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This article investigates a non-parametric procedure for testing for
no treatment differences in multivariate two-way layouts with random co-
. . . . _ . . - 2
variates. The method used 1s an extension of the Friedman Xr-test.
Permutation and asymptotic permutation distributions are given and various
asymptotic relative efficierncy results are presented. An example is pro-

vided to illustrate the method.
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L. INTRCDUCTION

In situations when the agsumptions necessary for applying classical
statistical techniques are impossible to check or are blatantly violated,
non-parametric procedures offer practical alternatives. In the analysis of
multivariate data the number and complexity of assumptions makes non-
parametric alternatives all the more attractive.

In an earlier article, Gerig [1] considered the problem of testing for
no treatment differences in multivariate data collected according to a
complete two-way layout. By extending ¥Friedman's XfAtest, the usual
assumptions of multinormality, additivity of block effects, and block to
block homoscedasticity necessary for applying classical MANOVA tests were
relaxed.

Frequently, in addition to the dependent variables of interest, a set
of concomitant variables are measured which gauge such things as the
initial level or expected performance for the sampled unit. This article
deals with an extension of the methods in Gerig [1] to take the concomitant
variables into account.

We shall assume that concomitant variables are random variables which
are jointly distributed with the dependent variables. We shall further
assume that they are unaffected by the treatments.

Specifically, suppose we are given (ptq)-variate data which form a
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complete two-way layout. Let Xij (Xij’ 137 5 Xij) an
1 2 q 3 .
', = o et 21 . = (X! 4 56 2 ; se f
Yij (Yij’ Yij’ , Yij)’ and let 1 (Xij’ Yij) be the response from the

plot in the iEE block that received the jE—kl treatment; 1 <i gn, 1 € j < k,
(k 2 2). Assume that the cumulative distribution function of Zij s
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We wish to test the null hypothesis of no treatment differences,

H : Fis (,’E'Z) = F, (i‘l)’ for 1<is<n, 1€ jsk (1.1)

against translation type alternatives of the form

Hy: Fij(ﬁtz) = Fi(f - gdlz), for l<ign, lsjsk, (12)
where 03 = (a§, a?, sy a?). The null hypothesis states that the

conditional distribution of the dependent variables, Xi" given the con-

~LJ

comitant variables, Yi" is the same for all treatments (but not necessarily

~1]

for blocks). The alternative states that the conditional distributions

differ by a tranczlation of locatior.
2. 'THE PERMUTATION TEST

Let Rij be the rank of Xij among the observations {ij, 1l <j sk} for

1 £ 8 < p and the rank of {Y?j, 1< j<k}l fors=1t+p, L£tsq. Let

s li. n ] t .. 0 _s
s . s -t .
T° = (=)z, R;., 1€ s £ 7p and Uj = (=)z, ] Rij’ s =%t +p, 1gtgg

. 1 1 , 1 1
Write T/ = (T], voo) Ty oen, Tli, e, q.i), U s (U, ey Uy ey U%,
e UE:), and finally W = (T/, U’). Then, following the arguments of

Sections 2 and 3 of Gerig [1l], a permutation distribution may be derived for

W (denoted by Pn), and it follows that

k+1

elrilp,} = e(v;le 3 = 255,

and

L 1 e N E At b g o
where A = nQEk - ik)’ I, isa (k X k) identity matrix, gy isa (kx K)

matrix of unities, the symbol Q%} denotes the Krorecker product defined as
= . Z )y e = ! i \ .
456815 <(aij§)) (see, Anderson [1, p. ,M(}),'! (V[S’L]),, and

. 2
7 1 .nook s ot k(k+1)~ .
V[s,t] " n(k-1) [Zi:l Zj:l Rijﬁij ] (2.2)



If we write
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The statistics of interest for te.ting H., given by (1.1), are the

vector of rank sums, 2, adjusted for the concomitant variables, U. That is,
~

I,=(@-efzle, ) - (o ,\9’;)@ - efule 1)

T E-elle D - 0 G € - el (2:4)
where ng denotes the generalized inverse of 222 ¥hnlch may be taken as
:;; &) n A since

Vop 69 8) ifj; &= A’(Vn & »)
= Tolonlze © “%9:322@5‘ (2.5)

Then,
ver{T |P} = D), - 2<V12~22 &) ng)ny,
S
[0 © “A>D29(V22~V21 & M)

=Dy -2V 20 Iy 65 8) + (V.7 2) 21 & )

"~

i

- Tl @ e =0, , s (2.6)

~ i

As in the MANOVA development (Gerig [17), we must assume that VQ2 and

2 are non-singular. For large n this is true with high rrobability. This
follows from Theorem 4.1 of Gerig [17 which shows that E‘converges to a
matrix which under minor conditions is itselfl non-singular. A sufficient
condition for this is the non-exigtence of a linear relationship among

th

s -
S -+ where P . {(x) 13 the s— maroin: LT Y
[s]i(xij)’ 1 £ s £ pfq where Fraqss L he s—— margingl of EiQ§/>

i=1,2, ..., n. The high prebabllity for ZQE being non-singular follows

F

in the same way. For details, see Section 4 of Gerig ri.
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In the event that V (or vgg) is singular in practice, it is sufficient

(or V

to retain only the highest order non-singular principal minor of 22)

A<y

and retain only those elements of W {or U) which correspond to the remaining
~ ~
rows of V (or V).
~ ~2r_

As a test statistic we shall take the guadratic form

¥ -~ %
= ’ ] m Tt
(1Y) = malver(L e 3Tz, = TIT o €0 4",
cnxP gp oslstly ko5 ot o
0 Zoo1 Peoy V1o B aj aj (2.7)
. , = el * . ) LS, % ==~1
where vU 5 =N - VaoVoils 8 ds glver by {2.9), wnd \_(J&’J]\,) VL

;n can be interpreted as the generalized distance from T to its permuatational

™~

center of gravity or can be seen to be proportional to a Pillai's trace

statistic (see Morrison [2, p. 1987).

If we let
D p =[s, t] k 5 ktly.t  k+l ,
£,3) =nz ) 27 V) By (U - =) - =59, (2.8)
and
_ _Dtq p+q [s t] k s _ ktly, b ktl

where ((V[S tj)) = and ((V[b’tj)) E , then the following theorem

—'~l
gives an identity which simplifies the computation of Sn(ﬁLX), given by
(2.7).

Theorem 2.1:

(i); (2.10)

where £H(X|Y), £ (X,Y), and g (Y) are given by (2.7), (2.8), and (2.9).

I -~
Proof':
The theorem may be seen to be true by writing S}(XiY} as a quadratic
bomet PN

form in T and U and applying the following lemmas to the matrix of the

quadratic form.
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Lemma 2.1:

v £ L | iy Aefined as i 2.
If V., and Xga are non-singular and if il] o 15 defined as in (2.7) and
if 222.1 1s correspondingly defined, thern
-1 R R NN
= - iV
Moo 1 ™ Moo ® Xoo¥or¥in. o¥io¥or

Proof':
This follows from Rao [37, page 29, number 2.9 by setting A = Vgg,
= -wl
= 3
B=Jop and D=V,
Lemma 2.2:

Under the conditions of Lewms 2.1,

i

i = - 1.1 [ =-1 : ; gl

).Xll V1o o RARTP '311 2¥12Ye0
- - R T} -1

l&n leo | Reaterdiie Men

Proof:

See for example, Morrison [2], page 66.

Thus, the procedure for computing Sn(§LZ> is to compute £n as given by
(3.2) of Gerig [1], first for all p+q variables, then for the g concomitant
variables and take their difference. Using this method and the permutation
argument in Section 2 of Gerig [17 an exact permutation distribution of
£n(£LZ) can be calculated. Based on this, a randomized test of H, can be
constructed which is distribution free under Ho' When samples are large,
an approximation to this distribution is needed. This approximation is the

subject of the next section.
3. ASYMPTOTIC FERMUTATION DISTRIRUTION OF gh(XIY)

Theorem 3.1:

Under the assumptions of Thecorem 4.3 of Gerig [1], the permutation

distributions of Sn(é’Y) and £H(Y) are asymptotically chi-sguare with



w8
(p*q)(k-1) degrees of freedom and q(k-1) degrees of freedom respectively.
Proof: |
This theorem is the same as Theorem L.l of Gerig [1].
Lemma 3. 1:

let Q = Ql + QE’ where Q and Ql are distributed as chi-square
variables with a and b degrees of freedom respectively. Then Q2 non~-negative
implies Q2 is distributed as a chi-square variable with (a-b) degrees of
freedom.

Proof:

This 1s an extension of Cochiran's theorem (see Rao [3, p. 1517).
Theorem 3.2:

Under the assumptions of Theorem 4.3 of Gerig (17, the permutation
distribution of Sn(zlz) is asymptotically chi-square with p(k-1l) degrees of
freedom.

Proof:
Using Theorems 2.1 and 3.1 with Lemma 3.1 and Slutsky's Theorem (see
*
Sverdrup [4]), it is sufficient to show thet § (X|Y) = T 11 5 @ a7 )T,

wl
. - . \ . Loy e e
is non-negative, where 511.2 ElL 512529521 and where

A %1_2]

5
Zo . |
Zo1 Eeej

is given by (k.1l) and condition (ii) of Gerig (1], (=

0 is the limiting

form of V). Thus, we must show that (3 62} A ) 1s non-negative definite.

‘»711. 2

But if we write E;i = BB’/ and A = nl = (n L)(r I) then

,gz(yz) - 1/ (8 & Vn I8 &) \n Iyr, = o

which completes the proof.
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For large values of n, p, and k the computations reeded to calculate the
permutation distribution become too lengthy to be practical. Theorem 3.2

provides a large sample approximation to the permutation distribution. That

2

. . i 2
is, for large n, reject H, if gn(XIY) > X ) where P{Aa < Xa,a} = l-g,

,p(k-1
O<ca < 1.

For assumptions sufficient for positive definite ZO (limiting form of

V), see Section L of Gerig [17.

b THE ASYMPTOTIC DISTRIBULLON O (/;“}

ll Ao

UNDER A SEQUENCE O TRANSTATION ALTERNATIVES

Consider the contiguous sequence of translation alternatives, {Hn},

given by
1 2 ) 1 2 \ I
Fl.(x , X5, a., xP z) = Ei(xnj, an’ cen, xnj; ¥)s (4. 1)
where Xij = x +n / a for 1< j <k, L<s <p and assuming

2 p
O, =0 = eno fails to hold, where g’/ = a. o, ).
~k ) b ~j ( J’ J’ )

Theorem L. 1:

Under the assumptions of Theorem 6.1 of Gerig [1] and under {Hn}, the®

asymptotic distribution of

l 2 -3 .
1/2 -3 .
/(U-uzj), ls jsk, Lgs <ql,

is (p+q)k-variate normal of rank (p+tq)(k-1) with mean vector zero and dis-

persion §O® A, where

=5 _ 1 - SN . .
gt z. L1+ Zz 1 8{Fi£[sT(Xiz)}]’ 1<s<op, ls i<k (h.oo)
%]
-s _l.on k 8 \an .
ugj - n Zi:l [l + Z!’:l E{Fif,[t-] (le)}.]) Lt =38 + p) L= s < Q’

*J
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F, . is the marginal distribution of X?., 1l <s g£p, and F_ . is the
13(s] i 130

J t]
'marginal distribution of Y?_, t=pt+ts, L<s < p
1J
Proof':

This theorem is identical to Theorem 6.1 of Gerig [1].
Theorem L.2:

Under the conditions of Theorem 6.1 of Gerig [1] and if

k n o 2 . .
im (= £ x = a_ exists for + ]
lim (n) % f—ct> i[sW(x)dx a, exists for 1 £ s < ptq, then under {Hm}’
¢ ¥o'a) ’
the asymptotic distribution of gﬂ(X,Y) is non-central chi-sgquare with

(ptq)(k-1) degrees of freedom and non-centrality parameter

2 _sp b [st] ok st ko, -1 .
AT=EB ) 5T 07 SeE ijl @iy = ijl gjﬁ%lllaézj (4.4)
1 2 P .
) 7 = .0 " = 5 e .
where gj (aj, o5 , aj) and A dlag(al, 8, s %p)

As in Theorem 6.2 of Gerig [1],

1/2,=s k+1 s . ‘
n (ulj - 73 Y o+ - o ag for 1<s<7p,
however,
~s 1l.n kel,  kfl
Moy =5 Zog (157 =5
and, hence, nl/g(_s k+l) = Q. Thus,

Hoy = 72
o) k % % -] % %

MoE R gA SR

oy - - e
) A 0 rolL EL A 0| Egﬁ
= Z._ (a’,O') ~ ~‘,\ S ~ ; i
3=1 ~J o 0 L2 0 ol (o
~ ~ L ~ ”~ o L o~ ~ G R ~ “‘
k 11
= Z. . aftAX .
J=l ~J~r~ ;Az‘] »
We obtain (4.3) by observing that'gll = Eif 5 (Lemma 2.2).

Theorem 4.3

Under the conditions of Theorem 6.1 of Gerig [1] and under {Hn}, £ )

[SE )

is asymptotically chi~squared with q(k-1) degrees of freedom.
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Proof:

This follows from the proof of Theorem 4. 2.
Theorem 4.L:

Under the conditions of Thecrem 6.1 of Gerig [1] aad under {Hn}, £0C§|z)
is asymptotically non-central chi-square with p(k-1) degrees of freedom
and non-centrality parameter xe'given by (L. 4).
Proof:

Since, by Theorem 2.1, ;:}/X[”f;» = ¢ {(X,7) - ¢ (¥

<
h
fr W ¥ FRN
~ 1L e e Lo e

V. the theorem follows
rom Theorems 4.2 and 4.3 using the same arguments as those of Theorem 3. 2.
Some conditions of practiczi interest are given in Sections 4 and 6 of

Gerig [17] which are sufficient for the conditions required in Theorems 4.1

through 4.4,
5. ASYMPTOTIC RELATIVE EFFICIENCY

It is not surprising to discover that the limiting Pitmar efficiency
of ¢ (XIY) with respect to § (X) satisfies
[ VAr W) Il
Y .
e(Sn(ﬁl&), sn(ED) =1

This is true since the left hand side equals

K
Zsoq YA 511 A"’J

k -1
l

k -1 Sl el
i 2’,3~A(§11 %1_1 Z1p Zpo.1 B0l ~u)f5d
= K S

K o
By R I M

It is easily seen that this can be written au one plus a non-negative
guantity.
It is of interest to compare this test with the likelihood ratio test

of H0 derived under the assumption of aormsality, assuming linearity of



regression of

~1lJ

-1
12

Y., or X, .
~L1]

l<isn, 18 J<k, and assuming that block

dispersion matrices are equal. Then, the likelihood ratio test, UH(XIY),
L ~

under {Hn}, defined by (4.1), will have asymptotically s non-central chi-

square distribution with p(k~-1l) degrees of freedom and non-centrality

parameter

where

>

and

Therefore, we

If we let p =

where al =

*2 k -1 Kk 1L
— - ’ + 4
Moo = 5e1 B0 Ry Yy AT,
- 11 10
j A, J [ 4 A
_ ~1 L ~ L -1 | A Py
= g L Y S
| dor Lo A 4
~ ) -1 C1l.-1
Moo =My Mohoohsy = (A7)
have that
:
s < ath 2
- Lo Al L A Pt
e(s,(X]¥), U (X]1)) = L==4 .
. a’h .
J=1 ~j~ A ng
1, then (5.1) becomes
.2 e 11
. 2, k 2 ]
a . Z'El @ XMLnﬂ Z'zl a? —LTT"
11.2 974 J A0 J -

1 £ J < k under Hoa

o 2 c ‘ 1 .
kj—co [(f(u)]7du and f(u) is the p.d.f. of Yij’ L <1isgn,

Now remembering that the asymptotic relative officiency of Friedman's

2 . . - .
Xr—test with respect to the classical two-way ANOVA test is

SO we have

a

A 12K\

e(x5,F) =
r 1.

e (g, (X¥), U ([Y)) = (x50

b

5
171L 11l o AR
I3 k.'_l [‘f“ oo [:"‘ W j

')

dau]’,

)

s
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1
and, hence, since ollall 2 1 and Kljkl* z 1, that
2 1 , e . L2 11
- ————- < e x|y x|y (X, W )o e
(X ,F) 77 < e(8, &), U X[Y)) = (0,10
11
By definition A'T = DAy = A AT 17t and, hence, if the ele ents of Y
ol 11 7 Alolonhor nd, hence, e slements of X4

—

are linearly unrelated to:X;j then Kl? = 0 and xll = x;i. From this it

-

follows that

, 2 108k
e(g, X]¥), U (X|1)) = e(x,F) 2 S

PR ANID T
Co RAMPLE

To illustrate the techrigue presented in this article, the data in the
table will be analyzed. The dats represent the results of an experiment
to determine the effect of stack position of totacco leaves on the
chemical makeup of tobacco. There are three treatments representing the
three positions on the stalk (high, middle, and low) and six blocks
corresponding to six different locations (farms). hree dependent variables
were measured for each treatment-block combination: percent nicotine, percent
soluable sugar, and total ask. One concomitant variable was measureds color
of leaf. The data and associated within block rank: appear in the table.

Using a computer program, the permutation distribution for Sn(itz) was
obtained using the procedure spelled out in Section 2 of Gerig [17 and

equation (2.10). This entails svaluating gn(X,Y} and £ (¥) (and, hence,

4
SH(X|Y)) for each possible resrrangement of the multivariate observations
~
within blocks. Since, for this example, p = 3, g =1, k=5, and n = 6,
6 ) A _ N .
there are (31)° = 46,656 evaluations necessary to produce the permutstion

distribution. Adding another block would result in 279,9%¢ evaluations,

another treatment in 119,976 evaluations. It is obviouws that for mncderately
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large values of n and k, the permutation distribution cannot Ye obtained.
To illustrate that the chi-square distributicn with p(k-1) degrees of
freedom gives a reasonably good approximation to the permutation distri-
bution, their cumulative distribution functions sre plotted together in the
figure. Also included in the figire ig the cumulative distribution

function of ¢ times a beta randcm variable with parameters a/2 and b/2,

where
a = plk=13,
. }f pk{n-1) e p s ko~ ]
1 (k = L¥{(rk = ¢ - 1) £y D2k - 1 ’
and
" plnk - k + 1) for p k-1
o = .

)

(k - 1)(nk - ¥k + 1) for D2k -
This is the approximation used in conjunction with the Pillai's trace and,
in practice, seems to be better than the chi-sgquare approximation. In
fact, the pattern shown in the figure is typical of all examples ever run by
the author. That is, both the chi-sguare and bets approximations lead to
conservative tests with the latter coming much closer to the desired level
of significance. Of course, as n tends to iofirity these two distributions
will be identical. It is worth pointing out thal the permutation
distribution is a step function despite its smooth avpearance in the figure.
Also, it shoul& be made clear that this particular permutation distribution
is for this data only. It must be recomputed for szch new problem.

The computed value of § (XIY) for the data as observea is 18.93%1 which
o~

n

from the figure can be seen to be highly significant.



STALK POSITION EXPERIMENT: RKAW DATA AND RANKS

Position on the Stalk

Location  Variable Lower Middle Upper

Observation Rank Quservation Rark Ohservation Rank

Nic. 2. 28 1 2, Ly o 3. 20 3
1 Sugar 11.60 1 1. 90 3 15.80 2
Ash 25,43 3 12.40 o 10.75 1
Color 28.6 L 9k, 3 o 100.0 3

Nic. 3.66 1 5. 36 3 5.16 2
o Sugar 3,673 2 Go 11 5 2.20 ]
Ash AL = ha o . 108 1
Color 5h. 0 3 50, 5 1.3 1
Nic. 3.0h L L. 5 i .81 3
5 Sugar u.o% 1 5. G j @7 2
Ash 18.15 3 12,970 o 50 1
Color 51.6 3 50. 4 5 1

Nic. 2. 20
I Sugar L. 20
o 7
5

2%
.8C
10. 10

N\./
; N =
o Qo = =
o

—
AT
o
O -

NI
PO AN

Ash T3

2 )
Color 25,

9.

Al B
—
4=

O

N

N

o

}._J

ro

2. 0% :
.90 2 12. 20
15.48 :

Nic. L. 7h
5 Sugar 3.20
Ash 25,68

[\J
AN
N -~J
\Ne]

NENJ SR -
==
e

o
!—J
N
o
=
AN = AN AN

Color 16.0 1 30.5 > 60.9

Nic. 1. CY 1 1.57 2 2.59 3
6 Sugar 3.20 1 21.30 3 19,30 2

Ash 26.35 3 10,78 a 11.83 o

Color 0. 00 1 15.7 o 37,2 3
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