power than other existing methods. The TDT
test can also be generalized to extended pedigree. Martin et al. (1997) proposed two
test statistics that use data from all of the affected children and are more powerful
than the normal TDT using a single affected child. Later, Martin (2000) developed a
pedigree disequilibrium test (PDT) that can analysis linkage disequilibrium in general
pedigrees.

Recently, more and more attention has been attracted to test association based on
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haplotype sharing rather than single marker sharing. Conserved ancestral chromo-
some segments in unrelated individuals usually extend 1-2cM (March, 1999). Haplo-
type sharing analysis is inherently more powerful than association analysis, because
haplotype sharing analysis uses more information than association analysis. Some
haplotype sharing test statistics have been developed based on sharing of haplotype
identical by descent in affected individuals (Te Meerman et al., 1995; van der Meulen
and Te Meerman, 1997). They showed that the affected individuals are not only likely
to share alleles at a single locus, but also at the surrounding haplotype. Clayton and
Jones (1999) generalized the TDT test to detect association between several adjacent
loci. Similar to the TDT test, their approach compared the transmitted haplotypes
with untransmitted haplotypes and aimed to detect regions of linkage disequilibrium
where the susceptibility gene is located. Recently, Daly et al. (2001) developed a
haplotype block approach, in which they grouped single-nucleotide polymorphisms
(SNPs) into discrete haplotype groups and performed LD mapping based on haplo-
type blocks. They found that their approach can clarify LD analysis and reduce false

positive results.

1.7 Summary and future direction

Affected sib pair methods and TDT tests have been proved to be useful in identifying
disease susceptibility genes (eg., cystic fibrosis, Huntington’s Disease). They are easy
to use and have many advantages over other linkage analyses: collecting data from

sib pairs may be easier than collecting extended pedigree data; the underlying genetic
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mechanism of the disease doesn’t need to be specified. However, theses methods also
have some drawbacks. First, they can’t estimate the recombination fraction and dis-
equilibrium coefficients between the marker locus and disease locus. They can only
identity a region where disease locus may be located. Molecular biology methods
are necessary to further refine the location of disease locus. Second, almost all the
linkage and association methods assume that there is no inbreeding and relatedness
in the populations. This might not be true all the time. There is slight inbreeding
in human populations and inbreeding is significant in some animal and plant pop-
ulations. Third, linkage analysis alone has limited resolution. Most linkage maps
are constructed with a limited number of individuals and generations and thus have
limited resolution. Association analysis alone may result in high false positive rates,
because many factors other than linkage could lead to association.

Génin and Clerget-Darpoux (1996, 1998) proposed several IBD tests which can be
applied to inbreeding populations. However, their IBD tests can not be applied prac-
tically because they assumed that the allele IBD state can be determined. In most
cases, if the IBD state of the sib pairs can be identified unequivocally, their parents
do not share common alleles and can not be related. The whole idea of population
inbreeding in ASP tests will be valid only when the markers are not highly polymor-
phic or the parental information is missing. Allowance for population inbreeding and
relatedness will make more sense when identity by state tests are applied since IBS
tests relax the IBD relations by substituting sib pair IBS relations. Parental informa-

tion is no longer needed and the population could be inbred to any degree. In chapter
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one, we modified two classical IBS tests proposed by Lange (1986a, b) to allow for
population inbreeding. We evaluate the power and false positive rates of the modified
tests under three disease models using simulated data. When the population inbreed-
ing coefficient is large, both the false positive rates and power are reduced when the
modified test statistics are applied, although power remained high under a recessive
disease model. Allowing for inbreeding is therefore appropriate at least for diseases
known to be recessive. In the second chapter, we compute the expected proportions
of ASP sharing 0, 1 and 2 IBD marker alleles in inbred population and verify our
calculations by two consistency checks. In the third chapter, we estimate linkage and
linkage disequilibrium coefficients simultaneously in an attempt to increase mapping
resolution and decrease false positive rates. We extend our single locus model to deal
with two marker loci simultaneously to increase accuracy of estimation. We perform
simulation studies to verify our EM algorithm. Our simulation results suggest that

our EM algorithm can give consistent estimates of all the parameters considered.
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Chapter 2

Affected Sib Pair Tests in Inbred
Populations

2.1 Introduction

The affected-sib-pair (ASP) method was first suggested by Penrose (1953) and has
become a widely used method in studying the inheritance of human diseases. ASP
methods study the possible genetic linkage between a putative disease susceptibility
locus and one or more marker loci by demonstration within families of nonrandom
segregation of parental alleles in affected children (Penrose, 1953; Day and Simons,
1976; Suarez, Rice and Reich, 1978; deVries et al., 1976; Green and Woodrow, 1977;
Fishman et al., 1978). The advantages of sib-pair methods are that they do not need
to assume a specific mode of inheritance for the disease being studied and, further,
linkage disequilibrium between the marker and disease genes is not necessary for de-
tecting linkage. Many modifications have been made to this method for dealing with
different cases, such as when the marker is not highly polymorphic (Risch, 1990; Hol-
mans, 1993) and when there are more than two affected sibs in the family (Hodge,

1984; Green, Low and Woodrow, 1983; Payammi et al., 1985). Most ASP methods

20



study sharing of alleles identical by descent (IBD), but others study sharing of al-
leles identical by state (IBS) (Lange, 1986a,b; Weeks and Lange, 1988). There has
been little attention paid to the effects of low-level inbreeding and relatedness, and
consequent population structure, caused by evolutionary history.

We know that there is slight inbreeding in human population because of lim-
ited population sizes during evolutionary history. Génin and Clerget-Darpoux (1996,
1998) first studied the effect of inbreeding on affected sib pair analysis. They modified
three ASP tests (Blackwelder and Elston, 1985) which test sharing of IBD alleles. In
a non-inbreeding population, and in the absence of linkage, the expected proportions
of sib pairs with 0, 1 and 2 marker alleles IBD are 0.25, 0.5, and 0.25, respectively.
However, with inbreeding, these IBD proportions are no longer true because all the
individuals are related and the two parents could have alleles at a locus that are
identical copies of a single ancestral allele. So there must be on average more than a
quarter of the sib pairs who share two marker alleles IBD and less than a quarter of
the sib pairs who do not share any alleles identical by descent. The null hypothesis
proportions of the ASP test need to be modified for inbreeding populations and a
high false positive rate may be obtained if traditional ASP tests are used. Génin and
Clerget-Darpoux used the notion of IBW state (IBD alleles between and within indi-
viduals) and recalculated the expected proportions of sib pairs with 0, 1 and 2 marker
alleles IBD when sibs were sampled in a consanguineous population. (There are some
errors in their calculation.) In their modified tests, they assumed the marker IBD

state of the sib pairs can be identified unambiguously, which made their assumption
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of population inbreeding not appropriate. Because in most cases, if the IBD states
of the sib pairs can be identified unambiguously, their parents do not share common
alleles and thus could not be related; in that case the null values for 0, 1, or 2 marker
alleles will still be 0.25, 0.5, and 0.25. The whole idea of population inbreeding in
ASP tests will be valid only when the markers are not highly polymorphic or the
parental information is missing. Allowance for population inbreeding and relatedness
will be more appropriate when identity by state tests are applied since IBS tests relax
the IBD relations by substituting sib pair IBS relations. Parental information is no
longer needed and the population could be inbred to any degree.

IBS tests are especially useful when parents are not available for typing. In many
cases, parental information is very difficult to get, especially for diseases with late
onset. Even when parents are available for typing, their mating type may not allow
unambiguous inference of the IBD relationships at the marker locus in the sib pairs.
IBS tests suggested by Lange (1986a,b) cope with this very well. Lange classified IBS
into three categories based on the sib pair’s genotypes and calculated the expected
number of pairs falling into each of the three categories. For extremely polymorphic
loci the IBS relations correspond fairly closely with the usual IBD relations. Devia-
tions from the expected proportions within families imply linkage between the marker
locus and disease locus. However, Lange’s IBS tests deal only with cases where there
is no inbreeding or relatedness in the population. These tests will lead to high false
positive rates when performed in inbred populations.

The goals of the present study are:
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1. to modify Lange’s tests to allow for inbreeding and relatedness, in an attempt

to decrease the false positive rate.

2. to use simulation to investigate the power and false positive rates for Lange’s

tests and our modifications.

2.2 Method

2.2.1 z-test

The z-test proposed by Lange (1986a) is based on the Central Limit Theorem. The
IBS relations of the sib pairs can be classified into three categories: concordant if they
have the same marker genotypes, discordant if they do not share any marker alleles,
and half concordant otherwise. Define Z to be the sum of marker concordances of
the affected sibs in each family and Z = >°,_; Xj;, where ¢ and j represent different

sibs in the family where

1 72 and j are concordant
Xij =14 0.5 iand j are half concordant

0 ¢ and j are discordant

The expected value of Z can be calculated based on the conditional expectations
of the marker IBS relations of sib pairs within each mating type and the frequencies
of the seven parental mating types.

E(Z) =) E(Xy)
i<j

E(Xy) =Y E(Xy|M = t)Pr(M = t)

t

23



where t represents the mating type. The expected value of Z? can be computed from

the marker concordances of pairs of sib pairs in each family.

BE(Z%) = Z Z E(XijXn)

_ 8<82_ 1)E(XUX7,]> + S(S — 1)(5 — Q)E(XUXZZ>
+3(3 —1)(s—2)(s — B)E(Xinkl)

4

where 7, 7, k and [ denote different siblings in the family and s is the number of affected

sibs in the family. Then, the variance of Z is
Var(2) = B(Z) - {E(2))?

The test statistic for the entire sample is then

o ESETWTS{ZTS - E(er)}
S WRAVar(Z,) 112

T (2.1)

where s still indexes the number of affected sibs in the family, r indexes the sib sets

with size s and W, are the weights. One choice for W, is
W,s = 1/Var(er)%

The probabilities of each of the seven mating types given by Lange are for an
infinite population under random mating, i.e. no inbreeding or relatedness. However,
when there is inbreeding the genotypic proportions will deviate from the Hardy-
Weinberg values. We retained the random mating assumption but allowed for in-

breeding and relatedness due to evolutionary forces. Weir (1984) expressed joint
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genotypic frequencies in terms of higher-order descent measures (Cockerham, 1971),
and then simplified these in Evett and Weir (1998) for the random-mating case. It is
well known that there are 15 possible IBD relationships for four alleles of two individ-
uals (Harris, 1964; Gillois, 1965; Cockerham, 1971). Define dy to be the probability
that none of the four alleles are IBD; §;; to be the probability that only two (7, ) of
the four alleles are IBD, d;j; to be the probability that only three (7, j, k) of the four
alleles are IBD and 0;;,; to be the probability that all four alleles are IBD. Further,
dijk is the probability that two pairs of the four alleles (7,7 and k,1) are IBD. For
a large population with random mating, the IBD status of two alleles is the same
whether they are in the same or different individuals and the inbreeding coefficient
equals the coancestry coefficient. For a population in evolutionary equilibrium (Evett
and Weir, 1998), all these 15 measures can be expressed in terms of the inbreeding
coefficient 0 (the Dirichlet distribution case). The 15 possible IBD relationships are
listed in Table 2.1, together with their probabilities in general, in the general random-
mating case when the relationships are symmetric among alleles, in the case when
the Dirichlet distribution can be invoked, and in the completely unrelated case.
With these allele IBD relationships, the probabilities of the seven possible parental
mating types can be derived (Weir and Cockerham 1984; Evett and Weir, 1998).
These mating type frequencies in inbred populations can be represented as functions
of # and allele frequencies p; for allele A;. The seven mating type probabilities are
shown in Table 2.2, 2.3 and 2.4. The left columns show a typical member of each class

and different letters indicate different alleles. The right columns show the probability
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Table 2.1: Descent relations among alleles for two individuals: X with alleles a and

b and Y with alleles ¢ and d

Alleles IBD  Pr(IBD) Random Dirichlet* Unrelated
none do 1—60+8y+3A—60 (1—6)3 1
a=b Sab 0—2yv—A+26 0(1 — 0)? 0
a=c Oac 0 —2v—A+26 6(1 — 6)? 0
a=d Oad 0—2v—A+26 6(1 — 6)? 0
b=c Sre §-2v—A+20  O(1—0)> 0
b=d 6bd 0—27—A+25 9(1—9)2 0
c=d Oed 0—2yv—A+26 0(1 —0)* 0

a=b=c O abe vy -0 20%(1 —0) 0

a=b=d Subd v -0 20%(1 - 0) 0

a=c=d Sued v—0 20%(1 —0) 0

b=c=d Obed ) 20%(1 —0) 0

azb,czd 5ab.cd A—§ 92(1—9) 0

CZEC,bEd (Sac.bd A—9 92<1—9) 0

a=db=c S ud. be A—§ 6%(1 —0) 0

a=b=c=d Oabed ) 6603 0

* Each term has been multiplied by (1 + 60)(1 + 20).
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of the whole class, and so involves sums over all alleles.
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Table 2.2: Mating type probabilities expressed in terms of ¢

Genotypes Probability over all alleles

iia 1" 5abcd Zz Di + (5abc + 5abd + 5acd + 5bcd) Zz P?
+(5ab.cd + 5ac.bd + 5ad,bc) Zz p? + (5ab + 5@0 + 5ad + 5bc + 5bd + 5cd) Zz p?
+00 >, pi

i, 7] Oab.cd i Pils + Oab Soitj Dils + Ocd Yoizj PiDs + 00 Xizj DD

1,1] 2(0abe + Oabd) iz PiDj + 2(20ab + Oac + Oad + Ope + Oba) Disj PED;
+ 400 Xiz; PiD;

it, gk 20ab Y itjek PiDiPk + 200 Yizjzk PiDiDk

15,17 (ac.bd + Oadve) 2ij Pils + (ac + Oad + Ove + Oba) iy DD (Di + pj) /2
+200 X545 DFD;

ij, ik (Oac + Oad + Obe + Oba) Yijen PiDjPk + 400 Yiosjzr, DI DDk

ij, kl 00 it £kt PiDiPEDI

In evaluating these expressions, use may be made of

> opp; = 1-3p

gp?pj = -2
ép?pi = ()’ -Xp
i = il S
> Ijipjpk = 1-3> pi+2> p}
ik i i

> pipipe = Dopi—23 00— (P +23 0

i#j#k
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Table 2.3: Mating type probabilities expressed in terms of higher order descent
measures

Genotypes Probability over all alleles
i, =0>pi+ Ay +3A—=T0)>p; +6(0 —2v — A+26) Y, p?
+(1—660 +8y+3A —68)>;p}

i, 7] = (A =0) iz pipj + (0 — 2y — A+ 20) 3,45 pips(pi + pj)
+(1— 660+ 8y +3A —60) >, ;D

1,1 =4(y —0) Xz pip; +12(0 — 2y — A+ 20) 3,4, Pip;

it, gk =2(0 — 2y — A +20) X2tk DiDi Pk
+2(1 — 660 4 87 + 3A — 60) 3izj41. Py PPk

1],1] =2(A—06) Xz pip; +2(0 — 2y — A +20) X5 pipj (0i + pj)
+2(1 — 660 + 8y + 3A — 60) X,.; piv;

ij, ik =400 — 2y — A 420) 352545 PiDsPk
F4(1 = 60 + 87 + 3A — 60) X2k P30k
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Table 2.4: Mating type probabilities expressed in terms of population inbreeding
coefficient 6

Genotypes Probability over all alleles
i, 1 = [60° + 116%(1 — 0) >, p7 + 60(1 — 0)* 3, p3
+(1 =6 Xipi]/(1+6)(1+26)

i, 7 = [0*(1 = 0) sy pip; + 0(1 = 0)* 2,z pivj (0i + ;)

+(1 = 0)° Yoy 03] /(1 + 0) (1 + 20)

F4(1 = 0)> X pips] /(1 + 0)(1 + 20)
it, jk = [20(1 — 0)* X isjer P00k + 2(1 — 0)® Xisjzr pZ0j01) /(1 + 0)(1 + 20)
ijyig = [20%(1—0) Y. pipj +20(1 — 0)> Xz, pivs(pi + p;)

+2(1 = 0)° X pF03] /(1 + 0)(1 + 20)
ij, ik = [40(1 — 9)2 Dititk PiDiPk + 4(1 - 9)3 Ditjth pzzpjpk]/(]' +0)(1 +20)
ij, kl = [(1 = 0)* X ijnpa ivjPip) /(1 + 0) (1 + 20)
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> pppep = 1—=63 pi+8% pi +3(3_p)* -6 pi

kel
These mating type probabilities are exactly the same as those of Lange when the
inbreeding coefficient is zero. The conditional expectations remain the same as given
by Lange because the IBS relations are irrelevant to the parental allele IBD relations.
The mean and variance of Z change because of changing the mating type frequencies.

The expected values for the X's in inbreeding population can be expressed as follows:

E(Xy;) = [246°+116%(1 —0) 3+Zp3 +30(1— 0)° 5—{—32}72
sz—22p1+32pl+2 1/4(1 4 6)(1 + 20)
E(Xy, Xij) = [4803+802(1—0 7+4sz ) +0(1 —6)> 22p2+232p1+23)

+(1—6)3 Zpl —QZpi+5Zpi—|—3 1/8(1+ 6)(1 + 20)

B(Xy, Xy) = {1920° + 292(1 — 0)(101 + 75 pr +6(1— 142})1
+101)_p; +77) + ( sz+5 Zpl —182@
+29 pr + 8]1/32(1 + 6)(1 + 20)

E(Xij, X)) = [3846° +20%(1 — 6)(201 + 151 sz +30(1 — 6)*(10 sz
+673_p; +51) + 162p1+9 Zpl —34Zp§

+57pr +16)]/64(1 + 0)(1 + 20)

E(Z) = ZE(Xij)ZSSQ_ E(Xi;)
E(Z%) = Z;E(Xinkl)
s(s—1)

— 5 E(X:;Xi5) +s(s—1)(s — 2) E(X;; Xy)
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+3(5 — 1)(54— 2)(s —3)

Var(Z) = E(Z*) —{E(Z)}?

E(Xi;Xwu)

We can substitute the above expected value of Z and variance of Z into the original

test statistics and construct new test statistics for inbred population.

2.2.2 Chi-square test

The chi-square test proposed by Lange (1986b) compared the observed number of
sib pairs in each of the three IBS categories in the sample with the expected num-
bers. Lange calculated the three expected IBS proportions using IBD proportions and
mating type frequencies. His chi-square test deals with cases where the population is
infinite and the mating is random. In an inbred population, the expected proportions
of sib pairs with 0, 1 and 2 marker alleles IBD are no longer 0.25, 0.5, and 0.25 and
the parental mating type frequencies also changed. Here, we present another way to
calculate the three expected IBS proportions based solely on mating types.

For any pair of individuals chosen to be parents, the probabilities of each type of
offspring, and of each class of sib pair is shown in Table 2.5.

As in the previous section, X takes the values 1, 0.5, 0 according to the concor-
dance state of the sib pair. The probabilities of each of the three IBS states can be
obtained from the conditional probabilities,

Pr(X =n) =3, Pr(X =n|t)Pr(t)
where n=1, 0.5, 0 and ¢ runs over all possible mating types. For unrelated parents,

ie. 0 =0,
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Table 2.5: IBS probabilities conditional on mating types

Probability that

Parents Offspring Sib Pairs Pr(X=1) Pr(X=0.5) Pr(X=0)
iiyii i i, i 1 0 0
i, jj  ij ij,ij 1 0 0
i, if s+ i) i+ i, i + §1],1] ! 1 0
i, jk - Lij+ ik Yijij + Sig,ik 1 1 0
ij,ij i+ iij S, i+ i, 1] 3 1 1
+3147 i, jj + §id,1]

ijik L+ Lij i, i 4 1,15 + §i, Gk 1 5 L
+yik + gk +5gid, i+ §id, ik

ij kl Yk + Y Yigoij+ Ligik + 1ij, ki L 1 L

+1jk + 15l
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1 1 1
PriX=1) = J+52 i+ 5000~ 2 p!

11
Pr(X =05) = o+o3pf =3 0 — Q)+ 20!
1 1 3 4

Pr(X =0) = - =3 pf+> 5 +5020)" - 20

as given in Lange’s paper after some rearrangement.
When the parents are drawn randomly from an equilibrium population character-

ized by inbreeding coefficient 6, the three probabilities become:
Pr(X =1) = l2493 +67(1—0)(23 421> pf) +20(1 —0)*(4+ 7> p; + > )

(=01 +23 pf + 203 p))" — opit| /4L +0)(1+20)

Pr(X =05) = (1—9)[1092 sz )+ 0(1—0)(7— 5Zp, zzpf)
{1+sz—221)2—221?z

+22pz ]/2 (14 6)(1+ 20)

Pr(X =0) = (1 e)l sz ) +20(1 -6 1—22]914—2]?1
+(1— 4Zp2+42p1—|—2 sz

3 Zp?}] /A(1 + 6)(1 + 26)

Then, the usual chi-square goodness of fit test can be applied to test whether or
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not there are deviations from the expected numbers of sib pairs in each IBS cate-
gory. Deviations from expected numbers imply linkage between the marker locus and

disease locus.

2.2.3 Simulations

To verify that our new test statistics give lower false positive rates than the original
Lange tests and to estimate the powers, we carried out a set of simulations. For both
tests, we considered a single locus, two allele disease model. We simulated data under
an additive model, a recessive model and a dominant model. We set the two alleles
at the disease locus to have equal frequencies and chose the population prevalence
of 0.075 for each disease model. The population was allowed to undergo zero to
one hundred generations of random mating to get different degrees of inbreeding and
relatedness. The powers and false positive rates were evaluated for a two-marker
allele model as well as for a four-marker allele model, where the marker alleles were
codominant and had equal frequencies. For each sample, the power and false positive
rates of our new tests were compared with those of the original Lange tests. Families
with two affected siblings were selected. Each sample consisted of 100 families and
1,000 replicated samples were simulated, to give stable estimates of power and false
positive rates for these tests. To estimate the powers, we simulated data in which the
marker locus was tightly linked to the disease locus (recombination fraction between
the marker locus and disease locus is zero) and the initial linkage disequilibrium

between the marker alleles and the disease alleles was set to be maximum. To evaluate
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the false positive rates, we simulated data under the null hypothesis of no linkage,
where the recombination fraction between the marker locus and disease locus was 0.5.
Data sets with maximum initial linkage disequilibrium and minimum initial linkage

disequilibrium were used when estimating false positive rate.

2.3 Results

2.3.1 False-Positive Rates

The data were simulated for each of three disease models, dominant, additive, and
recessive, with prevalence = 0.075, two genetic marker types (the two-allele marker
and four-allele marker), two different initial linkage disequilibrium values (minimum
and maximum initial linkage disequilibrium) and six different inbreeding coefficient
values (0 ranging from 0 to 0.09521) under the null hypothesis of no disease-marker
linkage for both the z-test and the chi-square test. The false positive rates of the four
methods, obtained by Lange’s z-test, our inbred z-test, Lange’s chi-square test, our
inbred chi-square test were compared. For each statistic, the false positive rates were
calculated as the proportion of replicates, out of a total of 1,000 replicates, which
showed linkage between the disease locus and marker locus (at the 0.05 significance
level). The results are described in Table 2.6 and Table 2.7.

To our surprise, we found that in the initial populations (inbreeding coefficient of
the population, 6, equals zero), the empirical false positive rates were very large when

the linkage disequilibrium between the marker alleles and the disease alleles was set
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Table 2.6: Comparison of the false positive rates between Lange tests and the in-
breeding tests for data sets with no initial LD

Two marker alleles Four marker alleles
0 Statistic Rec® Add Dom Rec Add Dom
0 Lange z-test 054 .049 052 .052 .045 .051
Inbred z-test 054 .049 .052 .052 .045 .051
Lange chi-square .058 .060 .060 .061 .044  .053
Inbred chi-square .058 .060 .060 .061 .044  .053
0.001 Lange z-test 060 .056 .055 .055 .054  .059
Inbred z-test 060 .056 .055 .055 .054  .059
Lange chi-square .062 .053 .053 .057 .060 .049
Inbred chi-square .062 .053 .054 .057 .061 .049
0.00996 Lange z-test 070 .065 .054 .062 .059 .064
Inbred z-test 070 .065 .054 .062 .059 .064
Lange chi-square .064 .038 .038 .062 .060 .048
Inbred chi-square .072 .041 .046 .063 .060 .044
0.02957 Lange z-test 100 .079  .077 103 .088  .103
Inbred z-test 073 .061 .055 .053 .049  .050
Lange chi-square .058 .059 .062 .072 .065 .062
Inbred chi-square .060 .061 .073 .063 .062 .055
0.04879 Lange z-test 134 116 112 175 166 .148
Inbred z-test 074 .069 .066 .093 .083 .067
Lange chi-square .075 .070 .08 .109 .098  .090
Inbred chi-square .093 .074 .089 .079 .071 .069
0.09521 Lange z-test 204 233 212 .309 .288 314
Inbred z-test 121 131 117 131 .093 108
Lange chi-square .123 .130 .133 .179 .166 .184
Inbred chi-square .110 .113 .123 .112 .112  .105

¢ @ is inbreeding coefficient of the population
b Rec represents recessive disease model; Add represents additive disease model; Dom rep-
resents dominant disease model.
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Table 2.7: Comparison of the false positive rates between Lange tests and the in-
breeding tests for data sets with no initial LD and maximum initial LD

Four marker alleles

f° Statistic Rec? Add Dom
D fnm D gna;p D min D max D min D max
0 Lange z-test 052 381  .045 .094 .051 .060

Inbred z-test 052 381 .045 .094 .051 .060

Lange chi-square .061 .209 .044 .075 .053  .060

Inbred chi-square .061 .209 .044 .075 .053  .060

0.001 Lange z-test 055 110 .054  .059 .059  .052
Inbred z-test 055 110  .054 .059 .059  .052

Lange chi-square .057 .060 .060 .054 .049 .051

Inbred chi-square .057 .061 .061 .054 .049 .053

0.00996 Lange z-test 062 .067 .059 .060 .064 .064
Inbred z-test 062 .067 .059 .060 .064 .064

Lange chi-square .062 .051 .060 .049 .048 .045

Inbred chi-square .063 .054 .060 .050 .044  .047

0.02957 Lange z-test 103 .100  .088  .101  .103  .109
Inbred z-test 053 .09 049 .058 .050  .058

Lange chi-square .072 .068 .065 .059 .062 .072

Inbred chi-square .063 .063 .062 .057 .055 .059

0.04879 Lange z-test A75 0 156 166 150 .148 150
Inbred z-test 093  .073  .083 .070 .067 .074

Lange chi-square .109 .104 .098 .089 .090 .085

Inbred chi-square .079 .082 .071 .076 .069 .063

0.09521 Lange z-test 309 310 288 0 .325 314 319
Inbred z-test 131 110 .093  .111 108 116

Lange chi-square .179 .203 .166 .193 .184  .188

Inbred chi-square .112  .141  .112 109 .105 .106

@ @ is inbreeding coefficient of the population

b Rec represents recessive disease model; Add represents additive disease model; Dom rep-
resents dominant disease model.

¢ Dpin denotes no initial linkage disequilibrium.

& D,nae denotes maximum initial linkage disequilibrium.
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to its maximum in all four IBS tests, especially in recessive disease model. When
there were no initial LD, the empirical false positive rates were close to the nominal
value. These suggested that, contrary to our belief, association between marker and
disease loci did affect the Lange’s IBS tests. Therefore, Lange’s IBS tests were tests
of both linkage and association. A joint null hypothesis of no linkage disequilibrium
and linkage between disease locus and marker locus must be considered. After one
generation of random mating (0 equals 0.001), the false positive rates reduced greatly.
This was due to the fact that the linkage disequilibrium (LD) in the second generation
reduced to half of the initial value because of free recombination events. After more
generations of random mating, the false positive rates in data sets with maximum
initial LD became similar to those in data sets with minimum initial LD, because LD
decayed very fast with free recombination and both data sets had minimum LD after
a few generations of random mating.

Therefore, the estimated false positive rates should be the false positive rates for
data sets with no LD and no linkage between disease and marker loci as listed in Table
2.6. When the individuals were unrelated (6 equals zero), our inbred z-test and inbred
chi-square test performed exactly the same as those of Lange, as expected. This was
because that the inbred IBS test statistics and Lange test statistics were exactly the
same when 0 equaled 0. When 6 was small, the empirical false positive rates of the
original Lange tests were also similar to those of the inbred tests and all of them
were close to the significance level, which indicated that both Lange’s z-test and chi

square test were not affected by low level of population inbreeding. In general, when
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the inbreeding coefficient was large, the false positive rates of Lange tests became
very large and the false positive rates of our inbred tests became smaller than those
of Lange tests. This is because our inbred tests take into account inbreeding and
relatedness of the population. The larger the inbreeding coefficient, the smaller are
our false positive rates compared to those of Lange tests. The false positive rates
of our inbred z-test became lower than those of Lange’s z-test when the inbreeding
coefficient reached 0.03. Although the empirical false positive rates of our inbred
IBS tests were higher than the nominal value, they reduced to almost a third to a
half of those of Lange’s z-test when 6 is around 0.1. The false positive rates of chi-
square test were more insensitive to inbreeding coefficient compared to those of the
z test. The false positive rates of our inbred chi-square test also started to become
smaller than the Lange test after the inbreeding coefficient became 0.03 when there
are four marker alleles in the data set. When there were only two marker alleles, the
empirical false positive rates were very interesting. Our chi-square test had a slightly
larger false positive rate than those of Lange’s chi-square test when 6 was between
0.01 and 0.05 which might be caused by random drift of the sample. When 6 reached
0.1, our inbred chi-square test had a smaller false positive rate than Lange test.

If we assume that there are many different alleles at the marker locus and each
of the alleles has a small frequency, p?, p3, p} and (p?)? all become very small. Then

the expected value and variance of Z became

s(s —1)(46° 4+ 96* + 96 + 2)
8(1+0)(1+ 20)

E(Z)
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s(s —1)(1 — 0)(—64s6° + 645205 — 106s0* + 114520* + 766* + 815263

Var(Z) =

—6156° + 1580° — 16562 + 13662 + 325202 — 556 + 700 + 9520 + 16)
256(1 + 6)2(1 + 26)2

Figure 2.1 showed the theoretical z-statistic values (E(Z)//Var(Z)) under different
degrees of population inbreeding (# ranged from 0 to 0.9). We found that the the-
oretical z-statistic was a monotone increasing function. It increased slowly when 6
was small and increased rapidly when 6 became large. This corresponded fairly well
with our simulation results. When 6 was small, the theoretical z-statistic values were
similar to the noninbred theoretical z-statistic value. If we use the noninbred Z values
in populations with a low level of inbreeding, the false positive rates would still be
close to the nominal value. When 6 was large, the theoretical z-statistic values were
much bigger than the noninbred theoretical z-statistic value. If we use the noninbred
Z values in populations with high level of inbreeding, the false positive rates would

be much higher than the nominal value.

2.3.2 Power Estimates

In addition to determining the empirical false positive rates of the four tests, we
also estimated the power of the tests to detect linkage. Since we now believe that
Lange’s IBS tests tested both linkage and association, we set the initial LD between
marker and disease alleles to be maximum to estimate power. The same models and
parameters were used as above except that the recombination fraction between the
disease locus and marker locus was set to zero (complete linkage). Estimates of the

power of each test were obtained by the proportion of samples that rejects the null
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Figure 2.1: The theoretical z-statistic values under different population inbreeding
coefficients
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hypothesis of no linkage and association. The powers for the four tests are presented
in Table 2.8.

Several general trends are obvious from the results. First, the power for the data
sets with two marker alleles was greater than the power for the data sets with four
marker alleles in additive and dominant disease model. This was interesting because
usually for IBS tests, we expect to get higher power when there are more alleles
at the marker loci (Bishop and Williamson, 1990). However, this can be explained
by the fact that these IBS tests were tests of both linkage and association. In two
marker allele data sets, the two marker alleles had equal allele frequencies of 0.5.
The two alleles at the disease locus also had equal allele frequencies of 0.5. Thus the
maximum LD between the marker alleles and the disease alleles was 0.25. In four
marker allele data sets, all four marker alleles had equal allele frequencies of 0.25,
which made the maximum possible LD between the marker alleles and the disease
alleles equal to 0.125. The LD in four marker allele data sets was only half of the
LD in two marker allele data sets. Thus lower powers were obtained in four marker
allele data sets. Second, of the three disease models, the power of recessive model was
the highest, which was also consistent with other IBS studies (Thomson and Motro,
1994). In the recessive disease model, the power for all the four tests was good; most
of them even attained 100 percent power. The power was also high in additive and
dominant disease models when two-marker allele data sets were used and z-tests were
performed. However, the power was low in other cases. Third, like the IBD tests

(Blackwelder and Elston, 1985), the z-tests were more powerful than the chi-square
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Table 2.8: Comparison of power between Lange tests and the inbreeding tests

6* Statistic Two marker alleles Four marker alleles
Rec® Add Dom Rec® Add Dom
0 Lange z-test 1.000 .823 .864 1.000 .557 .478

Inbred z-test 1.000 .823 .864 1.000 .557  .478

Lange chi-square 1.000 .535 .596 1.000 .356 .254

Inbred chi-square 1.000 .535 .596 1.000 .356 .254

0.001 Lange z-test 1.000 .818 .872 1.000 .583 .514
Inbred z-test 1.000 .818 .872 1.000 .583 .514

Lange chi-square 1.000 .539 .629 1.000 .378 .276

Inbred chi-square 1.000 .539 .629 1.000 .378 .276

0.00996 Lange z-test 1.000 .840 .882 1.000 .615 .511
Inbred z-test 1.000 .840 .882 1.000 .615 .511

Lange chi-square 1.000 .545 .621 1.000 .369 .299

Inbred chi-square 1.000 .545 .621 1.000 .336 .266

0.02957 Lange z-test 1.000 .856 .888 1.000 .692 .570
Inbred z-test 1.000 .810 .847 1.000 .564 .442

Lange chi-square 1.000 .605 .650 1.000 .479 .382

Inbred chi-square 1.000 .520 .577 1.000 .364 .271

0.04879 Lange z-test 1.000 .849 896 1.000 .749 .659
Inbred z-test 1.000 .763 .809 1.000 .562 .519

Lange chi-square 1.000 .603 .667 1.000 .582 .440

Inbred chi-square 1.000 .439 .517 .999 .394 .284

0.09521 Lange z-test 1.000 .888 .890 1.000 .843 .780
Inbred z-test 1.000 .748 776 999 573  .500

Lange chi-square 1.000 .691 .703 1.000 .692 .616

Inbred chi-square 1.000 .489 .493 .996 .393 .328

@ @ is inbreeding coefficient of the population
b Rec represents recessive disease model; Add represents additive disease model; Dom rep-
resents dominant disease model.
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tests even when inbreeding exists. Fourth, the powers of both inbred tests were lower
than the powers of the corresponding Lange tests when the inbreeding coefficient
was large and the disease model was dominant and additive. The possible reason for
this was that our inbred tests decreased the false positive rates and hence were more
insensitive to linkage.

To verify our power and false positive rates estimations, we also performed per-
mutation tests on our simulated data sets. Using the observed marker concordance
values (Z,;) of the affected sib pairs minus the expected marker concordance values
(E(Z,s)), we can get a set of numbers from our original data set for the permutation
test. By randomly assigning plus and minus signs to these numbers, we will get per-
muted data sets. Substituting these permuted numbers into the z-test statistics we
described above, we can get a set of T values. The p-value of the permutation test can
be computed as the ratio of the number of tests whose 7" values are greater or equal
to the original T" value divided by the total number of permutations. If the resulted
p-value is less than 0.05, we reject the null hypothesis of no linkage. We performed
permutation tests on both two marker alleles data sets and four marker alleles data
sets and used the same set of parameters as we used in the z-tests. The resulting
false positive rate and power estimates are very close to the values we get using the
z-tests. This suggests that the estimations we made are correct.

In general, the power of our two inbred tests is good in the recessive disease model
even when the association between disease and marker loci is not strong (data not

shown here) and we suggest the use of the two inbred IBS tests only in recessive disease
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model. Although the empirical false positive rates of our two inbred tests exceed the
nominal value, they are improved compared to those of Lange tests, especially for
large inbreeding coefficients. The power of the inbred z test is superior to that of

inbred chi-square test.

2.4 Discussion

A crucial step in finding gene loci that contribute to a genetic disease is to demon-
strate linkage between a candidate gene locus and a marker locus. When the mode
of inheritance for the disease being studied is unknown, affected sib pair analysis will
often be the method of choice. The IBD tests are powerful ASP tests when marker
allele IBD relations of the sibs can be determined unambiguously. Tremendous ef-
forts have been made to improve the power of IBD tests (Blackwelder and Elston,
1985; Knapp, Seuchter and Baur, 1994) and to modify the test statistic to deal with
different cases. However, little has be done to take care of population inbreeding
and relatedness. Inbreeding is an important factor that affects population structure,
especially in animal and plant populations where inbreeding can be significant and ge-
nealogical relationships are easy to establish. The normal ASP tests will lead to high
false positive rates when applied to inbreeding population because of relatedness of
parents. Génin and Clerget-Darpoux (1996, 1998) first studied the effect of inbreed-
ing and relatedness on ASP tests and extended the ASP methods to the situation of
sib pairs sampled from a consanguineous population. However, their calculations of

the extended kinship coefficients are not correct because they assumed independence
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of the genes. Furthermore, their IBD tests have few practical applications. In most
cases, if the IBD state of four alleles from the siblings can be identified unambigu-
ously, the parents must not share common alleles and thus can not be descended from
a common progenitor.

In IBS tests parental information is not known, thus the parents could be inbred.
Our aim in this study was to modify Lange’s IBS tests to allow for inbreeding. In
the chi-square test, we present another way to compute the expected proportions of
the three different IBS categories which does not require knowledge of expected IBD
proportions. As we can see from simulation results, the false positive rates of Lange
tests greatly exceed the empirical values in highly inbred populations. Thus, when
the population inbreeding coefficient is large, false conclusions of linkage may result
if inbreeding is ignored. The empirical false positive rates of our inbred tests are
superior to those of Lange’s tests for populations with a high inbreeding coefficient.
Thus our inbred IBS tests should be used when the population inbreeding coefficient
is large. Our results also showed that, for only slightly inbred populations, the false
positive rates of Lange’s IBS tests are not affected by inbreeding, which suggests that
it is safe to use Lange’s IBS tests when the population inbreeding coefficient is known
to be small. Chi-square tests have lower power than z-tests in general. Although
the power of both of inbred IBS tests are not good in dominant and additive disease
models when the two alleles at the disease locus have equal initial frequencies, the
powers are good in the recessive disease model. When the initial disease allele is rare,

the power of all the IBS tests in dominant and additive disease model increase (data
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not shown here). However, in highly inbred populations with affected individuals, it
is unlikely that the disease allele has a low initial frequency because such a disease
allele will become lost with random genetic drift.

Another important conclusion we obtained is that the IBS tests we studied are
tests of both linkage and association. Association mapping has a better resolution
than linkage mapping. Ideally, only two closely linked loci will show association.
Therefore, if we find one marker locus that rejects the null hypothesis, it is highly
likely that it is both in linkage and association with the disease locus, which suggests
that it is much closer to the disease locus than the marker locus linked but in linkage
equilibrium with the disease locus.

Although ASP tests are thought to be robust for all the genetic models, our
simulation results show that the powers of the IBS tests are good only in recessive
disease model and they are not good in additive or dominant disease models. It
appears that the inbred IBS tests could serve as a good screen only when the disease
model are known to be recessive. Thus, we suggest to use the inbred IBS tests if we
know the population is highly inbred and the disease model is recessive.

In this paper, we have demonstrated one way to use population inbreeding infor-
mation to refine ASP tests. Other more powerful ASP tests will become more accurate

in mapping a disease locus after some modification which accounts for inbreeding.
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Chapter 3

The effect of higher-order descent
measures on expectation of identical by

descent proportions in inbred populations

3.1 Introduction

Génin and Clerget-Darpoux (1996) first studied the effect of inbreeding on tradi-
tional affected sib pair (ASP) tests and extended ASP methods to the situation of
sib pairs sampled from a consanguineous population. In their paper, they computed
the probabilities of nine condensed identity states of two individuals as a function
of the inbreeding coefficient and calculated the expected identical by descent (IBD)
proportions in inbreeding population. They also derived the identity state probabil-
ities for sib pairs from first-cousin mating sampled from an inbreeding population

and constructed a “N, test”. Their overall idea was novel and good, but there are
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errors in their calculation. Weeks and Sinsheimer (1998) pointed out that Génin and
Clerget-Darpoux derived “IBW-state probabilities” (IBW refers to IBD alleles be-
tween and within individuals) that could not satisfy two consistency checks (Jacqard,
1974; Karigl, 1981) and their derived extended kinship coefficients for two sibs from
a first-cousin marriage have been criticized. Génin and Clerget-Darpoux recalculated
the IBW-state probabilities and kinship coefficients in their reply (1998) to Weeks and
Sinsheimer’s letter. Génin and Clerget-Darpoux computed eight extended-kinship co-
efficients of parents randomly selected from an inbreeding population using formulas
presented by Karigl (1981) and derived IBW-state probabilities by use of the inverse
of matrix D (as given in Table 3.7) multiplied by the kinship coefficient vector. How-
ever, their calculation of extended kinship coefficients leads to questionable derived
IBW-state probabilities.

The coancestry coefficient is the probability that two alleles taken at random from
two individuals are IBD. The inbreeding coefficient, on the other hand, is the prob-
ability that two alleles from the same individual are IBD. For a dioecious mating
system, by definition, the inbreeding coefficient in one generation is the same as the
coancestry coefficient in the previous generation. However, in large populations with
random mating, the difference between the coancestry coefficient and the inbreed-
ing coefficient is small and the coancestry coefficient can be approximated by the
inbreeding coefficient. Thus the IBD status of pairs of alleles is the same whether
they came from the same or different individuals. In a random mating population,

the probability that any two alleles at a locus are IBD is the inbreeding coefficient 6.
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However, the probabilities that any three or four alleles at a locus are IBD are not
simply products of 8 since the alleles are not independent of each other. Instead, the
IBD relations for three and four alleles should be expressed in terms of higher-order
descent measures (Cockerham, 1971). Define «,d, A to be the probability that three,
four and two pairs respectively of alleles selected at random from a population are
IBD. These quantities can be expressed as functions of § when the population is in an
evolutionary equilibrium (Li, 1996). However, they are quite different from 62, 6> and
6%, which were used by Génin and Clerget-Darpoux throughout their paper. Both
Weeks and Sinsheimer (1998) and Cannings (1998) pointed out errors in the IBW-
state probabilities of Génin and Clerget-Darpoux and recomputed the allele-identity
states probabilities. We believe their calculations are not correct either because they
also assumed independence of some of the alleles.

In this paper, we derive the probabilities for the fifteen detailed identity states for
two sibs randomly selected from an inbreeding population and the probabilities for
the nine condensed identity states for sib pairs from a first-cousin marriage sampled
from an inbreeding population using higher-order decent measures and we simplify

them as functions of 9.
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3.2 Identity state probabilities for two sibs ran-

domly sampled in an inbreeding population

For the four alleles at one locus of two individuals, it is well known that there are
fifteen possible identity states (Harris, 1964; Gillois, 1965; Cockerham, 1971). We
consider the fifteen identity states are more informative than nine condensed identity
states and thus we compute the probabilities of all fifteen. Define dy to be the prob-
ability that none of the four alleles are IBD; d;; to be the probability that only two
(i,7) of the four alleles are IBD, §;;, to be the probability that only three (7, j, k) of
the four alleles are IBD and 4,5, to be the probability that all four alleles are IBD.
Further, 6,4 is the probability that two pairs of the four alleles (4,j and k,l) are
IBD. We name the four alleles to be (a1, @12, as1, ase) according to the method of
Thompson (1974), where the first subscript indicates the first or second individual
and the second subscript indicates the paternal or maternal allele. We give the IBD
alleles the same label. Different (aq1, aj2, asi, ags) corresponds to different IBW state.
For example, IBW state (1122) stands for a;; = 1, a;o = 1, ag; = 2, and ag = 2,
which means that the paternal and maternal alleles of the first individual are IBD,
and the paternal and maternal alleles of the second individual are IBD, but the alleles
of the first individual are not IBD with the alleles of the second individual. These
fifteen IBW probabilities can be expressed as functions of 8. Table 3.1 lists the fifteen
possible identity relationships of two parents and their probabilities in general, and

in a completely random-mating case, and in an evolutionary equilibrium case.
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Table 3.1: Descent relations among alleles for two parents: parent X with alleles a
and b and parent Y with alleles ¢ and d

IBW states
(a1, a1z, a1, aze) Pr(IBD) Random Equilibrium* IBD
Sy (1111) Saped 5 663 2
S2(1122) Sab.cd A—§ 6%(1 —0) 0
S5(1212) Sacba A—§ 02(1—6) 2
S4(1221) Oad.be A—§ 6%(1 —0) 2
S5(1112) Sabe S 202(1—0) 1
Se(1121) Saba y—6 202(1—6) 1
S-(1211) Sacd y—6 202(1—60) 1
Ss(2111) Shed S 20%(1—0) 1
So(1123) dab 0—2y—A+2 6(1 —6)? 0
S10(2311) S 0—2y—A+25 o(1—0)2 0
S11(1213) dac 0—2y—A+2§ 6(1 — 6)? 1
S12(1231) dad 0—2v—A+2§ 6(1 —6)? 1
S15(2113) She 0—2y—A+25 o(1—0)? 1
S14(2131) S 0 —2y— A+26 o(1—0)2 1
S15(1234) So  1—60+8y+3A—65 (1—0)° 0

* Each term has been multiplied by (1 + 6)(1 + 20).
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The sib pair identity state probabilities can be easily derived conditional on the

15 possible parental mating types, as shown in Table 3.2.
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Table 3.2: Sib pair identity state probabilities conditional on parental mating types
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The identity-state probabilities for the sib pair are thus the product of sib pair
conditional identity state probabilities and parental mating type probabilities. Table
3.3 shows the sib pair identity state probabilities.

Karigl (1981) presented a matrix K that related the fifteen detailed identity coef-
ficients 61, ..., 015 to the parental kinship coefficients if neither of the two individuals
under consideration is an ancestor of the other one. Let Py denote the probability for
identity state Sy (k=1-15). Let I;; represent the vector of P, vector for individual
and individual j. Let V}; stand for the vector of kinship coefficients for the parents
of individual ¢ and individual j. Then matrix K multiplied by I;; equals V;;. Matrix
K, vectors I;; and V;; are described in the Table 3.4.

Let individual 1 and 2 be the parents of sib pair 3 and 4. Let individual f, m
denote parents of individual 1 and let f, 7 denote parents of individual 2. The fifteen
extended-kinship coefficients in vector V35 can be calculated as follow:

© Oy =0

® Cpng = Prmm = Prpm = P =7

® s gm = Ppramm = Lrmmp = A

© By =05y, =Ppr=Ppy = 0,5 = Py = 0
where 7,9, A can be expressed as functions of 6 (Li, 1996). The fifteen parental
identity state probabilities as listed in Table 3.1 satisfy Karigl’s linear constraints as
expected.

Likewise, the fifteen extended-kinship coefficients of parent 1 and 2 can be com-

puted using the recursive methods as shown in Table 3.5.
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Table 3.3: Sib pair identity state probabilities

IBW state Probability*
Si(1,1,1,1) 6(166* + 70 + 1)
S5(1,1,2,2) 62(1 — 6)

Ss5(1,2,1,2) (1 —0)(760* +50 + 1)

S4(1,2,2,1) 0>(1 — 6)

S5(1,1,1,2) 0(1 —0)(1 + 40)

Se(1,1,2,1)  6(1 — 60)(1 + 46)

S:(1,2,1,1) 0(1 —0)(1 + 40)

Ss(2,1,1,1) 0(1 — 0)(1 + 40)

So(1,1,2,3) f(1 — 6)>

S10(2,3,1,1) 6(1 —0)?
S11(1,2,1,3) (1—0)%(1 + 30)
S15(1,2,3,1) 6(1 —0)?
S13(2,1,1,3) (1 — 0)>
S14(2,1,3,1) (1 —0)%(1+ 30)
Si5(1,2,3,4) (1—0)>

* Each term has been multiplied by 4(1 + 0)(1 + 26).
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Table 3.4: Matrix K and vector I and V

K Iy V3
1 000O0O0O0O0CO0OO0O0O0O0O0O0 P P
110 00OO 0O O O0O0O0OO0OO0O 0 P Qo r
10 100O0O0O0O0O0OO0OO0OO0O0O0 F Pmm
1 0 0100 0 0 O0O0O0OO0OOO0OO0 F Qi
1 00010O0O0O0O0O0O0O0O00O0 KB P,
1 0 0001 0 O0O0O0O0O0OO0OO0OO0 B q)fm,fm
100 00O0O0O0T1TO0O0O0O000 P P
1 000O0O0O0O0CO0OO0OO0TO0O0 0 Po Prms
111 0 0 1 1 0 0 O0O0O0O0OO0O0 P Dy,
1 0 01 1.1.01 0 O0O0O0O0OO0OO0 Py (I)frn
11 01 00 0 O0O1 1 0O0O0O0O0 P Q7
1 01 1.0 00 0O0O0O0OT1T1UO0O0 P D,
110 01 00 0 O0OO0O0OT1O0OT1O0 Py (IDmf
1 01 01 000101 O0O0O0O0 Pz 0,4
111 11111111111 1 Py 1

*f, m and f, m denote the parents of individuals i and j.
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Table 3.5: Kinship coefficients for parent 1 and parent 2

kinship coefficients

probability in terms of 6

(I)lla (I)22

(I)127 (1)21

C1)1217 (I>1227 (D1127 (I)212

4)1212

Dy 90

D991, Pi1212

=11+ Pj,)

=1(1+90)

= (46% + 100* + 80 + 2)*

=0

= (863 + 120* + 40)*
3(P12 + Do)

=3(0+7)

— (126° + 1062 + 26)*

5 (@122 + Ppinaa)

= 3P122 + {(Popm + Pfinsn)
i

= (166° + 762 + 0)*

| |
e —

20199 + 2D 19 1m2)

122 + é(2®2fm + @t mm + Pt fm)
1O+7)+ 52y +24)

= (156° + 80* + 0)*

|
|
—

*Each term has been multiplied by 4(1 4 0)(1 + 26)

29



Using matrix K multiply the fifteen identity-state probabilities of the sib pairs as
listed in Table 3.3, we can get the set of extended kinship coefficients for parent 1 and
parent 2, which are exactly the same as we computed using the recursive methods.
Thus, our fifteen identity state probabilities verify one consistency check discussed by
Weeks and Sinsheimer (1998).

Weeks and Sinsheimer (1998) did another consistency check: they used a formula
presented by Jackquard (1974) to compute the kinship coefficient between siblings,
®34 and claimed that it should equal (1 4 36)/4, which was derived using a classical
recursion method. Let A; represent the probabilities of the nine condensed sib pair
identity states. All the A; can be expressed in terms of P,. Thus we can also calculate

®34 using Jacquard’s formula:
1 1
Dy = A1+§(A3+A5+A7)+ZA8
1 1
= Pl"’§(p5+P6+P7+P8+P3+P4)+Z(P11+P12+P13+P14)
1 3

= — 429
4+4

Thus, our fifteen sib pair identity probabilities verify the two consistency checks
performed by Weeks and Sinsheimer.

Once the identity state probabilities of the sib pairs are known, the expected IBD
proportions of the sib pairs under the null hypothesis of no linkage can be easily
obtained. If the two sibs are in identity states Si, S3, Sy, they share two IBD alleles.
If the sibs are in identity states Ss, Sg, S7, Sg, S11, S12, S13, S14, they share one IBD
allele. Otherwise, if the sibs are in identity states Ss, Sy, S0, S15, they share zero IBD

allele. Table 3.6 describes the probabilities for the three IBD category.

60



Table 3.6: Expected IBD proportions in inbreeding population

IBD Category  Probabilities(f > 0)*  Probabilities(6 = 0)

IBD=2 (1+20)(46% + 30 + 1) :
IBD=1 2(1 —6*)(1 + 40) :
IBD=0 1-0 1

* Each term has been multiplied by 4(1 + 6)(1 + 20).

3.3 Identity state probabilities for two sibs from

first cousin marriage

In Génin and Clerget-Darpoux (1996, 1998) paper, they computed extended kinship
coefficients for first cousins. We will not utilize the result of their calculation since
they assumed independence of the alleles. Here we recalculate these kinship coefficient
in terms of higher-order descent measures (Cockerham, 1971). The pedigree in which
kinship coefficients have been computed is shown in Figure 3.1.

The kinship coefficient @77, ®gg, Prg, Pg7 in Génin and Clerget-Darpoux paper,
involve only two alleles and thus are correct:

Br7 = g = (14 6)

Oy = Ogy = 1—16(1 + 150)
To compute other kinship coefficients of first cousin, we must calculate some inter-

mediate kinship coefficients first:

61



3 3 5 [
7 g
3 10

Figure 3.1: Pedigree, individual 7 and 8 are first cousins, individual 9 and 10 are
sib pair from first cousin marriage.

1
Dgys = 5(@1454-‘1)245)

1 1
= Z((I)Ml + ®g2) + Z(®241 + oy)

1 1 1

= g(@u + Dppa) + 5(1)142 + g(‘b% + @ fina)
1 3

— Zh4+°
17T

1
D356 = 5(@1456 + Doyse)

1 1
= — (D416 + Prazs) + — (D216 + Pouze)
4 4

1 1 1
= g(q)MG + P fa6) + §®1426 + §(®246 + @ f1746)
1 1 1
S ) 0+ = )
8('y+ )+2 +8(’Y+ )
1 3
— 42
17

CI)34756 = (P36,45
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1
= 1(@14,56 + Doy 56+ Paa16 + Psaoe)

1 1 1
= §(¢14,16 + Pry06) + §(®24,16 + oy 06) + §<®14,16 + $o416)
1
+§(@14,26 + Poy 96)
1 1 1 1
= —(2Pu6 + Prame + Prnage) + = (2Pous + Pry g + Poa o) + A+ A
16 16 4 4
1 3
= - -A
R
1
D356 = 5( 15,46 + Pas 46)
1 1
= 1((1311,46 + P1946) + 1(@21,46 + Pg2.46)
1 1 1
= g(‘he + P ppas) + g(‘b% + @ fir,a6) T §A
1 3
= -0+ -A
4 + 4

Then it is easy to derive the first cousin kinship coefficient:

¢)778 = CI)887

1
= 5@’78 + Pyys)

1 1
= 2P (P )

5 78+4( 345 + P346)

1 11 3 1
= —(1+1 SO+ 2y 1 -

32( + 59)+4(49+4’y)+47
LS (PO
T 327327 16

1
Drrgg = 5@’7884-(1)3488)

1

1
= §<D788 + 1(¢)348 + P3456)
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1 1 1
5‘19788 + g(@:ﬂs + Py6) + Z(I)3456
1 19 1 3

= —+—0+ - —
61 61" T2 T 15

1
Prrgs = §(®88+‘I)34,88)
= L g+ S (gr + Do)
= 3%+t (Da 34,56
1 1 1 3
A4yt oA
TR LR TRAT:
1
Drg 7 = 1(2(1)788“‘2(1)38,48)
1 1
= 5@788 + §(2‘1>348 + Pg5.46 + P36 45)
= 1<I> +1(<I> + @ )+1c1> +1c1>
= 5Pmst o(Pass s6) T g Pas.a6 + S Pasas

1 21 15 3
— T O 2A
ate’ TR T

Once these extended kinship coefficients of first cousin are known, the identity
probabilities for individuals 7 and 8 can be easily deduced. Here we will compute only
the nine condensed identity state probabilities as described by Génin and Clerget-
Darpoux for simplicity. Karigl (1981) also gave a matrix D that relates the nine
condensed identity state probability vector E;; to the extended kinship coefficient
vector ;5. Matrix D and the vectors F;; and @);; are presented in table 3.7.

The nine identity state probabilities for first cousin can be obtained by multiplying
the inverse of matrix D and vector (Q7g as follow:

P(S1) = §r5 — 20775 — 2P7gg + 4Pr7ss = 7 + 36

P(S2) =1 =207 — 20gg — Prg + 2P77g + 2Prgs — 4Pr7gs + 4Prr g8 = %A -

>
(=%
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Table 3.7: Matrix D and vector E and Q

D By i
1 11111111 PS) 1
2 22 2 1 1 1 1 1 P(S) 2
2 2 1 1 2 2 1 1 1 P(S3) 20
4 0 2 0 2 0 2 1 0 P(Sy) 49
8 04 0 2 0 2 1 0 P(S5) 8y
8 0 2 0 4 0 2 1 0 P(Ss) 8Dy
6 04 040 2 1 0 P(S;) 160
4 4 2 2 2 2 1 1 1 P(Sg) 49
16 04 0 4 0 4 1 0 P(Sy) 16D

P(S3) = =475 + 8Drs + 4Prgs — 8Prrss = 10 + 27 — 36

P(Sy) = —2+A407; + 20gg + 4075 — 8D775 — 4D7gg + 8Dr7sg — 4Pr7 88
3 3 3 3
= —0—— —§—-A
TR R L

P<S5> = _4(1)78 + 4(1)778 + 8(1)788 — 8(137788 = i& + %’Y - %(5

P(S6) == —2 + 2(1377 + 4(1)88 + 4(1)78 — 4<I)778 - 8(1)788 + 8(1)7788 — 4(1)77,88

3 3 3. 3
= 29— 45— 2A
207303

P(S7) = —8Dq7s5 + 8Prs 78 = 360 — 17y — 36 + 3A

P(Ss) = 16@78 — 16@778 — 16(1)788 + 32(1)7788 — 16@78,78

1 9 11
= —+-0—-— J—3A
4+4 27+6 3
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Table 3.8: Sib pair identity state conditional on parental mating types (Génin and
Clerget-Darpoux (1996))

Parents identity state

Sibs identity state S; Sy S3 Sy S5 Sg S7 Sg Sy
Sy 1 0 ;1 0 1 0 § £ O
Sy 0O 0 0 0 0 0 3§ 0 0
Ss o 0 + 0 5 0 1 4+ 0
Sy 0o 0 0 0 0 0 0 5 0
Ss o 0 5 0 5 0 % £ 0
Se 0o 0 0 0 0 0 0 £ o0
Sr 0 1 % 3 & 2 1 i 1
Ss o 0o o 3 0 3 0 2 2
S o 0 0 0 0 0 0 0 1%

P(Sy) = 4— 4P — 4Pgg — 16P7g + 16P775 + 16D755 — 24P77g8 + 4P77 g5 + 8Prg 75

3 9 9 9
= S —- —Z54EA
1 20+6*y 2§—|—4

Génin and Clerget-Darpoux (1996) showed sib-pair identity probabilities condi-
tional on parental mating types. It is easy to derive the identity state probabilities
for sib pairs from first cousin marriage using conditional identity probabilities matrix
M, as described in Table 3.8 and the nine identity state probabilities of first cousin.
Table 3.9 shows identity state probabilities for sib pairs from first cousin marriage.

Again, we can check these sib pair identity probabilities from first cousin mating

using Karigl’s matrix (1981). The kinship coefficient of individuals 9 and 10 can be
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Table 3.9: Identity state probabilities of sib pairs from first cousin marriage

Identity state Prob in higher order terms Equilibrium prob*

Sy (1111) g Tl s+ 0 2380° + 1230 + 2260 + 1
Sy(1122) 0 — gy — 26+ A 20(1 — 0)(1 + 80)
S3(1112) =+ 20—ty —324 2(1 — 6)(5860% + 190 + 1)
S,(1123) L4+ &0 — gy + 30— 2A (1+146)(1 — )2
S5(1222) =+ —3y— 36 2(1 —0)(580% + 190 + 1)
S6(1233) at ol — 2y +-3A (1+ 140)(1 — 6)?
S.(1212) BB By 354 3N 3(1—0)(386*+ 250 + 5)
Ss(1213) 229 32y4+35-3A 6(5 + 180)(1 — 0)?
So(1234) -0+ 5y — 30+ %A 12(1 - 6)3

*Each term has been multiplied by 64(1 4 0)(1 + 26)
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easily obtained:

(I)9910

(D991010

q)99,1010

(b99 = (I)lOIO

1
= —(1+¢
2( 78)

B 17+159
32 32

1
Z(CI)W + $rg + Dgr + Psg)

9 23

Z 42
32 0

(I)QIOIO

%(CDQIO + ®r810)
1 1

5@910 + Z((D787 + ®7g3)
3 + §Q + lry

32 8 32

1
5(@91010 + P751010)

1 1

5(1)91010 + Z(q)mlo + Prgrs)
23 +1339—|—11 n 35
256 ' 256 ' 321" 64

1
5(‘1)1010 + ®75.1010)

1 1

§q>1010 + Z(Cbm + $rg.75)
73 141 15 3

256 T o56" T 1Y T s
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1
q)910,910 = 1(2(1)91010+2(I)710,810)

1 1
= 5(1)91010 + §(2¢7810 + $r7.88 + Prss7)

— E—FEG—FE _|_EA
~ 512 "5120 T 2567 T 64

We can get exactly the same set of extended kinship coefficients by using the matrix
D times our identity probabilities of sib pairs from first cousin mating.

When computing ®g19 using Jacquard’s formula, we can get:

P19 = P(S1) + 2(P(S3) + P(S5) + P(S7)) + 1P(Ss) = & + 26
which equal the kinship coefficient of individuals 9 and 10 which we obtained using
the classical method. Thus, our identity coefficients of sib pairs from first cousin

marriages also verify two consistency checks performed by Weeks and Sinsheimer.

3.4 Discussion

Identifying disease susceptibility genes through affected sib-pair analysis has been
one of the most striking success of the genome project to date. Traditional ASP
methods assume no inbreeding and relatedness in the population. However, there
will be a low level of inbreeding in finite populations because of evolutionary history.
Traditional ASP methods will lead to a high false positive rate if applied to inbreeding
populations. Génin and Clerget-Darpoux first studied the effect of inbreeding on
traditional ASP tests and extended the ASP methods to the situation of sib pairs
sampled from a consanguineous population (1996, 1998). However, there are errors

in their calculations because they assumed independence of some of the alleles.
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In this paper, we first computed the fifteen detailed sib pair identity states proba-
bilities using higher-order decent measures when sibs are sampled from an inbreeding
population, and then derived the expected proportions of sib pairs sharing zero, one,
or two marker alleles. Our fifteen detailed sib pair identity states probabilities verify
the two consistency checks performed by Weeks and Sinsheimer (1998). Our results
are quite different from that of Génin and Clerget-Darpoux’s. We believe our results
are correct since we take into account allele dependency. In the second part of the pa-
per, we compute the nine condensed identity state probabilities of sib-pairs from first
cousin marriages. These results also satisfy Weeks and Sinsheimer’s two consistency
checks and are different from the results obtained by Génin and Clerget-Darpoux.
From the results, it is easy to see that we got almost the same set of coefficients as
Génin and Clerget-Darpoux. As expected, we just need to replace o® with § and
replace o with v or A. Cannings also pointed out that the identity state proba-
bilities computed by Génin and Clerget-Darpoux are incorrect. He recomputed the
nine identity state probabilities in two different ways. Although he argued that o3
was not appropriate for indicating all four alleles being IBD, he claimed in his Table
1 that the correct probability should be a?3 which still assumed independence of
some of the alleles and therefore is incorrect. In his second way of computing the
identity state probabilities, he used a set of parameters as, az and ay to represent the
probabilities of two, three and four alleles being IBD. His «y is the same as our 6, ag
is the same as our v and ay is the same as our 6. However, he used a? to indicate

the probability of two pairs of alleles being IBD. This is incorrect because again, he
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assumed independence of some of the alleles.

Génin and Clerget-Darpoux (1996) modified three ASP tests (Blackwelder, 1985)
after they recalculated the three expected sib pair IBD proportions. They also did
a “N, test” for sib-pairs from first cousin marriage. However, their tests have few
practical applications. In most cases, if the IBD state of four alleles from the siblings
can be identified unambiguously, the parents must not share common alleles and thus
can not be inbred. The whole idea of population inbreeding on IBD tests will be valid
only when the marker alleles are not highly polymorphic or the parents are missing.
Population inbreeding will be more relevant when identity by state tests are applied
since IBS tests relax the IBD relations by substituting sib pair IBS relations. Parental

information is no longer needed and the population could be inbred to any degree.
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Chapter 4

Linkage and linkage disequilibrium

analysis for a single QTL using family data

4.1 Introduction

Identification of disease susceptibility genes is one of the primary aims of contempo-
rary genetic research. Advances in recent decades in molecular genetics enable more
and more DNA polymorphisms to be used as markers for linkage and association
analysis. The basis for association mapping is that a chromosome with a disease
allele should show a distinctive haplotype in the vicinity of the disease locus simi-
lar to the haplotype of the ancestral chromosome. The basis for linkage analysis is
that affected individuals in a pedigree should show a different marker segregation
pattern than expected at marker loci linked to a disease locus. Linkage analysis has
been successfully used to map major genes causing simple Mendelian disorders, such

as Duchenne muscular dystrophy (Murray et al., 1982; Monaco and Kunkel, 1988)
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and cystic fibrosis (Kerem et al., 1989; Dean et al., 1990). However, most human
diseases are complex diseases caused by genes at multiple loci. Association analysis
has had success in mapping genes or regions affecting complex diseases such as the
corticotropin-releasing hormone genomic region in rheumatoid arthritis (Fife et al.,
2002).

Linkage analysis seldom provides resolution better than 1 centiMorgan (CM)
(Hastbacka et al., 1992). Two well separated marker loci may not be distinguished if
there is no cross over between them. Most linkage maps are constructed with a lim-
ited number of pedigrees and thus have limited resolution. Association analysis has
better resolution than linkage analysis, because ideally only closely linked loci show
association. Associations decay over time. The decay of association can be modeled in
terms of the recombination fraction. The higher the recombination fraction between
two loci, the faster the decay of the association. Association reflects recombination
events that have occurred over the entire population history. However, association
analysis alone may not be adequate to distinguish between an association caused by
linkage and an association caused by a biologically irrelevant effect such as population
admixture, migration or selection. So association analysis alone may result in high
false positive rates.

Another problem with most linkage and association methods is that they study
each marker locus separately (single marker analysis). This will cause a waste of
information when multilocus marker information is available. Multipoint analysis

studies marker loci simultaneously and has been shown to be able to increase the
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power of mapping in both linkage and association analysis (Kruglyak et al., 1996;
Zeng, 1994). However, little has been done to study linkage and linkage disequilibrium
and multiple marker loci simultaneously.

Quantitative trait loci (QTL) refers to loci affecting a continuous trait, such as
loci causing alcoholism and hypertension. Many methods have been developed to
locate QTL, such as the interval mapping method (Lander and Botstein, 1989) and
composite interval mapping (Jansen 1993; Zeng 1993, 1994). Interval mapping is
based on linear regression to map single QTL. It tests for the presence of a QTL
at many positions between two mapped marker loci. After fitting the model, the
goodness of fit of the model is tested using a likelihood ratio test. Composite in-
terval mapping uses a combination of interval mapping with multiple regression to
map multiple QTL one by one. Composite interval mapping gives more efficiency and
precision then interval mapping because the variance from other QTL would be ac-
counted for by including partial regression coefficients from markers in other regions
of the genome. Both interval mapping and composite interval mapping study samples
from backcross designs. In some cases, such as in human populations, it is impossible
to control the mating. QTL mapping also can use unrelated individuals. Wang and
Zeng (2001) developed an EM algorithm to estimate the disequilibrium coefficients
between the marker alleles and the disease alleles, the QTL allele frequencies, and
QTL model parameters based on phenotypes and genotypes of unrelated individuals.
They developed models to study single QTL as well as multiple QTL simultaneously.

In this chapter, we study linkage and linkage disequilibrium simultaneously for
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mapping single QTL using unrelated family data in an attempt to increase mapping
resolution and reduce false positive results. We develop an EM algorithm that ex-
tends Wang and Zeng’s EM algorithm (2001) to family members and study allele
transmission from parent to offspring so that the recombination fractions can be esti-
mated. In order to speed up the algorithm, we derive closed form solutions to update
the QTL parameters at the M-step in the EM algorithm. We perform single marker

analysis as well as two marker analysis to increase accuracy of the estimates.

4.2 Single marker analysis using family data

For simplicity, we assume that the quantitative trait is affected by a single QTL. We
also assume that our sample consists of unrelated families and that each family has
two parents and a given number of offspring. In QTL analysis, we usually assume
that phenotypic trait values and marker genotypes of the individuals can be observed.
In this section, we will study marker loci one by one. We will estimate QTL allele
frequencies, linkage disequilibrium coefficients between the marker alleles and the
disease alleles, recombination fraction between the marker locus and the disease locus

and QTL model parameters based on the observed phenotypic and genotypic data.

4.2.1 Construct the log likelihood of the data

Consider a natural random mating population which is in Hardy-Weinberg equilib-

rium. Suppose we have family data: two parents and a given number of offspring in
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each family. Assume all the families in the sample are unrelated. Suppose we can
observe: unphased marker genotypes of the parents (x;1,x) (i=1,2,---,n where n
represents the total number of families in the sample) and phenotypes of the parents
(yi1, ¥i2). “Unphased genotype” means that we can observe two alleles at each locus,
but we do not know which allele is located on which chromosome. “Phased genotype”
means that we have knowledge about not only which alleles exist at the locus, but
also which chromosomes the alleles are located on at that locus. For each family i,
let s; represent the number of siblings in the family. Assume we can also observe
offspring unphased marker genotypes (Zoi1, -+, ois, ), and offspring trait phenotypes
(Yoi1, * ** » Yois,; )- Let © represent all the parameters including QTL allele frequencies,
linkage disequilibrium between the marker alleles and the QTL alleles, recombination
fraction between the marker locus and the QTL locus and QTL effect parameters. Let
21, 2o represent the phased QTL genotypes of the parents and let 2y, zo vary over all
Ng possible phased QTL genotypes. Let mq,ms represent the phased marker geno-
types of the parents and my, my vary over all NV, possible phased marker genotypes.
Likewise, let z, represent the phased offspring QTL genotypes and m, represent the
phased offspring marker genotypes.

Then the likelihood function of the observed data

Yobs = (Ti1s Tiz, Yits Yi2, Toils ** *  Tois;s Yoils = Yois; )5 4 = 1,2, ,m

can be specified as

n
L(Yops, ©) = III'P(xi1, Tioy Yi1, Yis Toity * * * s Toisgs Yoils " * * > Yois; )
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where

P(thl,%l) =

P(z9,mq,20) =

Ng Ny N@ Ny NQ Ny,

H?ZZZZZZP<217mhxilayila227m2737i27yi27 Zoy Mo,

21 M1 22 M2 Zo Mo

Loily """y Loisyy Yoily " " ° ayoisi)
NQ N N@ N N@ Ny

IS NSNS N P, ma, @i, yin ) P22, ma, Zis, Yio)

Z1 M1 22 M2 Zo Mo

Xp(yoila e 7yois,-|zo)

XP(Zoa Mo, Loj1, " " 7'Toisi|zla ma, Ti1, Yi1, 22, M2, Ti2, le)

H?ZZP<yi1|Zl>P(217mlaxil>ZZP(Z/iQ‘ZZ)P(ZQamZ;xiQ)
zZ1 mi zZ2 M2
st Nm NQ

X HZZP(%MZ’O)P(%,WLO,fﬂoz‘j|2’1,m1,$i1,22,m2,9€i2)

J Mo 2o

P(z1,my) if z;; and m, are compatible

0 otherwise

P(z3,ms) if 245 and my are compatible

0 otherwise

P(Zoy me, xoij 21, M7, L1, 22, M2, xi2)
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P(z,,mo|21,m1, 22, my) if x;1 and my are compatible

T2 and my are compatible

Zoij and m, are compatible

0 otherwise

If phased and unphased genotypes have same alleles, we call them compatible.
For instance, if phased marker genotype is M;/M, and unphased marker genotype
is MoM;, they are compatible. If phased marker genotype is M; /M, and unphased
marker genotype is MMy, they are not compatible.

For simplicity, we assume there are only two alleles (Qy, Q1)at the QTL and only
two marker alleles (My, M;) at the marker locus. If we assume that z represents
the phased QTL genotype @,/ @, and m represents the phased marker genotype
My, /My, Then P(z,m) becomes P(Q;, My, /Qy My, ). Under Hardy-Weinberg equi-
librium, genotype frequency equals the product of two haplotypes. Suppose the dis-
equilibrium coefficient between allele Qg and allele M is D, then the probability of

joint phased QTL and marker genotype can be specified as

P(z,m) = P(Qi, My, )P(QuMy)

= (puan, + (=1)"™ D) (py qn, + (—1)4"" D)
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P(z, my|z1, M1, 29, m3) is a function of recombination fraction r between marker
locus and disease locus. Table 4.1 shows the probabilities of offspring phased marker

and QTL genotype conditional on parental genotypes.
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Table 4.1: Offspring genotype frequencies conditional on parental mating types

offspring genotype

Parental mating ~ “% Zig; Z;Zi % ZéZ; Z;Zé Zégé Z:;Z;
whocwkz 10 0 0 0 0 0 0
b X b 10 o 0o 0o 1 0o o0
ahxgE 4 0 0 0§ 0 0 0
by X s L5 0 0 0 0 0 0
ail X ; 0 3 0 0 0 0 0
¥ o L0 0 0 % R
shxe ool 0 0 0 0
P RAA i 0 i 0 0 ! 0 0
ait X o L0 r 0 b 0 000
shxmh L L 0 0 0 1 0 0
i ¥ i 09 o Y 0o 0o !
i % o0 50 : =
A L L T S S
R A T T G S
i A S T G A G U
apby o agby (1-r)? r=r) r(-r) (@@= rOQ-r) r(-r) (1= 2
a9 asby 4 4 4 4 4 4 4 4
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Table 4.1 (continued)
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The phenotypic trait value (P) can usually be expressed in terms of the geno-
typic value (G), the environmental deviation (E), and the genotype by environment

interaction (G x E).

P=G+E+GxFE
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Then, the phenotypic variance can be expressed as

Vo =Vo+ Ve + Voxe +2Cou(G, E) + 2Cov(G,G x E) 4+ 2Cov(E,G x E)

If we assume that there is no genotype and environment interaction and no covari-
ance between genotype and environment, then the phenotypic trait value can usually

be expressed as

Yi=p+ X B+ e

where 1 represents the overall population mean of the trait. E is a vector of QTL
effect parameters and F = (a,d)”, where a refers to additive effect and d refers
to dominance effect. Xj;; is a vector of coefficients corresponds to different QTL
genotypes. For example, both X;y, and Xy corresponds to QTL genotype (QQ1Qo.
We define Xo9 = (—1,-1/2), Xo1 = X190 = (0,1/2), X33 = (1,—1/2). e; stands
for the residual error of the model. Usually, we assume that e; follows a normal
distribution and e; ~ N(0,0?). Then P(y;|zj;) follows a normal distribution with

mean of p 4+ X;; E and variance of o*:

1 (i — i — X E)?
P(yi"zjj’> = \/%U&'Ep{— 202 = }
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In other words,

i—p—a+d/2)? .
s I R
3 d .
P(yi‘zjjl): \/ﬂgexp{ (yi 502/2 } lejj/:%or%
i—ptat+d/2)? .
v27T0'6 p{ %} lf ZJ] = %

Define fi1 = P(yii|z1), Pii = P(z1,m1,%01), fio = P(yi2|22), Pia = P(22,m2, Ti2),
Poij = P(zo,mo,xoij]zl,ml,xﬂ,zz,mg,wig) and foij = P(ym-j\zo). Then the lOg—

likelihood function of the observed data is given by

log L(Yos,©) = ZlogZZP (yirlz1) P21, ma, 1) Y Y Pyl 22) P(22, M2, i2)

zZ1 ma z2 M2

XTID2 D" PYoijlz0) P20, Mo, Toijl 21, M, Tin, 22, M2, T42)

j Mo Zo

= ZlOgZqu Z1ZZfz2 zQHZZPOUfoz]

zZ1 mi zZ2 m2 ] Mo Zo

4.2.2 EM algorithm

After constructing the log likelihood of the observed data, we can develop a searching
method based on the expectation- maximization (EM) algorithm (Dempster, Laird
and Rubin, 1977). By using the EM algorithm, we can search for optimal parameter
values that give the maximum value of the log likelihood function. The EM algorithm
is simple and stable and has been widely used to fit models with incomplete data.
To get maximum likelihood estimates of the data, we need to take derivative of the
log likelihood function with respect to ©, where © refers to all parameters including

QTL allele frequencies, disequilibrium coefficients between marker alleles and disease
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alleles, recombination fraction between marker locus and QTL locus and QTL effect
parameters. We can show that the derivative is a function of f, P and m;;, m;, and

i3 (see detail in appendix A).

0le alogfz A alogfz-Pz-
OLOOT) 35 5 (08I0l 5 5~ e oy 2108 Sl
7 lll/ hlh/ l2l/ th/
al Pois 018
T ) I) DL (LA LS
53" kK 00
where

i (t) = firPn 2121' thh’ FiaPia [, 22,50 2oia Pois fois|©=0
l h Zl lel’ Zhlh’ lepzl ZlQl’ Zth/ f7,2P7,2H Z]j Zkk’ ozsfozs|® G(t)

pis () o SaneIL T By P00
l h’ 12 ZZQZ/ Zh2h’ f12P12H Z“ Zkk’ P,isfois|©= 10

Jk ozsfozs|® ®<t)
T is(t) = > it Dt Poisfois|©=011)

Setting the derivative to zero and solving for ©, we can get maximum likelihood
estimates of ©. On the E-step at the t-th iteration, we need to compute posterior prob-
abilities wf,ll,’;;,ﬂ(t), wgg,’;;ﬂ(t) and 705, ;.5(t) for all 13,15, by, 1y, b, Uy, o, By, 5, 5 K, K =
0,1 and i = 1,2,---,n given © = O®. On M-step at the t-th iteration, we need
to maximize the L-function and update © as O+, Step E and Step M need to
be repeated until convergence is reached. One thing need to be noticed is that the
EM procedure could lead to a local maximum. We should assign the parameters
with different sets of initial values to search for the global maximum. Different sets

of estimators may be obtained with different sets of initial values and the estimates
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corresponding to the maximum likelihood value should be chosen. In the following

sections, we will derive closed form solutions for O+l

Estimation of QTL allele frequency and LD

Let p; represent the QTL allele frequency of ()1 and D denote the disequilibrium
coefficient between allele () and allele M,. Taking the derivative of the log-likelihood

with respect to p;, we get (detail in Appendix A)

dL(8|e") U, (—=1)'thg,
o = Z Z Z{ﬂ-ll’lile’l 7,1 + 7Tl1h1 zl(t)}]P—l
D1 i i UK, lihy
1Lh, (—1)t*2g,
+ Z Z Z Z Z Trll’lllsz’1 zl ll?}]z,ﬂ(t) + T l2h2,12<t)}]P42
loho @ Iy} hahf I5h) loho
=0
Define

Ih

al1h1 Z Zl/ h/ {’/Tl’ h’ 7,1( ) + l1h1 7l <t>}
1,hl,
1(312 i lel Zhlh Zl'h' Wl'h' 11( ){WZI?Z/Q' (t) + l2h2,22<t>}

Then, we can get

1 1+ -1 1+l
(t) ( ) qh, +Zb(t) ( ) qhy -0

l1hy
l1hy P11h1

By index substitution, we can simplify the above expression as

-1 1+
S (affh, + o) L g (a.)
l1h

l1hy
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Likewise, taking derivative of the log-likelihood with respect to D, we have (detail

in Appendix A)

oL(8]6")

o ) = 4.2
oD Z( gy hy + llhl) Pllhl 0 ( . )

l1h1

By solving equation (4.1) and (4.2) together, we can get

1\l
S S (aiph, + by, ) G lan, = 0

t t —1)!
S (S (aigh, + b)) Ftl(=1)M =0

If we define ¢, (t) = ¥, (a)! llhl + bl(f)hl) 12

co(t)go+c1(t)g =0

co(t) —ci(t) =0

which leads to

In other words,

(-1
Sl + 60 S o

I l1h1

(t) (®) t (t
0h1 bOhl o a§/‘21 + b )

POhl Plhl
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Pll

a1h1 + b1h1

Pon
¢ 1
agy, + 0%,

a10(t)+b1o(t)

ago(t)+boo(t) Poo

a11(t)+b11(t)

ao1(t)+bo1 (¢ )Pm

Let gy denote the marker allele frequency of M, and ¢; denote the marker allele

frequency of M;. gy and ¢; can be estimated based on marker information alone, so

we treat them as constants. Then,

(0 = PPl

aio + bi

qo = Poo+ Pio=(1+

G =FPn+P1=01+

an + b
afy +

a10(t)+b1o(t)
aoo (t)+boo(t)

) Poo

a11(t)+b11(t) )

ao1(t)+bo1(t) For

b(t) POl

Q(@00+b )

oy
@11 + bn

(@ + 09 +

+(a (t)—i—b(t))
Q(am b )

01 =+ b(n

X
(aty

‘i‘bm) (an +b )
(t)

+b11)

(%0 + boo)

Similarly, we update D as

go(all +0%3) a0 (a
(t)

(alo

aq
b ) (%1 + by )+(agt1) bgtl))
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D = P —piq
q(af} + b)) go(al) + bio)

(®) (®) (t) )y ®) ®)

(api +bor) + (aii +biy) (agy + boo) (al() + bip)

q(al) + o)

]Q1
(as) + b§)) + (afy +bY)
_ [ (agtl) + bg?) (CL%) + blO) ]
= @ ® ® dotr

(%1 b(()t1)) (a11 bgtl)) (aoo bgo)) (10 +b(t))

Estimation of recombination fraction

In the log-likelihood, only P, is a function of recombination fraction, r, between the

marker locus and the QTL locus. Taking the derivative with respect to r, we can get

aI/(®|®t) _ llhl l2l
or = ;l%h% Ths, i O"‘l;h%}/ hahly, i
Olog P,
+ZZZW%/153 87" }]
s jj" kK

= 2222 X X X mid a0 (D7)

% S lll/ hlh lQll th/ j]/ kk’

K= T+ J1(B) = =5 1()
1 1 2
o o)D)+ 1)

where the I’s are a set of indicator variables defined as
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1 if P(SaMe QMg QMg 1or ) 1or
I(A) _ Qj’Mk’ Qllth/l Ql’2Mh/2) 2 4
0 otherwise
1 if P( Qj My, |Ql1Mh1 , Quy My =Tort
I(B) = Qe My 1 Qug My Ql;th) S
0 otherwise
. Q;My Qi Mp, Qi M, 1—7)2
1 if P(Q,],M: ‘Ql,thxl , QZ/QM:/Q) = 4r)
[(C) _ J 1 1 2 o
0 otherwise
1 if P( Q; My, ‘Qlthl QuyMpy\ _ r(1=r)
(D) = Qar M @y My ? %th) 1
0 otherwise
. QM Qi My, Q, My 2
L if P(QjJ,MI,:, |Ql,th,1 ; Ql?Mh/Q) =7
I(E) — 1 1 2 2

0 otherwise

Thus,

S>3 =rdis+ (1 —=7)Bis — 2rCis + (1 = 2r) Dy + 2(1 = r)E;] = 0

7 S
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. l1hy laha Jk

Where Ais = 32306 30,0 Xonyny 2ty 2ohahty 2t 2k Tt 1 (0737 30 (E) i 55 (£) and
; lihy loha jk . . .

the index of ﬂl,lh“l(t), Tint i o(t), and . ;3(t) should be in set A. Likewise Bjg

represents the sum of 7’s whose indexes are in set B, etc. Then, r*+1) can be expressed

in terms of Ai57 Bisu Cisa Di57 Eis as

t+1) _ Zz Zs(Bis + Dz’s + 2Ezs)
Zi ZS(A’iS + Bis + QCzs + 2D'Ls + 2E’Ls)

71(

Estimation of QTL effects

In the L-function, only f;1,fi2, f.is are functions of QTL effect parameters including
the overall population mean of the trait, the additive and dominance effects of the
QTL and the variance of the QTL. If we take derivatives of P;;, P, and P,;, in the
L-function with respect to the QTL effect parameters, they will equal zero. To get
maximum likelihood estimates of all the QTL effect parameters, we need to take
derivatives of the log likelihood function with respect to each QTL effect parameter
and set the derivatives equal to zero, then solve for the parameters. For simplicity,
we assume that the i-family has s; offspring. The following are closed form solutions

for the QTL effect parameters (see detail in Appendix A)

1
(t+1) — ~— o\ E 7 + 7 + E 07,5

_ZZ CJJ 11 +C]J 12( 'Et ZZZC]] 153 ’E( )]

s gy
d®
o = [Z{(Cn,u(t) — conin (t))(yin — p™ + 7) + (e11,2(t) — co0,i2(t))
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d(t+1)

(0_2) (t+1) _

where

(t+1) d® (t+1) d®
X (Yiz — T+ 7) + > _(eris(t) = conia(t) (Yois — 7 + 7)}]

/[Z{Cll,il (t) + 00,1 (t) + c11,02(t) + co0,i2(t) + Z(Cll,iSS(t) + C00,is3(t)) }]

ﬁ Z[(Col,il(t) -+ C10,i1 (t) — C11,i1 (t) — C00,i1 (t))(yﬂ o Iu(t+1)>

+(co1,i2(t) + c1042(t) — cr1.42(t) — co0.i2(t)) (Yiz — ,u(tﬂ))
+ Z{(001,7Ls3(t) + ¢10.53(t) — C11.453(t) — €00.i53(t)) (Yois — M(Hl))}

+{c11,i1(t) — co0.i1(t) + c11.42(t) — cop,iz(t)

+ Z(Cll,is?) (t) — Coo,is3(t))}a(t+l)}
1
sy Sl — )~ X 4 a0
i T
X (yi? - M(t—H) - ij/E(t+1))2

+ 3 cijiss(t) (ois — pY — X5 ECTD)?Y]
S

i i(t) = 2hah, 7Tll’il}i’llzl (t)

lih lah
Cotyi2(t) = 2yty Lhiwy 2nahy Tt 11 (O)T737 (1)

Cjjis3(t)

and

_ lih Iah jk
= 20ty Ly, ity Doty bkt Tt it i1 (T2 0 (0 543 (2).

lel’l Clll’l,ﬂ(t) = 2121'2 Clzl;,iz(t) =1

s 2t Cijras3(t) = si.
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4.3 'Two marker analysis using family data

4.3.1 Construct the log likelihood of the data

After performing single marker analysis, we extend our model to study two marker loci
simultaneously in an attempt to increase the accuracy of the estimations. As before,
suppose there is only one QTL affecting the trait. Assume we still can observe the
parental and offspring trait values and marker genotypes. Now the marker genotypes
involve alleles at two different loci. Similarly to the single marker model, let Ng stand
for the total number of possible phased QTL genotypes and N,, stand for the total
number of possible phased marker genotypes. The log likelihood function for the two
marker loci and single QTL model is similar to the single marker and single QTL

model. The log likelihood function still can be expressed as

NQ Ni, NQ Ni
log L(Yos,0) = ZlogZZP Yi1|21) P Zl,ml,xil)Zzp(yiﬂzz)P(Zz,mz,%z)
si Nm Ng

XTID2 D" PYoiil20) P20, Mo, Toijl 21, M, Tin, 22, M2, Ti2)

Jj Mo 2o

NQ Ni, NQ Ni, si Nem NQ
= ZlogZZle leZsz zQHZZPomfm]
zZ1 mq Z2 M2 J Mo 2o

Here, i1, yi2, 21 and zo still represent the trait values and phased QTL genotypes
of the two parents; y,; and z, denote trait values and phased QTL genotypes of
the j-th child in the i-th family; x;1, x;2, m; and my stands for observed unphased

two marker genotypes and phased two marker genotypes of the two parents; x;
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and m, stand for observed unphased two marker genotypes and phased two marker
genotypes of the j-th child in the i-th family. If we ignore the genotype by environment
interaction and assume there is no covariance between genotype and environment as
in the single marker model, the probability of trait values conditional on the phased
QTL genotypes still follow a normal distribution with mean of ;14 X,/ F/ and variance

of o2.

The probability of an unphased genotype still equals the probability of the
phased genotype if the observed unphased marker genotype and the phased marker
genotype are compatible and it equals 0 otherwise. The probability of joint phased
marker and QTL genotypes still equals the product of two haplotype frequencies.
Now the haplotypes involve alleles at three different loci. Assume there are only two
alleles (Qo, Q1) at the QTL locus, two alleles (M, M;) at the first marker locus M,
and two alleles (Ny, Ni) at the second marker locus N. The haplotype frequencies
can be specified as functions of allele frequencies and three linkage disequilibrium
coefficients including the disequilibrium coefficient between allele M, and allele @),
Dy1; the disequilibrium coefficient between allele Ny and allele ()9, Dg2, and the
disequilibrium coefficient between allele M, allele Qg and allele Ny, Dgi2. Assume
P(Qo) = po, P(Q1) = p1, P(Mo) = qo, P(M1) = q1, and P(Ny) = wo, P(N1) = wy.

Then, the genotype frequencies become

Mll Qj1 Nhl

P
(Mz;QﬁNha

P(M;,Qjy Nu, ) P(My Qj; Ny, )
— [(_1)j1+l1+h1D012 + (_1)j1+l1wh1D01
+(=1)7"*" g1, Do + pjy, Py,
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x [<_1)ji+l/1+h/1 D12 + (_1)ji+l/1wh/1 Doy

+(—=1)"" gy Doa + pjy P

where 1,11, j1,j1, b1, h] =0, 1.

The offspring joint phased QTL and marker genotypes conditional on parental
phased genotypes can be expressed in terms of the recombination fractions between
QTL locus and marker loci. Let r; denote the recombination fraction between marker
locus M and the QTL locus, ry represent the recombination fraction between QTL
locus and marker locus N and rs stands for the recombination fraction between marker
loci M and N. Since r3 can be estimated based on marker information alone, we treat
r3 as a known value. Assume there is no double crossover event and r; + ry = 3.
Define o = 11 /r3, then 1 —« = ry/rs. Thus 7y, ro can be expressed in terms of r3 and
a: r1 = arg and ro = (1—a)rs. Then probabilities the offspring joint QTL and marker
genotypes conditional on parental genotypes can be expressed in terms of a and r3,
where only « is an unknown parameter. Suppose the offspring phased genotype
is M;,Q;, N,/ My Qj: Ny, and the first chromosome is the maternal chromosome, the

second chromosome is the paternal chromosome. Assume the mother phased genotype

is M;,Qj, Ni, /My, Qjr Ny, and the father phased genotype is Mj,Qj, Nu, /M, Qj; Niy ,

J

then

MlijoNho Mlleleu Ml2Qj2Nh2
My, Qg Nu, My Qg N, ™ My Qs Ni,

‘ Mh Qh Nhl
" My Qj Ny

P( ) = P(M,Q;,Ny
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M;,Qj, Nh,

XP(MngjéNhg|m
2 ©J2 2

When ll = lll, jl = ji and hl = hll

1 if l,5,ho = lLi1h
MllelNhl B 1L io] 1J11

P(MonjoNhJMl/Qv Vo) =
1Y 1

0 otherwise

When [, =1}, j1 = j} and hy # R}

= -f lo -oho :l . h l i h/
PU%Q-NMM): 2 Hted 1J1hy or lighy
0¥ Jo o Ml/leiNhll

0 otherwise

When [y =1}, j1 # j} and hy = R}

if lojoho = lljlhfl or ll]ihl

N[ =

Mll Qj1 Nhl

P(MlanoNth
1% 1

)=

0 otherwise

When Iy # I}, j1 = j1 and hy = b

L i I,johe = l1jih or I jih
P(M,,Qj,Np |M): 2 i 1jrhy or 1 51hy
0% Jo o Ml/leiNhll

0 otherwise

When ll = lll, jl 7é ji and ]’Ll 7é hll
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Mll QJ& Nhl

P(M,Qj,Np, |~ ~—) =

My, Qj; N,

When ll 7é lll, jl = ji and ]’Ll 7é hll

P(Mlo QjoNho ’ Ml/ Q ., Nh/
1% 1

When Iy # I}, j1 # j1 and hy = b

P(MlijoNho\Ml/Q,/ N,
1% 1

When Iy # 1}, j1 # j; and hy # R}

Mll le Nhl _

Mh le Nh1 o

1_(1;a)T3 if lojoho — lljlhl or ll]{hll
(1720‘)7"3 if lojoho = ll]ihl or ll]lh/l
0 otherwise

1_% if lojoho = lljlhl or llljlh/l

B it ool = lijiha or Lijihh

0 otherwise
=03 if I, j,h, = Lijihy or 1 j1h
s if lyjohe = Ui or Ljihy
0 otherwise
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(1—ar3)(1—(1—a)rs)
2

if l,joho = l1j1hy or I j1h)

ars(1-(1=a)rs) if 1,j,ho = Ui j1hy or 111 R

2
P(MlijoNho|% = aﬂ;ﬂ)f% if Ljoho = Lijihy or Ui,
{1=a)(1 ars)rs if Iojoho = l1jihy or U jihy

0 otherwise

Similarly, P(MyQjs Ny, |Mi,Qj, Niy /My, Qjy Ny ) is also a function of r3 and a.
Thus the probabilities of offspring phased genotype conditional on parental phased

genotype are functions of r3 and «.

4.3.2 EM algorithm

After constructing the log likelihood of the data, we can estimate the parameters
using an EM algorithm as before. We want to estimate QTL allele frequencies, the
three disequilibrium coefficients and the QTL model parameters. So © includes pq,
pa, Do1, Do, Dogia, i, a, d and o?. Taking the derivative of the log-likelihood with
respect to O, we can get a similar expression to that in the single marker model as

follows

oL(e|ew i1y Eﬂogﬁ ; slohs
OO 555t (PR L S s )

t g1jy Ly hahf Jagh laly hahl
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dlo et dlo Pois ois
c( P08l S Sty ) PO sty

5 jogl lol!) hoh!)
where
Jilihy
A i(t)

fir P Zm] Zlgl/ Zth/ fﬁP@?H ZJ(,J Zzoz’ Zhoh’ Pois fois|9= e
Zaul lez/ Zhlh’ faPa Zgzg 2121’ thh’ fﬂPﬁH ZJOJ Zz i, Ehgh’ Pois fois|©=0)

jzlghz (t) f12P12H Z]o] Elol’ Zhoh’ Pozsfozs|® 9(t>
Jalaht,i2 ng 2121’ Zhgh' fﬂPﬂH Z]o] Zz A Zhoh’ Pois fois|©=01)

7T'70l ho (t) ozsfozs‘('9 e(t)
/l/h’ ,183 Zjojo Zl l/ Zhoh’ msfms|® o)

Here, ¢ indexes the family number. s is the offspring number in the i-th family. j;
and jj represent the phased QTL genotype of the first parent. {; and [} represent the
phased marker genotype at the first marker locus of the first parent. h; and h are the
phased marker genotype at the second marker locus of the first parent. For example,
=110 =041 =0,j; =1, hy =0 and b} = 1 stand for M;QoNy/MQ1N;.
Similarly, j, and 7} stand for phased QTL genotypes of the second parent. I, I}, and
hy and hf represent the phased marker genotypes of the second parent. j,, j.. l,, I/,
he, hl stand for the phased QTL and marker genotypes of the children.

In the log-likelihood function, only P;; and P are functions of QTL allele fre-
quency, p; and the three disequilibrium coefficients Dy, Dgo and Dy1o. Taking deriv-
atives with respect to p1, Do1, Do and Dyo and solving for the parameters, we can

get closed form solutions for the four parameters as follows (details in appendix B)
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t+1 .
p§~ b= Z Q]Ml Ny, for j=0,1

l1h
t+1 t t+1
Dc(nJr ) = PégMo - p[() )QO
t+1 t t+1
Dc()z )= Pc(ggNO - PE) )wo
1 1 1 1
D(()tfg ) = ngMoNo woD (g _ QOD(t+ p(t+ )PMONO
where
P(t) _ 111 by (t) + blllhl (t> P
Q1M Ny aotyhy (1) + boiyny (B) + @rgyny (8) + bugn, (8)
(1) _ oty (£) + boiyp, (1) P
QoMiy Ny Qoly by (t) + bOl1h1 (t) + aiyn, (t) + b1l1h1 (t) o
(t) _ (®) (t)
My Qo PQoMz No T PQoleNl
(®) _ (®) (t)
PQONhl - PQoMoNh + PQOMlNhl
and

lh ‘/l/h/
ajlllhl(t) = Z Z leglhfll,u +7Tﬁlih11,i1(t))

ik,

Iih Iah j5l5 b
bjataha () = DD D D> D Jll’lh’1 il jith?,iQ(t) + (1))

7 ]1]1 lll, hlh/ ,l/h/

Clihy (t) = Z (P;;)jl(ahllhl <t> + bj1llh1 (t))

g1 T dihihy

We need to estimate the haplotype frequency P(M;, Ny,) before we can imple-

ment the EM algorithm. The marker haplotype frequency can be estimated based on

99



marker information alone as described in Wang and Zeng (2001). We could estimate
the marker haplotype frequencies using EM algorithm. We could use parental geno-
type information to estimate marker haplotype frequencies. The log-likelihood can

be derived as follows

(©,,]00) t) ZZZ Z logPy,p, + lOgPl’h’)”l'h' i]< )

i j Ll haih

where ¢ sums form 1 to n and j sums form 1 to 2 because there are two parents

in each family. ﬂ-ll’iZ’iz j(t) is the posterior probability of the phased marker genotype
M, Ny, /Ml/ n conditional on the unphased marker genotype x; = M, My Ny, Ny of

the j-th parent in the i-th family.

B = U for 1;,h1=0,1
lithy  — H(t) or t1,M1=Y,
lehl l1h

where TIjj}, = ¥, %, 2., [Trl’h’ () + ll;ili @]

To get maximum likelihood estimates of the QTL model parameters, we need
to take derivatives of the log-likelihood with respect to each QTL model parameter.
Similar to the one marker case, only fi1, fie and fuj;,1=1,2,...,n,7 =1,---,s;, terms
involve genetic model parameters. The estimation of the QTL effect parameters can
be done in the same way as the single marker case. For simplicity, we assume that

there are s; children in the ith-family.
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1
(t+1) - — Ao . N 7 + 1 + 025

—ZZ ¢jjr,in(t) +ij/,zz( ZZZ% is3 () X5 B
i g’ i S gj
d t
atl = [Z{(Cll,il(t) — coo,i1(t))(yin — M(Hl) + 7) + (c11,2(t) — cooi2(t))
d® d®

— )+ D (c1nas(t) — coois(t)) (Yois — n Y + 7)}]

X (yip — p Y + 5

Z{Cn a(t) + coo,i1(t) + c11,i2(t) + cooia(t)

+ Z C11 zs3 ) + oo Z53(75))}]
— 21(22—1—31) ;[(Coul(t) + c10.(t) — c11,i1(t) — coo,i1(t))(yir — ”(t—l—l))

+(co1,i2(t) + c10.42(t) — c11,i2(t) — co0,i2(t)) (Yi2 — M(Hl))

d(t+1)

+ Z{(Cm,z’ss(t) + c10,i53(t) — c11,i53(t) — C00,i53(t)) (Yois — M(t+1))}
S
+{c11,i1(t) — o0, (t) + c11,i2(t) — coo,i2(t)

+ Z(Cll,isi’)(t) — COO,isB(t))}a(t+l)]

(02)(t+1) — E 2 " Sz Z Z{C]] “ 3/11 /L(t+1) o ij/E(tJrl))Z

iogj’

+cjjrio(t) (Yia — N(H_l) _ ij/E(t+1)>2

+ > Cgriss(t) (Yois — pTY — X ECTD)Y]

where

Lih
Chjpa(t) = ZZ Jll’lh’lzl

11y h1h}

Chipia) = 2303030 3wt a(Omiint (1)

J1Jy ly hahf lall hahl
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Ciogpisa(t) = D323 DD D Y w7 (DT s (1)

J1Jy Wl hahl jagh 121y hahl Lol hohy,

and
it Cinpit () = Xy Ciotyin(t) =1

25 2ot Clogtisa(t) = Si-

4.3.3 Estimation of recombination fraction

Unlike the single marker model, we estimate the recombination fractions between
marker loci and QTL locus based on an assumed QTL locus. As we mentioned
before, f,;s can be expressed in terms of a and r3, where r3 can be estimated from
marker data. We can assume that the QTL locates at a known point between locus
M and locus N. In other words, we can assign a value to a (« should be between 0
and 1). Given the value of o, we can perform the above EM algorithm at that known
point and estimate QTL allele frequencies, the three disequilibrium coefficients and
QTL effect parameters. After estimating the QTL parameters, we can substitute the
parameters to the log likelihood function and compute the log likelihood of the data.
Repeating the above process at each point between loci M and N (assign different
values between 0 to 1 to «), a set of different log likelihood values will be obtained
and each value corresponds to one point between locus M and locus N. The « value
for the point with maximum log likelihood value is the maximum likelihood estimate

of ae. That point is the estimated QTL locus.
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4.4 Results

To verify our algorithm, we performed a set of simulations for single marker analysis.
We considered a trait affected by one QTL with two alleles. We considered a single
two-allele marker locus in linkage and linkage disequilibrium with the QTL locus. We
simulated the parental and offspring genotypes and phenotypes according to a set of
known parameters. For QTL and marker genotypes, we simulated haplotypes first
and put two haplotypes together to form genotypes. The haplotypes were simulated
according to the marker allele frequencies, QTL allele frequencies and linkage disequi-
librium between marker and QTL loci. The phenotypes were simulated according to
the QTL effect parameters, u, a, d and o%. a and d are the additive and dominance
effects of the QTL. o2 represented the phenotypic variance caused by environment.

Trait values were generated as follows:

p+a—9%+e for QTL genotype Q1Q:

Yi w+ g +e;  for QTL genotype Q1Qq

p—a—%+e for QTL genotype QoQo

where e¢; ~ N(0,0%). Then we used the simulated data sets to estimate the QTL
allele frequencies, linkage disequilibrium and recombination fraction between marker
and disease loci, and the genetic model parameters according to the algorithm we
developed above. Each sample consisted of 500 families with 1 or 2 offspring in each

family. 50 replicate samples were simulated for each set of parameter estimations.
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Table 4.2 and Table 4.3 list the means and standard deviations of the parameter
estimations for each selected parameter set. h? is the broad sense heritability: h? =
(Va+ Vp)/Vp. Va4 is the additive genetic variance; Vp is the dominant variance and

Vp is the overall phenotypic variance.

Va = 2PQ1PQ0[a/+d/(PQO_PQ1)]2
Vb = (2P, Po,d)?

Vp = VA+VD+U2

where o' = (Q1Q1— QoQo)/2 and d' = Q1Qo — (QoQo+ Q1Q1)/2. For our case, a’ = a
and d' = d.
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Table 4.2: Mean and standard error of the MLE of the genetic parameters from 50
replicate samples. Each sample is consisted of 500 families with 1 offspring in each
family

Case P(Q1) P(mg) DY ¢ a d o2 h2

nw
parameter® 0.5 0.5 0.2 0.1 0.5 0.3 0.1 0.0064 0.8813

1 mean® 0.5013 0.4986 0.2006 0.1026 0.5002 0.2998 0.1007 0.0064 0.8807
S.E.© 0.0106 0.0100 0.0040 0.0217 0.0025 0.0033 0.0049 0.0003 0.0473
parameter 0.5 0.5 0.1 0.15 0.5 0.3 0.1 0.02 0.7037

2 mean 0.4983 0.5003 0.1016 0.1548 0.5024 0.2961 0.1053 0.0205 0.6959
S.E. 0.0145 0.0112 0.0084 0.0592 0.0062 0.0078 0.0107 0.0012 0.0394
parameter 0.5 0.5 0.1 0.15 0.5 0.3 0.1 0.08 0.3725

3 mean 0.4179 0.5017 0.1085 0.1463 0.5438 0.2624 0.1456 0.0835 0.3514
S.E. 0.0336 0.0116 0.0135 0.0740 0.0206 0.0241 0.0301 0.0052 0.0388
parameter 0.9 0.5 0.05 0.02 10.0 1.2 0.5 0.02 0.8604

4 mean 0.9015 0.4982 0.04937 0.0238 9.9856 1.2242 0.5197 0.0200 0.8718
S.E. 0.0054 0.0140 0.0027 0.0186 0.0120 0.0225 0.0241 0.0007 0.1429
parameter 0.5 0.3 0.1 0.08 10.0 1.2 0.5 0.5 0.6101

5 mean 0.5208 0.3021 0.0991 0.0756 9.9414 1.2135 0.4492 0.5029 0.6006
S.E. 0.0523 0.0120 0.0074 0.0612 0.1342 0.0408 0.1717 0.0364 0.0405
parameter 0.7 0.5 0.1 0.05 10.0 1.2 0.5 0.5 0.4814

6 mean 0.7240 0.5002 0.0947 0.0390 9.927 1.241 0.4614 0.4981 0.4791
S.E. 0.0265 0.0105 0.0110 0.0434 0.0779 0.0522 0.0834 0.0336 0.0448

a parameter value.

b mean estimate value.

c standard deviation of the parameter estimations.

d Linkage disequilibrium between marker and disease loci.
e Recombination fraction between marker and disease loci.

Our simulation results showed that our algorithm can give consistent estimates
of all the parameters considered. Better estimates were obtained for data sets with
higher heritability than for data sets with lower heritability as expected. This is
because higher heritability implied that higher proportion of the trait value was con-
tributed by the genetic effects and lower proportion of the trait value was contributed
by the random environmental effects. When heritability is high, the estimates for
families with one offspring is almost as good as the estimates for families with two
offspring. When heritability is low, data sets with two offspring families generated

slightly better estimates than data sets with one offspring families.
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Table 4.3: Mean and standard error of the MLE of the genetic parameters from 50
replicate samples. Each sample is consisted of 500 families with 2 offspring in each
family

Case P(Q1) P(mg) DY r€ m a d o n?

parameter® 0.5 0.5 0.2 0.1 0.5 0.3 0.1 0.0064 0.8813

1 mean® 0.4997 0.5005 0.1996 0.1007 0.5001 0.2995 0.1007 0.0064 0.8844
S.E.© 0.0120 0.0108 0.0043 0.0137 0.0019 0.0025 0.0043 0.0003 0.0211
parameter 0.5 0.5 0.1 0.15 0.5 0.3 0.1 0.02 0.7037

2 mean 0.4991 0.5006 0.0988 0.1368 0.5020 0.2973 0.1053 0.0204 0.6950
S.E. 0.0121 0.0122 0.0078 0.0328 0.0052 0.0066 0.0083 0.0011 0.0278
parameter 0.5 0.5 0.1 0.15 0.5 0.3 0.1 0.08 0.3725

3 mean 0.4437 0.5001 0.1007 0.1501 0.5320 0.2775 0.1269 0.0806 0.3612
S.E. 0.0339 0.0109 0.0111 0.0619 0.0161 0.0199 0.0288 0.0044 0.0271
parameter 0.9 0.5 0.05 0.02 10.0 1.2 0.5 0.02 0.8604

4 mean 0.9002 0.4997 0.0499 0.0189 9.9872 1.2236 0.5216 0.0201 0.8730
S.E. 0.0069 0.0117 0.0032 0.0107 0.0089 0.0152 0.0145 0.0006 0.0924
parameter 0.5 0.3 0.1 0.08 10.0 1.2 0.5 0.5 0.6101

5 mean 0.5181 0.3001 0.0988 0.0769 9.9586 1.2033 0.4547 0.5044 0.6029
S.E. 0.0526 0.0108 0.0076 0.0388 0.1273 0.0361 0.1608 0.0334 0.0387
parameter 0.7 0.5 0.1 0.05 10.0 1.2 0.5 0.5 0.4814

6 mean 0.7171 0.4983 0.0977 0.0405 9.9579 1.2206 0.4964 0.5026 0.4659
S.E. 0.0189 0.0116 0.0077 0.0374 0.0524 0.0448 0.0537 0.0190 0.0334

a parameter value.

b mean estimate value.

c standard deviation of the parameter estimations.

d Linkage disequilibrium between marker and disease loci.
e Recombination fraction between marker and disease loci.

4.5 Discussion

In this chapter, we develop EM algorithms to estimate a set of QTL parameters
including QTL allele frequencies, recombination fractions between the QTL locus
and the marker loci, linkage disequilibrium coefficients between the marker alleles
and the QTL alleles and QTL model parameters. We extend Wang and Zeng (2001)
by considering family data instead of unrelated individual data. By doing so, we
can study the allele transmission from one generation to the next generation and
estimate the recombination fraction between the disease locus and the marker loci.
The families we studied consist of two parents and a given number of children. These

two generation family data are relatively easier to obtain than extended pedigree
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data. To verify our EM algorithm, we carry out simulation studies for single marker
model. Our simulation results show that our algorithm can give consistent estimates
for all the parameters considered.

As we mentioned before, linkage analysis has limited resolution and association
analysis is more appropriate for fine scale mapping. By studying linkage and linkage
disequilibrium simultaneously, we can increase mapping resolution. If we perform
the above algorithm, we might find multiple marker loci closely linked to the QTL
locus, but only the markers that are strongly associated with the QTL physically
locate close to the QTL locus. This is because that the association between two
far away loci will be broken down by generations of recombination events. Studying
linkage and association at the same time also enables us to reduce false positive rates.
Association may be caused by non genetic factors, such as population stratification,
migration and selection. If a marker allele is in strong linkage disequilibrium with
the QTL allele, but there is no evidence of linkage between the marker locus and the
disease locus, then it suggests that the association between the marker allele and the
disease allele is caused by things other than linkage. This is probably a false positive
result.

After performing single marker analysis, we extend our model to study two marker
loci simultaneously. When multiple marker information exists, studying marker loci
one by one may cause loss of information. Previous studies have shown that studying
multiple markers simultaneously for the fine mapping of QTL can increase the map-

ping power and improve the accuracy of the gene location (Meuwissen and Goddard,
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2000; Zeng, 1994). We believe that the two marker model will give better estimation

than a single marker model.
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Appendix A

Derivation of closed form solutions for
QTL parameters in the single marker

model

In this appendix, we derive closed form solutions for all the parameters considered in
section 4.2.2.

To get maximum likelihood estimates of all the parameters, we need to take deriv-
atives of the log-likelihood function of the data. Then we should set the derivatives
equal zero and solve for the parameters. Let © stand for the parameter set which in-
cludes QTL allele frequencies, disequilibrium coefficients between marker alleles and
disease alleles, recombination fraction between marker locus and QTL locus and QTL
effect parameters such as additive effect of QTL and dominance effect of QTL. We

will get the following expression
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Here, i indexes the family number. s is the offspring number in the i-th family. [y

and [} represent the phased QTL genotype of the first parent. For example, [; = 1

and I} = 0 stand for Q;/Qo. hy and A/ represent the phased marker genotype of the

first parent. Likewise, ly, I}, and hy and h} represent the phased QTL and marker

genotypes of the second parent. j, j' and k, k' stand for the phased QTL and marker

genotypes of the children.

In the log-likelihood, only P;; and Py involve the QTL allele frequencies. If we

take derivatives of all the other terms in the L-function with respect to p; or D, they

will equal zero. Thus, taking the derivative of the log-likelihood with respect to QTL

allele frequency p;, we have
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derivative with respect to D, we have

oL(e|eW®)

where

To get closed form solutions for the QTL effected parameters, we need to take

derivatives of the log-likelihood with respect to each QTL effect parameter.
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log-likelihood, only f;1,fi2, and f,;s are functions of QTL effect parameters. For
simplicity, we assume that the ¢-family has s; offspring.
Taking derivative of the log likelihood function with respect to the overall popu-

lation mean of the trait value, we obtain
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To simplify the above expression, we define
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Then the original expression becomes
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Solving for u, we obtain the following expression
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Similarly, taking derivative with respective to the additive effect of QTL, we can

get

130



OL(6]6eY) by 3(Xlll’1E) (yin — p— Xy E)
T 9a ZZZWW il a 2

) lll/ hlh,

o

I Xy, E) (yia — i — Xipy E)

FYY YT Y a0 o D :

) lll, hlh’ lgl/ hgh,
lih lah ik
+2.0.0. 2.2 0 2 > mt a (DMl o (D) jne s (1)
7 S l1l hlh lzl/ hghl2 ]]/ kk’
o OXG5 E) (Yois — 1 = X5 B)
da o?
(X, B) (yir — p — Xiyyy B))

= > aualt) 8al 5

il

o

o

3(X121' E) (%‘2 A Xlzl’ E)
+D.D  C(t) a; S

i ol

g

X E) (Yois — p — Xjj F)

153) ) SmOLC

- — o2
3 S 77
= 0
Then
d d
Z[Cll,il(t)(yil —U—a + 5) - COO,il(t)(yil — U + a+ 5)
d d
tci,io(t)(Yir —pp—a+ 5) — 0.42(t)(Yiz — p+ a+ 5)
d d
* Z{CH is3(t) Yois — 11— a + 5) = cooss (1) (Yois — p+a+ )}
= 0
Thus,
t+1 (t+1) d®
Z{ e (t) = conan (8)) (Yar — 177 + 7) + (c11,i2(t) — coo,i2(t))

131



()
) X ernal) — eon o) s — 1+ )]

/[Z{Cll,il(t) + 00,1 (1) + c11,52(t) + Co0,i2(t) + 2(011,133@) + ¢00,is3(t)) }]

Likewise, taking derivative with respect to d, we get
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Appendix B

Derivation of closed form solutions for

QTL parameters in the two marker model

In this appendix, we will derive closed form solutions for QTL allele frequency, p; and
the three disequilibrium coefficients Dy, Doz and Dyqo. In the log-likelihood, only Pj;

and Py, are functions of QTL allele frequency, p;. Taking the derivative with respect

to p1, we get
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Similarly, only P;; and P;; are functions of the three disequilibrium coefficients. taking

derivative with respect of Dgio, Dg1, Doo,we can get
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From above derivatives, we can get four expression with four unknown parameters,
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Solve for ¢;,p, (t), we can get coo(t) = co1(t) = c10(t) = c11(t) = 0. Then,

Z (_1)j1 (a.jlllhl (t) + bjlllhl (t)) =0

71 lellhl
Qoly hy (t) + bOllhl (t> _ A1l by (t) + blllhl (t>
POllhl Plllhl

—_— P(t)M N = Q1114 <t> + blllhl(t)
QM gy (£) + boiyny (1)

Q1l1hy (t) + blllhl (t)
Py, — P
(t) + bOl1h1 (t) ( h Ulhl)

0l1h1

() _
= PQ1M11 Nny —

Qol, hy
(t) A1l hy (t) + bll1h1 (t)
Qi Ny Aol by (t) + b011h1 (t) + aiyhy (t) + b1l1h1 (t) il
Similarly,
P(t) — Qoly by (t) + bOl1h1 (t) P)l L
QoMiy Ny Qoly by (t) + b0l1h1 (t) + aim, (t) + b1l1h1 (t) o
Thus,

(t) _ () (*)
PM11Q0 - PQoleNo + PQoMl1N1
() _ () (*)
PQONh1 - PQoMoNh1 + PQoMlNh1
1 .
p§'t+ b= Z ng)MHNM for j=0, 1
l1h1

137



1
= B c(gtho - p(()tJr )QO

t+1
- ngNo_ ((J )wo

1) A (t+1 (t+1)
Pgo)MoNo - wOD(()tl+1) - q((]H_ )D(()2 ) - Po PMoNo

138



