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Abstract

Given independent samples from three multivariate populations with
cumulative distribution functions F(l)(g), F(z)(g), and F(O)(g)'=
0 F(l)(§) + (1-e)F(2)(§), where 0 < 6 < 1 is unknown, the three-action

problem involving decision as to whether the value of 6 is high, low, or

intermediate, is considered. A class of consistent procedures based on

the relative spacing of three sample averages of linearly compounded rank
scores is formulated. The asymptotic operating characteristics of the
procedures when F(l) and F(z) come close together are studied and the
best choice of the compounding coefficients in terms of these considered.
The consequence of using estimates of the best coefficients on the

asymptotic operating characteristics is also examined.

AMS 1970 subject classifications: Primary 62H30; Secondary 62G99.

Key words and phrases: Multivariate two—poﬁulation mixture, three-decision
problem, rank scores, linear compound, consistency, asymptotic local'operating
characteristic, best choice of coefficients, procedure with estimated

coefficients.
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1. INTRODUCTION

Suppose there are three p-variate populations with continuous cumulative

distribution functions (cdf) F(O)(g), F(l)(g), and F(Z)(E), X = (xl,...,xp)'.
(2) (0)

are known to be distinct and F is known to be an

(2)

unknown mixture of F(l) and F . That is

Of these F(l) and F

PO = 0 FY e + -0 (1.1)

for some unknown 8, (0<6<1). There are three possible decisions or actions

d., d., d,: d, is preferred when the value of 0 is high, d2 is preferred when

0> "1* 27 1
the value of 0 is low, and d0 is preferred when the value of 6 is intermediate.

© L

Independent random samples of sizes Ng» n, n, are available from F ’

(2)

L)

and F respectively. Let these be

(k) _ (K (k) - -
X, O = (B s Xy )y 0mlieumy, k=0,1,2. (1.2)

Let the N = n.+n,+n, observations corresponding to the i-th variable be ranked

01 "2
@, g®

1o i Thus the samples (1.2)

together and let the rank obtained by X

give rise to the rank vectors

(R{E),...,Rgi))" a=1,...,nk, k=0,1,2. (1.3)

In this paper we shall formulate and study certain decision rules for

choosing one of d d,, and d2 on the basis of the rank vectors (1.3).

0’ "1

The above decision problem can obviously be considered as an extended version

of the nonparametric classification problem. (For the standard classification
problem 6 can have only 1 or 0 as its possible values.) In many practical
situations it would be realistic to assume that the O-th sample contains obser-

vations from the two basic populations in unknown numbers and our interest



would be to determine, which, if any, of the two populations is preponderantly
represented. There, a formulation such as above would be natural.

Further, we shall make the preference pattern more specific as follows.
We shall suppose that there are two pairs of numbers (Ll,Ul), (L2,U2),
‘0, d2 for
) >0 and only to d, for Ly <6< UP (ii) d, is preferred to both do, d, for

0<L,<U, < Ly <U; 21, such that (i) d, is preferred to both d

] < L, and only to d1 for L, < 6 < Ups (iii) d0 is preferred to both dss d, for

U, <8< L,, only to dl for 6 < Uy, and only to d, for 6 > L There is no

1
preference between d1 and d0 for Ll <0< Ul’ and similarly no preference between
d2 and d0 for L2 <0< Uz. With such specification the above problem can be con-
sidered as a monotone three-decision problem (see, for instance Ferguson [3],
chapter 6).

The results of thé present paper are closely related to those of Chatterjee

(1], where rank methods for estimation of 6 under the above set up are considered,

and we would have many occasions to refer to [1].
2. A CLASS OF DECISION RULES

We start with a compounding vector L(pXl)#o, two numbers el, 62

(0<62<61<1), and a score matrix

A(pxN) = (ai(oc))i=l’._.’p. (2.1)

o=l,...,N

With the help of the score matrix we derive from the rank vectors the

(random) rank score vectors

2% = @ &), e @)

- @

k
lo ,...,ang)' (say), a=l,..;,nk; k=0,1,2 (2.2)




and hence their means for the three samples

e
2 - @®,.E0 - b ] a8, k=0,1,2. (2.3)
"k o=1
Whenever, &' a(l) # L _(2), we write
@z - 27 ©y //(212 R TRt R RO (2.4)
The decision rule is formulated as follows.
(@) when 22 #23P, (1) choose a4, if (%) > 6,
(ii) choose d2 if T(L) 5_62
(iii) choose d0 if 62 < T(R) < 61
(b) When &' a( ) 2,5(2) choose one of dl’ d2, d0 at random. (2.5)

An examination of (2.5) shows that what

3

is close to

-(2)

choose d, when

1
&,5(0) is close to &'a

for any real number q if we write

ldlg 5 = 4

0

1

then 6(%) = [T(M)], ,

Since 0 < 62 < 91

and away from %'a

30 .

-(1
when 0
when
when

is really suggested here is:

d away from 2 a( ); choose d2 when
), choose do otherwise. In fact,
<qgzgl1

q>1,

can be considered as a reasonable estimate of 6 (see [1]).

< 1, the above decision rule can be described equivalently by

replacing T(%) by 5(&) in (2.5) and this explains the motivation directly.

For future use we note that the above decision rule can be reformulated

as follows.



(@ when 237 # 239, (1) choose 4 1£ (3P 2'3D) (0,03 D410

(ii) choose d2 if (&vé(z)_%lé(l))(%15(0)_62&15(1)_

(iii) choose d . 1f (61&'5(1)+(1'91)%'5(2)-%'5(0)) y

0
(&'5(0) —62&'5(1)—(1—62)%'5(2)) > 0

(b) When &,é(l) = &,5(2)’ choose one of d d2’ d. at random. 2.7

1 0

In case (a), writing

~

T(L)= (&vé(z)_&lé(l))(&15(2)_&15(0))/(2,5 (2) _ 2’,"(1))2

and noting that .

(elg'é(l)+(l_el)&'é(2)—&'5(0))+('g,"5(0)-62&'é(l)—(l_ez)&'é(Z)) = _(el_ez) (%15(2) _&vé(l))

it may be verified that the rules (2.5) and (2.7) are equivalent.

In practice, before using a procedure such as above, one will have to specify,
apart from the score matrix A, the numbers 61, 62 and the vector . As regards
91, 62, it is obvious that by increasing the value of 61 and decreasing the value
of 92, one can increase the probability of choosing d0 at the cost respectively
of the probabilities of choosing dl and d2. In the next section we shall see
how.Gl, 62 should be chosen in relation to the preference scale so as to achieve
consistency. The best choice of % for the above rule is not immediately apparent.
In [1], for the problem of estimation of 6 under the above set-up, the best choice
of £ in the estimate §k&) defined above was considered from the point of view of
minimisation of asymptotic variance when 0<6<l. This led to the simultaneous '

determination of £ and the estimate of 6 by solving (p+l) (nonlinear) equations.



In the present context, we shall take up this problem after we formulate and

study the local operating characteristics for procedures of the above form.
Before concluding this section we note here an interpretation of the

above decision rule. Under (1.1) the process of taking a sample of size n,

(0)

from F could be interpreted as that of performing n, Bernoulli trials with

success probability 6 and taking r and n,-r observations from F(l) and F(z)
respectively if the trials show just r successes. If r were observable it would
be a sufficient statistic for 0 and it is known that here the class of monotone
procedures based on r is essentially complete (see e.g., [3], Chapter 6). The

above procedure can be looked upon as a (behavioral) randomized procedure based

on r, which we have to adopt due to the unobservability of r.
3. CONSISTENCY OF THE DECISION RULES

For the problem of section 1, consider a sequence of triplets of sample

sizes (n0 n2v), v=1,2..., n,+n, #n, = N , Nv*w as v»>©, and a corresponding

v i1y’ ov 1v 2v v

sequence of decision rules of the form (2.4)-(2.5), based on fixed 61, 62, and %,
and a sequence of score matiices év(pXNv). As in [l1], we make the following

assumptions.

ASSUMPTION 3.1 There is a number A*(O<A*<§) such that

kv

A< == < 1-A%, k=0,1,2, for all v.
\Y
ASSUMPTION 3.2 A = (a, (@), (3.1)
a=l, ... N

is given by

. o (o) .
avi(a) = either (pi(-ﬁ-\?_l)or E CPi(UNv), a=l,...,N\), i=1,...,p,



(N)) ‘l'

él) < ... < UN are the order statistics of a sample of size Nv from the
\Y \%

uniform distribution over (0,1), and, for each i, inside (0,1) ¢i(u) is expressible

where U

as the difference of two square integrable absolutely continuous functions.
Let

) 4y, | (3.2)

and further, let the i-th-coordinate marginal cdf's of F(k)(g), Hv(g) be

F[i](x), H ](x). Write

Vi

(k) _

Hoi

Y (k) }
oo GaF 0, 1=, L

N

(k)

(u\)].. "

)y,
ceaHy ) (3.3)
Suppose £ is so chosen that the following holds .

ASSUMPTION 3.3 lim dnf &' (u{®-u{D) > o
Voo .

2) differ, choosing the score

If we have some knowledge about how F(l) and F(
functions ¢i(u), i=l,...,p, and &, it would be possible to ensure that Assumption
3.3 holds (see [1] section 3).

Let Eék) and Tv(&) be defined as in (2.3) and (2.4) corresponding to
(nOV, o n2v) and év. From theorem 2.1 of [1] under Assumptions 3.1 and 3.2,

as v

-(2) - P
&'(géz)—gél)) - &'(géz)—gél)) + 0. (3.4)

Hence, by Assumption 3.3,
prob{z'al? > 1My + 1 (3.5)

From (2.5) and (3.5), it follows that, to study the limiting probabilities of .

choosing dl’ d2, and do, for the sequence of decision rules, we have only to



study the limits of the probabilities of the three events (i) Tv(&)_z 61,
(ii) Tv(&) 5_62, (iii) 6, < TV(&) < 61 respectively. As shown in [1], under
the assumptions made Tv(&) E 6. Hence, we conclude that the probabilities of
choosing d

d2, and d, tend to 1 for 61 <6<1, 0 <6< 92, and 62 <0< 61

1’ 0
respectively. Further, at 6=61, the probability of choosing either d1 or dO’

and at 6=62,the'probability of choosing either d2 or d0 tends to 1. Thus if

Ly <6 <U and L, <8,<U (3.6)

1’ 2 2’

where O §_L2 < U2 < L1 < Ul.i 1 are as defined in section 1, then the sequeﬁce
of decision rules is consistent in the sense that for each 0 the probability of
choosing a preferred decision tends to 1.

The conclusions above remain true if % is replaced by &v, where &v is a
sequence of non-null vectors varying with v, provided (i) the elements of &v are
uniformly bounded, and (ii) Assumption 3.3 holds when %v replaces %. (See remark

at the end of section 3 in [1}.) Further, even when 61, 62 are replaced by le,

62v, the sequence of decision rules is consistent in the above sense provided

L) < lim inf elv < lim sup le <U, L, < lim inf 62v < lim sup eZv <1, (3.7)

whatever V.
4. ASYMPTOTIC LOCAL OPERATING CHARACTERISTICS

We first consider some general results about sequences of random vectors.
Let H, be a sequence of p-vectors, §v(pxp) be a sequence of positive definite
matrices, and §V be a sequence of random p-vectors asymptotically distributed
as g(gv, gv) in the sense that, for every p-vector L#0, &'gv is asymptotically

distributed as N(R'uv, &'gv&). We denote the minimum and maximum characteristic

roots of any positive definite matrix B by m(B) and M(B) respectively. The



following lemma is implied by lemma 1.2 in [1].

LEMMA 4.1 If

lim inf m ~\
v M(Z)

>0 (4.1)

then for any sequence of non-null vectors &v s &&gv is asymptotically distri-

L L
buted as N(gvgv,&v gv&V)'

LEMMA 4.2 1If p = pl+p2,

5 - Zoin ®p* pp) vz (Py% Py)
b 3
Hv2 Zuar (X Pp) Ly, By py)

u
_ B D) H, = e
<V * ~
§v2(ple)

then for any two sequences of non-null vectors &vl(plxl), &vz(ple), under con-

2 1 ) . . .
dition (4.1), (&vlgvl’ &v2§v2) has asymptotically a bivariate normal distribution

. ] ] .
with means &levl’ L 28y and dispersion

\]
for Tvir 21 %01 Eupo o
) A

~v2 ~v21 ~vl ~V2 =v22 2

Proof: Follows from Lemma 4.1.

Let

Y(x) = ) c X, %, ...0x
r+...4r <g T1f2tccT, 172
1 P

be a g-th degree polynomial in the elements of §=(xl,...,xp)' and let Wg denote

the class of all such g-th degree polynomials. Let gv be as above asymptotically

distributed as N(uv, gv). Further, for each v, let Ev be exactly distributed as

~

NQuys Z)-

- LEMMA 4.3 Under condition (4.1), as e,




sup [P{Y(X) > 0} - PLY(E) >0} »o0
ye¥
g
3 . . . ' - _ s o
Proof: 1If gv(pxp) is a matrix such that QV gv Cv I, then gv(gv Bv) is dis

tributed as N(o,I). Writing n(pxl) for a random vector following the distribu-

tion N(0,I) and denoting gv(gv—uv) = Y , we have to show

\Y

Sup |P{w(c;lY\)wv)zo}—P{w(g;ln+uv) > 0}
ye¥ ~
8

= sup |P{y(x ) > 0} - PLY(n) > 0} + 0 (4.2)

ey
v g

|v

as v»o. Now as (4.1) holds by Lemma 4.1, Yv is asymptotically distributed as
N(o,I). From a result of Ranga Rao ([11] Theorem 4.1) we get that if the random

vector (Z .,va) converges in law to a random vector (gl,...,gm) and if the

NERE

cdf of every linear combination of gl,...,gm is continuous, then for any numbers

Lasliseeesd

0’71’ "°"m
Sup |P{zo+zlzvl+...+zmzvm30}—P{zo+zlgl+...+zmgmzp}l ~+ 0.
N N

Here w(gv) can be considered as a linear combination of the power products
of the elements of Xv' Since gv converges in law to n, the set of power products
of the elements of gv converges in law to the corresponding set of power products
of the elements of n. Sincen is distributed as N(o,I), the.required continuity
condition obviously holds. Hence, (4.2) follows. Q.E.D.

Now consider, as in section 3, a sequence of triplets of sample sizes
(HOV’an’nZV)’ ng, + n, + Ny, = Nv+m and a sequence of score matrices év(prv)

subject to assumptions 3.1 and 3.2. Here, we suppose there is a corresponding

sequence of triplets of p-variate cdf's (Féo),Fél),Féz)) such that

PP =0 FVw + a-0rPw (4.3)
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for some fixed 0, for all v. Let independent samples

géz), 0=1,...,m, , k=0,1,2

(k)
v

(k) and E(k)

be taken from F VoL a,

> k=0,1,2 and on the basis of these and év, a
be defined as in (2.2) and (2.3). We consider the decision rule (2.5) (where
(k)

‘&, 61, Gz.are given) based on év » k=0,1,2 and denote the corresponding prob-

2
ability of choosing dk given 6 by Lkv(e), k=0,1,2, kZo Lkv(e) = 1. As seen in

(0) (1) L(2)
v oy

section 3, if Fv ’

remain fixed, then as v, LOv(e), le(e), and
LZv(e) tend to 1 for 62 <0< 61, 61 < 6, and 6 < 62 respectively. Therefore
to keep Lkv(e), k=0,1,2 informative, as V»® we impose the condition

sw [P0 - 5P » 0. (4.4)

-}E
We shall show that under some further assumptions, it will be possible to find
certain mathematically tractable, meaningful functions Lﬁv(e), such that for
every 0, as Vo, ILkv(G)—Lﬁv(6)|+0, k=0,1,2. We shall call L¥ (0), k=0,1,2 the
asymptotic local operating characteristic (ALOC) functions for the sequence of

decision rules.

Let us write

- -(2) =(1)
Zy = @ (9\) g, ")
2y = M 10,35 +1-03 (P30
Z,3 = Vﬁ; {5(0)-62551)—(1—92)562)} (4.5)

Clearly, gvl’ ng’ §v3 are related by
Zug * Ey3 = ~(8176)z ) (4-6)

From (2.7) and (4.5), our sequence of rules is given by
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' ' ' [
(a) When % gvl # 0, (i) choose dl if (& gvl)(& gvz) >0
. ] |
(ii) choose d2 if (& gvl)(& §v3) >0
. ] 1 1
(1ii) choose d0 if (& gvz)(& §v3) >0
(b) When &'gvl = 0, choose one of dl’ d2, d0 at random (4.7)

Ihus the asymptotic behaviour of Lkv(e), k=0,1,2, will be known if we can
find the asymptotic form of the three pairwise marginal distributions of &'gvl’
&'gvz, &'ng' For this,we shall make use of the following result which is a
straightforward multivariate extension of Hajek's [4] theorem 2.4. (The result
is essentially contained in Puri and Sen [10]. 1In Proving it one should first
consider the case of score functions with bounded second derivatives and then

use the polynomial approximation technique of Hajek [4].)

- For each v=1,2,..., let gva = (Y "’vaa)' a=l,...,N§, be independently

via’*®

‘distributed random p-vectors, Xva having a continuous cdf Fva(y). Let the rank

~

vector obtained from zva by replacing the variate values by their coordinate-wise

ranks be

"vaa)" a=l,...,Nv.

For each v, let év = (avi(a)) be a score matrix subject to Assumption 3.2, and

let
é\)a = (a\)l(I\)la)’Ooo,a\)p(I\)m))’ a'=l""’N\)°
Define Nv
r r
§6 & Z Céa) Byp? Tlseeeshs
o=1
gD (0
S SRR N )

where for each v,



(1) (1)
le oo C

vl \)N\)

(h) (h)
cop v chv

is a matrix such that in at least one row all the elements are not equal.

Write o . N\) o
Vo ﬁ; azl “va
N
v ™ I, 26D
gv = (bv.rs)r,s=l,...,h°

Suppose there is a sequence of p-variate cdf's Fv(y) such that

Max  Sup IFva(Z)_Fv(Z)I > 0.

l_f_a_<_Nv y
Write
- 1 ® o
P T é ¢4 (w)du, Ao.1j = _i ¢3(FV[i](yl)) ¢E(Fv[j](yz))dFv[i,j](yl’YZ)_ P %
4, = (Av.ij)i’j=l’...’p

12

(4.8)

(4.9)

denote th inal cdf' i
where Fv[i]’ and Fv[i,j] enote e marginal cdf's of Fv corresponding to the

i-th coordinate and i-th and j-th coordinates.

THEOREM 4.1 If (1) b

r=l,...,h are uniformly bounded for all v

v.rr’

(ii) lim inf m(gv) >0

Vo
(iii) lim inf u(B,) >0
: Voo (r)_=(x),2
Nv max (cva <, )
r,Q

(iv) 1lim inf m(év) > 0.
Voo

(4.10)
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then §\)—E §\) is asymptotically distributed as N(Q, E\i ® L\v)* ( ® stands for

Kronecker product).

Note that condition (i) can always be realized by suitably normalizing

the elements of §v. Because of (i), in the statement of conditions (ii) and

(iii) we can equivalently replace m(gv) by IQV . Similarly, as by Assumption
3.2, the elements of Av are all bounded, in (iv) we can replace m(QV) by IQvI.
Now, going back to the problem of finding the asymptotic behaviour of the

let us set up

pairwise marginals of £'Z &'gv and L'Z

vl? 2 ~ <y3?

o = 5D @+ ED @) (4.11)
From (4.3) and (4.4) we then have, as W

Max Sup IFék)(§)—Fv(x)[ + 0 (4.12)
k=0,1,2 x -

Let Qv be defined with respect to (4.11) as in (4.9). We impose the following.

ASSUMPTION 4.1 lim inf m(év) > 0.
Vo0
Now if we write gvr given by (4.5) in the form

2 n
(r) _(k)
Z = Z Z c a s, Tr=1,2,3,
vr k=0 o=1 vko ~Vo.
it is easily checked that
% gk (r) -
c =0, r=1,2,3
k=0 a1 VKO
and that
n
2 k
(r) _(s)
b = z z c c s I,8=1,2,3
V.rs k=0 o=1 vko, “vka

are given by
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1 1
b =N (— + —/),
v.1l1 \Y nlv n2v
0 (1-6.) (1-6.) 6
1 1 : 2 2
b = -N_{ - }, b = -N_{ - }
v.12 v nlv n2v v.13 Vv 2 nlv
2 - 2 - -
1 61 (1 61) ~ 1 6162 (1 el)(l 62)
b, 5y = Nv{ = — }, b, 23 = N { + = + =
oy 1v 2v . ) 1v 2v
2 (1-6.)2
1 2 2
b = N { + + 1 (4.13)
v.33 v nOV nlv nZv

Because of (4.6), the 3%x3 matrix (bv rs) is singular. However, it is easily

checked that the 3 principal submatrices

(b (4.14)

v.rs)l,Z’ <b\).rs)l,3’ (bv.rs)2,3

are positive definite. Further, it may be seen that by virtue of Assumption 3.1
and the fact 61 > 62 each of the three matrices (4.14) satisfies conditions
(1)-(iii) of Theorem 4.1. By our Assumption 4.1, we can hence conclude that

each of the three 2p-vectors

Zo1 ~EZ, Znn ~EZ, Zyg ~E Zy|
y b2
Zy ~EZ, Zy3 ~ E Zy3 Zy3 ~ E Zy3

is asymptotically normal.

Now let us write

Bz, = A EEP-aM) -6 (4.15)

~vl v ~V
From Lemma 2.1 in [1] it follows that under (4.3) and Assumption 3.2, as Voo,
=(0) _ 45 =) _ 4 a=(2)
Vﬁ; E{a) 6 a; (1-8)a ;"' } + o.

(In [1], the result is actually proved for fixed F(l), F(Z), and

F(O) = @ F(l) + (1—6)F(2). But a close examination of the proof shows that
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the result remains true even when F(k) is replaced by Fék) k=0,1,2). From

(4.15)-(4.16)

E 2,-(0-6))8, >0, EZ,-(8,-0)8, >0 (4.17)

Hence by Theorem 4.1 each of the 2p-vectors

Za ~ % Z,; - 8§, z,, - (6-6,)8,
3 ’ V
Zyp = (8-6)9, Z,3 ~ (6,-0)8, Z,3 — (8,08, (4.18)

is asymptotically normal with null mean vectors and dispersion matrices

(b

) ® Av’ (bv.rs)l,B ® Av’ (bv.rs)2,3 ® Av (4.19)

V.rs’1,2 ~
. . 19 _o1t ' _(0_ 1
respectively. So for any %#0, each of the three pairs (% §\u L év, L sz (6 91)& Qv),

'z .-2'$

' - - 1 ' (B t ) - - ' .
22,1740, £72,57(8, 62190, (272~ (6 812878, 272,376,002 8y) is

asymptotically bivariate normal with means O and dispersion matrices

(b, ), , LML, (b

v.rs’1,2 ~ 2o 2, (b )y AL (4.20)

L7A
.rs)l,3~ ~V~ V.rs’ 2,3~ ~V~
respectively.
Since &'%vl is asymptotically normal, for finding the ALOC functionsof the

sequénce of rules (4.7), we can neglect the possibility &'§v1=0. Let us denote

by fb:

B o= (B xp), £5,(1xp), £)3(1xp)) (4.21)

a random 3p-vector such that for each v, ;v follows a normal distribution with

mean vector

] _ ' _ ty ¢ ‘
(85, (8 el)év > (0, e)év) (4.22)
and dispersion matrix
by red1,2,3 %4 (4.23)
As (bv.rs)l,2,3 is of rank 2, this is a singular normal distribution of

rank 2p. In fact, it may be checked that just as in (4.6) we have
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Coa t &3 = (08¢, a.s. (4724)

For any %#9, the pairs (&'Evl-&'év’ &'Evz'(e'el)&'§v)’ (&'Evl—%'§v’
' - - ' ' —(O— 1 ] - _ ' .

4 EvB (92 0)% §v), ¢ EvZ (8 61)& Qv, L %v3 (62 0)L év) follow bivariate normal

distributions with zero means and dispersions given by the matrices (4.20)

respectively. From (4.13) and Assumption 3.1 it follows that each of the three

matrices (4.20) satisfies condition (4.1). Therefore, using Lemma 4.3, we get

that for the rules (4.7) we have
k\)() k\)( )’ s

(¥ means the two sides have a vanishing difference), where

L% (8) = P{(g'gvl) (&' ,) > 0}
L, (8 = PL&'t ) (&'C 2) > 0}
L, () = P{(R'T )% ) > 0} (4.2;)
Using (4.24) it may be checked that
=1

st(e) + Liv(e) + Lﬁv(e)

For any two numbers h, k and |p|<1, let us write

h k _ 5 )
H(hksp) = —2== [ [ o DX -20xyty%1/2(1-0%) dy (4.27)

2mv/1-p?

J(h,k;p)

H(h,k;p) + H(-h,-k;p) = J(~h,-k;p) (4.28)

2

If X,Y have a bivariate normal distribution with means Mys Uy s variances Gl,

0;, and correlation coefficient p(-1 < p < 1), we have,
Ha

u
PIXY > 0} = 3655, 5 ) (4.29)
1 "2
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So if we write

.2
b\).rr = b r
by /by poby o = Py Lo» THs=1,2,3 (4.30)
L'S,,
———————j; (2) (4.31)
L' ~v&)

from (4.25) and (4.29) we get the expressions

(8-6))
_ 1
(@ = 3G v, (&)1 0, [y, @15 2, 1)
1 (6 -0)
15, = 3G v, (&) | 5, —— Iyl e, 4
(6-6,) (8,-6)
L¥ (6) = J(‘T§;:;‘|Yv(&)|’ Y Iy, (@15 P, 590+ (4.32)

In order that L* (6), k=0,1,2 may remain meaningful as Vv>®, we require
that |Y (2)|/b . r=1,2,3 remain bounded away from zero and ®. From (4.13)
gnd (4.30) it is seen that by Assumption 3.1, bV.r>1’ r=1,2,3 remain bounded as
Vo, By Assumptions 3.2 and 4.1, &'Av& is bounded away from both 0 and ®. So

the following assupption would ensure the meaningfulness of Lkv

ASSUMPTION 4.2 (i) 0 < lim inf Ig'gvl, (1i) lim sup |g'§v| < ®
Vo Yoo
For future reference we note here the modified assumptions
ASSUMPTION 4.2A (1) 0 < lim inf §'8', (ii) lim sup §'8 < =
For Assumption 4.2 (i) to hold 4.2A(i) is necessary, and unless some of
the elements of £ are zero, for 4.,2(ii) to hold, 4.2A(ii) is necessary. If

¢i(u), i=1,2,...,p and Fsl)(g), Féz)(g) are so chosen that, while (4.4) holds,

Assumption 4.2A is realised, then we can always find { appropriately to satisfy
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Assumption 4.2. Qv given by (4.15) can be simply expressed in terms of ¢i and

Fék) if Assumption 3.2 is slightly strengthened (see Hoeffding [5]).

So far we have assumed that,for the sequence of decision rules, 4 remains

)

fixed. If instead in the rule corresponding to sample sizes (nOv’nlv’ N,

i.e., in (4.7) % is replaced by &v, where % is a sequence of non-null vectors,
the ALOC functions would still be given by (4.25) (or equivalently (4.31)-(4.32))
with £ replaced by &V. To see this note that by Assumptions 3.1, 3.2 and 4.1
and (4.13), each of the three matrices (4.19) satisfies condition (4.1). (The
latent roots of a Kronecker product are obtained by multiplying the roots of one
factor matrix by those of the other). Hence, applying Lemma 4.2 we get that
E2017808r £012097 @8RI8 ) s (&21-8I8 L BiZ = (8,0)218 ), (412, ,=(6-0)
&¢§v’ g&ng—(ez—e)gégv) each have bivariate normal distributions with means 0
and dispersion matrices obtained by replacing & in (4.20) by &v. The rest of
the argument is as before. Of course, here, in order that the ALOC functions

may be meaningful, %v should be such that le(%v)l remains bounded away from

both 0 and ». 1In view of Assumptions 3.2 and 4.1 this means we require the

following.
ENM 238,
ASSUMPTION 4.2B (i) 0 < lim inf ————  (ii) lim sup ———— < ©
Ve (g8 Ve (gR)”

Before concluding this section we prove a lemma which throws light on the

forms of the ALOC functions.

LEMMA 4.4. For fixed h and p, J(h,k;p) is increasing in k for pk<h and decreasing

in k for pk>h.

Proof: From (4.27), (4.28)
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1 Foayt) p 5?1 pz;
P 2 -
J(h,k;p) " ;L e ‘in e dx$dy
w L of e -Len? Y]
-n2
+ f e Y f e 2(1-p%) dx}dy
k h
Hence, B
k2 [ h - S%ZEK%; w0 - S%:le;
2(1-p 2(1-p2
(h kjp) = ——= | [ e dx - [ e d
2myY1- p —o0 h

Hence %E >, = or < 0 according as pk<h, pk = h or pk>h. Q.E.D.

From (4.32) and Lemma 4.3, it follows that for any v, Lfv(e) would be

increasing in 6 provided bv 9 > b Py, 12(6 -0 ) or by (4.30), provided

v.l
by.22 7 Py, 1200 (4.33)
From (4.13) it is seen that (4.33) holds for all 6. . Similarly for any v,
Lgv(e) would be decreasing in 6 provided b\)3 > bvl v. 13(6 -8) which always holds.

The behaviour of Lgv(e) follows from those of Lfv(e) and Lgv(e) and relation

(4.26).

5. THE BEST CHOICE OF COEFFICIENTS
In this section, under the set up of Section 4 we consider the best choice
of the compounding vector & from the point of view of ALOC functions.
We first prov; a lemma involving the function J(h,k;p) defined by (4.27)-

(4.28).

LEMMA 5.1 For fixed h>0, k>0, (h,k) # (0,0), and P, J(uh, uk;p) is monotonically

increasing in u>0 provided
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h k
p < min(Eu E). (5.1)
Proof: Let us define for any two numbers b,a
a - 4b?(14x?)
1 e
T(b,a) = 71[—.0[ T2 dx (5.2)
Clearly then
T(b,a) = T(-b,a), T(b,-a) = -T(b,a) (5.3)
Let ®(x) stand for the standard normal cdf. Owen [8] has shown that
whatever the numbers h, k, H(h,k;p) given by (4.27) can be expréssed as
1 k 2 J"i
H(h,k;p) = %[0(h)+8(k)]-T(h, G - PA-p*
h -1
“T(ks G = ) (1-0%) ") -R(h,k), (5.4)
where
R(h,k) =%, if hk<0, or hk=0 but h+k<0
= 0, otherwise.
From (4.28), (5.3) and (5.4) we get that for h>0, k>0, (h,k)#(0,0)
- ~1s
I(h,k3p) = 1-2T(h, (G - 0) (1-p2) "5 -2T(k, R - p) (1-p2) %) k¥ (h, k) where
R*(h,k) = 0 4if >0, k>0
=% if hk=0 (5.5)

Hence for h>0, k>0, (h,k)#(0,0),u>0
J(uh,uk;p) = 1-2T(uh, (X - p)(1-p?) ™ %)-27(uk, G - 0)(1-p") ) -Rk(h, k) (5.6)

where R*(h,k) is as in (5.5).
From (5.2) we see that for a>0, b>0, T(ub,a) decreases monotonically with u.
Since under (5.1), (%-- p) > 0, %-— p > 0 with at least one inequality strict,

from (5.6) the lemma follows. Q.E.D.
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Note Given h>0, k>0, (h,k)#(0,0), whatever p, I(uh,uk;p) tends to the limit 1
h k
(when both h, k > 0) or % (when h or k=0) as u>». As proved above for pﬁmin(Es E)
this approach to limit is monotonic. However for p>min(£3 %) the approach may
not be monotonic. To see this suppose 0<k<h and p > Eu Then from (5.5), (5.6)

h

and (5.2), we can write

L h
02y E, - Ky (1-p%) %G - p)
1 (1-p%) "o - ) e—%u2h2(1+x2) 1 k e-%u2k2(1+x2)
J(uh,uksp) = L+ f T dx - f Tixz
0 0
(5.7)
Differentiating (5.7) with respect to u, we get
2.4
12,2 u(h-Pk) (1-p7) )
Tu d—‘t J(uh,uk;p) = uke ¥ K f e X /2 gy
0
s
2.2 ulhp=k) (1-p?) * _ o,
. - uhe E4R i e* /2 ax (5.8)
0

292 2.2
“su‘k < uhe-%u h )

Now we can choose u>0 small enough to make uke Then we can

choose p > %-Close to 1 so as to make the two integrals in (5.8) sufficiently

close making (5.8) negative.

We now make the following assumption.

ASSUMPTION 5.1 For sufficiently large v,

%, < My %
-6, < 1-6,

<
2v

As 91 and 62 are close to 1 and O respectively, in view of Assumption 3.1,
this is not very restrictive. By (4.13) and (4.30), in (4.32) we have oy 23<0
*
and Assumption 5.1 ensures that for large v, pv.lzﬁo’ pv‘l350. Thus le(e)
* % -
(for 6261), sz(e) (for 6<0,), and Lov(e) (for 6,<6<6,) all satisfy the con
‘ditions of Lemma 5.1. (It is easily checked that without Assumption 5.1 this

is not true) Hence, it follows that, for each v, if we choose { so that
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[Y, (1% = ('8 )%/ (4'A )

is maximized, L* (6), L (6), and L* (8) given (4.32) are respectively maxi-

mized in the domains 61565}, 0<6<0,, and 62<6<61. It is known that

-1 - A2
giz (L' $ ) /(2 A 2) Qvév §v = Av (say) (5.9)

and this is attained for

=2, = (g A)7T8 (5.10)

where g, # 0 are arbitrary numbers.
The ALOC functions of the sequence of decision rules corresponding to this

&v are obtained from (4.25) and (4.32) as.

L3, (8) = RU(SIATTE D8I T ) > o) = J(—é—"—, (6-6,) 3= 5 o, ;)
Avl \)24
L¥ (0) = P{(é\'){_X;IC )(avA\) L3 20} = J(b\)—l (6,-6) 3, Py.13)
A A
L5, @) = PUGIATTE ) (S0 5,00 2 0F = 3((8-6)) b—"—2 (82700 573 0y, 59)
V. V. (5.11)

where Av is given by (5.9) and bv.r’ pv.rs’ r,s=1,2,3 are given by (4.13) and
(4.30). In order that these may remain meaningful as v+» we require Assumption
4.2A which together with Assumptions 3.2 and 4.1 ensures that Av remains bounded
away from both 0 and . Assumption 3.1 ensures that bv.r > 1 remains bounded.

We call (5.11) as the ideal ALOC functioms. As (5.11) is obtained from (4.32)
by replacing va(&)l by Av, from the remarks at the end of section 4, Lfv(e)
is monotonic increasing and Lgv(e) is monotinic decreasing in 6. Further, from
Lemma 5.1 it follows that under Assumption 5.1 we can increase the value of
L¥,(8) for 0,56<1, the value of Lgv(e) for Qgﬁfﬁz and the value of Lgv(e) for

62<8<6l by making Av larger. 1In practice by enlarging the set of observed
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variables, generally, the value of Av would increase (see the remarks in Section

5 of [1]), and hence, the performance of the procedure would improve.
A

V
* * = J(——. O:
Clearly for 61<6<1, le(e) > le(el) J(bv1’ 03 Py.12

large this lower bound approaches ). (For oy 12=0, the lower bound is exactly %

) and as Av becomes

whatever AV)' For any 6>61, however Lfv(e) would approach 1 as Av becomes large.
Similar observations apply to Lgv(e) over 0<0<8,. As regards st(e) we observe
that as Av increases its value at both 62 and 91 approaches % ‘and at any inter-

mediate point approaches 1.
6. DECISION RULE USING ESTIMATED COEFFICIENTS

In this section we consider decision rules that would be obtained if in
(2.4)-(2.5) we substitute for the coefficient vector % some 'sample estimate’
of the best choice &v given by (5.10).

Given a sequence of samples

k
’)“(\()OL)’ O‘=l’“.’nk\)’ k=0,1,2, (6.1)

Let

(k) _ . (k) (k) |,
2va (av.lu""’ \).poc)
2 - GO i)

be defined as in (2.2) and (2.3). Further, let

kv

O B AN O TN OISR

voly o L) Sveda Pvije T o Pl

a(k) _ (k) - :
gv = (Ov.ij)i,j=l,...,p’ k=0,1,2 (6.2)
Let q(k), k=0,1,2 stand, in general, for some nonnegative valued random

\Y
variables (possibly depending on the samples) such that zkio qék) is uniformly

bounded away from 0 and «, say
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2
0<Q < kZo 3y < g < | (6.3)

~

Define the sequence of vectors lv by

) .
5 (k)a(k) -1 ,-(2) =(1) ’ k) ak) .
L= q X ) (a -a ), when I q bX is p.d.

some arbitrary non-null vector, when X qék) gék) is singular.
K .

Set up

7 = 21¢3(2)_z(0)y 54, 2(2) _=(1)

Ty = &2y "8, /L), 23, ") (6.5)
whenever the denominator is nonzero. Consider the following sequence of
decision rules obtained by replacing £ in (2.5) by gv:

2r(z(2)_=(1) : (e N
(a) When &v(gv a, )#0, (i) choose dl’ if Tv >80

(ii) choose dy, if T,<8

2
(iii) choose dO’ if 92 < Tv < 61.
(b) When gs(ész)héél))=0, choose one of dl’ d2, d0 at random. (6.6)

We shall see below that when the samples (6.1) are taken from sequences of
populations subject to (4.3) and (4.4) and AV is defined as in (4.9), gék)_év E 0,
so that (6.4) seems a natural 'estimate' of &v given by (5.10). Further,vthe
choice (6.4) includes the following special case. Consider the set of (pt+1)

simultaneous equations in the elements 8 and & = (4 .,lp)' given by

1°°°

v@aay®™ - s 26?0 - 0

: N N N N
Vb s 25 L iey (2 4 (1-6)Yy§ (D) g L 7o)
[S(nOv + s “1v)§v + (1 S)(nOV + Q1 s)nzv)zv 14 =a,"-a . (6.7)

Let us consider an interval (-e€, 1l4+€) where €>0 is a number to be chosen
A
suitably small. Let Gv stand for a solution of s of (6.7) in this interval,

whenever such a solution exists, and otherwise, be arbitrarily defined in (0,1).



25

Then taking ’
N N

(0) 1) _ 3,V ATy
.’ =0 Q. =0 (— + 6 —2)
v ’ v V nOv v nlv ’
N N
(2) A v A v
q = (1-6 ) (=— + (1-6 ) —), (6.8)
) v oy v n,,

by Assumption 3.1, for a suitably small g, qék) would be nonnegative and (6.3)
would hold. Further, gv given by (6.4) would be equal to the £-solution of

(k) a (k)
(6.7) whenever qu gv

is positive definite. Hence, in this case fv given
by (6.5) would equal év. From the results of [1] it follows that under mild
assumptions, for a suitably small €, with probability approaching 1 the equa-

tions (6.7) have a solution in (-e¢, l+€) and Zqék)g(k)

v is positive definite,

whatever be 0<6<l. Also, as shown in [1] within a particular class of rank

(k)

based estimates of 8, év has the minimum asymptotic variance. Thus, for q,

given by (6.8), (6.6) can be interpreted as the rule based on a 'best esti-
mate.' (In [1], it was implicitly assumed that 0<8<1 and accordingly s was
allowed to lie in [0,1]. Here, as 0<6<1, we allow s to lie in (-e, 1l4+¢), and

for a suitably small € the results carry over).

Consistency First suppose that the samples (6.1) are taken from fixed popu-

lations F(O), F(l), F(z) subject to (1.1). Set up
w® _ 7 (k) (k) (k)
O.ig = -i di ;z'i(H\)[i](X))yﬂj(H\)[j](y))dF[i,j](x,y)-u\,i Hos
(k) _ , (k)
Ly = 00904, 5=1,. . ,p (6.9)

where Hv(g), uéi) are as in (3.2) and (3.3). From Theorem 2.1 and 2.2 in (1]

we have, as v

Os

~

-(k k) P
300,00 2

f(k)-z(k)
~V ~V ~V

P
> 0, k=0,1,2 (6.10)
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Now,if the characteristic roots of Z(k), k=0,1,2 are bounded away from 0,and

(2)

lim inf Iu ( )| is positive for at least one i (see Assumption III in [1]),

from (6.3) and (6.10) it follows that X qék) gék) is p.d. in probability and

R k
&'(562)-551)) is bounded away from 0 in probability. Further 2 {Ga(l)

(1-6)552)-550)} converges to 0 in probability (see the argument in Section 4
of [1]). As, when I q(k) zék) (2) ~(1)) 40
k

1,-0 = LitealV+-03 P3O ni P 2y,

is p.d. and 2 (a

Y

~ P
it follows that Tv + 0. Hence the rules (6.6) are consistent in the sense of

Section 3, provided (3.6) holds.

ALOC functions Now suppose as in Section 4 that the samples (6.1) are taken

from sequences of populations F( ), k=0,1,2 subject to (4.3) and (4.4). Then
proceeding as in the proof of Theorem 2.2 of [1] and making use of (4.12) it

may be shown that for Av given by (4.9) and (4.11),

Ak P
£ 4 S0, k=0,1,2, (6.11)

and hence by (6.3),

2SR _ (5 Ry, B
vosy s

k\) \)

() (0

By Assumption 4.1, this implies that Zq is p.d. in probability. Hence,

by Assumption 3.2 and Lemma 1.1 of [1l] we get

(Zq

(k) z(k)) - @@y 1L (6.12)
k\) ~\ ~

From the above it follows that, for finding the ALOC functions of the rule

(k) 30
\%

(6.6), we may proceed as if qu is p.d. Also, as proved in Section 4,

-(2) -
/ﬁ; (aé )—aél))—év is asymptotically normal so that for asymptotic purposes
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we may neglect the possibility (b) in (6.6). Thus, defining gvr’ r=1,2,3, as

in (4.5), as regards ALOC functions, the rule (6.6) is equivalent to:

choose d;, if Z' (Zq(k) (k)) ~v2 > 0.
choose d2, if Z (Zq(k) (k)) .Z 0.
choose d_, if Z (Zq(k) (k)) < 0, Z' (Zq(k) (k)) <0 (6.13)

0

From the results of Section 4, we get that Zvr’ r=1,2,3 are bounded in

probability. Hence, by (6.3) and (6.12),

(k) (k) (k) -1 P _
(iq\) )Z (Z ) or- vl‘L\v g or ~ 05 r=2,3 | (6.14)

From this we can deduce that
U (S YNC'S N TN i
P{g\)l(lz{:q\) g\) ) '%\)rzo} P{g\)lé\) g\)rZO} - 0, r-2,3 (6-15)

(This follows by noting that (Z', ,Z' ) has asymptotically a 2p-variate normal

~v1’~y
distribution with uniformly bounded means and variances [Assumptions 3.1, 3.2,
4.1 and 4.2A). Hence given any subsequence of (551’§Gr) we can pick a sub-
subsequence which éonverges in law to a fixed 2p-dimensionél normal distribution,
and hence, for which Zlev g vr has a limiting cdf continuous at 0. In view of
this and (6.14) there can not be a subsequence for which the absolute value of
the difference in (6.15) is bounded away from 0).

Now let be defined as in (4.21)-(4.23). The dispersion matrices

Gv1’ &v2’ Su3
(4.19) of the 2p-vectors satisfy the condition (4.1). Hence from (6.15) and

Lemma 4.3 we get that the ALOC functions of the rules (6.6) are given by
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1

= ' B .
Lf\)(e) P{Evl 4\) E\)Z ke 0}
- -1
— 1
L.’Z‘\)(e) - P{Evl 1~\\) tu3 = 0}
Lgv(e) =1 - L’l‘\)(e) - Lg\)(e) (6.16)

For convenience, hereafter we keep the subscript v understood. Let C(pxp) be
such that

CAC' =1 (6.17)

For §, and A% defined as in (4.15) and (5.9), A—l C § is then a vector of unit

length. Let P(pxp) be an orthogonal matrix whose first row is A—l(gg)'. Denote

n=t¢ Cr? r=1,2,3

(nrls ‘e snrp) ! (Sa}’) : (6.18)

From (4.21)-(4.23), it may be checked that (nli’nZi’n3i)’ i=1,2,...,p are
independently normally distributed with means given by

E Ny =4 E Nyp = (e—el)A’ E Ny = (92—6)A

E nli = E UZi = E n3i = 0, i=2,3,-..,P (6-19)

and with (brs)l 2.3 defined by (4.13) as the common dispersion matrix. From
] ]

(6.16) and (6.18) we have

D>

1
£(0) = P{nln, > 0}
*
2

(0)

=

P{nin,; > 0} (6.20)

Or using notations as in (4.30) and writing

§r = (Erl"..’grp)' = Bl"nr r=1,2,3 (6.21)
r
LE®) = PlgjE, > 0} = PLEHE) (45176, ' (§,E,) 2 0}
L@ = Pigie; > 0F = PLEHE) G-y E) (56 2 08 (6.22)
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where (Eli, 521, Eai), i=1,2,...,p are independently normally distributed with

means given by

-4 = (0-6.) & = (g.-8) &
Bl =y Ely = (08 5 E oy = (6,70) 47
1 2 3

EE, =E&, =EEy =0, i=2,3,...,p (6.23)

and with common dispersion (prs)1 2.3° Hence, it is easy to see that, for
Rl ]
r=2,3,

(§l+§r)'(§1+§r) (gl—gr)'(gl_gr)
r-1 " 7 2(T#p, ) v Ve T 2(1-p; )

U

are independently distributed as noncentral Xz's-with same d.f. p. The non-

centrality parameters, for r=2, are respectively

A = ___éf___.{JL.+ fg:gll}z k= At 1 (6—61)}2
’ : —
1~ 2(T%p,,) b, b, 1~ 2(1-p,,) ‘b, b, (6.24)
and for r=3, respectively
: (6,-9) 2 (6,-6)
A2 1 2 2 A 1 2 N
n = L+ 12, mk = oA } (6.25)
2" 2(+p ,) ‘B, b, 2 2(Tp, ) ‘b b,
So, from (6.22), we get
L& = - (1-
L¥(8) = P{(+p )0, - (1 py)Vy 2 O}
L5(0) = P{(1+p,,)U, - (1-p,5)V, > 0} (6.26)
Or writing
Vr .
T - Wr, r=1,2 (6.27)
r r
1+ 1+
L#(8) = P{W P12y fae) - piw P13 (6.28)
1 1- 2 ’ 2 2 —- 2 ‘

From the above, it follows that Wr (r=1,2) has the doubly noncentral Beta
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distribution (see, for instance [7] pp. 197-198) with shape parameters 33 gy

and noncentrality parameters ﬂ?, ﬂr i.e., with denisty function

- *. [+ *
' 6(ﬂr+ﬂr) T 1 Trr s 1 TTr t
e L 1 o0& @
=0 t=0 )
s (6.29)
pt2s 4 pt2t
1 2 2
w (1-w) O<w<l r=1,2
B(p+§s, Ei?t)
Hence, using the incomplete Beta-function ratio notation
1 X o-1 q-1
L(Pa) = 5¢57oy é Wb (=) T dw,  0<x<1 (6.30)
we have, from (6.28)
s (MEHW,) o m* T
o 11 1,'1.,s 1,1t P P
L*(8) = e )l S56° 5T E+ s, E+1t) (6.31)
1 s=0 t=0 ! 2 t!2 1(l+p12) 2 2
[+ 0 *
i (mg4my) 1,".s 1

+s, 2+1t) (6.32)

Mot
-—-Gif) 'ETCQ-) I 5

Lg(e) <1

1 (14 ‘) &
s=0 t=0 P13

where ﬂf, ™ and ﬂg, m, are given by (6.24) and (6.25).

It is interesting to note that for the classical problem of classification
between two multinormal populations with unknown means but a known common dis-
persion matrix, John [6] obtained similar series expressions for the uncondi-
tional probabilities of misclassification.

To study the shapes of these ALOC functions, differentiating (6.31) with

respect to 6 we get
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di*(e) s (k4 ) o« oo Tk dr¥*
17 1M 1,"1s 1 P
=L e I =68 (———)[ {1, E+s+1, 840
de 620 20 s! ‘2 de 1(l+p12) 2 2
P dﬂl
I%(lez)(2 +s, 5+ 0} + i1 %(1+ (§+s,%+t+l) -

- ‘ P P
I;i(l_l_plz)(2 + s, 5+ t) }] (6.33)

Or using the identity

2 4.
IL,(pq) = Ll + 2= 1 (poaqtl),

pHq
dL*(e) S ) o @ dm, dr*
1 1 l s 1 1 P _1
% - ) L ooT ( ) p+s+t:{(l??"+ )35 d -Gt }
s=0 t=0
P R
{I%(l+p12)(§+s, P4+t +1)- 11(1+p12)( +s+1, 2+ 1)}
(6.34)

As for all s,t

P. P ' _2
12 12
a sufficient condition for (6.34) to be non-negative is
drm dﬂf
(g'+ s) —= - (g-+ t) 30 2 0 for all s,t
or equivalently
d dm#* i
1 1
—55'2,0, “36'5_0 (6.35)
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By (4.13) and (4.30) this can be written as

082 (1-6,)2
G+ Dyeop? <y Ly I (6.36)
™ o ™ 2
As 91 >L, (6.36) is always satisfied for 91 < 0 < 1. Generally, there is a

number Gf such that

82 (1-8,)2
1 1 1 1 1
O* < 6., (B*-8 )3 (—+ —) = — 4 — 4 —= (6.37)
1 1 171 nl n2 no n1 n2

for which (6.36) holds for all 9{ <6 < 1. From (6.37) we get

1-26

- 1
or = 6,-[0% + (= + )T+ L)) (6.38)
1 2 0 2
If
1-26
L+—2L>o,
%o 2
or equivalently,
2
— > 20.-1, (6.39)
n, — 1
0
dL*(9)
we have 6% < 0. So we have proved that if (6.39) holds, then ——=—— > 0 for
1 - df*(e) a6 -
all 6e[0,1]. 1In general, we have established that __35__~Z 0 for all ee[ef,l].
1t may be noted that (6.35) is only a sufficieng condition for (6.34) to be non-
dL*(6)
1

negative and it is possible that when 6% > 0, may remain nonnegative to
P ¥ y g

do
the left of 9{ as well. The author has been unable to get a full answer to the
question whether ii(e) is ﬁondecreasing in the entire interval [0,1] in general.
In any case, the above shows that, quite generally, to the value of ﬁf(a),

A* 3 . I3 A* 3
Ll(el) gives a lower bound in [61,1], and if Ll<61<U1, Ll(Ul) gives a lower

bound in [Ul,l].
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As regards 35(9), we can similarly show that a sufficient condition for

85
(;}— + ?{l')(ez'e)z < ni + 24
1 ™ 0 "1

(1-92)2

oy

and as 62 <!, this is always satisfied for QﬁQﬁGz. Generally, writing

) 20.-1 ,
=0, + [1-0)2 + G-+ )M+ 21
1 2 0 1

03
dL;(e)

we can show that a6

< 0 in [0,65]. If

= > 1-20
0

n
1
- (6.42)

2
we have 65.3 1, so that ig(e) is non-increasing in [0,1]. Here also it is
possible ﬁg(e) is nonincreasing in [0,1] more generally, but this could not be
proved. Quite generally, to the value of £§(6), £§(62) gives a lower bound in
[0,62] and, if L2<62<U2, L§(L2) gives a lower bound in [O,LZ].

To see how the ALOC functions of the procedure of this section are related
to the ideal ALOC functions, we note that from (5.11), (6.18) and (6.21), we can

write the latter as
Lx(0) = p{g £, > 0}, 13(6) = P{g 184, > O}, (6.43)

whereas from (6.20)

p{g +

L1(® 11521 * L 814895 2 0

> 0} (6.44)

P{¢ +

N~TY N0

L5(0) 11531 S11831

where (gli’ 521, EBi)’ i=1,2,...,p are independently normally distributed with

means given by (6.23) and with common dispersion (prs)' Exact analytical
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comparison of (6.43) and (6.44) seems difficult.
If we write Bx(p: m*,m) for the tail probability to the left of x of the
noncentral Beta distribution with shape parameters 53 g-and noncentrality

parameters m*, T, i.e., if

A =5 (mR+1) SO | m* s 1 7.t
Bx(p;ﬂ*,ﬂ) = e Xzo tZO ;7(759 ;3(59 Ix(§'+ S, §'+ t)

Then, from (6.31) and (6.32), we have

Lf(e) = B1’5(1+plz) (P;Wf,ﬂl), L’z‘(e) = Bl’i(l+p13) (P;ﬂ59ﬂ2)~ (6.45)

Proceeding just as in (6.22)-(6.26), from (6.43) we can similarly show

L{(e) = B%(lez)(l;vri‘,nl), Lg(e) = B;é(1+pl3)(l,1r§,1r2)- (6.46)

where ﬂi, T ng, T, are as before given by (6.24) and (6.25). Table 1 gives

the values of the function Bx(p;ﬂ*,n) for a few selected values of x, T*, T and
p=},2,3. As by our Assumption 5.1, %(l+p12) and %(l+pl3) are both <%, we have
taken only values x < 0.5. Also, from (6.24)-(6.25), we have for Gzﬁl,

(l+p12)nl Z_(l-plz)nf, and for 6<6,, (1+pl3)1r2 Z_(l-pl3)ﬂ§. Hence, we have given

the values of Bx(p;w*,ﬂ) only for xm > (1-x)m*. The values of Bx(l;ﬂ*,ﬂ) were

computed by using the relation
B (L;m*,m) = J(vxm + YA~x)m*, Var - J{AIx)71*; 2x-1)

where J is given by (4.27) and (4.28) and then using Table 8.5 in [9]. The
values of Bx(p;ﬂ*,ﬂ) p>2 were computed by using the fact that if X is a random
variable following the ordinary Beta distribution with parameters %fl, %fz,
where fl = (p+ﬂ*)2(p+2ﬂ*)—l, f2 = (p+ﬂ)2(p+2W)_l, then the transform

Xg/ [Xg+1-X], where g = (p+2mw*) (p+m)/ (p+r*) (p+27), is approximately distributed
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as a non-central Beta variable with parameters %p, %p, 7m*, T. Dasgupta [2]
has found this approximation adequate and in our case it was found to give
surprisingly close values for p=l.

From an examination of the values in the table,it seems legitimate to

conclude that in [61,1] generally a high value for L¥ is attended by a high

1
value of.if, the value of ff is less than that of Lfland the difference increases
with p. Similar observations hold for [0,62], Lg and ig. The falling away of

the values of Lf and L§ with increasing p is understandable, since the number

of estimated parameters increases with p-
7. A SPECIAL CASE

In this section, we consider the situation where the preference scale of
Section 1 holds with L2=0, Ul=l. Such a situation wpuld arise in practice when
the values 6=0 and 6=1 are of special interest and di and d2 are respectively
the most preferred decisions only in these cases. All that has been said in
the earlier sections still hold. But here we can also approach the problem of
best determination of £ from another angle.

As the sample sizes increase, here it would be reélistic to take 61 and 92
closer and closer to 1 and 0 respectively so as to make the procedure more and
more discriminating as regards the choice of dl and d2’ So, to judge the

performance of a particular compounding vector %, and hence, to find the best

(1) L(2)

choice of £, we can alternatively proceed as follows. Given fixed F » F ,
(0) . ) )
and F subject to (1.1) and sequences of sample sizes nyy2 Doy nOv as in

Section 3, we can consider the sequence of decision rules based on L, and eiv(+l),
62v(+0). The limiting behaviour of the corresponding probabilities of choosing

6 are to

dl’ when 0=1, and d2, when 0=0, can then be studied. Of course elv, 2v

be taken so that these probabilities remain bounded away from 1 in large samples.
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We write Plv and PZv respectively for the probabilities of choosing dl when 6=1

and d2 when 0=0 for the decision rule (2.7) based on n , 0 and

> e B 1v

=

ov 2v?

GZv. Using notations as in Section 3 under Assumption 3.3, we have from (2.7)

and (3.5)
R S GO A R MY AP\ AP I8
(7.1)
w pigrz(0) =) o ,e=(2) .
By, = PU'a"" - 6, &' (1-8, )%'a;"" > 0le=0}

Now, by Theorem 2.3 of [ 1 ],

_ . - 2 2 1
P{el'§51)+<1-9)l'ggz)-%'éﬁo)ix[%'(%I; Zél) _;;%z_ 62) Ei; Z\()0))&]~z|e}

where §ék), k=0,1,2 are defined by (6.9), converges to the standard normal cdf

®(x), and as is well known, this convergence is uniform with respect to x. So,
K K

in (7.1), taking 0,,° —~;§: > 8,50 =‘;§: » Kis K, > 0, from (3.4) we get that
v v
Py = 0y 18 Py e 5@ 4 v 317 (7.2)
"1v Oov
N
- 1, $2)_ (1) v 2(2) v (0) %5
Py = QU [T (U™ = ") 1ML (n2v n0v )21 (7.3)

As in Section 3, the expressions (7.2)-(7.3) remain valid even when we replace
L by %v’ where zv is a sequence of uniformly bounded vectors subject to
Assumption 3.3.

From the above expressions it is clear that when we are interested only in
1’

the values 6=1,0, for large sample sizes the best choice of & in terms of P

sz would be that for which, subject to Assumption 3.3

N N N
Ov 1lv 2v
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is maximized, O being taken 1 or O according-to the situation. The problem
theﬁ becomes the same as that considered in [1] in connection with the estima-
tion of O with the restriction that 6=0 or 1. In practice, we may estimate
this best £ by solving the equations (6.7) simultaneously. The corresponding
rule (see the discussion after (6.7)) is the rule based on the 'best' estimate
of 6 proposed in [1]. Just as in the proof of Theorem 4.2 [1], it can be shown

that for this rule P,  when 6=1 and P2v when 0=0 are maximized in large samples.

1v

8. CONCLUDING REMARKS

In the foregoing sections we have considered solutions to certain classifica-
tion-type problems specific to the mixture set-up (1.1). In practice, these
would Be appropriate where we have apriori knowledge of the validity of (1.1).
The following questions naturally arise: (i) How is one to test the validity
of (1.1)? (ii) What happens if one tries to apply the proposed procedures even
though (1.1) does not hold? So far as the author is aware, for ungrouped data,
no satisfactory answer to the first question has yet been found even in the
univariate case. If the three samples are grouped to give contingency tables
based on the same system of cells, (1.1) implies a composite hypothesis involving
the cell probabilities, and this can be tested by standard methods. To con-
sider the second question, for simplicity, suppose, as Vo, subject to
Assumption 3.1 nkv/Nv, k=0,1,2, converge to some limits. Then write H(x) for
the limit of (3.2) and define E(k) with respect to it as in (3.3). For a given

2)

L, if F(k), k=0,1,2 are such that &'E(l) < %'B(O) < &'u( , and if we are

prepared to treat I&'u(k)—&'u(o)l/(&'u(z)—&'u(l)) as a measure of the distance

(k) and F(O)

between F s k=1,2, then clearly the rule (2.5) has some meaning.
The asymptotic theory of Sections 4 and 5, however, no longer applies. If we

still try to apply the rule (6.6) with £ determined from (6.7), trouble may
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arise in that (6.7) may not have real solutions. A real solution would exist

(0)

with probability approaching 1, if u is a convex linear combination of

D ana y @,

We have seen that performance as judged by the ideal ALOC functions (5.11)
has an all-round improvement as Av increases. The author has not so far been
able to prove the corresponding result for the actual ALOC functions (6.16) of
the procedure of Section 6. The difficulty in the proof arises from the fact
that no compact expressions for probabilities of the type (6.44) (such as that
used for (6.43) in the proof of Lemma 5.1) could be found and the series
expressions (6.31)-(6.32) are not of much help. However, as the figures in
Table 1 suggest, an increase in the value of the ideal ALOC function is attended
by an increase in the value of the corresponding actual ALOC function and thus
it seems that we can improve the performance of the procedure of Section 6 by
making A larger.

In this paper we have considered rules based on the variate wise ranks.
These may be useful in situations where ranks only are available or dependable.
Of course, the model (1.1) is invariant under a trénsformation of the set.of
p variates into another set coﬂtaining any number of variates. So, when the
original variate values are at hand we can first apply a suitable transformation
and then use the procedures of this paper on the transformed variates. This
opens up a wide range of possibilities. Further, it may be noted that, although
we have based our rules on rank scores, when the original values are available
similar rules based on the values and their transforms can be formulated. In
that case, to develop the asymptotic theory we would require conditions (like
existence of moments up to a certain order) which would guarantee asymptotic
normality, convergence in probability etc. Investigations into some of these

various possibilities have been undertaken in the context of the estimation problem

and the results are hoped to be published later.
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