ABSTRACT

LIU, YULING. Generation and Reception of Ultrasonic Guided waves in Metallic Plates
Induced by Surface Bonded PZT Wafers. (Under the direction of Dr. Fuh-Gwo Yuan).

Massive plate-like structural components are being used in the engineering field, like
airplanes, bridges, pipelines, ships, dams, etc. The structural failure of such components will
cause accidents to happen, which will result in loss of lives and properties. If the health of
structures can be monitored, such accidents can be prevented from happening. This is how
the term ‘Structural Health Monitoring (SHM)’ came into being. One of the most widely
used actuators/sensors in SHM is PZT (PZT) actuators/sensors. There has been many studies
conducted previously for solving the problem of surface bonded PZT actuators. However,
most of them are based on one-dimensional (1-D) actuators. In reality, many PZT actuators
are rectangular, which needs to be studied in two-dimension (2-D). However, there has been
very few studies for the actuation of rectangular PZT actuators. This thesis is for filling this
void. The goal of this thesis is to predict the rectangular PZT sensor output voltage when an
input voltage is applied on a rectangular PZT actuator. The whole study is conducted in the
frequency domain, the plate on which the actuators and sensors are mounted on is isotropic

metallic plate.

The goal of this research is to obtain a theoretical result of output voltage on a
rectangular PZT sensor when a voltage is applied on the rectangular PZT actuator. In order to
solve this voltage in- voltage out problem, three main problems are solved here. First, with a
given voltage on the actuator, the interaction, or the stress distribution between the actuator
and the plate needs to be analyzed. Second, the plate wave generated by the stress

distribution on the contact surface of the actuator and plate needs to be analyzed. Third, the



voltage output of the sensor needs to be analyzed when the strain distribution between the

sensor and the plate is obtained.

For the first problem, the stress on the contact surface of the actuator and plate is
expressed in a truncated Chebyshev polynomial form with four unknown coefficients. The
equation of motion for the actuator is solved using Gorman’s superposition method, which
consists of SS, AA, SA, AS vibration modes. The amplitude for each mode is solved using

traction free boundary conditions.

For the second problem, the displacement of Lamb wave modes and shear horizontal
waves modes on the plate is expressed using carrier wave approach. By means of reciprocity
theorem, the amplitudes of each wave mode can be obtained for a point load scenario. When
the inter-facial stress is applied on the surface of the plate, the plate displacement can be
solved by integrating the displacement under point load case over the entire stress applying
area. Using the displacement continuity at the contact surface of the actuator and plate, the
unknown coefficients in the assumed contact surface stress expression can be solved using

least square method.

For the third problem, considering the open-circuit boundary condition of the PZT
sensor, the total charge over the electrode area is zero. Using the constitutive equation of
PZT materials, the output voltage can be expressed in a form with the integration of strain on
the sensor contact surface with the plate. The effect on plate strain with the existence of

sensor is ignored.

The theoretical result is validated by comparing with finite element result in
COMSOL. This research can provide a theoretical foundation for damage detection using

rectangular PZT actuators and sensors in structural health monitoring.
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CHAPTER 1

Introduction

1.1 Research Motivation
1.1.1 Plate-like structural components

Massive plate-like structural components are being used in the engineering field, like
airplanes, bridges, pipelines, ships, dams, etc. The structural failure of such components will
cause accidents to happen, which will result in loss of lives and properties. If the health of
structures can be monitored, such accidents can be prevented from happening. This is how

the term ‘Structural Health Monitoring (SHM)’ came into being.
1.1.2 Structural Health Monitoring (SHM)

The basic motivations for SHM are: (1) enhancing the safety and prolong structural
lifespan; (2) commercial motivation. It was predicated by MarketsandMarkets.com in 2015

November that the SHM will have a continual growing market worth in the next fifteen years.

The way how SHM works can be compared to the function of a human body. If
someone touches a hot surface, his hand will quickly draw back. This is because the nerve
endings on the hand send the signal to the brain through the spinal cord. Similarly, the smart
sensors mounted on the surface of the structures will send the signals containing
environmental information or function of the structure to the processing unit through

communication bus.



+-----——----- Processing unit

------—- Communication Bus

Nerve

endings
" -, Smart Sensors

Figure 1.1 Comparison of SHM with human body (Boukabache et al., 2014)

One of the most widely used actuators/sensors in SHM is piezoelectric (PZT)
actuators/sensors. The way how PZT material works is that when PZT is being used as
actuators, the transient/harmonic voltage applied on the top surface of the actuator will result
in expansion or shrink in a certain direction, thus generating strain on the contact surface of
the substrate material. When PZT material works as sensors, the strain on the contact surface

will result in an output voltage of the sensor.

The reasons why PZT materials are widely used in SHM are summarized below:
» Real-time non-destructive inspection
> Light weight (High force-to-weight ratio)

» Lower power consumption



» Easy implementation (integration)

» Large bandwidth (a wide range of actuator frequency)
» Low cost

» Fast response

» Much more sensitive than the strain gage

» Predominantly linear response

1.1.3 Problem statement

There have been many studies conducted previously for solving the problem of surface

bonded PZT actuators. However, most of them are based on one-dimensional (1-D) actuators.

The first kind of 1-D actuator is the plane strain case, in which an infinitely long PZT
actuator beam is mounted on the surface of a plate. The second kind of 1-D actuator is a
circular PZT actuator which is a symmetric case. In both cases the function of actuator is

analyzed in 1-D.

In reality, many PZT actuators are rectangular, which needs to be studied in two-
dimension (2-D). However, there have been very few studies for the actuation of rectangular

PZT actuators. This thesis is for filling this void.

The actuator studied in this thesis has a width of 2a =4 mm along the x axis, a length

of 2b=8mm along the y axis and a height of 4, =0.2 mm along the z axis. The material



of the actuator is PZT-5A, which is transverse isotropic. The poling direction of the actuator
is along the z axis. The plate is aluminum plate with a thickness of 24 = 3.2 mm. The plate

has infinite domain in the x—y plane.

Four things have been solved in this thesis:
» Interaction between rectangular PZT actuator and plate.

» Theoretical solution for rectangular PZT actuator response under prescribed

harmonic/transient voltage
» Theoretical solution for 3-D plate wave solution with surface bonded PZT actuator

» Theoretical solution for surface-bonded rectangular PZT sensor response

1.2 Literature Review

1.2.1. Theoretical modeling of PZT actuator bonded on substrate

This section gives a review of the Theoretical approaches in modeling the interaction
between PZT actuators and its host structures. The methods include Euler-Bernoulli model
using shear-lag theory, pin-force model considering forces on actuator edges and model
based on elastic equation of motion. These methods are mainly applied to one dimensional
case when the actuator is a plane strain case. Then, in Section 2.3, a review of two

dimensional actuator modeling is conducted.



Shear-lag theory

Due to the bonding layer, the PZT actuator is not fully coupled with the host structure.
Therefore, the effective PZT actuator size is smaller than the actual size. The reduced PZT
actuator size is the so-called “effective PZT size” (di Scalea and Salamone, 2008). Shear-lag
model is a commonly used model in consideration of this boning layer effect. The term
“shear-lag” was first used by Reissner (1946) for analysis of box beams bending and Troitsky

(1976) to analyze the bending of I beam and T beams with wide flanges.

The application of shear-lag theory to analyzing the interaction between PZT actuator
and plate can be traced to the work of Crawley and De Luis in 1987. In their model, a shear-
lag solution for the inter-facial stress was derived. The actuator was modeled as a beam with
only axial stiffness. The beam on which the actuator was attached on was modeled as an
Euler-Bernoulli beam. Several enhancements based on Crawley and de Luis’s model (1987)

were studied later.

Chaudhry and Rogers (1994) modeled the beam and patch actuator as Timoshenko

beams, thus the strain distribution in both the actuator and the beam was linear.

The limitations of shear-lag method include: (a) assumption of linear strain
distribution across beam thickness can only be applied to scenarios when the product of

frequency and thickness are low. (b) It can only be applied to 4, mode or S, mode where

the frequencies are the low. As a result, Lamb wave modes with frequencies higher than A4,



mode or S, mode are not propagating waves. (c) The thickness and material properties of the

bonding layer should be known in advance while they are hard to measure practically.

To resolve the limitations of shear-lag method, Sohn and Lee (2009) developed a
theoretical Lamb wave tuning curve (LWTC) model and used Lamb wave mode amplitude
adjustment techniques to reduce the discrepancy between the experimental and theoretical

LWTCs.

Pin-force model considering forces on actuator edges

It was shown by Crawley and de Luis (1987) and Giurgiutu (2005) that the inter-
facial shear stress concentrated on the edges of the actuator when the bonding layer is thin
and stiff. For perfect bonding (stiffness of bonding layer is infinite), the shear stress has
singularity at the two edges. Based on this assumption, Giurgiutiu (2005) proposed the pin-
force model in which the shear stress only existed on the two edges of the actuator in beam
case. The resulting harmonic wave on the isotropic plate was then calculated using the

Rayleigh-Lamb equations (Rose, 1999).

Raghavan and Cesnik (2005) expanded the pin-force model to a 2-D arbitrary-shaped
actuator on elastic plate as in-plane traction of uniform magnitude along its perimeter. The
direction of the traction was normal to the free edge of the plate surface. It was assumed that
the plate dynamics is uncoupled with the actuator dynamics. The validity of this model of
approximation was proved to be appropriate if the product of actuator Young’s modulus and

thickness is small compared to that of the substrate and the bond layer is thin and stiff.



Rectangular shaped and ring shaped actuators were taken as examples and their harmonic

radiation field were calculated.

Lin and Yuan (2001) modeled the actuator as bending moments along the actuator
edge. Voltage response of PZT sensor attached to a plate and subject to narrow-band tone-
burst excitation from a pair of PZT actuators positioned at opposite side of the plate was

modeled. Employing Mindlin plate theory the fundamental antisymmetric 4, mode below

the cut-off frequency of 4, mode was examined in this study.

Giurgiutiu (2014) explained the pin-force model in the 7" chapter of his book by
representing the stiffness of the structure by spring boundary conditions applied at the PZT
actuator ends. Since the interaction between the PZT actuator and the substructure is

confined at the two ends of the actuator, the stress variation (7" ) along the actuator length is

zero. According to the constitutive equation of piezoelectric materials, the strain variation

(S)) is also zero. Therefore, the displacement u(x) is a linear function along x axis.

The limitation of using pin-force model are summarized as (Huang et al. ,2010): (a)
The model renders good approximation either when the bonding layer is thin and stiff or
when Young’s modulus and thickness of actuator are small compared to that of the host

structure. (b) The resonance effect of PZT actuator is not captured in the model.

Model based on elastic equation of motion

One of the shortcomings of using plate/beam theory is that only the lowest frequency

mode can be captured under plate excitation. As for shear-lag solution, it also only applies to



low frequency-thickness product scenarios. However, the approach of elasticity equation
based model can overcome this shortcoming. This method was first developed by Wang and

Huang (2001, 2003, 2006) and Huang and Sun (2006).

Wang and Meguid (2000) modeled the coupling behavior of a one dimensional thin
piezoceramic actuator embedded in or bonded to an elastic medium based upon singular
integral equations of the inter-facial shear stress. The singularity of shear stress at the tips of

the actuator was modeled by a square root.

Wang and Huang (2001) solved the Rayleigh wave propagation induced by surface-
bonded PZT actuators in one-dimensional (1-D) case. Using the constitutive equations for
piezoelectric materials and traction free boundary conditions at the two ends of the actuator,
the axial strain of the actuator was completely determined. The shear stress on the contact
surface, which was expressed as Chebyshev polynomials, was used as the excitation source
on the host structure. The Rayleigh wave generated on the plate was obtained by solving the
plane strain elastodynamic problem (Achenbach, 1973). The coefficients of the Chebyshev
polynomials were determined by continuity of deformation between the actuator and the host
structure. Good agreement between the Theoretical result and finite element (FE) result were
shown by Wang and Huang (2001). However, this paper fails to include evanescent (non-

propagating) wave terms in the near singular field.

Zhang et al. (2003a, b) conducted similar analysis for determining the static

electromechanical field. For the piezoelectric layer, assumptions that the in-plane axis normal



stress has a linear variation across the thickness and the electric displacement component is a

linear function of out-of-plane axis were made.

In Huang and Sun’s (2006) work, a one-dimensional actuator model was developed.
The inter-facial shear stress is modeled as Chebyshev polynomial expansions involving
square-root singularity at the tips of the actuator. This model includes the coupled dynamic

interaction between the actuator and host structure (Huanget al., 2010).

1.2.2. FE methods or hybrid methods

(1) FE methods
Commercial FE software such as COMSOL and ANSYS has been convenient tools
for the coupling field problem like the elastic wave behavior induced by PZT actuators

(Nieuwenhuis ez al. 2005, Liu and Giurgiutiu, 2007, Han et al. 2009). The disadvantages

of using FE methods are summarized by Huang ef al. (2010) and are quoted as below: (a)
FE simulation fails to provide a clear physical explanation of the numerically predicted
results. (b) In order to achieve accurate simulation result and achieve numerical convergence,
the mesh size needs to be at least one tenth per wavelength. Thus, it was very computational

expensive for large three-dimensional models.



(2) Hybrid approaches

Hybrid approaches can overcome the shortcoming of FE method. In hybrid method,
the FE method is used to obtain the excitation by modeling the PZT actuator area. Then the

plate wave solution was obtained by combining with Theoretical guided wave model.

Moulin et al. (1997) showed that the generation of Lamb waves can be achieved by
cylindrical piezoelectric transducers embedded in composite plate. In order to identify
resonance modes, the electric impedance of the transducer were obtained using finite element

method (FEM). It was shown that the radial mode can be used to generate S, Lamb mode

due to its high coupling coefficient.

Moulin et al. (2000) modeled Lamb waves generated by surface bonded or
embedded thin piezoelectric transducers on plate-like structures using a hybrid finite
element- normal mode expansion modeling technique. The mechanical filed is obtained
through FEM and then introduced as a forcing function into the normal modes equations. The
normal mode expansion method was used to determine the contribution of each Lamb mode
in the generated waveforms as a function of the applied surface and/or volume excitations.
This study was valid for lossless materials and harmonic excitation. In 2004, Duquenne
et al. expanded this method to lossy (viscoelastic) materials and transient excitation. The
simplifying assumption was that the effects of attenuation on the local Lamb wave generation

process are neglected in their work.
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Veidt eral. (2001) solved the wavefield excited by surface-bonded rectangular and
circular actuators using a hybrid approach. They modeled the actuator as causing normal
surface traction. Instead of using FE software, they used the experiment of laser Doppler
vibrometer to estimate the magnitude of the normal traction for a given frequency. They then
used Mindlin plate theory to obtain plate response. The major disadvantages of Mindlin plate

theory are:

(1) Mindlin plate theory can only be used to approximate the lowest antisymmetric 4,

Lamb wave mode.

(2) Mindlin plate theory is valid only when the product of excitation frequency and plate

thickness is low enough thus no higher antisymmetric modes are excited.

(3) Mindlin plate theory cannot model symmetric Lamb wave mode or SH modes.

Though this approach can reduce computational effort by only simulating the actuator,

it still lacks physical explanation of the predicated result.

1.2.3. Two-dimensional (2-D) modeling of surface bonded rectangular actuator

Previous works on guided wave excitation by PZT actuator mainly are 1-D plane
strain models which ignore the variation along one direction of the plane. Review of previous

attempts in solving interaction of 2-D actuator and plate are listed in this Section.
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Modeling 2-D actuator with 2-D shear-lag theory

Giurgiutiu (2008) modeled 2-D PZT actuator as two independent 1-D shear-lag
problem under plane strain assumptions. Kapuria and Agrahari (2016) improved Giurgiutiu’s
work (2008) by solving an accurate 2-D shear-lag solution for thin PZT actuator mounted on
plate surface through an adhesive layer. The governing solutions are solved using the mixed
field multi-term extended Kantorovich method (MMEKM) which converted bi-variate partial
differential equations (PDEs) into two sets of ordinary differential and algebraic equations in

two directions.

Modeling 2-D actuator with pin-force model

Raghavan and Cesnik (2007) modeled the interaction of actuator and plate as shear
traction of uniform magnitude along its perimeter, in the direction normal to the free edge on
the plate surface. The physical dynamics of the actuator was not taken into consideration and
the plate dynamics was modeled as uncoupled with the actuator dynamics. Based on this
model, examples of ring-shaped actuators and rectangular actuators on plate are modeled.
Such modeling is merely an extension of the 1-D pin-force model. Moll et al. (2012) also
expanded the pin-force model to a complex-shaped actuator with disk-wrapped electrode to

conduct a semi-Theoretical 2-D mathematical model.

Modeling 2-D actuator based on equation of motion

Rose and Wang (2004) conducted the 2-D modeling of Lamb wave excited by finite
sources. The Theoretical solutions for point forces and bending moments are derived using

Mindlin plate theory. The response of plate for circular or rectangular shaped surface sources

12



can be obtained by spatial integration. In Mindlin plate theory, some characteristics, such as
symmetric modes, higher order antisymmetric modes are not properly defined. Besides, the
formulation in this paper is moderately delicate to deal with. In search for a simpler approach,
Moulin et al. (2006) developed a pseudo-3-D numerical model based on 1-D modeling. The
prediction of Lamb wave response on plate excited by a rectangular actuator is discussed by
separating this problem into two uncoupled problems. The first problem focused on Lamb
wave excitation due to the transducer. The second problem dealt with the source diffraction
effect on plate. The model is called a pseudo 3-D model due to several assumptions. First, in
this model, the rectangular transducer is assumed to have significant difference in length and
width sizes, thus the stress distribution on the plate is assumed to be the product of a x -

dependent function and a y -dependent function, expressed as o,(x,y)=0,(x)o,(y) .

Second, when analyzing the displacement on the plate, it is assumed that the location of
consideration is far enough from the source of excitation. In this case, far-field asymptotic

approximation of Hankel function is adopted. Third, the excitation o,()) is considered

uniform over the transducer length.

1.2.4. Three dimensional (3-D) wave propagation in plate

The theory of guided wave propagation was first proposed by Lamb (1917) and Gazis
(1958) separately based on the theory of elasticity. Their work of the wave propagation used
a 2-D plane strain model. Viktorov (1967) proposed extending the 2-D model to 3-D
excitation by non-destructive evaluation (NDE) in his book. Santosa and Pao (1989) used

normal mode expansion technique to solve a generic 3-D guided wave excitation in an

13



isotropic plate induced by an impulse point body force. Wilcox (2004) proposed a 3-D elastic
model for harmonic GW field on plate generated by surface point load. However, the model
was not strictly developed since the extension from 2-D to 3-D was based on some intuitive

reasoning.

Raghavan and Cesnik (2004) characterized that Lamb wave excitation using surface
bonded infinitely wide actuators or circular actuators. In 2005, Raghavan and Cesnik
extended their work to 3-D wave excitation by an arbitrary-shaped PZT actuator. The
actuator is modeled as causing in-plane traction of uniform magnitude along its perimeter. In
their model, the dynamics of the actuator were neglected and it was assumed that the plate
dynamics were uncoupled with actuator dynamics. Though Crawley and de Luis (1987)
proved that this is a good assumption given that the product of the actuator Young’s modulus
and the thickness is small compared to that of the substrate and the bond layer is thin and stiff.
However, since the magnitude of the in-plane traction on the actuator perimeter was not yet
specified, only the normalized, not the actual plate response amplitude could be given. While
solving the 3-D elastic equation of motion of the plate, it was assumed that there body for is
equal to 0. However, this intuitive reasoning is not rigorous since the stresses at the contact

surface are considered as body forces.

1.2.5. Sensor Response

Constitutive relations for piezoelectric materials are:

14



converse piezoelectric effect: o, =, —e, E;

: : : ) 3 .
direct piezoelectric effect: D, =e, s, +¢€, L,

1
E . . . . . .
where c;;,,e,,¢; are the elastic, piezoelectric and dielectric constants respectively.

The superscripts E,& denote the properties are under conditions of constant elastic field and

constant strain respectively.

The converse piezoelectric effect constitutive equation is the actuator equation and
the direct piezoelectric effect constitutive equation is the sensor equation. The generated
charge is the integration of electric filed over the entire surface:

g =[[ Dda
where dA 1is an infinitesimal area normal to the electric displacement D .

Piezoelectric transducers directly convert the mechanical stress and strain energy into
electrical energy, thus it can also be used for stress and strain sensing. According to the
constitutive equation of piezoelectric material, the resulting voltage is proportional to the
strain rate.

(1) Static sensing

An elementary level 1-D sensing functions without the considering of structure and
sensor interaction is discussed by Giurgiutiu (2014) in Chapter 7. Four different scenarios are
discussed: (1) static stress sensing, (2) static strain sensing, (3) dynamic stress sensing and (4)

dynamic strain sensing.
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(1.1) 1-D Static stress/strain sensing

For scenarios (1) and (2), the sensor is modeled as a capacitance C, model, as shown

below:

+Y/ +V

%
c.
TS

(a) (b)

Figure 1.2 A sensor connected to the measuring instrument of capacitance C, : (a) measuring

static out-of-plane stress 7} ; (b) measuring static in-plane strain S, . (Giurgiutiu, 2014)

For scenario (1) static stress sensing, the voltage output can be obtained by combining

the constitutive equation
D, =dT, +e, L,
charge, electric displacement and area relation:
Q=D,4
charge, voltage and capacitance relation:
o=CJV

and the relation between electric filed and voltage:
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The resulting voltage is thus given as

For scenario (2) static strain sensing, voltage output in relation to strain can be
obtained from constitutive equations as well.
(1.2) 1-D Dynamic stress/strain sensing

For scenarios (3) and (4), the sensor is modeled as an input impedance Z, and

_Ady, -
C,+C

3

admittance ¥, (Y, =1/Z,) model, as shown below:

+V

=
=
>
w
=

Figure 1.3 A sensor connected to the measuring instrument of input impedance Z, and

(b)

+V

admittance Y, : (a) measuring dynamic out-of-plane stress 7} ; (b) measuring dynamic in-

plane strain S, . (Giurgiutiu, 2014)

In these two cases, the voltage outputs are obtained from taking time-derivative of

constitutive equations.
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(2) Harmonic voltage response for 1-D piezoelectric sensor
Raghavan and Cesnik (2004) gave the voltage response for piezoelectric sensor (PZT
sensor) voltage response under the harmonic excitation of infinitely wide PZT actuator and

circular surface bonded PZT actuator.

(2.1) PZT sensor voltage response under the harmonic excitation of infinitely wide PZT
actuator

The electric displacement is obtained from the constitutive equation of piezoelectric
material and the charge accumulated by the sensor is the integration of the electric
displacement. By modeling the PZT sensor as a capacitor, the voltage is thus obtained by
dividing the charge by the capacitance. By evaluating the variables in the voltage expression,
it can be concluded that the following methods can be adopted in order to increase the sensor
response (voltage amplitude):

(1) Having smaller sensor length. The smaller the sensor length is, the higher the
voltage response will be.

(2) For the sensor, choosing piezoelectric materials with higher piezoelectric constant

(3) For the sensor, choosing piezoelectric materials with higher Young’s modulus and
sensor thickness. However, it should be noted that this will also increase the local stiffness

and thus adversely affect the propagation of Lamb waves on plate.
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(4) For the actuator, the optimum length is equal to half wavelength of the traveling

wave (say, for 4, mode or for §, mode), at which the actuator will also have minimum

power consumption, while ensuring a maximum voltage response.

(2.2) PZT sensor voltage response under the harmonic excitation of circular surface
bonded PZT actuator

The voltage response under circular PZT actuator excitation can be obtained in a
similar manner as obtaining voltage response under infinitely wide PZT actuator excitation.
In this case, in order to increase the sensor response (voltage amplitude), sensors with smaller
length should be used. As for the actuator size, since the voltage expression for harmonic
response is an oscillating function with a monotonically increasing amplitude envelope, there
is no optimal circular actuator size.

In Raghavan and Cesnik’s (2004) model, the actuator is modeled as causing two point
loads at the two ends of the actuator. However, the amplitude of the point loads is not
determined. Thus in their paper, only the normalized sensor response, not the actual sensor

response is calculated.
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1.2.6. Some related topics studied for applications to structural health monitoring

(1) Response of PZT sensors to plate waves or plane waves

Wang and Huang (2006) conducted a theoretical study of the two dimensional sensor
response (modeled as plane strain) to elastic waves on an elastic half-plane. By substituting
traction free boundary conditions to the equation of motion of the sensor, the axial strain on
the sensor can be expressed as a function of the shear stress. Helmholtz decomposition and
spatial Fourier transform were used in calculating the displacement of the homogeneous
isotropic elastic host medium. The coupling between the sensor and the host medium was

modeled by the continuity of deformation at the contact surface.

di Scalea et al. (2007) discussed the fundamental response of surface bonded
rectangular piezoelectric sensors to Rayleigh and Lamb ultrasonic waves. Harmonica
excitation fields, broadband and narrow-band excitation fields were all being examined. The
sensor voltage response is derived by coupling the direct piezoelectric effect to the wave
strain field that is averaged over the sensor area. Both general oblique incidence and parallel

incidence of the wave were derived.

(2) Tuning of wave mode using PZT actuator
In order to address the detection of specific damage with specific wave modes, it is
necessary to tune a particular mode. Giurgiutiu (2005) achieved wave tuning by the maxima

and minima of the sin(ka) where ka is the normalized wave number. It was shown that A4,
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mode dominates at low frequencies while S, mode can be identified at a certain frequency at

the given structural configuration.

Glushkov et al. (2010) described selective Lamb wave mode excitation using an
omni-directional multi-element transducer. The transducer consisted of several coaxial ring-
shaped piezoelectric elements. The excitation signal was n -cycle sinusoidal tone bursts.
Through special choice of amplitudes and time delay of input signal on each piezoelectric

element, mode selection was achieved.

In 2010, Yu et al.used shear-lag method and space-wise Fourier transforms to obtain
Theoretical closed-form solution for ideal bonding and not ideal bonding. Lamb wave mode

tuning for suppressing or enhancing 4, mode or S, mode were derived based on the

solutions.

(3) Evanescent Lamb waves

The solution of wave propagation in structure induced by surface-bonded PZT
actuators by Wang and Huang (2001) fails to include evanescent wave terms in the near
singular field. In the expression of Lamb wave modes displacement and stress expressions,
whether the value of wavenumber k& is pure real, pure imaginary or complex determines if

the Lamb wave is propagating or evanescent:

» When £ is a pure real number, Lamb wave mode displacements are sinusoidal functions
with respect to both time and space. Thus Lamb wave modes with real wavenumber are

propagating waves.
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» When k is a pure imaginary number, the displacement is exponentially decay with
respect to the space term. Thus Lamb wave modes with imaginary wave number are

evanescent waves.

» When k£ is a complex number, the displacement is the product of a sinusoidal variation
with an exponential decaying function with respect to space term. Thus Lamb wave

modes with complex wavenumber are evanescent waves.

For wave modes, the well known Rayleigh-Lamb dispersion relation is represented by

4
w—4=4k2q2 1_2tan(ph/2+;/)
¢ q tan(gh/2+y)

where

@ : angular frequency;

¢ = \/u /p= \/E/[2(1+ v)p] : transverse wave speed;

E: Young’s modulus;v : Poisson's ratio;

c, = \/(/1 +2u)/ p = \/E(l —v)/[(1+v)(1-2v)p] : longitudinal wave speed,

k : wavenumber;

2 2
w w
2 _ 2 2 _ 2
p=—mk,q ="k
CL CT

2
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h : plate thickness;

y:y =0or /2 represents symmetric and antisymmetric modes.

A complex dispersion curve for an isotropic plate with Poisson's ratio 0.33 is shown

in the Figure 1.4 below.

Sn
/2 : ki
4 12
Tn/2
10
3n
) 8
= Sn/2
- e v=033
2n 16
Propagating waves
3n/2 (Real wavenumbers) | 4
it _ Evanescent waves
(Imaginary wavenumbersl 5
/2 Evanescent waves
(Complex wavenumbers)
0 L 0
5 10 15

Im(kh) | Re(kh)

Figure 1.4 Lamb wave dispersion curves including both propagating and evanescent wave

modes for an isotropic plate with Poisson’s ratio 0.33 (Xiang and Yuan, 2015)

In the figure above, S,,S,,S,:-- denote symmetric Lamb wave modes and
A, 4,4, -+ denote antisymmetric Lamb wave modes. The wave modes on the left side of

the above figure, where kh is imaginary refer to evanescent wave modes; and the wave
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modes on the right side where kk is real refer to propagating wave modes. The frequency at
which a wave mode transfers between evanescent wave and propagating wave is called the
cut-off frequency. Below the cut-off frequency, waves are evanescent and are exponentially
decaying with respect to space. The cut-off frequency of a certain mode can be calculated by
substituting k£ =0 to the dispersion equation.
(4) Improvements in the thesis compared to previous work

In all the previous papers concerning 3-D modeling of rectangular actuator attached
on plate, none of them discussed the effect of the shear stress distribution over the contact
surface on the actuator. The displacement of the actuator and the plate is not matched.
Besides, the shear stress distribution over the entire contact surface is either assumed to be
uniform stress distribution over the edges, or directly obtained from FEM software. No
numerical analysis of the stress distribution has been analyzed.

Compared to existing work, this thesis has the following improvements:

(1) The length to width aspect ratio of the rectangular actuator is not under any
constraints. The result in this thesis not only applies to slender actuators, but it also
applies to square-like actuators.

(2) The stress distribution on the contact surface is expressed as summation of
Chebyshev polynomials, the coefficient of which is determined by matching the
displacement on the actuator and the plate.

(3) Not only Lamb waves, but also shear horizontal (SH) waves on the plate are taken

into consideration.
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(4) Near-field evanescent wave is also taken into consideration.

1.3 Objectives and Outline

The objective of this thesis is to provide analytical solutions for the interaction
between rectangular PZT actuator/sensor and plate through electro-mechanical coupling. The
approaches are threefold:

(1) Obtain analytical solution for rectangular PZT actuator response under prescribed
harmonic/transient voltage;

(2) Obtain analytical solution for 3-D Lamb wave solution induced by surface bonded
PZT actuator including propagating and evanescent waves;

(3) Obtain analytical solution for surface-bonded rectangular PZT sensor response.

1.4 Assumptions made in this model
The assumptions made in this model are listed below:

(1) Piezoelectric properties are constant over the frequency range of interest. This is
verified by Gonzalez and Alemany (1996).

(2) The piezoelectric actuator is assumed to be of plane stress condition. This is true
because the thickness of the plate is way larger compared to that of the actuator and
the length and width in-plane of the actuator is way larger compared to the thickness

of the actuator.
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(3) Material damping is neglected. This assumption is based on the fact that, for
metals, attenuation from finite excitation sources dominates amplitude decay of the
guided wave (Raghavan and Cesnik, 2005).

(4) The existence of PZT sensor does not significantly affect the strain field on plate.
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CHAPTER 2

Guided Waves in Plates

2.1 Introduction

In SHM, guided wave (GW) testing has been used widely. Though in many literature,
‘guided wave’ and ‘Lamb wave’ are interchangeable, in a more strict sense, Lamb wave only
refers to guided waves in a flat, infinite and isotropic plate, while guided wave refers to any
kind of waves in structural wave guide (Raghavan and Cesnik, 2005). Guided waves are
complex to deal with due to its dispersion relation, which means that the wave velocity is
related to propagating frequency. At any given frequency, there are at least two wave modes.

Under the excitation of a PZT transducer, or actuator, there will be shear stress
generated at the contact surface of the actuator and the plate resulting from the
deformation/strain of the actuator. The shear stress will result in propagating and non-
propagating (evanescent) waves in the plate-like structures. Two major different waves are
generated: Lamb waves and SH waves.

Lamb waves are elastic waves guided by plate-like structures. The reason why Lamb
waves have been used for SHM is because it can propagate for long distances and interact
with discontinuities (cracks) in the structures. Since Lamb waves can propagate for long
distances, only single actuator can monitor the condition of a very wide region. While the
incident Lamb wave accouters the damage in the structures, besides the transmitted incident

wave, it will also generate damage back scattered waves. The scattering waves, which
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contain the information of the damage, can be detected using sensors and being used to

interpreter the location and size of the damage.

Z4
I y Transmitted

| , incident wave
: : 7 incident Damage Bounda
iezoelectric damage ry
zctuator I / Lamb wave backsca‘itered . reflected wave
| \ wave |
=’ ) (NN (
)
L _____ )—)—) —_— L<_< — — — +
aluminum plate x

Figure 2.1 Illustration of Lamb waves used in SHM

Lamb waves are dependent on the geometrical and material properties. There are
multi-modes of Lamb waves, mainly fall into the categories of symmetric modes (S) and

antisymmetric modes (A4).

i

M‘W P
}\@}\L/Xt = )
T

Figure 2.2 Symmetric (left) and antisymmetric (right) Lamb wave modes

For symmetric modes, the longitudinal displacement is symmetric and the transverse
displacement is antisymmetric with respect to the mid-plane of the plate. For antisymmetric
modes, the transverse displacement is symmetric and the longitudinal displacement is

antisymmetric with respect to the mid-plane of the plate.

28



Lamb waves are also dispersive, which means that the wavenumber of each mode is
dependent on frequency. The relation between the wavenumber and the frequency is called
the dispersion relation.

Another kind of plate wave is called shear horizontal (SH) wave. The difference

;

0

between Lamb waves and SH waves can be illustrated by the figure below.

Lamb wave A, Lamb wave S, SH

Figure 2.3 2-D Lamb waves and SH waves in plates (Figures downloaded from

http://nojigon.webs.upv.es/simulations_waves.php)

The left two figures show typical 2-D Lamb wave antisymmetric and symmetric
modes, and the Figure 2 on the right shows a typical 2-D SH wave mode. For Lamb waves,
any particle in the structure moves in the wave propagation direction and the direction which
is vertical perpendicular to the wave propagation direction. For SH wave mode, particles
move in the direction which is horizontally perpendicular to the wave propagation direction.

Same as Lamb waves, SH waves are also dependent on geometrical and material
properties. It also has multi-modes and it is also dispersive.

In this chapter, the plate waves are discussed in detail. This chapter is organized as

follows. In Section 2, the characterization, dispersion relation and propagating/ evanescent
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Lamb waves are introduced. In Section 3, the characterization, dispersion relation and
propagating/ evanescent SH waves are introduced. Finally, some conclusions are drawn in

Section 4.

2.2 Bulk waves
The equation of motion (EOM) for waves in a homogeneous, isotropic, linearly

elastic medium without body forces is expressed as

LV u+(A+ 1)VV-u=pi 2.1

where u = (u,,u,,u,) is the displacement vector at location x = (x,,x,,x;) and time ¢. p is
the material density; A is the Lame’s constant; u is the shear modulus.

The displacement can be expressed using Helmholtz decomposition, which is the sum

of a the gradient of scalar ¢ and curl of vector V.

u=Vpg+Vxy (2.2)

The scalar potential ¢ has one component and the vector ¥ has three components.
V.y =0 is an additional constraint in order to determine the three components of u
uniquely. If V -y =0 is not used, some other conditions need to be specified in order to
determine the three components of u from the four components of ¢ and V.
Substituting Eq. (2.2) into Eq. (2.1) yields

UV VG +Vxyl+(A+ u)VV-[VP+Vx yl= p[Vd+Vx

Considering that V-V¢=V’¢ and V-V xy =0, the above equation can be rewritten

as
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VI(A+2)V>¢— pdl+V <[tV y— pig] =0 (2.3)

For the EOM to be valid, ¢ and ¥ need to satisfy two wave equations

2
V3 _%%:
c; Ot
| oy (2.4)
Viy-——=0
v c; ot
where
¢, =\J(A+2u)/ p = JEQ-)]/[1+v)(1-2v)p] 29
¢ =1l p=E/[2(1+v)p]
The ratio of ¢, and ¢, is defined as
a=c, /e, =J(A+2u)/ 1 =2(1-v)/(1-2v) (2.6)

This shows that the scalar potential ¢ represents longitudinal waves traveling with
wave speed c, ; vector potential y represents transverse waves traveling with wave speed c; .

Eq. (2.4) represents the displacement EOM in a simpler form, thus elastic wave propagation
problems are normally addressed using the Helmholtz decomposition in terms of two

potentials.

Since both longitudinal waves and transverse waves propagate in the volume (bulk) of
a solid, they are both called bulk waves. The longitudinal (L) bulk wave is also called P-

waves, pressure waves, compressional waves, dilatational waves, or irrotational waves.
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Transverse waves are also called shear (S) waves, distorsional waves, equivoluminal

waves, or rotational waves.

As can be seen from Eq. (2.5), bulk wave speeds are not related to frequency, which
means they are non-dispersive waves. This is strictly true only when the solid is perfectly
elastic that there is neither frequency-dependent energy attenuation nor dissipation

mechanisms.

Under a source excitation, the stress wavefield can be represented by a plane wave:

u=af(k-x/c,—t) (2.7)

In the above expression, a is the vector of the direction of displacement, k is the unit

vector of wave propagation directionk , k = kk . k is the wavenumber and k is wave vector.

For k- x =constant, it describes a plane normal to the unit propagation wave vector k

and the constant represents the distance of the plane from the origin. For ¢ >0, the plane

moves in the direction of k with the speed of ¢, . At time ¢, the equation of the plane

A

k- x—c = constant, is called the wavefront. Substituting the wavefield in Eq. (2.7) into the

equation of motion in Eq. (2.1) yields
(1= pctya+(A+u)(k-a)k=0 (2.8)

In order for the above equation to be satisfied for two different vectors a and k , there

are two different scenarios for satisfying Eq. (2.8):
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a/k ork-a=0 (2.9)

(1) For a/k

In this case, Eq. (2.8) yields

¢, =c, = /“2“ (2.10)
o)

The time-varying displacement is parallel to the direction of propagation and the wave

is bulk longitudinal wave.
(2) For k-a=0

In this case, Eq. (2.8) yields
¢ =c, = |E @2.11)
P

The time-varying displacement is normal to the direction of propagation and the wave

is bulk transverse or shear wave. The displacement can be in any direction in the plane
normal to the propagation direction. When the (x,,x,) -plane is normal to k , motions can be
either in (x,,x,) -plane or along x; direction (normal to (x,,x,) -plane). These transverse

waves are called shear vertical (SV) and shear horizontal (SH) polarized waves respectively.

Steady-state waves are called harmonic waves; Waves that are not steady-state are
called transient waves. In linear elastic materials, transient waves can be obtained by

superimposing harmonic wave in Fourier integrals.
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A plane harmonic wave propagating in the direction of k with phase speed ¢, can be

represented in the form as
u :aexp[ia)(lg-x/cp—t)]=aexp[i(kA-x—a)t)] (2.12)

where ¢, =w/k and a is a complex vector consisting of amplitude and phase angle. The

real part of Eq. (2.12) is

Re(u) = Re{a exp[iw(é-x—z/cp)]}z b |cos (K - x — ax +17) (2.13)
where
n=arga
The quantity
O(x,t)=k-x—ot (2.14)

is called the phase of wave. It gives the relation between x and 7. It can be used to
determine when # has maximum (wave crest) or minimum (wave trough). In the phase wave
equation, phase surfaces € = constant are parallel planes. Therefore, Eq. (2.14) represent a
plane wave whose planes of constant phases are normal to &k . The gradient of & in space is
k , which is normal to the planes and the magnitude is the average number of crests per 2z
units of distance. Similarly, the gradient of @ in time is @, which is the average number of

crests per 27 units of time.
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6___k
X

2.15
20 (2.15)
— =
ot

o and k are both related to the period T, frequency f (cycles per second, Hz) and

wavelength A:

w=2r/T
w=2rxf (2.16)
k=2rn/A

The relation between wavelength and wavenumber can be compared to that between

the period:

Period T

Frequency

Wavelength A4

}a)=27r/T }k:27z/i (2.17)

Wavenumber %

2.3 Lamb Waves

In this Section, two dimensional Lamb waves will be characterized.

2.3.1 Lamb Wave Characterization

For (x,,x,) plane strain harmonic wave motion in an elastic plate, the guided wave
consists of a standing SH wave in the x, direction and Lamb waves consisting of standing
waves across the thickness and traveling waves in x,; direction.

Using Helmholtz decomposition, the displacement vectors in x,,x; direction can be

represented using a the gradient of scalar ¢ and curl of vector V.
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_99,

1
ox,

_9

3
ox,

2

0x,

2
ox,

(2.18)

where the y in the above equations denotes y, and the subscript 2 has been omitted for

simplicity. The gradient of scalar ¢ and curl of vector ¥ satisfy wave equations:

79 0 _

10

ox’ ox;) ¢ o

o’y . Oy

(2.19)

10y

ox’  oxy - c; ot

The solution of gradient of scalar ¢ and curl of vector ¥ can be considered as the

form as below:

$ = D(x,) expli(ky, — ar)]
v =¥ (x,) expliChn, — o1)]

(2.20)

The above functions represent waves traveling in the x, direction with the same

angular frequency @ and wavenumber k . Substituting Eq. (2.20) to Eq. (2.19) yields

@(x,) = A4, sin px, + 4, cos px,

) (2.21)
W(x,) = B, singx, + B, cos gx,
where
2
pz _a)_z_kz
cL
(2.22)
o
q’ = ——k
Cr
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Defining the phase velocity as:
c,=0lk

Thus Eq. (2.22) can be rewritten as

In the expressions above, p,q can be real and/or imaginary according to the relation
of ¢,,c,,c;:

(1) c,>c, >cp,0r k<wl/c,<wlc,, p,q are both real;

(2) ¢, <c,<¢,or w/c, <k<w/c;, q isreal and p is imaginary;

(3)c,<¢;<¢,ork>w/c,>wlc,, p,q are both imaginary.

From Eq. (2.18), Eq. (2.20) and Eq. (2.21), it can be seen that the displacement can be
divided into symmetric and antisymmetric part.
The stress-displacement relation in tensor form can be expressed as

o, =A8,&, +2ue, (2.23)

In plane strain scenario, the stress-displacement relation is
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o, :l(%+%)+2ﬂ%
X, Ox, ox,
Ou, Ou ou
O = A+ )42y —2 2.24
33 (6)6] 5‘x3) H or, (2.24)
Ou, Ou,
T, = U(—+—
3= H ox, 8x3)
Substituting Eq. (2.18) into Eq. (2.20) yields
o’p 0’ ol o
o, =A( (f+ (f)+2 ( ?+ L4 )
ox;  Ox; ox;  Ox,0x,
0’9 0 o’p Oy
oy =4 + +2 + 2.25
» (8x12 ox; ) ”(ax§ Ox, Ox, ) (2.25)
o’¢ 0w Oy
Ty, =2 - +
n=H ox,0x, Ox]  Ox; )
The components for symmetric and antisymmetric modes are listed below:
(a) Symmetric modes:
® = 4, cos px,
Y = B, sin gx,
u, =ikA, cos px, +qB, cos gx,
u, =—pA, sin px, —ikB, singx, (2.26)

o), = u[(2p* —k* = q*) 4, cos px, +2ikqB, cos gx,]
O3 =H [(kz - qz)Az cos px; — 2ikgqB, cos gx;]
7, = u[~2ikpA, sin px; +(k*—¢”) B, sin gx,]

(b) Antisymmetric modes:
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® = 4, sin px,

Y = B, cosgx,

u, = ikA, sin px; —gB, sin gx;

u, = pA, sin px, —ikB, cos gx,

o, =u[2p* —k> —q*) A sin px, — 2ikqB, sin gx; |
0y = ul(k*> —g*) 4 sin px, + 2ikqB, sin gx, |

t,, = u[2ikpA, cos px, + (k* — q*)B, cos qx, |

(2.27)
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2.3.2 Lamb Wave Dispersion Relation

Dispersion relation gives the relationship between wave number and frequency. It is
obtained by substituting traction free boundary conditions into the symmetric and
antisymmetric wave mode functions given in Eq. (2.26) and Eq. (2.27).

The traction free boundary condition at the two surfaces of the plate is expressed as:

033 = T31 = 0 (228)

By substituting Eq. (2.26) and Eq. (2.27) into traction free boundary condition in Eq.

(2.28), two homogeneous equations about coefficients A4, B can be obtained. The only way

for the two homogeneous equations to have non-zero solutions is to set the determinant to 0.

Setting the determinant for symmetric mode to be zero yields

tangh/2 _ 4k’ pq

= 2.29
tan ph/2  (q° -k°)’ (2.29)
Setting the determinant for antisymmetric mode to be zero yields
2 252
tangh/?2 =_(q 2k ) (2.30)
tan ph/?2 4k”pq
The above two equations can be combined into one
4
O _gig| 1 R EphI2ty) 231)
c; q tan(gh/2+y)

In Eq. (2.31), y =0 for symmmetric modes and y =7z /2 for antisymmetric modes.
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Eq. (2.31) is known as the Rayleigh-Lamb dispersion relation, which gives the
relation between wave number and frequency for an infinite number of Lamb wave modes.

The traction-free boundary conditions gives a relation of coefficients 4, B , thus A4
can be represented by an expression of B . The corresponding displacement components for

wave modes are:

2k* cos(qh/2+
U, =q| cos(gx; +7)——5—— (4 /) cos(px; +7) |B
k™ —q" cos(ph/2+y)
(2.32)
u, =—ik| sin(gx, + y)+ 22pq 5 cos(gh/2 +7) sin(px; +y) |B
k™—q" cos(ph/2+y)
The corresponding stress components for wave modes are:
o,, = 2iuk 2p"—4” —k” cos(gh/2+y) cos(px, +y)+cos(gx, +y) |B
11 Hrq e —q COS(ph/2+}/)b px; Ty qx; +y
Oy, = 2k Mcos(p)g +y)—cos(gx;, +y) |B (2.33)
cos(ph/2+y)

{ 4k*pq cos(qh/2+7)
T3 =

g cos(ph /24 7) sin(px, +7)+ (k*— ¢*)sin(gx, +7)}B

2.4 Shear Horizontal (SH) Waves
2.4.1 SH Wave Characterization

Besides Lamb waves, another type of wave modes in plate is called shear horizontal
(SH) waves. The main difference between Lamb wave and SH wave is the wave propagation

direction. For example, if a plane has a surface normal x,, Lamb waves would be polarized
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in the (x,x;) plane with displacement components u,,u, ; whereas SH waves will be
polarized in x, direction and only have displacement component u, .

Assuming the displacement is in the form:

u, = f(x;)expli(kx, — ax)] (2.34)

The equation of motion is:

o’u, ou, :Lﬁzuz (2.35)
ox;  ox; ¢ ot

Substituting the displacement expression in Eq. (2.34) into Eq. (2.35) yields

f(x;) =B, singx, + B, cos gx, (2.36)

The traction free boundary condition at the upper and lower surfaces of the plate
requires:

ou
T, = ,ua—xz= 0 (2.37)
3

Substituting Eq. (2.34) and Eq. (2.36) into boundary condition in Eq. (2.37) yields

B, cos(gh/2)£B,sin(gh/2)=0 (2.38)

The solution of Eq. (2.38) is

B, =0,sin(gh/2)=0 (2.39)

or

B, =0,cos(qgh/2)=0 (2.40)

42



If B, =0, the oppression of f(x,) becomes

S (x;) =B, cosgx,
which is symmetric respect to the mid-plane of the plate.

If B, =0, the oppression of f(x,) becomes
S (x;) = B, singx,
which is antisymmetric respect to the mid-plane of the plate.

For both case, there is gh=nzr and n=0,2,4,--- for symmetric modes and

n=1,3,5,--- for antisymmetric modes.

2.4.2 SH Wave Dispersion Relation

Recall the expression of ¢, the dispersion relation is shown as:

{“’—h] = (kh)* + (nx)* (2.41)

CT
The dispersion relation can be further normalized as:
—2 =2 )
o =k +(nr) (2.42)

From the dispersion relation, it can be concluded that all SH wave modes are

dispersive exceptn =0.

The corresponding displacement for SH wave modes is
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u, = (2.43)
A, sin ( m:% j, antisymmetric modes

ATTX. .
B cos( P 3j,symmmetrlc modes

The corresponding stress for SH wave modes is

. [ nmx .
-B,ugq, sm( : ),symmmetrlc modes
Z_23”1 —
nix, . .
A,1q, cos ( J, antisymmetric modes
(2.44)
nx .
ik, B 1 cos( P 3 ), symmmetric modes
T, =

n n

ik A psin ( n7;x3 j, antisymmetric modes

Noting that among all the expressions above, term exp[i(k,x, — ot)] has been dropped.

2.5 Conclusions
In this chapter, two different kinds of plate waves are introduced: Lamb waves and

shear horizontal waves. With the traction-free boundary condition, the dispersion relation for
both waves are obtained, which gives the relation between wave-number and frequency for
an infinite number of wave modes. The displacement and stresses for each wave modes are

also listed.
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CHAPTER 3

Theoretical Model for Propagating Plate Waves and Validation

The PZT actuator is bonded on an elastic plate which is infinitely long and infinitely
wide. Suppose the x-y plane is on the mid-plane of the plate with x axis parallel to the length
of the actuator and y parallel to the width of the actuator. The z axis crosses the center of the
rectangular actuator. Let u, v, w denote the displacement components of the plate in the x, y, z

directions respectively, which all depend on time .

3.1 Steady-state time-harmonic wave motions generated by harmonic point forces

The point load F' acting either on the surface or in the interior of a plate in an arbitrary

direction can be equaled to the summation of the horizontal load Q and vertical load P,
while both Q and P can be equaled as summation of symmetric mode and antisymmetric

mode, as shown in Figure 3.1 below.
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Figure 3.1 Decomposition of a single point load (Achenbach and Xu, 1999)

The total displacement is the summation of the Lamb wave modes and SH modes
under the two loadings. First, the solution form is given by carrier wave approach, and then

the coefficients are solved by using elastodynamic reciprocity.

3.2 Wave forms given by carrier wave approach

The carrier wave approach proposed by Achenbach (1998) is a method providing
steady state time harmonic solutions for general wave forms. In this paper, the time-harmonic
waveform is in the form of ¢, Displacement under any transient load can be obtained by
the summation of the harmonic load of all the frequencies contained in the transient loading.
The plate waveforms are a summation of the Lamb wave modes (symmetric and

antisymmetric) and SH wave modes (symmetric and antisymmetric).

46



Plate Waveform

Lamb wave SH wave

Symmetric Antisymmetric Symmetric Antisymmetric
Lamb wave Lamb wave SH wave SH wave

Figure 3.2 Decomposition of a plate waveform

Cylindrical coordinates are used for simplicity of calculation. The quantities in the

expression below are normalized by length scale of / (plate thickness). Following this rule,

the following variables can be normalized as

r'=r/h, o=ohlc,, k' =kh, F' =F/(uh®)

where r is radial distance; ® is the angular frequency of the harmonic wave; k£ is the

wavenumber; I is force; i is shear modulus. For simplicity, the asterisk will be dropped in

the following.

Lamb wave modes

Following carrier wave approach, the displacement caused by a point force applied on

the z axis can be expressed as
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n
V

Ly ¢<r 0).

v ¢ )[1 50" 9)} G.1)

(2)9(r,0),

l’l

1
k

1
k
=W

where n denotes the n” mode; k, is the normalized wavenumber; V" and W" are defined

respectively in Appendix; ¢ is the carrier wave function satisfying

az—¢+l%+ 1 a¢+k¢ 0

or* ror r’oe’ (3.2)
The solution of Eq. (3.2) is given by
¢(r,0)=D(k,r)cos (3.3)
Substituting Eq. (3.3) back into Eq. (3.2), ®@(7) is the solution of
662;) +%aa%) &, _rl_z)q) =0 (3.4)
For outgoing waves,
@ (k,r)=H (k,r) (3.5)

where H* is Hankel function of the second kind, which is related to Bessel function:

Hl(Z)(knr):JI(knr)—in(an) (36)

where J, is Bessel function of the first kind and Y; is Bessel function of the second kind.
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As for Hankel function H'”(z), for large values of z, asymptotic approximations of it

are defined as

) 12
H;Z) (Z) | = e*i(z—ﬂ'/4—a7r/2)
nz

Substituting Eq. (3.5), Eq. (3.3) into Eq. (3.1) yields the displacement for symmetric

modes

u' =Vi (z)®'(k,r)cos0,
up =—V(z) (k)" ®k,r)sind,
u! =Wg (z)®@(k,r)cos0,
where @'(&)=d®/d¢& . Similarly the displacement for antisymmetric modes can be derived

as

u' =V (2)®'(k,r)cos b,
up ==V (2)(k,r)" ®(k,r)siné,
u! =W;(z)®(k,r)cos,

The derivative of Hankel function of the second kind is

(2)
L =1 ) -1
X

SH wave modes

For SH wave modes, the displacements only exist in the plane (i.e., horizontal

direction)
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u' = (1/In)cos(nﬂz)[(l/l’)g—lg(”,e)},

(3.7)
ul = (l/ln)cos(nﬂz)%—l//(r, 0).
r

where / 1s the wavenumber, y is the carrier wave function satisfying Eq. (3.2) and is given
by

w(r,0)=Y( r)sind (3.8)
in which

Y(,r)= HI(Z)(an) (3.9)

Summation of Lamb wave and SH wave modes

The total displacement under point load Q is a summation over the symmetric and

antisymmetric modes of both Lamb waves and SH waves

0 _ 98 o4
u =u” +u (3.10)

For waves propagating in the positive r -direction, the symmetric part of the

displacement solution is

m=0

u® =cosd {2 AV(2) [Héz) (k,ry—(k,»)" H? (kmr)] + Z B> cos (mnz) (,rn"'H? (lmr)}
m=0

ug® =—sin04 > AV (2)k, )" H? (k,r)+ Y. B} cos(mrz)| H (L)~ (,r) " H (lmr)]} G.11)

m=0 m=0

u® = cos e{z AW (2)H? (kmr)}

m=0
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where 4° and B’ (determined in Section 2.3) represent the coefficients for all the symmetric

Lamb waves and symmetric SH waves respectively.

Similarly the antisymmetric parts of the displacement solution are given by

u?* = cos e{z AV (2) [ng> (k,7)—(k,r)" H? (kmr)] +> Bisin(mrxz)(l,r)" H? (lmr)}
m=0

m=0

i 0{2 AV ) HO (k) + Z:‘;B,j sin(mnz) [Hom ¢n-r) " H? (lmr)]} (3.12)

9 = cos 6 {z AW ()H? (kmr)}

m=0

where 47, B/ are to be determined in Section 2.3.

Displacement under point load P is the same as Eq. (3.11) and (3.12) by omitting the

terms related to B, .

3.3 Elastodynamic reciprocity for point load along +x direction

The reciprocity (Achenbach, 1998) is a much elegant method in calculating time-
harmonic motions than the traditional integral transform techniques. The reciprocity shows
the relationship between two elastodynamic states of a same body, which can be

mathematically expressed as

[ 10" = pii ! (£ = piil i 1aV = | (') —ul o n,dS
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A, B denotes two distinct states; fl.A, ﬁB are body forces; V is the region; S is the

boundary of region ¥ . For two time-harmonic modes of the same frequency, the reciprocity

theorem is simplified to

J, (? = fPu!av = [ (o] ~u o) ndS (3.13)

As can be seen in Figure 3.1, the point load at the surface of the plate can be divided as
a sum of symmetric loading and antisymmetric loading, with displacement expressed in Eq.

(3.10) and Eq. (3.12) respectively. The corresponding coefficients 4°, B and 4, B are to

be determined respectively by assuming different virtual states in Sections 2.3.1 and 2.3.2.

3.3.1. Determination of coefficients for harmonic vertical point load scenario
The region under considerationis 0<r<b,—h<z<h,0<0<2x . Setstate 4 as
load Q appliedat z,=0,7=0,0 =0in x axis.

State B is set to be a single symmetric Lamb-wave mode comprising the outgoing and

converging wave. The displacement in state B is expressed as

u" =1/ 2V (2)[®'(k,r) + D' (k,r)]cos b,
ul =—(1/ 2V} (2)(k,r) ' [®(k, r)+ D(k,r)]sin b,
u" =1/ QW (2)[ Dk, r)+ Dk, r)]cos .
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In this scenario, the left hand side of reciprocity theorem becomes

Qu’(0,0,0)=(1/2)QV/ (0) . Substituting the displacement and stress into the right hand side

(RHS) of the reciprocity theorem, the coefficient of each wave mode can be determined.

3.3.2. Determination of coefficients for harmonic vertical point load scenario

For loading parallel to the z -direction (or called vertical loading), only Lamb waves

exist, thus only the coefficients 4> and 4" need to be determined. For a distinction from

horizontal loading, 4° and A of vertical loading is replaced by C> and C.

Symmetric Lamb wave modes : Determination of C?*

Force can be normalized by F = f/(uh®) with u being the shear modulus and /% the

length normalization scale. When a normalized vertical point load P (point load along the z
direction) is applied on a plate, SH wave will not be present. Thus the displacement form
would be as in Eq. (3.10) and Eq. (3.12) without the SH wave terms (the terms with
amplitudes B, ). Setting state 4 as symmetric loading shown in Figure 3.1 with
displacements shown in Eq. (3.10) without the SH wave terms. State B (the virtual state) is
set to be a single symmetric Lamb-wave mode comprising the outgoing (or diverging) and

converging wave. The domain where 0<r<o , —h<z<h,0<0<27r is under

consideration. From Eq. (3.1) and (3.3), the displacement components for state B are:
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u" =1/ 2V} (2)[@'(k,r)+D'(k,r)]cosb,
ul =—(1/ 2 (2)(k,r) " [D(k, )+ Dk, r)]sin 6,
u" =1/ W (2)[D(k,r)+ Dk, r)]cos .

(3.14)

Substituting Eq. (3.10) and Eq. (3.14) into the reciprocity theorem in Eq. (3.13) yields

sk PG
"4 IS (3.15)

mm

where z,is the depth location where force is applied and 7° is listed in the Appendix.

Antisymmetric Lamb wave modes : Determination of C:!

Similarly, the coefficient C® can be obtained by

cs =Ky PWs'(2))
"4 I (3.16)

mm

where 7/ is listed in the Appendix.

The total displacement under harmonic vertical point load would be the sum of the

symmetric Lamb wave and the antisymmetric Lamb wave.
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3.3.3 Determination of coefficients for harmonic horizontal point load along +x

direction

Symmetric Lamb wave modes : Determination of ~A>

When a horizontal load is applied at the position z = A, r=0,0 =0, which can be split

into a symmetric and antisymmetric loads. State 4 is thus set to be the symmetric part of the
load. State B is set to be a single symmetric Lamb-wave mode comprising the outgoing and

converging wave. Substituting Eq. (3.10) and Eq. (3.14) into the reciprocity theorem in Eq.

(3.13), yields

AS:&QVS‘H(ZO)
"4 I (3.17)

Antisymmetric Lamb wave modes : Determination of A

Similarly, the coefficient for antisymmetric Lamb wave modes can be obtained

4 :&QV:(ZO)
] (3.18)

Symmetric SH wave modes : Determination of B

Set state A as symmetric loading with displacements shown in Figure 3.2 and state B
as a single symmetric SH wave consisting of the outgoing and converging waves and using

reciprocity, yields
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1
S _ —
B Y, for n=0,2,4, (3.19)

where J  is listed in the Appendix.

Antisymmetric SH wave modes : Determination of B

Set state 4 as antisymmetric loading with displacements shown in Figure 3.2 and
state B as a single antisymmetric SH mode comprising the outgoing and converging waves

and using reciprocity, yields

1
A — _— LIS
B T for n=13,5, (3.20)

3.4 Verification of theoretical model for propagating plate wave under point load along

+x direction

In order to verify the correctness of the theoretical model of propagating waves in
plate, this chapter verifies the solution here with the FEA result obtained in COMSOL. The
material properties for the aluminum plate are listed below:

Table 3.1 Material properties and geometry of Al-6061 aluminum plate

Symbol Description Value Unites
Y density 2700 kg | m®
E Young’s modulus 70 GPa
1% Poisson’s ratio 0.33
h thickness 3.2 mm
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Table 3.2 Wavenumbers of some Lamb wave modes at 100 kHz

S, S,/8, S, /S,
114.84 704.48+1306i 970.05+3343.22i

4, 4, A,/ A, A, A,

391.7 309.3125i 865.89+2337.5i 1047.8+4340.625i

The loading tested are point load, line load and surface load. The result is summarized

in Section 3.4, Section 3.5, Section 3.6 respectively.

3.4.1 Theoretical result for propagating plate wave under point load

The following study is conducted at frequency f =100 kHz , thus the angular frequency
w=2rf=2x10°x7 rad/sec . For Al-6061 aluminum plate, the shear velocity is
¢, =Julp=31713m/s . Therefore, for a 3.2 mm thick plate, the normalized term

oh,,., /¢, =0.634 . For Lamb waves, from the dispersion curve, for it can be seen that there

will be S, Lamb wave mode and 4, Lamb wave mode.

The Lamb wave wavenumbers and wavelengths at f =100 kHz are listed in the Table

3 below:

Table 3.3 Wavenumber and wavelength of Lamb waves at 100kHz

Lamb wave mode S, A,
wavenumber k 114.84 391.7
wavelength A (obtained by A =27/k) 0.0547 0.016
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For SH wave, the dispersion relation is given as

a)h late ’ 2 2
— = (khplate) + (l’lﬂ')

Cr

where n=0,2,4,--- for symmetric modes, and »=1,3,5,--- for antisymmetric modes and

h

‘plate

is plate thickness. At the given frequency f =100 kHz , thus the angular frequency

w=2rf=2x10°x7 rad/sec and the left hand side of the dispersion relation equals to

0.402. Thus there will only be SH,wave. The normalized wavenumber and wavelength are

listed below:

Table 3.4 Wavenumber and wavelength of SH wave at 100kHz

SH wave mode
Wavenumber k& (1/meter) (obtained from dispersion curve)

Wavelength 4 (meters) (obtained by A =27/k)

SHy
198.1358
0.0317

To sum up, all the propagating wave modes at / =100 kHz are listed below:
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Table 3.5 Wave number and wavelength of Lamb waves at 100 kHz

Lamb wave mode Lamb §, Lamb 4, SH,
Wave number £ (1/m) (obtained from dispersion relation) 114.8 391.7 198.1
Wavelength 4 (mm) (obtained by A =27/k) 54.7 16 31.7
1/2 (m™) 18.3 62.5 31.5

It can be seen from the two tables that the minimum wavelength is 16 mm (Lamb

wave 4, mode) and the maximum wavelength is 54.7 mm (Lamb wave S, mode). According

to our study previously on the PML length, it is chosen to be half of the maximum
wavelength, which is 54.7/2=27.35 mm For the infinite plate, the size of the rectangular area
under observation is set to be 2.2 times of the maximum wavelength, 54.7x2=120.34 mm.

The thickness of the aluminum plate is 3.2 mm.

A point load along the plate upper surface is with amplitude of 103 N. The x-y plane is
set to be the middle layer of the plate and the z axis passes the point load application point.

The x-axis is set to be in the direction of the point force direction.

The results for displacement elements are calculated in Matlab, as shown below.
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Figure 3.3 Theoretical result of (a) displacement u (b) displacement v (c) displacement w

under point loading
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In order to verify the theoretical result, FEA is conducted in the software COMSOL.

3.4.2 FEA result for propagating plate wave under point load

First of all, point loads, as well as edge loads in 3-D are singularities, hence are NOT
good practice in FEA software, but sometimes you can use the results if you do NOT analyze
in detail the local stress concentration. One method to avoid singularities in COSOL is to
replace the line load with a surface load of 3-D Gaussian distribution over a square area of

a, xa, . This results a concentrated load, but no pure singularities, if the Gaussian is larger

than a few mesh elements. The plot of a 3-D Gaussian distribution is

%10°
25
1.5«
1s
0.5
0.5
0 0
, 0.5 -05
Y X

Figure 3.4 Plot of Gaussian load distribution (units for x, y axis: mm, unit for z axis: N)

In COMSOL, the Gaussian function is applied on the plate upper surface over a small

square region. The three-dimensional Gaussian function is defined by
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X2 V2

Gaussian(x,y) = Ae “

where 4 is defined as

1
 maErf[1/2]

And ‘Erf is the error function define as
2 ex 2
erf(x)=—=| e dt
=,

The value of Erf*[1/2] can be calculated in Mathematica as 0.27092.

The integration of the Gaussian function over the entire load-applying surface is
calculated in Mathematica as 10°. This indicates the integration of the Gaussian function is

103, which means the total force on the area has the amplitude of 10°.

The size of the plate is 120 mm along both x and y axis, which is 2.2 times of the
maximum wavelength. The height of the plate is 3.2 mm. The width of the perfect matched
layer is set to be half of the maximum wavelength.

The maximum size of elements on the plate and PML are 1/20 of the minimum
wavelength (minWL), while the element size on the area where Gaussian load is applied is
even smaller (1/60 of minimum wavelength) than that of the plate. The load-applying surface

size a, is chosen to be 1/20 of minimum wavelength.

The displacement components when a,, = minWL/20 on plate upper surface are as

follows:
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Figure 3.5 COMSOL result for (a) displacement u (b) displacement v (¢) displacement w for

Gaussian point loading on plate upper surface
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From the color bar in the above figure, it can be seen that maximum and minimum
value of the displacement is different from the analytical result. This is due to two causes: (1)
analytical solution uses actual point loading while in COMSOL point load is replaced by
Gaussian surface loading to avoid singularity; (2) the evanescent wave modes near the force
applying area is not considered here in the analytical solution. In order to better compare the
analytical solution and FEA solution, plate displacements along several monitoring lines are

listed in the session below.
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4.3.3. Comparing Matlab result with FEA result under Gaussian load

The scenarios of theoretical solution and FEA result when mesh size = minWL/20 are

compared in this Section.

x107®

:-.ﬁ: s

60 -40 -20

(units for x axis: mm)

Figure 3.6 Comparing displacement under point load on along 0° (line I) for theoretical

solution and FEA solution under Gaussian load. Solid blue line: analytical solution; Dotted

red line;: COMSOL solution
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Figure 3.7 Comparing displacement under point load on along atan(1/2) (line II) for
theoretical solution and FEA solution under Gaussian load. Solid blue line: analytical

solution; Dotted red line: COMSOL solution
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Figure 3.8 Comparing displacement under point load on along 45° (line III) for theoretical
solution and FEA solution under Gaussian load. Solid blue line: analytical solution; Dotted

red line: COMSOL solution
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Figure 3.9 Comparing displacement under point load on along atan(2) (line IV) for
theoretical solution and FEA solution under Gaussian load. Solid blue line: analytical

solution; Dotted red line: COMSOL solution
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It can be seen that displacement match pretty well along these four monitoring lines.
The difference mainly resides on the area near the origin, where the force is applied. This is
because in the theoretical solution, only propagating waves are concerned, while in the
COMSOL results, besides propagating waves, there is also non-propagating waves near the

force-applying position.

3.5 Verification of theoretical model for propagating plate wave under line load along

+x direction

After the verification of the theoretical solution for plate propagating wave under
point load., Section 4.5 is going to extend the analytic solution to line load and the solution

will be verified by comparing to FEA result obtained in COMSOL.

3.5.1 Theoretical result for propagating plate wave under line load

The following study is conducted at frequency f =100 kHz . The Lamb wave and SH
wave wavenumbers and wavelengths at f =100 kHz are listed in the Table 3.5.

It can be seen from the two tables that the minimum wavelength is 16 mm (Lamb
wave 4, mode) and the maximum wavelength is 54.7 mm (Lamb wave S, mode). According

to our study previously on the PML length, it is chosen to be half of the maximum

wavelength, which is 54.7/2=27.35 mm For the infinite plate, the size of the rectangular area
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under observation is set to be p xp, , where p =maxWL-1.6=87.52mm  and
p, =maxWL-1.6 =87.52 mm . The thickness of the aluminum plate is 3.2 mm.

The x-y plane is set to be the middle layer of the plate. A single line loads are applied

on the plate upper surface:
f.=10°N/m at x=p, /5=17.504mm,~14.587 mm=—p,/6<y<p,/6=14.587 mm

The results for displacement elements are calculated in Matlab, as shown below.
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Figure 3.10 Theoretical result of (a) displacement u (b) displacement v (c) displacement w

under line loading

75



—

-40 220 0 20 40 x 107

(units for x-y axis: mm)

x 107

1

0.5

-0.5

-1

-40 -20 0 20 40
x

(units for x-y axis: mm)

(b)

76



-40

=20

=

(©)

20 40

(units for x-y axis: mm)

77



In order to verify the theoretical result, FEA is conducted in the software COMSOL.
3.5.2 FEA result for propagating plate wave under line load

Since point loads, as well as edge loads in 3-D are singularities, hence are NOT good
practice, but sometimes you can use the results if you do NOT analyze in detail the local
stress concentration. One method to avoid singularities in COMSOL is to replace the line

load with a surface load of 3-D Gaussian distribution over a rectangular area of a, xa, ,
where a, =minWL/10=1.6 mm and a, = p,/3=29.173 mm . The center of this rectangular
area is located at (p, /5,0)=(17.504 mm,0) on the plate upper surface. This results a

concentrated load, but no pure singularities, if the Gaussian is larger than a few mesh

elements.

In COMSOL, the Gaussian function is applied on the plate upper surface over a small

square region. The three-dimensional Gaussian function is defined by

xZ

Gaussian(x,y) = Ae a

In order to have a unit force of 10° N/m, there is:

2

J.a,/z J-faw/z Aefziidxdyzlosa,

y=-a,/2dx=-a,/2

Solving the above equation for 4, yields

_ 108394

a

w

A

78



The size of the rectangular area under observation is set to be p, xp, , where
p,=maxWL-1.6=87.52mm and p,=maxWL-1.6=87.52mm . The thickness of the

aluminum plate is 3.2 mm. The width of the perfect matched layer is set to be half of the

maximum wavelength.

The parameters for perfect matched layer (PML) is set to be SF (scaling factor) = 2,

SCP (scaling curvature parameter) = 3.

The maximum size of elements on the plate and PML are 1/12 of the minimum
wavelength, while the element size on the area where Gaussian load is applied is even

smaller (1/40 of minimum wavelength) than that of the plate.

From the previous section of using Gaussian function representing point load, it was

concluded that when a, =minWL/10 , the plate responses is the same as when
a, =minWL /20 . This shows that the Gaussian distribution over a surface result in a
converged result and can resemble a point load when a, =minWL /10 . Therefore, in this
line load study, a, =minWL /10 is chosen to represent the width of the Gaussian load. The

unit line load is 10° N/m along +x direction.

The displacement components on plate upper surface are:
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Figure 3.11 Displacement component (a) u (b) v (¢) w under Gaussian line load in COMSOL
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3.5.3. Comparing analytical result with FEA result under line load

The scenarios of theoretical solution and FEA solution obtained in COMSOL are

compared in this Section.

-6
5 X;lu T T T T
= ul"—’\’\ o -
51— . . . -
-40 -20 0 20 40
-6
5 x.]l]
~ 0
-2 L L L L L
-40 =20 0 20 40
x
, %1078 (units:m)
S VaAVAVAVAVA
22 L L L .
-40 =20 0 20 40
X

(units for x axis: mm)

Figure 3.12 Comparing displacement under point load on along 0° (line I) for theoretical
solution and FEA solution under line load. Solid blue line: analytical solution; Dotted red

line;: COMSOL solution
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Figure 3.13 Comparing displacement under point load on along atan(1/2) (line II) for

theoretical solution and FEA solution under line load. Solid blue line: analytical solution;

Dotted red line: COMSOL solution
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(units for x axis: mm)

Figure 3.14 Comparing displacement under point load on along 45° (line III) for theoretical
solution and FEA solution under line load. Solid blue line: analytical solution; Dotted red

line;: COMSOL solution
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Figure 3.15 Comparing displacement under point load on along atan(2) (line IV) for

theoretical solution and FEA solution under line load. Solid blue line: analytical solution;

Dotted red line: COMSOL solution

It can be seen that displacement match pretty well along these four monitoring lines.

The difference mainly resides on the area near the origin, where the force is applied. This is

because in the theoretical solution, only propagating waves are concerned, while in the

COMSOL results, besides propagating waves, there is also non-propagating waves near the

force-applying position.
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3.6 Verification of theoretical model for propagating plate wave under surface load

along +x direction

After the verification of the theoretical solution for plate propagating wave under line
load, Section 4.6 is going to extend the analytical solution to surface load and the solution

will be verified by comparing to FEA result obtained in COMSOL.

3.6.1 Theoretical result for propagating plate wave under surface load

The following study is conducted at frequency f =100 kHz . Same as the line load case,
for the infinite plate, the size of the rectangular area under observation is set to be p xp,,
where p =maxWL-1.6=87.52mm and p, = maxWL-1.6=87.52 mm . The thickness of the

aluminum plate is 3.2 mm.

The x-y plane is set to be the middle layer of the plate. A surface load along +x

direction are applied on the plate upper surface:
f.=xy*x10"' N /m*> at —a,/2<x<a,/2,—a,/2<y<a,/2
where
a,=4mm, a,=8mm

The results for displacement elements are calculated in Matlab, as shown below.
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Figure 3.16 Theoretical result of (a) displacement u (b) displacement v (c) displacement w

under surface load
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In order to verify the theoretical result, FEA is conducted in the software COMSOL.

3.6.2 FEA result for propagating plate wave under surface load

The width of the PML is 1/2 of the maximum wavelength at the given frequency.

From Section 4.5, it was concluded from parametric sweep study that when the PML scaling
factor is set as 2 and the PML scaling curvature parameter is set as 3, no reflection is shown.
Thus in this surface load study, the PML parameters are set to be the SF =2, SCP = 3 as well.
The maximum size of elements on the plate and PML are 1/16 of the minimum
wavelength, while the element size on the area where surface load is applied is even smaller

(1/40 of minimum wavelength) than that of the plate.

The displacement components on plate upper surface are:
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Figure 3.17 COMSOL result for plate (a) displacement u (b) displacement v (¢) displacement

w under surface loading

92



40
30
20
10
=~ 0
-10
-20
=30
-40
-40 -20 0 20 40
x
(a)
40
30
20
10
= 0
-10
-20
-30
-40
-40 -20 0 20 40

X

(b)

-8
%107

(units for x-y axis: mm)

%107

(units for x-y axis: mm)

93



-40

=20

(©)

20 40

(units for x-y axis: mm)

94



3.6.3. Comparing analytical result with FEA result under surface loading

On the four monitoring lines, the theoretical result obtained in Matlab is compared

with FEA result obtained in COMSOL, as shown below:

5 T T T T T
= ur\’_\_,\f\—d_\ﬁ
g - i i A .
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(units for x axis: mm)

Figure 3.18 Comparing displacement under point load on along 0° (line I) for theoretical
solution and FEA solution under line load. Solid blue line: analytical solution; Dotted red

line;: COMSOL solution
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Figure 3.19 Comparing displacement under point load on along atan(1/2) (line II) for
theoretical solution and FEA solution under line load. Solid blue line: analytical solution;

Dotted red line: COMSOL solution
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Figure 3.20 Comparing displacement under point load on along 45° (line III) for theoretical
solution and FEA solution under line load. Solid blue line: analytical solution; Dotted red

line: COMSOL solution

It can be seen that displacement match pretty well along these monitoring lines. The
difference mainly resides on the area near the origin, where the force is applied. This is
because in the theoretical solution, only propagating waves are concerned, while in the
COMSOL results, besides propagating waves, there is also non-propagating waves near the

force-applying position.
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3.7 Elastodynamic reciprocity for point load along +y direction

The carrier wave approach proposed by Achenbach and Xu (1999) gives the forms of
plate wave modes under loading in +x direction, as listed in Eq. (5.20) to Eq. (5.22). For plate
wave modes under loading in a random direction o with respect to the +x axis, the Lamb

wave forms can be expressed as:

u' =V (z2)®'(k,r)cos(0—a) (3.21)
u! =Wy (z)®(k,r)cos(6 —a) (3.22)
=V (z)( Jd)(k r)sin(6—- ) (3.23)

Therefore, for a point load along +y direction, i.e.,« = 7 /2, the Lamb wave forms can

be expressed as
u' =V (z2)®'(k,rycos(0—n/2)=V;(z)®'(k,r)sinf (3.24)

u! =W (z2)®(k,rycos(60 —n/2)=Wg (z)D(k,r)sin @ (3.25)

=V!(z )( JCD(k )sin(0-7/2)=V!(z )[ )d)(k r)cos 6 (3.26)

3.7.1. Determination of coefficients for harmonic vertical point load scenario

The region under considerationis 0<r<b,-h<z<h,0<60<2x. Setstate 4 as

load Q applied at z, =0,7 =0, =01n y axis. State B is set to be a single symmetric Lamb-
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wave mode comprising the outgoing and converging wave. The displacement in state B is

expressed as:

u' =1/ 2V (2)[@'(k,r)+D'(k,r)]sin 6,
ul =—(1/ 2V (2)(k,r) "' [®(k,r) + D(k,r)]cos 0,
u' =1/ )W (2)[D(k,r)+D(k,r)]sin 6.

In this scenario, the left hand side of reciprocity theorem becomes
Qu’(0,0,0) =(1/2)QV, (0) . Substituting the displacement and stress into the right hand side

(RHS) of the reciprocity theorem, the coefficient of each wave mode can be determined.

3.7.2. Determination of coefficients for harmonic horizontal point load along +y

direction

Symmetric Lamb wave modes : Determination of A

When a horizontal load is applied at the position z=h, r=0,0 =0, which can be split
into a symmetric and antisymmetric loads. State 4 is thus set to be the symmetric part of the
load. State B is set to be a single symmetric Lamb-wave mode comprising the outgoing and
converging wave. Substituting displacement and stress components of the two states into the

reciprocity theorem, yields

45 :& OV (zy)

nn

Antisymmetric Lamb wave modes : Determination of A

Similarly, the coefficient for antisymmetric Lamb wave modes can be obtained:
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4 :ﬂ oV, (z)
T (3.28)

Symmetric SH wave modes : Determination of B’

Set state 4 as symmetric loading with displacements shown in Figure 3.2 and state B
as a single symmetric SH wave consisting of the outgoing and converging waves and using

reciprocity, yields

s_1 0 _
B =—= for n=0,2,4,- (3.29)

4i J

nn

where J  is listed in the Appendix.

Antisymmetric SH wave modes : Determination of B

Set state 4 as antisymmetric loading with displacements shown in Figure 3.2 and
state B as a single antisymmetric SH mode comprising the outgoing and converging waves

and using reciprocity, yields

1
A — _— LIS
B'=——= for n=13)5, (3.30)

Though the coefficients for each wave mode under point load in +y direction is the
same as under point load in +x direction, the difference lies in the expression of carrier wave,

where the terms of cos@ becomes sin @ ; the terms of sin & becomes cosé .
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CHAPTER 4

Non-propagating (evanescent) plate waves

Chapter 4 discusses the plate wave under point force excitation. The results in the
previous chapter are for propagating waves with real wave number. In this chapter, the
evanescent plate wave, which is of imaginary or complex wave number, under a point load
force excitation is obtained. It was known that the amplitude of evanescent wave decays with
respect to displacement. Thus, for far-field displacement analysis, which is needed in sensor
response scrutiny, evanescent wave can be neglected. However, when solving for the
interfacial stress coefficients, the displacement on the contact surface of the PZT actuator and
bonding plate need to be equaled. On the contact surface, evanescent waves need to be taken
into consideration since the location of interest is close to the point of force application. In
this chapter, the evanescent wave propagation induced by point load is investigated first.
Then, the surface stress scenario can be solved by simply integrating the point load solution

over the contact area.

4.1 Introduction of evanescent waves

The dispersion relation gives the relation between frequency @ and wave number £ .
In correspond to any real-valued @ , infinite number of wave number k can be calculated
numerically. Each wave number k£ represents a wave mode in the plate. The value of wave

number k can be real, imaginary or complex.
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(1) If the wave number is a real valued wave number £ , the corresponding wave is

either propagating Lamb wave mode or propagating SH wave mode.

(2) If a wave mode has a purely imaginary wave number k , the corresponding

standing waves (or evanescent waves) will have an amplitudes decaying in the x,x, plane.

(3) If a wave mode has a complex wave number £ , the corresponding standing waves
(or evanescent waves) will be the modulation of a propagating sinusoidal variation with an

exponential decaying function.

For small valued wave number k£ (@ =0"), there is one real valued wave number for
symmetric and antisymmetric mode, representing S, and mode A4, respectively, which are
the lowest symmetric and antisymmetric modes. All other wave number k£ are either
imaginary or complex.

Another thing to note is that with the increment of imaginary part in wave number, the
corresponding wave will have a faster decaying rate. For example, since 4, Lamb wave

mode has the minimum wave number imaginary part compared to other evanescent wave

modes at the same frequency, the 4, Lamb wave will be the mode which decays the slowest

among all other evanescent wave modes.
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4.2 theoretical solution for amplitude of evanescent wave modes under point load along
+x direction

4.2.1 Complex reciprocity theorem

For elastic solid subjected to a body, the equation of motion and strain-displacement
relation is shown below:

4.1)
Vu=¢
In the above equation, p is the volume density; o and € are the stress and strain
tensor respectively; u is the displacement vector; f is the body force.
Consider two wavefields 4 and B with body forces f,,f,, displacements u’, u, ,

velocities v',,v, and stresses ’,,6,, where ~ denotes complex conjugate. Substituting these

values into Eq. (4.1), the equation of motion and strain-displacement relation for these two

fields are expressed as follows:

* 8V *
V.o,= pﬁ_tA —f,
X 4.2)
\2% _ %y
o
V.o, :paVB —1;
ot 4.3)
Vv = O
Bot
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Multiplying Eq. (4.2-1) with velocity in wavefield B v, and multiplying Eq. (4.2-2)
with stress in wave filed B o, yields

*
*

v, (V-0,)=pv, -6—;—VB -f,
. (4.4)

Ot ,

ot

G, Vv, =0,

Multiplying Eq. (4.3-1) with velocity in wavefield 4 v, and multiplying Eq. (4.2-2)

with stress in wave filed B &’,, yields

. « OV .
VA-(V-GB)=pVA-6—tB—VA-fB

(4.5)
. » Og,
6, Vv,=0," o

Summing up Eq. (4.4-1), Eq. (4.4-2), Eq. (4.5-1) and Eq. (4.5-2) yields

v, (V-6,)+6,-Vv,+v,-(V-6,)+6,-Vv,

-8—;‘—VB-fA+o'B-a—;‘+va-6—tB—vA-fB+0'A- E

=PVp

The divergent of tensor product has the following identities:

V'(VB.GZ):VB'(V'GZ)-’_GZ‘VVB (47)
Vo (v,0,) =V, (V:5,)+0, VV, '

Using Eq. (4.7), Eq. (4.6) becomes

V(vy-0,)+V-(V,-0,)

ov, . OV, 08, . 0g, . .
=pvV,- +pv - +0,- +0,- v, f,—v,-f
,0361 pA@t LRRPY 4o 41 B 1y

(4.8)
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The Hook’s law in tensor notion is given by

c=C:¢ (4.9)
e=S:o

In the above equations, C and S represent the fourth-order stiffness tensor and

compliance tensor respectively.

From the Hook’s law in Eq. (4.9), the following equation can be obtained:

0_;:6;3 +0, :a;—:=cz:S:agtB +0'B:S:ag;‘

(4.10)

Since compliance matrix S is symmetric and real, the following equation can be

obtained:

csz:S:ao-B:ac—"?:S:cri1 (4.11)

ot ot

Substituting Eq. (4.11) into Eq. (4.10), yields

s

02162—:+GB:823 :%:S:GZ+GB:S:6§1"‘ (4.12)
Substituting Eq. (4.12) into Eq. (4.8), yields
V(v 0)+V-(V,-0,)
=PV 'a—;‘"‘PVZ : 6;3 + G‘;B :S:0,+0,:S :602 —v, £, —v,f, (19
Eq. (4.13) can be simplified as
V(Y 0 V0 = (Y Y, 0, E) Vv, o, (4.14)
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For steady state time harmonic wavefield, the reciprocity theorem can be expressed as
V(v 6, +v,6)=—(v, f,+v, ) (4.152)
Since v=1i =—iou,v = @) = (—iou) = (—i) (@) (1) =iou" , the above reciprocity
can also be written using displacement:
ioV-(—u,-6,+u,-6,)=—io, f,—u, f)) (4.15b)

Eq. (4.15) is the differential form of complex reciprocity theorem. By integrating
Eq. (4.15) over a region V' with boundary S , the integral form of complex reciprocity

theorem can be obtained as below:
[[(vy-ol+viomdS==] (V) -, +v,-£)dV (4.16a)
or
ia)L(—uB G, +u,-0,)ndS = —ia)J'V(ui1 £, —u,-f)dV

In the above equations, n is a unit outward normal vector.

Multiplying both sides of the above equation with i/ @, yields

[ ;0% -o,mds = (£, ~u,-f))aV (4.16b)
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4.2.2 Use of the complex reciprocity theorem

As discussed in the previous Section, the complex reciprocity theorem relating two

time-harmonic states with superscripts 4 and B is:

[ i ul = fPuay = @ o —ul o )n,dS (4.17)

In the above equations, f," and f,” are body forces; S is the boundary for region V' ;

1

n, are the outward normal components.

In an annular domain |z| <h, 0<r<b, 0<0<2x, the reciprocity theorem can be
applied to two symmetric evanescent Lamb wave modes with no body forces. The wave
numbers for the two symmetric evanescent Lamb wave modes m and n are k, and k,
respectively. Since both modes do not have body forces, the left hand side of Eq. (4.17) is 0.

The right hand side of Eq. (4.17) can be expressed as

0, b)=0 (4.18)
where
27 oh . -
O, (D) :bIO Lh {u[’" o, —u'o; }njdé?dz

_b 2 h m* __n n__m*
- J.O J-—h I:ur GV)" _uro-rr ]

1
m* __n n__m*
+[u2 O-VZ _uZ GVZ ]

1

(4.19)

* *
+|uy ol —uyoly | vdod:

11
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As can be seen, in Eq. (4.19), the right hand side is divided into three sections,

represented by 1,11, 1] respectively.

As discussed in Chapter 4, the displacement and stress for an outgoing symmetric

Lamb-wave mode can be written using carrier wave approach (Achenbach and Xu, 1999):

u' =Vg(z2)®'(k,r)cosd (4.20)

u! =Wy (z)®(k,r)cos 6 (4.21)
u, =V (z)(%}q)(knr) sin @ (4.22)
! =-2¥(2)®'(k,r)cos & (4.23)
o =3 (z)®(k,r)cosO (4.24)

ol =3 (z2)D(k,r)cosO — ff:(z)

1 (4.25)
x| —@'(k,r)——5D(k,r) |cos 0

r kv

ol =3 (z)(k_—le)(knr)sinG (4.26)
)1r
ol =3 (z){—ld)'(knrﬁ e d)(knr)}siné? (4.27)
r e
where the terms related to z are expressed as below:

V' (z) =5, cos(pz)+s, cos(qz) (4.28a)
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W (z) = s,sin(pz) +s, sin(gz)
=) (2) = p[sssin(pz)+ sgsin(gz) |
23(2) = u[s, cos(pz) + sy cos(qz) |
=0 (2) = sy cos(pz) + 5,4 c08(gz) |
= (2)= us, cos(pz) +5,,c08(¢2)]
() =2, (2)
To(2)=-Z)(2)

where

s, = 2cos(qh)
s, ==[ (k) =¢*)/ k} |cos(ph)
s, ==2(p/k,)cos(gh)
s, ==| (k} =q°)/ (gk,) [cos(ph)
ss =4p cos(gh)
5o =| (k2 =q°) 1 (gk;) | cos(ph)

s, =[ 20k} —q*) 1k, |cos(gh)

(4.28b)

(4.28¢)

(4.284)

(4.28¢)

(4.28f)

(4.28g)

(4.28¢)

(4.292)

(4.29b)

(4.29¢)

(4.29d)

(4.29)

(4.29f)

(4.29¢)
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sy =[22p* ~k; —q°) /K, |cos(gh) (4.29h)

s = 20c; =q*)/ k, |cos(ph) (4.29i)
s,, = 4cos(gh) (4.29))
s ==| 20k} —q*) 1 k; |cos(ph) (4.29K)
In these expressions
2

P ] (4.30a)

L P

2 @’ 2 2 M
q =——k,, ;== (4.30b)

Cr P

Substituting Eq. (4.20)-Eq. (4.27) to Eq. (4.19) and considering (1/k,)" =k, / |k, |2 and

ifrn (2)=Z¥(z)=2uV{(z) , the first term in Eq. (4.19) is evaluated as:
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_.om* __n n__m*
I=u'o, —u'o

r rr

=[ V" (2)® " (k,r)cos 0] {zf: (2)D(k ) cos O~ o (z)x F(D (k) — %d)(knr) }cos 9}
- |r s

~[72 @)@k, r)cos 6] {Zf,',”*(z)(b "(k r)cos 0—2 . (2)x {l@ (kr)— — (k1) ]co s 9}
_— r

m
2 2
e, |

S (2)=243 (2) 1

= [ (@ " (k,r)cos 6] {Zf;’(z)d)(k”r)cos O-2u4V] (z)x [l(b (k)= =@ (k,) feos 0}
- r nl” |

—[V; (2)®'(k,r)cos 9] {zf:’*(z)cp*(kmr) cos 02V (z) % {ltb'*(kmr)— k—"m*(kmr) cos 9}
_ r

1
2 9
e, |

= cos’ e[VSm*(z)cD "k, NI (2)D(k,r) = VI(2)D '(knr)sz*(z)q)*(kmr)]

+ zl’lVSm*(z)VSn (Z) COSZ 9 |: - lq) ' 7 (kmr) + k 1 2 ®(kn}/.)q) '*(kmr)
r

Lo (k,r) — o @'(knr)d)*(kmr)}

)
| r

| m

= cos” O] 1" ()0 (k,1)E () (k) ~ Vi ()0 (h,)ES (20" (k)]

L2V () (2) cos? O [k Lok, o (k,r) - |kk|+2q) '(knr)CD*(kmr)}
nr m r

(4.31)

The second term in Eq. (4.19) is evaluated as:

I=u"c" —u'c"
=[ W (2)®" (k,r)cos 0] ~£ (2)® (k) cos 0]
[ ()@ (k,r) cos 0| -E2(2)® " (k,) cos 0] (4.32)
= cos” O 1" (2)Z (2)®" (k, )P (k,r)

W ()" (2)D (k1) " (k1) |

The third term in Eq. (4.19) is evaluated as:

111



_ . om* n__m*
Il =u, o,-u,c,,

0

= [Vs’”%z)[' - ’|‘ ]cb*(kmsin 9] {z () {— }cb )+ #@(k,,r) }sin 9}

\
{V”( )[ jd)(k r)s1n¢9}{ (2 ){——CD (k, r)+|uk | JCD “(k, r)]s1n(9}

= (2)=2uV4 (2)

= ! (z)( ]d) (k,r)sin 9} {2 Wi(z) {— l(I) '(k,r)+ qu)(knr) }sin 6’}
| | r — r kr

. (k) ]
{V (z )( )d)(k r)sm@} 27 (2) ——q> “(k, r)+|Uk Frzbqn (k, r)Jst

=24V (2)V{" (2)sin 0 |U p FH'@D (k) (k1) + | OO 1)
1 | W
—— @k, )@ " (k,r) + | —2— D)D" (k, 1)
k,r k 17

(
=2uV! (z)V!"(z)sin’ @ [IL

)
k;' | (k"D (k) — icp(knr)cp "(k,r)
|km| 7’ J k,r

(4.33)

The integration of the terms involving @ is:

jz” sin? 0d0 =1
02” (4.34)
J.O cos>0dO=r

Substituting Eq. (4.31)-Eq. (4.34) into Eq. (4.18) and Eq. (4.19) yields
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0,.,B)=bz [ (V" (@0 (h,NE (@) Dk, )~V ()0 (k,)ES" ()P (k, 1)

+2uV;"*<z>V;(z>[ M e cb*(k,,,r)}

—W ()2 ()@ (k)P (K, 1)
+W ()2 ()@ (kD" (K, )

+2uV;(z)V;"*(z)LZ—£>e@W] dz

— b j'/ [V @28 ()0 (k)0 k1) =V (L ()0 (k)" (k)

W (2 ()P (kYD (k1) + WS (2)Z2 ()P (h,r)D (k) 2],

=brx jhh [VS"’* @)Z(2)D " (k,bYD(k,b) -V ()2 (2)D'(k,b)D (k,b)

W7 ()2 ()@ (k,D)P '(k,b) + WS ()2 ()P (k, D)D" (k,b) }dz

(4.35)
By defining the following terms as

h * m* n
L= [ [Z0 @V @+ W () ] dz

) (4.36)
Lo = [ [E0 W )+ W (2)] dz
Eq. (4.35) yields
Q,. (b)=brx [I,f,,,*cb "k, b)Yk b) 17, ® '(knb)(D*(kmb)] (4.37)
By further substituting Eq. (4.37) into Eq. (4.18) yields
> " (k,b)YD(k,b)—1I:, ®'(k,b)D (k,b)=0 (4.38)

Eq. (4.38) must satisty for arbitrary values of 5.

When m" =n, k, =k, , Eq.(4.38) becomes
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have

15, [® (K, b)D (k,b) — D '(k,b)D(k,b) |= 0 (4.39)

nn

=0

Eq. (4.39) is always valid since the terms in the square brackets cancel each other.

When m” #n, k, #k,, Bq.(4.38)1s possible only if 7° ., =1%, =0. Therefore we

k3

I5.=15 =0 for k #k

nm* m*n n m

(4.40)

4.2.3 Determination of coefficients for evanescent waves

The coefficients of 4. for evanescent wave mode can be solved by using reciprocity

theorem. The domain is also chosen as an annular domain |z| <h, 0<r<b, 0<60<L2rx.

State 4 : A single evanescent symmetric Lamb wave mode with wave number £,

generated by point load Q applied at »=0,0 =0, z=0.

State B : A single evanescent symmetric Lamb wave mode consisting of an outgoing

and converging wave, with wave number £, . The displacement components of state B are:

w! =V;(2)| @ '(k,r)+ @ (k,r) |cos 0 (4.41)

u' =W (z) [(D(knr) + q?(knr)} cos 0 (4.42)

ul =V(z) (k_—lr] [@(knr) + d_)(knr)]sin 0 (4.43)
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The left hand side of the reciprocity theorem in Eq. (4.17) is

0u’(0,0,0) = OV (0) [@ (0) + D '(0)]cos 0 (4.44)

Recall that

O (k,r) = HE(k,r)

_ (4.45)
D(k,r) = H\"(k,r)

The notation of ®'(k,r) is used for the derivative with respect to the argument

®'(&)=dd/dé . Thus the derivation in Eq. (4.44) is

® k) =< [H 1) HE ()

: (4.46)
(k) = H3 (e, )= H (k)
Substituting Eq. (4.46) into Eq. (4.44) yields
n 1 n
0u;(0,0,0) =0 V5 (0) [ H{"(0)~H(0) + H{"(0) = H"(0) | (4.47)

When the argument is 0, the Hankel function in the square brackets

HP (x)-HP (x)+H"(x)-H" (x) in Eq. (4.47) is equal to 2. Thus Eq. (4.47) becomes

Qu,(0,0,0) =0V (0) (4.48)

The right hand side of the reciprocity theorem in Eq. (4.17) can be evaluated in a
similar manner as in Section 4.3.
Thus the reciprocity theorem for the states 4 and B defined in this Section can be

expressed as
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o7 (0)= 4505, D)+ T2, ()] (4.48)

In Eq. (4.48), Q. (b) is defined in Eq. (4.37) and T>. (b) can be expressed as

*n

T, (b) =br| 15,.®" (k,b)D(k,b)~ 1}

nm*

'k, b)D"(k,b) | (4.49)

*n

Eq. (4.18) indicates that Q°, (b) =0 for both k, =k, and k, # k, . Because Eq. (4.40)

=75

nm*

shows I° =0 when k, #k, , therefore T, (b) vanishes for k, =k, as well

m*n

Therefore Eq. (4.48) can be simplified to:
oV 0)= AT (b) (4.50)

n - nn

From Eq. (4.49), T>(b) can be solved as:

T (b)=brl’ [cp \(k b)D(k b)— D '(knb)CD(knb)] 4.51)
Substituting Eq. (4.51) into Eq. (4.50) yields
ovI(0) = ASbxl? [@ (k b)D(k b)— D '(knb)op(knb)} (4.52)
Substituting Egs. (4.45) into Eq. (4.52) yields
OV; (0) = ASbrl}, | HP (,b)H " (k,b) — H " (k,b)H (k) | (4.53)

From page 198 of the book by McLachlan (1955), one identity of Hankel function is

mentioned

d d 4
—H"()H? (x)-H" (x)—H” (x) =——
dx v (x) v (x) v (x) dx v ('x) (4.54)

for all v and x#0
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Since no wave number is equal to zero for non-zero frequency, thus Eq. (4.54) is
always valid. Substituting Eq. (4.54) into Eq. (4.53) yields

OV (0)=A° ABTS ﬂ‘;k 4.55)

Solving Eq. (4.55), the coefficient for evanescent wave mode is

a8 = E OV () (4.56)
4 IS

From Eq. (4.36), I’ can be calculated as

1= [ [ @5 @)+ 7 ()53 ()] de

7

(4.57)
= ,u[cls cos’(ph)+c; cosz(qh)]
The constants of ¢ and ¢, are
k2_ 2 k2+ 2 )
q =B I (g} )~ 7+ 7 sing2gh) | (4.58)
s knz +q2 2 2 24 o
¢y ==—[ 4k} ph+2(k; - 2p’)sin(2ph) |. (4.59)

n

Similarly, the evanescent antisymmetric Lamb wave mode coefficient can be

obtained as

4 K OVI(0)
"4 I (4.60)

The evanescent symmetric SH wave mode coefficient can be obtained as
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s_1 0 _
B”_4_iJ_ for n=0,2,4,-- (4.61)

The evanescent antisymmetric SH wave mode coefficient can be obtained as

a_10 _
B”_ZJ_M for n=13,5,-- (4.62)

When the point load is applied at =0, 8 =0, z = z,, the coefficients of the wave
modes can be obtained in a similar manner as below

A5 = k, OFs S(ZO) (4.63)
4

nn

AA_k QVH(ZO)
"4 ] (4.64)

nn

s 1 cos(nzz,/h) B
B, —ZJ—Q for n=0,2,4,--- (4.65)

nn

4 1 sin(nzz,/h) _
B _ZJ—Q for n=13,5,-- (4.66)

nn

When the point load is applied at the plate upper surface at »=0,0=0,z=/4, the

coefficients of the wave modes can be obtained in a similar manner as below

A :%QZS—SU’) (4.63)
ok, OV
"4 I (4.64)

nn
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s 1 cos(nz/2) B
B = 0 for n=024,- (4.65)

nn

4 1 sin(nz/2) _
B _4_iJ—Q for n=13,5,- (4.66)

nn

4.3. Verification of theoretical solution for evanescent wave modes for load along +x

direction - Example One

In order to verify the theoretical solution for evanescent wave modes obtained in this
chapter, it is verified by comparing the displacement in the near field with FEA results

obtained in COMSOL. The surface load is of polynomial terms.

4.3.1. FEA result for plate wave (including evanescent waves) under surface load in the

near field

The following study is conducted at frequency f =100 kHz . Same as the line load case,
for the infinite plate, the size of the rectangular area under observation is set to be p, xp,,
where p =maxWL-0.5=2735mm and p, =maxWL-0.5=27.35mm . The thickness of

the aluminum plate is 3.2 mm.

The x-y plane is set to be the middle layer of the plate. A surface load along +x

direction is applied on the plate upper surface:
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f.=xy*x10" N/m* at —a,/2<x<a,/2,—a, /2<y<a,l2

where

a,=4mm, a,=8mm

The width of the PML is 1/2 of the maximum wavelength at the given frequency. The
PML scaling factor is set as 2 and the PML scaling curvature parameter is set as 3.

In the FEA study, the plate can be set to be small, because the displacement in the
near field, i.e., the area where force is applied is under consideration since we are looking at
evanescent waves in this section. By reducing the plate size, the calculation time in
COMSOL can be reduced.

The maximum size of elements on the plate and PML are 1/16 of the minimum
wavelength, while the element size on the area where surface load is applied is even smaller

(1/80 of minimum wavelength) than that of the plate.

The results for displacement in COMSOL are plotted below:
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Figure 4.1. (a) displacement u and (b) displacement v on force applying area obtained in

COMSOL for polynomial load

4.3.2 Comparing theoretical resulted plotted in Matlab with FEA result for plate wave

under surface load in the near field - on the entire force-applying area

There are numerous evanescent wave modes at any given frequency, their amplitudes
decay exponentially along the wave propagation direction. In last chapter, it was verified that
the theoretical results for propagating waves in the far field matches very well FEA results
for point load, line load and surface load. However, in the near field, if only theoretical

propagating waves are taken into consideration, the displacement field will be very different
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from FEA solution. If evanescent wavefields are added to the solution, the theoretical results
should match the FEA results.

In this Section, four different studies are conducted:

(1) Scenario 1: Only considering propagating wavefields in the near field

(2) Scenario 2: Considering both propagating wavefields and evanescent Lamb

A4,,S,/ S, wave modes and shear horizontal SH ,SH, wave modes.

(3) Scenario 3: Considering both propagating wavefields and evanescent Lamb

A.S,/8,,4,/ 4,,S,/S, wave modes and shear horizontal SH,,SH,,SH,,SH, wave modes.

(4) Scenario 4: Considering both propagating wavefields and evanescent Lamb wave

A,8,/S,,4,/4,,S,/S,,4, modes and shear horizontal SH ,SH,,SH,,SH,,SH; wave modes.

4.3.2.1 Scenario 1: Only considering propagating wavefields in the near field

If only propagating wave modes are considered, the results are shown below:
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Figure 4.2 Comparing (a) displacement « and (b) displacement v for theoretical solution

(only propagating wave modes, colored surface) with FEA solution (blue dots)
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In the above two figures, the surface is the theoretical solution with only propagating
wave modes and the blue dots are the COMSOL solution. As can be seen, these two solutions
deviates from each a lot. The reason why the theoretical solution is not smooth is due to the

singularities of the wave modes at the force applying position.

4.3.2.2 Scenario 2: Considering both propagating wavefields and evanescent Lamb

A,,S,/S, wave modes and shear horizontal S/ ,SH, wave modes

When considering both propagating waves and evanescent Lamb 4,,S,/S, (Lamb
S,/ S, modes have the same pure imaginary wavenumber) wave modes and shear horizontal
SH,,SH, wave modes in the theoretical solution, the displacement on the force-applying

surface for theoretical solution and COMSOL solution are compared here:
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Figure 4.3 Comparing (a) displacement u and (b) displacement v for theoretical solution

(both propagating waves and evanescent Lamb 4,,S,/S, wave modes and shear horizontal

SH,,SH, wave modes, colored surface) with FEA solution (blue dots)
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When considering propagating waves and evanescent Lamb 4,,S,/S, wave modes
and shear horizontal SH,,SH, wave modes, the displacement in the near field on the force-

applying area already have the same shape as FEA results in COMSOL. Compared to the
figures in Section 4.3.2.1 for scenario 1, adding these five evanescent wave modes is a huge
improvement. This also verifies the correctness of the theoretical solution for evanescent
wave modes.

As discussed earlier, there are infinite evanescent wave modes at the given frequency

of f=100kHz , in order to see how many evanescent wave modes need to be taken into

consideration, scenarios 3 and 4 are carried out.

4.3.2.3 Scenario 3: Considering both propagating wavefields and evanescent Lamb

A4,S,/8,,4,/4,,S,/S, wave modes and shear horizontal SH ,SH, ,SH,,SH, wave

modes
Compared to scenario 2, scenario 3 added six more evanescent wave modes:
evanescent Lamb 4, / 4,,S,/S, wave modes and shear horizontal SH,,SH, wave modes.

The displacement on the force-applying surface for both theoretical solution and

COMSOL solution are compared here:
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Figure 4.4 Comparing (a) displacement u and (b) displacement v for theoretical solution

(both propagating waves and evanescent Lamb 4,,S,/S,,4,/4,,S,/S, wave modes and

shear horizontal SH,,SH,,SH,,SH, wave modes, colored surface) with FEA solution (blue

dots)
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4.3.2.4 Scenario 4: Considering both propagating wavefields and evanescent Lamb
wave A1- A3, S1- S+ modes and shear horizontal SH, - SHs wave modes

Compared to scenario 3, scenario 4 added more evanescent wave modes: evanescent
Lamb wave 4, modes and shear horizontal SH, wave modes.

The displacement on the force-applying surface for both theoretical solution and

COMSOL solution are compared here:
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Figure 4.5 Comparing (a) displacement u and (b) displacement v for theoretical solution

(both propagating waves and evanescent Lamb wave 4,,S,/S,,4,/4,,S,/S,,4, modes and
shear horizontal SH,,SH,,SH,,SH,,SH; wave modes, colored surface) with FEA solution

(blue dots)
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When comparing scenario 4 with scenario 3, though more evanescent waves (Lamb
wave 4, mode and shear horizontal SH, wave mode) are added, the displacements in these
two cases are almost the same. This indicates that the amplitudes of any more evanescent
wave modes can be ignored at this given frequency ( f =100 kHz ). Only evanescent Lamb
A.S,/8,,4,/ 4,,S,/S, wave modes and shear horizontal SH,,SH,,SH,,SH, wave modes
need to be taken into consideration at /' =100 kHz .

The reason why displacement ©# magnitude is way larger than displacement v is
because the surface loading is along the x direction.

It can be seen from the above figures that the theoretical result and the FEA result

matches pretty well on the monitoring lines. This verifies the theoretical solution for

evanescent wave mode coefficients.

4.4. Verification of theoretical solution for evanescent wave modes for load along +x

direction - Example Two

In the second example, a surface load of 3-D Gaussian distribution is applied over a

square area of a ,xa, on plate upper surface. The size of a, is set to be 1/5 of the minimum

wavelength, which is 3.2 mm. This results a concentrated load, but no pure singularities, if

the Gaussian is larger than a few mesh elements.

In COMSOL, the Gaussian function is applied on the plate upper surface over a small

square region. The three-dimensional Gaussian function is defined by
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X2 V2

Gaussian(x,y) = Ae “

where A4 is defined as 1x10° in this case.

4.4.1. COMSOL result for Gaussian surface loading in the near field

The size of the plate is 3 times of a, xa, along both x and y axis. The height of the

plate is 3.2 mm. The width of the perfect matched layer is set to be half of the maximum
wavelength. PML scaling factor is set to be 2 and PML scaling curvature parameter is set to

be 3.

The mesh size of the plate is set to be 1/80 of minimum wavelength at the force
applying area. The mesh size is set to be 1/20 of the minimum wavelength.

In-plane displacement result obtained in COMSOL is:
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Figure 4.6 (a) displacement u and (b) displacement v on plate upper surface force applying

area under Gaussian load in COMSOL

135



4.4.2. Numerical result for plate wave (including evanescent waves) under Gaussian

surface load

4.4.2.1. Determine the number of modes needed at the current forcing scenario

In Section 5.4, several scenarios were brought up in order to study the number of
modes needed to for that specific loading and frequency, which can be quite cumbersome. In
this example, in order to study how many modes are needed for the loading scenario, the

amplitude of each wave mode under Gaussian loading is shown in the Table 4.1 below:
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Table 4.1 Order of magnitude for displacement component of each wave mode under

Gaussian load in the force applying area

Wave mode Order of magnitude [m]
A4, 104
A 104
A,/ A, 107
A, 10
S, 107
S, /8, 107
S,/8S, 107
SH, 107
SH, 10+
SH, 10
SH, 10
SH, 10
SH, 10
SH 107

The dominating term are in the order of 1x1073, if considering all the terms with an
amplitude larger than 1x107, then the wave modes which need to be taken into consideration
consists of: Ao, A1, So, SHo- SHs.

The mesh size for the force applying area in Matlab is chosen to be 1/60 of minimum
wavelength. The in-plane displacement under Gaussian load is compared with COMSOL

result below:
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Figure 4.7 Comparing analytical result (blue dots) for plate (a) displacement u (b)

displacement v under Gaussian load in near field with FEA results (colored surface)
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As can be seen, the analytical result matches pretty with the COMSOL result. This

further verifies the correctness of the analytical derivation for evanescent wave displacement.

4.5 Theoretical solution for amplitude of evanescent wave modes under point load along

+y direction
4.5.1 Use of the complex reciprocity theorem

As shown by Eq. (4.17), the complex reciprocity theorem relating two time-harmonic

states with superscripts 4 and B is

[ " ul = fPuay = @ o) —ul o )n,dS

In the above equations, f," and f,” are body forces; S is the boundary for region V' ;
n, are the outward normal components.
In an annular domain |z| <h, 0<r<b, 0<0<2x, the reciprocity theorem can be

applied to two symmetric evanescent Lamb wave modes with no body forces. The wave

numbers for the two symmetric evanescent Lamb wave modes m and n are k, and &k,

respectively. Since both modes do not have body forces, the left hand side of Eq. (4.17) is 0.

The right hand side of Eq. (4.17) can be expressed as

0, b)=0 (4.67)
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where
O, (b) = b.[;ﬂ J:hh {u[’"*a; ~u'o]" }njd Odz

_b 2 h m* __n n__m*
- J.O J.—h I:ur O-rr _uro-rr ]

1
e (4.68)

z rz

11

m* __n n__m*
+[ul9 o;e—ueargj d0dz

1

As can be seen, in Eq. (4.68), the right hand side is divided into three sections,

represented by 7,11,1I] respectively.

The carrier wave approach proposed by Achenbach and Xu (1999) gives the forms of
plate wave modes under loading in +x direction, as listed in Eq. (4.20) to Eq. (4.22). For plate
wave modes under loading in a random direction o with respect to the +x axis, the Lamb

wave forms can be expressed as

u' =V (z2)®'(k,r)cos(0—a) (4.69)

u! =Wy (z)®(k,r)cos(6 — o) (4.70)

%zw@{lqm@mmw—m (4.71)
k,r

Therefore, for a point load along +y direction, i.e. @ =7z /2, the Lamb wave forms can

be expressed as
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u' =V (z)®'(k,rycos(0—n/2)=V;(z)®'(k,r)sinf

u! =W (z)®(k,r)cos(0—n/2) =W (z)D(k,r)sin 6

=V!(z )( J(D(k r)sin(0-7/2)=V!(z )[kl

n

The corresponding stress components under loading in +y direction are

u! =Wy (z)®@(k,r)sin

=V (Z)[ 1 jd)(k r)cos 0
o). == (2)®'(k,r)sin0
o’ =X%(z)®(k,r)sin
o =35 (2)D(k,r)cos — 2 (z)

x{l (k,r 12 ; }Sil’le
r k.r

ol =39 (z )( }D(kr)cos@

=30(z )[ ! 1 g }cos@

where the terms related to z are expressed as in Eq. (4.28).

)d)(k r)cos @

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

(4.79)

(4.80)

4.81)

141



Substituting Eq. (4.72)-Eq. (4.81) to Eq. (4.68) and considering (1/k,)" =k, / |k, |2 and

Ef:l (2)=Z¥(z)=2uV{(z) , the first term in Eq. (4.68) is evaluated
as
I=u"o) —uo)

=[ V" (2)® " (k,r)sin 0] {zf: (2)D(k r)sin O- »(z)x F@ (k1) — %Cl)(knr) }sin 9}
- r nl"

-V (2)®(k,r)sin 0| {zf;"*(z)qa "(k r)sin -2, (z)x Fcp (k) — kk—mcp "k, r) }s in 9}
_— r

2
" r

| m

I (2)=2u4(2)

= [VS’"* (2)® " (k,r)sin 6’] {Zf: (2)D(k,r)sin -2V (z)x {%(D 'k, r)— #@(knr) sin 6’}

2

m

~[73 (2)®(k,r)sin 6] {zf;"*(z)@ “(k,r)sin 02V (z) % [lq) "k, r)— %q) “(k, r)|sin 9}
|7

=sin O V7" (200" (k,ES ()P (k,r) = Vi (2D (k,ES (0" (k1) ]

+2uV () (2) sinzﬁ[—ld)' _ (k,r) + kl ~® (k1)@ " (k,r)
r
1 k .
+—D'(k (k,r) — p |31 O '(k,r)®" (k,r)
r

| m

=sin’ 0] V" (2)® " (k, )} ()P (k1) =V (2)® (k,)Z" ()" (K, ) |

L2y (Vi (2)sin’ 0 [ ()0 () ﬁfb '(knr)clf(kmr)}
nr m r

(4.82)

The second term in Eq. (4.68) is evaluated as
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II=ul"o ~uloc

Z rz

=[ W (2)®" (k,r)sin 0] -L ()@ (k,r)sin 0]
— [ W3 (2)®(k,r)sin 0| -2 (2)® " (k,r)sin 6| (4.83)
=sin’ O - (2) ()" (k, )P (k,7)
W ()T (2)D (k) D " (k,7) |

The third term in Eq. (4.68) is evaluated as

_.om* __n n__m*
Il =u, o,-u,c,,

»

- [Vsm*(z)( k_kz ](D*(kmr)cos 9] {zs" (2) [— —@'(k,r)+ ch(k r) }cos 9}

el
m

K \
{V”( )[ jd)(k r)cos@}{ (z) {——CD (k, r)+|uk | Jq) “(k, r)]cos@}

OO I k" . 1 1
= Vet (z) 7—\D (k,r)cos 0|24V (z) |- —D'(k,r)+ F(D(kn”) cos &
— r e

1

*

( N
{ 44 (z)[ jd)(k r)cos 9} {2uV’”*(z) {— ~0"(k, r)+|L|k kFrz Dd) "(k, r)] cos 9}

* ( k* \ * ( _k* \\ *
=24V (2)V§" (2) cos’ 0| | —2— @ (k, VD '(k,r) + | —2— YD (k, 1)
L k,|r J k, kT
1 . () ;
—— Dk, "D " (k) + | —— LD T)D" (K, )
kn}" k — 7

()
=2uV ! (2)V]" (z)cos ehﬁf) (k, Y@ (k,r)— ch(k r)® " (k, r)}

(4.84)

The integration of the terms involving 6 is
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jz” sin? 0d0 =1
. (4.85)
IO cos>0dO=r

Substituting Eq. (4.82)-Eq. (4.85) into Eq. (4.67) and Eq. (4.68)

yields

0,.,b)=bz[ (V" (@0 (h,NE (@) Dk,r) -V ()0 (k,)ES" ()P (k, 1)

P2V (VL (2) [ M M}

—W ()2 ()@ (k)P (K, 1)
+WS ()2 (2)O (kD " (k,r)

+W;(Z)VSW(Z{MW] dz

=bz[ [V @ES @0 (h,r)®(k,r) -V} @S ()0 (k,r)®" (k)

W ()0 ()" (K, )P (k) + W (D)2 (2)D (k)P " (k, 1) Wz |,

=brx jhh [V;’* @)D" (k,bYD(k,b)-VI(2)ZI" (2)D'(k,b)D (k,b)

W ()T (2)D (k,b)YD (k,b)+ W ()" (z)D(k,b)D " (k,b) }dz

(4.86)

Eq. (4.86) is the same as Eq. (4.35), therefore this deduction will end up with the

same conclusion as Eq. (4.40)

*

I’ .=0 for k,#k

n m
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4.5.2 Determination of coefficients for evanescent waves

The coefficients of 4. for evanescent wave mode can be solved by using reciprocity
theorem. The domain is also chosen as an annular domain |z| <h, 0<r<b, 0<60<2r.

State 4 : A single evanescent symmetric Lamb wave mode with wave number £,
generated by point load Q applied at »=0,0 =0, z=0.
State B : A single evanescent symmetric Lamb wave mode consisting of an outgoing

and converging wave, with wave number &, . The displacement components of state B are

u' =V (z)[cp )+ 5'(knr)}sin 0 (4.87)

u' =W (z) [d)(knr) + E(knr)]sin 0 (4.88)

-1
k,r

ul =V, (z)( )[(D(knr) + q?(knr)]cos 0 (4.89)

The left hand side of the reciprocity theorem in Eq. (4.17) is

Ou' (0,7/2,0) =0V (0) [@ (0) + D'(0) ]sin(zz /2)

_ (4.90)
= OV (0)| @'(0)+®(0) |

As discussed in Section 4.2.3, the term in the square bracket in Eq. (4.90) is equal to 1.

Therefore, Eq. (4.90) becomes

Ou’(0,7/2,0) =0V (0) (4.91)
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Eq. (4.91) is the same as Eq. (4.47). Thus the coefficients for evanescent wave mode
induced by point load in +y direction will be the same as point load in +x direction.

The coefficient for evanescent wave mode is

PR

4.92
"4 I ( )

Similarly, the evanescent antisymmetric Lamb wave mode coefficient can be

obtained as

4 K OV(0)
"4 I (4.93)

The evanescent symmetric SH wave mode coefficient can be obtained as

s_10 _
Bn _4_Z'J_ f0r n—0,2,4,"' (4.94)

nn

The evanescent antisymmetric SH wave mode coefficient can be obtained as

_10 _
Bl=gy for m=135- (4.95)

When the point load is applied at =0, 8 =0, z = z,, the coefficients of the wave

modes can be obtained in a similar manner as below

A = i. QVIS(Z(’) (4.96)
S = k oV, (Zo)
"4 I (4.97)

nn
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s 1 cos(nrz,/h) B
Sm 0 for m=0.24. 4.98)

nn

4 1 sin(nzz,/h) _
Bn — ZJ—Q fOI‘ n= 1: 3a53“' (4.99)

nn

When the point load is applied at the plate upper surface at »r=0,0=0,z=#h, the

coefficients of the wave modes can be obtained in a similar manner as below

PN RIAG

T (4.100)
4 =5 OV

P (4.101)

B,f =%%:/2)Q for n=0,2,4,-- (4.102)

B :%MQ for n=1,3,5,- (4.103)

nn

Though the coefficients for each wave mode under point load in +y direction is the
same as under point load in +x direction, the difference lies in the expression of carrier wave,

where the terms of cos@ becomes sin @ ; the terms of sin @ becomes cos& .
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CHAPTER 5

Theoretical Model of Rectangular Actuator Vibration
5.1 Equation of motion (EOM) for the actuator
A rectangular PZT actuator with height /2, , length a (length along x axis) and width
b (length along y axis) is bonded on the surface of a homogeneous, isotropic linear elastic

plate. The poling direction is assumed to be along the z direction. Only the steady state
wave propagation response of the system will be studied. The field variables of displacement,
stress, strain and electric fields will involve a time factor exp(—iwt) . For convenience, the
time factor will be omitted in the following illustration and only the amplitude of the

variables will be shown.
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AluminumPlate Actuator (units: mm)

Figure 5.1 Configuration of actuator bonded on surface of aluminum plate

The PZT actuator will extend in both x and y direction when an electric field is

applied on the upper surface of the actuator and the contact surface is grounded. The
resulting deformation on the actuator will also cause deformation on the host structure.
Because the height of the actuator is small compared to its width and length, the PZT
actuator will be modeled as a plan stress model. When the loading frequency is relatively
high, the typical wavelength will be smaller compared to the length and width of the actuator.

The effect of actuator and plate on each other can be replaced by shear stress acting on the
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contact surface. The stress is concentrated on the four peripheries and decreases dramatically

towards the center of the actuator.

In order to find the stress distribution expression that best represents the actual
circumstance, finite element analysis (FEA) in COMSOL is conducted. The material

property of the aluminum plate is listed in the Table 5.1 below.

Table 5.1 Material properties of the host structure used in COMSOL for FEA

Material properties Host plate structure (aluminum)
Mass density (kg-m™) 2700
70

Young’s modulus (GPa )

Poisson’s ratio 0.33
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The material properties for the piezoelectric actuator are listed below.

Table 5.2 Material properties of the PZT actuator used in COMSOL for FEA

Material properties PZT actuator (PZT-5H)

Mass density (kg-m~>) 7750

. 1.20346e+011 7.51791e+010 7.50901e+010 0
ElaStlc ConStantS (Pa) 7.51791e+010 1.20346e+011 8.46702e10 0
E_ 7.50901e+010 7.50901e+010 1.10867¢+011 0
= 0 0 0 2.10526¢+010
0 0 0 0
0 0 0 0
Piezoelectric stress 0 0 0 0 12.2947 0
matrix (C/m?) e= 0 0 0 122947 0
-535116 -5.35116 15.7835 0 0
FElectric relative 919.1 0 0
e € i
permittivity L= 0 9191 0 |,¢=8854x10"
60

0 0 919.1

==l ]

o o o o

0

2.25734e+010

The geometry of the system is listed below.

Table 5.3 Geometry of the system

Material type PZT actuator (PZT-5H) Aluminum plate
Height (along z direction)  0.2mm 3.2mm

Length (along x direction) 4 mm o0

Width (along y direction) 8 mm 00

The infinite plate can be modeled using perfect matched layer (PML), which is an

artificial absorbing layer for wave equations. While applying a harmonic voltage (100 V" at

100 kHz) on the upper surface of a horizontally isotropic PZT actuator, the stress distribution
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on the contact surface of the PZT actuator and the plate are calculated in COMSOL and is

shown below.

x 10° 4
[
6 3
4
4 2
2
2 1
=~ 0 0
0
<] 2
-2
-2
% -4
-3
i -6
-4 6
-2 0 2 -2 0 2 * 10
X X
(units for x-y axis: mm) (units for x-y axis: mm)
(a) (b)

Figure 5.2 Stress components (a) 7, (b) 7 on the contact surface

As can be seen, 7, is concentrated at edges x =+a while 7 is concentrated at edges
y =1xb . This kind of distribution can be expressed using Chebyshev polynomials:

1 N-1 N-1

o= ——— Y a,T(x/a)T,(y/b)
1—(x/a) =0 j=0
1 N-1 N-1

T, = —— b, T.(x/a)T,(y/b)
1—(y/b) =0 j=0
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where T(x/1,) and T( y/w,) are Chebyshev polynomials of the first kind with order i and j,
respectively, N — 1 is the highest order Chebyshev polynomial in the expansion, and (g, , b, )
are the Chebyshev coefficients in the expansion to be determined. Eq. (2.1) indicates the

shear stresses (z_,,7,,) have square-root singularity 1//1— (x/1,)* and 1/1-(y/w,)* at the

peripheries of the actuator, respectively.

In practicality, they can be approximated by taking the summation of the first several
terms instead of infinite terms. Here, the first few terms of Chebyshev polynomials of the

first kind are shown below:

T,(x)=1
T(x)=x
T,(x)=2x" -1

T,(x) = 4x’ —3x
T,(x) =8x"—8x* +1
T,(x) =16x" —20x’ +5x

The first six Chebyshev polynomials are shown in the figure below.
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Figure 5.3 First six Chebyshev polynomials

As can be seen from Eq. (2.6), 7, (x) terms are symmetric with respect to the y axis
and T, (x) terms are antisymmetric with respect to the y axis (for n being integers). Due

to the symmetry of the stress distribution, the stress expression can be reduced to:
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=
iR

aT,. (x/a)T,

1
(Y /b)) ——, <a,
T actuator =3 Jj=0 ’ j(y ) 1_(X/a)2 |.X| a ly

0 otherwise

|<b

I
f=1

=
L
=

1
b.T,(x/a)T,  (y/b)——,
S i 1=(y/b)’ d

zy
0 otherwise

<a,ly|<b

Il
(=]

~

Il
[=1

The expression of stress in the above equations is quite complicated. In order to
facilitate the following derivation and computation time, the Chebyshev stress expression is

thus simplified:
(1) Reducing the defendant coordinates:
The stress components z_,7, data from COMSOL result are plotted in Figure 5.2. As

can be seen, stress 7. is mainly dependent on x coordinate; whereas stress 7. is mainly

dependent on y coordinate. Therefore, the stress expression can be reduced to:

(= [amTl(x/a)"‘am];(x/a)]

1
actuator m

3 1

actuator W[boﬂ] (y/b)+ bOST; (y/b)]

T,

Substituting the Chebyshev expression term into the above equations yields
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=;{a10(x/a)+ ay, [4(X/a)3_ 3(X/a)]}

actuator m

1

) J1-(x/a)’

(b, 1B)+ b, [/ 6P =30 ) ]}

wwarr = (3 1b)

1

J1-(y/b)’

TXZ

{4030 (x/a)’+ (a,—3ay, )(x/ a)}

Tyz

{4by3(» /b)Y’ + (b = 3b, ) (v b) |

(2) Simplify the square root term:

The Taylor expansion of the square root term at 0 is:

1 X 4
=1+—+0(x")

VI-(x/1)s 2a

2

! =1+ +0(»)*

N L

Substituting the Taylor expansion into the above stress expression yields

3
=ax+a,x
actuator
(5.1)

= 1y+b2y3

actuator

TXZ

vz

It can be verified in Matlab in the next session that using these four terms are

sufficient to represent the stress distribution between the actuator and the plate.

This will introduce 4 coefficients: a,,a,,b,b, . These four coefficients will be

determined using the displacement continuity of the plate and actuator at the contact surface.
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For a random small element (volume of which is % dxdy ) on the actuator, the force

acting on the contact surface of the plate and actuator can be approximated as applied to the
central surface (the surface of the actuator with half thickness) of the actuator element since
the thickness of actuator is small compared to that of the plate. The moment generated by
moving the force from contact surface to central surface is trivial. The force acting on the
central surface is the body force expressed below:

dF;mdyX = sz
dF,

-dArea =t _ dxdy

dxdy

actuator

actuator lactuator

(5.2)

T

odyy = Ty -dArea = T,

actuator

where 7 is the stress distribution acting on the plate on the contact surface. The minus sign is

due to Newton’s third law of motion. The stress equations of motion:

g Loy (53)

o . =
" Volume o

Since all the time-harmonic terms have e  term, the above equation of motion
becomes

LTS B (5.4)

o. .
" Volume

where o and u; are the components of mechanical stress and displacement; p, is the mass
density, Volume is the volume of the element ( /4, dxdy).

The charge equation of electrostatics:

D, =0 (5.5)
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where D, are the components of electric displacement.
The strain-mechanical displacement relations:
g, =u,  +u,,)/2 (5.6)
where ¢, are the components of strain.

The electric field-electric potential relations:

£y =0, (5.7)

where E, are the components of electric field and ¢ 1is electric potential. The maximum

positive electric field is limited by the breakdown of the dielectric, whereas the maximum

negative electric field is limited by the piezoelectric depoling (Sirohi and Chopra, 1998).

The linear piezoelectric constitutive relations: (IEEE, 1987):

. . . _ E _
converse piezoelectric effect: o, = ¢y, —e,, E,

1

(5.8)
direct piezoelectric effect: D, =e, ¢, +¢€, L,

1

E . . . . . .
where c;;,e,;,€; are the elastic, piezoelectric and dielectric constants respectively. The

superscripts E,& denote the properties are under conditions of constant elastic field and
constant strain respectively. Using contracted notations of ¢, , e,; and e; can be expressed

as

e =d ¢E, =°_dcd (5.9)

ip — TigTgp> i ij ip~pq g
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where i or j=1,2,3 and p or ¢ =1,2,3,4,5,6. d, is the matrix for the piezoelectric strain
constants d,, . Superscript o denotes the properties are under conditions for constant stress.

For transversely isotropic or hexagonal piezoelectric materials poled in the thickness

z direction (Meitzler et al., 1973), the matrices of the elastic, piezoelectric and dielectric

constants are

¢, ¢, ¢ 0 0 O
¢, ¢, ¢ 0 0 O
£ ¢; ¢3 ¢; 0 0 0
%=lo o0 o (. 0 0 JCe = (¢, —¢,)/2 (5.10)
0 0 0 0 ¢, O
100 0 0 0 ¢4
0 0 0 e,
e, =0 0 e (5.11)
e, € e, 0 0
0 0 0 d,
d,=| 0 0 d. 0 0 (5.12)
dy, d,, dy; 0 0

¢ 0 O
;: 0o , 0 (5.13)
0 0 e

Take piezoelectric constant d,, as an example, a negative value of d,, would indicate

that a positive electric field in the polarization direction would render a compressive strain on

the PZT surface.
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Substituting Eq. (5.10) to Eq. (5.13) into the constitutive equations in Eq. (5.8) yields

_E E E

O, =&, (€, +C 58, —eyE,
_E E E

Uy =CpE, T+ Cllgy +C3€, _e3lEz
=ci(e,+¢& ) +cie —enE

0.= cl3(g)c gy) c33gz €L,

_E
sz - c44yxz _eISEx

(5.14)

_ E
Tyz - C447/yz - elSEy

1 E
Ty =—(cy _012)7xy
2
_ .S
Dx - gllEx +6157/xz
_ .S
Dy = gllEy tesy,.

_ s
D, =¢ejE +ey (e, + gy)+ €336,

For the conducting surfaces of the piezoelectric plate, ¢ =¢ =0 and external

electric field

V()
E =E,=0.E =—p =—-2= (5.15)

Since the thickness of the actuator /4, is much smaller than its lateral dimensions, the

vibration of the actuator plate can be considered as two-dimensional by taking the average of

the displacement and stress over the thickness:
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Y

Yo dem2

u :ij.ha/z u dz

Yoo den2?

N
u, =— _[ u_dz
h Jd-n02

_ 1 ¢nr2
o =—I o.dz
Y oh e
a

_ 1 phr
o =—I o.dz
Yoop deng2 Y
a

(5.16)

h,/2

_ 1
Uy = Zj-ha/z T"ydz

For simplicity, the average sign (upper bar) will be omitted in the later context.

Substituting Eq. (5.14) into Eq. (5.16) yields:

.
u —u V.
Gx:cflux+cf;v +c£ = = te)
5 B h h
a a
u. —u. V.
_ E E E 7 z p _in
O, =Cpu, +ev, o P +e31h (5.17)
a a
E E
T =—c“_c‘2(u +v.)
Xy 2 ,y X

where u_,u_ denote the displacement u_ at z==h, /2 respectively.

Since the piezoelectric plate is thin, it can be assumed to be under plane stress state. In

which the stress field is
o.=7_=1_=0 (5.18)

Integrating Eq. (5.14-3) and using Eq. (5.18) yields
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u—u
0. =0=C£(u’x+v,y)+cf3—z =te, — (5.19)

Re-arranging terms in Eq. (5.19), yields

+ E
u —u c e
T G, L,V (5.20)
h E »X sy E h
a C33 Cy3 1,

Substituting Eq. (5.20) into Eq. (5.17) yields

E
c e. V V.
_ E E E _ 3 _ 33 p in
O, =Cl, +CpV, +C [ v )— = J‘*‘ &) 7
33 C h, a
E
c e. V V.
_ E E E _ 3 _ 33 p in
O, =CpU, +e v, +op [ R —j+ e P
33 s n, o
E E
_CGi 6 (u +v )
xw v x

Re-arranging terms in the above equations yields

- V.
o = 2Gu,x +(clE2 + cc£)0+e3ﬂ #
E ENn V.
o, =2Gv, +(c, +cc;)0+el # (5.21)

T, = G(u’y +v,)

where

E E
G= Cii— G
2
E:ux+vy
)cE | (5.22)
C33

p _
631 _631 +633
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Using Eq. (5.3), the equation of motion for the actuator can be expressed as

oo or ) Tox
*+—2 4 p w’u+

ox Oy h

actuator body force O

a

(5.23)

oo, Ot
L+
oy  Ox

T
2 lactuator body force _ 0

h

a

+p,0°v+

where all the stress, displacement terms in the above equation are averaged terms.

Substituting Eq. (5.21) and Eq. (5.22) into Eq. (5.23) yields

m 00 & zu + Tox lactuator body force _ 0
m-20odx G Gh,

(5.24)

m 55 & 2 sz
m—-20y G Gh,

actuator body force 0

where

, O 0
=4 —
ox> oy’

Cﬁ‘i‘CCﬁ
m :ﬁ'i'l
clz +Ccl3

(5.25)

5.2 General solution for PZT actuator EOM
The EOM for PZT actuator shown in Eq. (5.24) are two in-homogeneous partial

differential equations (PDE). The solutions for these two PDEs consist of the general solution
from the homogeneous form of the PDE and the particular solution of the PDE. The general

solution is the free vibration term and the particular solution is the forced vibration term due

to body forces 7,7, .
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According to the superposition method proposed by Gorman (2004), the free
vibration of in-plane displacement of the PZT thin film can be expressed as a summation of
four terms:

symmetric-symmetric (SS);

antisymmetric- antisymmetric (44);

symmetric-antisymmetric (S4);

antisymmetric- symmetric (4S).

The expression of in-plane displacement is:

u=ug(x,y)+u,, (x,y)+ug(x,y)+u(x,y)

(5.26)
V=V (%, 1)+, (%, 1) +vg, (X, ) + v, (X, ¥)

Each first subscript, S or A4, indicates if the displacement is symmetric or
antisymmetric with respect to x axis. Each second subscript, S or 4, indicates if the
displacement is symmetric or antisymmetric with respect to y axis. For example, u,, means
the displacement is symmetric with respect to x axis and antisymmetric with respect to y axis,

ie.,

Ug (X, ) =g (=X, y) = —ug, (x,—y) = —ug, (—x,~)
From the EOM in Eq. (5.20), displacements u,v are coupled. If u is symmetric with

respect to a certain axis, v will be antisymmetric with that same axis; and vice versa. Thus,
the notation for v subscripts is different from that of u. The subscript always denotes

symmetry condition of # component of the displacement.
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x 1078 x 107

2 -2 0 2

X X
(units for x-y axis: mm) (units for x-y axis: mm)

(a) (b)
Figure 5.4 COMSOL result for actuator (a) displacement # component and (b) displacement

v component on the contact surface

In the current case, due to the symmetry of the body force, the displacement u
component is symmetric along x axis and symmetric along y axis; the displacement v
component is symmetric along x axis and symmetric along x axis (as can be seen in the

figures above). The expression for in-plane displacement can thus be reduced to:

u=ug(x,y)=u +u, (5.27)
V=V (X, )=V, +V,
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where

u, = i U,(y)sin(a,x)

0 (5.28)
v =D V,(y)cos(a,x)
U, = Z U, (x)cos(f,y)

= (5.29)
v, =2, Vi(x)sin(B,y)

The left superscript of U,V indicates whether it is related to x (superscript 1) or y

(superscript 2).
For S-S mode,
a,="2 B, _kz (5.30)
a b
5.2.1. Determining U (y) and V,(y).
The homogeneous form for Eq. (5.24) is:
Viu+ mzz +'gla)2u—0
" af (5.31)
Vipp 0L Py,
m—-20y G

which can be expanded to
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2m-20u 'u m v p,

~+—+ +~*wu=0
m—2 ox~ 0y~ m—20x0y (5.32)
82\/ 2m-20% m u p, '
~+ + +~*wv=0
ox> m-2 0y m-20xdy G
Substituting Eq. (5.28) into Eq. (5.32) yields
Zm 2 2 . = ” .
Z a,'U,(y)sin(a,x)+ U,"(y)sin(a,x)
n=1
——Z ann’<y)sin<anx>+%w22 U, (y)sin(a,x)=0
" e (5.33)
—Z a, V (y)cos(a, x)+ Z f (y)cos(anx)
n=1 n=1
m < >
- aU, cos(a x)+ —“*w V cos(a x)=0
Y @ U, G)costa )+ Leo’y 7, () cos(a, ) =
Eq. (5.33) yields
U +b V' (y)+c, U, (»)=0
n (y) nl (y) nl n(y) (534)
an2l/n (y)+b)12Un (y) +Cn21/n (y) = 0
where
bnl = _Lan
m—2
(pa 2 2m_2 2]
nl G m_2 n
g, =2m=2 (5.35)
m—2
m
b, =——ro
n2 m_2 n
cn2 _&a)z C{n2
G
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(1) when n=0

When n =0, a,=0, itleads to b, =b,, =0. Eq. (5.34-2) becomes:

V) ())+47,(»)=0 (5.36)
where
. po’(m=2)
o= G(2m-2)

Since V, () is antisymmetric with respect to y axis, the solution for Eq. (5.36) is:

Vo(y) = 4,sin(4,y) (5.37)

When n =0, Eq. (5.34-1) becomes:

U, (»)+4U,(»)=0 (5.38)
where
22 =Pa
G

Since U, (y) is symmetric with respect to y axis, the solution for Eq. (5.36) is:

Uy(y) = B, cos(4,y) (5.39)

The stress free boundary condition requires that

| =0 (5.40)
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Substituting Eq. (5.21) into Eq. (5.40) yields

=0

u +v )

Substituting Eq. (5.28) into Eq. (5.40) yields

which leads to

i Un' (b)sin(a, x) - i aV (b)sin(a,x)=0

U, (b)-a,V,(b)=0

When n =0, o, = 0. Thus Eq. (5.43) becomes

U, (b)=0

Substituting the expression of U, (y) into Eq. (5.43) yields

Therefore

B,=0

Vo(y) = 4,sin(4y)
Uo (»)=0

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)
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(2) Whenn>0
Differentiating Eq. (5.34-1) with respect to y yields

"

U, " M+bV," 0+, U, (») =0 (5.47)

From Eq. (5.34-2), the derivative of U, (y) can be expressed using V" (),V,(»)

U, () == 0 ve 0] (5.48)

n2

Taking derivative of both sides of Eq. (5.48) with respect to y twice, yields

A A At (549

n2

Substituting Eq. (5.48) and Eq. (5.49) into Eq. (5.47) yields

¢4, " C,C.n
_ZnlZn2 gy T2 g by = ()
- jn(y) L27,0)

n2

az iv cz
el +|——"=+b
p Vn () [ b

n2

Multiplying both sides of the above equation by —b,, / a,,, yields

V. )+, () +cV, (1) =0 (5.50)
where
b — CLZ_ bnlan +C”1
a a
n2 n2 (5.51)
— cnlan
a

n2
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For the differential equation (5.50), denoting the square of the roots of the

characteristic equation associated with it as &, therefore
(&) +bs”>+c=0 (5.52)

2
The roots for &* are denoted as ¢°,¢,”,

—b—b* —4c

2
A Lt S gf=— % (5.53)

Rootl = ¢’ = 5 5

For the given material (PZT-5A), for n > 1, Rootl > 0 and Root2 > 0. Therefore, the

solution of Eq. (5.50) is

V,(y)=A,sinh(8,y)+ B, cosh(8,y) + C, sinh(y,y) + D, cosh(y, y)

where

3, =+ Rootl
7, =~ Root2

Since V, () is antisymmetric along y axis, it would be
V,(y)=A4,sinh(8, ) +C, sinh(y, y) (5.54)

From Eq. (5.34-1),
1 " !
U, ==—| U, 0 +b, 0, )| (555)

nl

From Eq. (5.34-2),
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' 1 "
Un (y) = _b_|:ai12l/n (y)+ci12l/n (y):|

n2

Taking derivative of both sides of the above equation with respect to y yields

U (1) == b )+l )] (5.56)

n2
Substituting Eq. (5.56) into Eq. (5.55) yields

U () =22 " ()4 G2 bubiz o (5.57)

Cnlbn2 cnl n2

"

Taking derivative of the expression of V () in Eq. (5.54) yields

V'(y)=4 9 cosh($y)+C 7 cosh
n (y) n-n ( ﬂy) ”7/" (7/ny) (558)

V. (y)=4, '9,13 cosh(8,y)+C, 7/,13 cosh(y,»)
Substituting Eq. (5.58) into Eq. (5.57) yields
Un (y) = Anwln COSh(lgny) + CnZUZn COSh(yny) (559)

where

_ anZ 3 Cn2 _b b

nl~n2
w]n - c b n C lgn
nl~n2 nl~n2
v (5.60)
@. = an2 3 + CnZ “Un1Yn2
2n b n b n
cnl n2 cnl n2

The stress free boundary condition 7, | =0 leads to Eq. (5.42):

y=b
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i Un' (b)sin(a, x) - i aV (b)sin(a,x)=0

and Eq. (5.43):

U'(by—a V. (h)=0

Substituting Eq. (5.54) and Eq. (5.59) into Eq. (5.43) yields
(@, 9, —a,)A, sinh(9 D)+ (@,,y, —,)C, sinh(y,b)=0
Thus

C =pA (5.61)

where

—_ (wln‘gn — an ) Slnh(lgnb) (5 62)

ul (wZnyn - an ) Sinh(}/nb)

Substituting Eq. (5.61) into the expressions of V (y),U,(y) in Eq. (5.54) and Eq. (5.59)

yields
Un (y) = An [wln COSh(lgny) + lulw2n COSh(}/ny)]9n > 1 (5 63)
V,(») = 4,[sinh(8,7) + g sinh(,»)].n > 1 |
To sum up, the expression for U, (y),V, (y) is
Vo(y) = 4, sin(4,y)
Uo (»=0
(5.64)

Un (J’) = An [wln COSh(lgny) + lulw-Zn COSh(]/ny) ],l’l > O
V,(v) =4, [sinh(4,y) + ;sinh(y,) ].n > 0
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5.2.2. Determining U (x) and V (x).

Substituting expressions of u,,v, in Eq. (5.29) into Eq. (5.32) yields

2m—2 &
n- =y Z U," (x)cos(B,y) - Z U, (x) B, cos(B,y)
;' (x)cos(B,y)+ &wzz U, (x)cos(B,) =0
) g = (5.65)
Z v, (x)sin(fy) - Z BV, (x)sin(B,)
—m—z BU, (x)sm(ﬂky)+ Loy Z V. (x)sin(B,y) =0
Eq. (5.65) yields
aklUk’,(x)+bkll/lc,(x) +cklUk (x)=0 (5.66)
Vk” (x) +bk2Uk'(x) +c,V, (x)=0
where
2m—2
a, =
m—2
m
k1 jﬂk
C = %0)2 - (5.67)
m
k2 _jﬂk
Pu 2 2m-2 ,
Cia G @ 2 By
(1) when k=0

When k=0, g,=0, it leads tob,, =b,, =0. Eq. (5.66-2) becomes
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VY () + W, () =0 (5.68)

where

Since ¥, (x) is symmetric with respect to x axis, the solution for Eq. (5.68) is

Vo(x) = G, cos(4,x) (5.69)

When £ = 0, Eq. (5.66-1) becomes
U (xX)+ U, (x)=0 (5.70)
where

2 paa)z(m—2)
A= G(2m-2)

Since U, (x) is antisymmetric with respect to x axis, the solution for Eq. (5.70) is
U,(x) = D, sin(4,x) (5.71)
The stress free boundary condition requires that
=0

Xy xX=a

Substituting Eq. (5.21) into the above equation yields
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Substituting Eq. (5.29) into the above equation yields

> U@ sinB+ Y. VL @sin(5) =0 6.7
which leads to
~U (@), +V, (a)=0 (5.73)

When n= 0, g,=0. Thus Eq. (5.73) becomes

V) (a)=0 (5.74)

Substituting the expression of V,(x) in Eq. (5.69) into Eq. (5.74) yields

C,=0 (5.75)

Therefore

Uy(x) = D, sin(4,x)

/(=0 (5.76)
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(2) When k>0

Differentiating Eq. (5.66-1) with respect tox yields
a,U." (x)+b,V," (x)+c, U, (x)=0 (5.77)

From Eq. (5.66-2), the derivative of U,'(x) can be expressed using ¥," (x),V, (x)

U 0= [1" 0+ e (5.78)

k2

Taking derivative of both sides of Eq. (5.78) with respect to x twice yields

] (579

k2

Substituting Eq. (5.78) and Eq. (5.79) into Eq. (5.77) yields

a iv a,.c C " c,.C
~Suy, (x){——’; 2 +b,d—bA]V; (0~ L, (1) =0

k2 k2 k2 k2

Multiplying both sides of the above equation by —-b,, / a,,, yields

Vr(x)+bV," (x)+cV, (x)=0 (5.80)

where

Ko G (5.81)
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For the differential equation (5.80), denoting the square of the roots of the

characteristic equation associated with it as g7, therefore
(2 +bE*+2 =0 (5.82)

_2 f— f—
The roots for £° are denoted as &°,2,°,

R
| Rootd=gp = 0= Vb Z4¢ “;’40 (5.83)

—b+~/b*—4c
2

Root3=¢’ =

For the given material (PZT-5A), for £ > 1, Root3 > 0 and Root4 > 0. Therefore, the
solution of Eq. (5.80) is
V. (x) = E, sinh(8,x) + F, cosh(3,x) + G, sinh(7,x) + H, cosh(7,x)

where

8, =~/Root3
7, =~ Root4

Since V, (x) is symmetric along y axis, it would be
V,(x) = F, cosh(8,x) + H, cosh(7,x) (5.84)

From Eq. (5.66-1),

0,00 = =—[ a0, () + 5,0 (5.85)

k1

From Eq. (5.66-2),
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U 0= 1" 0+ e

k2

Taking derivative of both sides of the above equation with respect to x yields

U 0= @+l )] (5.86)

k2

Substituting Eq. (5.86) into Eq. (5.85) yields

U, (x) =— VJ’@)—[”A—MJVM (5.87)

110k2 € Cubro

Taking derivative of the expression of V,(x) in Eq. (5.84) yields

Vi, (x) = F, 9, sinh(3.x) + H, 7, sinh(7,x)

o _ (5.88)
V." (x) = F, 8.’ sinh(8,x) + H, 7, sinh(j,x)
Substituting Eq. (5.88) into Eq. (5.87) yields
U, (x) = F,@,, sinh(9,x)+ H,@,, sinh(7,x) (5.89)
where

o =k g3 by aui g

" by, ’ C o Cube '
(5.90)

T, = A =3 by, GG |-
%= Vi b Vi
Ct1Or2 €1 CuPra

The stress free boundary condition 7

=0 requires that is expressed in Eq. (5.72)
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D @B sin(f)+ 3 K @psin( ) =0
and Eq. (5.73)
~U (@), +V, (a)=0
Substituting Eq. (5.84) and Eq. (5.89) into Eq. (5.73) yields
(—@,. B, +3,)F, sinh(8,a) + (-, B, +7, ) H, sinh(7,a) = 0
Thus
H, =uF, (5.91)

where

py = TP '?")Si.nh@a) (5.92)
(—@,, B, +7,)sinh(y,a)

Substituting Eq. (5.61) into the expressions of V, (y),U, (») in Eq. (5.84) and Eq. (5.89)

yields

U, (x) = F; [ @ sinh(,x) + pa,, sinh(7;x) | .
5.
Ve (x)= F, [Cosh(gkx) + 4, Cosh(ka)] ( )

To sum up, U, (x),V,(x) are
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U,(x) = D, sin(4x)
Vo(x)=0
U, (x) = F, [ @, sinh(§.x) + 1@, sinh(7,x) |,k >1 (5.94)

V,(x) = F, | cosh(d,x) + sy, cosh(7,x) | .k >1

Substituting Eq. (5.64) and Eq. (5.94) into Eq. (5.27) yields

ugeneral = i Un (y) Sin(anx) + i Uk (X) COS(ﬂky)
0 . (5.95)

Ve =3 V() cos(@,x)+ SV, (x)sin(B,y)

n=0
where

Uy(x) = Dy sin(4x)
Vo(x)=0

U, (x) = F, [@, sinh(§,x) + i@, sinh(7,x) |,k >0 (5.96)
Vi(x)=F, [cosh(gkx) + 1y, cosh(ﬁx)],k >0
Vo(») = 4, sin(4y)
Uy(y)=0
(5.97)

U,(»)=4,[@,, cosh(3,y)+ pa@,, cosh(y,y) |,n>0
V,(y) = 4, [sinh(8,») + g, sinh(y,»)],n >0

For the unification of the symbols, the D, in Eq. (5.96-1) will be denoted as F, from

now on.

5.3 Particular solution for PZT actuator EOM
Re-arranging terms in Eq. (5.24) yields
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actuator body force

(14_ m j@zu o’u m 62vL& ) _sz

P + 5 + -+ U=
m—-2)0ox" oy m-20xdy G Gh, (598)
2 2 2 Tz '
a_‘z)_‘_(l_‘_ m ]a ‘2}_‘_ m 8 u + &a)Zv:_ Y lactuator body force
ox m—2)0y- m—-20xdy G Gh,
where
et +eck,
m=——24]
¢, +ccpy
Substituting Eq. (5.1) into Eq. (5.98) yields
2 2 2 3
m—2)0x" oy m-20xdy G Gh, (5.99)
2 2 2 3 ’
a‘2}+(1+ - ja‘;_'_ - 8u"'&(ozv:——bly_l—bzy
ox m—-2)0y" m—-20xoy G Gh,

3.3.1 Particular solution for PZT actuator displacement u

Assuming that the particular solution for displacement u, v are related to x, y only.

Thus the EOM in Eq. (5.99) can be reduced as

2 3
m \ou ax+a,x
(14_ j +&0)2u_—¥

m-2)ox* G Gh,
, X (5.100)
(l+ m jﬁ+& o _ _by+by
m-2)o° G Gh,

Writing the particular solution of Eq. (5.100-1) as
u

particular = upanicula: (x )

The solution for Eq. (5.35-1) is
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_ (-12a,G +12a,Gm + 2a,p0° —ampw’)x+(2a,pw’ —a,mpw’)x’
particular ha (_2 + m) ,020)4
(5.101)
+C[l]cos —2+m\/;a) x [+C[2]sin —2+m\/;a) x
oNG—1+m NNEN=T

where C[1],C[2] are four random coefficients to be determined by boundary conditions.

Since u is symmetric along x axis, C [1] =0. For simplicity, C[2] is also defined as 0,

thus

[12a,G(~1+m) +a,pa’ (2=m) | x + a,par” (2= m)x’
particular — ha (_2 N m) p2w4

y (5.102)

which also satisfy Considering that u(x =0) =0. It is worth noting that the C[2] term has the

same form the first term in the general solution.

3.3.2 Particular solution for PZT actuator displacement v

Writing the particular solution of Eq. (5.100-2) as

vpanicular = vpanicular (y ) (5 . 103)

The solution for Eq. (5.100-2) is
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B (=12b,G +12b,Gm +2b, pe&>* —bmpw’ )y +(2b, pw’ — b,mpw’)y’ N
particular ha (—2+m)p20)4
JE— - 5.104
C[3]cos 2+ mypo y |+C[4]sin 2+ mpw y o
NGNS NNN=T

where C[3],C[4] are four random coefficients to be determined by boundary conditions.

Since v is symmetric along y axis, C [3] =0. For simplicity, C[4] is also defined as 0.

Thus

[126,G(~1+m)+b,par’ (2=m) |y + b, per’ 2= m)y’
y _

particular — h (_2 N m) p2w4 (5 . 105)

which also satisfy v(y =0)=0 . It is worth noting that the C[4] term has the same form the

first term in the general solution.

5.4 Determining the coefficients in total solution for PZT actuator displacement using

boundary conditions

The total solution would be the summation of general solution and particular solution

u=u +u

general particular

(5.106)

v=y,

general

+Vv

particular

Eq. (5.21) gives the relation between stress and displacement. Since

E E _ E E E E _ E E
2G +c, teey =¢, —¢, te, e =cp +ec
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Eq. (5.21) can be re-written as

V.
— P p p in
o.=clu, +chyv, +e} P
a
o, =clu_+chtv_ +e’l Vi (5.107)
y  F12%x 17,y 31 h .

a

T, = G(u’y +v,)
where

ch = clE1 +cclE3 (5.108)

p _ E E
Cjp =Cpp TCCy

Since the displacement consists of general solution and particular solution, Eq. (5.107)

can be expanded as

— P p
O-x - cll (ugeneral,x + upanicular,x) + ch (vgeneral,y + vparticular,y

— AP P
- cllugeneral,x + chVgeneral, y

~

p p p "in
+ Cl lu + CIZVpanicular,y + 831 h

particular,x
a
Vi

h

a

+u +v

— AP P p
O-y - CIZ (ugeneral,x panicular,x) + Cll (vgeneral,y particular,y) + 631 (5 . 109)

— AP p
- ch“general,x + Cl lvgeneral,y

~

p p _in
+ Cllvparticular,y + 631 h

p
-I—Clzlxl

particular,x
a

+ Vparticular,x )

+v

particular,x )

7, =G(u
=G(u

+u +v

general, y particular, y

)+ G(u

general,x

general, y + vgeneral,x particular, y

Substituting Eq. (5.95), Eq. (5.102) and Eq. (5.105) into Eq. (5.109) yields
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O =

X

cf; [Z a,U,(y)cos(a,x)+ Y Uk'<x>cos(ﬂky>}

n=0

+p [i v, (y)cos(a,x) + i BV (x) COS(ﬂky)}

n=0

; [12a,G(~1+m) +a,pa’* (2-m) | +3a,p0’ 2= m)x’

e ha(-2+m) p’w’

; [126,G(~1+m) + b, par’* (2= m) |+ 3b, par’ (2= m) y’

+
@ h(2+m)p’w’
Gy =
< {Z a,U,(y)cos(a,x)+ Y U, (x) cos(ﬂky)}
n=0 k=0

+cﬁ[i v (y)cos(@x) + S ﬂkmx)cos(ﬂky)}

n=0

) [12a2G(—1 +m)+a,po’(2- m)] +3a,p0’ (2 —m)x’

" ha(-2+m)p’o*

[12b,G(~1+m) + b, par’* (2= m) |+ 3b, par’ (2= m) y*
h(-2+m)p’ e’

P
+¢y

T, =

G{i Un'(y)sin(a,,x)—i BU, (x)sin(B,y)

0

-3 anVn(y)sin(anx)+i Vk'(x)sin(ﬂky)}:O

n=0

(5.110)
+eﬁ%20

(5.111)
+e§1%:0

(5.112)

Substituting Eq. (5.96) and Eq. (5.97) into the above stress expressions yields
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o =

¢/ [Fyy cos(4,x)]

+cf) z a A, [wln cosh($,y)+ nw,, cosh(}/ny)]cos(anx)}

n=l

veh| Y F[@,8 cosh(3x) + 13,7, cosh(ﬂx)]cos(ﬂky)}
L k=1

+ ¢ [ 4y2y cos(A )] (5.113)

+ch| > A9, cosh(9,y)+ w7, Cosh(m)]COS(aHX)}
n=l1

+ch| Y B [cosh(F )+ 1 cosh@x)]cos(ﬁky)}

[12a,G(~1+m)+a,pe’* (2—m) |+ 3a,po’ (2 = m)x’
ha(-2+m) p’w’
[12b2G(—1+m)+blpa)2(2—m)}+3b2pa)2(2—m)y2 v,

h,(2+m)p’w’ h

+cf)

P
+¢,

O-y:

eh[Fiy cos(2,)]

0

+ cll; Z anAn [wln COSh(lgny) + /’llwln COSh(}/ny)]COS(an'x):|
L n=1

+cf) i F, [wlkgcosh(gkx) + 1,5, 7, cosh(ﬁx)]cos(ﬂky)}
+ef] [_AO/L cos(4,))] (5.114)

+cfi| 2 4,[9, cosh(8,1) + 7, Cosh(%ly)]COS(OCHX)}

L n=1

+cf, _i B[ cosh(9,x)+ u, cosh@x)]cos(ﬂm}

) [12a,G(~1+m)+a,p0° (2-m) |+ 3a,p0" (2 - m)x’
+C),

ha(—2+ m)p2w4

[12b,G(=1+m) + b, par’ (2—m) |+ 3b, par’ (2—m) %
+cf) +el =0
h,(-2+m)p’ew* h

a
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Txy =

G {Z 4,[@,,8,sinh(3,y) + pw@,,y, sinh(y, y)]sin(e, x)
=1

BiF, [ @, sinh(8,x) + 1,,, sinh(7,x) ]sin(B, ) (5.115)

M 1

anAn [Sinh(lgny) + lul Sinh(yny)]Sin(anx)

I
—_

+
s

F, | 9 sinh(8,x) + 1,7, sinh(¥,x) |sin(, y)} =0

=~
1l
—_

Combining terms with the same coefficients, the above stress distributions can be

rewritten as

o =

X

Achy cos(Ay) + Fych2, cos(4x)

+ Zsc: {An cos(anx)[clplan (wln COSh(lgny) + lulw2n COSh(yny)) + Clp2 (lgn COSh(lgny) + ll'll]/n COSh(yny))]}

n=1

+

NgE

{Fk cos(B,)] ¢ (@,.8 cosh(F,x) + 1@, 7, cosh(7,x)) + ¢/ B, (cosh(F.x) + 1, cosh(ykx))]}

=
1l

1

) _12a2G(—1+m)+a,pa)2(2—m)]+3a2pa)2(2—m)x2
+ch =
" ha(-2+m) p*w’
| 126,G(~1+m)+b,pa’ (2—m) |+ 3b,pa’ (2 - m)y’ Vv
gt 2 4 +ey; =0
h,(=2+m)p’e h,
(5.116)
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O'y:

Ayl cos(Ap) + Fyclh, cos(A,x)

3 {4,cos(@, 1) cha, (@, cosh(9, )+, cosh(y, ) + el (9, cosh(9,3) + 7, cosh(z, ) |

1

n

[Ms

+3 {F, cos(B)| s (2,09 cosh(8,x) + 7,7, cosh(7,x)) + cf, B, (cosh(3,x) + 1, cosh(7,0)) |}

=~
Il

1

; [12a,G(~1+m) +a,pa’* (2-m) | +3a,p0’ 2 m)x’
+ C,

ha(-2+m)p’o*
[126,G(~1+m) + b, par’* (2= m) |+ 3b, par’ (2~ m) y* Vv
Lol +el =0
11 ha (_2+m)p2w4 31

a

(5.117)

T =

xy

Gi A,sin(a,x)[ (@,,9, sinh(3,y) + w,,7, sinh(y, ) - a, (sinh(3,) + 4 sinh(y, ) |
n=1

~GY. Fsin(By)| B (@, sinh(3x) + 1, sinh(7,x)) + (9 sinh(3,x) + 4,7, sinh(7,x)) | = 0
k=1

(5.118)

Boundary condition is set to be traction free at the four peripheries

o!=0 at x=x=a
0,=0 at y=1b (5.119)
7,=0 at x=ta and y=tb

From the expression of 7 in Eq. (5.118), the boundary condition in Eq. (5.119-3) is
automatically satisfied.

The strong boundary conditions are transformed to weak boundary conditions as:
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= x=—a
¢ a

h, L:_a o, = 0
¢ a

h" Ix:—a Ty y=—b =0

Since o, is symmetric along y axis and o, is symmetric along x axis, the above

boundary conditions are reduced to

b a
ha jv:—b O-x

N
..o

=0
(5.120)
=0

y=b

The stresses at the boundaries are

xX=a

Aty cos(Ayy) + Fychiy cos(Aya)

+ i {An COS(Otna) I:clplan (wln COSh(lgny) + lulw.Zn COSh(yny)) + clp2 (lgn COSh(lgny) + lulj/n COSh(}/ny)):I}

X

=
I

iy {F, cos(B,)| i, (3 cosh(3,a) + 1,,,7, cosh(7,0)) + s b, (cosh(8,a) + 1, cosh(7,a)) |

, _12a2G(—1+m)+alpa)z(2—m)]+3a2pa)2(2—m)a2
+cf =
! ha(-2+m)p’w’
_12b2G(—1+m)+b1pa)2 (2—m)}t3l)2,0a)2(2—m)y2 v
+ch = pZin

h,(2+m)p’w’ h

a

(5.121)
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o) =
yy:b

A,ch A, cos(A4,b) + Fye, A, cos(A,x)

+ Zw: {An cos(a, x) [cl’;an (wln cosh($,h) + nw,, cosh(ynb)) +cf (Sn cosh($,0)+ w7, cosh(ynb))]}

1

n

{F, cos(B,0)] cfs (2,9 cosh(F,x) + 1,7, cosh(7,x)) + ¢, i, (cosh(F,x) + p; cosh(7,x)) ||

M

+

bt
Il

1

, [lzazG(—l +m)+a,po’(2- m)] +3a,pw’ (2—m)x’

12

e ha(-2+m) p’w’

[126,G(=14m) + b, per’ 2= m) |+ 3b, p0’ (2= m)b’ vV
11 h (—2+m)p2w4

+c 31
(5.122)

a

Substituting Eq. (5.121) and Eq. (5.122) into Eq. (5.120) yields

b
ha J.y:—b O x=a
= h,A,2sin(bA,)cl, + h, F,2bc] A, cos(Aa)
< 2 sinh(b o
+ ha Z {Aﬂ COS(ana) |:(Clp1anwln + CIPZSn)M + (clplanulw-Zn + Clgulyn) Slnh(b}/n ) :|}
n=l1 i ;

® 2sin(b - - _ _
+h, Z {Ec %[(Cﬁwlk‘g +c, f,) cosh(9,.a) + (¢ 1@, 7, + Cﬁﬁkﬂz)COSh(yka)]}
k=1 k
12a,G(=1+m) +a, pw’ (2 —m) |+ 3a, pw’ (2 —m)a*
+2hab6'f’1[ LG(=1+m)+a,pa" (2—m) | +3a,pa" (2~ m)

ha(-2+m) p’w*

2b|12b,G(=1+m)+b pe’* (2 —m) |+ 2b°b, po* (2 —m ,
+hch [12:6¢ o 2}4 i )+2habe§’l Vi _g
h,(=2+m)p’w h,
(5.123)
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h o’

)
x=—a 7

y=b

= h,A,2ac] A, cos(4,b)+ h, Ficl 2sin(al,)

+h, i {
n=l1

+h, Y {Fk cos(B.b) {(q‘;wl,ﬁ +c'B,)
k=1

2sin(ax

}1

2a[12a,G(~1+m) +a,pw’ (2—m) |

2 sinh(aS )

2sin(aa,) ——— (chat,m,, +c,9,) cosh(9,b) +(chrat, 7, + i, cosh(y, b)]}

2sinh(ay,)
+ (612ﬂ2w2k7k +¢ lﬁk 2)}/—k
k

J

k

+2d’a,po’ (2—m)

in

=0

+2h,ae;, Vi
h

a

+hc’
e ha(-2+m) p’w*
[12b,G(=1+ m) + b, pw* (2 —m) |+ 3b, per* (2 — m)b?
+h,cf 2a= =
h,(=2+m)p’w
(5.124)

5.4.1 If only considering the first term in the general solution and the particular

solution

If only considering the first term in

(5.123) and Eq. (5.124) becomes

b
ha J-y:*b O-X x=a
= h, A4, 2sin(bA, )cl, + h F, 2bc! 2, cos(Aa)
[120,G(~1+m)+a,pe’ (2—m)

general solution and the particular solution, Eq.

+3a2pa)2(2—m)a2 (5125)

+2h bcf,

26| 12b,G(~1+m) +bpa’ (2—m)

ha(-2+m)p’w

4

+2b°b, par’ (2 —m) g

+2h be;, Vi
h

=0

P
+h,.cl)

h,(-2+m)p’e’

a
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Wi’ o
.o

y=b
= h,A4,2ac] A, cos(4,b) + F,h,c/,2sin(al,)
2a [12a2G(—1 +m)+a,pa’ (2 m)] +2d’a, pw’ (2—m) (5.126)

h P
TG ha(-2+m)p’o’

[12b,G(~14+m)+b,pe’ (2= m) |+ 3b,per” (2= m)b’
h,(-2+m)p’e’

V.
+h,cl 2a +2ah e;, ﬁ =0

a

Solving Eq. (5.125) and Eq. (5.126) for 4, F, yields

1
h, (—2+m) p'e*| abc)? A7 cos(ak,) cos(bA) —cly’ sin(al,)sin(bA,) | §

{abcﬁﬂ,l [azcl’; (—12G(—1 +m)+a’ (-2+m) po’ ) -

A0=

3b,c; (4G(—1 +m)—b* (-2+m) pay’ ) +(—2+m) por® (blcﬁ +ach —ehV, pa’ )] cos(at,)—
c12p| bbyc, (<2+m) par” —ael, (-2+m)V p’w* —3a,bc), (4G (~1+m)—a* (-2+m) po’ ) +
b(~120,¢4G(~1+m)+(acl, +bel ) (-2 +m) po? )} sin(a,))

1
h,(=2+m) p*e* (abc)’ 47 cos(bA,) cot(ak) - c12p’ sin(bA,) ) *
{acsc(ar)[ ¢4 (=bb,cl, (-2+m) par” +ael, (-2+m)V pe*

0=

+3a2bc), (4G (~1+m)—a* (-2+m) pw’ )+
b(12b,¢,G (~1+m)—(alef, +blef, ) (—2+m) per’ ) cos(b ) +
ch(ach (12G(~1+m)—a’ (=2+m) pa’ )+ 3bc), (4G (~14+m) -b” (-2+m) pw” ) +
(-2+m) po* (~bcl —acly + e, par ) sin(bﬂl)]}
(5.127)
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5.4.2 If only considering the first two term in the general solution and the particular

solution

In order to solve for A4,,F,,A4,,F, from the boundary conditions, Eq. (5.121) and Eq.

(5.122) are divided into two parts separately and each part is set to be zero

x| x=q

Aych A cos(4y) + Fycl A, cos(Aa)

; [12a,G(~1+m) +a,pa’* (2-m) | +3a,p0’ 2 - m)a’

+cf) (5.128)

ha(-2+m) p’w’
[126,G(~1+m) + b, par’* (2= m) |+ 3b, par’ (2= m)y* %
+

P in
€3

p
T h(-2+m)p’ew’

a

X=a

GxZ

+ i {An COS(C(na) I:clplan (wln COSh(lgny) + /’llw.Zn COSh(}/ny)) + ClpZ (191'1 COSh('gny) + /ul]/n COSh(yny))iI}

1

n

M

+ {Fk cos(,Bky)[cf’1 (wlkgcosh(gka) + W,@,, 7, cosh(?ka)) +ch B, (cosh(gka) + U, cosh(ﬂa))]}
1

(5.129)

=~
Il

Gyl y=b -

Ay, cos(Ab)+ Fycly, cos(x)

; [12a,G(~1+m)+a,p0’ (2-m) |+ 3a,pe" (2 - m)x’

‘el (5.130)

ha(—2+m)p2a)4
[12b,G(=1+m) + b par’ (2—m) |+ 3b, pes’ (2 — m)b’ A
h(=2+m)p’w’ h

P
+¢
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Y21=p

+
NgE

{An cos(a, x) [cl‘;an (@,, cosh(8 b)+ pa@,, cosh(y,b))+ch (3, cosh(9,6) + wy, cosh(;/nb))]}

=
X

+
[Ms

{F, cos(B,0)| cf; (2,9 cosh(3,x) + 1,7, cosh(7,x)) + ¢, (cosh(F,x) + p; cosh(7,v)) |

=~
Il

1

(5.131)

Eq. (5.128) and Eq. (5.130) are stresses from the particular displacement solution and
the first term in general solution. The weak form of boundary conditions for the stresses
given in Eq. (5.128) and Eq. (5.130) can be expressed in Eq. (5.125) and Eq. (5.126), from

which 4, F;, can be solved.

Eq. (5.129) and Eq. (5.131) are stresses from the general solution besides the first term.
The weak form of the stress free boundary conditions from the stresses given in Eq. (5.129)

and Eq. (5.131) are expressed below:

b

h o2

a y=—b x2

X=a

o0

= haz {An cos(ana){(c{’lanwln +c59,)

n=1

2sinh(b3 2sinh(b
%Hcﬁanﬂlwzn +Cféﬂ17n)—(7")}}

n n

- 2sin(b = = _ _
+h, Z {F;c ﬁ;ﬁk) ':(Clplwlklg +chy By cosh(G,a) + (¢ 1@, 7, + ¢, B thy) COSh(?’ka):I}

k=1 k

(5.132)
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o0 2 .
5 {A,, 2L (et 1 g, + €y, ) cosh(9,b) + (ctt, gz, + yta, Cosh(nb)]}

n=l1 an

= - 2sinh(ad, _ 2sinh(a7,
+h, Z {Ec cos(S,b) |:(C1p2w1k‘9 +cfiB) # + (@, 7 e Buy) —}7( 7:) }}

k=1 : 2

(5.133)

In order to solve for 4 ,F, from the above two equations, the method of ‘least square’

is used, which is explained as below.

Define a function LS(4,,F,) as:

n

a

LS(A,F,)= ( [ . )2 + ( ) “:_aayz\y:b )2 (5.134)

O-x2

a

Where I

a
X=—a

o, V:b,J‘:a ayz‘y:b are given in Eq. (132) and Eq. (133).

The derivative of LS(A4,,F,) with respect to 4,,F, is set to zero in order to have the

value of La:_a Tl s J.xa:_ o, ‘y:h closest to 0. The list of equations is:
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0
—LS(4,,F,)=0
o (AT

n
1

0
—LS(4,F,)=0
8A ( n k)

1

0
—LS(4,,F,)=0
o ST

n

n

5 (5.135)
< LS(4,F)=0
o (4,,F,)

n
1

0
—LS(4,,F,)=0
o (AT

n
1

0
2 IS(4,F)=0
aF ( n /c)

k

5.5. Verification of the theoretical model for PZT actuator displacement

5.5.1 If only considering the first term in the general solution and the particular

solution

In this Section, the coefficients in the total solutions are calculated for the given stress

coefficients (see Eq. (5.1) for stress expression)

a, =—-8.3660x10°;
a,= 8.1920x10";
b, =-4.7180x10°%
b, = 8.5670x10".

For the given material properties and the given frequency, 4, [, are
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4,=-9.3192x107;
F,=-8.7520x107*,

By comparing Eq. (5.96) with Eq. (5.101), the first term in general solution is actually
the same term as the omitted form in the particular solution. Same conclusion can be drawn
by comparing Eq. (5.97) with Eq. (5.104). Thus if only considering the first term in general

solution and the particular solution, it is the same as just considering the particular solution.

5.5.2 If only considering the first two term in the general solution and the particular

solution

If the second term in the general solutions is considered, the solution of A4, F}, 4, F; is

A4, =-9.3192x107;
F,=-8.7520x107";
A4 =-1.2740x107;

F = 5.8553x10°"

(5.136)

5.5.3 If only considering the first three term in the general solution and the particular

solution

If the first three terms in the general solutions are considered, the solution of 4, F; is
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A4,=-9.3192x107";
F,=-8.7520x107";
A =-1.4449x107;
F = 5.8580x10;
A =-4.1067x107";
F, =-4.3356x10"".

(5.137)

As can be seen from Eq. (5.137), the coefficients decrease dramatically as n, k
increases. Thus it can be conducted that the solution is already converged and the first two or
three terms in the general solution is sufficient to express the displacement of the

piezoelectric actuator.

5.6 Verification on why shear stresses are the best parameters to describe connection
between PZT actuator and bonded plate

In order to compare the plate response under (1) surface bonded piezoelectric actuator;
(2) replacing the actuator with line loads on the peripheries of the rectangular actuator; (3)

replacing the actuator with shear stress 7. and 7, on the contact surface; (4) replacing the

actuator with prescribed displacement u, v, w on the contact surface, the displacement and
strain on plate upper surface along five monitoring lines are compared. The five monitoring
lines are listed below:

Monitoring line I: along x axis;

Monitoring line II: along tan~'(1/2) with respect to x axis;

Monitoring line III: along tan~' 1.1 with respect to x axis;
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Monitoring line IV: along tan™' 2 with respect to x axis;
Monitoring line V: along y axis.
The velocity components, displacement components and strain components on the

monitoring lines are compared below.

5.6.1. Comparison of results along line I

The displacement components on the monitoring line I are shown below. The

Displacement v is not shown because it all vanishes along line I.
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Figure 5.5 (a) Displacement u (m) (b) displacement w (m) along x axis (mm)
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9
4 x 10 . . . . .

= piezo actuator bonded on plate
line forces prescribed on the edges
3r apply shear stresses T and T, On contact surface -

== (lisplacements u, v, w prescribed on contact surface

50 60
(units: mm)

(b)
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It can be seen that when only line load is applied, the plate has similar response
compared with when an actuator is bonded on the plate upper surface in areas away from the
actuator. However, in the area close to where the actuator is bonded, the plate response under
line load is very different from when an actuator is bonded. This is because only applying
line load on the peripheries would introduce a stress concentration at the peripheries. Besides,
it can be seen that applying line load and applying shear stress renders almost identical
results besides the areas near the actuator. Similar results can be seen on other monitoring
lines.

In this thesis, the amplitudes of the stresses on contact surface is determined by
matching the displacement of actuator and plate on the peripheries. Thus, it can be seen that
applying shear stress would render a way better approximation compared with only applying

line load.

5.6.7. Conclusions

In this Section, comparison of the plate response under four different excitation is
conducted.

(1) surface bonded actuator;

(2) replacing the actuator with line loads on the peripheries of the rectangular actuator;

(3) replacing the actuator with shear stress 7, and 7, on the contact surface;

(4) replacing the actuator with prescribed displacement u, v, w on the contact surface.
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The following conclusions can be drawn from the results obtained above:
(A) (3) represents the actuator the best compared to the other methods considered here.
(C) The plate response for ‘(2) replacing the actuator with line loads on the peripheries of the
rectangular actuator;’ is close to (3).
(D) (2) also represents the actuator with good approximations through (3) are slightly more
accurate.
(A) “(4) replacing the actuator with prescribed displacement u, v, w on the contact surface’
still renders the same waveform of plate response, but the deviation of it from the actuator

scenario is relatively larger compared to other scenarios.
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CHAPTER 6
Validation of Theoretical Model

6.1 Determination of polynomial coefficients for inter-facial shear stress

6.1.1 Review of PZT displacement under inter-facial shear stress and applied voltage

As discussed in Chapter 3, the polynomials used to approximate the inter-facial shear

stress are:

T.=ax+a,x’
3 (6.1)
Ty, = by+byy

This will introduce 4 coefficients: a,,a,,b,,b, .

In chapter 3, the displacement of PZT actuator vibration is obtained by substituting
Fourier series into equation of motion and using traction free boundary conditions. The
expression of PZT displacement when considering only the first term of Fourier series is

listed in Eq. (2.51) and Eq. (2.52), which is listed here:
7y

. X
u‘(x,y,w) = A, sin —cos ——,
a

(6.2)
vi(x,y,w) =B, cos Tin 22
a

where
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-a’ (cl’; +Ce ) n’ (4bzb17r2 +4el E_h ' +3b*h, (—8 +’ ))
4
+ (4a2a17z2 +4elE hn' +3a’a, (—8 +7° ))(b2c66712 +a’ (c,"’]ﬁ2 -b’pa’ ))

A11 ==
2 chr? e’ ctrnt e m’
G R G R N
—4a’cgel\ E.hw* —3b°, (_8 +7 )(01171”2 - azpa’z) (6.3)
4a’by+b'n’ (_451011’1”2 +a’ (—3132066 (—8 + 7’ ) + 4b1,oco2 ))
2 2 4(_Clpl + ¢y + Cog ) eéplEzhail'4 + 3a4a2 (cl’; + Cyq )(—8 +7 )
+b°1
+4a2ﬂ-2 (_blc66 + al (clg + 066 ) + eﬁiplEzhapa)2)
B, =-

4 . p 4 4 p .2 2 2 2 2 2
L biclicyn” +a (c”ﬂ -b"pw )(c667r -b pa))
T

a p2_2

—-a’bh’n’ (—c{’127Z2 +chin +2ch e mt + bl po’ + bzcﬁépa)z)

For the given material properties for PZT-5A and an applied voltage of 100kHz at

f =100kHz, A,,,B,, canbe obtained in Matlab as:

A, =3.072x107"g, + 6.984x10a, —4.118x107'°h —3.744x10>'b, —4.043x10™"!
B, =1.232x10"a, —4.681x10a, —2.059x107%, + 1.121x10°b, —2.023x10™" (6-4)

6.1.2 Review of plate displacement under inter-facial shear stress

Under inter-facial shear stress loading, the plate will generate propagating and

evanescent Lamb wave and SH waves. At f =100kHz , the propagating wave modes includes:

4,,S,,SH, . As discussed in hapter 5, for evanescent wave modes, only evanescent Lamb
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A,8,/S,,4,/4,,S,/ S, wave modes and shear horizontal SH,,SH,,SH,,SH, wave modes.
need to be taken into consideration at f =100kHz .

The displacement form of wave modes under point load are given by carrier wave.
The amplitudes of each mode are obtained by reciprocity theorem. The wave mode
displacement under surface load is obtained by integrating the plate displacement under a

point load over the entire contact surface.

6.1.3 Determining coefficients using displacement continuity

As can be seen in Eq. (6.1), the expression of inter-facial shear stress introduces four

coefficients: a,,a,,b,,b, . In order to find the value of these four coefficients, displacement

continuity on four points on the contact surface is used. Due to the symmetry of displacement,
all the points are chosen in the first quadrant.
Case 1: Choosing 1 point in first quadrant:

Since the displacement is larger on the edges of the contact surface, the point is
chosen to be towards the edge of the contact surface. The x-y coordinates of this point is

(1.96mm,3.92mm) . The location of the point is shown below:
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0 1 2
&
(units: mm)

Figure 6.1 The location of the 1 point chosen in first quadrant

By matching the displacement of actuator and plate on this point, the four coefficients

can be obtained by using least square method:

LS - (uplmg at point n - upZt at point n ’ (Vplate at point n B VpZ[ at point n ’

9 1s-0

oa,

0

—LS=0

oa, (6.5)
9 15=0

ob,

9 15=0

ob,

The displacements u, v at this point on the plate and on the PZT actuator can be
calculated. Using Eq. (6.6) and the displacements listed in the above four tables, the results

for the coefficients are obtained as:
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a, =-5.4054x10°
a,= 5.8757x10"

b= 1.6619x10° (6.6)
b= 1.4261x10"
Thus the analytical inter-facial shear stress is:
T =-5.4054x10°x+5.8757x10"*x"
(6.7)

.= 1.6619x10°y+1.4261x10" y°

»z

The analytical inter-facial shear stress obtained from displacement continuity can be

compared with the COMSOL result when a PZT actuator is mounted on the surface of the

plate:
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Figure 6.2 Comparison of analytical (blue points) inter-facial shear stress (a) 7. and (b) 7,

obtained from displacement continuity at 1 point with FEA result (colored surface)
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From the above result, it can be seen that the stress 7 term matches well, but 7 _

term does not match well towards the edges. Thus more, points are needed for a more

accurate match.

Case 2: Choosing 3x3 point in first quadrant:

The 3%3 points are evenly distributed over the entire first quadrant, as shown below:

4 L ] L] L]
3.5
3

2 S L L] L]
-~ 2
1.5

L] L] L]
1
0.5

u J

0 1 2

x
(units: mm)

Figure 6.3 The location of the 3%3 points chosen in first quadrant

The coordinates of the 3x3 points are:

Table 6.1 Coordinates of the 3x3 points used to calculate shear stress coefficients

x coordinates (mm) y coordinates (mm)
0.6533 1.3067
0.6533 2.6133
0.6533 3.9200
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1.3067 1.3067

1.3067 2.6133
1.3067 3.9200
1.9600 1.3067
1.9600 2.6133
1.9600 3.9200

Similarly, by matching the displacement of actuator and plate on these 33 points, the
four coefficients can be obtained by using least square method.
Using the displacements at the nine points, the results for the coefficients are obtained

as:

a = 3.2484x10°
a,= 1.9488x10"
b, = —5.2439x10° (6.8)
b, = 8.5942x10"

Thus the analytical inter-facial shear stress is:

r.= 3.2484x10°x+1.9488x10""x’ 6.9)
7, =-5.2439x10° y +8.5942x 10" )" '

The analytical inter-facial shear stress obtained from displacement continuity can be
compared with the COMSOL result when a PZT actuator is mounted on the surface of the

plate:
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Figure 6.4 Comparison of analytical (blue points) inter-facial shear stress (a) 7. and (b) 7.

obtained from displacement continuity at 3x3 points with FEA result (colored surface)
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Comparing with the first case, the 3x3 points case renders better match for z,. . This
shows that the more point chosen to compare the displacement, the better match for inter-

facial stress will render.

Case 3: Choosing 4x4 point in first quadrant:

The 4x4 points are evenly distributed over the entire first quadrant, as shown below:

4r - @ ® .
3.5
3 & & ® ™
25
-2 @ ™ . ®
1.5
1 ™ ™ ™ ®
0.5
" 3
0 1 2
X
(units: mm)

Figure 6.5 The location of the 4x4 points chosen in first quadrant
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The coordinates of the 4x4 points are:

Table 6.2 Coordinates of the 4x4 points used to calculate shear stress coefficients

x coordinates (mm) y coordinates (mm)
0.4900 0.9800
0.4900 1.9600
0.4900 2.9400
0.4900 3.9200
0.9800 0.9800
0.9800 1.9600
0.9800 2.9400
0.9800 3.9200
1.4700 0.9800
1.4700 1.9600
1.4700 2.9400
1.4700 3.9200
1.9600 0.9800
1.9600 1.9600
1.9600 2.9400
1.9600 3.9200

Similarly, by matching the displacement of actuator and plate on these 4x4 points, the
four coefficients can be obtained by using least square method.
Using the displacements at the 4x4 points, the results for the coefficients are obtained
as:
a = 2.5663x10°
a,= 2.2316x10"

b, =—4.3038x10° (6.10)
b,= 7.5475x10"

Thus the analytical inter-facial shear stress is:
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7 = 25663x10°x+2.2316x10"x°

Xz

6.11
7, =—43038x10"y +7.5475x10" y* (6.11)

The analytical inter-facial shear stress obtained from displacement continuity can be

compared with the COMSOL result when a PZT actuator is mounted on the surface of the

plate:
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(units for x-y axis: mm)
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Figure 6.6 Comparison of analytical (blue points) inter-facial shear stress (a) 7. and (b) 7,

'z

obtained from displacement continuity at 4x4 points with FEA result (colored surface)
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Comparing with the 3x3 case, the 4x4 points case renders better match for both stress
components . This again verifies that the more point chosen to compare the displacement, the

better match for inter-facial stress will render.

Case 4: Choosing 7%x7 point in first quadrant:

The 7x%7 points are evenly distributed over the entire first quadrant, as shown below:

4r * & & 5 ® @ @

3.5
e & & & & 8 @

3
e & » o & @ @

2.5
e & & & ® B @

w2
e o » & ® & @

1.5
1 e & & o & ® @
05} @ 22 o o o 0
u J
0 1 2

X
(units: mm)

Figure 6.7 The location of the 7%7 points chosen in first quadrant

The coordinates of the 7x7 points are:
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Table 6.3 Coordinates of the 7x7 points used to calculate shear stress coefficients

x coordinates (mm) y coordinates (mm)
0.2800 0.5600
0.2800 1.1200
0.2800 1.6800
0.2800 2.2400
0.2800 2.8000
0.2800 3.3600
0.2800 3.9200
0.5600 0.5600
0.5600 1.1200
0.5600 1.6800
0.5600 2.2400
0.5600 2.8000
0.5600 3.3600
0.5600 3.9200
0.8400 0.5600
0.8400 1.1200
0.8400 1.6800
0.8400 2.2400
0.8400 2.8000
0.8400 3.3600
0.8400 3.9200
1.1200 0.5600
1.1200 1.1200
1.1200 1.6800
1.1200 2.2400
1.1200 2.8000
1.1200 3.3600
1.1200 3.9200
1.4000 0.5600
1.4000 1.1200
1.4000 1.6800
1.4000 2.2400
1.4000 2.8000
1.4000 3.3600
1.4000 3.9200
1.6800 0.5600
1.6800 1.1200
1.6800 1.6800
1.6800 2.2400
1.6800 2.8000
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Table 6.3 Continued

x coordinates (mm) y coordinates (mm)
1.6800 3.3600
1.6800 3.9200
1.9600 0.5600
1.9600 1.1200
1.9600 1.6800
1.9600 2.2400
1.9600 2.8000
1.9600 3.3600
1.9600 3.9200

Similarly, by matching the displacement of actuator and plate on these 7x7 points, the
four coefficients can be obtained by using least square method.
Using the displacements at the 7%7 points, the results for the coefficients are obtained
as:
a = 5.8292x10°
a,= 3.1635x10"

b, =—3.7996x10°" (6.12)
b,= 6.9548x10"

Thus the analytical inter-facial shear stress is:

7. = 5.8292x10°x+3.1635x10"x’ 6.13)
7, =-3.7996x10" y + 6.9548x10" '

The analytical inter-facial shear stress obtained from displacement continuity can be
compared with the COMSOL result when a PZT actuator is mounted on the surface of the

plate:
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Figure 6.8 Comparison of analytical (blue points) inter-facial shear stress (a) 7. and (b) 7,

obtained from displacement continuity at 7x7 points with FEA result (colored surface)
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Comparing with the 4x4 case, the 7x7 points case renders almost similar result when
comparing inter-facial stress with FEA result. This shows that the 4x4 case, in which 16

evenly distributed points are chosen in the first quadrant, leads to an acceptable result.

6.2 Validation of theoretical plate wave with FEA results
The following study is conducted at frequency f =100kHz . The thickness of the

aluminum plate is 3.2mm. The x-y plane is set to be the middle layer of the plate. The width
of the PML is 1/2 of the maximum wavelength at the given frequency. The PML parameters

are set to be the SF =2, SCP =3 as well.

In order to have a comparison of the plate displacement in COMSOL with the plate
displacement with the give stress function in Eq. (6.13), four monitoring lines are chosen, as
listed below:

Line I: along x axis;

Line II: along atan(1/2) with respect to x axis;

Line III: along 45° with respect to x axis;

Line I'V: along atan(2) with respect to x axis.

The displacement on these four monitoring lines obtained by using the stress function

with COMSOL results are compared below:
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Figure 6.9 Displacement comparison along x axis (line I); blue line: analytical
solution based on shear stress coefficients obtained from displacement continuity, red dot:

COMSOL result
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(units for x axis: mm)
Figure 6.10 Displacement comparison along atan(1/2) with respect to x axis (on line II); blue
line: analytical solution based on shear stress coefficients obtained from displacement

continuity, red dot: COMSOL result
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Figure 6.11 Displacement comparison along 45° with respect to x axis (on line III); blue line:
analytical solution based on shear stress coefficients obtained from displacement continuity,

red dot: COMSOL result
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Figure 6.12 Displacement comparison along atan(2) with respect to x axis (on line IV); blue
line: analytical solution based on shear stress coefficients obtained from displacement

continuity, red dot: COMSOL result

As can be seen, the analytical result matches pretty well with COMSOL result. This

verifies the method of matching inter-facial displacement to obtain the stress coefficients.
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CHAPTER 7
Sensor Response

7.1 Analytical model for sensor response - open circuit model

[Insert your main body text here. Organization and format depends on your style guide.]
Piezoelectric transducers directly convert the mechanical stress and strain energy into
electrical energy, thus it can also be used for stress and strain sensing. The piezoelectric

constitutive equations are

direct piezoelectric effect: D, =d, 0, +¢E,

(7.1)

. . E
converse piezoelectric effect: o, =c;,&, —¢, E,

where cfk,,eki/,e;; are the elastic, piezoelectric and dielectric constants (relative permittivity)

respectively. The superscripts £,0 denote the properties are under conditions of constant

elastic field and constant stress respectively.
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Plate ! Actuator [ Sensor

Figure 7.1 Side and top view of the actuator bonded on an aluminum plate of infinite length

in x-y plane

Considering a thin, rectangular surface-bonded transverse isotropic piezoelectric

sensor of 3-1 mode. The PZT sensor has a length 2/ along x direction, a width 2w, along
v direction and a height 4 along z direction. For a PZT sensor which is thin enough, it
can be seen as of plane stress condition, thus o, =0,, =0,, = 0 .The electric displacement
field components D, = D, = 0. Substituting Eq. (7.1-2) into Eq. (7.1-1) yields

D, = d3ij (cg"Ekzgkl — € E)+ ek (7.2)
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Recalling that e, =d, c,, , the above equation becomes

E E
D, = d}ij(cijklgkl —d B+ el E

kmn cmm’j

In matrix form, the above tensor form can be written as

cf o i dy,
D3:[d31 ds, 0] ch ¢ 0 & |-E;|dy, ||+ 63 & (7.3)
0 0 ¢4 Y12 0

For transverse isotropic piezoelectric material, the piezoelectric constants d;, =d,, . Upon

expanding, Eq. (7.3) becomes

Dy =d, (cfi +cf)(g, + 822)_[2d321 (cfi+ef)— el L (7.4)

Considering the open-circuit boundary condition of the PZT sensor, the total charge

over the electrode area is zero, thus

[| Dyxdy =0 (7.5)

Substituting Eq. (7.4) into Eq. (7.5) yields

[[ {ds(ct+ch) e +en)—[2ds(ct, +¢h) — €51 E Jdxdy =0

which can be transformed to

ﬂ dedy:” d31(05+05)(811+822)dxdy
’ 2d3 (¢l +ch) ~ €

Ay e
2
2d5, (¢ ) —€;

(7.6)
” (&1, + &5,)dxdy

The voltage on the sensor is the integration of electric field over the entire volume:
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- [|] E:dxdydz

14 7.7
4w, -7
Substituting Eq. (7.6) into Eq. (7.7) yields
d, (¢l +cP) || (&, + &, )dxdydz
V: 31 11 12 J.JJ. 11 22 (78)

4lSM}S I:eg _2d321 (CII; +Cl€):|

If modeling the sensor as plane stress, the strain distribution overt the thickness

direction will just be the same, thus Eq. (7.8) can be simplified to:

y_ (el +et) [[ &y + & )xdy
4w, [6; ~2d;(cf, +CII;):|

(7.9)

It can be seen from Eq. (7.8) that the resulting voltage is proportional to the strain rate.
After substituting the strain field of Lamb wave and SH wave on plate into Eq. (7.9), the
voltage response on the sensor can be obtained. It was assumed that the existence of the
sensor does not significantly affect the strain field on plate.
7.2 Verification of open circuit model in COMSOL

In order to verify the equation used to solve voltage output in piezoelectric sensor

expressed in Eq. (7.8), we conducted this study in COMSOL.:
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Figure 7.2 Configuration of 20 sensors on plate upper surface

In this Model, there is a PZT actuator (located at the left bottom corner in the above
figure) and an array of 20 PZT sensors mounted on the upper surface of the aluminum plate.
With a voltage input on the actuator the sensor voltage ouput and strain integration can be
obtained. Based on the strain integration, using Eq. (7.8), the analytical voltage ouput can be

obtained and compared with the COMSOL result of voltage. The result is listed here:
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Table 7.1 Comparison of sensor result with FEA result

Sensor | x—y coordinates | [[[(s,+&,)dudy | Analytical COMSOL Error

number | of sensor center voltage result for between
based on Eq. | voltage analytical
(7.8) output voltage and

COMSOL
result

1 (10mm, 20mm) -1.76642e-15 | 0.37 0.36 2.8772%

2 (30mm, 20mm) -1.0404e-15 0.22 0.21 3.8744%

3 (50mm, 20mm) -9.65957e-16 | 0.20 0.2 1.2641%

4 (70mm, 20mm) -2.5716e-16 0.05 0.05 7.8353%

5 (90mm, 20mm) 7.88395e-16 -0.16 -0.16 3.3122%

6 (10mm, 40mm) -6.8e-17 0.01 0.01 0%

7 (30mm, 40mm) -6.5e-17 0.01 0.01 0%

8 (50mm, 40mm) 4.21491e-16 | -0.0884 -0.09 -1.8086%

9 (70mm, 40mm) 1.28135e-16 -0.03 -0.03 0%

10 (90mm, 40mm) -3.6617e-16 0.07 0.07 0%

11 (10mm, 60mm) 9.26058e-16 | -0.1942 -0.19 2.1909%

12 (30mm, 60mm) -6.27952e-16 | 0.1317 0.13 1.2770%

13 (50mm, 60mm) 6.89456e-16 | -0.1446 -0.14 3.29%

14 (70mm, 60mm) 7.8324e-16 -0.1642 -0.16 2.6367%

15 (90mm, 60mm) 7.6061e-16 -0.1595 -0.16 -0.3288%

16 (10mm, 80mm) 1.16631e-16 | -0.02 -0.02 0%

17 (30mm, 80mm) -8.27671e-16 | 0.1735 0.17 2.0790%

18 (50mm, 80mm) 7.79605e-16 | -0.1635 -0.16 2.1603%

19 (70mm, 80mm) 4.41765e-16 -0.0926 -0.09 2.9145%

20 (90mm, 80mm) -1.50237e-16 | 0.03 0.03 0%

From this table, it can be seen that the equation used to calculate sensor output

voltage is correct.
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CHAPTER 8

Discussion and Conclusions

8.1 Review of the dissertation

This dissertation has developed a theoretical method for predicting the surface
bonded PZT sensor output when a voltage is applied to surface bonded PZT actuator on an
isotropic plate. The analytical solution is verified to with FEA result obtained in COMSOL.
The approaches are threefold:

(1) Obtain analytical solution for rectangular PZT actuator response under prescribed
harmonic/transient voltage;

(2) Obtain analytical solution for 3-D Lamb wave solution induced by surface bonded
PZT actuator including propagating and evanescent waves;

(3) Obtain analytical solution for surface-bonded rectangular PZT sensor response.

The whole dissertation can be summarized as below:

In Chapter 1, the motivation of this research is discussed, then a literature review of

previous methods used to model PZT actuator and plate wave is conducted.

In Chapter 2, a theoretical background of guided wave in plates is briefly discussed.

Lamb wave and SH wave characterization and dispersion relation is discussed.

In Chapter 3, a theoretical model for propagating plate waves and its validation is
shown. First, carrier wave approach is introduced to describe the general wave form for

Lamb and SH waves. Then, elastodynamic reciprocity is used to determine the coefficients of
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each wave mode under a single point load. The analytical derivation is verified by comparing
the analytical result of plate wave under a point load, line load and surface load with FEA
result respectively. The analytical results matches well with FEA results, which verifies the

analytical derivation for propagating wave amplitude under point load on plate upper surface.

In Chapter 4, theoretical model for evanescent plate waves and its validation is shown.
First, a brief introduction of evanescent waves is given. Then, based on complex reciprocity
theorem, the coefficients for evanescent Lamb and SH wave modes are calculated. The
theoretical solution for evanescent wave modes is verified by comparing the near field
analytical plate displacement with FEA results under two different loading scenarios: a
polynomial surface loading and a Gaussian surface loading. The comparison verifies the
correctness of the theoretical derivation for evanescent plate wave amplitude under loading

on plate upper surface.

In Chapter 5, theoretical model for rectangular actuator vibration is described. First,
the equation of motion (EOM) for the surface bonded actuator with voltage input is given.
The form of the EOM is a pair of inhomogeneous coupled partial differential equations. The
general solution of the PZT actuator EOM is obtained using superposition methods. The
particular solution of the EOM is also solved. Then, the coefficients in the total solution for
PZT actuator displacement is determined using boundary conditions. The theoretical model

for PZT actuator displacement is verified by comparing to FEA result.
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In Chapter 6, the displacement continuity of PZT actuator and plate on the contact
surface is used to determine the polynomial coefficients of inter-facial shear stresses. The

result is also verified with FEA result.

In Chapter 7, the surface bonded sensor response is solved by means of open-circuit

model.

8.2 Conclusions

The objective of this dissertation is to provide analytical solutions for the interaction
between rectangular PZT actuator/sensor and plate through electro-mechanical coupling. The

approaches are threefold:

(1) Obtain analytical solution for rectangular PZT actuator response under prescribed
harmonic/transient voltage;

(2) Obtain analytical solution for 3-D Lamb wave solution induced by surface bonded
PZT actuator including propagating and evanescent waves;

(3) Obtain analytical solution for surface-bonded rectangular PZT sensor response.

Three major contributions beyond previous work are achieved in this thesis:
(1) Previously, this problem has been addressed by determining the stress induced by
actuator as a normalized value, thus the result for plate strain is also a normalized value

instead of the actual value (Raghavana and Cesnik, 2004). Whereas in this thesis, since the
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actual stress is obtained through displacement continuity, the plate strain can be obtained as
the actual value.

(2) Besides, when considering plate displacement, previous endeavors only consider
the propagating waves (Wang and Huang, 2001). However, it is proved in this thesis that
evanescent waves must be taken into account when comparing the near-field plate
displacement with PZT actuator displacement. The amplitudes of evanescent wave modes are
calculated using complex reciprocity theorem.

(3) Previously, the problem is only analyzed in one-dimensional, which includes
asymmetrical case for circular PZT actuator and plane strain case with infinitely long PZT
beam. In this thesis, two dimensional PZT vibration problem is solved and three dimensional

plate wave propagation is obtained.
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Appendix A - Coefficients in carrier wave approach

For symmetric modes:

V¢ (z) =s,cos(pz)+s,cos(qz)
W (z) = s, sin(pz) +s, sin(gz)
where

s, =2cos(qh)

s, ==k, —q°)/ k;1cos(ph)
s, ==2(p/k,)cos(qh)

sy =1k, —q*)/ gk,]cos(ph)

For antisymmetric modes:
Vi(z)=a,sin(pz)+a,sin(qz)
W, (z)=a, cos(pz)+a, cos(qz)
where

a, = 2sin(qh)

a, =~[(k; —q°)/ k,1sin(ph)
a, =-2(p/k,)sin(qh)

a, =[(k, —q*)/ qk,1sin(ph)

and
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