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1. INTRODUCTION

Suppose we have k quantitative factors whose levels are denoted by
Xl, Xz, vesy Xk on which depend the level of some response in accordance with an

unknown relationship

"z‘ bl (g(xl, X-2, e0ey Xk) (1)

Suppose that in order to explore this relationship, N experiments are performed,
The uth of these experiments consists in adjusting the factor levels to a certain
set of k pre~decided values, Xlu’ X2u’ caey xku and of observing the response Yy
The problem of experimental design is that of deciding for given assumptions
concerning the functionz{'what is the best arrangement of N sets of levels to use,
Following the éonvention adopted in previous papers we shall define a set of

standardized factor leﬁels

12
- - 2
(X, ~X) % (X, =X.))
X " du 2 where Si = 1u i (2)
u 8, u=l N ,
For these standardized levels therefore
N N 9
X,.. = 0 and X, = N (3)
‘ii’ iu @5%5 in
U= u =l
We shall denote by D the "design matrix" an N x k matrix which provides a program
th

of N experiments to be performed, The elements of the u™" row of this matrix are

the values of the standardized factor levels Xqu® Xous *00 Xy to be used in the

th

uth experiment, They also define the u™" experimental point in the k=dimensional

fagtor space. OSince the designs we consider will include many factors, they will

be called multi-factor designs, By using standardized factor levels we may prepare

a standard set of design matrices appropriate for various values of ky, and for
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various types of assumptions concerning the function ?ﬂ + In given circumstances,
the experimenter could select the appropriate design matrix and (by deciding on
suitable averages values il’ iz, Y ik and units Sl, 82, erey Sk which would

cause the design to cover that region of the factor space in which he was interested)
covert the standardized variables Xys Xp5 coey Xy of the design to the real lewvels
Xl, Xa, seey Xk of the variables with which he is experimenting, The level of the
th th

"%t Sixiu’

assume in what follows that we can approximate the function Q? by means of its

1™ factor to be used in the u~ trial would then be X We shall

Taylor!s Series in which terms up to degree d are included, That is to say, we will

th

represent Qﬂ by a polynomial of degree d so that the response at the u' point will

be assumed to be given by
2

2 .
L™ Potou® Pa¥auteeet Bt PuaBigtee et Pradact Pro¥p%ete et By i W
with suitable choice of the coefficients po, 31, etc, We shall obtain estimates
bo, bl, etce of these coefficients by fitting the equation to the N observed values

of y at the N experimental points by the meﬁhod of least squares.,

We call Bi the ith linear effect, and X5 the ith linear independent variable,
p.s and x2 the ith quadratic effect and the ith quadratic variable respectively,
ii i7" .

th

and ﬁij’ %X the linear x linear interaction effect and variable for the 1™ and

jth factors respectively, and so on, It is convenlieat to write the constant term

as poxOu rather than as ﬁo defining as equal to unity for all values of u,

X
Ou
A design which includes k factors and allows all constants up to order d to be

determined will be called a k dimensional design of order d« In a polynomial

~equation of degree d there are (k ; d) terms so that a k-dimensional design of

order d must contain at least this number of points, ie, NE:(k ; d)-

One arrangement of experiments that might be employed uses the points of inter=
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section of a cubic lattice as the experimental points, Such arrangements are called
factorial designs., A factorial design in which were determined all the effects of
order d or less would require the performance of all combinations of d + 1 levels

of the factors, thus (d + 1)k experiments would be required, The number of
constants to be determined, and the number of observations required by the factorial

designs are shown below

ogrg:zign 2 3 : 1 6 2 3 i 5 6
1 3 L 5 6 7 L 8 16 32 ély
2 6 10 15 21 28 9 27 81 243 729
3 10 20 35 56 8L 16 6L 256 1024 L096
l 15 35 70 116 200 25 125 625 3125 13628
Number of Constants Number of obs in factorial design

The number of observations needed by the factorial design may sometimes be consider-
ably reduced by fractional replication (particularly for first order designs when
two-level fractional factorials may be employed). However this device is less
effective for designs of higher order. There is also some doubt as to whetherrthe
relative emphasis placed on different tewms in the series, as measured by the
variances of the effects, is an ideal one with such designs, Since for quantitative
factors there seems no prior reason for basing experimental arrangements on the

factorial pattern some more fundamental approach may be attempted,
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2, ORTHOGONAL DESIGNS

The problem of determining most efficient designs of order one has been
discussed elsewhere (Box, 1952). The most important practical problem outstanding
is that of investigating designs of order two which are of great importance in the
study of near-stationary regions of the factor space, that is, regions in which the
first‘order effects are small, We shall not, however, for the moment, limit the
discussion to this special case.

Suppose the observed values found at il experimental points are represented

by a vector ¥ and
co =1 Eaepa-p - )

then on the supposition that the mathematieal model (L) exactly represents the

true situation the estimates B of § linear in the observations which are unbiased
(ive., Ez(g) = B) and have jointly the smallest possible variances, are those which
reduce to a mimimum the sums of squares of descrepancies (I = I)'(i - ¥) between
the observed values Y and the values 2 = XB "predicted" by the fitted equation,

These are the "least squares" estimates and are given by
B = (0)™0E (6)
The variances and co-variance of these effects are
E@-pE-p - @™ f gl (M)

where Qfl may be called the "precision" matrix,

An unbiased estimate of 02 is provided by the quantity

w-otE-pid-p - eeslyy) @
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The expressions in (6), (7), and (8) contailn the matrix C = /"X'X_] of sums of
squares and products of the independent variables. We also notice that N'l[i'§7
is a matrix of moments of the designs For example? if there were k = 2 variables,
and we were considering a design of order two sothat the equation to be fitted

was
. 2 2
= Bo%o * PyXy * BaXp * Byg¥y *+ Byo¥p + BpoXyX, )

then

0 1 57 (] [u] [ (1]
VA7 w W My ey ay

2 | L7 1w ey wy ey [ny
VAYn | Ay My M uy /ey /i (10)
22 | (227  [Ie27  [E22]  /Taeg]  [Re2p]  [le2g]

12 (27 (M7 [l (Tue] [lee2]  flieg)

where the quantities in square brackets denote the moments of the design. For
example, N'J'E Xy = 17, N'lz x?.ux2u= (7112 7 and so on, It willbe noted
that in a fi::id expression of t;:lform of (4),in which terms of order greater than
-the first are included,many of the independent variables are related to each other,

thus we have not only x,, but xi, and x,x, occuring in equation (9), Consider for

a moment an expression of the form

(| = Polo * P2y *Ba% * wor * B2y (11)

N

and suppose the sum of squares for the pt’h variable :2 Ziu 1s denoted by'Sp. Then
u=1

it is readily shown, (see for example Box 1952) that if the Sp are regarded as
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fixed the smallest possible variance for every one of the elements bo, bl, etc,
is obtained if the moment matrix and hence of course the precision matrix are
diagonal, assuming that such a diagonal form is possible. In such a case the

th effect is given by'S;l 02. In the case of first order designs

variance of the p
in which the terms in (11) are unrelated this fact supplies the necessary conditions
for an optimal design. To satisfy the condition we chose the levels B399 Zys evey Zp
8o that the L vectors formed by fhe columns of the matrix of independent variables

' have zero inner products one with another.

When fitting an equation of degree higher than the first, provided X is of full
rank L, we may still, of course, use the procedure of least squares to estimate the
effects even though the independent varisbles are related to one another, However,
when an equation of degree greater than the first is fitted, these relationships
make impossible the attainment of a diagonal matrix for X'X. For example, both
{117, [722_] which appear in non=-diagonal positions in (10& must of necessity
pe positive unless all the X, are to be zero, In gensral ;g;xfu xgu will produce
essentially nonwzero elements where p plus q is an even number, and these terms can
occur in nonQdiagonal positions when pfq, We can however rewrite equation (L) in

3. godd
s X 5 which are even

; .(pr"“ etcs orthogonal to all other €°dg

p=2

terms of new variables xz,Ax gpclynomials x° = 5P - Ay X

veng powers of lower degree

and

E xgzﬁ x:ig = 0 (12)

where r is an integer., For example we require

N N
2 D6 - =0 (13)

pel iU u=l
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whence using (3) « = 1 and xi = xiu «l (W)
3 s
Similarly x = x = /4441 7 x, (15)

The equations written in terms of these new variables would be

1 = @ep - 16 (26)

where T 18 a matrix transforming the old independent variables to the new, thus in

terms of the new variables (9) could be written in the form

= (Bp * By +Bypl%g + ﬁf‘l *BpXy + By (s = 1) o (x5 = 1) + Pra%yX,  (17)

[—

T
—

andT=[ 1 4 o -1 -1 7] S (N TR U S (18)
. 1 ™ . . . » 1 ° T °
\o‘! [} ' 1 . [ ¢ Y Y 1 [ . .
o}‘cb &) 1 v | @ 1
\(Lbox, L] ] L4 L (\B“e | 4 [ L .
@ | SO
[ [}

~
For the new independent variables it is now possible tovattain an orthogonal matrix
for any permissable choice of diagonal elements, The Gauss-Markoff theoren,
(Quass, 1831, Markoff, 1912,) ensures that the least squares estimates obtained for
these new variables will also be least squares estimates for the old variables,
We have agreed to define the elements in the design matrix so that
:S 2 = s and :S 2 = N (L =1,2,444,k), therefore, the
u=l u=l
first k + 1 diagonal elements of the matrix XX will be fixed and equal to N. The
remaining diagonal elements of X'X will not be fixed bﬁ our definition, For

example, it is easy to show that the sum of squares :2 (x - l)2 corresponding
u=l
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to the 1 quadratic variable can take any valus between zero and N(N = 2)2/(N - 1),
Thie is what is meant by a "permissable' choioe of diagonal elsments. The remaining
suma of squares would likewise be at our choice within certain wide ranges,

Consider the case of a design of order two, The choice of the Quantity

N
Nt - (xiu -1)° . q = /7iiii ] - 1 corresponds to the choice of the fourth
momegzlfor the 1% variable 1n the designy that is, of a fourth marginal moment
of the distribution of design points. Since /7ii 7 = 1, /Ti1ii ] = 3 is the measure
of kurtosislyfé, the standardized fourth cumulant of the marginal distribution and
q 8'?5 + 2. Suppose we fix q at some particular value, then for example with k = 2
factors, the design will be such that the moment matrix for the orthogonal variables

will be
. I T S
1 [ [ * [ * l [ ] [ [ ] L ]
N- ('_I._'_IE_] - 1 » . . : N. [X'XJ' . . 1 . [ ) (19)
. q . ’ 1 . e Q+1 1 )
q . 1 . . 1l q#1 ,
l ’ . [} [] ] [ ] 1
L _ = =

The diagonal element in N™+ { X'X_] corresponding to the interaction term
['1122_7 is fixed automatically, since §o sensure orthogonality of the quadratic
effects

N
V3 (xiu -1)(x§u “L =127 -] 702741 = 2272100

Hence /1122 7/ = 1, The corresponding moment matrix N'l(g'g) for d = 2 and any
valus of k willbe exactly similar in pattern, that is to say, the element ['ii 7
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corresponding to the sum of squares of the ith linear variable and the sum of pro-

th quadratic variable will always be equal to one. The

th

ducts between xo and the i

element ('iiii_? corresponding to the i quadratic effect will always be equal to

q *+ 1 and the element ['iijj_? corresponding to the sum of producte between the

th and jth quadratic variable, and to the sum of squares of the ijth interaction

i
variable will be unity., All other elements are zero, Similarly, the variance=-

covariance matrix written on a "per-observation" basis would be

1 " and for the --1-!-kq"l Rl I

1 | original non=- . 1 .+ ' .

E[ﬁbi7-l= 1 . ort%ogonal Nli'§7'l- ._l o 1 e-l . v.
qQ variables -q v v q . .

q-l _q-l R q~l ,

1 e ¢ v s o |1

For the 32 faotorial (and in general for the 3P factorial design) q = 1/2 that is
Wna % - % + Thus, using these designs, the variance of the quadratic effects is
twice that for the interaction effect(s), 4s was pointed out in an earlier paper,

(Box and Wilson, 1951, pg. 18) if we regard (9) as representing a Taylor's Series

of the function || ; Sz(xlxz) then B,, = %‘-Lfll;‘ Boo = %‘- %22;@12 = { ,p where for
example L( 2= b’Vl /) xlaxz. Thus the variance of the quadratic derivatives
is eight times that of the interaction derivatives., This relative weighting for
quadratic and interaction terms found for.the factorial design seems intuitively to
be unsatisfactory from the point of view of accurate estimation of the fitted
surface, for it appears that too little weight is placed on the qQuadratic terms as

compared to the interaction terms. This fact may be the reason for a mis=conception

cencerning the relative importance of quadratic and interaction effects. It is
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commonly found in the analysis of variance of three level factorial designs that
two-factor interactions are significant whereas guadratic effects are not. This has
led to a snpposition that conditions frequently occur in vwhich two=factor inter=
actions are important but quadratic effects are unimportant, which apparently
conflicts with the common sense view that for a smooth surface effects of the same
order ought to be of equal importance., That this contradiction is apparent rather
than real can be seen if we remember that these expected values of the mean squares

in the analysis of variance are of the form

(21)

It will be noted that the second term in (21), which will cause the mean square to
be inflated when real effects occur, is a function not only of the size of the effect
P but also of the variance of the estimate of this quantity. Thus if real quadratic
and interaction derivatives of equal magnitude occured the inflation of the mean
squares for the interaction would be eight times as large on the average as the
inflation of the mean squares for the Quadratic effects,

When d = 3 we have tha cubic design in which all effects up to order three are
estimated, When k = 2 the equation 'tlﬂ XB to be fitted is

- 2. . 2
? Bo¥o * ByXy *Byx, *+ Byox 1 * B22"2 * BypXeX, + B111 17 ‘3222"2*‘3112"1}‘2*3122"1"2

(22)

which, proceeding as before, may be written in the alternative form
= (8o 1Py +[B HQH0B 1139050 | %1% {By* (@1 0B gy #B15) 2y 8, (1) 8., (6201
?' 071172277 1 111 122} 1 2 222 llé} 2711V 1272

$12%9% *5111{’.‘2'(‘”1”‘1} *‘3222{"3‘ (‘1“1)"2} 110 (11D B 15, (E-1) (23)
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We may now introduce a further parameter -

N
= IS0, - @ f? o, e

u=l

where 2 2
Y. Ke | Mg - lSuhuz ~ 10 + 30y,

LI} 3

2 Ho

rrblg “‘6-15“‘&*30
Proceeding as before we have

0 1 2 11 22 12 111 222 112 122

11
N1/ ? (2L)
22 q

111 r
222 r
112 ' q

22 | a

where the diagonal terms corresponding to the quadratic x linear interactions are

- necessarily fixed by the orthogonality conditiéns, For we require that

N
N'lgjxiu'(qﬂ)xiuf § xiuxiu'xiuvi (7111133 7=(q+1) = 0, L.e., [Tii413) 7 = q + 1

But =

N 4
N"lgl {(xiué)l)xju'i 2. [Ti11i53 7 - 1 = q,
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Procee@iggwggmpgggggémfhe moment matrix N-ll'§!§_7 for the original variables

is ,;"‘ N_I(T-I)/*/)'( T“'.;’

\\f‘._, e .
012 11 22 12 111 222 112 122
| 1 I |
NZ.ZE;§ZL;i . 1 q+l /
~ 1 g+l 1
1 1 gq+l
1
2
3’*[ L r+(g+l) q+l
?+I r+(q+1)? q+l
| q+l q+l
! q+l q+l

N times the precision matrix NZ'X'X_?'l for the original variables is

LG Wl T

0 1 2 1 22 2 11 222 112 122
! gl gl
14(q+1)%r g™t (@)t "t
1+(q+1)2r'1*q—1 -(q+l)r'l -q—l
-l - gt
! gt
| 1
~(g#)et | r~1
| ~(q#1)r™t ort
z gL oL
g™ g™t




‘ - obf 0.2304
2.77¢

For the /vglur level factorial, for example, q @ and r =(6.2996) thus
‘ q/r ﬁ@.hofz}, so that in this design, the wvariance of the cubic effects b,y 18
C?chO? times as large as that for the quadratic times linear interaction bijj’ In
e

terms of derivatives the variance of“-?iii is over L8 times as large as that for

¥ 115,

3. DEPENDENCE OF THE PROPERTIES OF DESIGNS ON THEIR ORIENTATION

Whereas, with the designs of order one, the principal of minimizing the
variance of the effects for a given spread of the design points leads to the
criterion of orthogonality (whichkgives uniquely a simple class of designs), for
designs of order greater than one this principal does not lead to such a unique
class, If we decide what the relative variance of the effects should be, and hence
what the diagonal elements of the moment matrix will be, we may, by using an
orthogonal design, obtain smallest possible variance for this choice of diagonal
elements. However this approach gives no clue as to what values for the diagonal
elements we should choose. Some further principal is required to make such a deci=
sion, Now we wish to use the designs to explore a local response surface of which
little is known., It particular the orientation of the surface with respect to the-
design is unknown, For exémple, suppose the surface could be represented locally
by an equation of second degree, then the response contours would be a set of conics
which could be referred to their principle axes., The orientation of these a?es and
the direction of the center of the system felative to the axes of the factors would
differ from one problem to another. In these circumstances it would seem
unsatisfactory if the accuracy with which the constants of the surface were estimated

depended on the orientation of these axes,
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3.1 EFFECT OF ROTATING AN ORTHOGONAL DESIGN

In the developments which follow we need to use some properties of derived
power and prdduct vectors and the corresponding Schliflian matrices (Aitken} 1948,
1949, Wedderburny 193L4), If x! = (xl, Xps ey xk) then we denote by X'ZB7 the

derived power vector of degree p, For example if k = 2
x! = /" Xqa%y_ / and x'[ 27 - [xl, x2, \/Exlxzj

and in general 5'197 will contain as elements all the powers and products of degree

P and lessww with suitable multipliersattached so
that x'/ E7 X 27 = [ x! x 7@7 If a vector X 1s transformed to a vector 2 by

th Schlaflian matrix H/ 27 is defined such that 2&7 H/ 137 xlg7 It 1s

2 =Hx, the p
readily confirmed that Z H _13_7@7 = }_1!27 _15027 o Also 1f H is orthogonal then so
also is Ij_&? .

We may now consider the effect of rotating an orthogonal design, Consider in
particular the case k = 2, d = 2, and let us write the equation to be fitted in the
form Vl= X B , that is

= 2 - 2- -!.-
N = Bo* Pya* Popdxg * Byxy +By%p + By (xy = 1) + By (1) 7 b1 Voxpx, 21)
Suppose we have selected some orthogonal arrangement for which the design matrix is

Dand q = YZ + 2 has some specific value., The matrix N'lz')_(_'g_(_ 7/ is then

0 1 2 N 22 2
o [ |

2 1 (28)

11 2 4»\(2
22 2 + Yg
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If the design is orthogonallly rotated through an angle 6 so that the new design
~»COSNE

o Ao e =8 P ., ’
matrix is D = DH and H !.;S ;’ where & is sine @ and ¢ is(Consine)®, then the
th ‘s ;
u row veetor in E)J-Eu Z xluﬁu-] will be transformed to a new row vector w
by the transformation LA H x!' ¢+ The transformation which carries over

57, ~2 2 L2 22
?.E\;Z' Z xl.u, xzu’ \/Ezlu xgu] to E&L Z Yu2u )\/Ewlu W2\1--7 is

e

02 52 g0 ‘1_2-
E@? = 52 02 sc\’E
sc \E - 80 \E c2 - 52

This transformation likewise carries over the modified vector

-2 2 .
X, = 1s X5, = 1, \I_2~x1ux2u_7 to the modified vector

['wz -1, v -1, Vou W, /[ ; for the vector (1, 1, 0) is always
lu ? T2u ’ lu 2u~ d r

a latent vector of 13_@2
After rotating, the 3 x 3 matrix P in the lower right hand corner of the

transformed moment matrix becomes

P nl e oy, - [O o . § ¥/ 00)

(@ +QL, ~Ya e @+9)2 azf (31)
: e?"{‘i
4 2 2
where a is the 3 x 1 vector with elements (= sc \f'é s™SC V2 3 ¢ =8 « In general this
matrix P will contain off-diagonal terms., Its reciprocal may be readily found using
a formula given by Tochar (1951), who shows that (I + g’!_;_.)'l= I=-MZI- L_M_)-l Ls

Where L and M are not necessarily square matrices, Putting ﬁ a = Mand a! = L
) = = 2

AL
..‘ . e
P -



%
Z(Ki*’)

". - (Y"' 2)" -1 { @a a! (32)

From elementary trig5nometry a 8! may be expressed in terms| of cos L@ and cos 8@
/

 we obtain

only (written as ¢, and oq) and finally we Obtai,,,“wuwf”"

-4 +B] |
Pt L =B g (33)
c
1 -1
where A = H(l - ch), The matrix NC ~ is
therefore
1
o 1
-’J A -
WX Xt . 1 (3L)
P—l

The linear effects have the same variance in all orientations and are uncorrelated
'with all other terms. However for second order terms the variances change markedly
as the design is rotated and the effects become correlated.

4s an example, the effect of rotation on the variances and correlations of the
second order effects in the three level factorial design is shown in Table 2 and

illustrated in Figure 1.

ingle of

Rotation 0 0° 15° 2205° 30° Ls°
Variance

Quadratics 2 1,8 1,63 1.4h 1,25
Variance

Interaction 1 1,75 2450 3,25 4.00
Correlation

Quadratic x 0 0.10 0423 039 0.60
Quadratic

Correlation .

Quadratic X 0 -0 032 =0 037 =0 026 0
Interaction

Teble 2! Change in Standardized Variances N V(b)/og of
Effects as Factorlal Design is Rotated,
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0 30° 60° 90° 120°
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e P S Changing Variances
I e T of
L[ Quadratic Terms
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: : ! ! : | 5 : 1 { 5 i L ] 5 i ii
0 30° 60 90 120
Ouly booree . e e
02}~ /”/, R e Changing Corre=
N i AN lations between
30 / 60 .0 120 Quadratic by
 E——— S— \\\ bl ~Tnteraction Terms
: ’
-0.2 —_— \".\ : ’/’/ - \\ «»_.J.;%l.{...._.
‘,“\ —— -N"r" \“‘ —‘."'/,'
~Ouly— —
0u6y- S . _
7 ™
0] ~ e AN /,//// Changing Corres=
’ ;o ﬁ\\\ i lations between
yd o s  Quadratic Terms
0 * 2 /’ \\‘ - e
0 ) ’I’ L 1 1 1 ! \‘?“ R 1 | l l
0 30° 60° 90° 120°
Figure 1

32 Factorial Design Under Rotation Standardized Variances of Effects

We see that our condition of orthogonality refers to orthogonality in a particular
orientation and that this property wi;l usually be lost on rotation of the deéign,
We notice also that since the variance and covariance of the effects may change
markedly from one orientation to another, the apparent efficienéy of the design,
as judged by inspection of the variances in one particular orientation, may be

deceptive,
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s INFORMATION DISTRIBUTIONS

The object of our experimentation is to gain knowledge of a response surface
which it is assumed may be represent‘ed by an equation of a certain form, We are
interested in the individual terms in the equation and their variances only in so
far as they supply us information about this surface.

Suppose that some surface had been fitted. The predicted response i at a given

point Xys Xgs seey X, would be provided by the equation
y= Q(Xl, xg, eeey xk) (35)

The variance of this predicted value would also be a function of X1s Xpy eeey X
and hence 80 would the distribution of information in the epade of the factors,

Writing I(y) for the information per observation we have
I( L.
y) = § NV (y) = 1(Xgs X5 eees %) (36)

. ,
vwhere j (xl, Xps seey xk) may be called the information distribution., For example
using the three lsvel factorial design in the case d = 2, k = 2, we see from

equation (19) that the information distribution is
' 2 2 22 ==l 4/ 2
I(y) = Z‘g - 3x1 - 3x2 + 2xg * 2xg + xlx2_7 //lc (37)

Information contours for this distribution are shown in Figure 3,



AL

p = distance out from center of design

Figure 3

Contourg of Information Distribution for 32
Factorial Design Assuming a Second Degree Equation
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a8 would be expected from the earlier discussion and indeed from the placement of
the points we see that at a given distance from the origin a gréater concentration
of information exisﬁs in some directions than in others.

It seems of some importance to consider designs, if such exist, which have
the property that the information is.constant at a given distance from the origin,
in osher'words;'thé iﬁgfcfmaticn contours are circles, spheres or hyperspheres,

Such arrangements wili ve called rotatable designs.

5. CONDITIONS FOR ROTATABILITY

We shall need to consider some properiies of spherical distribution functions,
(Box 1953), These distribution functions are of éome importance in basic statistiCaJ
theory, and especially in randomization theory. A discuseion of these aspects isi
left to a later publication. Here we shall need them for a'somewhat different
purpose.

If the joint distribution funct?on of a set of variates, Zl’ 52, souy zk,

¢ .

which may be regarded as the elements 6£ é vector z, and each of which has zero

mean and unit variance, can be written in the form W,
A
p(z) = k£(z'z) 0<z'z @ (36)

whgre W may be infinite and k is taken so that the integral over the whole space
is unity, then since the density will be constant on hyper-spheres centered at the
origin of the z's, we shall say that thé,vgriates have a spherical distribution,

If 11 the moments of a distribution exiet, and the m.g.f. ((t) can be expanded
in an infinite series we can write this series .
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then it has been shown, (J. Clarke Mexwell, 1820, M. S, Bartlett, 193L) that the
only spherical distribution possible is the multi-variate normal with equal variances
and zero dovariances, which may be called the spherical multi-normal distribution.

For this distribution the m.g.f. is
Qo) = exp 5 (11) 3)

and all the A's are equal to unity, We see therefore that for any spherical distri-
bution, the moments of the same order bear the same relationship to one another as
do the moments for the spherical multi-normal, However the moments cf different
orders will dspend on the A's and hence on the function £(z'a).

Consider the response § predicted by the regression equation at the particular
. point whose co=ordinates are given by the last k elements of the vector x! now
defined as x' = (1, Xys Xpy ceny xk). “ince the equation fitted is a polynomial
in the k factors of degiee d then the polynomial contains (k ; d) = L terms and the

fitted equation

J =By ¥ byxy +ByEy Heuat byx + b:.l"?i + By +"'+bkkx§+ Bro¥y¥pte e 1 Xe1%k
| (46)

may be written
v = §'Z§7 b (note ¥ is a single (L7)

predicted value,)

where the L x 1 vector b contains ail the b's with suitable multipliers attached so
that (L47) is equivalent to (L6). Suppose also tha’ the true value at this point is

. given by

/a7 ‘
n = x'es/ 8 (a scalar) (L8}
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Then the variance of this predicted‘value is
V@) =€) om )" = 0T o) ot o Wiy 7 T & (19)

The variance at a second point which is the same dist'aﬁce p from the origin whose

co~ordinates are the last k elements of the vector z = R x where R is an orthogonal
(k + 1) x (k + 1) matrix consisting of an arbitrary orthogonal matrix H bordered by
a first row u' = (1, 0, O, ¢¢v, O) and a first column us Making the substitution in

(49) we have

() = (VY [g_t:_gj"l Rl L | (50)
- xll§7 (RIZ§7§|§ R‘§7)'1 xlé? : (51)

To satisfy the condition that the variance is constant on a sphere centered at the
origin of the design we require therefore that the precision matrix ¢t s L 7-1,
==

1o a N'lglg » remain invarient when the design

and hence also the moment matrix N~
is rotateds This means of course that every variance and covariance of the b'sand
all the moments and mixed moments of the design remain constant under rotation.

We now have to find the form of the matrises C and gfl for which this is so,.

Consider the quadratic form

Q= (N'1)31Z§7 c 737 (52)

@ is a generating function for the moments of order 2d and less of the design, for

N N
o u=Li s a7 ., /37.( . w1 d
Q=N 2'@7 glxulj xIe 31.7 N 121 (t'x x!t) (53)
. 2a
= N 2 (l + t'lxlu + tzxzu * cec * thku o (5L)

u=1
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vhere Y is the vector of moments f { x@? j ¢ But for a spherical distribution the

mogefs is
Q) = Eet's) « £tEe (ko)
Lee Q) = Q@D

for any orthogonal matrix Ho Regarding now the matrix H as transforming the matrix
t! this implies that LQ(t) is unchanged by any transformation on t which leaves 't

unchanged. This m.g.f, is then a function of L't

Q(6) =1+ Elw (t14)P (k1)
pE

where the wé are real constants depending on the function f in (38). Writing

}'2p = sz(pl)zp the mog.fs for the spherical distribution can be written in this

form (:\ |
Q%o ”2‘0
wy=1+3

p=1 p! 2

14)P (L2)

o,
~ Equating terms in (39) and (42) and writing ( 1 s 2 g seeesk k_7 for the moment
v
gle > x22,000,x 7We have

K '
. n £ o
«, i
ek g

i=1
, k

where & = > 4; Will be called the order of the moment.
i=1

If the z's are independent so that

. |
p(a) = n p(a,) | (L)
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“ %

and the coefficient of t‘l s ta s esey f‘k s in this expression is

2d: 22, ,0% 7 (55)
1 ‘(20 .to&k (2d-v()‘

o« a(

where Z'l&l, 2 2, veey k 7 is the moment N 1:2 (xlu x2u’ very xkt) (56)
=1
Now we require that C should be such that ’
Q= N'l_t_tzyg 3!@7 = N.l;b-t‘§7§lé§7g EZ§73Z§7 (s7)
Yol ¢ @ ol | (58)

that is to say, any transformation which leaves t't unchanged does not change Q.
Hence Q is some funotion of %'t and since it is a polynomial in the t's it must be
of the form
Qa?‘as(st)s (59)
S=0 i=a)
™ 1 o2 “k
e coefficient of t 2 s veey tk in this expression is zero if any of the 41
are odd integers., If the 4, are even integers this coefficient is
(%'ﬂ)l
& 1 T (é0)
G4t Gt ves G

We now equate coefficients to obtain specific values for the moments up to order

A = 24
- 1 % « 4
A o -< a (5 4)i (2d = <)} ]
/1 1’ 2 2’ or, k k_7 o A2 . ikl (61)
24! 1 1
n ("2' v(i)o
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Write 1

=
a, 2 (3L (2d = )

= A | (62)

2d}

Then finally the moments of a rotatable design of order d are

-1 % “k
{15 2% v,k ] = 0 if one or more of the
k are odd
iﬁl Mi.! (63)
= A if all of the «, are even
ARGk IO ;
igl T4/

which (in equation (L3) ) are the moments up to order 2d of the spherical distrie
bution.

Thus a design of order d will have the propsrty that when a polynomial of
degree d in the variables X1s Xps sesy X, is fitted by the method of least squares
all points aﬁ the same distance p from the origin of the design are estimated with
equal accuracy if and only if the moments of the design up to order 2d are those
of a spherical distribution. That is, those given by equation (L3) where the Al's
are arbitrary, With these values the information distribution will be spherical
and as we have seen, the moments of the design and the variances and c&variances
will remain constant whatever its orientgtion,

Since the dummy variable Xy is always unity, and we have selected the design

1 %& 2

so that N~ “ Xy = 1, Ao and hz are such equal to unity by assumption,
u=l

5.1 ROTATABLE DESIGNS OF ORDER 1

Suppose we have k variables Xys Xps eeey X and we fit a polynomial of degree

d = 1, that is to say the fitted equation represents a plane,

F by #byx) +byx, +oase +byx (6_h)
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then using (63)

all moments /71 / (i = 1,2,,44,k) of order 1 are zero,
mixed moments /"ij 7/ (L £ J, = 1,2,40e,k) of order 2 are zero,

quadratic moments /Tii 7 (1 = 1,2,,44,k) of order 2 are equal to ), = 1,

Thus the moment matrix is

1 1) 2] .. [k_~7_.
17 Ay [1e7 .. (k)
e 3 VAR Ve WAV YAV, LY RN, %1 (65)
\ (5] 0 2] o (0]

\

and % first order rotatable design is one whose moment matrix is the unit matrix.
Consequently such a design is obtained by writing down any k vectors mutual 1y
orthog a% to a column vector of ones, and each of which is standardized so that
) x;‘)_u =1 ., We notice that this is the same conelusion (Plackett and
Burmany ‘Jj:;ﬁé, Box, 1952) which is reached if we pursue an apparently different
objective, namely if we select a design which supplies estimates bo’bl”" ’bk
having smallest variance, The information distribution for such a design is

-2
- T &
I(y) = where p2 = E xf (66)
l+p

i=] ©

In Figure (i) below the information distribution is shown, I(y) being plotted against
Ps and we see that in this example the fallwoff in information as we move away from

the origin follows the Caushy distribution,
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08 L

Tty) *ef /

1

t 4 | }

I {
“3p -2/0 -IF F‘igux?e L ‘P 2/; 3f)

Information per observation at & distance p from the
center of a lSt order rotatable design.

5+2 ROTATABLE DESIGNS OF ORDER TWO

Suppose we have k variables, and fit a polynomial of degree two. For example,

if k = 2 we have

» 2 2
Y = by * byx, + b2x2 *bygXy tbyox, + bllex2 (67)
Then using (63) we kmow that all moments are zero in which any of the Ai are odd,
The remaining moments are then /"ii J = N =1, (711337 = X [Tiidi ] = 3N

Thus, for example, if k = 2

1 Mgy g ey ey [ 11|
0V [ 27 [y e 7] |1 . .
2 - - - “2227 /T . e Ao e
iy e | 9 ) g L] 2] | 1 )

(1Y /Ty /1127 /Iny /Ti2g7 /Tig] 1 . ¢ 3% &
(227 [T2g] [Ze2] [Inep] (22227 (12227 1+ « X3\

(17 (may [Ty [y ey ey | |, . . .

t?”

where A is written for Ah.
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. In general, for every value of k the matrix N+ (%'X 7 will be of the same
form, in which the only mixed moments that ocour are those corresponding to the
variables X5 xi, xg, sesy xi. The measure of kurtosis for this design pattern
is ‘\fa = 3(A = 1)s We notice in particular that if the design is to be orthogonal
in the sense of 8 (2) as well as rotatable then using (19) kh = 1,'Yé = 0 and the
moments of the design to order 2d = L are the same as those as the spherical multi- _
normal distribution,

To determine the inverse matrix N['§'§~7'l we partition off a (k + 1) x (k + 1)

sub matrix U of N'lé'§'§_7 corresponding to the variables x, xi, xg, coey Xio

—— ———

l l l ¢ ¢ o 1
1l 3 A e A

y = (69)

1 A A s 3

N

for which the inverse is readily shown to be

(222 (k42) -2\ -2 v -2\
-2\ (k+1) A= (kel) 1~) . e s 1e)
=22 1=\ (k#l)h=(k=1) , , 1)
vlaal ‘ . : (70)
. ‘ . .
-2)\ 1) 1=A oo o (kH)A=(k-1) |

vhere A = Z-Zkg(k +2) A= kg 7 (71)
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The remaining elements in Nt [7X'X ] are the diagonal elements corresponding to
linear and interaction terms. The reciprocal N Z'§'§_7'l coneists of the elements
U-l

with the reciprocals of these remaining diagonal elements, For the general

second order rotatable design therefore we have

W(by) = 208 (#2) 0?3 WV(b,) = oy NU(b,,) = [Tk+LIn = (kel)_Jhot W(b,,) = A1

2, 2 (72)
NCov(bo,bii) = ~2)\Mo , Nc°v(biibjj) = (1=-A)Ac

and all the remaining covariances are zero, We see that for any rotatable seéond
order design, all first and second degree effects will be un-correlated except the

quadratic effects which are correlated with each other, with coefficient of

correlation 3\1 2 ~ - (k + l)g "1, e see that for any value of A the matrix

(§'§)‘1 is of a simple form and experiments carried out with such designs would be
readily analysed.
If the design is rotatable and orthogonal sothat A = 1 these correlations

vanish and we have

2 | (73)

1 2 2. 1 2, 2, -1 2
NV(b,) = é-(k-@)c 3 W(b;) =05 (b)) =5 0% Ni(by,) = o3 NCov(bghy,) =5 o

The condition of rotatability and orthogonality fixes the relative values for effects
of different orders. In particular for designs of this sort the variances of the
quadratic effects bii are 1/2 those of the twowfactor interaction effects bij‘ They
may be compared with three~level factorial designs for which the variance of the
quadratic effects is twice that for the interaction., Compared with the factorial
the rotatable orthogonal design thus places four times as much emphasis on the
quadratic effects relative to the interaction effects.

The information distribution for any the second order rotatable design is given

by

-1
I(y) *{A; 2(k42)2% % 2n(he1) (k42)p? + [Tk+L)N - (k-lj:“ﬂ a* (7h)
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. In particular, for the rotatable orthogonal design this is '
I(y) '5‘2]‘ [k+2+ ph_7z ;' ot

In Figure 5 I(J) is plotted against p for various values of A. We notice that
whatever value of A is chosen the information falls off rapidly when p exceeds unity.
If we chose A = 1 the design will be orthogonal, For this and other higher values
of A the distribution has a large value in the center aﬁd the information will
generally be slightly greater than it is for the lower values of ) even when p
exceeds ones It is perhaps well to remeﬁber at this point, however, that we are
comparing designs for which the "spread" of points, as measured by the marginal
second moments Si @ N'l % (X:alu - ii)z‘is constant. Such a convention is bound

to favor designs with a g;.;h value of °Y, 0y 80 that although the general shape of

the information distribution will be meaningful s the relative heights of the curves
will be to some extent an cutcome of this convention, It seems reasonable td ask
for a relatively uniform distribution of information in the immediate vicinity of
the designe In particular, if the information at p = 1 is to equal the information

at p = Q, the following values of )\h will be needed

k 2 3 4 5 6 7 8
N, 0.78l4  0.8385 0.870L 0.8918 0.9070 0,918k 0,927k

Table 3% Values of )‘h Required to Make the Amount of Information at p = 1
Equal to the Amcunt of Information at p = 0,

6. DERIVATION OF 2nd ORDER ROTATABLE DESIGNS

The above discussion had been directed to deciding what type of design we
. should be seekings It has appeared that a second order rotatable design with a

value of A which gave a fairly uniform distribution of information between p equals



Information on a per-observation basis

w33

7 points at
design

, center

i i i

i 1 L L ! i

0.2 0.k 0.6 0.8 1.0 1.2 1.h 1.6 1.0 2.0 2.2 2. 24

p = distance from design center

Figure 5

Information per observation at a distance p from the origin
for second order rotatable designs with various values of X
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zero and p equals one would be satisfactory., We now consider how designs of this
type may be obtained,

We have seen thgt for a spherical distribution of information the moments of
the design must be the same as those of a spherical probability distribution up to
order 2de If such arrangements are obtainable, therefore, we might expect to
construct them by trying, as nearly as is possible with & finite number of points,
to form a spherical distribution, that is, a distribution in which the density of
the points is constant on spheres. The nearesﬁ we might expect to come to this with
a finite number of points would be an arrangement with the points equally spaced
over the spheres. We shall need, therefore, to consider the moment properties of
the regular figures in k dimensional spacs.

We shall find that it is often convenient to regard the designs as built wp
from component sets of points. In what follows such a component set shall be called
an "arrangement", If the arrangement satisfies the moment conditions for rotataw=
bility up to order 2d, we shall say that it is a rotatable arrangement of order d,

It is important to remember that n points at the origin provide a rotatable

arrangement of infinite order,

641 ARRANGEMENTS WITH ALL POINTS EQUI-DISTANT FROM THE ORIGIN

We shall find that it is possible to obtain rotatable arrangements, i.e.
arrangements that Satisfy the moment conditions (63), by using n points, each of
which is the same distance p from the origine Such arrangements by themselves
cannot provide second order designs., This is seen as follows!

The sum of squares of elements in the uth row of the design matrix for such
arrangement is p2, whence

n k k
- TN Vet NV (16
u=l i=l1 i=]l
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If therefore /7ii_/ = /"33 7, (i, J5 = 1,2,0es,k) then

117 = o2/ (77)

Also

n (k 2y k k
nt 3 }2 (xiu\f = S/ e 3 § L1337 = o (78)
1 {=1 iml i

u=l(i=
But from (69), if the arrangement is rotetable (78) must also be equal to
3kd + k(k = 1) | (79)
Whence
A= ph/k(k +2) (60)

If we attempt to use such an arrangement as a second order design then putting

(i1 ] =1, (1 = 1,2,..,,k) we have p2 = k, whence

M=Kk 42 (81)

Y2 = =%(x + 2) (82)

Using (71) for such a value of A, 4 is infinite and the quadratic effects are not

estimable,

By combining two or more such arrangements, however, we shall see that designs

may be obtained for which the value of A is not pathological,

6.2 COMBINATION OF ARRANGEMENTS

Suppose we combine s, k-dimensional arrangemeiits (not necessarily rotatable

. arrangements of order two) to form a rotatable design of order two. Suppose the Wth
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such arrangement contains n, points all at a distance Py (and En = N), a.nd that

wel ¥
the marginal second moments are all equal, (and hence are given by [:117 =pw/k)-

Suppose finally that for the wt'h arrangement the measuﬂe of kurtosis of the

(3 +%,,.:)0
. - Voui Py
varisble x; is ¥ , ., 60 that /[Tiili 7 = ~
Then for the entire design L
N 4
il ] = (kn)~t % anW (83)
n:?
Zilli 7 = (k N).l E n p (3 ,ani) (eh)
Putting /7ii_/ = 1 we have for the measure of kurtosis ,XZ 4 for the variable x, in
the complete design A
%Q aph (3 + Vo)
v wel Wu 2wi 5
34¥,, = % (85)
n

Whence, if by combining such arrangements we can attain a second order rotatable

design, thls expression is equal to 3\, that is

x=-Y (86)

We note that for n., points in the center the term Py (3 +¥...) in (85) equals

1 214
K2/"1441 ], which is zero.

T« TWO DIMENSIONAL DESIGNS

Consider n equally spaced points on a circle of radius p in the complex plane,
and suppose the first point makes an angle ¢/ with the real axis, then if Mp is the

pt'h moment of the projections of the n points on the real axis

nel :
ni (cg) = o® 2 {cos(ke-b u@&p (87)
u=0 (
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where @ is the angle between radii from the origin to successive points,

n=1
() = o) 3 (as ¢ 87T (86)
u
i2n 16
where e /n =g =W, eiLe =g, W =1 (89)
. \N’ \'\
that is Lt
n=1 P 7 ¢
nip(q) = Go)® 2 3 ao&)?" (au$)"t (90)
' u=0 t=0

n=1 P
=G 2 2 ap’“w‘P‘“’“ (92)
7 u=Q t=0

If @ = 0, a = 1 and substituting this value in (91) and substracting the result from

th

(91) we obtain an expression for the change in the p~ moment on rotating through

an angie(p ’

v n=l P -
n N (Q) =M (0) = GFF 3 S (e (P2 (92)
u=0 t=0
10 9 P, o2t S (p-2t)
= G 3 (1) (&P - 1) 3 lPmEte (93)
t=0 u=0
n=1 (p=2t)
Now :2 () ‘P o 1 whenever p = 2t is O or mn, where m is any positive or
u=0
negative integer , (?4>
wBE=2t)
= = 0 otherwise .
p=2t
w =1

We see therefore, since for t = 0, 1,2,64eyp, We have =p<p = Ztép, then if p<n
all moments on the real axis are invariant vnder rotation. For if p - 2t =0,

s0 that (94) ylelds a non=zero product, (ap'Zt « 1) in (93) is zero., We notice
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however, that for p >n the moments on the real axis will not in general be invariant
under rotation,

Thus for a set of equally spaced points on a circle the marginal moments of
the projections on any axis through the center remain constant. It follows that
the moments and the mixed moments of the two=dimensional arrangements up to order
n - 1 are constant for any set of orthogonal axes through the origin and conse=
quently they are of the form (68), Hence n equally spaced points on a circle
provide‘a rotatable arrangement of order (n = 1)/2, In particular 5 or more points
arranged in a regular polygon gives a rotatable arrangemen£ of order 2,

Since the points are all equidistant frem the origin, however, we know from
§ 6.1 that we could not use such an arrangenent as a second order design, For, with
these points alone, the quadratic effects are not estimable, This is readily con=-

firmed for the particular case k = 2 for if p is even, the only nonwzero element in

(91)‘ is (%’P)p(g/z}n thus
M= (P P2 (95)
p 2 1. L1 ot :

(‘Z'P)o (é’p)o

which using equation (L3), is the pth marginal moment for the spherical distribution
for which
1 2\%
oo (& ) (96)
(‘2'13)- '

Ir /1] =/22) =1,p -\ﬁi‘and xp = ZTE;T and in particular N, = 1/2,
=D)e
2

k’z = =1,5, a pathological value, For more than one circle of points however

substitﬁting WﬂZwi = «1,5 in (85) we have

.8
2
nwpi) X-%Nzn pl:I (97)

w=l ¥

(3

w=l
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a formula which clearly applies also when ny of the points are at the center (when
p, equals zero), Substituting any desired value of A in (91) produces an equation
any solution of which with nlﬁ’o and nw2.5, (w.= 2,3,444,8) produces the desired
second order rotatable design. It is clear that an infinity of solution of (97)
will exist, Those which involve the fewest number of points will have one circlé

of n, = five points with ny points at the center,

n
The value of A for any value of n, is then ——L-)
Nz
1 nzpwy ol n, +n, 1(1 . /’;7 (95)
Mgy ) S =3 9
nZp L
2w
Thus putting n, = 5 we have, in particular,
Number of points in center 0 1 3 5
of pentagon (nl)
Value of A /2 3/5 LW/5 1.0

Table 4! Values of A\ for Points in Center of Pentagon.

It is seen that a very satisfactory design, in a sense discuésed in § 5)15 obtained
with n, = 3+ This arrangement with five points at the vertices of a pentagon and
with three points at the center provides a design (see Table 3) giving about the
same amount of information at p = 0 as at p = 1, For orthogonality and rotatability
we require A = 1 which gives 5 points in the center, -

Orthogonal "arrangements which however involve more than ten points may be
. obtained using two concentric circles containing n12r5, n2;;5, at distances Py and

P, from the center which satisfy (97)
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n, 5 8 5 5 6 6 6 1 7 8
n, 5 6 7 8 6 7 8 7 8 8
Py 2.000 2,047 2,089 2,128 2,000 2,040 2,076 2,000 2,034 2,000

Py 0 OWl7 06557 04647 0 0.385 04518 0 04359 0

Table 5¢ Designs in Twe Concentric Circles

8s SECOND ORDER DESIONS IN MORE THAN TWO DIMENSIONS

There exist only a limited number of regular figures in k dimensions. 1In
partioular, in three dimensions there are only the tetrshedron, n = l; octahedron,
n = 6; cube, n = 8; icosahedron, n = 12} and the dodecahedron with n = 20 points,
The tetrahedron, octahedron and cube are not capable of forming alone a basis for
a second order design, but there remains the possibility that two or more such
arrangements sultably combined, with suitable values of p, might provide second
order arrangements. We should, therefore, consider the moment matrices for rggular
figures submitted to a general rotation defined by the k x k orthogonal matrix H.
Given any N x k design matrix D, the points making up the design may be generally
rotated by poste=multiplying D by H, Similarly the moment matrix I\I"1 XtX associated
with a polynomial model of order d is transformed by roﬁation to a new moment matrix

1

by pre and postemultiplying N~ X!X by an orthogonal matrix derived from He For a

second degree k dimensional model the moment matrix after the rotation of the design

is

R frm— [

1 ' 1

N H XX H (99)

o7
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where Iizg7 is the second Schldflian matrix} i.e., if

— —

87 8y a3 .

He= 81 G 83 (100)
a

31 83 833

The second Schl¥'flian Hég7 may be written in abbrsviated form as

e

&
—— ;.. - (101)
-
where the partition is made after the kth row and column and where
— 2 2 2 |
&1 821 831
2 2 2
2% | 8 82 832
6.2 32 a2
13 23 33
V2a))3, 6311331 V2apa,
p = 53‘12322 '&312332 \Ea223‘32
[J285%; {8055 223833
(102)
JE"“116‘12 \’-2—&21&22 &331332
_V: = \}2:-2.115113 -\}—2-32145.23 \f§a31833
falzau V28585, \ﬁa3233§_
(817855 * 87255) (817835 * 81585,) (8y7255 * 8p239)
5 - (a17853 + 838,,) (ay7355 + a9857) (8y7833 + 85384;)
(a12a23 + 313a22) (alza.33 + a13a32) (322“33 + a23a32)

bmnans.
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Since H is orthogonal, it can be easily chown that
f.‘."@_ T - 'llg, 'Y“'Ye .:E - 5‘.".’,(’ @_l& 2] - _5_1_5_

To correspond to our definition of derived power vectors and SchlBflians we
write the model in the form in which the product terms xix:j are written with a
coefficient {E; for example for k = 3
| 2 2 2 Py P13 P23
{L BO$lxl$2x2$3x3$llxl$22x2 + BBBXB*‘T?Q ( \/—éxlxz)"’\rz— (ﬁXJ.XS) \],2. (\/EXZXB)

We may now investigate the moment matrices of the regular figures under any
rotations It has been shown previously, § 5, that the moment matrix N-lz'g for
any rotatable design of second degree in k dimensions must be, (with the present

definition of the interaction variables) of the form
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Substituting X'X for the tetrahedron in (99) and solving for the moment matrix of
the generally rotated matrix of the tetrahedron, all of whose points are on a

sphere of radius \ﬁ- s we have

| —
1 o , 111 | 0
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1 1 f !
° L MRENY JzEue
l)_glg: 1 ; l i (104)
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where J is a k x k matrix such that JJt= I, thus for k = 3 we have
0 0 1
J = 0 1 0 (105)
1 0 0
L ]

and the vector 1 is a column vector all of whose elements are unity so that the

matrix 11! is a k x k matrix all of whose elements are ones, that is when k = 3

11 1
= 11 1 (106)
101 1

We see that the moment matrix for the generally rotated tetrahedron satisfies the
moment requirements up to order two, but not up to order four required for a
rotatable arrangement of second order,

The moment matrices for the generally rotated octahedron and cube with p = V;

are
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(107)

These matrices both satisfy the moment requirements for rotatability up to order

two, but not up to order four required for a second order rotatable arrangsment,

]

The moment matrices for the generally rotated icosahedron and dodecahedron

with p = \f;-are of the form
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where N = 12 for the icosahedron

N = 20 for the dodecshedron

The moment matrices for the generally rotated icosahedron and dodecahedron do oblige

all the moment requirements up to order four nécessary for a second order rotatable

arrangement. However, as outlined in § 641 any arrangement of points, all of which

are the same distance from the origin, ceannot provide a second order design since

the mean and quadratic effecte are not estimable,

l'ﬁAB/S = k/(k + 2) agreeing with (72),

In fact we note that

However, as indicated in § 6.1, different arrangements of points may be comm

bined to give workable rotatable designs, The problem now is to change thefYé

(1.4, the A) of the designs without affecting the relative magnitudes of the
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moments of the same order. This is most economically accomplished by'addihg nys new

points at the center of the design, Adding n, new points at the center yields for

the complete arrangement

N
~(34%,2;
3 = (nl . nz)SXJ' lZér) » = (l . ;]__.> é
(EXi')z 2

In particular, to guarantee an approximately uniform distribution of information
throughout the interior of the designjwe note from Table 3 that we require A\ = 0,84,
which is most nearly attained with n, = 5 points for the icosahedron, and n, = 8
points for the dodecahedroﬁ, thus giving designs requiring a total of 17 and 28
points respectively. For an orthogonal rotatable design A = 1 which requires

ny = 8 for the icosahedron and n, = LO/3 (or 13 to the nearest integer) for the
dodecahedron,

It can be shown (H.S,M, Coxeter, Regular Polytopes, Methuen and Cos, Ltd,

1948) that the twenty points forming the dodecahedron may be divided into five sets
of four points, each of these sets being a tetrahedron, that is, five tetrahedra
may be inscribed in a dodecahedron, As indicated in § 6s1, given that for each of
the arrangements all the points are equidistant from the origin, rotatable designs
are possible by combining such arrangements, Thus if we imagine five tetrahedra
defined by suitable rotations El’ EQ,..., gg, the sum of the five resultant matrices
(104) will give the moment matrix of a rotatable arrangement.

A further example of a combination of sets of points not themselves second
order rotatable arrangements which together form such a configuration is provided
by the octahedron and the cube. Taking advantage of the fact that 4B = -Yv18
we may add the two moment matrices of the cube and ogtahedron together, (107), so

that the quadratic by interaction elements in the resultant matrix become Zero,
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making sure to guarantee that 18pg§tg = lépg'r'g where p, is the radius of the

octahedron and Py is the radius of the cube, Thus, if the points of the cube are
on a sphere of radius VS; the points of the octahedron must lie on a sphere of

radius ZB/M. The resultant moment matrix is

1 1 '
e S

!I3i 1
i...,[.._ T _____ — e e e e e e e -

1 [ 1 7 i

= X1X = 1 i I, + e 111

== 1 2042) 3 20+fE) |
— F - - = = - - - d4 - - -
| | i 7 I
R | 2(342\8) 3

and M = I = 0,60050
2(3+212)

This value of A is very close to the pathological value of A = k/(k +2) = 0.6,

thus although the quadratic effects are theoretically estimable, their variances
would be extremely large. Proceeding as before, a design with an approximately
uniform information distribution can be obtained by adding n, = 566 (Lse4y 6 to the
nearest integer) points at the origin, Similarly, a nearly orthogonal rotatable
design is obtained using A = 1, which gives n; =93 (iees, 9 points) to the origin,

Thé combining of the octahedron and the cube to form a second order rotatable
design is of particular importance since figures analagous to the octahedron and
the cube are available in k dimensions.

In four dimensions the regular figures comprise that formed from five points,
the analogue of the tetrahedron} the next in the series is that formed from 8 points,
the four dimensional analogue of the octahedron] that formed from 16 points, the
four dimensional analogue of the cubei and a further figure formed from 24 points

wich, as we shall see later)can be formed by combining the "cube" and "octahedron®,



Other regular figures occur but these have at least 120 points and are not of

value for the present purposs.

7

generally rotated 8 point figure is
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Proceeding as before, the moment matrix for the

(111)

(112)

(113)
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This latter configuration is seen to form a rotatable arrangement of second
order with A = 2/3 from which may be formed a rotatable design, Proceeding as before,
we find by adding points to the center a suitable value of A may be obtained, In
particular, we find to attain the value of \ = 0,87, (Table 3) required for a reaw=
sonably uniform distribution of information within the design requires n, = Te32,
1,7 points. The number of points required for A = 1, necessary for orthogonality
is n, = 12,

The 8 point regular figure and the 16 point regular figure are clearly not
rotatable arrangements of order two, but following the device recorded in the last
section, may be combined to form such an arrangement, Proceeding as before we
find that the values of the radii of the two figures must be equal, and that the

arrangement 1s the same as that obtained from the 2 point regular figure,

8.1, DESIGNS IN MORE THAN FOUR DIMENSIONS

In more than four diménsions only three regular figures exist, these are the
regular simplex involving k + 1 pointsy which is.the analogue of the tetrahedron}
the cross polytope which is the analogue of the octahedron with 2k points) and the
measure polytope, the hypercube, with 2k points. Configurations corresponding to
the icosahedron and the dodecahedron are not now available, We may, however, always
form a rotatable arrangement by combining the cross~polytope and the measurs polytope.
it can further be shown that if the points of a kedimensional measure polytope are
on a hyper=sphere of radius VE, the points of the k~dimensional cross polytope
necessary to form a rotatable second ordér design will be on hyper-sphere of radius

L

o The table below szows'the number of points required at the center of the
design to attain a rotatable arrangement for values of A required to give approxie-

mately uniform information, and for orthogonalitys



k L 5 6 1 8
n, 24 L2 76 U2 273
ny added points at center for
approximately uniform 7 10 16 2l L3
information
n added points at center for
1 orthogonality 12 17 2L 35 L8

Table 63 Uniform Information and Orthogonal Designs for kle

The number of points required in such designs, although far fewer than the
three level factorial arrangement, nevertheless rapidly beccmes much greater than
the number of constants to be estimateds It is often possible hewever to produce
the same moment matrix up to order 2d as is given by the hypercube (the ak design)
uslng a fraction of the points of the hypercube, Such arrangements are the fraoce-
tional two=level factorials which may be combined with the points of the crosse
polytope to give second order arrangements, In particular, for k = 5, 6 and 7, a
1/2 replicate of the ak design may be used, and for k = 8, a 1/} replicate may be
useds These arrangements with appropriate values of A are given in Table 7,
Whenever a 1/2 replicate of the hypercube is used, if all the points on the hyperw
cube lie on a sphere of (radius)2 = k, then all the points of the cross=-polytove
necessary for a second order rotatable design lie on a sphere of (radius)zﬁ 2 hg ’
Whenever a 1/4 replicateaof the hypercube is used then the (radius) of the required
cross polytope is = 2 g s and in general a (---)p replicate of a hypercube in k
dimensions requires a cross polytope in k dimensions with a (radlus)2 = 2 —EB

These arrangements, with appropriate values of ny required for approximately

uniform information distributions within the design, and for orthogonality are

given in the table below
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1/2 replicate 1/l replicate
K | 5 6 7 B 8
n, 26 Lk 78 1k 80
n added points at the center for
1 approximately uniform information 6 8 12 20 b
n added points at the center for
1 orthogonality 0 17 22 33 20
(radius)2 of Cross Polytope T 2y2 '
(radius)® of Hypercube 5 3

Table 7: Designs Using Fractional Factorials for k> 5.

9« CONFOUNDING

Situations frequently occur in practice where it is desirable to perform
experiments in ¥blocks"., This situation arises for example where an insufficient
quantity of uniform material is availabls for use in all the experimental combinae
tions, but smaller amounts of more uniform material are at hand, If it can be
assumed that the effect of a changé from one batch of material to another is to
add a constant amount to the response at all levels of the vériables, then by a
suitable arrangement of the design it is possible to fit the response surface free
of the disturbing influence of the quantity of the raw materials For m blocks, the

mathematical model may be written

Ml »
\k - p(xl,xz,i..,xk) + ;;; 5121 (11k)

th

where the 61 is the increase in the response in the 1™ block, the value 6m being
n

determined by the remaining (m - 1) block constants so that :2 6; = Os The
i=1
24(i = 1,2,400yn=1) constitute an N x 1 column vector containing unit elements for

those points in the ith block and zeros elsewhere,
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(i)it is possible to obtain an arrangement such that the z's are orthogonal
with the independent variables in the polynomial equation then the effects of the
blocks may be eliminated without reducing the accuracy with which the constants of
the surface are determined, When this is not possible it will be our object to
obtain arrengements in which the block vectors have smallest possible inner products
with the vectors of the independen® variables, Ain example in which orthogonal
blocking is possible is the three dimensicnal design forrmed from a dodecahedron,

As has been already pointed out, the dodecahedron contains five tetrahedra which

may be used as a basis for the arrangement, For example, if we employ a dodeczhedron
with 10 polnts in the center ws may carry out the experiment in 5 blecks of 6 points,
each block containing L points of a tetrahedron plus two points from the centere. The

analysis of variance for the design would appear as followst

daf
Total 30
Due Lo Blocks b
Conabhante 10
Lacl: of iy 1L
YOS 5

For the icosahedron no orthogonal blocking arrangement has been found, How=
ever, for this design with 6 points in the centér, one usefnl blocking scheme is
obtained by splitiing the icosahedron into its three component rectangles and using
these together with pairs of points in the center to form the blocks. The linear
and interaction effects are orthogonal to the block effects; but the quadratic
effects are not orthogonal, The variances of the quadratic effects when blocking is
usad is ().O?).m'2 compared with 0.0330'2 without blocking, The efficiency of these

quadratic estimates is thus reduced by 56.3%,
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10, ALIASES

If a function can be described using a third order polynomial model, but only
a second order polynomial model has been fitted, then the estimates of the coeffiw=
cients in the fitted second degree model will be biassed by the unestimated third
order effectss It is of real interest therefore to investigate second ordei rota=
table designs from the point of view of biusses contributed by third order effects.,

Let %, be the N x 11 matrix of the L, original independent variables, and let
52 be an N x 12 matrix of the 12 iﬁdependent variables not admitted to the original
model but suspected of being required if the unkuown response surface is to be
properly estimated., Thus, in estimating an unknown response surface with a second
order polynomial model the Ll independent variasbles would be the mean, linear and |
second order (both quadrati; and two factor interaction) effects, The I? independent
variables would be the third order sffects., It is originally assumed that the proper
model is

9 = Ly (115)
and the least squares estimates of the coefficients are then
NN s N &) (126)
If however the correct model is
9 = L, + LE (117)
then the estimates of the coefficients Ei will be biassed since

E(B) = /4%, 7™ X7 * L 7Rxe 5%y TX%8,  (118)
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thus
B, estimates §, + /" XIX va 1X1,QEQ
(119)
i.e.ﬂgﬂ: El ""&2 .
where
e 7 g@’, 2 (120)

is called the "alias" matrix., Thus E(b ) = + :S a jpj where bi is any one of
the original Ii coefficients and aij is the element in the ith row and Jth column

of 4+ Thus only those coefficienté in Ea_biassed by the added independent variables
X2 are those with non-gero elements in As Thus only those coefficients in Q&

biassed by the added independent variables §2 are those with nonezero elements in Ao

The Alias Matrix for Rotatable Design ks 3,

We observe that the alias matrix can be written in the form
= " b -l - -__{
SRR S WA < * (121)

For any second order rotatable design it has been & own that NZ X 7 <Ly is the
inverse of the moment matrix of the designe In addition N~ Z X1x2_7 is simply a
matrix of moments,and since we are concerned with rotatable designs all moments up
to order four in this matrix are invarient order rotation. Thus for k = 3,

N / X 7 is of the general form



111 222 333 122 133 112 233 113 223 123

0 0 i 0 0
2 3\ i A A _—
3 3 | | M AL

1 [I11117'[Iiza'27 [1'13337 (iil227 [1113;7 111112.7 5112337 4'1'11137 ,_4112237 [qu;?

22 /111227 /222227 (223337 |4I222g7 (122337 f112227 (222337 [T1223] (222037 4122237
33(/111337 (222337 (33333 4122337 (133337 (112337 /233337 (113337 [22333] (1233;7
12| /111127 /I22227 /123337 ,ghzzg] 2337 (Maeef [T22337 [Ta123] /(122237 (/112237
13| /111137 /122237 /133337 f[ilzzg] (13337 [A11237 (123337 /111337 [1223371/112337
23| {11237 (822237 (233337 ,?[Izaag] (123337 (T12237 (223337 /112337 [222337|/12233)

(122)

Now, provided the design is such tha® all 5@- order moments are zero, then
everything in 1\]-1[)55_&2_7 1s zero except for the terms in the rows corresponding to
the linear effects, and these are the terms that are constaht in every orientations

For any two dimensional rotatable arrangement we have seen § 7 that all moments
of order p<n, where n is the number of equally spaced points on a circle, are Q,
invar:l@;m under rotation, and that for p},n the moments are not in general invari@nt
to rotations Thus provided there are at least six points on every circle of non~
zero radius, all the fifth order moments are zero, For the icosahedron, dodecahedron
and the cube plus octahedron (in 411 dimensions) all the fifth ordér moments are
Zero,

We note now that N['XiX2_7 is of the form

- -
* 0 * 0
0 I 0 0
Y/ }-25_}-21-7 1, . Lo (123)
* 0 i * 0
R i ’ l
0 0 ; 0
i e

(The sub-matrices indicated by # can be derived using equation (70) )



-Thus, in forming the alias matrix the elements in the rows corresponding to the

linear effects are multiplied only by 1y so that for all these designs, under all

rotation, 4 is of the form

B 0
3 R
4 m A
Y N Y
e ;
N i
Thus g(bi) =By ¥ M3y, % Byss)

‘ 0 (124)
AL
0
-2
Lo
(125)

If a fractional replicate of a cube is used with a cross polytope, the alias

will be like those above, but in addition aliases of the two factor interactions with

three factor interactions will also occurs For example, if k = 5 and we use the

comfounding arrangement I = 1¢2+:3+4¢5 to form a half replicate of the cube then

N Z'XiX2_7 for the design in its ordinary position is

=1 j= 1
N Z X1X2-7 =
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The matrix A, in this orientation is the same, except that the diagonal submatrix
of A's is replaced by a diagonal matrix of ones dus to multiplying by % from
-t =1
740 % S |
To determine the generally rotated alias matrix we first pre and post multiply
the combined moment matrix of the }_gl and §2 independent variables by some orthogonal

transforming matrix, that is,

-—1 ‘ ERE ] —l l ]
! X!X X!% H
-1 E ‘ SR 2180 ] 227
S /4 AN I
| | [, 7

where H is some arbitrary k x k orﬁhogonal matrix, Iilg? is the second Schlaflian
matrix and _Ig_ﬁj the third Schldflian matrix, To correspond to the definition of -
derived power vectors and Schl'a'flians, see §8, the model is written so that-the
coefficient of the terms xix:j is \{E and for the third order interaction terms

x?x. and x,x X is \/— « The second order Schldflian, written as before in abbreviate

3 1
form, is

o7

Yi i
[e ]

The third order Schlaflian can be similarly written in abbreviated form as

(1,23 |
¥ o luis e (128)
189

where the sub=matrices in gzy are partitioned after the kth row and column and

again after the %-(k + 1)(k + 2) row and column,
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. The generally rotated alias matrix, obtained from the expansion of equation
(127) is
1 12 3
Rotated 4 = H' A L 5 6 (129)
<t 1 8 2
El 5! -

Remembering now that rotation cannot affect momentsup to order four, the rows
corresponding to the mean and linear terms in 4 remain constant so that, upon

expanding (129)
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We note now that the interaction terms are biased by the unestimated third order
effects,



One criteria advanced for determining the efficiency of any particular
orientation of a design is to consider the sums of squares of the bias coefficients
for each of the (k ; 2) coefficients in the model, These sums of squares are given
by the diagonal elements of A A's (Box, G, Ee Pe, Multifactor Designs of First
Order, Biometrika, Vol. 39, 1952), The sums of squares of the alias coefficients

for the interaction effects in any orientation are glven by
&/ 18 27[1] 8= 818 = &8
a1t
9t
Thus, since § depends on the orientation, the magnitudes of the biases and their

sums of squares also depend on the orientation of the designe.



