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- ROBERT EARL JOHNSON. A Comparison of Error Probabilities
for Two Standard Analyses of Variance in Unbalanced Two- Way
Designs (Under the direction of DAVID G. HERR.)

The test of no difference in main effects in two-way
factorial designs usually involves a two step procedure{
first test for the presence of interaction and, if ne sig-
nificant interaction is detected, proceed with a main |
effectsltest It would be ideal 1f the 1nteract10n test
- were 1ndependent of any main effects test and 1f the
presence of interaction had no effect on‘the tests for main
effects. | |

In this work joint errors for the two step<pfocedure
»a?e studied for each of three tests: (1) an idealized (but
7not_realizab1e) independent test, (2) STP analysis which
tests equality of simple column (row) averages of cell
means, and (3) EAD analysis which tests columns (rowsj
adjusted for tews‘(columns).

These analyses are first studied in light ofefheir
geometric pfoperties and then, with the aid of exieting
'distribution ﬁheory and new theory.developed here, the
errd“prebabiiities are compared. EAD is found to be the
more powerful test for detectieg column (row) diffefencee
in_an'edditive model, but a biased test in the presence of

interaction.
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Chapter 1

"Introduction

One of the most widely used statistical procedUreé
;today iévthe classical analysis of variance.(ANOVA).
AProcedurés‘for calculating sums of squares'as-teét statis~-
tics are well known and there is wide‘égreement on how to
interpre£ the results when the design is balanced. For a
balénced'aXb two-way fixed’effeéts design, the usual'>
hypotheses of interest are:
| HI:Vno interaction effects

HR: no difference in main row effects

Hpt
If the true mean of the (i,j)th cell is My 5 (i=1,000,a;

no difference in main column effects.

j=1,ee+,b);, then these hypotheses may be paramétficaliy
stated,as: ' .

H H Yijzg’ i=1,".,a-1; j=1""’rb-,l|

I
' HRT: qi=0, i=1,ee0,a~1
HC1: Bj=0, J=Tseee,b-1 |
where the ith row effect is oy =>“i- - u,,» the jth column
effect is Bj = Uyt ML and the (i,j)th interaction effect
is Yij = Mis - Ui-'“-j - u,, for:



H

and

Tu, /b .
30

we

-
|

= %uij/a
= [ug./a
1

=
|

Suppose that HC1 is the’hypbthesis of primary interest
and that the row factor is included in_order'to remove any
systématic variability due to differences in the row |
effects. The usual analysis procedure begins with a test of
I.rIf the data fail to provide significant evidence>against

H then test‘Hc1. Accepting HC1 further implies thatvtheré

1°
are no differénces in column means over ény given row.
Rejecting HCi implies that differences in main columﬁ
effects exist and that these differences will reflect the
differences in column means over any given row. If HI is
regected then the above interpretations of HC being true or
false are not satlsfactory since differences in column

means need not be con31stent over rows in the presence

of 1nteract10n.

“ The possible errors incurred with the implementation'v
of the above procedure,are‘summarized in'Table 1.7, The
errors are indexed by'double indices (since two hypotheées
are tested) with the first index indicating the type errof
. madé testing HI ('0' means no error, '1' means artype I
errof, and '2! meansia type II error) and the second index .
.indicating the type error made testing’Hc14("i.meaﬁs that;*

H is not tested).

C1
The analysis that one might presume is being performed
with the prescribed procedure is one where the F statistics

for the tests have independent central 7 distributions




Table 1.1 Possible Errors in Testing Procedure

Analysis True State of H, and Hy,
Results EI True ‘ EI False
v Hy, True Hy, False Hy, True H,, False
Accept | | 'l-‘ 
Accept He, no error |type(0,2) type(Z,O) type(2,2)
Hy x —
Reject | type(0,1)|no error |type(2,1) type(2,0)
1 | | |
. Reject o type(1,e) " no error
HI : :

under their réspective null hypotheSes. Henceforth we

shall refer to this as the independent analysis. Throughout

~this work we will assume that the marginalrtestsvof HI and

H.: have type I error probabilites of 0.10 and 0.05

C1

_respectively;

Consider for example a 3x3 design (based on an exémple'

in Kleinbaum and Kupper, 1978) for studying the relation-

ship of patient perception of pregnancy and‘physician-
patieﬁt-communication to patient—satisfactioh with medical
care. The contrived data shown in Table 1.2 are values of
aeraSure of patiént satisfaction with medical care. The.

TOW categorization‘divides the data;ihtoithfee levels of

'patient worry and the column categorization divides the

data into three levels of a measure of affective communi-
cation,

These data were generated by uéing a standard random



Table 1.2 ANOVA Example: The Data

Affective Communication

V'Patient High i Medium Low
Worry
6.67 5.50 4.77 4449 4.17 3.86 |4.10 7.51 5.98
Negative |4.29 5.18 4.66 2.52 |5.40
. 5,43 |
3.90 6.27 3.27 |4.61 1 4.97 441 421
Neutral [4.98 3.68 3.56 3.90 3.20 3.73
5,50 4. 81
3,08 5.67 4.34 |5.56 5.13 4.47 |8.07 6.24 6.74
Positive [6.62 4.36 3.98 3.67 |4.08
3.74
Estimated Cell Means
j » .
1 2 3 Myo®
115.31 | 4.33 | 5.75 | 5.13
320 4,45 | 4.61 | 4.18 | 4.41
31 4.93 | 4.42 | 6.28 | 5.21
Mgt 4290 4u45 5,40

number generator and adding the true cell means shown in
Table 1.3. The nonsystemic error variance was set to 1.
‘For the true cell means in Table 1.3, it can be seen
that HI is false and HC1 is true. The possible errors in
this case are type(Z,O) and type(2,1). For the example, the

marginal probability of not rejecting H. is 0.4426. If the

I

design were balanced with five observations per cell, and




Table 1.3 ANOVA Example: True Cell Means

5.3 | 4ok | 5.3] 5
hoh | 6.2 .4;4:,'5
5.3 | 4ok | 5.3) 5.

Ll.j: 5 5 5

thus the same numbeerf>6bservatioﬁs'6Ver all, this prob-
ability would reduce to 0.068. Since the marginai'pfobabil-,
ity of rejecting Hy, is 0.05, then the probability of a
type(2,1) érror for thé independent analysis is. |
(0.4426)(0.05)=0.0221 or if the balanced design is used,
(0.068)(0.05)=.,0034.

‘The independent aﬁalysis is oneiwhich is in general
not réalizabie with the préécribed*pr§cedure. Even with a
balanced design, the 7 statistics are not independent if
the same mean_squared error is:uSéd'forAeéqh.VWé cquld'of'
‘course use the error sums of squarés'to make two or ﬁore
ihdependentiestimates of the erfor variance by ,say,
~dividing it o&er groups of celis; howevef this would result
in a loss of power. F statistics which are dependent only
by thelr common denominator wé ﬁill éall singly dependent;
For the pﬁrpose of comparisoh With the other analyses, we
will make reférence to the ihdépendentvanalysis evehrthough
one may not exist. | |

With unbalanced désigns many paifs of tests will also

have dependent sums of squareé as numerators of the
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F statistics. 7 statistics wiﬁh this dependence in conjunc-
tion with a common mean squared error will be called doublj
‘dependent.

The existing conputer packages that offer ANOVA proce-
dures for unbalanoed designs provide several analyses.
Some of these analyses advertise "orthogonality" that 1is,
that the sums of squares add up to the total sums of

squares. The hope in using orthogonal sums of squares is

Vthat‘the confounding of effects may in some sense be
unraveled. Another "plusﬁ for the orthogonal analysis user
~is that the 7 statistics are at most singly dependent.
Some of.the analyses for unbalanced designs have the 7
property that, unlike the independent analysis, ihe null
distribution of the F statistic for the test of HC1 is
noncentral, The nonoentrality parameter will be. unknown
unless certain combinations of the cell means are known,
Wnich is rarely the case.‘

We are thus faced with a choice among analyses that
are less ideal than‘the independent.one.nlf the design is
balanoed,rall of “the alternative analyses offered bj most
computer packages are the same, If the designAis unbal-
anced, each possible analysis differs from the independent:
analysis in some way. The problem is to be ablevto choose
the appropriate analysis for the situation at hand. To do
this onerneeds to know what effect the differences with the
1ndependent analy81s will have on the error probabilities.

In Chapter 2, unbalanced ANOVA is reviewed in general along




with the literature on some of the various analyses.

Two of the common analyses for unbalancéd‘designs'afe;
as termed by Herr and Gaebelian (1978),'the standard
parametric analysisr(STP) which is Overall aﬁd Spiegel's
Method 1 (1969) and the "each adjusted for the other "

(sd ﬁamed because the sum of squareSAfof each of the two-_
factors are the "extra" sum of squares explained by the

model when the factor is added to the,quel containing the

* other factor) which is Overall and Spiegel's Method 2. In

SAS (Statistical Analeis System, SAS Institute 1979), for
example, one;can perform the STP analysis by édding the
~option SS3 to the MODEL statement and fhe EAD analysis byb
adding the option S82. In general the STP analysis has the
property that:the F statistics for HI and HC1 are dqubly
dependént_where»they éfe singly dependent for the EAD
analysis. The null distributionrfor HC1>wi11 bg central Fv'
for STP but méy be noncentral for EAD; , }

The results. of the ANOVA eXample for STP énd EAD are
shown in Tablé 1+4. Per the prescribed proéedure,‘we wbuid
not reject HI uéing elther analysis. Using.STP, Hd1.is not
‘rejected, which constitutes a type(Z,O) érror.'That is, we
“would conclude that there are no differénées in colﬁmn
means. While this is true for the averége column means,
such is‘nbt the case for a given row due to interaction.

Using EAD, H is not rejected, which constitutes a

C1
~ type(2,1) error. In this case we would’conclude that there

are differences in column means which are uniform over rows.



Table 1.4 ANOVA Example: Results of the

STP and EAD Analyses

STP
SOURCE DF S8 F  PROB>F
Affective Communication 2 4.51 1.88 0.168
Patient Worry R 3.260 1.35 0.271
Interaction L 5.27 1.10 0.373
Error 36 4L3.28

BAD
SOURCE o DF S8 F PROB>F .
Affective Communication 2 9.78 4.07 0.026
Patient Worry 2 10.00 4.16 0.024
Interaction : 4 5,27 1.10 0.373
Error. 36 43.28 |

- It is the uniformity conclusion about the column means that
is in error. - 7 7 |

The purpose of this work is to compare the STP and EAD
analyses to the indepéndent analysis 1in ordéf to arrive at
' ah assessment of both analyses for various designs and
patterns  of cell means.vThis will be done by means of a
comparison of efror probabilities. In order fo calculate
these probabilities, we will draw on current distribution
theory'and,make further developments where needed.

To'facilitate a discussion of the distribﬁtions needed,
" we introduce the following notation. Let F(w1,¢2,s) and.
VF(w1,¢2,d) denote biVariate F distributibns where U, is the

noncentrality parameter for the marginal interaction test,




Table 1.5 Disfributions Corresponding to

'STP and EAD Analysis Errors

Error STP_Analysis | EAD Analysis

type(0,1) ' F(0,0,d) ! o F(0,0,s) !
type(0,2) - F(0,9,,d4) 2 F(O,05,8) °
type(2,1) - F(v,,0,d) * F(pysb,,8) 2
type(2,2) F(bys0,,d) 2. o F(Ugav,,s) 2

The density has been derived, and some éomputational
methods have been developed.
The density has not been derived in the literature (see

 Chapter 4 for some developments).

wz is the noncentrality parameter for the marginal column
main effecté test, 's! denotes single;dependence; and 'd’
denotes double'dependence.“The~dist?ibutions needed to
compute the various probabilites aré Shbwn in Table 1:5.

In Chapter 2 the current distribution theory is review-
ed. We begin with the general gamma~type distributions and
move to the bivariate chi-squared,ahd'F distributions. |
Since some of the theory is based on inversions of the
rcharacteristic fuﬁction, we reviéw the characteristic
function of the bivariate chi-squared distribution. Finally
we consider current computational teéhniques. |

In Chapter 3 we review the geométry of fhe EAD, STP,
and independeht analyses. A diééuésion of the distribution

theory specific to this work along with further develop-
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-ments and computational censiderations 1is presented in
Chapter 4.

In Chapter 5 we present the comparison of the error
: probabilities. Under the assumption of no interaction, we
consider the effects of single dependence and nonorthogon-
ality_on the type(0,1) and type(0,2) errors. When inter-
eetion,is present we will compare the type(2,1) and
type(2,2) errors. Throughout we,will.illuetrate the
resuife with variations on the ANOVA example given in this
chapter. o |

Suggestions for further research are offered in Chapter

6.




Chapter 2

Literature Review

2.1 Nonorthogonal ANOVA

:A claseical paper dealing with nonorthogonal designs
was presented by Yates (1934). He suggested that»uﬁder the
;essumption'of‘no‘interactien,-ordinery'leaSt sduares methbds
may be used When this assumption is not made,'the recom—
mended procedure i1s one he termed "the method of welghted
squares of means." For the over parameterlzed model
Yijk =y + oy + B. + Yij + eijk
_gdi ;AZBjé Z /s 5 Zyla = 0, Searle (1971) showed thet the
hypothesis tested by the row statistic of this method is the.

with the usual restrictions

requelity of the-di‘s.~The fUnctionalrfofm of this analysis ‘
proved eumbersome for practitioners of the pre-computer era,.
80 Yates'further suggested an "unweighted means analysis'
for which the'computations are simplified; Searle showed
that]this'analysis'also tests the equality of the a;'s. The
correspohding mean square for rows divided by the mean

~

squared érror however does not in generel have an>fvdistri¥
- bution as do the variance ratios in the weighted means
analysis. (In Chapter 3 we give general conditions on the

cell sizes for these statistics to have exact F distri-

butions.)
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- Eisenhart (1947) presented the "necessary" assumptions | .
for testing hypotheses for a fixed effects design. These
assumptions are summarized as:

1. Randomness. The cell means are fixed and the observatiqné . , .

are values of random variables distributed about the .
means.

2. Additivity. This is equivalent to assuming no inter-

action. .

3. Equal variances and zero correlations. The variance-

covariance matrix of the vector of observations is
02>0 times the identity matrix.
4+ Normality. The vector of observations is an observéd

random vector whose elements have a jointly normal

distribution,
Scheffé (1959) discussed the impact of the violation of §ne
or more of these assumptions. One common assumption that is
not made above is that of equal cell sizés. This leads to
the.quesfion, M"What is the impact upon the ANOVA when the
cell sizes are not all equal?"

Searle (1971) studied this problem in terms of various
decompositions of the total sums of squares via the regres-
sion approach. Let R(u,08 y)denote the total corrected sum of
“squarés one obtéins when fitting the unrestricted quel

Yijk =u toa, Bj +-Yij + eijk by least.squares. Omission

of one or more of the terms u,o,8,y indicates fitting the .

model without including these terms. For example, R{u,a)

refers to the total corrected sum of squares for the model
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Y. = u. + a. +

ijk 3 eijk The method proposed for testing

hypotheses about the parameters of the full model involves
ia technique that is used to test the significance of the.
~additional variation explained byxan independent variable
inha regression model in the présencé of other regressors.
Searle showed that the sum of squares R(u,u) R(w) = Rafu)
tests the hypothesis: '

Hp ot (T/ni. equél'fqr»all i,

ASEEE

end R(1,8)-R(1) = R(B|n) bests

Hoot (1/n_j)bgnijpij equal for all.jf

These hypotheses may also be stated &gs:

HRZ: . + (1/ni.)'§nij(8 + Yij) eqhal for a}l i, and
Hupt Bj + (T/n.j) §nij(ai + Yij) equal for all j.

The sum of squares R(u,a,B)-R(u,B) = R(a|u,B) and
R(4,0,8)-R(1,0) = R(B|u,a) bests | | '

HRB::Si:: 0 for all i, and
HCB: Ej = 0 for all j,

respectively, where:

6. = In,, -n2/n, e, = T Lln,.n,+./n, o, . +

i . i | 713 g7 i 1743 1371 ] oL
Jngs - nf/n,)vys - ) Iny N, )Ysrs
R SCARR A S BRI RN R ! J VRGN

A similar definition is given for- Ej « These parameters

can also be defined as:

= Mn.,.u.. ) Nu. .. o
g nlJulJ g (nlJ 173 ~J)”1 J}, and
= g{nij“ij Z (nlJ 1] /ni.)pij;}.

Each of these hypotheses can be tested under Eisenhart's
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assumptions 1, 3, and AVWith exact methods. Burdick et «f.
(1974) describe these exact methods from a geometric point
of view. They show that the sum of squares for testing any
estimable lineaf hypothesis of “ij,s can be expressed as
the squared length of the perpendicular projection of the
‘data vector onto some vector space corresponding to viola-
tions of the hypothesis. The spaces for testing HRq'and '

H are shown to be in general nonorthogonal as are the

C1

spaces for testing HRZ and HCZ' The spaces corresponding to

HR3 ahd HCB are always orthogonal to the spaces correspond-
ing to HCZ and HRZ’ respectively, but are in general notv
orthogonal to each other. Conditions for orthogonality of
the fifst pair of spaces are given as functions of the cell

sizes. For testing HR1 and H the conditions are

c1’
t/n.. = r., + s, where r, and s, are real numbers. For
ij i " i Jj
test1ng'HR2 and HC2’ the conditions are nij = piqj where

P; and qj are positive feal numbers. The latter condition
is oft termed theAcdndition of proportionality. Two other
analyses are studied by Burdick e¢ «¢., which involve the
paired hypotheses HRZ’ HC3 and ch, HRB-' The spaces
. corresponding to these spaceskwill be, as stated above,
orthogonal. |

The practitionef7isvfaced:with choosing among these
various méthods when dealing with.unbalanced deslgns, or so
it seems. The question "how to choose?" sparked a series of
interesting articles in the psychological research methods

literature. Overall and Spiegel (1969) described three
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methods for testing Hé and HCV. Method 1 is equivalent to
‘the weighted squareé ofAméans analysiS»ahd'the STPnanalysia
Method 2 is équivalent to festing“the sums. of sqﬁaresb
R(a|u,8) and R(B|u,a) which is the EAD analysis. Method 3
is testing the sums of équares R(alu) énd R(B|u,a) or
R(B8lu) and R(alu,B). They claim that "...there is no way to
compare and to say (for ekample) ﬁhat Method 1 is the proper
generalizatidn‘(of the equal cell sizes case) while Methods
2 and 3 are hot;"‘Their recommendations are:

Method 1:"".;.should be used if conceptualization of the
problembis in génerai‘lineaf'regressidn terms and
'nét in experimental design_terﬁs." Furthermore;
'".,.care should be exérciséd not to interpret
significant 'main effects' in the samevway that
one might interpret a significant main effect
" from a balanced factbrial design."
Method 2: should be used "...whenever the problem is
| conceived as a mulﬁiclassification factorial
design and where conventional analysis of véfiance_
might have been employed except for unequal cell
frequenciés...." |
Method 3: should be used "...if a logical apriori ordering
exists among hypotheses to be tested."
Rawlings (1972) claimed that Method 1 and 2 do nof provide
tests of the simple hypothesis (HR1 or HC1) in the presence
of interaction. He further claimed that Method 1 does not
fesult in "exact statistics" since certain orthogonality

conditions are not met. (It needs to be pointed out here
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that the sums of squares for Method 1 are the squared
lengths of the perpendicular projections of the data vector
onto the spaces described by Burdick et «f. (1974) that

test H and H..,. Method 1 not only tests the simple hypoth-

R1 c1

eseé, but it is an exagt method.) Rawlings recommended an
élternative to Method 1; Method 17, which tests first for
interaction and then:if nonsignificant, tests for main
effects with the interaction sum of squares'included with
the error sum of squares. '

Ovefall and Spiegel (1973) felt that Rawlings' new
method was their Method 2. They also pointed out some diff-
iculties with pooling interaction with error. Rawlings
(1973) returned with stating thet (in spite of his earlier
claims) when there is no interaction, Methods 1, 2, and 17
all test the simpieihypotheses - so use the one with the
greatest power. RawlihgsAfelt that Method 1’ will have

power at least as largé as the other two methods.

Appelbaum and Cramer (1974) treat the problem in terms

of mutiple regression as a comparison of competing linear
models. They claimed that this resolves the problem in an
"obvioué manner." These models "are logically independent
of the observed numbers ofvobservations per cell..;",

however "...the analyses will be affected by the cell fre-

quencies." They advocated Method 2 stating that it always

\ gives the "correct estimate". Their algorithm involves three

steps:

1. Test for interaction. If signifiéance is found then stop.
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Otherwise, proceed to step 2.

2. Test the sums of squares R(a|u,B) and R(B|u,a). If both
are significant, accept the model Y = upt+a+Bte. If one
is significant, accept the model Y = utate or Y = u+B+te,
respectively. Otherwise, proceed to step 3.

3. Test R(ulu) and R(8|u). If neither is significant, then
accéptvthe-modele'= ute, If onevis significant,_acgept
the model Y = utate or Y = u+B+te, respéctively, but
interpret "cautiously". Otherwise no conélusion is made.

This algorithm actually constitutes a model selection

process, however they imply that accepting the model

¥ = p+Bte over ¥ = utoatBte, for exampie, says that ﬁR is

true. O'Brien (1976) amended Appelbaum and Cramer's algo-

rithm by adding to step 2 the following: when only one of

.the tests performed is signifiCant, also test R(a|u) or

R(B[u)_reépectively. If this test is also significant, then

accept the corresponding model.'If the additional test is

notbsighificant, "adopt the model Y = ptatBte, but cautious-
1y interpret its meaning."
~ The final article in'this,seriés wastpresented by Herr

" and Gaebelein (1978). They termed the method of Appelbaum

and Cramer as a "regression-oriented view"; wheras the

method of Burdick et al, (1974), for example, is an "effect—

oriented view". The testing of HR'and HG should include

the desired interpretation.'Five.analyses are présehted:
1. "STandard Parametric" (STP) analysis tests Hp, and H,, .
2. "WeighTed Means" (WTM) analysis tests Hy, and Hy, .

3. "Each ADjusted" (EAD) analysis tests’HR3 and Hyj .
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L. M"Hierarchical: A (row) first, then B (column)" (HAB)
analysis tests HR2 and H03 .
5. M"Hierarchical: B (column) first, then A (row)" (HBA)

analysis tests H and H

R3 C2 °
The sums of squares for the above analyses are obtained via
the methods described by Burdick et «f. (1974). Herr and
Gaebelein pointed out that in SAS (SAS Institute, 1979) the
sums of squares for STP are the Type III SS; for WTM two
runs are required alternating rows and columns being listed
first in the MODEL statement and the Type I SS for the one
listed first is used; for EAD the sums of squares are the |
Type II SS; for HAB, the Type I SS with rows listed first;
and for HBA, the Type I SS with columns listed first. They
surmised that the practitioner's dilemma is not to choose
one of the five analyses, but to choose which of the para-
metric hypotheses he wishes to test. Once a hypothesis is
chosen, the'appropriate analysis is determined. It follows
that if one wishes to tesf HR1'and H01,

been tested if the design were balanced, then one should

which would have

use the STP.analysis (which is Yateé' weighted squares of
means anélysis and Overall and Spiegel's Method 1 as stated
by Hinkelmann; 1975). |

Hocking et af. (1980) investigated the STP,vWTM, and
EAD analyses to determine under what conditions each test
the simple hypotheses'(HR1 and HC1)' For example, they gave
modél resfrictiohslthat provide sufficient conditions for

the analyses to test HR1 . These are:
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STP: all cells must be filled;

WTM: HC1 and HI are true; and

EAD: HI is true.
Burdick et al. (1974) gave conditions on the cell sizes
that are sufficient for the analyses to test HR1 and HC1 .

These are:

STP: n.,. > 03
1]

WTM: to test HR16; nij = Py
to test HCT-' nij = qj’
to test both -- nij = p;'and,

"EAD: same as for WTM.
Under thé restriction of no interaction, Hqcking el al.
showed that STP and EAD fest the same hypotheses, thus
a preference should be based on power..  Burdick and Herr
(1980) showed that EAD has power at least as large as STP.
The proof is in recognizing that the leg of a right triangle
'is shorter than the hypotenuse. The leg and the hypotenuse
~correspond to the noncentrality,paramefers of the 7 statis-
tics associated with STP and EAD respectively. (See
Figure 6, Chapter 3.) |

"Two other papers which cite parametric versions of the
hypotheses and appeared about the time of Burdick's and
Appelbaum and Cramer's were Carlson gnd Timm (1974) and
Kutner (1974). Both recommended testingVHR1 and-HC1 for
general situations. Carlson and TimmAalong with Bryce (1975)
equated the sums of squares associated with the hypotheses

to Searle's R(+) notation. Gianola (1975) revisited a
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notion discovered by Searle (which has confused many on

this issue). He stated that the sums of squares for HR1

and HC1 would be, as Bryce also noted, R(a|u,B,y) and
R(Blu,a,v) respectiveiy. But each of these values is zero!l
He concluded that "since, in the model with interaction,
differences between rows or between columns cannot be
estimated in the absence of interaction effects, it does
not'seem reasonable to compute sums of squares for main
effects without interaction effects in their expectations."
Kutner (1975) resolved Gianola's confusion (or did he?) by.
pointing out that if the usual "estimabilify” assumptions,

%ai = %Bj: %Yij = éYij = 0, are mede then R(a|u,B,y) and

R(B|u,a,Y) are .nonzero and do provide the appropriate sums
of equares. Unfortunately Nelder (1975) added to the con-
fusion by stating thet fitting Yij subject to constraints is
undesirable. His reasons were: (1) if interaction is neg-
ligible, loss of power occurs, and (2) iflinteraction is
present (not negligible?), the sums of squares correspond'
to uninteresting hypotheses.. Obviously Nelder did eotr
realize what hypotheses STP tests. _ i N
The papers by Burdick ez a€. (1974), Herr and Gaebelein

(1978), and Hocking et «f¢. (1980) among others resolved the

problem of how to proceed with hypotheses teeting in unbal-
anced two-way desigﬁs. Two recent texﬁbooks bear out the
fect that the message has not been heard by all. Keppel
(1982) treats the unweighted'meens analysis much as Yates

presented it in his 193/ paper. Kleinbaum and Kupper (1978)
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mention Yates' unweighted means anaiysis andrpresent_four
additional analyseé under the heading of ﬁregression ap-
proach". The four methods turn out to be HAB, HBA, EAD,

and STP (when the estimability aséumptions are made). What
is confusing is that under thefheading of the null hypoth-
esis tested, the same parametric representation appears for
each method. It seems they are saying that the same hypoth-

eses are tested under each analysis.

2.2 Central Multivariate Gamma-TvperDistributions77

A gamma-type multivariate distribution can be construc-
ted by considering random vectors of the form

X = (X4, veey X, )" for i =.1, ..., n where the n vectors
i i1 im ,

are independently and.identically distributed as multivari-
ate normal, each having 'a common variance - covariance

matrix V where the diagonal elements of V are all ones.
The statistics Sj :121 (Xij - Y.j)2’ =1, .., m,'are
distributed as chi-squared random variables with n - 1
degrees of freedom. The joint distribution of

S1, 82, cessy Sm is a multivariate chi-squared distribution
(Krishnaiah o2 «f., 1961). Thé joint distribution of

VS1,

(Miller, 1964). These distributions are described by

e VSm-is a generalized Rayleigh distribution

Johnson and Kotz (1972) under the general heading of
multivariate gamma-type distributions. When m = 2 and
p = corr(X;4, X;5), 1 =1, ..., n, the joint distribution

function of Sy Sy, (the standard'bivariate central
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chi-squared distribution) is given by:

(2.1 Prob(S, <

1= 590

)
[¢'o] - ’ 2y - ,}
J{ .Prob(Xx2 n-1+24 < (1-p2) s )Prob(X 1425 < (1-p%)7 "s,)

where c; = D ((n=1)/2+3) (1-p2)B=11/2523 /51 (Bose 1935,
Finney 1938). A general standard bivariate gamma distribu-
‘tion as defined by Johnson and Kotz is obtained by replacing
(n-1) -in 2.1 with v where v>0. Jensen (1970b) derived a
further generélized form by allowing different variance-
covariance matrices for the Xi random vectors. Kibble (1941)
derived the joint dénsity of 8;, S, where corr(S1,SZ) =-pé
and S, (j=1;2) has alstandard central-gamma distribution

with density fuhctioh-

e.-1 |
(2.2) pS.(Sj) = J e j/F( )
' J

for @j>0, Sj>0' The joint density of S1 and S, ig:

, - 0-1 -84=8, -2
(2.3)' pS1,32(S1’SZ)V= (8182 | e {ree); X
{1+kZ1DZkL§'1(sd)L§'1(sz)}

where ®=@j>0; 0 < p < 13 845 85 >0; and

1k
0~ 5 h (k] h
L. = |T(0)r(o+k)/k!|* (-1) /T (0+h)
7@ = [reremm]t 1 en® (s

is the Laguerre polynomial. Sarmanov (1968) labeled 2.3 a
symmetrical (bivariate) gamma distribution since O1 = 0,

D'jackenko (1961, 1962a, 1962b) calculated tables for

Kibble's result for p=0.9 and 0=2,3,4,5. Sarmanov (1970a,
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1970b) constructed an asymmetrieal bivariate gammardistri-

bution with density
I 0,-1 0,-1 | | T
(204) pS1,82(S1’52) = S1 82 eXP('S»I"Sz) { F(®1>F(@2)} .
_ o 1 -1 @2-1
x { 1+k£1a Ly (si)Lk (32) }-

where for some A>O.and A<,

a, = xk[r(91)r(92+k)} and 0,20, .
' F(GZ)F(91+k)

In this case, corr(S1,82) = a, =VAV@27@1— « A generalized
symmetrical gamma distribution is obtained by repiacing
p2,p%, «so in 2.3 with a sequence of nonnegative numbers:

CqsCny *** such that Z Cy cOnverges. ‘Since
: k=1

55 se'Texp(-s)Lg"1(s)ds = 0 for k>1, then

fofp Py g (31,52)ds1ds2 =1 .

o 1772 7
Sarmanov (1968) showed that Py g (s 1,82)'> 0 if and only'
1°%2

if 01,02,,?-- are the central moments of a random varlable

Y for which P(0< Y< 1)=1 , Under these conditions,

Pq 'S'(sq,ez) is a density function.
1272
Jensen (1970a) derlved a bivariate chi- squared den81ty
for S1 ZKZ and 82 = ZX where each Xij is a standard
normal ran@om varieble, corr(Xi1,X12) = pi, end

COI‘I’(Xij,Xifj’) = 0 for i 7é i’ (is‘i’,z‘li"':n; js.]’=1 ’2>

Note that (X;,,%;5) (i=1,+++,n) are canonical pairs with
canonical correlations P1sPos **50, The joint density,

derived via the probability integral transformation, is:
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(2.5) f£.% *(s,s8,) =
S,],S2 1°72 k

X W(s2;n/2+q)

where &7 = (p%,pi,"',p;);

G(6)=Z°°"Xé..a.°"a.r;
k EPRITEES FE 13720y nly

agy = 029 T3+ (T (HIPGNT
- prqlk] k|,
bpg (k) = (-1) [p]{q]’ and

Pa
¥(s3v) = (3)Vs¥ lexp(-s/2)/T (v) .
Note that Y(s3v) is the gamma density with parameters v

andél_c

2.3 Noncentral Multivariate Gamms Distributions
Johnsoﬁ and Kotz (1972) described what they called

biased Rayleigh distributidns for which the marginal distri-
butidns of Syscee ’Sm are noncentral X2 distributions with
n-1 degrees of freedom andlnoncentrality parameters

. 'n n :

i£1(£i1'g-1)2’ e ié1(€im—g'm)? |
n

respectively where'E(Xij) = gij and E.j = Z'gij
| - | =1,

/n .

~ Blumenson and Miller (1963) derived a joint density asSuming
that V = (qu) is of the Jacobi form, that is, v =0 if
I?-q|>1 . Miller and Sackrowitz (1967) derived a form of the
density Qf thevratio Qf a noncentral chi-squared random
variable with d degreeé of freedom to a central chi randpm

variable with d+1 degrees of freedom. Miller et af, (1958)
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derived a JOlntly noncentral chi dlstrlbutlon where X; P17

X.5 (i=1,+¢¢,n) are canonical variates with correlatlon O,

i2 ‘
and Var(Xij) = g2 (i=1,e- ,n,J =1 2) . ‘The form of the
density is: |

'(2;6) (ryory) = {an1r2T(n)/oz(n—Z)}{Q/pwzoz}{n-g)/z

Pr R,
1’
X exp{-(n(r2+r2)+Aw)}
x ) 2k[n/§f§ Z}Ik(anr1r2)

k=(n-2)/2 |
X <Ik(wrﬁ)lk(wr2)

whereRj = S

Ll. Qe

(3=1,2)5 w = A/c?(14p);

A = Z 52 (3=1,2)3 n = {26%2(1-p2)}""; and Ik(*) is

i=1 . ' '

the modified Bessel function (Watson,1962). The above
density function assumes n>2 and 5115612 (i=1,%09,n).
Miller ei'az. further derived the density relaxing the
equal expectations assumptions and allowed for uneQual
variances (but still required eQual canonical correlations).

Johnson (1978) derived the jointly noncentral chi-

squared distribution of Y,= X%, and Y2= X%z, where

Var(X11):Var(X12)= 0% and p= Corf(X11,X12), which has density
(2.7) by v (F22y,)
_ Tyodp 71702
- e ,
2Ky (yq5,) 7% exp{K, (y +y,* €%1+20511512+5%2)} X
2 . '
.21{eXp((-1)1+12K K /§;)cosh(2K (Ky/y7+ (-1 V77,))
l:
where Ky = {8n02/|-p?}-1 3 Ky o= -{202(1—0)}q1 H

17 PEqq = Eqp 5 and K3 = phgp -8qq o
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Johnson also derived an integral form of the joint density
of'-S1 and 82 allowing for arbitrary canonical corfelations.
Let Zj_= (X1j,"',an) (j=1,2) and FZ1,22(" «e.,*) denote
the multivariate normal density function of Z1 and 22.

Then the joint dehsity of 8, and S, is (using the notation

of Miller et al.):

(2.8)7 fS g (81,82) =

1772

f{z1:|z1|=/§7}ff{22:|z (21,22)dz1d22

[Fr,
/E;} Z,,1

2= 2

where |z| denotes the nornm of’z,aﬂd.{?fdenotes integration
Qvér'the.set S.
Krishnam (1976) also derived a jointly noncentral

chi-squared density which is a transformed version of 2.6.

2.4 Bivariate F Distributions

A bivariate F distribution may be constructed by
conéidering the random variables SO, 81, Sz, each having a
.éhi-squared distribution with t, r, and s degrees of free-
“don respectively. S, is assumed to have a central distri-
bution and is independent of both S1 and 82. The statistics
F, = 8,/r8, and F,
with (r,t) and (s,t) degrees of freedom feSpectively. It is

= tSz/sSO'each have F distributions

. and-F2 may not be independent since they

evident that F
share a common denOminaﬁor, SO' When S1 and 82 are indepen-.

dent, F1 and F2 are "singly dependent". When S1 and 82

are dependent, F1 and F2 are "doubly dependent". A form

of the density for singlyvdependent bivariate central 7
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distribntione with r=s was derived by Finney (1938).
Krishnaiah‘and Armitage (1965) tabuletedrFinney's distri-
- bution for the upper 10th, 5th, 2.5th, and 1st percentiles.
with t=1,-++,19 and r=s=5,+++,45. Kimball (1951) derived
an inequality for,the singly'dependent doubly centra1:7 |
distribution which states that the dependence,between,F1
and F2 increases the joint prebability that~F1 and F2vare
less than some upper bounds bver,thercase whenvF,I and F2
are independent That is: | |
SFo<f,) > P(F £, )P(F <f

P(F, <f

1244 o) o

0lkin (1971) showed that when r=s and f,=f,.=f,

1T 72

P(F,ef3F,8F) > 2P(F1<f) - P(F’<2f) .

Jensen (1969b) showed Klmball's 1nequa11ty true for doubly
dependent, doubly central 7 dlstrlbutlons. Jensen further

derived a form of the density given by:

0 k k.
(2.9) (£,,£,) = G, (8) a (k) x
(2:9) vy, p o Ly e
f(r+2m-2)/ (s+2n 2)/2 7
1 where
‘[1+<I’/t)f +(S/t)f2}Tr+s+2m+2n+t)/2

mn m

(k) = (_1)m+n{k]{§] L(r+2m)/2 é(s+2n)/2 A %

P{(r+s+2m+2n+t)/2)
F((r+2m)/2)F((s+2n)/2)T(t/2)

and G, (8) is as defined in 2 5 .

k
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2.5 Characteristic Function of the Multivariate
Chi~-sguared Distribution

Many of the density functions presented in the

previous sections were derived by means of inverting the
characteristic function of the distribution. Kibble (1941),
for examplé, derived the jbint characferistic function of 7 ~
X%/é and X5/2, which is written here as:

' 0(tysty) = {(1-1t,) (1-it,) - pzit1t2}-%
where X1 and X2 are standard normal random variables and
.Corr(X1,X2) = p. Jensen (1969c) showed that the charactef-

istic function for the m-dimensional chi-squared distribu-

tion is:

(2.10) $(T) = IM['V/2 exp(iVu'M-1Tu)A,

which is defined for real T where:
M =1« 2iTC;
T is the mxm diagonal matrix with real ,eleﬁents
{t1’°"’tm}; |
I is the mxm identity matrix;
C is the mXm correlation matrix of the vector of
m chi-squared variables;
v 1s the common‘degréeS‘Qf freedom of the m
variables; and
BT (u1,°°-,um) where iy (j=1,+++,m) is the‘éomﬁon
expectation of v independent, unit variance, normal

variates whose sum of squares is the jth marginal

chi-squared variable.

Lancaster (1958,1963) gave much of the theorical basis
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needed to invert these characteristic functions in terms

of orthogonal systems of polynomials. Gurland (1955)

derived the inverse Fourier exponential transform of the
function:
] _ .~—g.‘. PR

w(tsg,h) = (1-it) S{it/(1-it)} "
which is given by:
(2.11) -(ZW)‘qu:exp(-itx)w(t;g,h)dt»=‘

oy lg=1) oy e- » ’ -1
nir(g)Ly (x)x®7 "exp (-x){T (g)T (g+h)}

where Lég_1)(x) is the Laguerre polynomial of order h.
This transform was used by Jensen(1970a) in the derivation

of 2.5 and 2.9 .

2.6 Computational Proceduresrfor Evaluating Multivariate

‘Gamma-Type Distributions

The problem considered here is the evaluation of

P(8 ) or P(F. <f2) where S. ahd 82 are

1 2= 1= - 1
distributed as chl-squared random varlables with r and s

<S1,S <f1yF
(r<s, say) degrees of freedom and Fy = tS1/rSO.ahd -

F2 = tSz/sSO where SO is a central chi-squared random

'variablé with t degrees of freedom and is independent of

ST and S2 .

knowledge of the flrst, as:

The second probability can be derived, given

(2.12) P(F,<f £,) = J P(S1<rf x/t S 8T ,%/1)dP(S<x)

1’ 2 2
Let X = (x{ Xé)' be an (r+s)-d1men81onal random vector

with X; distributed as normal with mean vector p, and

dispersion matrix ozli, where Ii is the identity matrix
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with the same dimension as Xi. Furthermore, lét Cov(XT,XQ):
QZC where C = (Dgo) is rxs, D is an rxr diagonal matrix
with diagonal elements Oqs°**sp,, and 0 is an rx(s-r)

matrix of zeros. Suppose that S, = X;X,/0? (i=1,2). Then
(2.13) P(S1is1;82582) = f{x:S <s.:S.<s }fpx(x)dx,

| 5128135,58)
where py(+) is the density function of X.

One methdd of evaluéting 2.13, following Miller o# aé.”
7(1958) and Johnson (1978), is to make a change of variablés
~ to polar coordinates and solvé the multiple integral
explicitly or nﬁmerically.'In lieu of the dehsities'derived
by Jensen (1970a) and Kibble (1941), it appears that
quadrature procedures using gamma type weights are the mosﬁ
promising numerical methods. One such procedure is describ-
éd~by Ralston (1965). The quadrature function
Q(ST,SZ) =’i§1Hipx(ai) is gsed to approximate thg probabil-
ity in 2.13, where Hi and a; depend only on 845 8o and n.
The a's are vectors of-zeros of Laguerre polynomials and
the H's are known funétions of these zeros. The a's-and H's
have been tabulated for various n by Shao et af, (1964).

Krishnaiah (1965), Amos (1972), and Gunst (1973D) '
considered the évalﬁation of bivariate doubly central F
brobabilities via the bivariate 7 density for spécific
cases where p, = p (i=1,¢¢+,r). Gunst and Webster (1973a)
suggested using the the eqﬁicorrelationvdehsity to approx-
imate the general case by substituting ( § b?/r)% for each

g=1 *
Py Based of Monte Carlo estimates, they showed that these
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approximationg overestimate the trué probabi1ities when
not all oy (i=1,eee,r) are equal
Dutt and Soms (1976) used the results of Gurland (1948)

to derive an integral transformatlon-approx1matlon for.

~ caldulating probabilities,ofAthe central multivariate chi-

squared distribution. The method involves calculatihg the

real parts of probability integral tfansformations using

characteristic functions of all possible marginal distri-

butions and substituting them into Gurland's density expah—

'sibn. This procedure appears to be praéfical only for the

~cases when p, = p (i=1,ee0,7), 5y = Sy, and r = s.

Tan and Wong (1978) presentéd a promising approxima-
tion for the general noncentral'caSe. Let X1 and X2 be-;-
any nonnegative continuous random Variableé with'densify
F(x1,x ) and the follow1ng propertleS'

(1) E(X1 X, )>oo for any u, v>O,‘ |

(1i) E(Xi) = mi>O (i=1,2)3 and

(1i1) Var(X,)>0 (i=1,2).

Define a function g, (XT,Xz) such that
| : 1ok T

(R.14) IOIOX1X2gk1,k2

for any u = 0,1,¢s+,k, and v = 0,1,---,k2. The function g

(xqs%y)dx,dx, = B(X}X))

;
is used as an approximation of F(x1,xé)'where k, and k, are
chosen by the user. Tan and Wong reporﬁed that their g used
as an-approxiﬁation.to a doubiy noncentral gamma distri-
bution is "good" for "moderate" canohical correlations
and noncentrality parameters.

McAllister et al, (1981a) presented a procedure for
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- computing the probabilities of Jensen's bivariate doubly
central 7. Their approximation is based on the first few

.terms of the infinite sum:

o k k :
(2.15) kéon(a) é ébmn(k)Iz(r/2+m,s/2+n,rf1/t,sf2/t,t/2)

where 12(') is the integral derived by Amos and Bulgren
- (1972).

2.7 Applications: Simulataneous Hypothesis Testing
Many authors have noted that simultaneous tests of
several variance ratios all sharing a common denominator

will be dependent. Singly dependent F tests have been

© Studied by Kimball (1951), Ghosh (1955),.Ramachandran (1956),

and Hurlburt and Spiegel (1976). Doubly dependent F tests

with common canonical correlations have been studied by

Krishnaiah (1964), Jensen (1969a), and McAllister et af, ' .
(1981b)-. Jensen'(ﬁ970a) and McAllister et af. (1981Db) also

allowed for unequal canonical correlations. These authors

used-the distribution'theory in the previous sectionsAas

a basis for their discussions.

2.8 Applications: Conditional Type I Error Probilities

Pertinent to this wdrk are the previous attempts,at
quantifying probabilities relating to the simultaneous
'testing of any two of the three hypotheées HR’ HC’ and HI' , .

Hurlburt and Spiegel (1976) investigated the probability

©of rejecting HR conditioned on rejecting HC for singly

dependent 7 tests. They noted that when the numerator
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degrees of freedom are small relative to the denominator
degrees of freedom, the'variancé'ratios are approximatély
independent. Theif exampies also suggest that when all ther"
dégrees of freedom are nearly equal,-the conditional'

"type I error probability is significantly largef than the
unconditional probability.

McAllister et af. (1981b) focused their attention on
the EAD analysis and reported probabilities obtained from'
using evaluation techniques (McAllister ai dz;, 1981§) oﬁ
Jensen's Bivariate F distriﬁution. Their investigation
allowed for various combinations of canonical correia-
tions. BecauSerthey were dealihg With‘the EAD analysis,
they made_thé necessary assumptibn that fhere is no
interaction (otherwise Jensen's formula would not apply).
They advocated consideration of experiméntwise error.rates
wheﬁ performing multiple 7 tests of mainkeffects much as
one would do when "assessing differeﬁces among levels of
a main.effect.” |
None of the papers reviewed dealt with the STP analyéis
- directly, the EAD analysis in the pfesence of interaction,

or the relative power of these analyses.



" CHAPTER 3

The Geometry of ANOVA and the STP and EAD Analyses

The ANOVA of fixed effects two-way factorial designs
is often studied and applied io terms of its relationship
to multipie linear regression. To many users the mathe-
matics of ANOVA is a collection of least squares equations
and 7 ratios with little to help those seeking a basis for
understahding.~The foundations of linear regression are
embedded in the.geometry'of finite dimensional Euclidean
vector spaces. Within this realm an intuitively appealing
development of the theory of linear models is possible.
For more on this and the history of geometry]iﬁvlinear
models, see Herr 1980; | .

In this‘chaptér we will discuss some of the geometric
aspects of'ANDVA and‘define ideas and terminology needed
for subsequent chapters.

Consider an axb, fixed-effects, no-empty-cells design
~with a totai.of n observations arranged as an nx1 vector
in]exioographio order, first by rows and then by columns.
This data vector, Y, is contained in n-dimensional Eucli-~
~dean spoce %ﬁ}»The mean vector;vn = E(Y), will also lie in
R, Proposing a linear model foroY-withrrespect to the axb

design corresponds to identifying a subspaoe, say M, wherer
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u is assumed to reside. The-method‘of leastbsquares for
fitting the linear model is the process of finding the
vector in M which is closest to Y. This vector is the.
perpendicular projection of Y ontp M, and is denoted by
P(Y:M), see Figure 1. The space /1 is called the "estimation
space"" since estimates of o suggeStéd by the model are in
m. | | |

Let X be a full rank nxs matrix and'let the span of the
columns of X be denoted by [X]. If we assume that u :'XB
fprrs0me unknown but fixed vector of parameters B in w,
then [X] is an example of a subspace M.VGthequently RS is

called the "parameter space." The vector Y is thus modeled

by ¥ = E(Y) plus some random error vector, e, and written
as Y = XB + e. If B is chosen to be the vector of expected

cell means in a two-way design, then X is the incidence

Figure 1: The perpendicular projection of Y onto

the vector space 7M.
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~matrix (with one (1) in each row corresponding to the

appropriate element of B and zeros elsewhere) and s = ab.

In what follows we shall only be concerned with the case

in which B is the abx]l vector of cell means.

The parameter space1Rab can be written as the direct 

sum of orthogonal‘subspacesbj, AIJ, BIJ, énd_AB which are

defined below.

J:.

B|J:
AB:

the subspace spanned by the abx1 vector of ones,
lab (we will also use J for the analogousvsubspace
of ®" and depend on the context to indicate which
J is intended); |

the subspace correspbnding to the row factor and
equal to the span of all vectors that could be the
true parameter vector if there were no column and
no interaction effects; A

the orthbgonalrcomplement of J in A+J, or just A
since J is a subspacebof As;

the subspace corresponding to the column factér and

equalAto the span of all vectors that could be the

true parameter vector if there were no row and no

interaction effects;

thé orthogonal complement of J in B;

the orthogonal complement of A+B in R2P and equal
to thé span of,ailAvectors that could be the diff-
erence between the true parameter véctor and a
parameter veCtér corresponding to a no interaction

model.
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U31ng the orthogonal decomp031tlon of the parameter space.
m?b =J @& A|J & B|J ®& AB, where © denotes the direct sum
of subspaces, we may write the mean vector as
'B = BJ+BA[J+BBIJ+BAB where for any subspace W of B b»
By T P(B:W). An additive model is one such that BAB = 0 or
BeA+B. The.ex1stenee of BAB #»O thus indicates a nonaddi-
tive or interactive model.
~To make the connection with the usual eVer-parameter-

ized parametric representetion of the linear model, 7
E(y.,

cell mean which is a coordinate of B and .u, ai,~8j,_(a8)

le) = U+ui+8j+(a6)ij, note that E(yijk) is the (i,j)th

are the correspondlng coordlnates of . BJ, BAIJ’ BB]J’ BAB
with the constraints g(us)ij = Z(qﬁ)ij Zai = Zgj== 0.
J -1 J
Three hypotheses of interest are:

Hypt no interaction;

HR: no difference in main row effects; and

Hy: no difference in main column effects.

Although different interpretations are poésible, these may

be expressed parametrically as:

Hoys (aﬁ)ij = 0 for i=1,¢+¢,a and j=1, sbi
HR; o, = o, for i=1,eee,a~1; and
g By = By for j=T,ere,bet.

Geometrically we express these hypotheses as:
1 Byp = 03

BAEJ or BATJ = 03 and
HC; BBeJ or BB]J = 0,

The geometric representation leads us to a natural
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method for testlng the hypotheses. Suppose U is some sub-
space of1R and we hypothe81ze HU. BU = 0. This means that
the squared length of By, J[BUH2 » is zero under Hy. Using
an estimate of B, say 8, iarge values of S* = ||P(B:U)|[?
may be regarded as evidence against HU' To quantify this

ev1dence however we must know the null distribution of. S*

A

Assume B v N(R,Z) and let U be a full rank matrix such

-1

that [U] = U. Then A~ 'S* n X? yy for some positive

(dim
constant A if and only if A_1U(U'U)_1U'Z is idempotent

(Rao 1968), It is easily shown that this is equivalent to

requiring U’EZU= AU’U, Consider ‘also 8§ = |P(B:V) |2 for

some V inﬁRab. Let V be a full rank matrix such that

[V] = V. Then S$* and 8% are independent if and only if

U’ZV = 0 (see Chapter 4, Corollary 4.4). If U and V are

orthogonal subpaces, then the requirement is

(3.1) U’ZV = AU’V, which is O since U’V = 0, - : -
Let Y ~ N(XB,*I) and 8 = (X’X)~'X’Y, the best linear |

unbiased estimaﬁe_of the cell means vector B. Then |

I = OZ(X'X)—1. Let ﬁ‘ = oz(n,]:"1 n151--- n1£1.‘-na£j), the

diagonal of X. Table 3.1 shows for various Vectorrspaces

U and V orthogenality conditions on n for 3.1 to hold

(see Appendix-A for a proof).
From Table 3.1 we see‘that if one requires that the

- S* statistics for HR1 ahd HC1 be independent chi-squared

random variables, thenn + (A|J & B|J @ AB) or ned for

.a>2 and b>2. If one only requires independence of all three

tests, then the same conditlons prevail. Finally 1if one
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Table 3.1. Orthogonality Conditions on n=diag(02(X5X)-1)
| such that U’ (o2(X’X)"yv=ruv, T

U vV OrthogonalityVConditions ' Comments
. - v - 1 s *
AlT AlJ for a>23n+ AlJ o ATER L
for a=2; no restrictions -
BlJ B|J for b>23n+ BT ATy 1y
A for b=2; no restrictions ol o
"AB AB  for a>2,b>2;n+®2P|s AT Ly (bt
for a>2,b=23nL A\|J ' -
for a=2,b>23nL B|J
for a=2,b=2; no restrictions - _
Al7 B|J nL AB e sy
: : * 3%
' 7 ‘ independent
AlJ AB  for a>2;ni (B[ ® AB) - - AT's¥,A7'sy
, for a=2;nt B|J independent
B|J AB  for b>2;nt (A]T ® AB) CoaTTex ey
- for b=2; LA[J independent

+ A:OZZZn;}/ab, the mean eigenvalue of o?(X’X)'1
t+ n "is orthogonal to" A|J
“s*=||P(B:U) P

wx g¥=[|P(B:V) |2
2

simply requires that the test of HI be a chi—squared test,
then n 4-1Rale or neJ for a>2 and p>2. If ned, then
nyy = n/ab, that is the designvis balanced. Thus departure
from equal cell sizes‘may lead,to undesirable properties
of thé~S* statistics.

Some further notes on S%* are:

i. A is unobservable unless o2 is known. When o¢? is

unknown the residual sum of squares for regression
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IP(Y: R®|[X]) ]2 divided by n-dim([X]) will provide an
unbiased independent estimate of 02,say 62 if u = XB.

Hence F* = S*{ab/(dim(U)GZZang)}
ij

~ 7 (aim(U),n-din([X]))
when 8y = 0 and 02U’ (X’X)7 U = (OZZang/ab)U'U.

ii. The statistic F¥ above was originally proposed by
Yates (1934) and the resulting analysis is usually referred
to as the unweighted means analysis. Thercdnditibns listéd_'
in‘Table 3.7 are the conditions for which Yates!' test is
an exact F test.

iii. As will be shown next, A_1S* ( or F* for unknown 02)
is the likelihood ratio statistic when the conditions of

Table 3.1 hold.

' The model Y = XB + e may be rewritten as
ab

—<
1}

XBU + XBV + e where U & V =R and U 4 V., Thus

1

u XBU + XBV as shown in Figure 2. If BU = 0, then u lies

in V, where for any W in R2P, W = ({Xw:we W}), as shown
in Figure 3. It is readily seen that P(u: R%|V) =

u - P(u:V) =0 under H = 0., When Y n N(u,ozl) and

_, vt By
b = XB, the statistic for the likelihood ratio test of HU

is given by:
(3.2)  ||P(i: ROV /o?

for known o where fi = P(Y:[X]). Since §i ¢ [X], then 3.2

may be written as:
(3.3)  ||P(Y:[X]|V)|]? /o2

The idea here is to view large values of 3.3 as evidence




A

U

X8,

Figuré»Z: B as sum of components in U and V and uw as sum of

componenﬁs in U and V where for any W inﬁRab;

A

W.= ({Xw:weW}).

ARD|Y

>V

Figure 3. u as an element of V‘under HU:BU=O and the
perpendicular projection of I onto the orthbg_

- gonal complement of V in}Rn.

against H, (see Figure 3).
U g

It is easily shown that since U +V, [X]|V = U where
for any W inﬂRab, W = ({X(X'X)'TW:WSW}). For W in B2P tne

two spaces W and W are arrived at via two different trans-
formations from the parameter space to the estimation space.

Fach transformation, X and'X(X'X)'1; may be thought of as
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a bridge fromﬂRab to [X]. The maximum likeihood estimate of
: XBW is the perpendicular projection P(Y:ﬁ). If
Y N(u,QZI) and u = XB, then the likelihood ratios

statistics for HI:‘HR1,_and HC1 are:
Hy: 028 = ||P(Y:AB)|]* ;

I , ,
Hpqt 028, = IIP(Y-=A|~J)H2 ; and
Hoq? 02854 = [IP(Y:BII)[® .
Furthermore:

Sp % X (ae1) (b-1)

_SR1 y X(a-1); and

S

1 N X(b41)’ since

xoerx) T wor o))" Wi x) X (6%1) /02 is idempotent.
Note that |[P(Y:Ww)|P /o = B*W(W’(X"X)" "W)™ 'w’8/0% which
ie equal to ATTB/WOWW)TTWB if W (X“X)™TW = AWW. Thus
if the conditions of Table 3.1 hold, the statistics SI’
are the S¥ statistics discussed earlier.

S and S

C1
When considering'the three hypotheses HI’ HR’ and HC’

R1’

it is common practice to first test HI and if insufficient
evidence is found against it, assume the additive model is
correct and test Hp and/or HC' When the additive model 1is
.correct, B = BJ + BAIJ + BB]J' The parameter space is thus
reduced to AlT © B-and,fhe estimation spaéé is reduced to
Mg = ATJ + %. The likelihood ratio sfatistic for testing

2, Since Ma = A + B, then

H = 0 isl]P(Y:MalB)[

R1° Balg
‘Ma[B ATB. The likelihood ratio statistics under the

il

additive model are:
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Hy: o028 = = [|P(V:AB) |1
Hpqt 028g, = ||P(Y: AIB)||2 and
fgqt 028g, = IP(Y:BIA)|P

when Y~ N(u,o2I) and u = XB . Furthermore:

St % X(a1) (b-1)

SR2 N X( _1); and

Sc2 ¥ X(p-1) o

The subscript 2 on SR2 and 802 is there because in general
Vthese sums of squares are not the same as. the ‘earlier sums
of squares . derlved without the add1t1v1ty assumptlon.
Therefore the two sets of test statlstlcs prov1de two
dlfferent analyses. The first (SI, B’ 01) is the STP
analysis mentloned in the prevmous chapters and the second
S

(s S 2) is the EAD analysis. We now explore the geo-

I’ “R2’
metric properties of these anélyses.

The properties of STP and EAD are summarized in
" Table 3.2. To demonstrate these properties fifst consider
vectof spaces in R™ which are the results of mappings
from B3P cither by X (the best-fit-bridge) or X(x*x)
(the best-estimate-bridge) (Burdick, e# ef., 1974). Neither
transformation preserves orthogonaliﬁy under general.condi—
tions, but‘spaces orthogonal,in1ﬁab’mapped to R™ via
different bridges will still rémain’orthogonal. That is if
(U A thenﬁ'4-§. With this in mind we readily see that
certain subspaces are always orthogoﬁél (see Table 3.3)

while others may be orthogonal under certain conditions on

the cell gizes.



v

Table-3.2: Geometric Properties of the
STP and EAD Analyses

Hypothesis X? Noncentrality Parameter

. ..~ 2— { o~ 2
STP: Hp |P(u:aB)|I? = ||P(XB,g:AB)||
= 0 if and only if HI is true
Hpy 1B Gu:al )= 1P (XBy | 52l T) P
7 = 0 if and only if HR1 is true
, .~ 2_ 4. 2
Hyq 1P (ueBlI) [12= [P (XBg) 5:BIT) |
= 0 if and only if HC1 is true
. .A‘A 2 'AA 2
EAD: Hp, HP(u:alB) || —IIP(XBAIJ+XBAB.AIB)H
=|lP(XBAB:ﬁl§)IPif Hpy is true
| | = 0 if HR1‘and HI are true
. . 2. .AA 2
Heg P (u:BlA) [12= || P(XBg 5 +XB, 2Bl A) ||
- HP(XBAB:ﬁ]K)]Pif Hyy is true
= 0 if HC1 and'HI are true

 Additive Model Properties (HI true):
12 (usal o) [P< 1P (ueh |B) P
1P (usBTa) < [P (uaB[A) ]2
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Table 3.3: Orthogonal Subspaces of [X]

I A B AB AR
J o0 0 0
Als o 0 0 |
Blg 0 0 0
AB 0 0 O
Kl% 0 0 0
B| A 0 0 0

* 0 denotes orthogonality

The STP énalysis has the property that the effect being
tested for will not be affected by the presence or absence
of the qther effects. For example if‘fhereris interaction
(BAB # 0) then it will show up in AB of the éstimation
space. We see from Table 3.3 however thatréb is orthogonal
to Both ATJ andrBTJ which is where we would test for row
and column effects. Thus the pfesenée of interaction will
notvaffect the component»of'ﬂ in ATJ or_BTJ. The result of
this property is that under the null hypothsis Hpq or Hay,
the x2 distribution will be centralvregardleSS'of the
validity of the other hypotheses. |

TherEAD analysis does hot share the above property
under general conditions. For example,_the presence of

interaction may show up in A|B and/or B|A because these

spaces are not orthogonal to AB. The X% distribution under
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the null hypothesis for HR1 and/or HC1 may be noncentral
with unknown noncentrality parameter, To illustrate this
problem we consider two cases concerning HRT'

R1 - )

Case 1: HR1 true implies that XBA]J = 0. Now under H
W= XBy gt XBg t XByp = XBg + XB,p. Since XB, e B L A[B,

the noncentrality parameter for SR2>isl]P(u:ﬁ|§)lP =
HP(XBAB:AIB)HZ which is zero when XB,p = 0 or AB L A|B

(see Figure /). Thus one may be more likely to reject HR1

whep HRﬁ is true using_SR2 than SR1 in the .presence of

interaction.

A4
>
= >

F i3

¥ P(u:A]J) is at
the origin

A3

A A

‘Figure 4: Component of u in A|B in the presence of

interaction when HR1 is true.
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Case 2: Suppose P(u:A|B) = 0. Then

(u: AIB = P(XBA]J AIB) + P(XBAB AIB) = 0 or

(XBAIJ AIB = -P(XBAB AIB) Thig suggests that in the
presence of interaction, XBA]J may not be the,zero vector,
i.e., HR1 may be false (see Figure 5). Thus one may be less
likely to reject HR1 when HR1'is false using SR2 than SR1
in the presence of interaction; A '

In the above discussion a key phrase was "in the pre-

' sence of interaction". How do the STP and EAD analyses com-
pare when the'additive model. is the correct model? Suppose

A

'HR1'is true. Then u = XB, and P(u:AIB)'= 0 since B 4 A|B.

The noncentrality parameters for SR{.and SR2 are both zero.

P(XBA'Jzﬁlﬁ)

* P(p:A|B) is at
the origin

Figure 5: Component of u in A|B being zero in the presence

of interaction when HR1 is false,
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A A A A

Suppose Hp, is false. Since w € A + B and K + ﬁ = A|B & ﬁ,
then u = P(u:&]ﬁ) + P(u:g). The noncentrality parameter
for Sy, is thus HP(u:ATJ)Hz =;]|P(P(u:2&l]§):A'va)Hz since
P(u:%) e B L ATJ. It is easily shown that

HP(u:ATJ)IFg HP(u:K{%)IF since P(u:ATJ) and P(u:&]ﬁ)

" represent respectively thé leg and the hypotenuse of a
right triangle (see Figure 6). Thus under the additive

model the probability of rejecting HR1 when HR1 is false

R2 R1* ‘
provides at least as powerful a test as the STP analysis .

may be greater using S then S That is, the EAD analysis
when the additive model is correct.

A desirable property of any analysis of the main effects
is that the sums of squares be independent. This means that

the spaces on which Y is projected to obtain the sums of

squares must be orthogonal. For the EAD anlysis independence

P(pzﬁlﬁ).

!
i
H
I

b 5 AT
P(u:AlJ)

Figure 6: Components of p in A|B and A|J (corresponding
to the degree of noncentrality in Spo and Spi)
when the model is additive.
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A A A

of S, and 8., requires A|B L+ B|A. The well known condition

R2
for orthogonality is that the cell sizes are such that

nij = risj for positive constants ry (1;1,--f,a) and

¥ (j=1,**+,b). This is the condition of proportionality.

An important note to make here is—thdt'proportionality does
not mean that A|B or BJA will be orthogonal to AB. So Sp,
and SCZ may still be affected by the presence of inter-

action,

For the STP analysis the condition for AlJ L B|J is

given in Table 3.1 as the condition for U’(X’X)'1V/o2
A’V = 0 when U = A|J and V = B|J. The requirement is that
the Vector.of reciprocal cellrsizes,fn, be orthogonal to

AB. This may also be written as n =>f + sj for real

ij 71
constants v, (i=1,++,a) and s, (j=1,+++,b) (Burdick, et at,
1974). Note here that thiS‘QOndition does not leave ATJ or
BTJ orthogonal to Aé (see Tabie 3.1'fdf'conditions on n
to achieve this orthogdnality).rThus Sp1 and/or Syq may not
be:independent of SP but recall that ATJ and BTJ are always
orthogonal to Ab, the location of any intefaction that
might be present.

In this chapter we have investigated the geometric
aspects of the ANOVA and in parficular the STP and EAD
analyses. In Chapter 5 we will quantify some of the differ-

enceg between STP and EAD using the properties mentioned

here and the distribution theory de#eloped in Chapter 4.



Chapter 4 -

Distribution Theory

In this chapter we discuss the diétribution theory
relevant to testing multiple hypotheses in the fixed-
effects, all-cells-filled ANOVA setting. We begin with the
chi-squared (X?2?) distribution and the 7 distribution. We |
conclude with a discussion of computational methods for
evaluating the cumulative density functions (cdf's) of the

mentioned distributions.

Lol X2 Distribution

Definition 4.1 (Incomplete Gamma Function)
Let r(+) denote the gamma function defined by

8 -

r(a) = S5t _1exp(et)dt;'a>o.
The functioan(°;') defined by
I(a,x) = {F(a)}-1f? taf1exp(-t)dt; a>0, x0

is called the incomplete gamma function.
Clearly T(s,*) is a cdf, thus T(a,0) = 0 and %imF(a,x) = 1.
: >00 .

Theorem 4.1 (Noncentral Incomplete Gamma Function)

The series

0 fbr x< 0,
G(X;VsW) = | »
kzoexp(-w/z)(w/Z)kr (v/2 + k,x/2)/k! for x0

is a cdf in x for v>0 andy 0.
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'The theoren isia direct result of the properties.of

the incomplete gamma function (Searle, 1971, b.49).

One family'of distributions represented by the non-

central

incomplete gamma function is the family of X?

distributions.

Definition 4.2 (X2 Distribution)

A random variable X with cdf G(x;v;w),,(v=1,2;°-';WKOL

is

said to have a X? distribution, denoted by X2 v,

The ﬁarameter v is the degrees of freedom and ¥ is

the noncentrality parameter. When w=O3'the distribu-

tion of X, denoted by X2, is called a central X? and

its cdf is given by:

G(x3v) = {0 for x<0 .

- For

I'(v/2,x/2) for x>0

the remainder of this chapter we.assume that the

nx1 vector Y is distributed,as a multivariéte~normél with -

mean vector 6 and positive definite, dlsper81on matrix

v (that
" The
ties of

‘Theorém

is, YmN(e V) ).

follow1ngtheorems are useful for dlscu351ng proper-
‘the XZ dlstrlbutlon.

4.2 S o

'Y’AY " XS W where v=rank(A) and y=0°A8 if and only if

AV is idempotent.

Proof

See Searle (1971, p.57).
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Theorem 4.3

E(Y’AY) = tr(AV) + 6’A0.

Proof
Searle (1971, p. 55). The function tr(A) denotes the
trace of Ao

Theorem 4.4

Var (Y’AY) = 2tr(AVAV) + 4B8°AVAG.
Proof

Searle (1971, p.57).

Corollary 4.4k
Co&(v'AY,Y‘BY) = 2tr(AVBV) + LB7AVB@.
Proof |
First note that ZCov(Y;AY,Y'BY) = Var(Y’(A+B)Y) -
Var(Y’AY) - Var(Y’BY)
From Theorem 4.4 we have that:

Var (Y’ (A+B)Y) 2tf((A+B)V(A+B)V) + 46'(A+B)V(A+B)6

= 2tr(AVAV) + 48°AVAB + 2tr(BVBV) +
 487BVBO + 2(2tr(AVBv} + 20°AVB +

126 “BVAG) | |
- Var(Y’AY) + Var(Y’BY) + 2(2tr(AVBV) +

4LB°AVBE).

Hence Cov(Y’AY,Y’BY) = 2tr(AVBV) + 40°AVBG.

For the remainder of this chapter 1e£ U and W be nxn
symﬁetric matrices with the following properties: |
i, Ux = P(x:[U]) and Wx = P(x:[W]), that is U and W are

projection matrices and therefore idempotent. |

ii. rank(Uu) = p and rank (W) =q where, without loss of
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génerality, p<g; and

tr (UW) f A; where {A } -are the P 1argest elgen-
i=1 1

values of UW (the other g- p elgenvalues w111 all be
zero). Note that as a. property of idempotent matrices,

AZO.(1=1,-~r,p),

for'the remainder of this chapter, let S1 = Y'UY/o?,

Y'WY/02, and V = o*T .

Theorem 4.5

1,

ii.

iii.

S, v X2 and S. v X2 . where w1

1 p,w1 2 a0, ]]P(Ev:[u])|p/oz

- 6°U8/0? and b, = ||P(EY: [w])Hz/o 8°We/o2;

+

Corr (5,,5,) = {gxi v 20°UN6/0%} { (p 20 (a + 20,07

and_r

,S1 and'S2 are independent if and only if U and W are

orthogonal.

Proof

i,

o did

Since U and W are idempotent, the result follows from

TheorémVA 2.

.»By Corollary be 4,

’ Cov(S1, 2) = 2tr( U(OZI )W(OZI ))/ ot +

40 U(GZIH)WG/O

2tr(UW) + 48°UWe/c"

1

Q(Exi + 20°UWB/c%).
]

By Theorem 4.4,
Var(sy) = 2tr(U(®1,)U(01,))/c" + 48°U(0T_)Ue/c"



54

= 2(p + 2w1).
Similarly Var(S,) = 2(q + RV,). Hence

1
Corr(S1,S2) = Cov(ST,SZ){Var(S1)Var(S2)}'2

= {fxi + 20°UWe/o?}{(p + 20,)(q + 2w2)}‘%;
[ .

iii. Searle (1971;Ap.59j.

The characterisfio function (cf) is defined by

d(t) = f_:exp(itx)dF(x) where F(x) is a cdf.vThis is-
" useful in deriving distributions by means of the inverse
Fourier exponential transfornm I_Zexp(-itx)¢(t)d£. The cf

of a X2 " random variable is given by Oberhettinger (1973):

(4e1) Oy w(t) = (1-218)"/2 exp(ity/(1-218)).
V, ,

A bivariate cf is defined by

0 (byst,) = I8 Texp (1t xy+ t5x,) )dF(xq,%,)

- 00

2

where F(x1,x2) is a bivariate cdf. The bivarite cf of S1

and S, is given in Theorem 4.6.

2
Theorem L.6 (Characteristic Function of 81_and 82)

(4.2) ¢s1,32(t1’t2) = (1-2it1)_p/2(1-21t2)'q/2 X

P _i
T (1=cr.) * x

O~

2 2
T4 + 02 i T5s %

exp(c1 3

J=1
Cj§1/73T1jT2j)’

where ' 6* (1-cx )-%
e . = (1-c. ;
Tkj T k] j
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3 %

61j is the jth element of o, = u;e H
#* ' ' ¥

. . - 170,

er is the jth element of 62 “19 H

U1 and W1 are nxp and nxq full column-rank matrices

such that.U1UT = U, U1 U1 = Ip, W,IW1 =W, W1 W1 = Iq

and u1'w1 =C = (diag(/x1,-f-./xp)§0) ;

’ Aj =0 for j>p;
0 = itk/(1-2itk); and
Vc = Ac1c2 .
Proof o
, : %
Let Z = ru1]v/o so that Z ~ #(8 ,V ) where
kw{
et o (un /o = (‘% *w *‘),
:e _.{ 718/0 = 611,---,e1p,621,f--,ezq a@d
iw{f |
Vo= [u1 ] ~U1W1J = {Ip c.] . ;
w1u1 w1w1 C Iq -

Note that'S1 = Zf[lp O}Z and S, = Zf[O 0 ]Z .

0 -0

By the definition of ¢
. 81,82 ’

(4.3) ]¢S1,Sz(t1,t2) E(exp(1t,S; + 1t,8,))

E(exp(iZ’T1Z))

1.

p

0 t2Iq

L.3 can be written as:

where T = (t1I 0 ] . Generalizing equation 2.10,

(4:4) 05 5 (by0t,) = M "Fexp(ie™nTre")
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H

M

My

where M = [ 12

] = [(1-2it1)1p -21t,C ] .
2)Iqj

M

M21 22 -2it.C (1-2it

2
‘The partitioned representation of M allows its

determinant to be written as: ‘ : .

‘ -1
LI LS LPPIE N PRLOTLIPLE
Thus, i
_ . P . } _ . .. ’ _na
(4.5) . [M] = (1-21it,) |(1-21t2)1q 4it,1t,C c/(1 2it )]

_ ; |
(1-2it1)p(1-2it2)q i (1-axj) .

j=1

Now M51_can be written as:
-1 e N(4ioes -1
M= {(1-21%,) (1-21%,5)) 0 %

2 1

(1-21%,) (L - ccc?) 21, (1 - sce)" e vy L
. ’ -1~ ’ R ’ -1’
thz(lq - cC’C) ' C (1-21t1)(1q - cC’C)™ Yy

Thus,

(4.6) ie *m 178" = {(1-2it1)(1-2it2)}'1 x

. . *, PR
{lt1(1-21t2)91 (Ip-cCC ) 51 +

L

#

. . *, sy =
1t2(1-21t1)92 (Iq-cC.C) 8,

ib.14.0° 7 (T -cCC’)CoE 4

2it. it

*, PUCWE BIPN -
13t (Iq-cC DREEN B

_ . ,
where 8 = 161]_. By making the substitutions:
3¢

62 )
L, AN L y-1g% 2
i 91-(Ip—cCC ) '61 = .E (1 ckj) 91j ,
i1, 857 (1 —ccre) Moy = F (1-ox,) 05,2, end )
: * Y2 ' q -T2 Z j 2]
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- %

s #, PN R I spry=1
11}. 61(Ip-cCC )Y:Ce2 = 0, (Iq-cC.C) c’e

-1
j2'(1 cA )T /—_613 23

. o . -1 ox :
into 4.6 and lettlng Txy = (1-ckj) 2ekj’ we have

(4.7) 18" ‘M~ .

o ‘=_c,l E T%j + §2.§ Téj + c E /—_T1J 25

j=1 - : J:1
Upon substituting 4.5 and 4.7 into 4.4, the result is

~obtained.

‘We now considerrthe bivariate cdf of S, and S,. Let

Ces) rg g Gegaxg) < L I Texp(-ityxg-ityxy) X

‘I’
t )dt dt

¢ (tqs
Sqs8,° "1 2

be the probablllty density function of S1 and SQ.-Jensen
(1970a) solved 4.8 for the case where Yy = Uy T 0 (bbth ST

and S, are central X? variables here); This in turn leaves |

2
, _ - , -3
' Tkj " 0 (k=1,2; j=1,%es,p). Jensen first expanded (1-cxj) 2

Z a5 c , where
D SN =t i e - :
ajk - Ajr(k+2){r(k+1)r(2)} (J—1J°°°:p; k‘0’1’2:'°'L
Collecting terms in ck we have that
p o 1 o
T (1-c2;)7% = ] G ()"
j=1 J k=0

where X = (A',"' A )' and G (A) = Z cevess oo Za a see g, .
) TR K k1+...+k_=k 1k, #2k" ok
Thus P : '

(4.9) 45,8, (t1,t5) = g Gy (1) (Re, yE(1- Rity)” “p/2 x

(2¢,) (1-2it2)'q/2 .
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Applying the inverse Fourier exponential transform given

in equation 2.11 to 4.9, 4.8 has the form given in equation

Removing the restriction of centrality and using

Jensen's method, the general cf of S1 and S2 is:

_ k . -p/2
(4.10) ¢S1,82(t1,t2) = kzo{ak(x)(2c1) (1-21t1) p

GXP(c1§T§j)(2c2)k(1-2it2)'Q/2 |
exp(czgréj)eXp(c§/§311jT2j>} :

In 4.9 each teronf the summation can be factbred»into

two products, each one involving énly one of t1 and t2 .

| This facilitates the use of 2.11. Unfortunately this
algebraic nicety is not possible with the general case of
4,10, at least in its present form. A problem, which to
our knowledgé remains unsolved, 1s to find the appropriatev

inverse Fourier exponential transform to invert 4.10.

L.2 F Distribution

Definition 4.3 (Incomplete Beta Function)

Let B(+,+) denote the beta function defined by
B(a,b) = f;ta'1(1-t)b_1dt_; a>0 and b>0. The function
I(a,byx) = B(a,b)'1ff 21 (1-6)P Tat , for 0<x<1, a>0
, and b>0, is called the incomplete beta function. :
It is evident that I(a,b,0) = 0 and I(a,b,1) = 1.

Theorem 4.7

The series H(x3v,t,9) = 0 for x<0
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- _?OeXp(-w/Z)(w/Z)jI(v/2+j.t/Z,X*)/j!’
j= _
for x>0 ,'
where x = vx/(vx+t); is a cdf in x for v>d, t>0 and
¥>0, | |
Proof
The theorem-is a direct résultvof,the pfoperties of
the incomplete beta function (Searle, 1971; p.51).
One family of distributions represeﬁted ByAthe incom-
plete beta function is the family of 7 distributions.

Definition 4.4 (7 Distribution)

A random variable X with cdf H(x;v,t,v), (v=1,2,---; 
t=1,2,0059>0), is said to have. an 7 distribution,
denoted by Fv,t,w R with~(v,t).degrees of freedom and
nonCentrality pafameter U. When w=0; X is said to have
a central 7 distriﬁution,‘denoted by Fv,t’ and its
~cdf is given by: '

H(x3v,8) = (0 for x<0 .

’ | I(v/2,t/2,x ) for x>0
The usefulness of the 7 distribution is perhaps best

seen in its felationship to the X? distribution.

Theorem 4.8

R

2 . 2
N Xv;w and X2 N Xt’

1If'X1 and X, are independent random variables.such

. that X1 then F = tX,]/\)X2 N Fv;t,w'

Proof o
Bickel and Doksum (1977, p.16).

as

1

Let S, X% and be independent of both S 5

and S
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previously defined. Let F, = t5,/pS, and F, = t3,/q8, for

2

t>2. We then have the following theorem about FT.end F2.

Theorem 4.9 (Correlation Coefficient of F, and F2)

(4.17) Corr(F1,F2) = CorrS(F1,Fz){1+w1w200rr(81,82)}r , , -

' 1
where CorrS(F1,F2) =v{(1+w%)(1+w§)}-2 is the'correlae

tion coefficient of F, and F, when S, and S, are
' independent, that is ; when F1 and F2 are singly

"~ dependent; and Wy = {(t-2)(p+2w1)}%/(p+¢1),
wy = {(6-2)a+20,))/ (atu,) . |
Proof

. . N 2 - ’
Note that Cov(F1,F2)— t Cov(S1/SO,82/SO)/pq. Because

SO is independent of S1 and 82,

(4:12)  Cov(8,/84,8,/8)) = B(§8)B(85%)-E(S,)E(8,)E(s7")
Cov(8,,8,)B(85%)-E(5,)E(S,)

i

Var<s5‘> )
-k
for t>2k. Therefore E(Sa1)={2(t/2-1)}-1=(t—2)'1 for

‘Now E(S = f?xfkde(x,t) = P(t/z-k){zkr(-t_/z)}'1
1525 E(S52)={4(/2-1)(£/2-2)} " ={ (£-2) (4-4)} " for
t>43 and Var(861)'=.2/{(t?2)2(t-4)} . Using the above
and E(S1)7= p+¢1, Var(s1) = 2(p+2¢1)n E(Sz) = q+¢2’
,Var(Sz) = 2(q+2¢2), 4L.12 may be written as: 7
(4.13) Cov(8,/84,8,/8,) = Cov(S,,8,) {(£-2) (4=4)}"" +
2(p+og) (a+u ) { (8-2)% (840377
= 20+, ) (qHs) (L (p+2u. ) (q+20.)1 2 (-2) | .
(pty ) (atv,) f{(p+2v, ) (q+2u,) ) ( Corr (8,8,) 41
'(t—2)2(t—4) (p+W1)(q+w2)
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2

The wvariance of F1 is Var(F1) = % Var(S1/SO)/p2 and

(4.14) Var(s,/sy)= Var(s,)B(s52) + B2(s,)Var(s3)

2(pr2v, ) (4-2) (4-4)3 71+
2(p+¢1)2{(t-2)2(t.4)}'1

2(p+i, )* [(t-z)(p+2w1> ]
: + 1l .
(6-2)"(6=4) [ (p+o)*

Similarly,

(4.15) Var(s,/s,) = 2(q+i,)? [<t_z><q+zw2> +_1} )
(8-2)%(t-4) | (q+v,)”

Writing Corr(F1,F2)'as:
(4.16)  (+2/pa)Cov(5,/8,,8,/84) x
((+°/p%)Var(s,/8,) (+3/q%)Var(8,/8)3 7%,

using 4.13, 4.14, 4.15, and letting

)% and w3 = (£-2)(q+20,)/ (a+v,)*

wi = (6-2) (p+20)/ (pHo,

we obtain 4.11 .

The forﬁ‘of 4e11 illustrates how the cémmoh denominafor
bf-SO, which affects_CorrS(F1,Fé),.and the dependence of
: S1 and 82, whiéh affects Corr(S1,82), toggthér affect the

depéndence ole1 and F,. It can be shown that

lim Corr(F1,F2);=vCor?(S1,82) .

+>00
We now consider the. bivariate cdf ofAF1 and F2. First

note that the cdf can be written as:

(4.17) P(F1gf1;F25f2)= ffP(s1grf1x/t;szgsfzx/t)de(x;t) .

The cdf can be derived, at least up to an integral form,
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given the bivariate cdf of S1 and S2. A general expression
for 4.17 has not been found in closed form except for some
special cases.

Theorem 4,10

When r, s, and t are positive, even integers and

S. and S, are independent, 4.17 can be written as:

1 2

(4'18) H(f1;r’t’¢1) + H(fz;sat’wz) - 1 +

) : 1
xp(-(v710,)/2) 2 = Vi |
X
A2 (4)2) %20 kT=0 krk'125TK

n1 n2 Z%Z%' .
, T(t/2+j+3')
j=0 j'=0 jr j"!

where A = rf1/t + sfz/t + 15 2 = rf1/tA; Z, = sfz/tA;A_
n, = r/2+k-13 and n, = s/2+k'-1 .
Proof
From elementary probability theory, if E1 and s denote
two events, then P(£1£2) = P(£1) + P(;Z) -1+ P(€1E2L
where 31'and°32 are the respective complementary
events. Thus in order to establish 4.18,;it will
suffice to show that the last term of 4.18 is:
(4.19) P(F>£,3F,>1,).

1
Since S1 and 82 are independent, 4.19 can be written as:

(4.20) f?{14G(rf1x/t;r.w1)}{1-G(SfZX/t;S;wz)}dG(x;t) .

For even degrees of freedom v, Abramowitz and Stegun

(1964, equation 26.4.5) show that:

: : v/2-1 : '
G(ziy) = 1 - exp(~-z/2) 'ZO (z/2)3/j! .
j= '
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Thus, épplying Theorem 4.1,
(4.21) 1 - Glz30,v) =
e Ko v/2+k-1 :
kZOeXp(-w/Z){<w/2) /k!}Yexp(-2/2) zo (2/2)9/31
={) ) ‘ . j»=

= r/2+k-1 and n, = s/2+k'-1 and note that

Xt/2-1

Let nT

g(x)=dG(xit)/dx = exp(-x/2)/12% 20 (£/2)} . Then

using 4.21, 4.20 becomes:
(4.22) f?K1(X)K2(X)g(X)dX

where k,(x) = T a,(x,k) and
i koo 1

o, (x,k) = exp(-'wi/2){(wi/Z)k/k!}exp(-x/Z).EE(X/Z)j/jL.-
, j=

Making a éhange of variable w = Ax, where
A = rf1/t +'sf2/t + 1, and interchanging the integral
and summations (see Appendix B for justification of

this step), we obtain:

(4.23) ] T Jouy(x,k)ay(x,k )g(x)dx .
- k=0 kT=0 |
Each term of 4.23 will be the product of a factor not

involving w times a factor of the form:

'A-(t/2+j¥j')I?w(t/2+j+j"1)/(z(t/2+j+31))exp(_w/Q)dw =

f(t/2+j%j')/(A(t/2+j+j'))ffdG(w;t+2j+2j') =

F(t/2+j+j')/(A(t/2+j+j')) . Letting z, = rf1/tA and

'z, = sf,/tA, we obtain the last term of 4.18.
From Jensen'si(1970&)‘bivariate X?, we have an expres-

gsion for 4.17 when S, and S, are central X? random variable.
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Theorem 4.11

When v, = U, 0, the bivariate cdf of F, and F, is

1 2

given by:

_ © k k '
R G, (A b__(k x : k
(4o24) kéo' 1 ¢ )mZO ngo o (E) O | | | _

p_{F

sy, v £ TE/(x42m)37 o < sf5/(s20))

. . : . ; m+n k
A) is as defined for 4.9; bmn(k)—(-1) (m)

k -
n s
< X1;fv2;t < x5} denotes the joint cdf of

two singly. dependent 7 variates with distributions

where Gk(

fvT,t and #

Vg’t,
Proof

Consider the cdf of F, and F, in the form of 4.17.

1

2

Using 2.5,

(4.25) P(8, i.rf1x/t;82 < sfzx/t) = o .

rf1x/t sfzx/t ; ) % % ()61 ( ')
S ¥ G, (A b (k)G (t,;r+em) x
0 0 k=0 k m=0 n=0 mn 1

S

G' (ty3s+2n)dt dt, =

2% 01
kK k ' -~
G, (A) 2] bmh(k)a(rf1x/t;r+2m)g(sfzx/t;s+2n)

k=0 m=0 n=0

S i~3 8

(the justification for the last step is similar to
that made for 4.23, see Appendix B). Therefore the .

cdf is:

(5.26) T G0 ] [ by, ()

F56(re, %/t r+2n)G (8T yx/ b3 8+2n)dG (x5 1)
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From 4.17, we recognize theviﬁtegral in 4.26 as

P (F < rfy /(r+2m) ;7 < sf /(s+2n)), thu's

r+2m t - s+2n,t —
4.24 is established. |

4L.3 Computational Methods

The computation of probabilities from univariate XZ -
and F cdf's is fa01lltated by the avallablllty of functlons
in SAS whlch were contrlbuted by Hardlson, Quade, and
Langston (1980) These functions, given degrees of freedom
and a noncentrality parameter, can pfovide the probabllity‘
given the argument of the cdf, or prov1de the argument
glven the probablllty.

To calculate probabilities of singly dependent 7's,
‘one may use 4.18, for the case of even degrees of freedom,
by truncating the infinite series. For the case r=2 and
8=4,. a limit of 50 for k gave us'results accurate to four
decimal places for even values of t. The proorammlng was
done in SAS. A llstlng is 1ncluded in Appendlx C. 1
. To calculate probabllltles of doubly dependent, but
central F's, we employed 4.18 together with Le2b. The
'method used for calculating values of G(X) is Siailar to
one suggested by McAllister et al, (1981a). This method
also involves the truncation cf an infinite series. For
r=2 and s=4,_a limit of 20 fcr'k'yielded'results accurate
to thfee or four,decimal placeS'fof even values of t. A
llsting of the SAS program is in Appendix C.R2.

Finally we considered a method for e#aluating the cdf
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of doubly dependent, doubly noncentral Flg, Because this

distribution has not been found in closed form, we must use

an approximate method. None of +the methods reviewed in

Chapter 2 was deemed optimal for various reasons:

j_.‘

(Gaussian quadrature based on orthogonal Laguerre
polynomials.) This method proved accurate for the
univariate case, but not for the bivariate, doubly

central case. We thus assumed the same would be true

- for the doubly noncentral case.

iil

iii.

iv.

r. ;
(Substitution of Zki/r for each Ay (i=1,eee,7).) As
1

mentioned in Chapter 2, this method overestimates the
probabilities.

(Dutt and-SQm’svintegral transformation approximation.)
This procedure is rather cumbersome and provéd‘accurabe
only for the cases when Ay = A (i=1,-°;x), r=s, and

f1 = f2'
(Tan and Wong's moment approximation.) This method is
extremely cumbersome since it involves higher order
joint moments. Furthermore Tan and Wong (1977) report-
ed thét this approximation is not goodbfor "extreme"

values of ki (values close to 1) or "large'" noncen-

trality parameters.

‘We will use a simulation method that will take advan-

tage of the normality éssumptions. Consider an axb fixed-

_effects design with no empty cells. We can calculate any

of the sums of squares in terms of the cell means and cell

.'Sizes. Let Yij denote the_sample mean for the (i,j)th
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celi. Under ndrmality, Yij N N(uij,o%/nij). Using a stan-
dard normal random number generator (such as the function
NORMAL'in SAS), we can generate a raﬁdom sample of cell
means and thus a random sample of sums of squares. An
1ndependent sample of error sums of squares can be gener-
ated by using the»lnverse X2 functlon with uniform (on the
interval (0,1)) random numbers as the argumehts; |
Suppose § ié the interséctipn of the events 51 and g2’
that is, & = £,€, . With knowledge of P(g,) and P(Sz)'wé :
can approximate P(£) in the following manner. Let nqvbé ﬁhe;
number of occurrences of é in N simulations, Let_nzvbe the

number of occurrences of 5132 . Then the statistic -

A

(4.27) Py = wny/N+ wy(P(E,) = ny/N)
where wy + wy = 1 and wy > 0 (k=1,2), will have the
 following properties. | B
Theorem 4.12 _

i. E(P ) = P(g) ;

ii. Var(P ) = {P(gy)(1- P&y )wd+(w +(2P (g, )- 1)w2)P(£)

P2(g))/N} ; | , _

iii, Var(ﬁg) is minimal when vy = P(E,lE,) = P(e)/P(g,).

Proof A
E(ny/N) = P(£) and E(ny/N) = P(§1Eé).'8ince |
P(g) = P(g,) - P(g,E,) and wy + w, = 1, then the

expectation of 4.27 is P(&).
P(g){1-P(g)}/N,
P(€132){7-P(€1E2)}/N

ii. Var(n1/N)

Var(nZ/N)
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= {P(g,)-P(£)}{1-P(g,)+P(£)}/N, and
Cov(n1/N,n2/N) = E(nyn,/N?) - E(n1/N)E(n2/N)
(N-1)P(g)P(£,E,)/N - P(E)P(£,E,)

-P(E)(P(E;) - P(EDI/N .

Thué,

Var(ﬁg) w%V&r(n1/N)+w§Var{P(£1)-nz/N} +

200V(W1n1/N,w2{P(£1)—nz/N})
= {P(g,) (1=P (&g, ))wh+ (wytwy) (wy+ (2P () -NuJPE)
b (w4 )P2(E)}/N
Noting that w1'+ w, = 1, the result is obtained.

iii, The derivative of Var(ﬁg) with respect to w, is
(4.28) {2P(g,)(1-P(g,))uy+ ((2P(£,)-1)-1)P(E)}/N

= 2{1-P(£,)}{P(g)w,y-P(E)}/N
Now 4.28 is zero when w, = P(E)/P(£1). Since the
second derivative of Var(ﬁg) is 2{1-P(€1)}P(£1)/N > 0,

Wy = P(&)/P(E1)_yields the minimum value of Var(PE).

In the context of the problem at hand, €1 is the'evenﬂ

that (F; < f£,) and £, is the event that (F, < fy). P(z) is
the probability that HC (no difference in main coluﬁn

effects) and HI (no interaction) are both accepted, where

and f, are the respective critical values.

2

1 _
Since the optimal weight, Woo is dependent upon P(g),

we must approximate Wo iteratively by first letting

A A

Pg = n1/N, calculate Woy USE W, in 4.27 to obtalp a newAPg,

and repeat the process until essentially no change in w,

"occurs. A 95% confidence interval for P(&) may be found by
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V A : A 1 . o
the "use of {PE - P(E)}/{Var(Pg)}g ‘and the central limit
theorem, Due to limitations of program efficiéncy, 10,000
simulations'wére used. A listing of the SAS progranm is in

Appendix C.3,



- Chapter 5
A Comparison of the STP and EAD

Analyses to the Independent Analysis

5.1 Introduction

| In this chapter'we compare the STP and EAD analyses to
the iﬁdependent analeis, and thus to each other, by way
of the hypothesis-teéﬁing error‘probabilifies»as defined
in Chapter 1. We maké_the following assumptioné for all
three analyses: N

1. HC1 is the hypothesis of primary intereét,

2. the analysis starts with a test of HI and concludes

with a test of H,, only if H, is not rejected,

C1 I ,
'3. the marginal type I error probabilities are set to 0.10

for the test of H. and 0.05 for the test of H,, (alter-

I C1
natively we may set the type I error probability for the

~test of HC1

conditioned on not rejecting Hy to 0.05),
and

5. the design is & 3x3 ECART (equal column and row totals)

* design with no empby cells.
The comparison will be divided into four cases: HI and

HC1 trpe, HI true and H01 false, HI false and HC1 true, and

both H. and HC1 faise. For-each case the discussion will

I

begin with an example derived from the example in Chapter 1.
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A two-parameter family of ECART designs as shown in
Table 5.1 will be used throughout this chapter. ECART =
designs are useful in that they allow for various pattérns
“of cell sizés, and thus degrees of nonorthogonality, by

gsimple adjuétment of the parameters.

Table 5;1' Relative Cell Sizes* for é Two-Parameter

Family of ECART Designs

[T+ptq [1-2q [ 1-ptq

1-2q | 1+4q | 1-2q

V1-p+q 1-2q 1+p+q 
-1 < q <3, |pl < 14q

* cell sizes divided by the average cell size

Various values of p and g were considered. Those used
 for this study were chosen in order‘tordisplay the effects
'of honpfthogonality in what may be viewed as extreme cases
 acbofding to an eyeball inspection. Indeed values of p and
q near zero have minimal effect, but the purpose here is to-
.investigate the effects of nonorthogonaiity and the extreme .
~cases merely serve to make the effecté identifiable. Three
designsrwere chosen to represent those considered and are
given in Table 5;2. |

| Values ofvthe average dell size, Say k, were chosen to
be 3, 5, and 15 yielding error degrees of freedom 18, 36,

and 126 respectively. Here indiVidual cellisizes may be
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Table 5.2 Relative Cell Sizes for
. Three ECART Designs

‘Desivg‘n 1 (D1) 1' T 1 1 p=0
| 1 1 1 =0
| 1 1 1
Design 2 (D2) 81 1.4 .8 p=0
1.4 2| 1.4 g=-.2
81 1.4 .8
Design 3 (D3)  [T.3 1 1.4 ] 3] p=.5
| 141 2| 1.4 q=-.2
3 1.4 1.3

non-integral,

The independeént analysis, as mentioned in Chapter 1,
will be assumed to have fhe properties below:

1. The nqncentrélity faraméter of the F statistic for
testiﬁg Hy is k|[P(B:AB)|]?> and the noncentrality para-
meter for testing H,, is k|[P(B:BlI) | . | |

2. The F statistics for.testing HI and HC1 are independent.>

. The first pfoperty forces the noncentrality parameters to

be that which would be realized for both the STP and EAD

analySes if the cell sizes wére all replaced by k. The idea

‘is to make the'noncenﬁfality pérameter (and therefore the

tests) not depend on the degree of unbalancedness or upon

the presence of other effecté. This is accomplished since

the vector spaces AB and B|J are orthogonal and in the




parameter space which is the same regardless of the cell
'sizes.: |
The noncentrality parameters for the'indébehdent

analysis differ from ﬁhose of the STP and EAD énalyses due
to the ﬁnbalancedness of the design;.AsAa result the inter-
Vaction_tests may be_dissimilar wheh’ihteractibn is present

- due to the different noﬁcentrality paramétefs. When inter-
.action is present we will cohéidér-ah additional analysis
~which 1is the'independent one with thé interaction noncen-
traliﬁy paramétér.replaged by the interaction noncentrality
-parameter of the EAD and STR.analyses. This is the honcen4.‘
trality parameter we would attain_by.reducing k, say to k*,
In effect k-k* indicates what reductidn in the average cell
 size would be possible in order to achieve the same power

“for the test of H

T with a balanced design with known

variance.
We now defiﬁe' patterns of true cell means that we can
~_manipulate to yield varying magnitudes of effects. Four

patterns were chosen as shown in Table 5.3,

Table 5.3 Patterns of Tfue.Gell:Means
- Pattern 1 (P1): ' : Pattern 2 (P2):
HI true and H01 false | HI»true and HCT false
c 0 =~c 0 ¢ O |
c 0 -c 0 ¢ 0
' ¢c 0 -c 0 ¢ O




Table 5.3 continued

7k

Pattern 3 (P3):

HI false, H01 ﬁrue
§ 4. -24 a
i .24 jd  -2d4

a4 -24 d

Pattern 4 (P4):

HI false, HC1 false
d c-2d d
-2d ct4d  -2d |

d  c-2d 4

' The noncentrality parameters in terms of the ECART

design parameters are given for each of the test statistics

in Table 5.4.

Table 5.4

ECART Design Noncentrality Parameters

Analy. H Geometric? Cell Means Pattern
Type NCP A P P2 & P3 & PL
Tndep. |H; |HIP(B:4B)I> 0 3642k
Indep. |Hyq [WIP(B:B[I]] 2 6c2k 2¢2k
STP & |Hy P (u:AB)| 2 0 1+39-6q2-8g° 36d%k
EAD e T+q |
STP  |Hgq| HIP(u:BlINI?] 18 c?k 18 c2k
M nqten,
mAD  |Hg,| IP(usBIANI?|2(9-4p?)e?K] 2(1-4a?) [e + fad ) *k

1429

n1=(1’+p+q)*1+(1-2q)71+(1-p+q)‘1

4

o= (144a) " 21227

“ The noncentrality parameter,y, is as defined in Chapter AL
Pearson-Hartley charts (1951): ¢=/0/mo?, m=degrees of freebm
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| Values of c¢ were chosen so that 6c? for P1 and 2c? for
P2 are equai to 1/3, 2/3, 1, and 4/3. Two values of d were
"chosen so that the power of the interaction'test using the
"~ independent analysis would be approiimately 0.66 and 0.99
»while'being'QfBB and 0.75 using the STP énd EAD analyses
(k=15). This corresponds to 36d2 being 0.5 and 1.5.

As stated before, fhe discussion of each case will
begin with a numerical example; The following items ﬁill bé’
displayed: |
1. Pattern of.trué cell means.

2. Data obtained By adding computer géherated random errors
with étandafdlnormal distributions to the true cell
- means. (If the data indicated rejecting HI; then a new

set was generated.)

Yis o
*4°

. L%

3, True values and estimates of “ij’ ”-j"”*j’ and (u
(The noncehtrality parameters of the F statistics testing.
ey _

W,qH,p7H,3 and (Ufe&szmj for j=1,2,3 respectively.)

under STP and EAD are zero if and only if

4. ANOVA table .including

i. ‘the mérginal pfvalue which ié the univariété probébii-
ity that F>observed-F, |

ii. the conditional p-value which is the'conditional.
probability“that_F>observedfF giVen HI is not rejected
at the 0,10 significance level (for both the mafginal
and conditional p-values we assume HI and HC1 are both
true), and

iii. the values of the noncehirality parametérs.
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5. The joint error probabilities for the independent, STP,

and EAD analyses that apply given the true cell means.
For each example we use an ECART design. with p=0,

q==-.2, and k=5,




e

5.2 Case 1: Hi truer and'HC1 true

Example 1:

TrueCelJ.MeanS 7 A Data
.5 5 5 5.24 3.54 |4453 3.78 [5.77 4.97
5.37 3.50 [5.45 4.90 [3.64 4.29
5 5 4.93 3.98
: ~ 542
5 5 5 ‘ ‘

p 3.61 5.69 |4.84 5.28 5,18
TR 5 5 5 4e94 4.08 5.15 3.99
¥ bebd 3.30
(u-.x.)*' 5 5 5 o - )

-1 J LeR2 3.05 |2.88 3.51 |5.72 3.23

N 6.53 6.04 i.gi g.gé 4ﬂ15‘3369
Estimates L ,'5:54 *
hoh5 | 484 | 4.58
4.96 | 4.28 | 4,20
Le61 461 L.48 <y 3
4058 4—052 4050 "" Tj*j
44.53 4.53 L.53 « ( i*)?j
ANOVA ’ , : '
' - ' Marginal. Conditional
Source - . DF SS F p-value p-value  -NCP
'EAD: Golumn 2 0.0452 0.02 0.9758  0.9750 0
'STP: Column = 2 0.1370 0.07 0.9286 0.9254 0
Interaction 7 4 1.8395 70.50 : 0.7372 - A : 0
Error ' _36 33.2360
Joint Error : : :
Probabilities . Error _ Independent EAD ~ STP
type(0,1) 0.0450 0.0423 0.0375 -

3 - : ' _
Note that each yij<5. This is due to random chance only.
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The analysis indicates insufficient evideﬁce to con-
clude there is interaction. Since neither the STP nor the
EAD sum of squares for dolumns indicate a difference in
column effects, we would conclude that HC1 should not be
rejected, If we had rejected Hy,, then a type(0,1) error
would havevoceurréd. The probability of a type(0,1) error
is lérgest with the independent analysis and smallest
with the STP analysis. Both the STP and EAD analyses may
be considered conservative in this context with STP the
most conservative.

Table 5.5 coﬁtains the type(0,1) error probabilities
and conditional probabilities of é type I error rejecting

HC1 given H. not rejected. By 'k=»'! we mean 'as ksw',

I
Alternatively we may view the corresponding probabilities
as those that would be realized if perfect information
about the error variance ﬁereiavailable. In this casé we
would perform chi-squared tests instead of 7 tests. These
probabilities were thus calculated via a bivariaté chi-
squared distribution. .

The probabilities under EAD are invariant to the design
This follows from the single dependence of the F statistics
for testing Hy and Hay and from HIVand Heyg béing true
leaving the EAD noncentrality parameters zero. When k is
e@ual to 3, the error probability is smallest. With k=15,
the limiting value of 0.0450 is almost reached. This might

" be expected in light of the correlation coefficient of the

two F statistics. The correlation coefficients for
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Table 5.5 Type(0,1) Unconditional and Conditional®
Probabilities of Rejecting HC1 Given HI
Not Rejected - '

Analysis Type

- Independent - EAD ST
Design k Uncon. Cond. Uncon. Cond. Uncon, Cond,

D1 3 . 0450 .05 .0396 L0440 .0396 L0440
' 5 . 0450 L05 L0423 L0470 L0423  .0470
15 L0450 .05 L0443 L0492 0443 L0492

o .0450 .05  .0450 .05 .0450 .05

D2 3 . 0450 .05 .0396 .0440 .0350  .0389
5 L0450 .05  .0423  .0470 ,0375  .0417
15 0450 .05  .0443  .0492 .0394  .0438
o L0450 .05  .0450 .05 L0401  .0446

D3 3 . 0450 .05  .0396 . .0440 .0314  .0349
5 L0450 .05  .0423  J0470 .0338  .0376
15 L0450 .05 L0443 ..0492  .0356  .0396
© L0450 .05 .0450 .05  .0364 0404

 %Conditional probability = (Unconditional probability)+0.9

k = 3,5,15 ére 0.149, 0.076, and O;OZé respectively;-

The F étatistics of the STP analysié are doubly depen-
dent and thus nonorthogonality affects the-error.probabil-A
ities. Design 2 makes-the STP a more conservative anaiysis
fhén either the independent or EAD analyses. Design 3
leaves STP most ﬁonservativé compared to the oﬁher designs.

The correlation coefficients of the F statistics in STP
fbr Design 1 are the same as for EAD with Design 1; but for

Désign 2 the corfelétions are 0.156, 0.080, 0.023 and for
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- Design 3 the éorrelatiqns are 0.162, 0.083, and 0.024.
For each design, the STP correlation coefficient is
(14£)*(EAD correlation coefficient) where f is propoftional
to the correlatibn'betWéen the interaction and STP column. o -
sums of squares (éee Theoremv4.9} Chapter 4). The effects |
of this correlation can be seen in the reduction of the
error probabilitiesrfrom Degign 1. In fact for each k the
ratio of. the reduction from Design 1 to Design 2 and from
Design 1 to Design. 3 is 1:1.8 which is similar to the ratio
of ﬂhe sums-of-squares'correlations.

) A problem with a conservative test ('cénservétive"in

that the assumed a- level is an overstatement) is that its

rpower ig 1ess than what could be achieved if the regectlon

reglon were increased to brlng the true a-level.up to the
assumed one. For the subsequent cases, we will also display
the error,probabilities'whén the critical values of the |
- STP and EAD F statistics for testing HC1 are adjusted sor

as to make the conditional type I errors equal to 0.05.




 5.3 Case 2: H

true 7aﬁdec1 false -

Example 2:

I
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- True Cell Means Daté _
5.31 5 4.7 ] | 6,48 5.29 4043 5.11 [3.71 5,61
.3 5 el heTh 4450
. E— Le23
. 3.82 4.92 |5.10° 6.16 3.74
'“-j 5.3 5 Lo 2 45 7.%9 6.27 2.62
' | 6.13 5.62 5,48 4,19
Myl 5.3 5_ bo 5.3 hom2
(M) 5 5 5 :
A | J 5.63 5.86 | 4439 3.43 | 5.77 5.18
. 4.04 6.60 | 440 4.99 | 4,16 3,02
Egtimates  2:;§ he4dd
5.541-5.00 4.34
5.69 | 5.10 | 4.74
5.53 | 468} 4.53
5,59 4.93 4.54 <Y j
5.61 4.86 4.58 * Y*j"
5.05 4.94 5.05 * (Fyu)x;
ANOVA '

, A Marginal Conditional
Source DF S8 F . p-value p-value NCP
"EAD: Column 2 8.1655 3.72 0.0340 0.0317 2.70
'STP: Column 2 7.8654 3.58 - 0.0381 0.0311 2.52
Interaction . 4 0.3959 0.09  0.9850 0

Error 36 39.5249

Joint Error B

Probabilities Error Independent EAD STP -
type(0,2) 0.6552 0.6623 0.6837

1.0016_




Table 5.6 Column Noncentrality Parameters
: - for Values of c Versus k

: Design 1
Cell Means Patterns: P1, P2
Analyses: Independent, EAD, STP

' ___c:(P1,P2) L ' N
(/2/6,/8/6) (’1/3./3/3_') (/8/6,/2/2) (/2/3,/6/3)

k

3 1 , p 3 !

5 1.67 3.33 -5 6.67
15 5 10 . - 15 20

, Design 2
Cell Means Pattern: P1 » '
Analysis: EAD.

. C
k /2/6 _1/3 /Bl6 ¢2/3
301 2 3 4
5 1.67  3.33 5 6,67
15 5 10 15 20

- Analysis: STP

| 0.93 1.87 2.80 3.73
5 1.56  3.11  4.67  6.23
15 4,67 9.33 - 14  18.7

Geil Means Pattern: P2
Analysis: EAD

/6/6 /3/3 /Z/[2 /B3
0.84 1.68 2.52  3.36
1,40 2.80  4.20  5.60
5 4,20  8.40 12.6 16.8

‘-—L\n\nlw"‘
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Table 5.6 continued.

Design 2
Cell Means Pattern: P2

Analysis: STP

kx ¢6/6 V3/3 V2/2 V6/3
3 0.56 1.12- 1.68 R.24
5
1

0.93 1.87 2.80 3.73
5 2,80 5.60 8.40 11.2

Design 3
Cell Means Pattern: P1

Analysis: EAD

vZ/6  _1/3  VBl6  V2/3
0.89 1.78 2.67 3.56
1.48  2.96  4.hh  5.93
5 4okl 8.89 13,3 17.8

- U W Iw

Analysis: STP :
3 0.62 1.25 1.87 2.49
5 1.04 2.08°  3.11 Lo15
15 3.11  6.23  9.34 12.5

Cell Means Pattern: P2 '

Analysis: EAD |

/6/6 V3/3 V2/2 V6/3
0.84 1.68 2.52 3.36
1.40 2,80  4.20 5.60
5 4.20 8.40 12,6 16.8

PG A I |-

Analysis: STP
3 0.51 1.02 1.53 2.04
5 0.85 1.70 2.55 3.39
15 2,55 5.09 7.64 10.2
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Figure'5.1, Type(0,2) Error Probabilities
’ for_ k=3, 5, 8nd 15 . o eeeeeeeee-

Legend: Vertical- type(0,2) error probability
‘Horizontal- column noncentrality
‘801id line- Independent analysis
top, middle, bottom line-
k=3, 5, and 15 respectively
Dashed line~EAD or STP analysis.

L3071

.20

.

.10
' \‘.’kfl‘j
0 0
1/3 2/3 ) 3/3 4/
» e (2c7)
a. EAD and STP: D1,P1 (D1,P2) b. Adjusted EAD and adjustied
_EAD: D2,P1 ) STP:- D1,P1 (D1,P2)
Adjusted EAD: D2,P1
.90
.80
.70
.60
.50
40
.30
.20
.10 4
— 0
1/3 2/3 3/3 4/3 1/3 2/3 3/3 473

2
[ . 6c2
c. STP: D2,P1 i : . d. Adjusted STP: D2,P1
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Figure 5.1 continued

=

—T=k=15
1/3 2/3  3/3  u/3
2
2¢
e. EAD: D2,P2 D3,P2

. \<§
.20

. .
.10 N
. \Qk=15
0 .
1/3 - 2/3 3/3 4/3
2
2c

f. Adjusted EAD: D2,P2 D3,P2

2c

h. Adjusted STP: D2,P2 i. EAD: D3,P1
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Figure 5.1 continued %0

: .80
.70
.60
.50
<40
.30
.20

RLE

73 2/3  3/3 4/3
. 2
. ~ be
j. Adjusted EAD: D3,P1

90
.80
270
.60

.50 \\\ . .50

\\
.40 N : 40
) \‘ \\\ » N

L30F \\\\ AN .30

<20 A " 7 el .20

.10 \\\\\\\\\ TSN k=15 .10

0 . ! i R
1/3 2/3 3/3 473 : 1/3 2/3 3/2 413
6c2 Co ) 6&2

k. STP: D3,P1 - 1. Adjusted STP: D3,P1

.80
.70
.60
.50
T .40
.30
.20

.10 4 ' \\\\\\\\

Y3 2/3 3/3  u/3

202

%. STP: D3,P2 ) n. Adjusted STP: D3,P2
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As shown in each of the graphs the type(O,Z) error

probabilities are greater for EAD and STP analyses than
for the independent analysis. The effect of single depen-
dence of the F statistics can be seen in Figure 5.1(a)
where the design is balanced. The EAD and STP error
_probabilities are slightly less when the HC1 rejection
regions are adjusted. As would be expected the error prob-
abilities decrease with increases in k.

Designs 2 and 3 have two properties not shared by
Design 1 which affect the error probabilities. The first,
which affects both EAD and STP, is that the nonorthogonali-
ty4reduoes_the noncentrality parameter for HC1’ This in
- turn increases the chences of a type(0,2) error. The second,
which affects STP only is the dependence between the inter-

‘action and column sums of squares induced by nonorthogonal-

ity. The second property is most readily seen when cell-
means-pattern 2 is used This illustrates theiimportant

p01nt that for a flxed pattern of cell sizes, dlfferent
patterns of true cell means with HI true may cause more
extreme error probabilities. When the regeotlon regions are
adjusted, the probabilities are reduced, but not dramatical--
ly. It also appears thet.for a fined cell means pattern,
Design 3vgives more extreme error probabilities than Design

2.
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T false and ch‘true

5.4uCésé 3: H

Example 3:

True Cell Means ' ' ; Data

5031 4ed | 5.3 6,67 5.50 (449 417 [AJ10 7.51
N 4.T7 4429 13.86 5,18 |5.98 5.40
heh | 662 | 4ok | 466 2,52
Heyooo 5 5 5 g.ég,g,zz L 4e21-3.90
J 5 3. . 3.20 3.73
g 4.88 4.52 4.88 550 | e
(M., ) e, 4=V 4e86 471 _ S——
i J ) . 3-08 5067 ; 5056 5.13 8.07 6'24
Estimates : g:gi 3.67 S
5.31 | 4.33 | 5.75 1
4oks | 4617 4,18
4293 | 4ho42 | 6.28 .
1,90 k5 5.40 < F |
Le81 4439 5.16 <« §*jj
ANOVA | , :
A Marginal Conditional
- Source - DF ss  E. p-value p-value - NCP
EAD: Column 2 9.7777 4.07  0.0256 - 0.0237 3.024
STP: Column 2 4.5097 1.88  0.1679 ~ 0.1197 0
Tnteraction 4 5.2710 1.10  0.3733 6,048
Error : 736 43.28101' R '
Joint Error : : . ¥y o
rProbabilities Error - Independent EAD STP
type(2,1)  0.0034 0.1185 0.0175

AdjuSted:,O;O221 +,0009
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The data do not provide sufficient evidence to conclude
that interaction is present, thus we would test Haq o The
EAD analysis suggests rejecting HC1 in favor of, coupled
with the assum?tion of no interaction, accepting that a = » .
dlfference in column main effects exists unlformly over |
rows. The STP analysis on the other hand suggests that
insufficient evidence exists to reject HC1’

Since HI was not rejected, a type II error occurred,

The interaction noncentrality parameter under the indepen-
 dent analysis is 16.2 which yields a power of 0.932. How-
ever due to nonorthogonality, the interaction noncentrality

parameter decreases to 6;048 for EAD and STP yielding a

power of 0.557. Obviously nonorthogonality can severely

haﬁdicap the EAD and STP analyses' ability to detect inter-
action. |
An average cell siée of 1.87 instead of 5 would have

made the interaction noneentrality parameter of the inde-
pendent analysis equal to that of EAD and STP. Alterna-
tively a value of d (for cell means pattern P3 which is
“used in the»example),equal to 0.183'asbepposed to 0.3 in
the example would reduce the noncentrality parameter to
6.048. | |

- Using the EAD analysis we would commit a type(2,1) -
rerror The EAD column noncentrality is due entirely'to the'
presence of interaction and the nonorthogonallty of BIJ

(the space used to test HC1) and AB (the space where the

interaction resides, see Table 3.2 and Figure 4 in
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Chapter 3).

“With the STP analysis, Hci,iernot‘rejected.'Note that
the STP column noneentrality*parameter is zero. This is due
to the orthogonality of BTJ (the space nsed to test Hyq)
‘and AB. - : | |

In Figure 5.2 we show the type(2,1),error probabilities
for the example designs and cell means}patﬁenne. Wlth’the
1ndependent analys1s the noncentralltles 'for‘interaction
are 1.5, 2.5 and 7.5 for k= 3, 5, and 15 when d= /2/12 and
Le5, 7.5y and 22.5 for k= 3, 5, and 15 when d= /6/12._These
are also the EAD and STP interaction“noncentralities for
Design 1, however'for Designs 2landl3.the noncentrelities
tare approximately 37% of theee for thelndependenf enalysie
The . column noncentfality parameters for EAD are zero with
Design 1 and 50% of the-EAD‘interaction noncentrality
‘parameters for Designs 2 and 3 B |

For the balanced de51gn (D1) we see that the type(2 1)
error probabllltles are less for EAD and STP than for the
independent anelysis. Adjusting the cOlnmn‘test crltieal
'reglon so. to equate the type(O 1) error probabllltles |
1ncreases, although not dramatically, the type(2, 1) error .
'probabllltles.

For Designs 2 and 3, the EAD error probabllltles take
on a strlklngly dlfferent pattern. The probabllltles
increase with increasing d and with 1ncrea81ng k. As stated
earlier, the EAD analysis "thlnks" it sees a column effect

which is in reality due only to interaction. Increases in



92

Figure 5.2 Type(2,1) Error Probabilities for

for k=_3,.5, and 15

Legend Vertical- type(Z 1) error probability
Horizontal- interaction noncentrality
Solit line- Independent analysis
top, middle, bottom line-
k=3, 5, and 15 respectively
Dached line- EAD or STP analysis

1/2 3/z
3662
a, EAD and STP: D1

1/2_
366

c. EAD: D2 D3

1/2 3/2
2
364
b. Adjusted EAD and adjusted
STP: D1
A7
I
.16‘E A k=18
i
15
14
13 ’
!
.12 )
K
e i
i -
10+ k=5
. ' 4
L0971 . A
.08 - . Ay=3
. I i
, 7. - R
.07 ; S
L0617 - ’/.7” S
/ /,/" N
.05 /::,/ X .
:04&;=:fffffiif:::::::::::
03 ' ’
.02
.01
0 .
1/2 3/z
<2
366

.d. Adjusted EAD: D2 D3
(Adjusted Independent) -




Figure 5.2 continued

L0535 ' 05

0 —
1/2 32 : : 12 3/2
365° : o 3647
e. STP: D2 . ' f. Kdjusted STP: D2

(Adjusted Independent)

o - 0 - :
1z 3/2 - 1/2 3/2
36a” S , : . 36a%
g. STP: D3 ) " h. Adjusted STP# D3

- . (Adjusted Independent)



94

sample size enhances EAD's ability to detect this phantom
column effect. Adjustihg the column test's critical region
only serves to increase the likelihood of error (most
noticeable for k=3).

The STP error probabilities also increase for Designs
2 and 3 over Design‘1, but still retain similar patterns,
‘that is, the probabiiitiesvdecrease with increases in d.
Tt is interesting to note that Design 2 yieids larger
probabilities than Design 3. First recall,thatvthe non-
coincidence of Aﬁ-(the space where interaction is tested)
and Aﬁ will decrease_the power of STP's (and EAD's)
interaction test. This alone will cause an increase in the
type(2,1) efror probabilities, However the moré'npnorthog-
onal BTJ is to Aﬁ,'the more the failure to.reject_HI will
tend to cause failure to reject Hj, (see again Table 5.5).
- This in turn tends. to bring down the type(R,1) error
probabilities. The nonorthogonality of BTJ and_AéHis
greater with Design:B thaﬁ_wifh Design 2. Again it should
be noted that a largefdeereaée in the type(2,1).error
probability compaped to the indépendent analysis may not be
désiréble sinée the power'to detect-differences inrdolumn'

effects would also be reduced.
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Adjusted: 0,7489

5.5 Gase A;JHI false and B
Example 4:
TrueCéllMeans ' .Data
5.1 15.3 [5.1 3.29 4.85 16.15 5.75 [6.40 L.74
3.75 5.38 15,08 7.19 (5.95 3.68
4e8 {59 |48 7.26 4.35 v
N La12 A
: 3.61 4,48 431 Le12 5.82
M 5 5.5 5 2;22 2’2é’-'f" §,$$72122
0 ' ~ |5.76 3.88 |5.23 4.54 |6.10 5.8,
5046 5.35 |4eh5 5.79 15.19 6.05
Estimates : 72.99 4.88
4.32 | 5.70 | 5.19 l 6.38
La70 | 4a31 | 44T
5.11 5047 5.78
LT 5016 5015 Y 5
Le71 5.50 5,01 * Y*j
4297 5.28 4,97 * (Fywday

ANOVA - | | .

- : Marginal Conditional
Source DF SS F _‘pavalue 'p?value, NCP
'EAD: Golumn 2 2.0145 1.10 0.3435  0.3371 0.756
STP: Column 2 1.6586 0.91  0.4130 ~ 0.3945 1.400
Interaction 4 4.0616 1.11 0;3669,' _0.672
Error 36 32,9344 SR
Joint Error e '

Probabilities Error Independent EAD STPp
type(2,2) - 0.5695 0.7663 0.7461
» +,0037
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The data do not provide sufficient evidence to reject
HI' Both the EAD énd STP tests of HC1 suggest not rejecting
'HC1’ thus we would conclude that there are no differences
in columns means over the rows.

Since HI was not rejécted, a type II>error occurred.

Since H was not rejeéted, another type II error occurfed,

et
Thus for both analyses, we have committed a type(2,2) error.
Figure 5.3 is a plot of the true column means by TOWS.,
Although the differences in column means are not all the

same over rows, the differences are in the same direction.

7600"
*

5.84 /\
5-6-' ) // A
504- / .

* ‘ S column 2 »
502“ . - : )

#; ' _* columns 1 & 3
500" ) \ /’//’ » .
Le84 4////, |

1

—_
N+
W

Trow

Figure 5.3 'True Column Means of Example 4 By Rows -

It is open to interpretaﬁion‘Whethér the interaction that
| ié preéent is of any practical significance. Surely one
would not want to conclude that there are no differences

-in column means, thus the second type II error is an error
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still to be prOtected against. 7

In Figure 5, 4 we show the type(2 2) error probabilities. |
The 1nteractlon noncentrallty parameters are the same as in
-Flgure 5.2 and the ‘STP column noncentrel;ty parameters are
the same as in Figure 5.1. The EADreoulmn noﬁcentfality |
parameterevare given in Table-5.7 fef Designs 2 and 3 with
cell means pattern 4. Note that we use both d=-v2/12 and
‘d =/2/12; ‘While both yield the same results for the inde~-
pendent and STP analyses, they yileld dlfferent results for
- EAD. |

Table 5.7 EAD Column Noncentrallty Parameters for
' Des1gns 2 and 3 with Cell Means Pattern 4

ok
d c 3 5. _15
-V2/12 VB/6 2.09 3.48 10.45
| V3/3 3.33 5.55 16.66
V2/2 448 TL4T 22,40
VB/3 5.58 9.30 27.90

VZ/12 /B/6 0.15 0.25  0.75
V/3/3 0,60 1,00 3,00
V2/2 1.11 1.85  5.55
VB/3 1.71 2,85  8.55

/8/12 vB/6 0 . 0 0
| V3/3 0.15 0.25  0.75
V2/2 0.45 0.75 2.25
/8/3 0.84 1.40  4.20
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Figure 5.4 Type(2,2) Error Probabilities for

Legend: Vertical= type(2,2) error probaility

: Horizontal- column noncentrality

So0lid line~ Independent analysis
top, middle, bottom line~ A A .
k=3, 5, and 15 respectively

Dashed line-EAD or STP analysis
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Figﬁre 5.4 continued
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Figure 5.4 continued
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Figure 5.4 continued
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With the balanced design, the type(2 2) error prob-
abilities for the EAD and STP analyses are greater than the
independent analy31s probabilities. Thls difference
decreases Withiincreases in k, bnttit appears to remain
about theisame over values‘ef the'eeiumn noncentralityi
narameter. Increases in the,interaetion nencentrality
_ parameter increase the differences.betﬁeen the EAD-STP and
the independent anaiyses"erfOT probabilities, at least
for small k. Adjusting the critical.regien_for the column
testvreduces the differences,rbut notidramatically.

- EAD performs quite differently with an unbalanced
design depending upon the magnitude andrpattern_ef the
‘interaction. With d= ~-/2/12 the EADﬁtype(Z,Z) errorrprob_
abilities arerless than those of.the independent analysis
for suff1c1ent1y large values of the column noncentrallty
parameter. However when the dlrectlon is. changed S0 that
d= /?712 (bnt the interaction noncentralltyrparameter is
the same since d2 is used in itsAfOrmulation); the type(2,2
error probabilities are dramatically larger than'the-
»Aindependent analysis erroripfebabilitiee; TheSe large
differences still prevail whend is 1ncreased to V6/12.
AdJustlng the column test crltlcal reglon and adjusting the
rlnteractlon noncentrality parameter for the lndependent
analysis does very 1itt1e te change'the_differences,
although they appear slightly less:dfamatic.

A key}point about the EAD anaiysis that is illustfated

by the graphs is that the error curves may not be monoton-
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ically decreasing in the column nonéentrality parameter,
In fact when -d= v8/12, the EAD type(2,2) error is most
probable for 2c? equal to i/3. This was predictable since
- the colﬁmn noncentrality parameter for EAD is zero for this
case (see Table 5.7). This results in the EAD test of Hoy
being a biased test in the presence of interaction. |

" The STP type(2,2)'érror probébilitiés are consistently
~larger than the errof proﬁabilities for the independent
analysis, and dramatically so. Although the differences.are
reduced when adjusted column test critical regions and
adjusted interaction noncentrality parameters are,used,

the differences are still substantial; The effects of

Designs 2 and 3 show very small differences.

Whether the EAD error probability exceeds or falls
below the STP probability depends on the noncentrality
parameters and the pattern of interaction. Generally EAD
performs better than STP when d= -/2/12, but not as well
| as STP, except for smdli column noncentrality, for d= /2/12
or /E/TZ. |

5.6 Summary

In the anélysis of two-way, fixed effects, all-cells-
filled designs where no difference in main column effects
(H0i> is the key hypqthesis of interest, the pfocedure
begins with a test fdr_interaﬁtion (HI),kor an assumption R

of no interaction, and concludes with a test of HC1 only

if HI is not rejectedr(see Figure 5.5). The possible errors
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in this two step‘procedure dependé on the truth of HI and
Hey (see Table 1.1 and Figure 5.6). | '

Hijo analyées-have been considered, EAD (each-adjusted-
rfor—the-other) and STP (sténdard—pafameﬁric). A practiohef"
muét make a choice between at léastvtheSe two analyses.

For example, if one has the SASlouﬁputrfrbﬁ the general
'linearrmodels program, the choice is between the type 2
sums of squares (EAD) and ‘the type 3 sumé of squares (STP).}
| Hoﬁ should éne'decide?

The answer to the posed question may bé that one uses
the presence or absence‘of inﬁeraction,to decide., If
interaction is present, then'norchoice’neéds to be made
since thé maih effects’test will not be done. If interac-
tion is not present, then the choicejis EAD, since EAD is
more powerful than STP. Even when boﬁh'analysesAaré adjust-

.ed'éo that.their respectivé conditionél alphaAlevelé are
~ the same, EAD is still more poweffﬁl:than STP. This differ-
»ence ih power, or reduction in the type(O,Q) efrbr prob-
ability, is demonstrated in Figure 5.71. For examplé,.in
Figure 5.71(c) with k=5 and_602=4/3:(ﬁesign'2,andrceli me&ns
pattern 1), the STP type(0,2) grfag probability is 0.40
rcompafed to 0.38 for EADV(Figure“5;1(a)). When cell means
,péttern 2 is used instead (Design 2, k=5, and 2¢2=4/3),

tﬁe STP prbbébility is 0.58 (FigUre‘é.T(g)) compared to
0.44 (Figure 5.1(e))‘for EAD.

The fallacy of this "presence of intefacﬁioﬁ"vstrategy

is that it is unusual to know whether or nétAinteraction is



110

present. Usually one only has evidence provided by an
interaction test. It has been stated that there is almost
always some interactior. If this be the case, then one
should make the decision about which anaiysis to use based
on how théy compare in the presence of interaction.

In the presence of interaction, EAD can greatly exceed
its assumed a-level, The EAD analysis, with an unbalanced-
design, "thinks" it sees a column effect efen when there is
none., This phantom effect is dué only to interaction.
Increases in sample size only enhance EAD's ability to
detect the phantom éffect. This is demonstrated in Figure
5.5. For example, in Figure 5.2(c) with k=5 and,36d2=3/2f
(Design 2 or Design 3), the EAD type(R,1) error probability
is 0.098. For Design 1 (balanced design) the probability
is 0.013 (Figure 5.2(a)).

The STP type(2;1) error probabilitieslare also affected
by the presence of interaction, but the probabilities
generally'decfease forrincreaées in the interaction noncen-
trality and increases in the average cell size (for k=3, |
ihere may be some increase in the type(2,1) error probabil-
ities for small interaction noncentrality). For example,
the same one noted for EAD, in Figure 5.2(e) with k=5 and
36d%=3/2 (Design 2), the STP type(2,1) error probability
is 0.027 compéred to 0.013 for Design 1 (Figure 5.2(&));

The power of the EAD analysis is unpredictable in the
presence of interaction. In general, the EAD column.test

ig biased in that the power curve may not be minimal under
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the null hypothesis. The magnitude of the EAD type(2,2)
error probability depends heaviiy on the magnitude and
pattern ofrinteraction. For example, when k=5, 36d%=1/2,
and 2¢2=1/3, the EAD type(2,2) error probability for
d=-v2/12 is 0.55 (Figure 5.4(h)) and for d=/2/12 the prob-
‘ability is 0.775 (Figure 5.4(i)). Note that 0.775 is iaryef
than the value obtained for 2c2=0 with d=/2/2.

The STP column test is unbiased-whether interacﬁion is
- present or not; The STP type(2,2) effbr,probability is
affected by interaction, but not by the pattern'of inter-
action. Whether STP has a smaller orrlarger type(2,2) error -
probability than EAD does depehd however on,thé pattern and
" magnitude of interaction. The probabilities are cbnsistenﬁ@
larger for STP when d=-v2/12 (compare Figure 5./4(h) with
Figure 5.4(k)) and smaller for STP when d=/2/12, with the
followihg,exception (compare Figuré 5.4(i) with Figure
5.4(k)): EAD has a smaller type(2,2) error probability for
values of 2¢? close to zero, that is; EAD’has befter'power
for detecting minuﬁe differences in column effects.

.Thé analysié procedure shown in Figure 5.5 could be
mbdifiéd for the FAD analysis in the presence of inter-
action by replacing HC1 with H': no intéraction and nb
difference in main column effects. Failure to reject H!
would lead one to the saﬁe conclusion of no difference in
main column effects uniformly over rows. Rejection of H!
‘wbuld lead oné to conclude that eithef:

i. no difference in the main column effects exists, but
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differences in cell means may exist within a row; or
ii. differences in the main_polumn effects exist, but the
differencés may thIbe uniform over rows.
The EAD test of H' is in general still biased. - .
In summafy, since the choice of analysis Should be
made with the awareness of possible interaction, STP should'
be.used unless one knows that interaction is mnot present.
The reasons for this choice are:
i. EAD is a biased test of‘Hc1,
ii. the EAD conditional alpha level may ekceed the assumed
| "level , but the STP conditional alpha level cannot
exceed the assumed level, and |

iii. the power of'EAD is unpredictable.

If indeed interaction is'notrpresent, then some power is
lost by choosing STP over EAD with the magnitude of the
loss depending on thé degree of nonorthogonality of the
STP.columh and interactibn sums of squares; The "éloser"
the design is to being balanced, the smaller the loss in

power.




Chapter 6

.Suggestions for Further Research

Since interaction is inevitable'in mest experiﬁental
~multifactor designs, one must be prepared to deal with it
~when testing for differences in maia-effects and upon
interpretation of the analysis results, The material pre-
sented in Chapters 3 and 4 point outtthat:the STP anaiysis
can be used‘as-a safeguard against interactidn ereeping
into main effects. This does not brovide an escape from
interaction however when an interbretation of detected
differehces in main effects. is presented. So rhat patternsl
of interactien, perhaps such that the’power of a test for
interaction is'Small, would be deemed practically insige
nificant? Shouid it be such that thefdifferences in cell
means are all in the same direction overrrows or columns?
A study of patterns of 1nteractlon that lead to these klnds
: of dlfferences would be useful with respect to how the
various analyses preform.,

| Even with a small amount of 1nteractlon, EAD could be:-
severly affected. Suppose that P(u: AB) lies in a dlrectlon
which is highly nonorthogonal to BIA ‘The mean sum of
squares for interaction may be small, but the sum of

squares for columns under EAD may be larger than expected
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under H01 due to the nonorthogonality. The same degree of
~interaction could be represented.however by'P(u:Ab) lying
in a direction tnat.is orthogonal to g]ﬁ, ifnsuch a direc-
tion exists, thus leaving the column sum of squares
unaffected. The practitioner would have no way of knowing
which 1s the case»since such knowledge would require know-
ledge of the interaction, A study of the 'worst case!
interaction problem needs to be done so that for a partiee
ular unbelanced design, a potential EAD user may be fore-
warned of the degree of possible influence that undetected
interaction could play on his main effects tests.

It has been oft suggested to pool, when the additive
model is indicated; the>insignificant interaction sum of
squares into error (e.g. Rawlings 1972). How do the error
probabiiities for STP and EAD compare when this new error
term is used? TheAeolumn sum of squares for EAD will still
be independent of the error sum of squares since ﬁ]ﬁ J-Aé;
but for.STP they may be dependenf. In either case the new
error sum of squares will be noncentral if some interaction
is present. |

Suppose the purpose of the factorial design and result-
ing'analysis is to provide an estimate of B, the vector of
cell means. An obvious unbiased estimate is the vector of
semple eell means.‘This is what one obtains when_the full
modei including interaction terms is used. Wnen might it be
more desifable to nse fhe additive modei to estimate RB?

,Certainly tne estimate.wouid be more'precise when there is
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in fact no interaétidn, but for'what-patterns of intefaé—
tion would this continue to be the case? How does nonor}
thogonality of the design and overall sample size enter
in? A measure of precision that mayvbe used is EHﬁ-BHZ
where B8 is én estimate of g . SincéAB'is the vector of cell
means, this error measure is simply fhe sum of the mean
squared erfofs of the individual msan estimators. The focus
should be on the component of 3,coﬁtéihedkin AB. It is
cohcéivable that this component must lie invsome convex
subset of AB in order for the additiﬁe'model to provide
the more preéise estimate.

| The 1ast,suggestion refers td the development of a
'package of informatibn that éould be made available to the
user of an ANOVA computer program tha£ déals}with unbal-
anced designs., Such possib1e>items of interest might‘be:

_i. The correlatioﬁ coefficieﬁts'of'ﬁhélvarious_sums of
sQuares under theilr respective nﬁll hypdtheées}

ii, The observed conditional alpha lévei of any particular -
statistic given that intefaction (and possibly othef
hypothesesg) is not rejected at,ar‘usér-specified

‘level); |
iii. The poésible effect of interaction upon the EAD sum
of squares (perhaps in terms of the maximum percentage
- of the interaction noncentrality parameter); and

iv. A more complete analysis of ihteraction broken ﬁp into

logically selected directions Sd that one may deter-

mine where the interaction lies.
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Appendix A

_Prbof of Orthogonality Conditions on n

~ Definition

Fpr any pxr matrix U,:let‘ui*ibe.the vector corre- .
sponding to the ith row of U for i=1,--°;p and let

U*j be the vector corresponding_@o the jth column of

U for‘j=1,-;°,r. Then

U = u_l'* = (U*T,OQO,U*P)o

L
L]
&

’
u
-
p%

Definition

T — , LT
Let ZHU*T denote the partitioning of U into its

=1 = " |
individual columns. We say that U =  Jllu, . Note that
5 ) ’ ’ ' B ;
U= ﬁlui.) and U’ = .ﬁ](.ﬂlui.) .
o §=1i=1 i=1 j=1

Definition (Kronecker product)

Let U be pxr and V be gXs. The Kronecker product of
U and V is o

i [ LR N 4 . ‘
usv gV o,V u V) .

UaqV UgoVoees unV




Some of the properties of the Kronecker product are listed.
below (Muirhead, 1982).

i, (aU)®(BV) = aB(UBV) for any scalars d; B.

ii. If U and V are both pxr and W is gxs, then 7» _ ;:
(U+V)8W = UBW + VaW . | |
iii. (UBV)BW = UB(VEW) . ’
iv. (UBV)” = U’gV” .,
T r s
v. UBV = ﬂl(u* 8v) = JlII M (uy,.® vy, ) for U pxr and
- Nt J k
j=1 _ j=1 k=1 .
V gxs.

Deflnltlon (J- product)

Let U be pxr and V be pxs., The J-product of U and V is
uev = (igg(ui*gvi*))’

Some of the important properties of the J-product are given

in Theorem A.1 .

Theorem A.1

Let U be pxr and V be pxs.
i. If r=1 or s=1, then UGV = VeU .

ii. (aU)®(BV) = aplUeOV)

S ifii. U®lL_ =1 U =U ,
, p P
' r 8 iy _
ive. UV =} ﬂ](u* @v*k) = ﬂl(u*j@V) .
3=1 k=1 i=1
v. If U, is pxr and V, is gxs, then - .

(UtU,)ev = (Uev) + (U,0V) and UB(V+V,) =‘(U@V)+(U@V2).

vi. Let C be gxc and D De qxd. If c=1 or s=1, then
(ugc) © (veD) = (UeVv) ® (CeD) .

vii.  [(ugCc) @ (v8D)] = [(uev) 8 (ceD)] .



Proof

il

ii.

iii.

iv.

vi.

Suppose r=1. Then U8V ﬁ](u 78v1*))

(
[ §|<vlh@ul1>>

Suppose g=1. Then VOU = UV ,

(U)o (8V) - 1%4 0,488, 4)) " = al ﬁl (u;48v;4))”
s qB(UOV) .
Uel = 1_ouU i.uel = (N (u..81))7 = ( Mu.y)”
® b p@ f#om i ® P ‘(i§%<ul% )) (iglulm)
= U,
V) = R - Bich @ )
(UpV)’ = U, ,8v.,) = M u. .8v., )’ , thus
121 T T 427327 k= ij ik
vov = B B¢ Brugev,07 = B Biueeva)
® = jua A’ = U, . OV, .
S3=1 k=1 i=1 *J ik 3=1 k=1 *J fk
Now using_the‘above, ﬂl *k).=.u*j®V . Hence
Upv = ﬂl(u*j@V) .
- j=1
(U+Ué)@V ( ﬁl(u *+u2 *)Qvl*)'- ( ﬁl(ul*gvi¥)+

(4 48¥1 )" = <.ﬁl(ui*@vi*>>f+
l: B
The remainer of the proof of v is similar.

Suppose c=ﬁ Then (U@C)O(V@D)

Benr)) © € i zn<v*k@d 1>>

r s .d 7 '
I 810 G goeng )8 tunstyg) -



Now (u*j@c*1),@ (v*kEd*l) =

(]

(154 1%11(u 8¢, ,1®v1k®dl 1))

( gl 1%l1( J@V 18y ,1@d1 l))
@V ) B ( %I @d 11))".=
)'@‘(i%l1ci,18d 1)

(U*J *k) 8 (0*1@d*1) .

g%(u*g *k) 8 (c*1 *l) =

The proof is similar for s=1.

, r ¢ ' _
vii. From vi, (UsC) ® (veD) = J|| }l| (u Use @csk)@(V®D) =
| _ =1 k=1 }

*J 8 (C*IQD)

DI
M

A different partitioning of the same veétors is:

ﬂ!(uLJ@v) 8 ki%(c*kao) = (uev) 8 (ceD) . Thus
=1 = o

[(uvec) © (vep)] = [(uev) & (cep)]




Definition

r .
For U pXr, vec Z ?Iu * . Some of the

- properties of the vec operator~are listed below
. (Muirhead, 1982) .
Ci. vec(UTWV) = (UBV)’vec(W).
i, tr(U*V) = vec(U)’vec(V).
iii. vec(aU+BV) = a vec(U) 4-Bvec(V);

Theorem A, 2

If W= (wij) is diagonal and n'=(.ﬁlwii) ', then
vec(U'WV) = (UeV)'n .

Proof

e

Consider vec(W)’(UBY) = ﬂg §1<vec<w>'<u*k®vﬁl>>.
o : k=1 1=1

| i ﬁlu ov,,)

Now vec (W)’ (U, 8 *l) = (_
J

jg1 i§1wijujkvi1 -

i§1wiiuikvil B

(i§AWii)(i§Luikgvil)'~=

I

n u*kOv*l) .

(
!

l
k=1 1=1

i
3

-
e B

So vec(W)’ (URv)

C
E3
5y

O]

<
[y

1]
~
<
®
<
~—

~
P |

Hence vec(U’WV)



Definition

Let U and V be subspaces of RP and let W be a subspace
of R%. Let: |
U® W= [{udw: ueU and weW}] and ' | .

1

Uev [{udv: ueU and veV}].

Theorem A.3

If U is pXxr, V is pxs, and W is gxt Sucﬁ that

[u] = U, [V] =V, and {W] = W, then.

U8 W= [UBW] and U ® V = [UeV].

Proof |

The proof follOwé directly from properties i and v of
the Kronecker product'énd ii and v of the J-product.

Theorem A.4

Let [Ca] =1Ra![la] for a>2. Then:

i. [ca@caj = &% if a>2 and
[ca@ca] = [1a] if a=2.
Pfoof

Let ;J be the vector 1n1R with a 1 in the jth p031-'

tion and 0's elsewhere. Then let Ca = ﬂl(e1-e )
oty = B Fegmepote; ey -
a a
2” Z” 51+€ @Ek) ’

Now ejogk = fe; if j=k . So if a>2 then

(0 1f J#k

[c.oCc ] = [(e,, ZH €, +e ))] =R and if a=2,
a 8, T 1 ‘]‘2 ]




[c oc.] f[€{+€2] = [1,.].

Theorem A.5

Let U be pxr, V be pxs, and W be;po{
UWV = kU’V for k=tr(W)/p if and 5n1y,if
vee(W) + [UsV]|[vee(1)]. |

Proof
First note that vec(U’(W-kI)V) = (UBV) “vec(W-kI).
Now P(vec(W-kI):[UBV]) = | _
P(veo(W):[UsV] | [vec(I)]) - kP(vec(I):[U8V]] [vec(1)])
+ P(vee(W):[vec(I)]) - kP(vec(I): [ves(I)]). |
Since P(vec(I):[U8V]|[vec(I)]) = 0,

P(véc(I)f[vec(I)]) -veé(I),»aﬁd

P(vec(W):[vec(I)])'

(vee(I)’vec(W)/p)-vee(I)
(tr(W)/p)=vec(I) ;
P(vec(W): [UBV] | [vec(T)]).
Hence U’WV = XU’V «> U’ (W-kI)V = 0 <>

then P(vec(W-kI):[U@V])

(UBV) “vec(W-kI) = 0 +> vec(W) 4-[U@v][[ve¢(1)].

Corollary A.5

Suppose W = (w,.) is diagonal and n = ( ﬁlw;.)' . Then
ij PR R ,

CUtWY = kU’V where k=tr(W)/p if and 6nly if
n + [uev]]J. |
Proof
The proof follows directly from the theorem upon
noting that (UBV)’vec(W) = (UeOV)’n .

Let A, B, AB, and J be vector subspaces of ﬁab such



b
that 4 =®* 8 [1.], B = [1,] 8®>, AB = [c 8c,], and
J = [1ab]. Note that A|J = [Ca®lb] and B|J = [1a@cb].

Theorem A.b

Let W be diagonal and n = ( ﬁlwii)’. If the restric-
: i=1

tions below on n are met for the various [U] and [V]

spaces, then U’WV = kU’V where k = tr(W)/p.

'|U] - vl Restrictions on n for U’WV = kU’V
i. AT AT for a>2, n +~A|J ’
ii. B|J B|J  for b>2, n ~B|J

iii. AB AB for a>2 and b2, n ~®*°|J
| for a>2 and b=2, n + A|J
for a=2 and b>2, n + B|J

iv. AlJ B|J n +AB

v. A|lJ AB  for a>2, n - (B|J & AB)
for a=2, n + B|J
vi. B|J  AB for b>2, n 4 (A]J & AB)
for b=2, n +A|T .
Proof :

For each case it will suffice to show‘that [UeV]|J is
equél to the mentioned space orthogonal to n.

i.‘[UéV] = [(Caﬁlb)O(caglb)]

[(c oc,)8(1,01,)]
R¥9[1,] = A if a>2

[1]efl,]

J if a=2 .




o ,’ Hence [UOV]|J = (A]J if a»2
N [null space if a=2
ii.A[U@V] = [(1 8C )01, 8C )]
[(1 01 )@ C @cb)]

[la]®1R = B if b2
[[1a]@[1b] = J if b=2 .

Hence [U@VJIJ.={BIJ if b>2

null space if b= 2 e

iii. [U@V] (c 8¢ )@(C 8C )]

[(ca@ca)@(cb@cb)}

'1Ra®1Rb _1Rab

if a>2 and b>2
1Ra@[lb] = A if a>2 and b=2

9 - [la]@’Rb,= Blfa2and b>2

Hence [UV]|J = [ R2P|J if a>2 and b>2

B|J - if a=2 and b>2

(hull spacé if a=2 and

(uev] {(c 581 )@(1 ecC, )]

[(cagla)@(lbocb)]

[c 8c,] =

AB . A . |
- Hence [U®V]|J = AB (since AB 4 J).

[uev] = [(c 81, )e(c 8C )]

[(ca@ca)@(lboch]-

Lla]g[lb]-= J if a=2 and b=2

AlJ  if a>2 and b=2



®%g[c,] = [1.Je[c Je[c, 1e[c,] = B|J 6 AB if a>2
[ lslc,] |

Hence [UOV]|J

B|J if a=2

(B|J @ AB if a>2
B|J if a=2

vi. [Uev] = [(1a®Cb)®(Ca®Cb)]

[t}

[(1a@ca)®(cb@cb)1 |
[[Ca]@1ﬁb = [c Is[1,]elc ]elc,] = AlJ ®VAB.
% | B E: b>2 |
{[ca]@[lb] = A|J if b=2

Hence’[U@V]D'= AlT & AB if b>2
{A]T if b=2




Appendix B
AProof bf Equation 4.23

We show here that:

f:K1(X)K2(X)dG(X;t) f (X k)o (x;k')g(x)dx

IIM8
-.M

0k

where K. (x) = lim K.(X,n);
_ iV a1

_ . n
Ki(x,n) kgoai(x’k);‘

ag (x,k) = exp(-v,/2) (v,/2)%exp(-x/2) z (x/2)3/ 115,
] J = :

n, - vi/2_+ k;- 1 for i=1,2;
g(x) = G'(x3t); and
vi’wi’ t, G are as givén in Chapter»A.
The following theorems will be calléd‘uﬁon (Rudin,1976l
Theorem B.1

Suppose K is compact, andf
i. {f } is a sequence of contlnuous functions on K,
~ii. {f } converges pointwise to a contlnuous funection
, f on X,
iii, f (x) > f +1(x) for all xeK, n=1, 2 EPEE T

Then f + [ uniformly on K :



Theorem B.Z2
If f is continuous on [a,b] then f is Riemann
integrable on [a,b].

Theorem B.3 (A weak form of Legesque's dominated conver-

- gence theorem.)
Suppose g and fn (n?1,2,3;---) are defined bn (O,w),v
‘are Riemann-integrable on [a,b] whenever 0<a<b<w, |
[fn|<g, fn > f uniformly on every compact,subset of
(O,é) and f?g(x)dxéd; then iiﬁ f?fn(x)dx =ijf(x)dx, |

‘TLet fn(x) = Ki(X,n)K2(X)g(X). We will state without
proof that fn(x) (n=1,2,3,+++) and g(x) are continuous on
(0,o)., Then £, > f = K1(X)K2(x)g(x) for every xe(0,) aﬁd
(x,nt+1) >

f is continuous on (0,»). Now f (x)—fn(x) = q

ntl 1
for every xe(O;W). Hence for every compact set K on (0,»)
~we have by Theorem B.1 that fﬁ + f uniformly on K.

Since fn and g are continuous on (0,o), Theorem B.2
gives uS-that»theyrare_Riemann integrable on (0,).

" The summands u1(x,k) > d, thus K1(x,n) i 0. Since
K1(x) =,1;G(x;v1,¢1) < 1, then iig K1(x,n):= K1(X) < 1
(where G(x;v1,¢1)vdefined in Chapter 4 is a cumulative
ﬁrobability'distribution function). Hencerlfnl < g.
Furthermore, [og(x)dx = G(x3t) < 1.

| We>may now use Theorem B.3 to state:

[

limf?K1(x,n)K2(x)g(x)dx

n-+>oo

- n
1imfS a1(x,k)K2(x)g(x)dx
n+wo k=0

I?K1(X)K2(x)g(x)d'xr




= T Sou, (x,k)x, (x)g(x)dx .
> 1 2
k=0
Redefiné»fn now as fn(x) = Kz(x,n)a1(x,k)g(x).'B
making analogous arguments as above, we may apply Theorem -

B.3 again to obtain

E 1imS ? d (x,k) 0, (x, k')

z ST (x, S 5 (x)g (x)dx
kéO n+w k=

g(x)dx

]
HMS . .

Z foa (x k)a (x,k') .
0 k=0

g(x)di .



Appendix C

SAS Programs

* THIS PROGRAM CALCULATES PROBABILITIES OF SINGLY DEPENDENT HUl ]
® POSSIHLY NONCENTHaAL BivakjaTt F DISTRIBUTIUNS i

OPTIONS L5z803
FRUC MATRIX} _
6200 (519520 % H=J, (5125103 Li=d, (519103 L22J, (5101)3

RUPRBEGDLERDDUNCUNBRL[GEEPRPIRORNORRBONDINDRNPIIGDNBURLEDBOGREBOOOORRROE ]

K=53 * AVERAGE CFLL S1ZE%

1= (K=1]))*9¢ * DENUMINATOR DEGREES OF FREEDOM3
NCP1=2,703 * COLUMN NONCENTRALITY PAKAMETERS
NCP225,403 * INTERACTION NONCENTRALITY PARAME TERS

NERERBLODRVORGOUBORGONBNRRVOCOPHDORRIDBGOROCOCERRLUTRRDBDEUDOORORD ]

FlzFINV{.,95¢29To0)3 FEsFINV(eP004+T740)3

O=FPROB(F1+29ToNCPI)
P=FPROB(F2sbrTeNCP2)
N=Ta/23

Clzea/TeFls
C2zun/TRE2S
A=CleC2eld

Cl=Cl#/A}

Ca=Cawn/al

Gllel)sl}
DO Jl=1 TO 50%

G(Jle ol =Cle(NeJl=(1))IN/J1*GIILe 1)}
END3

DO J1=0 TO 5SU3
00 J2=) 10 S}
. G(Jlelog2el)=C2R (NeJIUZ2= (1) IN/J2RG(JL¢10J2) 3
END3 -

H(lel)=leN"(C2}

DO Kl=1 10 503
H{Klelol)zH(KLlol) oG (Kledo1)eG(Klelr2)$

ENDS ’

D0 n2=1 TO 503

60=0% :

DO Ki=0 TO 503
GO=60+G(Kie]loK2+2) 3
HI{K1+loKR+1)=HIK]1*19K2) ¢GOS}

ENDY | - :

END3

Litle)=ls

L2(ls) =1}

No Ki=1 TO S03
LI(Klelod= 1 (K1v) ®*NCPLo/K1IN/Z}

L2(Klele)={ 2(K10) ®NCP2W/K1IN/2}

ENDS :

SuM=03
DO Ki=l 10 bl
PO k2=l TO 513
SUM=SUMsL ) (K1 e ) ®L2(KZe ) SH(K]1K2) §
ENDS '
END3 : N

SUMB!'Q;EIP('(NCPIONCFZiI/leI(A’.N) *5UMS.
. SUMEP=SUM} :

ALL=NCPL i INCPEIICELL T ISUMI

NOTE NCP1 NCP2. CELL-SIZE PROYY

FRINT ALLS o




® THIS PROGHAM CALCULATFS JOINT PROBAHIT
® DOUBLY CENTKAL F DISTRIBUTIONS. :

UPTIONS LS=H03
PROC MATRIXS

GQ“000Gb.Q“QQﬂ00“...O'Qo..“'ﬁ.ﬁ.....".

LITIES OF DOUBLY DEPENDENT 3

'DO....'!G.OO“0.00QDQ.G.;

=181 ¢ DENOMINATOR DEGREES OF FREEDOMS

tl=la/3y
te=l#/]153
“0900“665.DDOQG‘G“.QO““Q“"QOC'QQ.".O.

® FIRST SQUANED CANUNICAL COWKELATIONS
* SECOND SQUARED CANONICAL CORRELATIONS

G.O.GI..OG..OG..OGGOGG..;

BEJe t22922)¥H=0,(229023) IMULT=J, (2241) $G2J, (29230 4

FI1=FINV(.9542¢140)3}
DO 1=} To 22+
"Htlsl)=13
00 J=z2 10 223
B(IsJ)=p}
ENDS
END3

DO 1I=1 TO 213
DO J=} TO 213
BlI+lsdel)=alTo N +B(Ivdsl)}

: END3
KEEPON: ENDS

PROK=0$

Nz=TH/23
Cl=28/Tur ]}
C2=un/Ter2}
a=Clec2eld
Cl=Clusas
C2=C28/A%
G(lel)=ls
DO Jl=1 70 21% ,
G(J101’1)=c1‘(N0Jl-l)u/Jl'G(Jl
END3 ’
DO Jl=0 TO 213
D0 J2=1 TO 223

END3 '
END#

H(lel)=i3

DO Kl=1 TO 21%
H{K1+lel)aniKlel) oG(K1edo1)3

END3

DO xk2=1 T0 223
60=03
DO Kl=0 10 213
GO=G0+G(K1l*)oK2e1)3}
H(K1slok2+1)=H(K1o1¢K2) +GUS
END#
END3
No- Kl=1 Ty 223
D0 Ké=1 T0 23%
H(K10R2)=H(Kvi2)~/A"N'
ENDS

END Y
Lo K=0 TO 21%

IF X = 0 THEN DO

FACTOKR=13
GO TU DONE}
END3 :
IF €1 = 0 AND E2 = G THEN DOS
’ FACTOR=0}
GO TO DONL;
END3S
MULT (19) =11

MULT(2¢)=.5%
DO 1=2 TO K3

FezF INV(.G0s&e ToD) 8

IF B(1+1sJ+)2=1 THEN GO TO KEEPON}

o1)3

GlUlelo 241)=C2% (N+J10J2=1) 4/ J2%G (141902} 3

MULT(T+1e)=MULT(Iv)®(I=(.5))n/]}

ENDI



C.3

IF E1®%E2 = 0 THEN DO}

DONE ¢

FACTORZMULT (K¢l 9) #(ELI+E2) 9%K3

60 TO DONE3
END3$
FACTOR=03%

DO I=0 TO K3
FACTOREZFACTORSMULT (1o o ) *MULT (K=Talo)SE) e ]oE20% (KD}
ENDY : : .

INTER=03
po M=o T0 K}
N=0 TO K%
0o INTERZ INTERe (1= (2) #MOD (MeN+2) ) #H (Me 1 aN+2)

'B(K‘lvﬂ°l)'B(K01vN01)!
ENDS
END}
PROB=PROH + FACTOR.® INTER}
END3 :

PROR=1-FPROBIF122, T+ 0) -PROBY
aLL=TIiELIIEZ) IFROBE

NOTE DENOM=DF - El

PRINT ALLS

g2 PROBS

* THIS PROGHAM ESITMATES PROBABILITES » VIA A SIMULATIUN PROCEDURE s
® OF BIVARIATE F DISTRIBUTIONS ASSOCIATEL WITH THE STP ANALYSIS [

..Q‘..Q'.Q'.'...Q............Q.....ﬂ'..ﬁ'......'O..“O.“QQQ_‘O'O‘GQO'G"‘

ADJUSTED=LS . * 1=YESs 0=NO = ADJUST THE -ALPHA LEVEL 7 3
PATTERN=1} * CELL MEANS PATTERNS :

K=z 3 3 : * AVEKAGE CELL SIZe# :

P=03 * ECART DESIGN PARAMETER3

us,=2i * ECART DESIGN PARAMETER}S

csos * COLUMN EFFECT PARAMETERS

0=03 * INTERACTION PAKAMETER$

Q‘G.Dﬂ'@.ﬁﬂ,’ﬂ'GD"O...I.Q..ll'.'o'ﬁ“ﬂ.‘ﬁ..'iO'.QQG.‘GQG“6DG.Q99.Q"Oﬁ“3

ifF A

ENDS

HACROVBOB % * INSERT AN ASTERISK IN ORDER TO SUPPRESS
CHANGING ORIENTATION OF PROB STATEMENTS

UzSeD//5=(2%D) //54D/ /5= (2%D) 7754480/ /5= (2%¥D) /75+D/75=(2%D) /754D
IF PATTERN=] TREN U22Cr2/0//=Cl/C/7077/=CALCI7027=CH
ELSE U2=0//Cr/70//0//C170/707/C770%
U=tel2s
D=14QeP//1=(2%QV//14Q=P//1=(2%Q) /7 /) +4*Q/ /)= 12%0) /7
14Q«F//7)=(2%0)//1+QepP}
D=K®D$ U=DmU} STpPl=zU} sSTP2=03 DF=(K=~(}})®9;}
0BS=U, (991) 3
C= 1177 =1 0 /7 0 =13
Bz J, (391)0C3H

AB=C&C3

K=INV(DIAG(D}}3 & INFORMATION MATRIAG
B=X®#gR TNV (BrRAeB) ey * COLUMN PROJECTION MATRIAG
AHSX®ABH INVIAB X AB) ¥ARI K @ INTERACTION PROJECT!UN MATRTAG
NCPl=Uropeys : # COLUMN NONCENTKALITY PARAMETENS
NCP2=Ur#a3%U3 # INTERACTION NONCENTHALITY PARAMETENRG

IF. NCP1l < 0. THEN NCPL1=03
‘1F NCP2 <« 0 THEN NCP2=03%
DJUSTED=0 THEN [OS
Fizs FINV(.95¢2,DF 0008
F2z= FINV(,90¢44DF20) 1}

* COLUMN CRITICAL VALUESR
* INTERACTION CRITICAL VALUES




1F ADJUSTED=] THEN O :
1F P=0. AND O=0 THEN CRITV= 3, 386586 3.,18931 3.0507283
IF P=0 AND Q==,2 THEN CRITV=3.,242622 3,061562 2,9359303
IF P=,5 THEN CRITV=3,229280 3,049529 2,9250833%
If K=3 THEN KK=1$ !F K=S THEN KK=z=23 [F K=l$ THEN KK=3$
Fl=CRITV{sKK)?}
F2=FINV(,90949DF20)}
ENDS .
U=1=FPROB(F1+2+DF sNCF1)3
P=FPROB(F2e4sDF o+NCPR) 3

L0 1=) TO 100003 : . * THE SIMULATIONSH
Do J=1 TO 93
OBS(J')SNORN‘L(O)OSQRT(D(Jv)) LIRS R
END3

nsszcxNV(u~rroRuio);nr&o)wtbfi
MSC= (0SS Y*B*0BS) #/2}

I+ MSE < FI®MSE !HEN 60 To snxPlT!
MS]=(0BS+*ABROHS) w7/ 6}
1F MST < F2*MS5E THEN sthssrpxolz
ELSE STP2a5Tp2ely
SKIPIT: END?

Wi=,53 w2=.53

PROp=0UN/2}

PROR2=03

po hHlLE(ABS(PROB-PRORZ) > .00005)%
PRO#2=2PROY S
PROB= hl“SlPlﬁ/lUOOO . Na'(Q-SYPZCIIOUOD)!

w2=PROHN/US .

wlizlewgl

END3

CONF_ERR= SDRT((NIO(ZCO'(I))'HZ)'PROB =PROp*e2

Q’(I-O)Oﬂé.GZ)QISQRT(10000)°l 903
BUB PROB=P=PROB}

NOYE NCP1  NCPZ  DF . PROB}
ALL=NCP1//NCP2//DF /7PROBS ALL=ALL*}
PRINT ALLS

PRINT CONF_ERRS



