
ABSTRACT

LIU, YULING. Generation and Reception of Ultrasonic Guided waves in Metallic Plates
Induced by Surface Bonded PZT Wafers. (Under the direction of Dr. Fuh-Gwo Yuan).

Massive plate-like structural components are being used in the engineering field, like

airplanes, bridges, pipelines, ships, dams, etc. The structural failure of such components will

cause accidents to happen, which will result in loss of lives and properties. If the health of

structures can be monitored, such accidents can be prevented from happening. This is how

the term ‘Structural Health Monitoring (SHM)’ came into being. One of the most widely

used actuators/sensors in SHM is PZT (PZT) actuators/sensors. There has been many studies

conducted previously for solving the problem of surface bonded PZT actuators. However,

most of them are based on one-dimensional (1-D) actuators. In reality, many PZT actuators

are rectangular, which needs to be studied in two-dimension (2-D). However, there has been

very few studies for the actuation of rectangular PZT actuators. This thesis is for filling this

void. The goal of this thesis is to predict the rectangular PZT sensor output voltage when an

input voltage is applied on a rectangular PZT actuator. The whole study is conducted in the

frequency domain, the plate on which the actuators and sensors are mounted on is isotropic

metallic plate.

The goal of this research is to obtain a theoretical result of output voltage on a

rectangular PZT sensor when a voltage is applied on the rectangular PZT actuator. In order to

solve this voltage in- voltage out problem, three main problems are solved here. First, with a

given voltage on the actuator, the interaction, or the stress distribution between the actuator

and the plate needs to be analyzed. Second, the plate wave generated by the stress

distribution on the contact surface of the actuator and plate needs to be analyzed. Third, the



voltage output of the sensor needs to be analyzed when the strain distribution between the

sensor and the plate is obtained.

For the first problem, the stress on the contact surface of the actuator and plate is

expressed in a truncated Chebyshev polynomial form with four unknown coefficients. The

equation of motion for the actuator is solved using Gorman’s superposition method, which

consists of SS, AA, SA, AS vibration modes. The amplitude for each mode is solved using

traction free boundary conditions.

For the second problem, the displacement of Lamb wave modes and shear horizontal

waves modes on the plate is expressed using carrier wave approach. By means of reciprocity

theorem, the amplitudes of each wave mode can be obtained for a point load scenario. When

the inter-facial stress is applied on the surface of the plate, the plate displacement can be

solved by integrating the displacement under point load case over the entire stress applying

area. Using the displacement continuity at the contact surface of the actuator and plate, the

unknown coefficients in the assumed contact surface stress expression can be solved using

least square method.

For the third problem, considering the open-circuit boundary condition of the PZT

sensor, the total charge over the electrode area is zero. Using the constitutive equation of

PZT materials, the output voltage can be expressed in a form with the integration of strain on

the sensor contact surface with the plate. The effect on plate strain with the existence of

sensor is ignored.

The theoretical result is validated by comparing with finite element result in

COMSOL. This research can provide a theoretical foundation for damage detection using

rectangular PZT actuators and sensors in structural health monitoring.
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CHAPTER 1

Introduction

1.1 Research Motivation

1.1.1 Plate-like structural components

Massive plate-like structural components are being used in the engineering field, like

airplanes, bridges, pipelines, ships, dams, etc. The structural failure of such components will

cause accidents to happen, which will result in loss of lives and properties. If the health of

structures can be monitored, such accidents can be prevented from happening. This is how

the term ‘Structural Health Monitoring (SHM)’ came into being.

1.1.2 Structural Health Monitoring (SHM)

The basic motivations for SHM are: (1) enhancing the safety and prolong structural

lifespan; (2) commercial motivation. It was predicated by MarketsandMarkets.com in 2015

November that the SHM will have a continual growing market worth in the next fifteen years.

The way how SHM works can be compared to the function of a human body. If

someone touches a hot surface, his hand will quickly draw back. This is because the nerve

endings on the hand send the signal to the brain through the spinal cord. Similarly, the smart

sensors mounted on the surface of the structures will send the signals containing

environmental information or function of the structure to the processing unit through

communication bus.
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Figure 1.1 Comparison of SHM with human body (Boukabache et al., 2014)

One of the most widely used actuators/sensors in SHM is piezoelectric (PZT)

actuators/sensors. The way how PZT material works is that when PZT is being used as

actuators, the transient/harmonic voltage applied on the top surface of the actuator will result

in expansion or shrink in a certain direction, thus generating strain on the contact surface of

the substrate material. When PZT material works as sensors, the strain on the contact surface

will result in an output voltage of the sensor.

The reasons why PZT materials are widely used in SHM are summarized below:

 Real-time non-destructive inspection

 Light weight (High force-to-weight ratio)

 Lower power consumption
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 Easy implementation (integration)

 Large bandwidth (a wide range of actuator frequency)

 Low cost

 Fast response

 Much more sensitive than the strain gage

 Predominantly linear response

1.1.3 Problem statement

There have been many studies conducted previously for solving the problem of surface

bonded PZT actuators. However, most of them are based on one-dimensional (1-D) actuators.

The first kind of 1-D actuator is the plane strain case, in which an infinitely long PZT

actuator beam is mounted on the surface of a plate. The second kind of 1-D actuator is a

circular PZT actuator which is a symmetric case. In both cases the function of actuator is

analyzed in 1-D.

In reality, many PZT actuators are rectangular, which needs to be studied in two-

dimension (2-D). However, there have been very few studies for the actuation of rectangular

PZT actuators. This thesis is for filling this void.

The actuator studied in this thesis has a width of 2 4a mm along the x axis, a length

of 2 8b mm along the y axis and a height of 0.2ah mm along the z axis. The material
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of the actuator is PZT-5A, which is transverse isotropic. The poling direction of the actuator

is along the z axis. The plate is aluminum plate with a thickness of 2h = 3.2 mm. The plate

has infinite domain in the x y plane.

Four things have been solved in this thesis:

 Interaction between rectangular PZT actuator and plate.

 Theoretical solution for rectangular PZT actuator response under prescribed

harmonic/transient voltage

 Theoretical solution for 3-D plate wave solution with surface bonded PZT actuator

 Theoretical solution for surface-bonded rectangular PZT sensor response

1.2 Literature Review

1.2.1. Theoretical modeling of PZT actuator bonded on substrate

This section gives a review of the Theoretical approaches in modeling the interaction

between PZT actuators and its host structures. The methods include Euler-Bernoulli model

using shear-lag theory, pin-force model considering forces on actuator edges and model

based on elastic equation of motion. These methods are mainly applied to one dimensional

case when the actuator is a plane strain case. Then, in Section 2.3, a review of two

dimensional actuator modeling is conducted.
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Shear-lag theory

Due to the bonding layer, the PZT actuator is not fully coupled with the host structure.

Therefore, the effective PZT actuator size is smaller than the actual size. The reduced PZT

actuator size is the so-called “effective PZT size” (di Scalea and Salamone, 2008). Shear-lag

model is a commonly used model in consideration of this boning layer effect. The term

“shear-lag” was first used by Reissner (1946) for analysis of box beams bending and Troitsky

(1976) to analyze the bending of I beam and T beams with wide flanges.

The application of shear-lag theory to analyzing the interaction between PZT actuator

and plate can be traced to the work of Crawley and De Luis in 1987. In their model, a shear-

lag solution for the inter-facial stress was derived. The actuator was modeled as a beam with

only axial stiffness. The beam on which the actuator was attached on was modeled as an

Euler-Bernoulli beam. Several enhancements based on Crawley and de Luis’s model (1987)

were studied later.

Chaudhry and Rogers (1994) modeled the beam and patch actuator as Timoshenko

beams, thus the strain distribution in both the actuator and the beam was linear.

The limitations of shear-lag method include: (a) assumption of linear strain

distribution across beam thickness can only be applied to scenarios when the product of

frequency and thickness are low. (b) It can only be applied to 0A mode or 0S mode where

the frequencies are the low. As a result, Lamb wave modes with frequencies higher than 0A
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mode or 0S mode are not propagating waves. (c) The thickness and material properties of the

bonding layer should be known in advance while they are hard to measure practically.

To resolve the limitations of shear-lag method, Sohn and Lee (2009) developed a

theoretical Lamb wave tuning curve (LWTC) model and used Lamb wave mode amplitude

adjustment techniques to reduce the discrepancy between the experimental and theoretical

LWTCs.

Pin-force model considering forces on actuator edges

It was shown by Crawley and de Luis (1987) and Giurgiutu (2005) that the inter-

facial shear stress concentrated on the edges of the actuator when the bonding layer is thin

and stiff. For perfect bonding (stiffness of bonding layer is infinite), the shear stress has

singularity at the two edges. Based on this assumption, Giurgiutiu (2005) proposed the pin-

force model in which the shear stress only existed on the two edges of the actuator in beam

case. The resulting harmonic wave on the isotropic plate was then calculated using the

Rayleigh-Lamb equations (Rose, 1999).

Raghavan and Cesnik (2005) expanded the pin-force model to a 2-D arbitrary-shaped

actuator on elastic plate as in-plane traction of uniform magnitude along its perimeter. The

direction of the traction was normal to the free edge of the plate surface. It was assumed that

the plate dynamics is uncoupled with the actuator dynamics. The validity of this model of

approximation was proved to be appropriate if the product of actuator Young’s modulus and

thickness is small compared to that of the substrate and the bond layer is thin and stiff.
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Rectangular shaped and ring shaped actuators were taken as examples and their harmonic

radiation field were calculated.

Lin and Yuan (2001) modeled the actuator as bending moments along the actuator

edge. Voltage response of PZT sensor attached to a plate and subject to narrow-band tone-

burst excitation from a pair of PZT actuators positioned at opposite side of the plate was

modeled. Employing Mindlin plate theory the fundamental antisymmetric 0A mode below

the cut-off frequency of 1A mode was examined in this study.

Giurgiutiu (2014) explained the pin-force model in the 7th chapter of his book by

representing the stiffness of the structure by spring boundary conditions applied at the PZT

actuator ends. Since the interaction between the PZT actuator and the substructure is

confined at the two ends of the actuator, the stress variation ( 1T  ) along the actuator length is

zero. According to the constitutive equation of piezoelectric materials, the strain variation

( 1S  ) is also zero. Therefore, the displacement ( )u x is a linear function along x axis.

The limitation of using pin-force model are summarized as (Huang  .et al ,2010): (a)

The model renders good approximation either when the bonding layer is thin and stiff or

when Young’s modulus and thickness of actuator are small compared to that of the host

structure. (b) The resonance effect of PZT actuator is not captured in the model.

Model based on elastic equation of motion

One of the shortcomings of using plate/beam theory is that only the lowest frequency

mode can be captured under plate excitation. As for shear-lag solution, it also only applies to
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low frequency-thickness product scenarios. However, the approach of elasticity equation

based model can overcome this shortcoming. This method was first developed by Wang and

Huang (2001, 2003, 2006) and Huang and Sun (2006).

Wang and Meguid (2000) modeled the coupling behavior of a one dimensional thin

piezoceramic actuator embedded in or bonded to an elastic medium based upon singular

integral equations of the inter-facial shear stress. The singularity of shear stress at the tips of

the actuator was modeled by a square root.

Wang and Huang (2001) solved the Rayleigh wave propagation induced by surface-

bonded PZT actuators in one-dimensional (1-D) case. Using the constitutive equations for

piezoelectric materials and traction free boundary conditions at the two ends of the actuator,

the axial strain of the actuator was completely determined. The shear stress on the contact

surface, which was expressed as Chebyshev polynomials, was used as the excitation source

on the host structure. The Rayleigh wave generated on the plate was obtained by solving the

plane strain elastodynamic problem (Achenbach, 1973). The coefficients of the Chebyshev

polynomials were determined by continuity of deformation between the actuator and the host

structure. Good agreement between the Theoretical result and finite element (FE) result were

shown by Wang and Huang (2001). However, this paper fails to include evanescent (non-

propagating) wave terms in the near singular field.

Zhang  .et al (2003a, b) conducted similar analysis for determining the static

electromechanical field. For the piezoelectric layer, assumptions that the in-plane axis normal
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stress has a linear variation across the thickness and the electric displacement component is a

linear function of out-of-plane axis were made.

In Huang and Sun’s (2006) work, a one-dimensional actuator model was developed.

The inter-facial shear stress is modeled as Chebyshev polynomial expansions involving

square-root singularity at the tips of the actuator. This model includes the coupled dynamic

interaction between the actuator and host structure (Huang  .et al , 2010).

1.2.2. FE methods or hybrid methods

(1) FE methods

Commercial FE software such as COMSOL and ANSYS has been convenient tools

for the coupling field problem like the elastic wave behavior induced by PZT actuators

(Nieuwenhuis  .et al , 2005, Liu and Giurgiutiu, 2007, Han  .et al 2009). The disadvantages

of using FE methods are summarized by Huang  .et al (2010) and are quoted as below: (a)

FE simulation fails to provide a clear physical explanation of the numerically predicted

results. (b) In order to achieve accurate simulation result and achieve numerical convergence,

the mesh size needs to be at least one tenth per wavelength. Thus, it was very computational

expensive for large three-dimensional models.
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(2) Hybrid approaches

Hybrid approaches can overcome the shortcoming of FE method. In hybrid method,

the FE method is used to obtain the excitation by modeling the PZT actuator area. Then the

plate wave solution was obtained by combining with Theoretical guided wave model.

Moulin  .et al (1997) showed that the generation of Lamb waves can be achieved by

cylindrical piezoelectric transducers embedded in composite plate. In order to identify

resonance modes, the electric impedance of the transducer were obtained using finite element

method (FEM). It was shown that the radial mode can be used to generate 0S Lamb mode

due to its high coupling coefficient.

Moulin  .et al (2000) modeled Lamb waves generated by surface bonded or

embedded thin piezoelectric transducers on plate-like structures using a hybrid finite

element- normal mode expansion modeling technique. The mechanical filed is obtained

through FEM and then introduced as a forcing function into the normal modes equations. The

normal mode expansion method was used to determine the contribution of each Lamb mode

in the generated waveforms as a function of the applied surface and/or volume excitations.

This study was valid for lossless materials and harmonic excitation. In 2004, Duquenne

 .et al expanded this method to lossy (viscoelastic) materials and transient excitation. The

simplifying assumption was that the effects of attenuation on the local Lamb wave generation

process are neglected in their work.
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Veidt  .et al (2001) solved the wavefield excited by surface-bonded rectangular and

circular actuators using a hybrid approach. They modeled the actuator as causing normal

surface traction. Instead of using FE software, they used the experiment of laser Doppler

vibrometer to estimate the magnitude of the normal traction for a given frequency. They then

used Mindlin plate theory to obtain plate response. The major disadvantages of Mindlin plate

theory are:

(1) Mindlin plate theory can only be used to approximate the lowest antisymmetric 0A

Lamb wave mode.

(2) Mindlin plate theory is valid only when the product of excitation frequency and plate

thickness is low enough thus no higher antisymmetric modes are excited.

(3) Mindlin plate theory cannot model symmetric Lamb wave mode or SH modes.

Though this approach can reduce computational effort by only simulating the actuator,

it still lacks physical explanation of the predicated result.

1.2.3. Two-dimensional (2-D) modeling of surface bonded rectangular actuator

Previous works on guided wave excitation by PZT actuator mainly are 1-D plane

strain models which ignore the variation along one direction of the plane. Review of previous

attempts in solving interaction of 2-D actuator and plate are listed in this Section.
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Modeling 2-D actuator with 2-D shear-lag theory

Giurgiutiu (2008) modeled 2-D PZT actuator as two independent 1-D shear-lag

problem under plane strain assumptions. Kapuria and Agrahari (2016) improved Giurgiutiu’s

work (2008) by solving an accurate 2-D shear-lag solution for thin PZT actuator mounted on

plate surface through an adhesive layer. The governing solutions are solved using the mixed

field multi-term extended Kantorovich method (MMEKM) which converted bi-variate partial

differential equations (PDEs) into two sets of ordinary differential and algebraic equations in

two directions.

Modeling 2-D actuator with pin-force model

Raghavan and Cesnik (2007) modeled the interaction of actuator and plate as shear

traction of uniform magnitude along its perimeter, in the direction normal to the free edge on

the plate surface. The physical dynamics of the actuator was not taken into consideration and

the plate dynamics was modeled as uncoupled with the actuator dynamics. Based on this

model, examples of ring-shaped actuators and rectangular actuators on plate are modeled.

Such modeling is merely an extension of the 1-D pin-force model. Moll  .et al (2012) also

expanded the pin-force model to a complex-shaped actuator with disk-wrapped electrode to

conduct a semi-Theoretical 2-D mathematical model.

Modeling 2-D actuator based on equation of motion

Rose and Wang (2004) conducted the 2-D modeling of Lamb wave excited by finite

sources. The Theoretical solutions for point forces and bending moments are derived using

Mindlin plate theory. The response of plate for circular or rectangular shaped surface sources
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can be obtained by spatial integration. In Mindlin plate theory, some characteristics, such as

symmetric modes, higher order antisymmetric modes are not properly defined. Besides, the

formulation in this paper is moderately delicate to deal with. In search for a simpler approach,

Moulin  .et al (2006) developed a pseudo-3-D numerical model based on 1-D modeling. The

prediction of Lamb wave response on plate excited by a rectangular actuator is discussed by

separating this problem into two uncoupled problems. The first problem focused on Lamb

wave excitation due to the transducer. The second problem dealt with the source diffraction

effect on plate. The model is called a pseudo 3-D model due to several assumptions. First, in

this model, the rectangular transducer is assumed to have significant difference in length and

width sizes, thus the stress distribution on the plate is assumed to be the product of a x -

dependent function and a y -dependent function, expressed as 0 0 0( , ) ( ) ( )x y x y   .

Second, when analyzing the displacement on the plate, it is assumed that the location of

consideration is far enough from the source of excitation. In this case, far-field asymptotic

approximation of Hankel function is adopted. Third, the excitation 0 ( )y is considered

uniform over the transducer length.

1.2.4. Three dimensional (3-D) wave propagation in plate

The theory of guided wave propagation was first proposed by Lamb (1917) and Gazis

(1958) separately based on the theory of elasticity. Their work of the wave propagation used

a 2-D plane strain model. Viktorov (1967) proposed extending the 2-D model to 3-D

excitation by non-destructive evaluation (NDE) in his book. Santosa and Pao (1989) used

normal mode expansion technique to solve a generic 3-D guided wave excitation in an
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isotropic plate induced by an impulse point body force. Wilcox (2004) proposed a 3-D elastic

model for harmonic GW field on plate generated by surface point load. However, the model

was not strictly developed since the extension from 2-D to 3-D was based on some intuitive

reasoning.

Raghavan and Cesnik (2004) characterized that Lamb wave excitation using surface

bonded infinitely wide actuators or circular actuators. In 2005, Raghavan and Cesnik

extended their work to 3-D wave excitation by an arbitrary-shaped PZT actuator. The

actuator is modeled as causing in-plane traction of uniform magnitude along its perimeter. In

their model, the dynamics of the actuator were neglected and it was assumed that the plate

dynamics were uncoupled with actuator dynamics. Though Crawley and de Luis (1987)

proved that this is a good assumption given that the product of the actuator Young’s modulus

and the thickness is small compared to that of the substrate and the bond layer is thin and stiff.

However, since the magnitude of the in-plane traction on the actuator perimeter was not yet

specified, only the normalized, not the actual plate response amplitude could be given. While

solving the 3-D elastic equation of motion of the plate, it was assumed that there body for is

equal to 0. However, this intuitive reasoning is not rigorous since the stresses at the contact

surface are considered as body forces.

1.2.5. Sensor Response

Constitutive relations for piezoelectric materials are:
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converse piezoelectric effect:

direct piezoelectric effect:

E
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where , ,E
ijkl kij ikc e ò are the elastic, piezoelectric and dielectric constants respectively.

The superscripts ,E  denote the properties are under conditions of constant elastic field and

constant strain respectively.

The converse piezoelectric effect constitutive equation is the actuator equation and

the direct piezoelectric effect constitutive equation is the sensor equation. The generated

charge is the integration of electric filed over the entire surface:

q DdA 

where dA is an infinitesimal area normal to the electric displacement D .

Piezoelectric transducers directly convert the mechanical stress and strain energy into

electrical energy, thus it can also be used for stress and strain sensing. According to the

constitutive equation of piezoelectric material, the resulting voltage is proportional to the

strain rate.

(1) Static sensing

An elementary level 1-D sensing functions without the considering of structure and

sensor interaction is discussed by Giurgiutiu (2014) in Chapter 7. Four different scenarios are

discussed: (1) static stress sensing, (2) static strain sensing, (3) dynamic stress sensing and (4)

dynamic strain sensing.
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(1.1) 1-D Static stress/strain sensing

For scenarios (1) and (2), the sensor is modeled as a capacitance eC model, as shown

below:

Figure 1.2 A sensor connected to the measuring instrument of capacitance eC : (a) measuring

static out-of-plane stress 3T ; (b) measuring static in-plane strain 1S . (Giurgiutiu, 2014)

For scenario (1) static stress sensing, the voltage output can be obtained by combining

the constitutive equation

3 33 3 33 3
TD d T  ò E

charge, electric displacement and area relation:

3Q D A

charge, voltage and capacitance relation:

eQ C V

and the relation between electric filed and voltage:

3
a

V
t

 E
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The resulting voltage is thus given as

33
3

e

AdV T
C C




For scenario (2) static strain sensing, voltage output in relation to strain can be

obtained from constitutive equations as well.

(1.2) 1-D Dynamic stress/strain sensing

For scenarios (3) and (4), the sensor is modeled as an input impedance eZ and

admittance ( 1/ )e e eY Y Z model, as shown below:

Figure 1.3 A sensor connected to the measuring instrument of input impedance eZ and

admittance eY : (a) measuring dynamic out-of-plane stress 3T ; (b) measuring dynamic in-

plane strain 1S . (Giurgiutiu, 2014)

In these two cases, the voltage outputs are obtained from taking time-derivative of

constitutive equations.
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(2) Harmonic voltage response for 1-D piezoelectric sensor

Raghavan and Cesnik (2004) gave the voltage response for piezoelectric sensor (PZT

sensor) voltage response under the harmonic excitation of infinitely wide PZT actuator and

circular surface bonded PZT actuator.

(2.1) PZT sensor voltage response under the harmonic excitation of infinitely wide PZT

actuator

The electric displacement is obtained from the constitutive equation of piezoelectric

material and the charge accumulated by the sensor is the integration of the electric

displacement. By modeling the PZT sensor as a capacitor, the voltage is thus obtained by

dividing the charge by the capacitance. By evaluating the variables in the voltage expression,

it can be concluded that the following methods can be adopted in order to increase the sensor

response (voltage amplitude):

(1) Having smaller sensor length. The smaller the sensor length is, the higher the

voltage response will be.

(2) For the sensor, choosing piezoelectric materials with higher piezoelectric constant

31e .

(3) For the sensor, choosing piezoelectric materials with higher Young’s modulus and

sensor thickness. However, it should be noted that this will also increase the local stiffness

and thus adversely affect the propagation of Lamb waves on plate.
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(4) For the actuator, the optimum length is equal to half wavelength of the traveling

wave (say, for 0A mode or for 0S mode), at which the actuator will also have minimum

power consumption, while ensuring a maximum voltage response.

(2.2) PZT sensor voltage response under the harmonic excitation of circular surface

bonded PZT actuator

The voltage response under circular PZT actuator excitation can be obtained in a

similar manner as obtaining voltage response under infinitely wide PZT actuator excitation.

In this case, in order to increase the sensor response (voltage amplitude), sensors with smaller

length should be used. As for the actuator size, since the voltage expression for harmonic

response is an oscillating function with a monotonically increasing amplitude envelope, there

is no optimal circular actuator size.

In Raghavan and Cesnik’s (2004) model, the actuator is modeled as causing two point

loads at the two ends of the actuator. However, the amplitude of the point loads is not

determined. Thus in their paper, only the normalized sensor response, not the actual sensor

response is calculated.
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1.2.6. Some related topics studied for applications to structural health monitoring

(1) Response of PZT sensors to plate waves or plane waves

Wang and Huang (2006) conducted a theoretical study of the two dimensional sensor

response (modeled as plane strain) to elastic waves on an elastic half-plane. By substituting

traction free boundary conditions to the equation of motion of the sensor, the axial strain on

the sensor can be expressed as a function of the shear stress. Helmholtz decomposition and

spatial Fourier transform were used in calculating the displacement of the homogeneous

isotropic elastic host medium. The coupling between the sensor and the host medium was

modeled by the continuity of deformation at the contact surface.

di Scalea  .et al (2007) discussed the fundamental response of surface bonded

rectangular piezoelectric sensors to Rayleigh and Lamb ultrasonic waves. Harmonica

excitation fields, broadband and narrow-band excitation fields were all being examined. The

sensor voltage response is derived by coupling the direct piezoelectric effect to the wave

strain field that is averaged over the sensor area. Both general oblique incidence and parallel

incidence of the wave were derived.

(2) Tuning of wave mode using PZT actuator

In order to address the detection of specific damage with specific wave modes, it is

necessary to tune a particular mode. Giurgiutiu (2005) achieved wave tuning by the maxima

and minima of the sin( )ka where ka is the normalized wave number. It was shown that 0A
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mode dominates at low frequencies while 0S mode can be identified at a certain frequency at

the given structural configuration.

Glushkov  .et al (2010) described selective Lamb wave mode excitation using an

omni-directional multi-element transducer. The transducer consisted of several coaxial ring-

shaped piezoelectric elements. The excitation signal was n -cycle sinusoidal tone bursts.

Through special choice of amplitudes and time delay of input signal on each piezoelectric

element, mode selection was achieved.

In 2010, Yu  .et al used shear-lag method and space-wise Fourier transforms to obtain

Theoretical closed-form solution for ideal bonding and not ideal bonding. Lamb wave mode

tuning for suppressing or enhancing 0A mode or 0S mode were derived based on the

solutions.

(3) Evanescent Lamb waves

The solution of wave propagation in structure induced by surface-bonded PZT

actuators by Wang and Huang (2001) fails to include evanescent wave terms in the near

singular field. In the expression of Lamb wave modes displacement and stress expressions,

whether the value of wavenumber k is pure real, pure imaginary or complex determines if

the Lamb wave is propagating or evanescent:

 When k is a pure real number, Lamb wave mode displacements are sinusoidal functions

with respect to both time and space. Thus Lamb wave modes with real wavenumber are

propagating waves.
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 When k is a pure imaginary number, the displacement is exponentially decay with

respect to the space term. Thus Lamb wave modes with imaginary wave number are

evanescent waves.

 When k is a complex number, the displacement is the product of a sinusoidal variation

with an exponential decaying function with respect to space term. Thus Lamb wave

modes with complex wavenumber are evanescent waves.

For wave modes, the well known Rayleigh-Lamb dispersion relation is represented by

4
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h : plate thickness;

 :  = 0 or / 2 represents symmetric and antisymmetric modes.

A complex dispersion curve for an isotropic plate with Poisson's ratio 0.33 is shown

in the Figure 1.4 below.

Figure 1.4 Lamb wave dispersion curves including both propagating and evanescent wave

modes for an isotropic plate with Poisson’s ratio 0.33 (Xiang and Yuan, 2015)

In the figure above, 0 1 2, ,S S S  denote symmetric Lamb wave modes and

0 1 2, ,A A A  denote antisymmetric Lamb wave modes. The wave modes on the left side of

the above figure, where kh is imaginary refer to evanescent wave modes; and the wave
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modes on the right side where kh is real refer to propagating wave modes. The frequency at

which a wave mode transfers between evanescent wave and propagating wave is called the

cut-off frequency. Below the cut-off frequency, waves are evanescent and are exponentially

decaying with respect to space. The cut-off frequency of a certain mode can be calculated by

substituting 0k  to the dispersion equation.

(4) Improvements in the thesis compared to previous work

In all the previous papers concerning 3-D modeling of rectangular actuator attached

on plate, none of them discussed the effect of the shear stress distribution over the contact

surface on the actuator. The displacement of the actuator and the plate is not matched.

Besides, the shear stress distribution over the entire contact surface is either assumed to be

uniform stress distribution over the edges, or directly obtained from FEM software. No

numerical analysis of the stress distribution has been analyzed.

Compared to existing work, this thesis has the following improvements:

(1) The length to width aspect ratio of the rectangular actuator is not under any

constraints. The result in this thesis not only applies to slender actuators, but it also

applies to square-like actuators.

(2) The stress distribution on the contact surface is expressed as summation of

Chebyshev polynomials, the coefficient of which is determined by matching the

displacement on the actuator and the plate.

(3) Not only Lamb waves, but also shear horizontal (SH) waves on the plate are taken

into consideration.
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(4) Near-field evanescent wave is also taken into consideration.

1.3 Objectives and Outline

The objective of this thesis is to provide analytical solutions for the interaction

between rectangular PZT actuator/sensor and plate through electro-mechanical coupling. The

approaches are threefold:

(1) Obtain analytical solution for rectangular PZT actuator response under prescribed

harmonic/transient voltage;

(2) Obtain analytical solution for 3-D Lamb wave solution induced by surface bonded

PZT actuator including propagating and evanescent waves;

(3) Obtain analytical solution for surface-bonded rectangular PZT sensor response.

1.4 Assumptions made in this model
The assumptions made in this model are listed below:

(1) Piezoelectric properties are constant over the frequency range of interest. This is

verified by Gonzalez and Alemany (1996).

(2) The piezoelectric actuator is assumed to be of plane stress condition. This is true

because the thickness of the plate is way larger compared to that of the actuator and

the length and width in-plane of the actuator is way larger compared to the thickness

of the actuator.
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(3) Material damping is neglected. This assumption is based on the fact that, for

metals, attenuation from finite excitation sources dominates amplitude decay of the

guided wave (Raghavan and Cesnik, 2005).

(4) The existence of PZT sensor does not significantly affect the strain field on plate.
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CHAPTER 2

Guided Waves in Plates

2.1 Introduction

In SHM, guided wave (GW) testing has been used widely. Though in many literature,

‘guided wave’ and ‘Lamb wave’ are interchangeable, in a more strict sense, Lamb wave only

refers to guided waves in a flat, infinite and isotropic plate, while guided wave refers to any

kind of waves in structural wave guide (Raghavan and Cesnik, 2005). Guided waves are

complex to deal with due to its dispersion relation, which means that the wave velocity is

related to propagating frequency. At any given frequency, there are at least two wave modes.

Under the excitation of a PZT transducer, or actuator, there will be shear stress

generated at the contact surface of the actuator and the plate resulting from the

deformation/strain of the actuator. The shear stress will result in propagating and non-

propagating (evanescent) waves in the plate-like structures. Two major different waves are

generated: Lamb waves and SH waves.

Lamb waves are elastic waves guided by plate-like structures. The reason why Lamb

waves have been used for SHM is because it can propagate for long distances and interact

with discontinuities (cracks) in the structures. Since Lamb waves can propagate for long

distances, only single actuator can monitor the condition of a very wide region. While the

incident Lamb wave accouters the damage in the structures, besides the transmitted incident

wave, it will also generate damage back scattered waves. The scattering waves, which
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contain the information of the damage, can be detected using sensors and being used to

interpreter the location and size of the damage.

Figure 2.1 Illustration of Lamb waves used in SHM

Lamb waves are dependent on the geometrical and material properties. There are

multi-modes of Lamb waves, mainly fall into the categories of symmetric modes (S) and

antisymmetric modes (A).

Figure 2.2 Symmetric (left) and antisymmetric (right) Lamb wave modes

For symmetric modes, the longitudinal displacement is symmetric and the transverse

displacement is antisymmetric with respect to the mid-plane of the plate. For antisymmetric

modes, the transverse displacement is symmetric and the longitudinal displacement is

antisymmetric with respect to the mid-plane of the plate.
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Lamb waves are also dispersive, which means that the wavenumber of each mode is

dependent on frequency. The relation between the wavenumber and the frequency is called

the dispersion relation.

Another kind of plate wave is called shear horizontal (SH) wave. The difference

between Lamb waves and SH waves can be illustrated by the figure below.

Figure 2.3 2-D Lamb waves and SH waves in plates (Figures downloaded from

http://nojigon.webs.upv.es/simulations_waves.php)

The left two figures show typical 2-D Lamb wave antisymmetric and symmetric

modes, and the Figure 2 on the right shows a typical 2-D SH wave mode. For Lamb waves,

any particle in the structure moves in the wave propagation direction and the direction which

is vertical perpendicular to the wave propagation direction. For SH wave mode, particles

move in the direction which is horizontally perpendicular to the wave propagation direction.

Same as Lamb waves, SH waves are also dependent on geometrical and material

properties. It also has multi-modes and it is also dispersive.

In this chapter, the plate waves are discussed in detail. This chapter is organized as

follows. In Section 2, the characterization, dispersion relation and propagating/ evanescent
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Lamb waves are introduced. In Section 3, the characterization, dispersion relation and

propagating/ evanescent SH waves are introduced. Finally, some conclusions are drawn in

Section 4.

2.2 Bulk waves
The equation of motion (EOM) for waves in a homogeneous, isotropic, linearly

elastic medium without body forces is expressed as

2 ( )       u u u (2.1)

where 1 2 3( , , )u u uu is the displacement vector at location 1 2 3( , , )x x xx and time t .  is

the material density;  is the Lame’s constant;  is the shear modulus.

The displacement can be expressed using Helmholtz decomposition, which is the sum

of a the gradient of scalar  and curl of vector Ψ .

  u ψ (2.2)

The scalar potential  has one component and the vector Ψ has three components.

0 ψ is an additional constraint in order to determine the three components of u

uniquely. If 0 ψ is not used, some other conditions need to be specified in order to

determine the three components of u from the four components of  and Ψ .

Substituting Eq. (2.2) into Eq. (2.1) yields

2[ ] ( ) [ ] [ ]                ψ ψ ψ 

Considering that 2     and 0  , the above equation can be rewritten

as
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2 2[( 2 ) ] [ ] 0            ψ ψ  (2.3)

For the EOM to be valid,  and Ψ need to satisfy two wave equations

2
2

2 2

2
2

2 2

1 0

1 0

L

T

c t

c t

 
  




  


ψψ

(2.4)

where

( 2 ) / [ (1 )] / [(1 )(1 2 ) ]

/ / [2(1 ) ]
L

T

c E

c E

      

   

     

  
(2.5)

The ratio of Lc and Tc is defined as

/ ( 2 ) / 2(1 ) / (1 2 )L Tc c           (2.6)

This shows that the scalar potential  represents longitudinal waves traveling with

wave speed Lc ; vector potential ψ represents transverse waves traveling with wave speed Tc .

Eq. (2.4) represents the displacement EOM in a simpler form, thus elastic wave propagation

problems are normally addressed using the Helmholtz decomposition in terms of two

potentials.

Since both longitudinal waves and transverse waves propagate in the volume (bulk) of

a solid, they are both called bulk waves. The longitudinal (L) bulk wave is also called P-

waves, pressure waves, compressional waves, dilatational waves, or irrotational waves.
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Transverse waves are also called shear (S) waves, distorsional waves, equivoluminal

waves, or rotational waves.

As can be seen from Eq. (2.5), bulk wave speeds are not related to frequency, which

means they are non-dispersive waves. This is strictly true only when the solid is perfectly

elastic that there is neither frequency-dependent energy attenuation nor dissipation

mechanisms.

Under a source excitation, the stress wavefield can be represented by a plane wave:

ˆ( / )pf c t  u a k x (2.7)

In the above expression, a is the vector of the direction of displacement, k̂ is the unit

vector of wave propagation direction k , ˆkk = k . k is the wavenumber and k is wave vector.

For ˆ  k x constant, it describes a plane normal to the unit propagation wave vector k̂

and the constant represents the distance of the plane from the origin. For 0t  , the plane

moves in the direction of k̂ with the speed of pc . At time t , the equation of the plane

ˆ
px c t  k constant, is called the wavefront. Substituting the wavefield in Eq. (2.7) into the

equation of motion in Eq. (2.1) yields

2 ˆ ˆ( ) ( )( ) 0pc       a k a k (2.8)

In order for the above equation to be satisfied for two different vectors a and k̂ , there

are two different scenarios for satisfying Eq. (2.8):
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ˆ ˆor 0  a k k a (2.9)

(1) For ˆa k

In this case, Eq. (2.8) yields

2
p Lc c  




  (2.10)

The time-varying displacement is parallel to the direction of propagation and the wave

is bulk longitudinal wave.

(2) For ˆ 0 k a

In this case, Eq. (2.8) yields

p Lc c 


  (2.11)

The time-varying displacement is normal to the direction of propagation and the wave

is bulk transverse or shear wave. The displacement can be in any direction in the plane

normal to the propagation direction. When the 1 2( , )x x -plane is normal to k̂ , motions can be

either in 1 2( , )x x -plane or along 3x direction (normal to 1 2( , )x x -plane). These transverse

waves are called shear vertical (SV) and shear horizontal (SH) polarized waves respectively.

Steady-state waves are called harmonic waves; Waves that are not steady-state are

called transient waves. In linear elastic materials, transient waves can be obtained by

superimposing harmonic wave in Fourier integrals.
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A plane harmonic wave propagating in the direction of k̂ with phase speed pc can be

represented in the form as

ˆ ˆexp[ ( / )] exp[ ( )]pi c t i t      u a k x a k x (2.12)

where /pc k and a is a complex vector consisting of amplitude and phase angle. The

real part of Eq. (2.12) is

 ˆ ˆ( ) exp[ ( / )] cos( )pRe Re i t c t        u a k x a k x (2.13)

where

arg  a

The quantity

ˆ( , )x t t   k x (2.14)

is called the phase of wave. It gives the relation between x and t . It can be used to

determine when u has maximum (wave crest) or minimum (wave trough). In the phase wave

equation, phase surfaces  = constant are parallel planes. Therefore, Eq. (2.14) represent a

plane wave whose planes of constant phases are normal to k . The gradient of  in space is

k , which is normal to the planes and the magnitude is the average number of crests per 2

units of distance. Similarly, the gradient of  in time is  , which is the average number of

crests per 2 units of time.
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t



 


 







k
x (2.15)

 and k are both related to the period T , frequency f (cycles per second, Hz) and

wavelength  :

2 /
2
2 /

T
f

k

 
 

 





(2.16)

The relation between wavelength and wavenumber can be compared to that between

the period:

Period Wavelength
2 / 2 /

Frequency Wavenumber
T

T k
k


   

 

  
 

(2.17)

2.3 Lamb Waves
In this Section, two dimensional Lamb waves will be characterized.

2.3.1 Lamb Wave Characterization

For 1 3( , )x x plane strain harmonic wave motion in an elastic plate, the guided wave

consists of a standing SH wave in the 2x direction and Lamb waves consisting of standing

waves across the thickness and traveling waves in 1x direction.

Using Helmholtz decomposition, the displacement vectors in 1 3,x x direction can be

represented using a the gradient of scalar  and curl of vector Ψ .
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1
1 3

3
3 1

u
x x

u
x x

 

 

 
 
 

 
 
 

(2.18)

where the  in the above equations denotes 2 and the subscript 2 has been omitted for

simplicity. The gradient of scalar  and curl of vector Ψ satisfy wave equations:

2 2 2

2 2 2 2
1 3

2 2 2

2 2 2 2
1 3

1

1
L

T

x x c t

x x c t

  

  

  
 

  

  
 

  

(2.19)

The solution of gradient of scalar  and curl of vector Ψ can be considered as the

form as below:

3 1

3 1

( ) exp[ ( )]
( ) exp[ ( )]
x i kx t
x i kx t

 
 
  

  
(2.20)

The above functions represent waves traveling in the 1x direction with the same

angular frequency  and wavenumber k . Substituting Eq. (2.20) to Eq. (2.19) yields

3 1 3 2 3

3 1 3 2 3

( ) sin cos
( ) sin cos
x A px A px
x B qx B qx

  

  
(2.21)

where

2
2 2

2

2
2 2

2

L

T

p k
c

q k
c





 

 

(2.22)
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Defining the phase velocity as:

/pc k

Thus Eq. (2.22) can be rewritten as

2 2
2 2

2 2
2 2

1 1

1 1

L p

T p

p
c c

q
c c





 
   

 
 

   
 

In the expressions above, ,p q can be real and/or imaginary according to the relation

of , ,p L Tc c c :

(1) p L Tc c c  , or / /L Tk c c   , ,p q are both real;

(2) T p Lc c c  , or / /L Tc k c   , q is real and p is imaginary;

(3) p T Lc c c  , or / /T Lk c c   , ,p q are both imaginary.

From Eq. (2.18), Eq. (2.20) and Eq. (2.21), it can be seen that the displacement can be

divided into symmetric and antisymmetric part.

The stress-displacement relation in tensor form can be expressed as

2ij ij kk ij     (2.23)

In plane strain scenario, the stress-displacement relation is
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31 1
11

1 3 1

3 31
33

1 3 3

3 1
31

1 3

( ) 2

( ) 2

( )

uu u
x x x

u uu
x x x
u u
x x

  

  

 

 
  

  

 
  

  

 
 

 

(2.24)

Substituting Eq. (2.18) into Eq. (2.20) yields

2 2 2 2

11 2 2 2
1 3 1 1 3

2 2 2 2

33 2 2 2
1 3 3 1 3

2 2 2

31 2 2
1 3 1 3

( ) 2 ( )

( ) 2 ( )

(2 )

x x x x x

x x x x x

x x x x

     

     

   

   
   

    

   
   

    

  
  

   

(2.25)

The components for symmetric and antisymmetric modes are listed below:

(a) Symmetric modes:

2 3

1 3

1 2 3 1 3

3 2 3 1 3

2 2 2
11 2 3 1 3

2 2
33 2 3 1 3

2 2
31 2 3 1 3

cos
sin

cos cos
sin sin

[(2 ) cos 2 cos ]

[( ) cos 2 cos ]

[ 2 sin ( ) sin ]

A px
B qx

u ikA px qB qx
u pA px ikB qx

p k q A px ikqB qx

k q A px ikqB qx

ikpA px k q B qx

 

 

 

 

 

 

  

   

  

   

(2.26)

(b) Antisymmetric modes:
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1 3

2 3

1 1 3 2 3

3 1 3 2 3

2 2 2
11 1 3 2 3

2 2
33 1 3 2 3

2 2
31 1 3 2 3

sin
cos
sin sin
sin cos

[(2 ) sin 2 sin ]

[( ) sin 2 sin ]

[2 cos ( ) cos ]

A px
B qx

u ikA px qB qx
u pA px ikB qx

p k q A px ikqB qx

k q A px ikqB qx

ikpA px k q B qx

 

 

 

 

 

 

 

   

  

  

(2.27)
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2.3.2 Lamb Wave Dispersion Relation

Dispersion relation gives the relationship between wave number and frequency. It is

obtained by substituting traction free boundary conditions into the symmetric and

antisymmetric wave mode functions given in Eq. (2.26) and Eq. (2.27).

The traction free boundary condition at the two surfaces of the plate is expressed as:

33 31 0   (2.28)

By substituting Eq. (2.26) and Eq. (2.27) into traction free boundary condition in Eq.

(2.28), two homogeneous equations about coefficients ,A B can be obtained. The only way

for the two homogeneous equations to have non-zero solutions is to set the determinant to 0.

Setting the determinant for symmetric mode to be zero yields

2

2 2 2

tan / 2 4
tan / 2 ( )

qh k pq
ph q k

 


(2.29)

Setting the determinant for antisymmetric mode to be zero yields

2 2 2

2

tan / 2 ( )
tan / 2 4

qh q k
ph k pq


  (2.30)

The above two equations can be combined into one

4
2 2

4

tan( / 2 )4 1
tan( / 2 )T

p phk q
c q qh
 


 

   
(2.31)

In Eq. (2.31), 0  for symmmetric modes and / 2  for antisymmetric modes.
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Eq. (2.31) is known as the Rayleigh-Lamb dispersion relation, which gives the

relation between wave number and frequency for an infinite number of Lamb wave modes.

The traction-free boundary conditions gives a relation of coefficients ,A B , thus A

can be represented by an expression of B . The corresponding displacement components for

wave modes are:

2

1 3 32 2

3 3 32 2

2 cos( / 2 )cos( ) cos( )
cos( / 2 )

2 cos( / 2 )sin( ) sin( )
cos( / 2 )

k qhu q qx px B
k q ph

pq qhu ik qx px B
k q ph

 


 


 
      

 
       

(2.32)

The corresponding stress components for wave modes are:

2 2 2

11 3 32 2

33 3 3

2
2 2

31 3 32 2

2 cos( / 2 )2 cos( ) cos( )
cos( / 2 )

cos( / 2 )2 cos( ) cos( )
cos( / 2 )

4 cos( / 2 ) sin( ) ( )sin( )
cos( / 2 )

p q k qhi kq px qx B
k q ph

qhi kq px qx B
ph

k pq qh px k q qx
k q ph

   


   


   


   
      

 
     

 
      

B




(2.33)

2.4 Shear Horizontal (SH) Waves

2.4.1 SHWave Characterization

Besides Lamb waves, another type of wave modes in plate is called shear horizontal

(SH) waves. The main difference between Lamb wave and SH wave is the wave propagation

direction. For example, if a plane has a surface normal 3x , Lamb waves would be polarized
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in the 1 3( , )x x plane with displacement components 1 3,u u ; whereas SH waves will be

polarized in 2x direction and only have displacement component 2u .

Assuming the displacement is in the form:

2 3 1( )exp[ ( )]u f x i kx t  (2.34)

The equation of motion is:

2 2 2
2 2 2

2 2 2 2
1 3

1

T

u u u
x x c t

  
 

  
(2.35)

Substituting the displacement expression in Eq. (2.34) into Eq. (2.35) yields

3 1 3 2 3( ) sin cosf x B qx B qx  (2.36)

The traction free boundary condition at the upper and lower surfaces of the plate

requires:

2
23

3

0u
x

  
 


(2.37)

Substituting Eq. (2.34) and Eq. (2.36) into boundary condition in Eq. (2.37) yields

1 2cos( / 2) sin( / 2) 0B qh B qh  (2.38)

The solution of Eq. (2.38) is

1 0,sin( / 2) 0B qh  (2.39)

or

2 0,cos( / 2) 0B qh  (2.40)
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If 1 0B  , the oppression of 3( )f x becomes

3 2 3( ) cosf x B qx

which is symmetric respect to the mid-plane of the plate.

If 2 0B  , the oppression of 3( )f x becomes

3 1 3( ) sinf x B qx

which is antisymmetric respect to the mid-plane of the plate.

For both case, there is qh n and 0,2,4,n   for symmetric modes and

1,3,5,n   for antisymmetric modes.

2.4.2 SHWave Dispersion Relation

Recall the expression of q , the dispersion relation is shown as:

2
2 2( ) ( )

T

h kh n
c
 
 

  
 

(2.41)

The dispersion relation can be further normalized as:

2 2 2( )k n   (2.42)

From the dispersion relation, it can be concluded that all SH wave modes are

dispersive except 0n  .

The corresponding displacement for SH wave modes is
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3

2
3

cos ,symmmetric modes

sin ,antisymmetric modes

n
n

n

n xB
h

u
n xA
h





  
    
 
   

(2.43)

The corresponding stress for SH wave modes is

3

23
3

3

12
3

sin ,symmmetric modes

cos ,antisymmetric modes

cos ,symmmetric modes

sin ,antisymmetric modes

n n
n

n n

n n
n

n n

n xB q
h

n xA q
h

n xik B
h

n xik A
h

















       
 
   

  
    
 
   

(2.44)

Noting that among all the expressions above, term 1exp[ ( )]ni k x t has been dropped.

2.5 Conclusions
In this chapter, two different kinds of plate waves are introduced: Lamb waves and

shear horizontal waves. With the traction-free boundary condition, the dispersion relation for

both waves are obtained, which gives the relation between wave-number and frequency for

an infinite number of wave modes. The displacement and stresses for each wave modes are

also listed.



45

CHAPTER 3

Theoretical Model for Propagating Plate Waves and Validation

The PZT actuator is bonded on an elastic plate which is infinitely long and infinitely

wide. Suppose the x-y plane is on the mid-plane of the plate with x axis parallel to the length

of the actuator and y parallel to the width of the actuator. The z axis crosses the center of the

rectangular actuator. Let u, v, w denote the displacement components of the plate in the x, y, z

directions respectively, which all depend on time t.

3.1 Steady-state time-harmonic wave motions generated by harmonic point forces

The point load F acting either on the surface or in the interior of a plate in an arbitrary

direction can be equaled to the summation of the horizontal load Q and vertical load P ,

while both Q and P can be equaled as summation of symmetric mode and antisymmetric

mode, as shown in Figure 3.1 below.
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Figure 3.1 Decomposition of a single point load (Achenbach and Xu, 1999)

The total displacement is the summation of the Lamb wave modes and SH modes

under the two loadings. First, the solution form is given by carrier wave approach, and then

the coefficients are solved by using elastodynamic reciprocity.

3.2 Wave forms given by carrier wave approach

The carrier wave approach proposed by Achenbach (1998) is a method providing

steady state time harmonic solutions for general wave forms. In this paper, the time-harmonic

waveform is in the form of e-it. Displacement under any transient load can be obtained by

the summation of the harmonic load of all the frequencies contained in the transient loading.

The plate waveforms are a summation of the Lamb wave modes (symmetric and

antisymmetric) and SH wave modes (symmetric and antisymmetric).
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Figure 3.2 Decomposition of a plate waveform

Cylindrical coordinates are used for simplicity of calculation. The quantities in the

expression below are normalized by length scale of h (plate thickness). Following this rule,

the following variables can be normalized as

* * * * 2/ , = / , , / ( )Tr r h h c k kh F F h    

where r is radial distance;  is the angular frequency of the harmonic wave; k is the

wavenumber; F is force;  is shear modulus. For simplicity, the asterisk will be dropped in

the following.

  Lamb wave modes

Following carrier wave approach, the displacement caused by a point force applied on

the z axis can be expressed as
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1 ( ) ( , ),

1 1( ) ( , ) ,

( ) ( , ),

n n
r

n

n n

n
n n
z

u V z r
k r

u V z r
k r

u W z r



 

 


 






    



(3.1)

where n denotes the thn mode; nk is the normalized wavenumber; nV and nW are defined

respectively in Appendix;  is the carrier wave function satisfying

2 2
2

2 2 2

1 1 0nkr r r r
  

   
  
    (3.2)

The solution of Eq. (3.2) is given by

( , ) ( ) cosnr k r    (3.3)

Substituting Eq. (3.3) back into Eq. (3.2), ( )r is the solution of

2
2

2 2

1 1( ) 0nkr r r r
  

    
  (3.4)

For outgoing waves,

(2)
1( ) ( )n nk r H k r  (3.5)

where (2)
1H is Hankel function of the second kind, which is related to Bessel function:

(2)
1 1 1( ) ( ) ( )n n nH k r J k r iY k r  (3.6)

where 1J is Bessel function of the first kind and 1Y is Bessel function of the second kind.
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As for Hankel function (2) ( )H z , for large values of z , asymptotic approximations of it

are defined as

1 2
(2) ( /4 2)2( ) i zH z e

z
   

 
 
  

 

Substituting Eq. (3.5), Eq. (3.3) into Eq. (3.1) yields the displacement for symmetric

modes

  1

( ) ( )cos ,

( ) ( )sin ,

( ) ( )cos ,

n n
r S n

n n
S n n

n n
z S n

u V z k r

u V z k r k r

u W z k r



 

  

 








where ( ) /d d    . Similarly the displacement for antisymmetric modes can be derived

as

  1

( ) ( )cos ,

( ) ( )sin ,

( ) ( )cos ,

n n
r A n

n n
A n n

n n
z A n

u V z k r

u V z k r k r

u W z k r



 

  

 








The derivative of Hankel function of the second kind is

(2)
(2) (2) 1

1 0
( )( ) ( ) H xd H x H x

dx x
 

  SH wave modes

For SH wave modes, the displacements only exist in the plane (i.e., horizontal

direction)
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 

 

(1/ ) cos (1/ ) ( , ) ,

(1/ ) cos ( , ).

n
r n

n
n

u l n z r r

u l n z r
r

    





 


 
(3.7)

where nl is the wavenumber,  is the carrier wave function satisfying Eq. (3.2) and is given

by

( , ) ( ) sinnr l r    (3.8)

in which

(2)
1( ) ( )n nl r H l r  (3.9)

       Summation of Lamb wave and SH wave modes

The total displacement under point load Q is a summation over the symmetric and

antisymmetric modes of both Lamb waves and SH waves

Q QS QA u u u (3.10)

For waves propagating in the positive r -direction, the symmetric part of the

displacement solution is

 

 

(2) 1 (2) 1 (2)
0 1 1

0 0

1 (2) (2) 1 (2)
1 0 1

0 0

cos ( ) ( ) ( ) ( ) cos ( ) ( )

sin ( )( ) ( ) cos ( ) ( ) ( )

cos

QS S n S
r m S m m m m m m

m m

QS S n S
m S m m m m m m

m m

QS S
z m

u A V z H k r k r H k r B m z l r H l r

u A V z k r H k r B m z H l r l r H l r

u A W



 

 



 
 

 

 
 

 

       
        



 

 

(2)
1

0

( ) ( )n
S m

m
z H k r





 
 
 


(3.11)
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where S
mA and S

mB (determined in Section 2.3) represent the coefficients for all the symmetric

Lamb waves and symmetric SH waves respectively.

Similarly the antisymmetric parts of the displacement solution are given by

 

 

(2) 1 (2) 1 (2)
0 1 1

0 0

1 (2) (2) 1 (2)
1 0 1

0 0

cos ( ) ( ) ( ) ( ) sin ( ) ( )

sin ( )( ) ( ) sin ( ) ( ) ( )

cos

QA A n A
r m S m m m m m m

m m

QA A n A
m S m m m m m m

m m

QA A
z m

u A V z H k r k r H k r B m z l r H l r

u A V z k r H k r B m z H l r l r H l r

u A W

 
 

 

 
 

 

       
        



 

 

 

 

 (2)
1

0

( ) ( )n
S m

m
z H k r





 
 
 


(3.12)

where A
mA , A

mB are to be determined in Section 2.3.

Displacement under point load P is the same as Eq. (3.11) and (3.12) by omitting the

terms related to mB .

3.3 Elastodynamic reciprocity for point load along +x direction

The reciprocity (Achenbach, 1998) is a much elegant method in calculating time-

harmonic motions than the traditional integral transform techniques. The reciprocity shows

the relationship between two elastodynamic states of a same body, which can be

mathematically expressed as

[( ) ( ) ] ( )A A B B B A A B B A
i i i i i i i ij i ij jV S
f u u f u u dV u u n dS         
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,A B denotes two distinct states; ,A B
i if f are body forces; V is the region; S is the

boundary of region V . For two time-harmonic modes of the same frequency, the reciprocity

theorem is simplified to

( ) ( )A B B A A B B A
i i i i i ij i ij jV S
f u f u dV u u n dS     (3.13)

As can be seen in Figure 3.1, the point load at the surface of the plate can be divided as

a sum of symmetric loading and antisymmetric loading, with displacement expressed in Eq.

(3.10) and Eq. (3.12) respectively. The corresponding coefficients S
mA , S

mB and A
mA , A

mB are to

be determined respectively by assuming different virtual states in Sections 2.3.1 and 2.3.2.

3.3.1. Determination of coefficients for harmonic vertical point load scenario

The region under consideration is 0 , , 0 2r b h z h         . Set state A as

load Q applied at 0 0, 0, 0z r    in x axis.

State B is set to be a single symmetric Lamb-wave mode comprising the outgoing and

converging wave. The displacement in state B is expressed as

1

(1/ 2) ( )[ ( ) ( )]cos ,

(1/ 2) ( )( ) [ ( ) ( )]sin ,

(1/ 2) ( )[ ( ) ( )]cos .

n n
r S n n

n n
S n n n

n n
z S n n

u V z k r k r

u V z k r k r k r

u W z k r k r










   

   

  
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In this scenario, the left hand side of reciprocity theorem becomes

(0,0,0) (1/ 2) (0)n n
r SQu QV . Substituting the displacement and stress into the right hand side

(RHS) of the reciprocity theorem, the coefficient of each wave mode can be determined.

3.3.2. Determination of coefficients for harmonic vertical point load scenario

For loading parallel to the z -direction (or called vertical loading), only Lamb waves

exist, thus only the coefficients S
mA and A

mA need to be determined. For a distinction from

horizontal loading, S
mA and A

mA of vertical loading is replaced by S
mC and A

mC .

   :   S
mSymmetric Lamb wave modes Determination of C

Force can be normalized by 2/ ( )F f h with  being the shear modulus and h the

length normalization scale. When a normalized vertical point load P (point load along the z

direction) is applied on a plate, SH wave will not be present. Thus the displacement form

would be as in Eq. (3.10) and Eq. (3.12) without the SH wave terms (the terms with

amplitudes mB ). Setting state A as symmetric loading shown in Figure 3.1 with

displacements shown in Eq. (3.10) without the SH wave terms. State B (the virtual state) is

set to be a single symmetric Lamb-wave mode comprising the outgoing (or diverging) and

converging wave. The domain where 0 r   , , 0 2h z h       is under

consideration. From Eq. (3.1) and (3.3), the displacement components for state B are:
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1

(1/ 2) ( )[ ( ) ( )]cos ,

(1/ 2) ( )( ) [ ( ) ( )]sin ,

(1/ 2) ( )[ ( ) ( )]cos .

n n
r S n n

n n
S n n n

n n
z S n n

u V z k r k r

u V z k r k r k r

u W z k r k r










   

   

  
(3.14)

Substituting Eq. (3.10) and Eq. (3.14) into the reciprocity theorem in Eq. (3.13) yields

0(z )
4

m
S m S
m S

mm

k PWC
i I

 (3.15)

where 0z is the depth location where force is applied and S
mmI is listed in the Appendix.

   :   A
mAntisymmetric Lamb wave modes Determination of C

Similarly, the coefficient S
mC can be obtained by

0(z )
4

m
S m S
m S

mm

k PWC
i I

 (3.16)

where A
mmI is listed in the Appendix.

The total displacement under harmonic vertical point load would be the sum of the

symmetric Lamb wave and the antisymmetric Lamb wave.
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3.3.3 Determination of coefficients for harmonic horizontal point load along +x

direction

   :   S
nSymmetric Lamb wave modes Determination of A

When a horizontal load is applied at the position , 0, 0z h r    , which can be split

into a symmetric and antisymmetric loads. State A is thus set to be the symmetric part of the

load. State B is set to be a single symmetric Lamb-wave mode comprising the outgoing and

converging wave. Substituting Eq. (3.10) and Eq. (3.14) into the reciprocity theorem in Eq.

(3.13), yields

0( )
4

n
S n S
n S

nn

k QV zA
i I

 (3.17)

   :   A
nAntisymmetric Lamb wave modes Determination of A

Similarly, the coefficient for antisymmetric Lamb wave modes can be obtained

0( )
4

n
A n A
n A

nn

k QV zA
i I

 (3.18)

   :   S
nSymmetric SH wave modes Determination of B

Set state A as symmetric loading with displacements shown in Figure 3.2 and state B

as a single symmetric SH wave consisting of the outgoing and converging waves and using

reciprocity, yields
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1 for 0,2,4,
4

S
n

nn

QB n
i J

   (3.19)

where nnJ is listed in the Appendix.

   :   A
mAntisymmetric SH wave modes Determination of B

Set state A as antisymmetric loading with displacements shown in Figure 3.2 and

state B as a single antisymmetric SH mode comprising the outgoing and converging waves

and using reciprocity, yields

1 for 1,3,5,
4

A
n

nn

QB n
i J

   (3.20)

3.4 Verification of theoretical model for propagating plate wave under point load along

+x direction

In order to verify the correctness of the theoretical model of propagating waves in

plate, this chapter verifies the solution here with the FEA result obtained in COMSOL. The

material properties for the aluminum plate are listed below:

Table 3.1 Material properties and geometry of Al-6061 aluminum plate

Symbol Description Value Unites
 density 2700 3/kg m
E Young’s modulus 70 GPa
 Poisson’s ratio 0.33
h thickness 3.2 mm
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Table 3.2 Wavenumbers of some Lamb wave modes at 100 kHz

0S 1 2/S S 3 4/S S
114.84 704.48+1306i 970.05+3343.22i

0A 1A 2 3/A A 4 5/A A
391.7 309.3125i 865.89+2337.5i 1047.8+4340.625i

The loading tested are point load, line load and surface load. The result is summarized

in Section 3.4, Section 3.5, Section 3.6 respectively.

3.4.1 Theoretical result for propagating plate wave under point load

The following study is conducted at frequency 100f kHz , thus the angular frequency

52 2 10 / secf rad      . For Al-6061 aluminum plate, the shear velocity is

/ 3171.3 /Tc m s   . Therefore, for a 3.2 mm thick plate, the normalized term

/ 0.634plate Th c  . For Lamb waves, from the dispersion curve, for it can be seen that there

will be 0S Lamb wave mode and 0A Lamb wave mode.

The Lamb wave wavenumbers and wavelengths at 100f kHz are listed in the Table

3 below:

Table 3.3 Wavenumber and wavelength of Lamb waves at 100kHz

Lamb wave mode 0S 0A

wavenumber k 114.84 391.7

wavelength  (obtained by 2 / k  ) 0.0547 0.016
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For SH wave, the dispersion relation is given as

2
2 2( ) ( )plate

plate
T

h
kh n

c



 

  
 

where 0, 2, 4,n   for symmetric modes, and 1,3,5,n   for antisymmetric modes and

plateh is plate thickness. At the given frequency 100f kHz , thus the angular frequency

52 2 10 / secf rad      and the left hand side of the dispersion relation equals to

0.402. Thus there will only be 0SH wave. The normalized wavenumber and wavelength are

listed below:

Table 3.4 Wavenumber and wavelength of SH wave at 100kHz

SH wave mode SH0

Wavenumber k (1/ meter ) (obtained from dispersion curve) 198.1358

Wavelength  (meters) (obtained by 2 / k  ) 0.0317

To sum up, all the propagating wave modes at 100f kHz are listed below:
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Table 3.5 Wave number and wavelength of Lamb waves at 100 kHz

Lamb wave mode Lamb 0S Lamb 0A 0SH

Wave number k (1/m) (obtained from dispersion relation) 114.8 391.7 198.1

Wavelength  (mm) (obtained by 2 / k  ) 54.7 16 31.7
11/ (m )  18.3 62.5 31.5

It can be seen from the two tables that the minimum wavelength is 16 mm (Lamb

wave 0A mode) and the maximum wavelength is 54.7 mm (Lamb wave 0S mode). According

to our study previously on the PML length, it is chosen to be half of the maximum

wavelength, which is 54.7/2=27.35 mm For the infinite plate, the size of the rectangular area

under observation is set to be 2.2 times of the maximum wavelength, 54.7×2=120.34 mm.

The thickness of the aluminum plate is 3.2 mm.

A point load along the plate upper surface is with amplitude of 103N. The x-y plane is

set to be the middle layer of the plate and the z axis passes the point load application point.

The x-axis is set to be in the direction of the point force direction.

The results for displacement elements are calculated in Matlab, as shown below.
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Figure 3.3 Theoretical result of (a) displacement u (b) displacement v (c) displacement w

under point loading
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(units for x-y axis: mm)

(a)

(units for x-y axis: mm)
(b)
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(units for x-y axis: mm)

(c)
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In order to verify the theoretical result, FEA is conducted in the software COMSOL.

3.4.2 FEA result for propagating plate wave under point load

First of all, point loads, as well as edge loads in 3-D are singularities, hence are NOT

good practice in FEA software, but sometimes you can use the results if you do NOT analyze

in detail the local stress concentration. One method to avoid singularities in COSOL is to

replace the line load with a surface load of 3-D Gaussian distribution over a square area of

w wa a . This results a concentrated load, but no pure singularities, if the Gaussian is larger

than a few mesh elements. The plot of a 3-D Gaussian distribution is

Figure 3.4 Plot of Gaussian load distribution (units for x, y axis: mm, unit for z axis: N)

In COMSOL, the Gaussian function is applied on the plate upper surface over a small

square region. The three-dimensional Gaussian function is defined by
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2 2

2 2

( , ) w w

x y
a aGaussian x y Ae

 



where A is defined as

2 2

1
[1/ 2]w

A
a Erf



And ‘Erf’ is the error function define as

2

0

2( )
x terf x e dt


 

The value of 2[1/ 2]Erf can be calculated in Mathematica as 0.27092.

The integration of the Gaussian function over the entire load-applying surface is

calculated in Mathematica as 103. This indicates the integration of the Gaussian function is

103, which means the total force on the area has the amplitude of 103.

The size of the plate is 120 mm along both x and y axis, which is 2.2 times of the

maximum wavelength. The height of the plate is 3.2 mm. The width of the perfect matched

layer is set to be half of the maximum wavelength.

The maximum size of elements on the plate and PML are 1/20 of the minimum

wavelength (minWL), while the element size on the area where Gaussian load is applied is

even smaller (1/60 of minimum wavelength) than that of the plate. The load-applying surface

size wa is chosen to be 1/20 of minimum wavelength.

The displacement components when aw = minWL/20 on plate upper surface are as

follows:
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Figure 3.5 COMSOL result for (a) displacement u (b) displacement v (c) displacement w for

Gaussian point loading on plate upper surface
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(units for x-y axis: mm)

(a)

(units for x-y axis: mm)

(b)
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(units for x-y axis: mm)

(c)
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From the color bar in the above figure, it can be seen that maximum and minimum

value of the displacement is different from the analytical result. This is due to two causes: (1)

analytical solution uses actual point loading while in COMSOL point load is replaced by

Gaussian surface loading to avoid singularity; (2) the evanescent wave modes near the force

applying area is not considered here in the analytical solution. In order to better compare the

analytical solution and FEA solution, plate displacements along several monitoring lines are

listed in the session below.
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4.3.3. Comparing Matlab result with FEA result under Gaussian load

The scenarios of theoretical solution and FEA result when mesh size = minWL/20 are

compared in this Section.

(units for x axis: mm)

Figure 3.6 Comparing displacement under point load on along 0o (line I) for theoretical

solution and FEA solution under Gaussian load. Solid blue line: analytical solution; Dotted

red line: COMSOL solution
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(units for x axis: mm)

Figure 3.7 Comparing displacement under point load on along atan(1/2) (line II) for

theoretical solution and FEA solution under Gaussian load. Solid blue line: analytical

solution; Dotted red line: COMSOL solution
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(units for x axis: mm)

Figure 3.8 Comparing displacement under point load on along 45o (line III) for theoretical

solution and FEA solution under Gaussian load. Solid blue line: analytical solution; Dotted

red line: COMSOL solution
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(units for horizontal axis: mm)

Figure 3.9 Comparing displacement under point load on along atan(2) (line IV) for

theoretical solution and FEA solution under Gaussian load. Solid blue line: analytical

solution; Dotted red line: COMSOL solution



73

It can be seen that displacement match pretty well along these four monitoring lines.

The difference mainly resides on the area near the origin, where the force is applied. This is

because in the theoretical solution, only propagating waves are concerned, while in the

COMSOL results, besides propagating waves, there is also non-propagating waves near the

force-applying position.

3.5 Verification of theoretical model for propagating plate wave under line load along

+x direction

After the verification of the theoretical solution for plate propagating wave under

point load., Section 4.5 is going to extend the analytic solution to line load and the solution

will be verified by comparing to FEA result obtained in COMSOL.

3.5.1 Theoretical result for propagating plate wave under line load

The following study is conducted at frequency 100f kHz . The Lamb wave and SH

wave wavenumbers and wavelengths at 100f kHz are listed in the Table 3.5.

It can be seen from the two tables that the minimum wavelength is 16 mm (Lamb

wave 0A mode) and the maximum wavelength is 54.7 mm (Lamb wave 0S mode). According

to our study previously on the PML length, it is chosen to be half of the maximum

wavelength, which is 54.7/2=27.35 mm For the infinite plate, the size of the rectangular area
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under observation is set to be w lp p , where max 1.6 87.52wp WL mm   and

max 1.6 87.52lp WL mm   . The thickness of the aluminum plate is 3.2 mm.

The x-y plane is set to be the middle layer of the plate. A single line loads are applied

on the plate upper surface:

5 14.510 87/ at / 5 17.504 1, / 6 4/ 56 . 87x w l lf N m x p mm p y pmm mm       

The results for displacement elements are calculated in Matlab, as shown below.
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Figure 3.10 Theoretical result of (a) displacement u (b) displacement v (c) displacement w

under line loading
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(units for x-y axis: mm)

(a)

(units for x-y axis: mm)

(b)
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(units for x-y axis: mm)

(c)
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In order to verify the theoretical result, FEA is conducted in the software COMSOL.

3.5.2 FEA result for propagating plate wave under line load

Since point loads, as well as edge loads in 3-D are singularities, hence are NOT good

practice, but sometimes you can use the results if you do NOT analyze in detail the local

stress concentration. One method to avoid singularities in COMSOL is to replace the line

load with a surface load of 3-D Gaussian distribution over a rectangular area of w la a ,

where minWL/10 1.6wa mm  and / 3 29.173l la p mm  . The center of this rectangular

area is located at ( / 5,0) = (17.504 ,0)wp mm on the plate upper surface. This results a

concentrated load, but no pure singularities, if the Gaussian is larger than a few mesh

elements.

In COMSOL, the Gaussian function is applied on the plate upper surface over a small

square region. The three-dimensional Gaussian function is defined by

2

2

( , ) w

x
aGaussian x y Ae





In order to have a unit force of 105 N/m, there is:

2

2/2 /2 5

/2 /2
10l w

w

l w

x
a a a

ly a x a
Ae dxdy a



 
 

Solving the above equation for A, yields

108394=
w

A
a
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The size of the rectangular area under observation is set to be w lp p , where

max 1.6 87.52wp WL mm   and max 1.6 87.52lp WL mm   . The thickness of the

aluminum plate is 3.2 mm. The width of the perfect matched layer is set to be half of the

maximum wavelength.

The parameters for perfect matched layer (PML) is set to be SF (scaling factor) = 2,

SCP (scaling curvature parameter) = 3.

The maximum size of elements on the plate and PML are 1/12 of the minimum

wavelength, while the element size on the area where Gaussian load is applied is even

smaller (1/40 of minimum wavelength) than that of the plate.

From the previous section of using Gaussian function representing point load, it was

concluded that when min /10wa WL , the plate responses is the same as when

min / 20wa WL . This shows that the Gaussian distribution over a surface result in a

converged result and can resemble a point load when min /10wa WL . Therefore, in this

line load study, min /10wa WL is chosen to represent the width of the Gaussian load. The

unit line load is 105N/m along +x direction.

The displacement components on plate upper surface are:
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Figure 3.11 Displacement component (a) u (b) v (c) w under Gaussian line load in COMSOL
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(units for x-y axis: mm)
(a)

(units for x-y axis: mm)

(b)
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(units for x-y axis: mm)

(c)
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3.5.3. Comparing analytical result with FEA result under line load

The scenarios of theoretical solution and FEA solution obtained in COMSOL are

compared in this Section.

(units for x axis: mm)

Figure 3.12 Comparing displacement under point load on along 0o (line I) for theoretical

solution and FEA solution under line load. Solid blue line: analytical solution; Dotted red

line: COMSOL solution
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(units for x axis: mm)

Figure 3.13 Comparing displacement under point load on along atan(1/2) (line II) for

theoretical solution and FEA solution under line load. Solid blue line: analytical solution;

Dotted red line: COMSOL solution
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(units for x axis: mm)

Figure 3.14 Comparing displacement under point load on along 45o (line III) for theoretical

solution and FEA solution under line load. Solid blue line: analytical solution; Dotted red

line: COMSOL solution
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(units for horizontal axis: mm)

Figure 3.15 Comparing displacement under point load on along atan(2) (line IV) for

theoretical solution and FEA solution under line load. Solid blue line: analytical solution;

Dotted red line: COMSOL solution

It can be seen that displacement match pretty well along these four monitoring lines.

The difference mainly resides on the area near the origin, where the force is applied. This is

because in the theoretical solution, only propagating waves are concerned, while in the

COMSOL results, besides propagating waves, there is also non-propagating waves near the

force-applying position.



87

3.6 Verification of theoretical model for propagating plate wave under surface load

along +x direction

After the verification of the theoretical solution for plate propagating wave under line

load, Section 4.6 is going to extend the analytical solution to surface load and the solution

will be verified by comparing to FEA result obtained in COMSOL.

3.6.1 Theoretical result for propagating plate wave under surface load

The following study is conducted at frequency 100f kHz . Same as the line load case,

for the infinite plate, the size of the rectangular area under observation is set to be w lp p ,

where max 1.6 87.52wp WL mm   and max 1.6 87.52lp WL mm   . The thickness of the

aluminum plate is 3.2 mm.

The x-y plane is set to be the middle layer of the plate. A surface load along +x

direction are applied on the plate upper surface:

3 2 21 210 / at / 2 / 2, / 2 / 2x w w l lf x y N m a x a a y a       

where

4 , 8w la mm a mm 

The results for displacement elements are calculated in Matlab, as shown below.
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Figure 3.16 Theoretical result of (a) displacement u (b) displacement v (c) displacement w

under surface load
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(units for x-y axis: mm)
(a)

(units for x-y axis: mm)

(b)
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(units for x-y axis: mm)

(c)
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In order to verify the theoretical result, FEA is conducted in the software COMSOL.

3.6.2 FEA result for propagating plate wave under surface load

The width of the PML is 1/2 of the maximum wavelength at the given frequency.

From Section 4.5, it was concluded from parametric sweep study that when the PML scaling

factor is set as 2 and the PML scaling curvature parameter is set as 3, no reflection is shown.

Thus in this surface load study, the PML parameters are set to be the SF = 2, SCP = 3 as well.

The maximum size of elements on the plate and PML are 1/16 of the minimum

wavelength, while the element size on the area where surface load is applied is even smaller

(1/40 of minimum wavelength) than that of the plate.

The displacement components on plate upper surface are:
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Figure 3.17 COMSOL result for plate (a) displacement u (b) displacement v (c) displacement

w under surface loading
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(units for x-y axis: mm)

(a)

(units for x-y axis: mm)
(b)
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(units for x-y axis: mm)

(c)
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3.6.3. Comparing analytical result with FEA result under surface loading

On the four monitoring lines, the theoretical result obtained in Matlab is compared

with FEA result obtained in COMSOL, as shown below:

(units for x axis: mm)

Figure 3.18 Comparing displacement under point load on along 0o (line I) for theoretical

solution and FEA solution under line load. Solid blue line: analytical solution; Dotted red

line: COMSOL solution
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(units for x axis: mm)

Figure 3.19 Comparing displacement under point load on along atan(1/2) (line II) for

theoretical solution and FEA solution under line load. Solid blue line: analytical solution;

Dotted red line: COMSOL solution
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(units for x axis: mm)

Figure 3.20 Comparing displacement under point load on along 45o (line III) for theoretical

solution and FEA solution under line load. Solid blue line: analytical solution; Dotted red

line: COMSOL solution

It can be seen that displacement match pretty well along these monitoring lines. The

difference mainly resides on the area near the origin, where the force is applied. This is

because in the theoretical solution, only propagating waves are concerned, while in the

COMSOL results, besides propagating waves, there is also non-propagating waves near the

force-applying position.
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3.7 Elastodynamic reciprocity for point load along +y direction

The carrier wave approach proposed by Achenbach and Xu (1999) gives the forms of

plate wave modes under loading in +x direction, as listed in Eq. (5.20) to Eq. (5.22). For plate

wave modes under loading in a random direction  with respect to the +x axis, the Lamb

wave forms can be expressed as:

( ) '( ) cos( )n n
r S nu V z k r     (3.21)

( ) ( ) cos( )n n
z S nu W z k r     (3.22)

1( ) ( )sin( )n n
S n

n

u V z k r
k r  

 
   

 
(3.23)

Therefore, for a point load along +y direction, i.e., / 2  , the Lamb wave forms can

be expressed as

( ) '( ) cos( / 2) ( ) '( )sinn n n
r S n S nu V z k r V z k r       (3.24)

( ) ( ) cos( / 2) ( ) ( )sinn n n
z S n S nu W z k r W z k r       (3.25)

1 1( ) ( )sin( / 2) ( ) ( ) cosn n n
S n S n

n n

u V z k r V z k r
k r k r   

    
       

   
(3.26)

3.7.1. Determination of coefficients for harmonic vertical point load scenario

The region under consideration is 0 , ,0 2r b h z h         . Set state A as

load Q applied at 0 0, 0, 0z r    in y axis. State B is set to be a single symmetric Lamb-
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wave mode comprising the outgoing and converging wave. The displacement in state B is

expressed as:

1

(1/ 2) ( )[ ( ) ( )]sin ,

(1/ 2) ( )( ) [ ( ) ( )]cos ,

(1/ 2) ( )[ ( ) ( )]sin .

n n
r S n n

n n
S n n n

n n
z S n n

u V z k r k r

u V z k r k r k r

u W z k r k r










   

   

  

In this scenario, the left hand side of reciprocity theorem becomes

(0,0,0) (1/ 2) (0)n n
r SQu QV . Substituting the displacement and stress into the right hand side

(RHS) of the reciprocity theorem, the coefficient of each wave mode can be determined.

3.7.2. Determination of coefficients for harmonic horizontal point load along +y

direction

   :   S
nSymmetric Lamb wave modes Determination of A

When a horizontal load is applied at the position , 0, 0z h r    , which can be split

into a symmetric and antisymmetric loads. State A is thus set to be the symmetric part of the

load. State B is set to be a single symmetric Lamb-wave mode comprising the outgoing and

converging wave. Substituting displacement and stress components of the two states into the

reciprocity theorem, yields

0( )
4

n
S n S
n S

nn

k QV zA
i I

 (3.27)

   :   A
nAntisymmetric Lamb wave modes Determination of A

Similarly, the coefficient for antisymmetric Lamb wave modes can be obtained:
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0( )
4

n
A n A
n A

nn

k QV zA
i I

 (3.28)

   :   S
nSymmetric SH wave modes Determination of B

Set state A as symmetric loading with displacements shown in Figure 3.2 and state B

as a single symmetric SH wave consisting of the outgoing and converging waves and using

reciprocity, yields

1 for 0,2,4,
4

S
n

nn

QB n
i J

   (3.29)

where nnJ is listed in the Appendix.

   :   A
mAntisymmetric SH wave modes Determination of B

Set state A as antisymmetric loading with displacements shown in Figure 3.2 and

state B as a single antisymmetric SH mode comprising the outgoing and converging waves

and using reciprocity, yields

1 for 1,3,5,
4

A
n

nn

QB n
i J

   (3.30)

Though the coefficients for each wave mode under point load in +y direction is the

same as under point load in +x direction, the difference lies in the expression of carrier wave,

where the terms of cos becomes sin ; the terms of sin becomes cos .
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CHAPTER 4

Non-propagating (evanescent) plate waves

Chapter 4 discusses the plate wave under point force excitation. The results in the

previous chapter are for propagating waves with real wave number. In this chapter, the

evanescent plate wave, which is of imaginary or complex wave number, under a point load

force excitation is obtained. It was known that the amplitude of evanescent wave decays with

respect to displacement. Thus, for far-field displacement analysis, which is needed in sensor

response scrutiny, evanescent wave can be neglected. However, when solving for the

interfacial stress coefficients, the displacement on the contact surface of the PZT actuator and

bonding plate need to be equaled. On the contact surface, evanescent waves need to be taken

into consideration since the location of interest is close to the point of force application. In

this chapter, the evanescent wave propagation induced by point load is investigated first.

Then, the surface stress scenario can be solved by simply integrating the point load solution

over the contact area.

4.1 Introduction of evanescent waves

The dispersion relation gives the relation between frequency  and wave number k .

In correspond to any real-valued  , infinite number of wave number k can be calculated

numerically. Each wave number k represents a wave mode in the plate. The value of wave

number k can be real, imaginary or complex.
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(1) If the wave number is a real valued wave number k , the corresponding wave is

either propagating Lamb wave mode or propagating SH wave mode.

(2) If a wave mode has a purely imaginary wave number k , the corresponding

standing waves (or evanescent waves) will have an amplitudes decaying in the 1 2x x plane.

(3) If a wave mode has a complex wave number k , the corresponding standing waves

(or evanescent waves) will be the modulation of a propagating sinusoidal variation with an

exponential decaying function.

For small valued wave number k ( 0  ), there is one real valued wave number for

symmetric and antisymmetric mode, representing 0S and mode 0A respectively, which are

the lowest symmetric and antisymmetric modes. All other wave number k are either

imaginary or complex.

Another thing to note is that with the increment of imaginary part in wave number, the

corresponding wave will have a faster decaying rate. For example, since 1A Lamb wave

mode has the minimum wave number imaginary part compared to other evanescent wave

modes at the same frequency, the 1A Lamb wave will be the mode which decays the slowest

among all other evanescent wave modes.



103

4.2 theoretical solution for amplitude of evanescent wave modes under point load along

+x direction

4.2.1 Complex reciprocity theorem

For elastic solid subjected to a body, the equation of motion and strain-displacement

relation is shown below:

2

2

u
t


 
  


 

f

u

 

 
(4.1)

In the above equation,  is the volume density;  and  are the stress and strain

tensor respectively; u is the displacement vector; f is the body force.

Consider two wavefields A and B with body forces * ,A Bf f , displacements * ,A Bu u ,

velocities * ,A Bv v and stresses * ,A B  , where * denotes complex conjugate. Substituting these

values into Eq. (4.1), the equation of motion and strain-displacement relation for these two

fields are expressed as follows:

*
* *

*
*

A
A A

A
A

t

t


 
   


  

v f

v

 




(4.2)

B
B B

B
B

t

t

    
  
 

v f

v

 




(4.3)
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Multiplying Eq. (4.2-1) with velocity in wavefield B Bv and multiplying Eq. (4.2-2)

with stress in wave filed B B , yields

*
* *

*
*

( ) A
B A B B A

A
B A B

t

t


 

      


   

vv v v f

v

 


  

(4.4)

Multiplying Eq. (4.3-1) with velocity in wavefield A *
Av and multiplying Eq. (4.2-2)

with stress in wave filed B *
A , yields

* * *

* *

( ) B
A B A A B

B
A B A

t

t

        
   
 

vv v v f

v

 


  

(4.5)

Summing up Eq. (4.4-1), Eq. (4.4-2), Eq. (4.5-1) and Eq. (4.5-2) yields

* * * *

* *
* * * *

( ) ( )B A B A A B A B

A A B B
B B A B A A B At t t t

 

          

   
           

   

v v v v

v vv v f v v f

   

 
 

(4.6)

The divergent of tensor product has the following identities:

* * *

* * *

( ) ( )

( ) ( )
B A B A A B

A B A B B A

       

        

v v v

v v v

  

  
(4.7)

Using Eq. (4.7), Eq. (4.6) becomes

* *

* *
* * * *

( ) ( )B A A B

A B A B
B A B A A B B At t t t

 

    

   
           

   

v v

v vv v v f v f

 

 
 

(4.8)
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The Hook’s law in tensor notion is given by

:
:



C
S

 
 

(4.9)

In the above equations, C and S represent the fourth-order stiffness tensor and

compliance tensor respectively.

From the Hook’s law in Eq. (4.9), the following equation can be obtained:

* *
* *: : : : : :B A B A
A B A Bt t t t

   
  

   
S S   

    (4.10)

Since compliance matrix S is symmetric and real, the following equation can be

obtained:

* *: : : :B B
A At t

 


 
S S 

  (4.11)

Substituting Eq. (4.11) into Eq. (4.10), yields

* *
* *: : : : : :B A B A
A B A Bt t t t

   
  

   
S S   

    (4.12)

Substituting Eq. (4.12) into Eq. (4.8), yields

* *

* *
* * * *

( ) ( )

: : : :

B A A B

A B B A
B A A B A B B At t t t

 

    

   
         

   

v v

v vv v S S v f v f

 

 
 

(4.13)

Eq. (4.13) can be simplified as

* * * * * *( ) ( )B A A B A B B A A B B At
 

           


v v v v v f v f   (4.14)



106

For steady state time harmonic wavefield, the reciprocity theorem can be expressed as

* * * *( ) ( )B A A B A B B A        v v v f v f  (4.15a)

Since * * * * * * *, ( ) ( ) ( ) ( ) ( )v u i u v u i u i u i u             , the above reciprocity

can also be written using displacement:

* * * *( ) ( )B A A B A B B Ai i          u u u f u f  (4.15b)

Eq. (4.15) is the differential form of complex reciprocity theorem. By integrating

Eq. (4.15) over a region V with boundary S , the integral form of complex reciprocity

theorem can be obtained as below:

* * * *( ) ( )B A A B A B B AS V
dS dV        v v n v f v f  (4.16a)

or

* * * *( ) ( )B A A B A B B AS V
i dS i dV          u u n u f u f 

In the above equations, n is a unit outward normal vector.

Multiplying both sides of the above equation with /i  , yields

* * * *( ) ( )B A A B A B B AS V
dS dV       u u n u f u f  (4.16b)
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4.2.2 Use of the complex reciprocity theorem

As discussed in the previous Section, the complex reciprocity theorem relating two

time-harmonic states with superscripts A and B is:

* * * *( ) ( )A B B A A B B A
i i i i i ij i ij jV S
f u f u dV u u n dS     (4.17)

In the above equations, A
if and B

if are body forces; S is the boundary for region V ;

jn are the outward normal components.

In an annular domain , 0 , 0 2z h r b       , the reciprocity theorem can be

applied to two symmetric evanescent Lamb wave modes with no body forces. The wave

numbers for the two symmetric evanescent Lamb wave modes m and n are mk and nk

respectively. Since both modes do not have body forces, the left hand side of Eq. (4.17) is 0.

The right hand side of Eq. (4.17) can be expressed as

* ( ) 0m nQ b  (4.18)

where

 2 * *
* 0

2 * *

0

* *

* *

( )
h m n n m

m n i ij i ij jh

h m n n m
r rr r rrh

I

m n n m
z rz z rz

II

m n n m
r r

III

Q b b u u n d dz

b u u

u u

u u d dz





   

  

 

 

  





 

   

   

    


 

  





(4.19)
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As can be seen, in Eq. (4.19), the right hand side is divided into three sections,

represented by , ,I II III respectively.

As discussed in Chapter 4, the displacement and stress for an outgoing symmetric

Lamb-wave mode can be written using carrier wave approach (Achenbach and Xu, 1999):

( ) '( ) cosn n
r S nu V z k r   (4.20)

( ) ( ) cosn n
z S nu W z k r   (4.21)

1( ) ( )sinn n
S n

n

u V z k r
k r 

 
  

 
(4.22)

( ) '( ) cosn Sn
rz rz nz k r    (4.23)

( ) ( ) cosn Sn
zz rz nz k r    (4.24)

2

( ) ( ) cos ( )

1 1'( ) ( ) cos

Snn Sn
rrrr rr n

n n
n

z k r z

k r k r
r k r

 



   

 
    
 

(4.25)

1( ) ( )sinn Sn
z z n

n

z k r
k r  

 
   

 
(4.26)

2

1 1( ) '( ) ( ) sinn Sn
r r n n

n

z k r k r
r k r  

 
      

 
(4.27)

where the terms related to z are expressed as below:

1 2( ) cos( ) cos( )n
SV z s pz s qz  (4.28a)
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3 4( ) sin( ) sin( )n
SW z s pz s qz  (4.28b)

 5 6( ) sin( ) sin( )Sn
rz z s pz s qz   (4.28c)

 7 8( ) cos( ) cos( )Sn
zz z s pz s qz   (4.28d)

 9 10( ) cos( ) cos( )Sn
rr z s pz s qz   (4.28e)

 11 12( ) cos( ) cos( )
Sn
rr z s pz s qz   (4.28f)

( ) ( )
SnSn
rrr z z   (4.28g)

( ) ( )Sn Sn
z rzz z   (4.28g)

where

1 2cos( )s qh (4.29a)

2 2 2
2 ( ) / cos( )n ns k q k ph     (4.29b)

3 2( / ) cos( )ns p k qh  (4.29c)

2 2
4 ( ) / ( ) cos( )n ns k q qk ph     (4.29d)

5 4 cos( )s p qh (4.29e)

2 2 2 2
6 ( ) / ( ) cos( )n ns k q qk ph    (4.29f)

2 2
7 2( ) / cos( )n ns k q k qh    (4.29g)



110

2 2 2
9 2(2 ) / cos( )n ns p k q k qh     (4.29h)

2 2
10 2( ) / cos( )n ns k q k ph    (4.29i)

11 4cos( )s qh (4.29j)

2 2 2
12 2( ) / cos( )n ns k q k ph     (4.29k)

In these expressions

2
2 2 2

2

2,n L
L

p k c
c
  




   (4.30a)

2
2 2 2

2 ,n T
T

q k c
c
 


   (4.30b)

Substituting Eq. (4.20)-Eq. (4.27) to Eq. (4.19) and considering 2* *(1/ ) /n n nk k k and

( ) ( ) 2 ( )
Sn Sn n
rr r Sz z V z     , the first term in Eq. (4.19) is evaluated as:
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* *

* *
2

** * * *
2 2

1 1( ) ' ( ) cos ( ) ( ) cos ( ) '( ) ( ) cos

1( ) '( ) cos ( ) ( ) cos ( ) ' ( ) ( ) co

m n n m
r rr r rr

Snm Sn
rrS m rr n n n

n

Smn Sm m
rrS n rr m m m

m

I u u

V z k r z k r z k r k r
r k r

kV z k r z k r z k r k r
r k r

 

  

 

 

                   

 
           

  
( ) 2 ( )

* *
2

* * * * *
2 2

s

1 1( ) ' ( ) cos ( ) ( ) cos 2 ( ) '( ) ( ) cos

1( ) '( ) cos ( ) ( ) cos 2 ( ) ' ( ) ( )

Sn n
rr Sz V z

m Sn n
S m rr n S n n

n

n Sm m m
S n rr m S m m

m

V z k r z k r V z k r k r
r k r

kV z k r z k r V z k r k r
r k r





   

  

 

  
 
  

                   

          

2 * * * *

* 2 *

cos

cos ( ) ' ( ) ( ) ( ) ( ) '( ) ( ) ( )

12 ( ) ( ) cos '( ) ' ( )

m Sn n Sm
S m rr n S n rr m

m n
S S n m

V z k r z k r V z k r z k r

V z V z k r k r
r





 

   
  
    

         

    *
2

*

1 ( ) ' ( )

1 '( ) ' ( )

n m
n

n m

k r k r
k r

k r k r
r


  



   *
2 2

2 * * * *

* 2 * *
22 2

'( ) ( )

cos ( ) ' ( ) ( ) ( ) ( ) '( ) ( ) ( )

12 ( ) ( ) cos ( ) ' ( ) '( ) ( )

m
n m

m

m Sn n Sm
S m rr n S n rr m

m n m
S S n m n m

n m

k k r k r
k r

V z k r z k r V z k r z k r

kV z V z k r k r k r k r
k r k r



 


   


         

 
      

  
(4.31)

The second term in Eq. (4.19) is evaluated as:

* *

* *

* *

2 * *

* *

( ) ( ) cos ( ) '( ) cos

( ) ( ) cos ( ) ' ( ) cos

cos ( ) ( ) ( ) '( )

( ) ( ) ( ) ' ( )

m n n m
z rz z rz

m Sn
S m rz n

n Sm
S n rz m

m Sn
S rz m n

n Sm
S rz n m

II u u

W z k r z k r

W z k r z k r

W z z k r k r

W z z k r k r

 

 

 



 

         
         

    
    

(4.32)

The third term in Eq. (4.19) is evaluated as:
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* *

* *
2 2

* * *
2 2

1 1( ) ( )sin ( ) '( ) ( ) sin

1 1( ) ( )sin ( ) ' ( ) ( ) si

m n n m
r r

m Snm
S m r n n

nm

n Sm m
S n r m m

n m

III u u

kV z k r z k r k r
r k rk r

kV z k r z k r k r
k r r k r

   





 

 



 

                         

                       

( ) 2 ( )
* *

2 2

* * *
2 2

n

1 1( ) ( )sin 2 ( ) '( ) ( ) sin

1 1( ) ( )sin 2 ( ) ' ( ) ( )

Sn n
r Sz V z

m nm
S m S n n

nm

n m m
S n S m m

n m

kV z k r V z k r k r
r k rk r

kV z k r V z k r k r
k r r k r

 



  

 

 

  
 
  

                        

    
              

* 2 * *
2 22 3

sin

2 ( ) ( )sin ( ) '( ) ( ) ( )n m m m
S S m n m n

m m n

k kV z V z k r k r k r k r
k r k k r



 

    
   

   
       

   
   

* *
2 3

1 ( ) ' ( ) ( ) ( )m
n m n m

n n m

kk r k r k r k r
k r k k r






 
      

 
 

* 2 * *
2 2

12 ( ) ( )sin ( ) '( ) ( ) ' ( )n m m
S S m n n m

nm

kV z V z k r k r k r k r
k rk r

 






  
       
    

(4.33)

The integration of the terms involving  is:

2 2

0

2 2

0

sin

cos

d

d





  

  








(4.34)

Substituting Eq. (4.31)-Eq. (4.34) into Eq. (4.18) and Eq. (4.19) yields
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 * * * *
*

* *
2

( ) ( ) ' ( ) ( ) ( ) ( ) '( ) ( ) ( )

12 ( ) ( ) ( ) ' ( )

h m Sn n Sm
m n S m rr n S n rr mh

m n
S S n m

n

Q b b V z k r z k r V z k r z k r

V z V z k r k r
k r






       

  


*

2 2
'( ) ( )m

n m
m

k k r k r
k r

  

* *

* *

* *
2 2

( ) ( ) ( ) '( )

( ) ( ) ( ) ' ( )

2 ( ) ( ) '( ) ( )

m Sn
S rz m n
n Sm
S rz n m

n m m
S S n m

m

W z z k r k r

W z z k r k r

kV z V z k r k r
k r



 
 
  

   

   

   *1 ( ) ' ( )n m
n

k r k r
k r

  

* * * *

* * * *

* * *

( ) ( ) ' ( ) ( ) ( ) ( ) '( ) ( )

( ) ( ) ( ) '( ) ( ) ( ) ( ) ' ( )

( ) ( ) ' ( ) ( ) ( ) (

r b
h m Sn n Sm

S rr m n S rr n mh

m Sn n Sm
S rz m n S rz n m r b

m Sn n Sm
S rr m n S rr

dz

b V z z k r k r V z z k r k r

W z z k r k r W z z k r k r dz

b V z z k b k b V z z











    
    

       

        

     



*

* * * *

) '( ) ( )

( ) ( ) ( ) '( ) ( ) ( ) ( ) ' ( )

h

n mh

m Sn n Sm
S rz m n S rz n m

k b k b

W z z k b k b W z z k b k b dz


  

        



(4.35)

By defining the following terms as

* *
*

*
*

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

hS Sn m Sm n
nm rr S rz Sh

hS Sm n Sn m*
m n rr S rz Sh

I z V z z W z dz

I z V z z W z dz





     

     




(4.36)

Eq. (4.35) yields

* *
* * *( ) ' ( ) ( ) '( ) ( )S S

m n nm m n m n n mQ b b I k b k b I k b k b         (4.37)

By further substituting Eq. (4.37) into Eq. (4.18) yields

* *
* *' ( ) ( ) '( ) ( ) 0S S

nm m n m n n mI k b k b I k b k b      (4.38)

Eq. (4.38) must satisfy for arbitrary values of b .

When *m n , *
m nk k , Eq. (4.38) becomes
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 
0

'( ) ( ) '( ) ( ) 0S
nn n n n nI k b k b k b k b



     (4.39)

Eq. (4.39) is always valid since the terms in the square brackets cancel each other.

When *m n , *
m nk k , Eq. (4.38) is possible only if * * 0S S

nm m nI I  . Therefore we

have

*
* * 0 forS S

nm m n n mI I k k   (4.40)

4.2.3 Determination of coefficients for evanescent waves

The coefficients of *
S
mA for evanescent wave mode can be solved by using reciprocity

theorem. The domain is also chosen as an annular domain , 0 , 0 2z h r b       .

State A : A single evanescent symmetric Lamb wave mode with wave number mk

generated by point load Q applied at 0, 0, 0r z   .

State B : A single evanescent symmetric Lamb wave mode consisting of an outgoing

and converging wave, with wave number nk . The displacement components of state B are:

( ) '( ) '( ) cosn n
r S n nu V z k r k r      (4.41)

( ) ( ) ( ) cosn n
z S n nu W z k r k r      (4.42)

1( ) ( ) ( ) sinn n
S n n

n

u V z k r k r
k r 

         
(4.43)
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The left hand side of the reciprocity theorem in Eq. (4.17) is

(0,0,0) ( ) '(0) '(0) cos 0n n
r SQu QV 0      (4.44)

Recall that

(2)
1

(1)
1

( ) ( )

( ) ( )
n n

n n

k r H k r

k r H k r

 

 
(4.45)

The notation of '( )nk r is used for the derivative with respect to the argument

'( ) /d d    . Thus the derivation in Eq. (4.44) is

(2) (2)
0 2

(1) (1)
0 2

1'( ) ( ) ( )
2
1'( ) ( ) ( )
2

n n n

n n n

k r H k r H k r

k r H k r H k r

    

    

(4.46)

Substituting Eq. (4.46) into Eq. (4.44) yields

(2) (2) (1) (1)
0 2 0 2

1(0,0,0) ( ) (0) (0) (0) (0)
2

n n
r SQu Q V 0 H H H H      (4.47)

When the argument is 0, the Hankel function in the square brackets

(2) (2) (1) (1)
0 2 0 2( ) ( ) ( ) ( )H x H x H x H x   in Eq. (4.47) is equal to 2. Thus Eq. (4.47) becomes

(0,0,0) ( )n n
r SQu QV 0 (4.48)

The right hand side of the reciprocity theorem in Eq. (4.17) can be evaluated in a

similar manner as in Section 4.3.

Thus the reciprocity theorem for the states A and B defined in this Section can be

expressed as
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*
* *( ) ( ) ( )n S S S

S m m n m nQV 0 A Q b T b    (4.48)

In Eq. (4.48), * ( )S
m nQ b is defined in Eq. (4.37) and * ( )S

m nT b can be expressed as

* *
* * *( ) ' ( ) ( ) '( ) ( )S S

m n nm m n m n n mT b b I k b k b I k b k b         (4.49)

Eq. (4.18) indicates that * ( ) 0S
m nQ b  for both *

n mk k and *
n mk k . Because Eq. (4.40)

shows * * 0S S
m n nmI I  when *

n mk k , therefore * ( )S
m nT b vanishes for *

n mk k as well.

Therefore Eq. (4.48) can be simplified to:

( ) ( )n S S
S n nnQV 0 A T b (4.50)

From Eq. (4.49), ( )S
nnT b can be solved as:

( ) '( ) ( ) '( ) ( )S
nn nn n n n nT b b I k b k b k b k b        (4.51)

Substituting Eq. (4.51) into Eq. (4.50) yields

( ) '( ) ( ) '( ) ( )n S S
S n nn n n n nQV 0 A b I k b k b k b k b        (4.52)

Substituting Eqs. (4.45) into Eq. (4.52) yields

(2) (1) (1) (2)
1 1 1 1( ) '( ) ( ) '( ) ( )n S S

S n nn n n n nQV 0 A b I H k b H k b H k b H k b     (4.53)

From page 198 of the book by McLachlan (1955), one identity of Hankel function is

mentioned

(1) (2) (1) (2) 4( ) ( ) ( ) ( )

for all and 0

d d iH x H x H x H x
dx dx x

x

    


  


(4.54)
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Since no wave number is equal to zero for non-zero frequency, thus Eq. (4.54) is

always valid. Substituting Eq. (4.54) into Eq. (4.53) yields

( )n S
S nQV 0 A b

4S
nn

iI
b nk

(4.55)

Solving Eq. (4.55), the coefficient for evanescent wave mode is

(0)
4

n
S n S
n S

nn

k QVA
i I

 (4.56)

From Eq. (4.36), S
nnI can be calculated as

2 2
1 2

( ) ( ) ( ) ( )

cos ( ) cos ( )

hS n Sn n Sn
nn S rr S rzh

S S

I V z z W z z dz

c ph c qh

     

   

 (4.57)

The constants of 1
Sc and 2

Sc are

2 2 2 2
2 2 2 2

1 3 3

( )( ) 2 ( ) ( 7 )sin(2 ) ,
2

S n n
n n

n

k q k qc qh k q k q qh
q k

        (4.58)

2 2
2 2 2

2 3 4 2( 2 )sin(2 ) .S n
n n

n

k qc k ph k p ph
pk
      (4.59)

Similarly, the evanescent antisymmetric Lamb wave mode coefficient can be

obtained as

(0)
4

n
A n A
n A

nn

k QVA
i I

 (4.60)

The evanescent symmetric SH wave mode coefficient can be obtained as
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1 for 0,2,4,
4

S
n

nn

QB n
i J

   (4.61)

The evanescent antisymmetric SH wave mode coefficient can be obtained as

1 for 1,3,5,
4

A
n

nn

QB n
i J

   (4.62)

When the point load is applied at 00, 0,r z z   , the coefficients of the wave

modes can be obtained in a similar manner as below

0( )
4

n
S n S
n S

nn

k QV zA
i I

 (4.63)

0( )
4

n
A n A
n A

nn

k QV zA
i I

 (4.64)

01 cos( / ) for 0,2,4,
4

S
n

nn

n z hB Q n
i J


   (4.65)

01 sin( / ) for 1,3,5,
4

A
n

nn

n z hB Q n
i J


   (4.66)

When the point load is applied at the plate upper surface at 0, 0,r z h   , the

coefficients of the wave modes can be obtained in a similar manner as below

( )
4

n
S n S
n S

nn

k QV hA
i I

 (4.63)

( )
4

n
A n A
n A

nn

k QV hA
i I

 (4.64)
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1 cos( / 2) for 0,2,4,
4

S
n

nn

nB Q n
i J


   (4.65)

1 sin( / 2) for 1,3,5,
4

A
n

nn

nB Q n
i J


   (4.66)

4.3. Verification of theoretical solution for evanescent wave modes for load along +x

direction - Example One

In order to verify the theoretical solution for evanescent wave modes obtained in this

chapter, it is verified by comparing the displacement in the near field with FEA results

obtained in COMSOL. The surface load is of polynomial terms.

4.3.1. FEA result for plate wave (including evanescent waves) under surface load in the

near field

The following study is conducted at frequency 100f kHz . Same as the line load case,

for the infinite plate, the size of the rectangular area under observation is set to be w lp p ,

where max 0.5 27.35wp WL mm   and max 0.5 27.35lp WL mm   . The thickness of

the aluminum plate is 3.2 mm.

The x-y plane is set to be the middle layer of the plate. A surface load along +x

direction is applied on the plate upper surface:
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3 2 21 210 / at / 2 / 2, / 2 / 2x w w l lf x y N m a x a a y a       

where

4 , 8w la mm a mm 

The width of the PML is 1/2 of the maximum wavelength at the given frequency. The

PML scaling factor is set as 2 and the PML scaling curvature parameter is set as 3.

In the FEA study, the plate can be set to be small, because the displacement in the

near field, i.e., the area where force is applied is under consideration since we are looking at

evanescent waves in this section. By reducing the plate size, the calculation time in

COMSOL can be reduced.

The maximum size of elements on the plate and PML are 1/16 of the minimum

wavelength, while the element size on the area where surface load is applied is even smaller

(1/80 of minimum wavelength) than that of the plate.

The results for displacement in COMSOL are plotted below:
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(units for x-y axis: mm)

(a)

(units for x-y axis: mm)
(b)

Figure 4.1. (a) displacement u and (b) displacement v on force applying area obtained in

COMSOL for polynomial load

4.3.2 Comparing theoretical resulted plotted in Matlab with FEA result for plate wave

under surface load in the near field - on the entire force-applying area

There are numerous evanescent wave modes at any given frequency, their amplitudes

decay exponentially along the wave propagation direction. In last chapter, it was verified that

the theoretical results for propagating waves in the far field matches very well FEA results

for point load, line load and surface load. However, in the near field, if only theoretical

propagating waves are taken into consideration, the displacement field will be very different
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from FEA solution. If evanescent wavefields are added to the solution, the theoretical results

should match the FEA results.

In this Section, four different studies are conducted:

(1) Scenario 1: Only considering propagating wavefields in the near field

(2) Scenario 2: Considering both propagating wavefields and evanescent Lamb

1 1 2,S /A S wave modes and shear horizontal 1 2,SH SH wave modes.

(3) Scenario 3: Considering both propagating wavefields and evanescent Lamb

1 1 2 2 3 3 4,S / , / ,S /A S A A S wave modes and shear horizontal 1 2 3 4, , ,SH SH SH SH wave modes.

(4) Scenario 4: Considering both propagating wavefields and evanescent Lamb wave

1 1 2 2 3 3 4 4,S / , / ,S / ,A S A A S A modes and shear horizontal 1 2 3 4 5, , , ,SH SH SH SH SH wave modes.

4.3.2.1 Scenario 1: Only considering propagating wavefields in the near field

If only propagating wave modes are considered, the results are shown below:
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(units on x-y axis: mm)
(a)

(units on x-y axis: mm)

(b)

Figure 4.2 Comparing (a) displacement u and (b) displacement v for theoretical solution

(only propagating wave modes, colored surface) with FEA solution (blue dots)
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In the above two figures, the surface is the theoretical solution with only propagating

wave modes and the blue dots are the COMSOL solution. As can be seen, these two solutions

deviates from each a lot. The reason why the theoretical solution is not smooth is due to the

singularities of the wave modes at the force applying position.

4.3.2.2 Scenario 2: Considering both propagating wavefields and evanescent Lamb

1 1 2,S /A S wave modes and shear horizontal 1 2,SH SH wave modes

When considering both propagating waves and evanescent Lamb 1 1 2,S /A S (Lamb

1 2S / S modes have the same pure imaginary wavenumber) wave modes and shear horizontal

1 2,SH SH wave modes in the theoretical solution, the displacement on the force-applying

surface for theoretical solution and COMSOL solution are compared here:
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Figure 4.3 Comparing (a) displacement u and (b) displacement v for theoretical solution

(both propagating waves and evanescent Lamb 1 1 2,S /A S wave modes and shear horizontal

1 2,SH SH wave modes, colored surface) with FEA solution (blue dots)
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(units on x-y axis: mm)
(a)

(units on x-y axis: mm)
(b)
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When considering propagating waves and evanescent Lamb 1 1 2,S /A S wave modes

and shear horizontal 1 2,SH SH wave modes, the displacement in the near field on the force-

applying area already have the same shape as FEA results in COMSOL. Compared to the

figures in Section 4.3.2.1 for scenario 1, adding these five evanescent wave modes is a huge

improvement. This also verifies the correctness of the theoretical solution for evanescent

wave modes.

As discussed earlier, there are infinite evanescent wave modes at the given frequency

of 100f kHz , in order to see how many evanescent wave modes need to be taken into

consideration, scenarios 3 and 4 are carried out.

4.3.2.3 Scenario 3: Considering both propagating wavefields and evanescent Lamb

1 1 2 2 3 3 4,S / , / ,S /A S A A S wave modes and shear horizontal 1 2 3 4, , ,SH SH SH SH wave

modes

Compared to scenario 2, scenario 3 added six more evanescent wave modes:

evanescent Lamb 2 3 3 4/ ,S /A A S wave modes and shear horizontal 3 4,SH SH wave modes.

The displacement on the force-applying surface for both theoretical solution and

COMSOL solution are compared here:
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Figure 4.4 Comparing (a) displacement u and (b) displacement v for theoretical solution

(both propagating waves and evanescent Lamb 1 1 2 2 3 3 4,S / , / ,S /A S A A S wave modes and

shear horizontal 1 2 3 4, , ,SH SH SH SH wave modes, colored surface) with FEA solution (blue

dots)
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(units on x-y axis: mm)
(a)

(units on x-y axis: mm)

(b)
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4.3.2.4 Scenario 4: Considering both propagating wavefields and evanescent Lamb

wave A1- A3, S1- S4 modes and shear horizontal SH1 - SH5 wave modes

Compared to scenario 3, scenario 4 added more evanescent wave modes: evanescent

Lamb wave 4A modes and shear horizontal 5SH wave modes.

The displacement on the force-applying surface for both theoretical solution and

COMSOL solution are compared here:
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Figure 4.5 Comparing (a) displacement u and (b) displacement v for theoretical solution

(both propagating waves and evanescent Lamb wave 1 1 2 2 3 3 4 4,S / , / ,S / ,A S A A S A modes and

shear horizontal 1 2 3 4 5, , , ,SH SH SH SH SH wave modes, colored surface) with FEA solution

(blue dots)
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(units on x-y axis: mm)
(a)

(units on x-y axis: mm)

(b)
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When comparing scenario 4 with scenario 3, though more evanescent waves (Lamb

wave 4A mode and shear horizontal 5SH wave mode) are added, the displacements in these

two cases are almost the same. This indicates that the amplitudes of any more evanescent

wave modes can be ignored at this given frequency ( 100f kHz ). Only evanescent Lamb

1 1 2 2 3 3 4,S / , / ,S /A S A A S wave modes and shear horizontal 1 2 3 4, , ,SH SH SH SH wave modes

need to be taken into consideration at 100f kHz .

The reason why displacement u magnitude is way larger than displacement v is

because the surface loading is along the x direction.

It can be seen from the above figures that the theoretical result and the FEA result

matches pretty well on the monitoring lines. This verifies the theoretical solution for

evanescent wave mode coefficients.

4.4. Verification of theoretical solution for evanescent wave modes for load along +x

direction - Example Two

In the second example, a surface load of 3-D Gaussian distribution is applied over a

square area of w wa a on plate upper surface. The size of wa is set to be 1/5 of the minimum

wavelength, which is 3.2 mm. This results a concentrated load, but no pure singularities, if

the Gaussian is larger than a few mesh elements.

In COMSOL, the Gaussian function is applied on the plate upper surface over a small

square region. The three-dimensional Gaussian function is defined by
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2 2

2 2

( , ) w w

x y
a aGaussian x y Ae

 



where A is defined as 1×109 in this case.

4.4.1. COMSOL result for Gaussian surface loading in the near field

The size of the plate is 3 times of w wa a along both x and y axis. The height of the

plate is 3.2 mm. The width of the perfect matched layer is set to be half of the maximum

wavelength. PML scaling factor is set to be 2 and PML scaling curvature parameter is set to

be 3.

The mesh size of the plate is set to be 1/80 of minimum wavelength at the force

applying area. The mesh size is set to be 1/20 of the minimum wavelength.

In-plane displacement result obtained in COMSOL is:
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(units on x-y axis: mm)

(a)

(units on x-y axis: mm)

(b)

Figure 4.6 (a) displacement u and (b) displacement v on plate upper surface force applying

area under Gaussian load in COMSOL
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4.4.2. Numerical result for plate wave (including evanescent waves) under Gaussian

surface load

4.4.2.1. Determine the number of modes needed at the current forcing scenario

In Section 5.4, several scenarios were brought up in order to study the number of

modes needed to for that specific loading and frequency, which can be quite cumbersome. In

this example, in order to study how many modes are needed for the loading scenario, the

amplitude of each wave mode under Gaussian loading is shown in the Table 4.1 below:
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Table 4.1 Order of magnitude for displacement component of each wave mode under

Gaussian load in the force applying area

Wave mode Order of magnitude [m]
0A 10-4

1A 10-4

2 3/A A 10-7

4A 10-8

0S 10-3

1 2/S S 10-7

3 4/S S 10-7

0SH 10-3

1SH 10-4

2SH 10-6

3SH 10-6

4SH 10-6

5SH 10-6

6SH 10-7

The dominating term are in the order of 1×10-3, if considering all the terms with an

amplitude larger than 1×10-6, then the wave modes which need to be taken into consideration

consists of: A0, A1, S0, SH0- SH5.

The mesh size for the force applying area in Matlab is chosen to be 1/60 of minimum

wavelength. The in-plane displacement under Gaussian load is compared with COMSOL

result below:
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(units on x-y axis: mm)
(a)

(units on x-y axis: mm)
(b)

Figure 4.7 Comparing analytical result (blue dots) for plate (a) displacement u (b)

displacement v under Gaussian load in near field with FEA results (colored surface)
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As can be seen, the analytical result matches pretty with the COMSOL result. This

further verifies the correctness of the analytical derivation for evanescent wave displacement.

4.5 Theoretical solution for amplitude of evanescent wave modes under point load along

+y direction

4.5.1 Use of the complex reciprocity theorem

As shown by Eq. (4.17), the complex reciprocity theorem relating two time-harmonic

states with superscripts A and B is

* * * *( ) ( )A B B A A B B A
i i i i i ij i ij jV S
f u f u dV u u n dS    

In the above equations, A
if and B

if are body forces; S is the boundary for region V ;

jn are the outward normal components.

In an annular domain , 0 , 0 2z h r b       , the reciprocity theorem can be

applied to two symmetric evanescent Lamb wave modes with no body forces. The wave

numbers for the two symmetric evanescent Lamb wave modes m and n are mk and nk

respectively. Since both modes do not have body forces, the left hand side of Eq. (4.17) is 0.

The right hand side of Eq. (4.17) can be expressed as

* ( ) 0m nQ b  (4.67)
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where

 2 * *
* 0

2 * *

0

* *

* *
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h m n n m

m n i ij i ij jh

h m n n m
r rr r rrh

I

m n n m
z rz z rz

II

m n n m
r r

III

Q b b u u n d dz

b u u

u u

u u d dz





   
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 

 

  





 

   

   

    


 

  





(4.68)

As can be seen, in Eq. (4.68), the right hand side is divided into three sections,

represented by , ,I II III respectively.

The carrier wave approach proposed by Achenbach and Xu (1999) gives the forms of

plate wave modes under loading in +x direction, as listed in Eq. (4.20) to Eq. (4.22). For plate

wave modes under loading in a random direction  with respect to the +x axis, the Lamb

wave forms can be expressed as

( ) '( ) cos( )n n
r S nu V z k r     (4.69)

( ) ( ) cos( )n n
z S nu W z k r     (4.70)

1( ) ( )sin( )n n
S n

n

u V z k r
k r  

 
   

 
(4.71)

Therefore, for a point load along +y direction, i.e. / 2  , the Lamb wave forms can

be expressed as
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( ) '( ) cos( / 2) ( ) '( )sinn n n
r S n S nu V z k r V z k r       (4.72)

( ) ( ) cos( / 2) ( ) ( )sinn n n
z S n S nu W z k r W z k r       (4.73)

1 1( ) ( )sin( / 2) ( ) ( ) cosn n n
S n S n

n n

u V z k r V z k r
k r k r   

    
       

   
(4.74)

The corresponding stress components under loading in +y direction are

( ) ( )sinn n
z S nu W z k r   (4.75)

1( ) ( ) cosn n
S n

n

u V z k r
k r 

 
  

 
(4.76)

( ) '( )sinn Sn
rz rz nz k r    (4.77)

( ) ( )sinn Sn
zz rz nz k r    (4.78)

2

( ) ( ) cos ( )

1 1'( ) ( ) sin

Snn Sn
rrrr rr n

n n
n

z k r z

k r k r
r k r

 



   

 
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 

(4.79)

1( ) ( ) cosn Sn
z z n

n

z k r
k r  

 
   

 
(4.80)

2

1 1( ) '( ) ( ) cosn Sn
r r n n

n

z k r k r
r k r  

 
      

 
(4.81)

where the terms related to z are expressed as in Eq. (4.28).
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Substituting Eq. (4.72)-Eq. (4.81) to Eq. (4.68) and considering 2* *(1/ ) /n n nk k k and

( ) ( ) 2 ( )
Sn Sn n
rr r Sz z V z     , the first term in Eq. (4.68) is evaluated

as
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(4.82)

The second term in Eq. (4.68) is evaluated as



143

* *

* *

* *

2 * *

* *

( ) ( )sin ( ) '( )sin

( ) ( )sin ( ) ' ( )sin

sin ( ) ( ) ( ) '( )

( ) ( ) ( ) ' ( )

m n n m
z rz z rz

m Sn
S m rz n

n Sm
S n rz m

m Sn
S rz m n

n Sm
S rz n m

II u u

W z k r z k r

W z k r z k r

W z z k r k r

W z z k r k r

 

 

 



 

         
         

    
    

(4.83)

The third term in Eq. (4.68) is evaluated as
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kk r k r k r k r
k r k k r






 
      

 
 

*
* 2 * *

2 2

12 ( ) ( ) cos ( ) '( ) ( ) ' ( )n m m
S S m n n m

nm

kV z V z k r k r k r k r
k rk r

 






  
       
    

(4.84)

The integration of the terms involving  is
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2 2

0

2 2

0

sin

cos

d

d





  

  








(4.85)

Substituting Eq. (4.82)-Eq. (4.85) into Eq. (4.67) and Eq. (4.68)

yields

 * * * *
*

* *
2

( ) ( ) ' ( ) ( ) ( ) ( ) '( ) ( ) ( )

12 ( ) ( ) ( ) ' ( )

h m Sn n Sm
m n S m rr n S n rr mh

m n
S S n m

n

Q b b V z k r z k r V z k r z k r

V z V z k r k r
k r






       

  


*

*
2 2

'( ) ( )m
n m

m

k k r k r
k r

  

* *

* *

*
* *

2 2

( ) ( ) ( ) '( )

( ) ( ) ( ) ' ( )

2 ( ) ( ) '( ) ( )

m Sn
S rz m n
n Sm
S rz n m

n m m
S S n m

m

W z z k r k r

W z z k r k r

kV z V z k r k r
k r



 
 
  

   

   

   *1 ( ) ' ( )n m
n

k r k r
k r

  

* * * *

* * * *

* * *

( ) ( ) ' ( ) ( ) ( ) ( ) '( ) ( )

( ) ( ) ( ) '( ) ( ) ( ) ( ) ' ( )

( ) ( ) ' ( ) ( ) ( ) (

r b
h m Sn n Sm

S rr m n S rr n mh

m Sn n Sm
S rz m n S rz n m r b

m Sn n Sm
S rr m n S rr

dz

b V z z k r k r V z z k r k r

W z z k r k r W z z k r k r dz

b V z z k b k b V z z











    
    

       

        

     



*

* * * *

) '( ) ( )

( ) ( ) ( ) '( ) ( ) ( ) ( ) ' ( )

h

n mh

m Sn n Sm
S rz m n S rz n m

k b k b

W z z k b k b W z z k b k b dz


  

        



(4.86)

Eq. (4.86) is the same as Eq. (4.35), therefore this deduction will end up with the

same conclusion as Eq. (4.40)

*
* 0 forS

nm n mI k k 
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4.5.2 Determination of coefficients for evanescent waves

The coefficients of *
S
mA for evanescent wave mode can be solved by using reciprocity

theorem. The domain is also chosen as an annular domain , 0 , 0 2z h r b       .

State A : A single evanescent symmetric Lamb wave mode with wave number mk

generated by point load Q applied at 0, 0, 0r z   .

State B : A single evanescent symmetric Lamb wave mode consisting of an outgoing

and converging wave, with wave number nk . The displacement components of state B are

( ) '( ) '( ) sinn n
r S n nu V z k r k r      (4.87)

( ) ( ) ( ) sinn n
z S n nu W z k r k r      (4.88)

1( ) ( ) ( ) cosn n
S n n

n

u V z k r k r
k r 

         
(4.89)

The left hand side of the reciprocity theorem in Eq. (4.17) is

(0, / 2,0) ( ) '(0) '(0) sin( / 2)

( ) '(0) '(0)

n n
r S

n
S

Qu QV 0

QV 0

     
    

(4.90)

As discussed in Section 4.2.3, the term in the square bracket in Eq. (4.90) is equal to 1.

Therefore, Eq. (4.90) becomes

(0, / 2,0) ( )n n
r SQu QV 0  (4.91)
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Eq. (4.91) is the same as Eq. (4.47). Thus the coefficients for evanescent wave mode

induced by point load in +y direction will be the same as point load in +x direction.

The coefficient for evanescent wave mode is

(0)
4

n
S n S
n S

nn

k QVA
i I

 (4.92)

Similarly, the evanescent antisymmetric Lamb wave mode coefficient can be

obtained as

(0)
4

n
A n A
n A

nn

k QVA
i I

 (4.93)

The evanescent symmetric SH wave mode coefficient can be obtained as

1 for 0,2,4,
4

S
n

nn

QB n
i J

   (4.94)

The evanescent antisymmetric SH wave mode coefficient can be obtained as

1 for 1,3,5,
4

A
n

nn

QB n
i J

   (4.95)

When the point load is applied at 00, 0,r z z   , the coefficients of the wave

modes can be obtained in a similar manner as below

0( )
4

n
S n S
n S

nn

k QV zA
i I

 (4.96)

0( )
4

n
A n A
n A

nn

k QV zA
i I

 (4.97)
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01 cos( / ) for 0,2,4,
4

S
n

nn

n z hB Q n
i J


   (4.98)

01 sin( / ) for 1,3,5,
4

A
n

nn

n z hB Q n
i J


   (4.99)

When the point load is applied at the plate upper surface at 0, 0,r z h   , the

coefficients of the wave modes can be obtained in a similar manner as below

( )
4

n
S n S
n S

nn

k QV hA
i I

 (4.100)

( )
4

n
A n A
n A

nn

k QV hA
i I

 (4.101)

1 cos( / 2) for 0,2,4,
4

S
n

nn

nB Q n
i J


   (4.102)

1 sin( / 2) for 1,3,5,
4

A
n

nn

nB Q n
i J


   (4.103)

Though the coefficients for each wave mode under point load in +y direction is the

same as under point load in +x direction, the difference lies in the expression of carrier wave,

where the terms of cos becomes sin ; the terms of sin becomes cos .
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CHAPTER 5

Theoretical Model of Rectangular Actuator Vibration

5.1 Equation of motion (EOM) for the actuator

A rectangular PZT actuator with height ah , length a (length along x axis) and width

b (length along y axis) is bonded on the surface of a homogeneous, isotropic linear elastic

plate. The poling direction is assumed to be along the z direction. Only the steady state

wave propagation response of the system will be studied. The field variables of displacement,

stress, strain and electric fields will involve a time factor exp( )i t . For convenience, the

time factor will be omitted in the following illustration and only the amplitude of the

variables will be shown.
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Figure 5.1 Configuration of actuator bonded on surface of aluminum plate

The PZT actuator will extend in both x and y direction when an electric field is

applied on the upper surface of the actuator and the contact surface is grounded. The

resulting deformation on the actuator will also cause deformation on the host structure.

Because the height of the actuator is small compared to its width and length, the PZT

actuator will be modeled as a plan stress model. When the loading frequency is relatively

high, the typical wavelength will be smaller compared to the length and width of the actuator.

The effect of actuator and plate on each other can be replaced by shear stress acting on the
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contact surface. The stress is concentrated on the four peripheries and decreases dramatically

towards the center of the actuator.

In order to find the stress distribution expression that best represents the actual

circumstance, finite element analysis (FEA) in COMSOL is conducted. The material

property of the aluminum plate is listed in the Table 5.1 below.

Table 5.1 Material properties of the host structure used in COMSOL for FEA

Material properties Host plate structure (aluminum)

Mass density ( 3kg m )

Young’s modulus (GPa )

Poisson’s ratio

2700

70

0.33
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The material properties for the piezoelectric actuator are listed below.

Table 5.2 Material properties of the PZT actuator used in COMSOL for FEA

Material properties PZT actuator (PZT-5H)

Mass density ( 3kg m ) 7750

Elastic constants (Pa) 1.20346e+011 7.51791e+010 7.50901e+010
7.51791e+010 1.20346e+011 8.46702e10
7.50901e+010 7.5

0 0 0
0 0 0
0 0 0

0 0 0 0 0
0 0

0901e+010 1.10867e+011
2.10526e+010

2.10526e+010
2.25734e+010

0 0 0
0 0 0 0 0

E

 
 
 
 

  
 
 
 
 

c

Piezoelectric stress
matrix ( 2/C m )

0 0 0 0 12.2947 0
0 0 0 12.2947 0 0

5.35116 5.35116 15.7835 0 0 0

 
 
 
   

e =

Electric relative
permittivity 12

0
0

919.1
919.1

919.1

0 0
0 0 , 8.854 10
0 0

T 

 
    
  

ò
ò

ò

The geometry of the system is listed below.

Table 5.3 Geometry of the system

Material type PZT actuator (PZT-5H) Aluminum plate

Height (along z direction) 0.2mm 3.2mm
Length (along x direction) 4mm 

Width (along y direction) 8mm 

The infinite plate can be modeled using perfect matched layer (PML), which is an

artificial absorbing layer for wave equations. While applying a harmonic voltage (100 V at

100 kHz) on the upper surface of a horizontally isotropic PZT actuator, the stress distribution
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on the contact surface of the PZT actuator and the plate are calculated in COMSOL and is

shown below.

(units for x-y axis: mm)

(a)

(units for x-y axis: mm)

(b)

Figure 5.2 Stress components (a) τxz (b) τyz on the contact surface

As can be seen, xz is concentrated at edges x a  while yz is concentrated at edges

y b  . This kind of distribution can be expressed using Chebyshev polynomials:

 

 

1 1

2
0 0

1 1

2
0 0

1 ( / ) ( / )
1 /

1 ( / ) ( / )
1 /

N N

xz ij i j
i j

N N

yz ij i j
i j

a T x a T y b
x a

b T x a T y b
y b





 

 

 

 







 

 
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where ( )i aT x l and ( )j aT y w are Chebyshev polynomials of the first kind with order i and j,

respectively, N − 1 is the highest order Chebyshev polynomial in the expansion, and ( ija , ijb )

are the Chebyshev coefficients in the expansion to be determined. Eq. (2.1) indicates the

shear stresses ( zx , zy ) have square-root singularity 21/ 1 ( )ax l and 21/ 1 ( )ay w at the

peripheries of the actuator, respectively.

In practicality, they can be approximated by taking the summation of the first several

terms instead of infinite terms. Here, the first few terms of Chebyshev polynomials of the

first kind are shown below:

0

1
2

2
3

3

4 2
4

5 3
5

( ) 1
( )

( ) 2 1

( ) 4 3

( ) 8 8 1

( ) 16 20 5

T x
T x x

T x x

T x x x

T x x x

T x x x x





 

 

  

  

The first six Chebyshev polynomials are shown in the figure below.
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Figure 5.3 First six Chebyshev polynomials

As can be seen from Eq. (2.6), 2 ( )nT x terms are symmetric with respect to the y axis

and 2 1( )nT x terms are antisymmetric with respect to the y axis (for n being integers). Due

to the symmetry of the stress distribution, the stress expression can be reduced to:
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1 1

2 +1 2 2
0 0

1 1

2 2 +1 2
0 0

1( / ) ( / ) , ,
1 ( )

0 otherwise

1( / ) ( / ) , ,
1 ( / )

0 otherwise

N N

ij i j
i jzx actuator

N N

ij i j
i jzy actuator

a T x a T y b x a y b
x a

b T x a T y b x a y b
y b





 

 

 

 


  





  




 

 

The expression of stress in the above equations is quite complicated. In order to

facilitate the following derivation and computation time, the Chebyshev stress expression is

thus simplified:

(1) Reducing the defendant coordinates:

The stress components ,xz yz  data from COMSOL result are plotted in Figure 5.2. As

can be seen, stress xz is mainly dependent on x coordinate; whereas stress yz is mainly

dependent on y coordinate. Therefore, the stress expression can be reduced to:

 

 

10 1 30 32

01 1 03 32

1 ( / ) ( / )
1 ( / )

1 ( / ) ( / )
1 ( / )

xz actuator

yz actuator

a T x a a T x a
x a

b T y b b T y b
y b





 


 


Substituting the Chebyshev expression term into the above equations yields
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 

  

 

  

3
10 302

3
30 10 302

3
01 032

3
03 01 032

1 ( / ) 4( / ) 3( / )
1 ( / )

1 4 ( / ) 3 ( / )
1 ( / )

1 ( / ) 4( / ) 3( / )
1 ( / )

1 4 ( / ) 3 ( / )
1 ( / )

xz actuator

yz actuator

a x a a x a x a
x a

a x a a a x a
x a

b y b b y b y b
y b

b y b b b y b
y b





    

  


    

  


(2) Simplify the square root term:

The Taylor expansion of the square root term at 0 is:

2

2

2
4

2

2
4

2

1
1 ( )

1

1 (

1 (

)
2

1 ( )
2)

a

a

x l
x O x

y
by

a

y O
w

 











Substituting the Taylor expansion into the above stress expression yields

3
1 2

3
1 2

xz actuator

yz actuator

a x a x

b y b y





 

 
(5.1)

It can be verified in Matlab in the next session that using these four terms are

sufficient to represent the stress distribution between the actuator and the plate.

This will introduce 4 coefficients: 1 2 1 2, , ,a a b b . These four coefficients will be

determined using the displacement continuity of the plate and actuator at the contact surface.
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For a random small element (volume of which is ah dxdy ) on the actuator, the force

acting on the contact surface of the plate and actuator can be approximated as applied to the

central surface (the surface of the actuator with half thickness) of the actuator element since

the thickness of actuator is small compared to that of the plate. The moment generated by

moving the force from contact surface to central surface is trivial. The force acting on the

central surface is the body force expressed below:

bodyX xz xzactuator actuator

bodyY yz yzactuator actuator

dF dArea dxdy

dF dArea dxdy

 

 

  

  
(5.2)

where  is the stress distribution acting on the plate on the contact surface. The minus sign is

due to Newton’s third law of motion. The stress equations of motion:

,
body

ji j a i

F
u

Volume
    (5.3)

Since all the time-harmonic terms have i te  term, the above equation of motion

becomes

2
, 0body

ji j a i

F
u

Volume
     (5.4)

where ij and iu are the components of mechanical stress and displacement; a is the mass

density, Volume is the volume of the element ( ah dxdy ).

The charge equation of electrostatics:

, 0i iD  (5.5)
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where iD are the components of electric displacement.

The strain-mechanical displacement relations:

, ,( ) 2ij i j j iu u   (5.6)

where ij are the components of strain.

The electric field-electric potential relations:

,k k E (5.7)

where kE are the components of electric field and  is electric potential. The maximum

positive electric field is limited by the breakdown of the dielectric, whereas the maximum

negative electric field is limited by the piezoelectric depoling (Sirohi and Chopra, 1998).

The linear piezoelectric constitutive relations: (IEEE, 1987):

converse piezoelectric effect:

direct piezoelectric effect:

E
ij ijkl kl kij k

i ikl kl ik k

c e

D e 

 



 

 

E

Eò
(5.8)

where , ,E
ijkl kij ikc e ò are the elastic, piezoelectric and dielectric constants respectively. The

superscripts ,E  denote the properties are under conditions of constant elastic field and

constant strain respectively. Using contracted notations of E
ijklc , kije and ik

ò can be expressed

as

,E E
ip iq qp ij ij ip pq qje d c d c d    (5.9)
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where i or 1, 2,3j  and p or 1, 2,3, 4,5, 6q  . ipd is the matrix for the piezoelectric strain

constants ijkd . Superscript  denotes the properties are under conditions for constant stress.

For transversely isotropic or hexagonal piezoelectric materials poled in the thickness

z direction (Meitzler et al., 1973), the matrices of the elastic, piezoelectric and dielectric

constants are

11 12 13

12 11 13

13 13 33
66 11 12

44

44

66

0 0 0
0 0 0
0 0 0

, ( ) 2
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

E
qp

c c c
c c c
c c c

c c c c
c

c
c

 
 
 
 

   
 
 
 
  

(5.10)

15

15

31 31 33

0 0 0 0 0
0 0 0 0 0

0 0 0
ip

e
e e

e e e

 
   
  

(5.11)

15

15

31 31 33

0 0 0 0 0
0 0 0 0 0

0 0 0
ip

d
d d

d d d

 
   
  

(5.12)

11

11

33

0 0
0 0
0 0

S
ij

 
   
  

ò

ò

(5.13)

Take piezoelectric constant 31d as an example, a negative value of 31d would indicate

that a positive electric field in the polarization direction would render a compressive strain on

the PZT surface.
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Substituting Eq. (5.10) to Eq. (5.13) into the constitutive equations in Eq. (5.8) yields

11 12 13 31

12 11 13 31

13 33 33

44 15

44 15

11 12

11 15

11 15

33 31 33

( )

1 ( )
2

( )

E E E
x x y z z

E E E
y x y z z

E E
z x y z z

E
xz xz x

E
yz yz y

E E
xy xy

S
x x xz

S
y y yz

S
z z x y z

c c c e E

c c c e E

c c e E

c e E

c e E

c c

D E e

D E e

D E e e

   

   

   

 

 

 

 

 

   

   

   

   

 

 

 

 

 

   

(5.14)

For the conducting surfaces of the piezoelectric plate, , , 0x y   and external

electric field

,
( )0, in

x y z z
V tE E E
h

      (5.15)

Since the thickness of the actuator ah is much smaller than its lateral dimensions, the

vibration of the actuator plate can be considered as two-dimensional by taking the average of

the displacement and stress over the thickness:
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/2

/2

/2

/2

/2

/2

/2

/2

/2

/2

/2

/2

1

1

1

1

1

1

a

a

a

a

a

a

a

a

a

a

a

a

h

x xh
a

h

y yh
a

h

z zh
a

h

x xh
a

h

y yh
a

h

xy xyh
a

u u dz
h

u u dz
h

u u dz
h

dz
h

dz
h

dz
h

 

 

 





































(5.16)

For simplicity, the average sign (upper bar) will be omitted in the later context.

Substituting Eq. (5.14) into Eq. (5.16) yields:

11 , 12 , 13 31

12 , 11 , 13 31

11 12
, ,( )

2

E E E p inz z
x x y

a a

E E E p inz z
y x y

a a
E E

xy y x

Vu uc u c v c e
h h

Vu uc u c v c e
h h

c c u v







 

 


   


   


 

(5.17)

where ,z zu u  denote the displacement zu at / 2az h  respectively.

Since the piezoelectric plate is thin, it can be assumed to be under plane stress state. In

which the stress field is

0z yz xz     (5.18)

Integrating Eq. (5.14-3) and using Eq. (5.18) yields
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13 , , 33 330 ( )E E z z
z x y

a a

u u Vc u v c e
h h


 

     (5.19)

Re-arranging terms in Eq. (5.19), yields

13 33
, ,

33 33

( )
E

z z
x yE E

a a

c eu u Vu v
h c c h

 
    (5.20)

Substituting Eq. (5.20) into Eq. (5.17) yields

13 33
11 , 12 , 13 , , 31

33 33

13 33
12 , 11 , 13 , , 31

33 33

11 12
, ,

( )

( )

( )
2

E
E E E p in

z x y x yE E
a a

E
E E E p in

y x y x yE E
a a

E E

xy y x

c e VVc u c v c u v e
c c h h

c e VVc u c v c u v e
c c h h

c c u v







 
       

 
 

       
 


 

Re-arranging terms in the above equations yields

, 12 13 31

, 12 13 31

, ,

2 ( )

2 ( )

( )

E E p in
x x

a

E E p in
y y

a

xy y x

VGu c cc e
h
VGv c cc e
h

G u v

 

 



   

   

 

(5.21)

where

11 12

, ,

13

33

31 31 33

2

E E

x y

E

E

p

c cG

u v

cc
c

e e e






 

 

 

(5.22)
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Using Eq. (5.3), the equation of motion for the actuator can be expressed as

actuator body force2

actuator body force2

0

0

zxxyx
a

a

zyy xy
a

a

u
x y h

v
y x h


 

 
 


   

 

 
   

 

(5.23)

where all the stress, displacement terms in the above equation are averaged terms.

Substituting Eq. (5.21) and Eq. (5.22) into Eq. (5.23) yields

actuator body force2 2

actuator body force2 2

0
2

0
2

zxa

a

zya

a

mu u
m x G Gh

mv v
m y G Gh

 

 


    

 


    

 

(5.24)

where

2
2 2

11 13

12 13

1
E E

E E

x y
c ccm
c cc

 
  

 


 



(5.25)

5.2 General solution for PZT actuator EOM
The EOM for PZT actuator shown in Eq. (5.24) are two in-homogeneous partial

differential equations (PDE). The solutions for these two PDEs consist of the general solution

from the homogeneous form of the PDE and the particular solution of the PDE. The general

solution is the free vibration term and the particular solution is the forced vibration term due

to body forces ,xz yz  .
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According to the superposition method proposed by Gorman (2004), the free

vibration of in-plane displacement of the PZT thin film can be expressed as a summation of

four terms:

symmetric-symmetric (SS);

antisymmetric- antisymmetric (AA);

symmetric-antisymmetric (SA);

antisymmetric- symmetric (AS).

The expression of in-plane displacement is:

( , ) ( , ) ( , ) ( , )
( , ) ( , ) ( , ) ( , )

SS AA SA AS

SS AA SA AS

u u x y u x y u x y u x y
v v x y v x y v x y v x y
   
   

(5.26)

Each first subscript, S or A, indicates if the displacement is symmetric or

antisymmetric with respect to x axis. Each second subscript, S or A, indicates if the

displacement is symmetric or antisymmetric with respect to y axis. For example, SAu means

the displacement is symmetric with respect to x axis and antisymmetric with respect to y axis,

i.e.,

( , ) ( , ) ( , ) ( , )SA SA SA SAu x y u x y u x y u x y        

From the EOM in Eq. (5.20), displacements ,u v are coupled. If u is symmetric with

respect to a certain axis, v will be antisymmetric with that same axis; and vice versa. Thus,

the notation for v subscripts is different from that of u. The subscript always denotes

symmetry condition of u component of the displacement.
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(units for x-y axis: mm)
(a)

(units for x-y axis: mm)

(b)

Figure 5.4 COMSOL result for actuator (a) displacement u component and (b) displacement

v component on the contact surface

In the current case, due to the symmetry of the body force, the displacement u

component is symmetric along x axis and symmetric along y axis; the displacement v

component is symmetric along x axis and symmetric along x axis (as can be seen in the

figures above). The expression for in-plane displacement can thus be reduced to:

1 2

1 2

( , )
( , )

SS

SS

u u x y u u
v v x y v v
  

  
(5.27)
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where

1
0

1
0

( )sin( )

( )cos( )

n n
n

n n
n

u U y x

v V y x




















(5.28)

2
0

2
0

( )cos( )

( )sin( )

k k
k

k k
k

u U x y

v V x y




















(5.29)

The left superscript of ,U V indicates whether it is related to x (superscript 1) or y

(superscript 2).

For S-S mode,

,n k
n k
a b
    (5.30)

5.2.1. Determining ( )nU y and ( )nV y .

The homogeneous form for Eq. (5.24) is:

2 2

2 2

0
2

0
2

a

a

mu u
m x G
mv v

m y G

 

 


   

 


   
 

(5.31)

which can be expanded to
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2 2 2
2

2 2

2 2 2
2

2 2

2 2 0
2 2

2 2 0
2 2

a

a

m u u m v u
m x y m x y G
v m v m u v
x m y m x y G







   
   

     

   
   

     

(5.32)

Substituting Eq. (5.28) into Eq. (5.32) yields

2

1 1

2

1 1

2

1 1

2

1 1

2 2 ( )sin( ) ( )sin( )
2

( )sin( ) ( )sin( ) 0
2

2 2( )cos( ) ( ) cos( )
2

( ) cos( ) ( ) cos(
2

n n n n n
n n

a
n n n n n

n n

n n n n n
n n

a
n n n n n

n n

m U y x U y x
m
m V y x U y x

m G
mV y x V y x
m

m U y x V y
m G

  


   

  


   

 

 

 

 

 

 

 

 

  


  


  


 


 

 

 

  ) 0x 

(5.33)

Eq. (5.33) yields

1 1

2 2 2

( ) ( ) ( ) 0

( ) ( ) ( ) 0

n n n n n

n n n n n n

U y b V y c U y

a V y b U y c V y

   

   
(5.34)

where

1

2 2
1

2

2

2 2
2

2
2 2

2
2 2

2

2

n n

a
n n

n

n n

a
n n

mb
m

mc
G m
ma
m
mb

m

c
G




 




 

 


    





 


 

(5.35)



168

(1) when n=0

When n =0, n =0, it leads to 1 2 0n nb b  . Eq. (5.34-2) becomes:

2
1( ) ( ) 0n nV y V y   (5.36)

where

 
 

2
2

1

2
2 2

a m
G m
 







Since ( )nV y is antisymmetric with respect to y axis, the solution for Eq. (5.36) is:

0 0 1( ) sin( )V y A y (5.37)

When n = 0, Eq. (5.34-1) becomes:

2
2( ) ( ) 0n nU y U y   (5.38)

where

2 2
2

a

G
 

Since ( )nU y is symmetric with respect to y axis, the solution for Eq. (5.36) is:

0 0 2( ) cos( )U y B y (5.39)

The stress free boundary condition requires that

0xy y b



 (5.40)
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Substituting Eq. (5.21) into Eq. (5.40) yields

 , , 0y x y b
u v


  (5.41)

Substituting Eq. (5.28) into Eq. (5.40) yields

0 0
( )sin( ) ( )sin( ) 0n n n n n

n n
U b x V b x  

 

 

    (5.42)

which leads to

( ) ( ) 0n n nU b V b   (5.43)

When n = 0, n = 0. Thus Eq. (5.43) becomes

0 ( ) 0U b  (5.44)

Substituting the expression of 0 ( )U y into Eq. (5.43) yields

0 0B  (5.45)

Therefore

0 0 1

0

( ) sin( )
( ) 0

V y A y
U y




(5.46)
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(2) When n > 0

Differentiating Eq. (5.34-1) with respect to y yields

1 1( ) ( ) ( ) 0n n n n nU y b V y c U y     (5.47)

From Eq. (5.34-2), the derivative of ( )nU y can be expressed using ( ), ( )n nV y V y

2 2
2

1( ) ( ) ( )n n n n n
n

U y a V y c V y
b

    
 

(5.48)

Taking derivative of both sides of Eq. (5.48) with respect to y twice, yields

2 2
2

1( ) ( ) ( )iv
n n n n n

n

U y a V y c V y
b

    
 

(5.49)

Substituting Eq. (5.48) and Eq. (5.49) into Eq. (5.47) yields

2 2 1 2 1 2
1

2 2 2 2

( ) ( ) ( ) 0ivn n n n n n
n n n n

n n n n

a c c a c cV y b V y V y
b b b b

         
 

Multiplying both sides of the above equation by 2 2/n nb a , yields

( ) ( ) ( ) 0iv
n n nV y bV y cV y   (5.50)

where

2 1 2
1

2 2

1 2

2

n n n
n

n n

n n

n

c b bb c
a a
c cc
a

  


(5.51)
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For the differential equation (5.50), denoting the square of the roots of the

characteristic equation associated with it as 2 , therefore

2 2 2( ) 0b c    (5.52)

The roots for 2 are denoted as 2 2
1 2,  ,

2 2
2 2

1 2
4 41 , 2

2 2
b b c b b cRoot Root      

    (5.53)

For the given material (PZT-5A), for n > 1, Root1 > 0 and Root2 > 0. Therefore, the

solution of Eq. (5.50) is

( ) sinh( ) cosh( ) sinh( ) cosh( )n n n n n n n n nV y A y B y C y D y      

where

1

2
n

n

Root

Root









Since ( )nV y is antisymmetric along y axis, it would be

( ) sinh( ) sinh( )n n n n nV y A y C y   (5.54)

From Eq. (5.34-1),

1
1

1( ) ( ) ( )n n n n
n

U y U y b V y
c

    
 

(5.55)

From Eq. (5.34-2),
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2 2
2

1( ) ( ) ( )n n n n n
n

U y a V y c V y
b

    
 

Taking derivative of both sides of the above equation with respect to y yields

2 2
2

1( ) ( ) ( )n n n n n
n

U y a V y c V y
b

     
 

(5.56)

Substituting Eq. (5.56) into Eq. (5.55) yields

2 2 1 2

1 2 1 2

( ) ( ) ( )n n n n
n n n

n n n n

a c b bU y V y V y
c b c b

   (5.57)

Taking derivative of the expression of ( )nV y in Eq. (5.54) yields

3 3

( ) cosh( ) cosh( )

( ) cosh( ) cosh( )

n n n n n n n

n n n n n n n

V y A y C y

V y A y C y

   

   

  

  
(5.58)

Substituting Eq. (5.58) into Eq. (5.57) yields

1 2( ) cosh( ) cosh( )n n n n n n nU y A y C y     (5.59)

where

32 2 1 2
1

1 2 1 2

32 2 1 2
2

1 2 1 2

n n n n
n n n

n n n n

n n n n
n n n

n n n n

a c b b
c b c b
a c b b
c b c b

  

  


 


 

(5.60)

The stress free boundary condition 0xy y b



 leads to Eq. (5.42):
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1 1
( )sin( ) ( )sin( ) 0n n n n n

n n
U b x V b x  

 

 

   

and Eq. (5.43):

( ) ( ) 0n n nU b V b  

Substituting Eq. (5.54) and Eq. (5.59) into Eq. (5.43) yields

1 2( ) sinh( ) ( ) sinh( ) 0n n n n n n n n n nA b C b          

Thus

1n nC A (5.61)

where

1
1

2

( )sinh( )
( )sinh( )

n n n n

n n n n

b
b

   


   


 


(5.62)

Substituting Eq. (5.61) into the expressions of ( ), ( )n nV y U y in Eq. (5.54) and Eq. (5.59)

yields

 
 

1 1 2

1

( ) cosh( ) cosh( ) , 1

( ) sinh( ) sinh( ) , 1
n n n n n n

n n n n

U y A y y n

V y A y y n

   

  

  

  
(5.63)

To sum up, the expression for ( ), ( )n nU y V y is

 
 

0 0 1

0

1 1 2

1

( ) sin( )
( ) 0
( ) cosh( ) cosh( ) , 0

( ) sinh( ) sinh( ) , 0
n n n n n n

n n n n

V y A y
U y
U y A y y n

V y A y y n



   

  





  

  

(5.64)
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5.2.2. Determining ( )nU x and ( )nV x .

Substituting expressions of 2 2,u v in Eq. (5.29) into Eq. (5.32) yields

2

1 1

2

1 1

2

1 1

2

1 1

2 2 ( )cos( ) ( ) cos( )
2

( ) cos( ) ( ) cos( ) 0
2

2 2( )sin( ) ( )sin( )
2

( )sin( ) ( )sin( )
2

k k k k k
k k

a
k k k k k

k k

k k k k k
k k

a
k k k k k

k k

m U x y U x y
m
m V x y U x y

m G
mV x y V x y
m

m U x y V x y
m G

  


   

  


   

 

 

 

 

 

 

 

 

  


  


 


 


 

 

 

  0

(5.65)

Eq. (5.65) yields

1 1 1

2 2

( ) ( ) ( ) 0

( ) ( ) ( ) 0

k k k k k k

k k k k k

a U x b V x c U x

V x b U x c V x

   

   
(5.66)

where

1

1

2 2
1

2

2 2
2

2 2
2

2

2
2 2

2

k

k k

a
k k

k k

a
k k

ma
m
mb

m

c
G

mb
m

mc
G m




 




 









 

 



 



(5.67)

(1) when k = 0

When k =0, k =0, it leads to 1 2 0k kb b  . Eq. (5.66-2) becomes
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2
2( ) ( ) 0k kV x V x   (5.68)

where

2 2
2

a

G


 

Since ( )kV x is symmetric with respect to x axis, the solution for Eq. (5.68) is

0 0 2( ) cos( )V x C x (5.69)

When k = 0, Eq. (5.66-1) becomes

2
1( ) ( ) 0k kU x U x   (5.70)

where

2
2

1
( 2)

(2 2)
a m
G m
 







Since ( )kU x is antisymmetric with respect to x axis, the solution for Eq. (5.70) is

0 0 1( ) sin( )U x D x (5.71)

The stress free boundary condition requires that

0xy x a





Substituting Eq. (5.21) into the above equation yields
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 , , 0y x x a
u v


 

Substituting Eq. (5.29) into the above equation yields

0 0
( ) sin( ) ( )sin( ) 0k k k k k

k k
U a y V a y  

 

 

    (5.72)

which leads to

( ) ( ) 0k k kU a V a    (5.73)

When n = 0, k =0. Thus Eq. (5.73) becomes

0 ( ) 0V a  (5.74)

Substituting the expression of 0 ( )V x in Eq. (5.69) into Eq. (5.74) yields

0 0C  (5.75)

Therefore

0 0 1

0

( ) sin( )
( ) 0

U x D x
V x




(5.76)
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(2) When k > 0

Differentiating Eq. (5.66-1) with respect to x yields

1 1 1( ) ( ) ( ) 0k k k k k ka U x b V x c U x     (5.77)

From Eq. (5.66-2), the derivative of ( )kU x can be expressed using ( ), ( )k kV x V x

2
2

1( ) ( ) ( )k k k k
k

U x V x c V x
b

    
 

(5.78)

Taking derivative of both sides of Eq. (5.78) with respect to x twice yields

2
2

1( ) ( ) ( )iv
k k k k

k

U x V x c V x
b

    
 

(5.79)

Substituting Eq. (5.78) and Eq. (5.79) into Eq. (5.77) yields

1 1 2 1 1 2
1

2 2 2 2

( ) ( ) ( ) 0ivk k k k k k
k k k k

k k k k

a a c c c cV x b V x V x
b b b b

         
 

Multiplying both sides of the above equation by 2 1/k kb a , yields

( ) ( ) ( ) 0iv
k k kV x bV x cV x   (5.80)

where

1 2 1
2

1 1

1 2

1

k k k
k

k k

k k

k

b b cb c
a a

c cc
a

  


(5.81)
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For the differential equation (5.80), denoting the square of the roots of the

characteristic equation associated with it as 2 , therefore

2 2 2( ) 0b c    (5.82)

The roots for 2 are denoted as 2 2
1 2,  ,

2 2
2 2

1 2
4 43 , 4

2 2
b b c b b cRoot Root      

    (5.83)

For the given material (PZT-5A), for k > 1, Root3 > 0 and Root4 > 0. Therefore, the

solution of Eq. (5.80) is

( ) sinh( ) cosh( ) sinh( ) cosh( )k k k k k k k k kV x E x F x G x H x      

where

3

4
k

k

Root

Root









Since ( )kV x is symmetric along y axis, it would be

( ) cosh( ) cosh( )k k k k kV x F x H x   (5.84)

From Eq. (5.66-1),

1 1
1

1( ) ( ) ( )k k k k k
k

U x a U x b V x
c

    
 

(5.85)

From Eq. (5.66-2),
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2
2

1( ) ( ) ( )k k k k
k

U x V x c V x
b

    
 

Taking derivative of both sides of the above equation with respect to x yields

2
2

1( ) ( ) ( )k k k k
k

U x V x c V x
b

     
 

(5.86)

Substituting Eq. (5.86) into Eq. (5.85) yields

1 1 1 2

1 2 1 1 2

( ) ( ) ( )k k k k
k k k

k k k k k

a b a cU x V x V x
c b c c b

     
 

(5.87)

Taking derivative of the expression of ( )kV x in Eq. (5.84) yields

3 3

( ) sinh( ) sinh( )

( ) sinh( ) sinh( )

k k k k k k k

k k k k k k k

V x F x H x

V x F x H x

   

   

  

  
(5.88)

Substituting Eq. (5.88) into Eq. (5.87) yields

1 2( ) sinh( ) sinh( )k k k k k k kU x F x H x     (5.89)

where

31 1 1 2
1

1 2 1 1 2

31 1 1 2
2

1 2 1 1 2

k k k k
k k k

k k k k k

k k k k
k k k

k k k k k

a b a c
c b c c b

a b a c
c b c c b

  

  

 
   

 
 

   
 

(5.90)

The stress free boundary condition 0xy x a



 requires that is expressed in Eq. (5.72)
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0 0
( ) sin( ) ( )sin( ) 0k k k k k

k k
U a y V a y  

 

 

   

and Eq. (5.73)

( ) ( ) 0k k kU a V a   

Substituting Eq. (5.84) and Eq. (5.89) into Eq. (5.73) yields

1 2( ) sinh( ) ( ) sinh( ) 0k k k k k k k k k kF a H a            

Thus

2k kH F (5.91)

where

1
2

2

( )sinh( )
( )sinh( )

k k k k

k k k k

a
a

   


   
 

 
 

(5.92)

Substituting Eq. (5.61) into the expressions of ( ), ( )n nV y U y in Eq. (5.84) and Eq. (5.89)

yields

1 2 2

2

( ) sinh( ) sinh( )

( ) cosh( ) cosh( )

k k k k k k

k k k k

U x F x x

V x F x x

    

  

   
   

(5.93)

To sum up, ( ), ( )k kU x V x are
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0 0 1

0

1 2 2

2

( ) sin( )
( ) 0

( ) sinh( ) sinh( ) , 1

( ) cosh( ) cosh( ) , 1

k k k k k k

k k k k k

U x D x
V x

U x F x x k

V x F x x k



    

  





    
    

(5.94)

Substituting Eq. (5.64) and Eq. (5.94) into Eq. (5.27) yields

0 0

0 0

( )sin( ) ( )cos( )

( )cos( ) ( )sin( )

general n n k k
n k

general n n k k
n k

u U y x U x y

v V y x V x y

 

 

 

 

 

 

 

 

 

 
(5.95)

where

0 0 1

0

1 2 2

2

( ) sin( )
( ) 0

( ) sinh( ) sinh( ) , 0

( ) cosh( ) cosh( ) , 0

k k k k k k

k k k k k

U x D x
V x

U x F x x k

V x F x x k



    

  





    
    

(5.96)

 
 

0 0 1

0

1 1 2

1

( ) sin( )
( ) 0
( ) cosh( ) cosh( ) , 0

( ) sinh( ) sinh( ) , 0
n n n n n n

n n n n

V y A y
U y
U y A y y n

V y A y y n



   

  





  

  

(5.97)

For the unification of the symbols, the 0D in Eq. (5.96-1) will be denoted as 0F from

now on.

5.3 Particular solution for PZT actuator EOM
Re-arranging terms in Eq. (5.24) yields
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2 2 2
actuator body force2

2 2

2 2 2
actuator body force2

2 2

1
2 2

1
2 2

zxa

a

zya

a

m u u m v u
m x y m x y G Gh

v m v m u v
x m y m x y G Gh







               

               

(5.98)

where

11 13

12 13

1
E E

E E

c ccm
c cc


 



Substituting Eq. (5.1) into Eq. (5.98) yields

32 2 2
2 1 2

2 2

32 2 2
2 1 2

2 2

1
2 2

1
2 2

a

a

a

a

a x a xm u u m v u
m x y m x y G Gh

b y b yv m v m u v
x m y m x y G Gh







               

               

(5.99)

3.3.1 Particular solution for PZT actuator displacement u

Assuming that the particular solution for displacement u, v are related to x, y only.

Thus the EOM in Eq. (5.99) can be reduced as

32
2 1 2

2

32
2 1 2

2

1
2

1
2

a

a

a

a

a x a xm u u
m x G Gh

b y b ym v v
m y G Gh







       

       

(5.100)

Writing the particular solution of Eq. (5.100-1) as

particular particular ( )u u x

The solution for Eq. (5.35-1) is
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 

   

2 2 2 2 3
2 2 1 1 2 2

2partic 4ular
)( 12 12 2 (2

2

2 21 cos 2 sin
2 1 2

)

1

a G a Gm a a m a a m x
ha m

m m

x

C x C x
G m G m

u    
 

 

     
 

      
    

     



  

(5.101)

where    1 , 2C C are four random coefficients to be determined by boundary conditions.

Since u is symmetric along x axis,   01C  . For simplicity, C[2] is also defined as 0,

thus

 particula

2 2 3
2 1 2

2 4r

12 ( 1 ) 2 ) )(2
2

(

a

a G m x
u

a m a m x
h m
 

 

       

 
 (5.102)

which also satisfy Considering that ( 0) 0u x   . It is worth noting that the C[2] term has the

same form the first term in the general solution.

3.3.2 Particular solution for PZT actuator displacement v

Writing the particular solution of Eq. (5.100-2) as

particular particular ( )v v y (5.103)

The solution for Eq. (5.100-2) is
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 

   

2 2 2 2 3
2 2 1 1 2 2

2 4particular
)( 12 12 2 (2 )

2

2 2cos sin
2 1 2 1

3 4

a

b G b Gm b bm b b m y
h m

m mC y C y
G m m

yv

G

   
 

 

     


 

      
   

         



(5.104)

where    3 4,C C are four random coefficients to be determined by boundary conditions.

Since v is symmetric along y axis,   03C  . For simplicity, C[4] is also defined as 0.

Thus

 particula

2 2 3

2 4r
2 1 2( )12 ( 1 ) 2 (2

2
)

a

b G m m y m
m

v
b b y
h
 

 

       

 
 (5.105)

which also satisfy ( 0) 0v y   . It is worth noting that the C[4] term has the same form the

first term in the general solution.

5.4 Determining the coefficients in total solution for PZT actuator displacement using

boundary conditions

The total solution would be the summation of general solution and particular solution

general particular

general particular

u u u
v v v
 

 
(5.106)

Eq. (5.21) gives the relation between stress and displacement. Since

12 13 11 12 12 13 11 132 E E E E E E E EG c cc c c c cc c cc       



185

Eq. (5.21) can be re-written as

11 , 12 , 31

12 , 11 , 31

, ,( )

p p p in
z x y

a

p p p in
y x y

a

xy y x

Vc u c v e
h
Vc u c v e
h

G u v







  

  

 

(5.107)

where

11 11 13

12 12 13

p E E

p E E

c c cc

c c cc

 

 
(5.108)

Since the displacement consists of general solution and particular solution, Eq. (5.107)

can be expanded as

11 general, particular, 12 general, particular, 31

11 general, 12 general,

11 particular, 12 particular, 31

12 general, particular, 11 general,

( ) ( )

( ) (

p p p in
x x x y y

a
p p

x y

p p p in
x y

a

p p
y x x y

Vc u u c v v e
h

c u c v

Vc u c v e
h

c u u c v





    

 

  

    particular, 31

12 general, 11 general,

12 particular, 11 particular, 31

general, particular, general, particular,

general, general, particular, p

)

( )

( ) (

p in
y

a
p p

x y

p p p in
x y

a

xy y y x x

y x y

Vv e
h

c u c v

Vc u c v e
h

G u u v v

G u v G u v





 

  

   

    articular, )x

(5.109)

Substituting Eq. (5.95), Eq. (5.102) and Eq. (5.105) into Eq. (5.109) yields
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 

11
0 0

12
0 0

2

11

2 2
2 1 2

2 4

2 2
2

1
1

2
2

( ) cos( ) ( ) cos

12 ( 1 ) 2 ) 3 (2
2

12 ( 1 ) 2 3 (2

( )

( ) cos( ) ( ) cos( )

( )

( )

x

p
n n n k k

n k

p
n n k k k

n k

p

p

a G m a m

c U y x U x y

c V y x V

a m x
ha

x y

c
m

G m bmb
c

b



 

  

 



 







 

 

 

 



  
 
  

     

 




 
  

   


  

 

 

  2 4

2

31

)
0

2
p in

aa

m y
e

hh m
V

 







(5.110)

 

12
0 0

11
0 0

2

12

2 2
2 1 2

2 4

2 2
2

1
1

1
2

( ) cos( ) ( ) cos

12 ( 1 ) 2 ) 3 (2
2

12 ( 1 ) 2 3 (2

( )

( ) cos( ) ( ) cos( )

( )

( )

y

p
n n n k k

n k

p
n n k k k

n k

p

p

a G m a m

c U y x U x y

c V y x V

a m x
ha

x y

c
m

G m bmb
c

b



 

  

 



 







 

 

 

 



  
 
  

     

 




 
  

   


  

 

 

  2 4

2

31

)
0

2
p in

aa

m y
e

hh m
V

 







(5.111)

0 0

0 0

( ) sin( ) ( ) sin( )

( ) sin( ) ( ) sin( ) 0

xy

n n k k k
n k

n n n k k
n k

G U y x U x y

V y x V x y



  

  

 

 

 

 



  


  


 

 

(5.112)

Substituting Eq. (5.96) and Eq. (5.97) into the above stress expressions yields
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 

 

 

 

11 0 1 1

11 1 1 2
1

11 1 2 2
1

12 0 1 1

12 1
1

cos( )

cosh( ) cosh( ) cos( )

cosh( ) cosh( ) cos( )

cos( )

cosh( ) cosh( ) cos( )

x
p

p
n n n n n n n

n

p
k k k k k k k

k

p

p
n n n n n n

n

c F x

c A y y x

c F x x y

c A y

c A y y x



 

     

       

 

     















 
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Combining terms with the same coefficients, the above stress distributions can be

rewritten as
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   

   

1 1 2 1
1

1 2 2 2
1

sin( ) sinh( ) sinh( ) sinh( ) sinh( )

sin( ) sinh( ) sinh( ) sinh( ) sinh( ) 0

xy

n n n n n n n n n n n
n

k k k k k k k k k k
k

G A x y y y y

G F y x x x x



          

           











    

      




(5.118)

Boundary condition is set to be traction free at the four peripheries

0 at
=0 at

0 at

a
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a
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(5.119)

From the expression of xy in Eq. (5.118), the boundary condition in Eq. (5.119-3) is

automatically satisfied.

The strong boundary conditions are transformed to weak boundary conditions as:
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Since x is symmetric along y axis and y is symmetric along x axis, the above

boundary conditions are reduced to
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The stresses at the boundaries are
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Substituting Eq. (5.121) and Eq. (5.122) into Eq. (5.120) yields
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5.4.1 If only considering the first term in the general solution and the particular

solution

If only considering the first term in general solution and the particular solution, Eq.

(5.123) and Eq. (5.124) becomes
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Solving Eq. (5.125) and Eq. (5.126) for 0 0,A F yields
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5.4.2 If only considering the first two term in the general solution and the particular

solution

In order to solve for 0 0, , ,n kA F A F from the boundary conditions, Eq. (5.121) and Eq.

(5.122) are divided into two parts separately and each part is set to be zero
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Eq. (5.128) and Eq. (5.130) are stresses from the particular displacement solution and

the first term in general solution. The weak form of boundary conditions for the stresses

given in Eq. (5.128) and Eq. (5.130) can be expressed in Eq. (5.125) and Eq. (5.126), from

which 0 0,A F can be solved.

Eq. (5.129) and Eq. (5.131) are stresses from the general solution besides the first term.

The weak form of the stress free boundary conditions from the stresses given in Eq. (5.129)

and Eq. (5.131) are expressed below:
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In order to solve for ,n kA F from the above two equations, the method of ‘least square’

is used, which is explained as below.

Define a function ( , )n kLS A F as:

   2 2

2 2( , )
a a

n k x yx a x ay b y b
LS A F  

  
   (5.134)

Where 2 2,
a a

x yx a x ay b y b
 

    are given in Eq. (132) and Eq. (133).

The derivative of ( , )n kLS A F with respect to ,n kA F is set to zero in order to have the

value of 2 2,
a a

x yx a x ay b y b
 

    closest to 0. The list of equations is:
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5.5. Verification of the theoretical model for PZT actuator displacement

5.5.1 If only considering the first term in the general solution and the particular

solution

In this Section, the coefficients in the total solutions are calculated for the given stress

coefficients (see Eq. (5.1) for stress expression)

8
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8
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2
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8.5670 10 .

a
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  

 

For the given material properties and the given frequency, 0 0,A F are
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By comparing Eq. (5.96) with Eq. (5.101), the first term in general solution is actually

the same term as the omitted form in the particular solution. Same conclusion can be drawn

by comparing Eq. (5.97) with Eq. (5.104). Thus if only considering the first term in general

solution and the particular solution, it is the same as just considering the particular solution.

5.5.2 If only considering the first two term in the general solution and the particular

solution

If the second term in the general solutions is considered, the solution of 1 0 1 1, , ,A F A F is
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5.5.3 If only considering the first three term in the general solution and the particular

solution

If the first three terms in the general solutions are considered, the solution of ,n kA F is
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As can be seen from Eq. (5.137), the coefficients decrease dramatically as n, k

increases. Thus it can be conducted that the solution is already converged and the first two or

three terms in the general solution is sufficient to express the displacement of the

piezoelectric actuator.

5.6 Verification on why shear stresses are the best parameters to describe connection

between PZT actuator and bonded plate

In order to compare the plate response under (1) surface bonded piezoelectric actuator;

(2) replacing the actuator with line loads on the peripheries of the rectangular actuator; (3)

replacing the actuator with shear stress xz and yz on the contact surface; (4) replacing the

actuator with prescribed displacement u, v, w on the contact surface, the displacement and

strain on plate upper surface along five monitoring lines are compared. The five monitoring

lines are listed below:

Monitoring line I: along x axis;

Monitoring line II: along 1tan (1/ 2) with respect to x axis;

Monitoring line III: along 1tan 1.1 with respect to x axis;
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Monitoring line IV: along 1tan 2 with respect to x axis;

Monitoring line V: along y axis.

The velocity components, displacement components and strain components on the

monitoring lines are compared below.

5.6.1. Comparison of results along line I

The displacement components on the monitoring line I are shown below. The

Displacement v is not shown because it all vanishes along line I.
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Figure 5.5 (a) Displacement u (m) (b) displacement w (m) along x axis (mm)
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(a)
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(b)
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It can be seen that when only line load is applied, the plate has similar response

compared with when an actuator is bonded on the plate upper surface in areas away from the

actuator. However, in the area close to where the actuator is bonded, the plate response under

line load is very different from when an actuator is bonded. This is because only applying

line load on the peripheries would introduce a stress concentration at the peripheries. Besides,

it can be seen that applying line load and applying shear stress renders almost identical

results besides the areas near the actuator. Similar results can be seen on other monitoring

lines.

In this thesis, the amplitudes of the stresses on contact surface is determined by

matching the displacement of actuator and plate on the peripheries. Thus, it can be seen that

applying shear stress would render a way better approximation compared with only applying

line load.

5.6.7. Conclusions

In this Section, comparison of the plate response under four different excitation is

conducted.

(1) surface bonded actuator;

(2) replacing the actuator with line loads on the peripheries of the rectangular actuator;

(3) replacing the actuator with shear stress zx and zy on the contact surface;

(4) replacing the actuator with prescribed displacement u, v, w on the contact surface.
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The following conclusions can be drawn from the results obtained above:

(A) (3) represents the actuator the best compared to the other methods considered here.

(C) The plate response for ‘(2) replacing the actuator with line loads on the peripheries of the

rectangular actuator;’ is close to (3).

(D) (2) also represents the actuator with good approximations through (3) are slightly more

accurate.

(A) ‘(4) replacing the actuator with prescribed displacement u, v, w on the contact surface’

still renders the same waveform of plate response, but the deviation of it from the actuator

scenario is relatively larger compared to other scenarios.
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CHAPTER 6

Validation of Theoretical Model

6.1 Determination of polynomial coefficients for inter-facial shear stress

6.1.1 Review of PZT displacement under inter-facial shear stress and applied voltage

As discussed in Chapter 3, the polynomials used to approximate the inter-facial shear

stress are:

3
1 2

3
1 2

xz

yz

a x a x

b y b y





 

 
(6.1)

This will introduce 4 coefficients: 1 2 1 2, , ,a a b b .

In chapter 3, the displacement of PZT actuator vibration is obtained by substituting

Fourier series into equation of motion and using traction free boundary conditions. The

expression of PZT displacement when considering only the first term of Fourier series is

listed in Eq. (2.51) and Eq. (2.52), which is listed here:
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x yu x y A
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x yv x y B
a b

 

 




(6.2)

where
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(6.3)

For the given material properties for PZT-5A and an applied voltage of 100kHz at

100f kHz , 11 11,A B can be obtained in Matlab as:

16 22 16 21 11
11 1 2 1 2

15 22 16 20 11
11 1 2 1 2

3.072 10  + 6.984 10 4.118 10 3.744 10 4.043 10

1.232 10 4.681 10 2.059 10  + 1.121 10 2.023 10

A a a b b
B a a b b

    

    

  



     

       (6.4)

6.1.2 Review of plate displacement under inter-facial shear stress

Under inter-facial shear stress loading, the plate will generate propagating and

evanescent Lamb wave and SH waves. At 100f kHz , the propagating wave modes includes:

0 0 0, ,SHA S . As discussed in hapter 5, for evanescent wave modes, only evanescent Lamb
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1 1 2 2 3 3 4,S / , / ,S /A S A A S wave modes and shear horizontal 1 2 3 4, , ,SH SH SH SH wave modes.

need to be taken into consideration at 100f kHz .

The displacement form of wave modes under point load are given by carrier wave.

The amplitudes of each mode are obtained by reciprocity theorem. The wave mode

displacement under surface load is obtained by integrating the plate displacement under a

point load over the entire contact surface.

6.1.3 Determining coefficients using displacement continuity

As can be seen in Eq. (6.1), the expression of inter-facial shear stress introduces four

coefficients: 1 2 1 2, , ,a a b b . In order to find the value of these four coefficients, displacement

continuity on four points on the contact surface is used. Due to the symmetry of displacement,

all the points are chosen in the first quadrant.

Case 1: Choosing 1 point in first quadrant:

Since the displacement is larger on the edges of the contact surface, the point is

chosen to be towards the edge of the contact surface. The x-y coordinates of this point is

(1.96 ,3.92 )mm mm . The location of the point is shown below:
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(units: mm)

Figure 6.1 The location of the 1 point chosen in first quadrant

By matching the displacement of actuator and plate on this point, the four coefficients

can be obtained by using least square method:

        

2 2
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(6.5)

The displacements u, v at this point on the plate and on the PZT actuator can be

calculated. Using Eq. (6.6) and the displacements listed in the above four tables, the results

for the coefficients are obtained as:
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2

8
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2
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 

 



(6.6)

Thus the analytical inter-facial shear stress is:

38 1

3

4

8 13

10 105.4054 5.8757

1.6619 1.426110 10
xz

yz

x x

y y





  

  


(6.7)

The analytical inter-facial shear stress obtained from displacement continuity can be

compared with the COMSOL result when a PZT actuator is mounted on the surface of the

plate:
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(units for x-y axis: mm)
(a)

(units for x-y axis: mm)
(b)

Figure 6.2 Comparison of analytical (blue points) inter-facial shear stress (a) xz and (b) yz

obtained from displacement continuity at 1 point with FEA result (colored surface)
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From the above result, it can be seen that the stress xz term matches well, but yz

term does not match well towards the edges. Thus more, points are needed for a more

accurate match.

Case 2: Choosing 3×3 point in first quadrant:

The 3×3 points are evenly distributed over the entire first quadrant, as shown below:

(units: mm)

Figure 6.3 The location of the 3×3 points chosen in first quadrant

The coordinates of the 3×3 points are:

Table 6.1 Coordinates of the 3×3 points used to calculate shear stress coefficients

x coordinates (mm) y coordinates (mm)
0.6533
0.6533
0.6533

1.3067
2.6133
3.9200
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1.3067
1.3067
1.3067
1.9600
1.9600
1.9600

1.3067
2.6133
3.9200
1.3067
2.6133
3.9200

Similarly, by matching the displacement of actuator and plate on these 3×3 points, the

four coefficients can be obtained by using least square method.

Using the displacements at the nine points, the results for the coefficients are obtained

as:

8

14
2

8
1

13
2

1 3.2484

1.9488

5.2439

8.5942

10

10

10

10

a
b

a

b



 

  

 



(6.8)

Thus the analytical inter-facial shear stress is:

8 1

8 3

4

3

3

1

10 103.2484 1.9488

5.2439 8.10 42 1059
xz

yz

x x

y y





 

  

 

 
(6.9)

The analytical inter-facial shear stress obtained from displacement continuity can be

compared with the COMSOL result when a PZT actuator is mounted on the surface of the

plate:
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(units for x-y axis: mm)

(a)

(units for x-y axis: mm)

(b)

Figure 6.4 Comparison of analytical (blue points) inter-facial shear stress (a) xz and (b) yz

obtained from displacement continuity at 3×3 points with FEA result (colored surface)
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Comparing with the first case, the 3×3 points case renders better match for τyz . This

shows that the more point chosen to compare the displacement, the better match for inter-

facial stress will render.

Case 3: Choosing 4×4 point in first quadrant:

The 4×4 points are evenly distributed over the entire first quadrant, as shown below:

(units: mm)

Figure 6.5 The location of the 4×4 points chosen in first quadrant
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The coordinates of the 4×4 points are:

Table 6.2 Coordinates of the 4×4 points used to calculate shear stress coefficients

x coordinates (mm) y coordinates (mm)
0.4900
0.4900
0.4900
0.4900
0.9800
0.9800
0.9800
0.9800
1.4700
1.4700
1.4700
1.4700
1.9600
1.9600
1.9600
1.9600

0.9800
1.9600
2.9400
3.9200
0.9800
1.9600
2.9400
3.9200
0.9800
1.9600
2.9400
3.9200
0.9800
1.9600
2.9400
3.9200

Similarly, by matching the displacement of actuator and plate on these 4×4 points, the

four coefficients can be obtained by using least square method.

Using the displacements at the 4×4 points, the results for the coefficients are obtained

as:
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2

8
1

13

1
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10

1
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0

10

10

a
a
b
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

 

  

 



(6.10)

Thus the analytical inter-facial shear stress is:
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8 1
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(6.11)

The analytical inter-facial shear stress obtained from displacement continuity can be

compared with the COMSOL result when a PZT actuator is mounted on the surface of the

plate:
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(units for x-y axis: mm)

(a)

(units for x-y axis: mm)

(b)

Figure 6.6 Comparison of analytical (blue points) inter-facial shear stress (a) xz and (b) yz

obtained from displacement continuity at 4×4 points with FEA result (colored surface)
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Comparing with the 3×3 case, the 4×4 points case renders better match for both stress

components . This again verifies that the more point chosen to compare the displacement, the

better match for inter-facial stress will render.

Case 4: Choosing 7×7 point in first quadrant:

The 7×7 points are evenly distributed over the entire first quadrant, as shown below:

(units: mm)

Figure 6.7 The location of the 7×7 points chosen in first quadrant

The coordinates of the 7×7 points are:
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Table 6.3 Coordinates of the 7×7 points used to calculate shear stress coefficients

x coordinates (mm) y coordinates (mm)
0.2800
0.2800
0.2800
0.2800
0.2800
0.2800
0.2800
0.5600
0.5600
0.5600
0.5600
0.5600
0.5600
0.5600
0.8400
0.8400
0.8400
0.8400
0.8400
0.8400
0.8400
1.1200
1.1200
1.1200
1.1200
1.1200
1.1200
1.1200
1.4000
1.4000
1.4000
1.4000
1.4000
1.4000
1.4000
1.6800
1.6800
1.6800
1.6800
1.6800

0.5600
1.1200
1.6800
2.2400
2.8000
3.3600
3.9200
0.5600
1.1200
1.6800
2.2400
2.8000
3.3600
3.9200
0.5600
1.1200
1.6800
2.2400
2.8000
3.3600
3.9200
0.5600
1.1200
1.6800
2.2400
2.8000
3.3600
3.9200
0.5600
1.1200
1.6800
2.2400
2.8000
3.3600
3.9200
0.5600
1.1200
1.6800
2.2400
2.8000
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Table 6.3 Continued

x coordinates (mm) y coordinates (mm)
1.6800
1.6800
1.9600
1.9600
1.9600
1.9600
1.9600
1.9600
1.9600

3.3600
3.9200
0.5600
1.1200
1.6800
2.2400
2.8000
3.3600
3.9200

Similarly, by matching the displacement of actuator and plate on these 7×7 points, the

four coefficients can be obtained by using least square method.

Using the displacements at the 7×7 points, the results for the coefficients are obtained

as:
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3.7996

6.9548

10

10

10

10

a
b

a

b



 

  

 
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(6.12)

Thus the analytical inter-facial shear stress is:

8 1

8 3

4

3

3

1

10 105.8292 3.1635

3.7996 6.10 48 1095
xz

yz

x x

y y




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  

 
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(6.13)

The analytical inter-facial shear stress obtained from displacement continuity can be

compared with the COMSOL result when a PZT actuator is mounted on the surface of the

plate:
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(units for x-y axis: mm)
(a)

(units for x-y axis: mm)
(b)

Figure 6.8 Comparison of analytical (blue points) inter-facial shear stress (a) xz and (b) yz

obtained from displacement continuity at 7×7 points with FEA result (colored surface)
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Comparing with the 4×4 case, the 7×7 points case renders almost similar result when

comparing inter-facial stress with FEA result. This shows that the 4×4 case, in which 16

evenly distributed points are chosen in the first quadrant, leads to an acceptable result.

6.2 Validation of theoretical plate wave with FEA results

The following study is conducted at frequency 100f kHz . The thickness of the

aluminum plate is 3.2mm. The x-y plane is set to be the middle layer of the plate. The width

of the PML is 1/2 of the maximum wavelength at the given frequency. The PML parameters

are set to be the SF = 2, SCP = 3 as well.

In order to have a comparison of the plate displacement in COMSOL with the plate

displacement with the give stress function in Eq. (6.13), four monitoring lines are chosen, as

listed below:

Line I: along x axis;

Line II: along atan(1/2) with respect to x axis;

Line III: along 45o with respect to x axis;

Line IV: along atan(2) with respect to x axis.

The displacement on these four monitoring lines obtained by using the stress function

with COMSOL results are compared below:
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(units for x axis: mm)

Figure 6.9 Displacement comparison along x axis (line I); blue line: analytical

solution based on shear stress coefficients obtained from displacement continuity, red dot:

COMSOL result
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(units for x axis: mm)

Figure 6.10 Displacement comparison along atan(1/2) with respect to x axis (on line II); blue

line: analytical solution based on shear stress coefficients obtained from displacement

continuity, red dot: COMSOL result
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(units for x axis: mm)

Figure 6.11 Displacement comparison along 45o with respect to x axis (on line III); blue line:

analytical solution based on shear stress coefficients obtained from displacement continuity,

red dot: COMSOL result
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(units for x axis: mm)

Figure 6.12 Displacement comparison along atan(2) with respect to x axis (on line IV); blue

line: analytical solution based on shear stress coefficients obtained from displacement

continuity, red dot: COMSOL result

As can be seen, the analytical result matches pretty well with COMSOL result. This

verifies the method of matching inter-facial displacement to obtain the stress coefficients.
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CHAPTER 7

Sensor Response

7.1 Analytical model for sensor response - open circuit model

[Insert your main body text here. Organization and format depends on your style guide.]

Piezoelectric transducers directly convert the mechanical stress and strain energy into

electrical energy, thus it can also be used for stress and strain sensing. The piezoelectric

constitutive equations are

direct piezoelectric effect:

converse piezoelectric effect:
i ikl kl ik k

E
ij ijkl kl kij k

D d
c e



 

 

 

ò E

E
(7.1)

where , ,E
ijkl kij ikc e ò are the elastic, piezoelectric and dielectric constants (relative permittivity)

respectively. The superscripts ,E  denote the properties are under conditions of constant

elastic field and constant stress respectively.
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Figure 7.1 Side and top view of the actuator bonded on an aluminum plate of infinite length

in x - y plane

Considering a thin, rectangular surface-bonded transverse isotropic piezoelectric

sensor of 3-1 mode. The PZT sensor has a length 2 sl along x direction, a width 2 sw along

y direction and a height sh along z direction. For a PZT sensor which is thin enough, it

can be seen as of plane stress condition, thus 13 23 33 0     .The electric displacement

field components 1 2 0D D  . Substituting Eq. (7.1-2) into Eq. (7.1-1) yields

3 3 33 3( )E
ij ijkl kl kij kD d c e   E Eò (7.2)
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Recalling that E
ip iq qpe d c , the above equation becomes

3 3 33 3( )E E
ij ijkl kl kmn mnij kD d c d c   E Eò

In matrix form, the above tensor form can be written as

 
11 12 11 31

3 31 32 12 11 22 3 32 33 3

66 12

0
0 0

0 0 0

p p

p p

c c d
D d d c c E d

c







      
              

           

ò E (7.3)

For transverse isotropic piezoelectric material, the piezoelectric constants 31 32d d . Upon

expanding, Eq. (7.3) becomes

2
3 31 11 12 11 22 31 11 12 33 3( )( ) [2 ( ) ]p p p pD d c c d c c        ò E (7.4)

Considering the open-circuit boundary condition of the PZT sensor, the total charge

over the electrode area is zero, thus

3 0D dxdy  (7.5)

Substituting Eq. (7.4) into Eq. (7.5) yields

 2
31 11 12 11 22 31 11 12 33 3( )( ) [2 ( ) ] 0p p p pd c c d c c dxdy       ò E

which can be transformed to

31 11 12 11 22
3 2

31 11 12 33

31 11 12
11 222

31 11 12 33

( )( )
2 ( )

( ) ( )
2 ( )

p p

p p

p p

p p

d c cdxdy dxdy
d c c

d c c dxdy
d c c





 

 

 


 


 

 

 



ò

ò

E
(7.6)

The voltage on the sensor is the integration of electric field over the entire volume:
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3

4 s s

E dxdydz
V

l w
   (7.7)

Substituting Eq. (7.6) into Eq. (7.7) yields

31 11 12 11 22

2
33 31 11 12

( ) ( )

4 2 ( )

p p

p p
s s

d c c dxdydz
V

l w d c c

  


   


ò

(7.8)

If modeling the sensor as plane stress, the strain distribution overt the thickness

direction will just be the same, thus Eq. (7.8) can be simplified to:

31 11 12 11 22

2
33 31 11 12

( ) ( )

4 2 ( )

p p
s

p p
s s

h d c c dxdy
V

l w d c c

  


   


ò

(7.9)

It can be seen from Eq. (7.8) that the resulting voltage is proportional to the strain rate.

After substituting the strain field of Lamb wave and SH wave on plate into Eq. (7.9), the

voltage response on the sensor can be obtained. It was assumed that the existence of the

sensor does not significantly affect the strain field on plate.

7.2 Verification of open circuit model in COMSOL
In order to verify the equation used to solve voltage output in piezoelectric sensor

expressed in Eq. (7.8), we conducted this study in COMSOL:
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Figure 7.2 Configuration of 20 sensors on plate upper surface

In this Model, there is a PZT actuator (located at the left bottom corner in the above

figure) and an array of 20 PZT sensors mounted on the upper surface of the aluminum plate.

With a voltage input on the actuator the sensor voltage ouput and strain integration can be

obtained. Based on the strain integration, using Eq. (7.8), the analytical voltage ouput can be

obtained and compared with the COMSOL result of voltage. The result is listed here:
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Table 7.1 Comparison of sensor result with FEA result

Sensor
number

x y coordinates
of sensor center

11 22( )dxdydz  Analytical
voltage
based on Eq.
(7.8)

COMSOL
result for
voltage
output

Error
between
analytical
voltage and
COMSOL
result

1 (10mm, 20mm) -1.76642e-15 0.37 0.36 2.8772%

2 (30mm, 20mm) -1.0404e-15 0.22 0.21 3.8744%

3 (50mm, 20mm) -9.65957e-16 0.20 0.2 1.2641%

4 (70mm, 20mm) -2.5716e-16 0.05 0.05 7.8353%

5 (90mm, 20mm) 7.88395e-16 -0.16 -0.16 3.3122%

6 (10mm, 40mm) -6.8e-17 0.01 0.01 0%

7 (30mm, 40mm) -6.5e-17 0.01 0.01 0%

8 (50mm, 40mm) 4.21491e-16 -0.0884 -0.09 -1.8086%

9 (70mm, 40mm) 1.28135e-16 -0.03 -0.03 0%

10 (90mm, 40mm) -3.6617e-16 0.07 0.07 0%

11 (10mm, 60mm) 9.26058e-16 -0.1942 -0.19 2.1909%

12 (30mm, 60mm) -6.27952e-16 0.1317 0.13 1.2770%

13 (50mm, 60mm) 6.89456e-16 -0.1446 -0.14 3.29%

14 (70mm, 60mm) 7.8324e-16 -0.1642 -0.16 2.6367%

15 (90mm, 60mm) 7.6061e-16 -0.1595 -0.16 -0.3288%

16 (10mm, 80mm) 1.16631e-16 -0.02 -0.02 0%

17 (30mm, 80mm) -8.27671e-16 0.1735 0.17 2.0790%

18 (50mm, 80mm) 7.79605e-16 -0.1635 -0.16 2.1603%

19 (70mm, 80mm) 4.41765e-16 -0.0926 -0.09 2.9145%

20 (90mm, 80mm) -1.50237e-16 0.03 0.03 0%

From this table, it can be seen that the equation used to calculate sensor output

voltage is correct.
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CHAPTER 8

Discussion and Conclusions

8.1 Review of the dissertation

This dissertation has developed a theoretical method for predicting the surface

bonded PZT sensor output when a voltage is applied to surface bonded PZT actuator on an

isotropic plate. The analytical solution is verified to with FEA result obtained in COMSOL.

The approaches are threefold:

(1) Obtain analytical solution for rectangular PZT actuator response under prescribed

harmonic/transient voltage;

(2) Obtain analytical solution for 3-D Lamb wave solution induced by surface bonded

PZT actuator including propagating and evanescent waves;

(3) Obtain analytical solution for surface-bonded rectangular PZT sensor response.

The whole dissertation can be summarized as below:

In Chapter 1, the motivation of this research is discussed, then a literature review of

previous methods used to model PZT actuator and plate wave is conducted.

In Chapter 2, a theoretical background of guided wave in plates is briefly discussed.

Lamb wave and SH wave characterization and dispersion relation is discussed.

In Chapter 3, a theoretical model for propagating plate waves and its validation is

shown. First, carrier wave approach is introduced to describe the general wave form for

Lamb and SH waves. Then, elastodynamic reciprocity is used to determine the coefficients of
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each wave mode under a single point load. The analytical derivation is verified by comparing

the analytical result of plate wave under a point load, line load and surface load with FEA

result respectively. The analytical results matches well with FEA results, which verifies the

analytical derivation for propagating wave amplitude under point load on plate upper surface.

In Chapter 4, theoretical model for evanescent plate waves and its validation is shown.

First, a brief introduction of evanescent waves is given. Then, based on complex reciprocity

theorem, the coefficients for evanescent Lamb and SH wave modes are calculated. The

theoretical solution for evanescent wave modes is verified by comparing the near field

analytical plate displacement with FEA results under two different loading scenarios: a

polynomial surface loading and a Gaussian surface loading. The comparison verifies the

correctness of the theoretical derivation for evanescent plate wave amplitude under loading

on plate upper surface.

In Chapter 5, theoretical model for rectangular actuator vibration is described. First,

the equation of motion (EOM) for the surface bonded actuator with voltage input is given.

The form of the EOM is a pair of inhomogeneous coupled partial differential equations. The

general solution of the PZT actuator EOM is obtained using superposition methods. The

particular solution of the EOM is also solved. Then, the coefficients in the total solution for

PZT actuator displacement is determined using boundary conditions. The theoretical model

for PZT actuator displacement is verified by comparing to FEA result.
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In Chapter 6, the displacement continuity of PZT actuator and plate on the contact

surface is used to determine the polynomial coefficients of inter-facial shear stresses. The

result is also verified with FEA result.

In Chapter 7, the surface bonded sensor response is solved by means of open-circuit

model.

8.2 Conclusions

The objective of this dissertation is to provide analytical solutions for the interaction

between rectangular PZT actuator/sensor and plate through electro-mechanical coupling. The

approaches are threefold:

(1) Obtain analytical solution for rectangular PZT actuator response under prescribed

harmonic/transient voltage;

(2) Obtain analytical solution for 3-D Lamb wave solution induced by surface bonded

PZT actuator including propagating and evanescent waves;

(3) Obtain analytical solution for surface-bonded rectangular PZT sensor response.

Three major contributions beyond previous work are achieved in this thesis:

(1) Previously, this problem has been addressed by determining the stress induced by

actuator as a normalized value, thus the result for plate strain is also a normalized value

instead of the actual value (Raghavana and Cesnik, 2004). Whereas in this thesis, since the
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actual stress is obtained through displacement continuity, the plate strain can be obtained as

the actual value.

(2) Besides, when considering plate displacement, previous endeavors only consider

the propagating waves (Wang and Huang, 2001). However, it is proved in this thesis that

evanescent waves must be taken into account when comparing the near-field plate

displacement with PZT actuator displacement. The amplitudes of evanescent wave modes are

calculated using complex reciprocity theorem.

(3) Previously, the problem is only analyzed in one-dimensional, which includes

asymmetrical case for circular PZT actuator and plane strain case with infinitely long PZT

beam. In this thesis, two dimensional PZT vibration problem is solved and three dimensional

plate wave propagation is obtained.
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Appendix A - Coefficients in carrier wave approach

For symmetric modes:
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