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1. Introduction

The simplest and most widely used plate theory is the classical small deflection theory
founded by Lagrange. This theory does not include the effect of temperature and any middle
surface forces arising from the deformation of the plate are ignored. The problem of plates
subject to temperature distribution are, however, of great practical importance and to treat
this class of problems, a generalization of the Lagrange plate equation is necessary.

The problem treated here is that of a circular plate resting on elastic foundation and
subject to an arbitrary temperature distribution across its thickness and to uniform normal

surface loading.

2. List of Svymbols and Definitions
Radius of plate

h Thickness of plate
z% Distance from middle surface
% Radial distance
E Young's modulus
v Poisson's ratio
o Coefficient of linear expansion
Do Eh2

a-v*

Eh3

D - — 5 Flexural rigidity of plate

12(1-v7)
k Subgrade modulus
ok, B¥ Spring Constants
T = T(z) Temperature variations across plate thickness
T., T2, T3 Temperatures shown in Fig. 1
T Average temperature across thickness defined by Eq. a7
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Thermoelastic force resultant

Thermoelastic Couple

T
i, Mg Moments per unit length
Qt Transverse shear per unit length
_i Prescribed moment per unit length at edge of plate
Qi Prescribed shear per unit length at edge of plate
u® Radial displacement
u¥ Effective radial displacement defined by Eq. (18)
W Normal displacement
<] Rotation
q* Normal surface loading
6 Airy force function
%, Ck, Cx, C¥ i i
Cl’ CZ’ C3, C4 Constants of integration
V2 Laplacian operator
of Bilinear operator
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3. General Plate Equations
The generalized Lagrange plate equation may be writtem in the following invariant
formll]
2 " " 5 . <
V7w - (1-) 68 (0,06 + KWk = qx - VA + oM(F,W)
where the airy force function ¢ satisfies the equation
21 < 401 = 21
= - = - — Nt =
v D0V2¢ 1+v) O(D0¢)+(1 YV DoNT 0

1)

(2)

The last term on the right hand side of Eq. (1) represents the effect of forces in the

middle surface

J 5/4



If the thickness of the plate is uniform then

S 0w =0

41 =
)
(]

and Eqs. (1) and (2) reduce to

Vs K= d [ar - PP+ & L) @
V§ = - (- V2 Nk “)

T

If displacement of the edge of the plate in the radial direction is unrestrained and provided
the thermal gradients of a temperature variation T(r,¢;z) are not severe, the forces in the

middle surface are small and may be ignored. We thus have
bz ey =
O (0,WF) = 0
and Eq. (3) becomes

4 1

W""‘+%W~'=—[q'l'-‘-V2M%] (5)

v D

Solution of the plate problem consists, therefore, of solving two uncoupled equations;

Egs. (4) and (5). The solution for W* leads to the determination of the couples and trans-
verse shear while that for ¢ yields the force resultants. Equation (4) is the governing
equation in the plane stress problem in thermoelasticity. A complete treatment of that
problem is given in reference [2]. It is to be noted that ¢ in Eq. (4) is a force function,

whereas in reference [1] ¢ is a stress function. The relationship between these is

=$
¢ h
4. Solution of the Deformation Equation

For a plate subject to a temperature distribution across the thickness only

T = T(z%)
and consequently
2 -
v MT =0
and Eq. (5) assumes the form
b s Ko o O
VI WE+ poWe = (6)

the general solution of which is

k= CX i3 i o3 3 i
W Cf ber £+ C% bei £+ C% ker £+ C} kei £+

15

)

where

1/4
Y

Since W* must be finite at § = 0 and bearing in mind that as £ > 0, Ker £ » ® we conclude
that

C§‘=0
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Furthermore, it can be shown that the constant 04 is the coefficient of ker £ in the
expression for the bending moments. Since these must be finite at £ = 0 we write
Cz =0
and the normal displacement given by Eq. (7) reduces to
W = C; berpr + C, beipr + q (8)
when expressed in non-dimensional form. The expression for the slope is given by
6=p (C1 ber'pr + C, bei'pr) (9
The constants of integration Cl’ 02 are determined from prescribed conditions at the

edge of the plate.

5 Bending Moments and Transverse Shear

From known results in the theory of plates we have

2
= o[ 4V vdW)
M, = ( 2 trar My

d
M,=- Lldv, v QEE - M
0 r dr 2 T (10)
dr
dy,
R | - I
Q= (dr V2W> dr
with
Mo=Hoy = Q=0 (1L
by virtue of axisymmetry.
Using Eq. (8) together with the relations
ber" x = - bei x - % ber' x
bei" x = ber x - % bei' x
Eqs. (10) become
= ~ 1 - i -
Mr C1 r + ur ber'yr + 02 berpr ur bei'pr MT
- -2 L iy - LY ' ; 1-v -
Mg =-H { ¢, 6) beipr ur ber pr) +C, (U beiur + T belp%} My (12)
Q =-p° {- €, bei'pr + C, ber'pr
r 1 2
6. Determination of the Constants of Integration

In determining the comstants C., and CZ’ we consider two forms of edge support generally

1
met with in practice. These are

Case 1 Edge Subject to a Prescribed Moment and Shear
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If the edge of a plate is subject to a prescribed moment M and a transverse
shear Q the conditions to be satisfied are

M =M
r r

_ at r =1

o =3 (13)

r r

Using Eqs. (12) in Eqs. (13) we have

2 X 2
u? beiy + l-ub']c-[ -p Q- i ] = i
[ u u( )ber'p 1 u” berp - p (1-v) bei'p C2 MT + Mr

3 Ly 3 , _ = (14)
U™ bei'p C1 U~ ber'u 02 = Qr
Solving Eqs. (14) C1 and C2 are determined.
Case 2 Edge Elastically Restrained
If the edge of a plate is elastically restrained against rotation and
displacement, the conditions to be satisfied are
_ g dw
Mr T dr
at r =1 (15)
Q =BV
where a and B are non-dimensional spring constants,
Using Eqs. (B), (9) and (12) in Egs. (15) we have
2 . - ' 2 - Ly _
M” beip + p (1-v=- @) ber'p C1 - |u® berp + p (0-1+ ) bei % 02 = MT
(16)
[p3 bei'y - B berp] Cl - bﬁ ber'y + B beip]C2 = Bq
Solving Egs. (16) Cl and C2 are determined.
7. Displacement in Plane of Plate
Using the results obtained in reference [2] it can be readily shown that
u=a Tor an
v=20
where
h/2
1
= = 7 o3 8
T, =4 T(z*) dz (18)
-h/2
and the effective displacement in the radial direction is
u=u- Z(E) aw (19)
af dr
that is
u=a T r - z( ) F ber'pr + c, bei' pq (20)
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8. Plate with Bilinear Temperature Distribution

By way of application of the solution obtained, consider the case of a solid plate of
radius a, with edge conditions stated in section (6), subject to the bilinear temperature
distribution across the thickness shown in Fig. 1.

We proceed to express the temperature in the following form

T = Az* + B Bh > z » - %
T =Cz* +D % >z 2 Bh
where
1
7T YR,
B 1
B+3
1
=T =BT
p=21 3
, B

The average temperature To’ given by Eq. (18), assumes the form
ph h/2

(Az* + B) dz¥ +

=l

(Cz* + D) dz*
-h/2 gh
which upon integration becomes

T, = [ZTl +(42B) T, + T, (1-23)] (21)

The thermoelastic couple MT assumes the form

h/2
MT =12 (1+ ) (%) gz T (z%) z* dz*
h
“h/2
=12 (1+) (%) a {% BT, + %2 [2B2 - 2B+ 1] T, + %E [1 -2 g2 - 23] 1, (22)

with MT bnarmm tha canctante af inteowatian nl and Cz are obtained bv solvine Fas. (14) or
(16), depending upon particular edge conditions. The couples and transverse shear Mr’ Me,
Qr’ the displacement components W, u and the rotation © can then be calculated using

Eqs. (12), (8), (20) and (9) respectively.

9. Conclusion

The usefulness of the solution resides in the fact that it is directly applicable to
foundation plate design in reactor containment buildings, and in being non-dimensional,
enables swift parametric design studies. Moreover, it offers an effective alternative
to the indiscriminate use of the finite element method which is costly in application,
lacking in accuracy and inherently incapable of parametric study.

A more accurate solution may be gained by retaining the term 4 (§,W) in Eq. (1) and

so include the effect of forces in the middle surface. These we determine by solving the
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plane problem for a temperature
h/2
T(z*) dz*
-h/2
and
ul =u

r=1 [

ug being a prescribed value. The corresponding force resultants are constant and Eq. (1)
remains a differential equation with constant coefficients. A closed form solution is,

therefore, possible.
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