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Convergence of densities leads directly to convergence of their distribution
functions via Scheffa's theorem. This.paper is concerned with the converse:
what are sufficient conditions to obtain convergence of densities from convergence
of distribution functions? A general lemma is given and results are obtained for
translation and scéle statistics with applications to bootstrap estimates of

densities and convergence of Bayes posteriors.
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1. Introduction

When does convergence in distribution imply convergence of the associated
densities? Specifically, let Ty ® (a1n(T1n- b]n)’ ceey akn(Tkn-bkn)) be a
standardized random vector in Rk which converges weakly to a distribution having
density (Radon - Nikodym derivative) g with respect to (wrt) Lebesgue measure
uoon Rk. If Tn has density 95 wrt u, what are sufficient conditions for 9, to
converge to g, say pointwise a.e. pn? Lemma 1 below gives one set of such
conditions and Seﬁtion 2 verifies these conditions for certain translation and
scale statistics. However, the results are very modest and it is hoped that
this paper will stimulate more general methods. Apparently the present literature
does not address this problem except for a few fragmented local limit theorems.
Section 3 uses Lemma 1 and the ideas of Section 2 to show that bootstrap eetimates
of densities of statistics converge as expected. Section 4 discusses convergence
of some Bayes posteriors which originally motivated the problem.

Let Gn and G denote the distribution functions (dfs) of 9, and g and let

"=>" stand for weak convergence. If Gn-b(s, a sufficient condition for gn(x)aag(x)
a.e. u is that each subsequence 9y have a further subsequence gﬁn converging to some
density g*. In that case, Scheffé's theorem (Serfling, 1980, p. 17) yields Gn"-o-G*
which would contradict Gn ->G if g* # g on a set of positive u measure. However,
the existence of convérgent subsequences is not easy to verify in the absence of

a metric space. (In the topology of pointwise convergence 95 is compact if {gn} is
is closed and {gn(x)} is bounded fqr each x. Unfortunately, this topology is not
metrizable here.) Thus, it is convenient to use uniform convergence on compacts

for which the Ascoli theorem is available (c.f., Royden, 1968, p. 179). This leads
to Lemma 1 and (1.3). If the equicontinuity is uniform, then.we can extend the

result to uniform convergence on Rk, ji.e., wrt the norm supxlgn(x)-g(x)lz Hgn--gllco .

The proof of this extension was suggested by Chris Klaassen.

AMS 1980 subject clagssifications, Primary 62E20; secondary 62G05.



. LEMMA 1. Suppose that Gn and G have continuous densities gﬁ and g wrt u on Rk.

If Gn->G and
(1.1) supnlgn(x)lsM(x)<m, each x e R,
and

(1.2) {gn} is equicontinuous, i.e., for each x and €>0 there exists &§(x,e)
and n(x,e) such that |x-y| <&(x,e) implies that Ign(x) -g,(y)| <e for all
nZﬂ(X,s), |

then for any compact subset C of Rk

(1.3) sup |gn(x)-g(x)|->0 as n~+0.
xeC

If {g,} is uniformly equicontinuous, i.e., 8(x,e) = §(e) and n(x,e) = n(e)
in (1.2) do not depend on x, then

. (1.4) supk]gn(x) -9(x)| =llg, - gll,>0 as n->e=,
X eR

PROOF. Conditions (1.1) and (1.2) are exactly what the classical Ascoli
theorem requires for {gn} to be compact wrt the topology of uniform converg'encec
on compacts. Thus, if 9ne is a subsequence of 9p2 then there is a further sub-
sequence g, which converges uniformly on each compact subset of Rk to some g*.
Scheffé's theorem then shows that g*=g a.e. u, and since they are both continuous

g"(x) =g(x), each x e Rk. So, for each compact set C

(1.5) sup [gna (x)-g(x)[+0.
xeC

It should be clear from the following argument how (1.5) vields (1.3). Now,
suppose that (1.4) is false. Then, there must exist an £>0 and a subsequence

n’ of n and a sequence X1 such that

‘ (1.6) [gn,(xn,)-g(xn,)l >¢ for all n’.



and

If the x , are bounded, then there exists some C which contain all the X1

(1.6) contradicts (1.5). If the X, are not bounded, then there is a subsequence

X such that at least one coordinate of Xon is tending to *=, Since g is a

density we have g(xn,,)-*O as n"+« and thus by (1.6) g_,(x_,) 2e/2 for all n”

nll n”

sufficiently large, say all n"zn . Let 6 =68(e/4) be such that lxn,,-y[ <$
implies [g,,(X,n) -9 u(y)| <e/4 for all n2n(e/4) . Then

Xqu* 8

Gnn(xnn""s) "Gnn(xnn' §) = f s gn,,(y)dyz (25)k5/4
x -
n"

(1.7)

for all n"zmax(no,n(e/4)) since gn,,(y) 2¢e/4 for all y in the § neighborhood

k

of x be the maximum of the coordinates). But

(let |+] on R
-6)sZHGn-G||°°+G(xn,,+6)-G(xn,,-d), and ”Gn"G||°°'*0

)(Za)k, where

n”

Gnu(xn+6) = Gnn(xnn
by Polya's theorem in Rk and G(xn,,+6) -G(xn,,-é) =g(x

*
n"

x;,,e (xn,,-G, X ,+8). Since at least one coordinate of Xon > £, the same is

n"
Thus, g(x

true for x* oy

e ) >0 as n”"+» and (1.7) is contradicted. [



2. Translation and scale statistics.
‘ a. Univariate statistics.
A statistic T(X) =T(X],---,Xn) is a translation statistic t if
T(x+a)=T(x)+a for all real a and vectors x=(x],-~, X ). Let Xqs©oesX

n
be independent and identically distributed (iid) observations with common density

n

f(x). Then, using the translation property wé have

G (y+t)=P(T(X)sy+t) = [I(T(x)sy+t)

ll.:-_-l 3
-—

] f(xi)dx] .. -dxn

n
=1-{I(T(x)>y) 1 f(xi + t)dx] seedxg
: i=1

n
=1-[1(T(x) > y)exp{ig]log F(x; +t)Jdxy e dx

Now, to get derivatives of G (y) we need only justify the interchange of operations

k
: Gn(y) ‘TG (y+t) |0 = -[1(T(x) >y) —Eexp{ Ylogf(x +t)} Iodx cedx
y =

(2.1)

Klaassen (1982) introduced this approach and showed that if f is absolutely

continuous with [|f7(x)|dx < «, then
n g n

(2.2) g,(y) = fI(T(x)>y)[-_X] Fx;)1 _H1f(x1-)dx]---dx
i= i=

(For notational convenience, first and second derivatives of f are often written
as f' and " and df(x)/dx* is sometimes denoted f)(x). If G_is a df then g_
is its first derivative.) In a similar fashion one can show that if in addition
f' is absolutely continuous with [|f"(x)|dx < =, then

2o £ \f' n
(2.3) g, (y) = [1(T(x) >y)[-i§] T (%) - igj A (xj)']iE]f('xi)dxl"'dx
It appears that generally one needs f(k'” to be absolutely continuous with
f|f(k)(x)ldx < » in order to justify (2.1). Unfortunately, the expressions tend

to get messy for k > 2.



We can get similar representations for the logarithm of positive seale
statistics S(X), i.e., those satisfying S(ax) = aS{x) > 0 for all a > 0 and

X = (x],-"xn). Then,

(2.4) Hn(y+t)= P(1og S(x) sy+t)=1-[I(1og S(x)>y) exp{.i]og(et f(etxgﬂdx1°--dxn.
'|=

If f is absolutely continuous with [|xf’(x)]dx < =, then
n ' n
(2:5) 1) = [1(T0g 5(x)>¥) ] (-1-xy ;—(xi))ig]f(xi)dxr--dxn :
Obviously, higher order derivatives may be taken under sufficient regularity
conditions. A similar approach is also possible for two-sampie shift statistics
and ratios of positive scale statistics.
The first theorems can now be given. Let I(f)=L:[f’(x)/f(x)]2f(x)dx,

I,(f) = [ 7r-1 - xf'(x)/f(x)jzf(x)dx, and let ®(x) and~¢(x) be the standard normal df

1
and density. F is the df associated with f and T(F) is the target "parameter"
of Tn’

THEOREM 1. Let X],-..,Xn be independent with common density f(x) on R].
Let Tn be a translation statistic such that Gn(y) = P(n%[Tn- T(F)lsy) » o(y/a),
each y. If f is absolutely continuous and I(f) < =, then with g(x) = o—]¢(x/o)
we have
g, - 9gl,~0 as  nosow,

THEOREM 2. Let X],---,Xn be independent with common density f(x) on R]. Let Sn
be a positive scale statistic such that Hn(y) = P(n%[log S - logS(F)lsy) » #(y/o),
each y. If f is absolutely continuous and I](f) < =, then with h(x) = c-1¢(X/o)

we have
[th, - hi, ~ 0 as  n o
PROOFS. Since both proofs are virtually the same, only the first will be given.
From I(f) < = via Cauchy-Schwarz we get [|f’(x)|dx < = and thus (2.2) with gn(y)

replaced by n'%gn(n'%y + T(F)) can be written as



-

-;}&nuﬁﬁn-un)>w-

He~1S

g,(y) = Eln
n i=1
One application of the Cauchy-Schwarz inequality yields gn(y) < IZIH")];5 and another

gives
4 e %
lg,(x) = g, (¥)| s CI(F)THG (x) - 6 (V)% < I(Fx - y|* .

Hence, {gn} is uniformly bounded and uniformly equicontinuous so that Lemma 1
applies. [

The analogous results for two-sample shift statistics and ratios of positive
scale statistics should be clear. The next result relates to the derivative of
the density in Theorem 1. Here the proof is different since Scheffé's theorem is
not available to justify “gé + g’ implies 9, * g."

THEOREM 3. Assume the conditions of Theorem 1. In addition, suppose that f'
is absolutely continuous and [|f"(x)ldx < . If (n%[Tn- T(F)1, n'%Z? f'(Xi)/f(Xi»
converges in distribution to a bivariate normal (Z],Zz)T with means 0 and variances

02 and I(f), then

g, (¥) *%W(ﬁ), each y, as n+ .
g
PROOF. (2.3) with gn'(y) replaced by n']gnYn']y + T(F)) can be written as
Xl g d

! 2 n

}x>n}un(T-rwn>w.
i

e~

g,'(¥) = Et- T
1

The quantity inside this expectation is uniformly integrable and converges in
distribution to the random variable I(f) - ;?I(Z] 5 y). Then, Theorem 1.4A, p. 14

of Serfling (1980), yields g, '(y) > ECI(f) - Z,°

I(Z] >y)l. A simple calculation
shows that this latter expectation has the desired value. [

Reimark 2.1. The joint convergence in the hypothesis is usually shown by
justifying the expansion n;i"[Tn - T(F)] = n'% Z? w(Xi) + Rn’ where Rn 14 0 and

Ew(Xi) = 0 and Var¢(Xi) = 02.



. b. Joint densities.

The methods of the last subsection are not ideally suited for joint
densities. The next three theorems show the kinds of results one can get.
The first is for application to studentized statistics, the second is for
regression, and the third is for bivariate location. The related
convergence in distribution results are often made much easier by Slutsky's
theorem and the Cramér-Wold device. Let <I>(y] ,yz;o,z) and ¢(y] ,yz;O,z) be
the bivariate normal df and density with mean 0 and nonsingular covariance
matrix £ having diagonal elements 012 and og.

THEQREM 4. Let X],---Xn be independent with common density f(x) on

R,

Let Tn be a translation statistic and Sn a scale statistic such that
= ;i - % - H
G, (yqa¥p) = P(n*IT - T(F)1 <y, n*Clog S, - Toa S(F)1 < y,) > ¢(y,¥,30,1).
If f and f' are absolutely continuous such that I(f) < =, 11(f) < =, and
. . ﬂf'(x)/f(x)lhaf(x)dx <« and “Xf"(x)_/f(x)l]+€f(x)dx < » for some ¢ > 0,

then

L | L
9, (¥15¥,) = fI(n*T - T(F)1sy,, n’[log S_ - log S(F)1 < y,)

n ? 14 ! '
x {r]T Z (2;_ (x;) +x'1.;;- (x;)) + -}]- _;.(1 +x, ;— (.xi))(% (xj))}
i=1 7J
n
X ‘iI=I'|f(X.i)dx]"'dxn’

and for g(y] ,yz)_ = ¢(y] ,yz;O,Z) we have
g, -gil, >0 as n-+=.

COROLLARY, The density of the studentized statistic Vn = n!‘itTn -T(F)]/Sn,
say gvn(y), converges 1in L](—m,oo) to gv(y) = S(F)¢(S(F)y/o]).

PROOF. Similar to (2.3) the representation for 9 follows from the
' . hypotheses of the theorem. Uniform boundedness and equicontinuity follow by
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moment calculations where the 1 + ¢ enters when using HYlder's inequality in
verifying the equicontinuity. For the Corollary, let wn = n%[1og Sn-log S(F)1.

Using straightforward transformation, the density of (vn,wn) is
-k -1
gv,,_,wn(yPyZ) = S(Fexp{n"?y,}g, (S(Flexp{n "y,}y;»¥,) -

Using the equicontinuity of 9, and the convergence of 9 from Theorem 4, we

have that gvn’wn converges pointwise to gv,w(y],yz) =S(F)¢(S(F)y],y2;0,z). Thus
’l L 2

by Scheffe's theorem gVnsWn converges to gv,w in L](R ). Then

_Zlgvn(y) - gv(y)ldy*? | afotgvn,wn(y,z) - gv,w(y,Z)JdZNy

-0l =00

S}. ?lgvn,wn(y,z) - 9y, ylys2)ldzdy >0 . O

- 00 =00

T

Consider the familiar linear model Y = XB + e, where B = (B]""’Bk) are the

parameters and ¢ = (e],-n,en)T are independent errors with common density f(x)

on R1. Let us say that 8 is a translation estimator if B(Y + Xt,X) = B(Y,X) + t

T

for all (Y,X) and t = (t],---,tk) . In that case a joint representation for

any two components is fairly simple since g may be viewed as a function of the

¥ (given X and 8). Let ¢ and m be integers from {1,...k}. Then

[8, - 8,1sy, + tz.n%['ém -8 sy, *+t)

G (y, +t, .y, *+ty) = P(n(B, - 8,

£7°m m

= (1(n%[3 (c=x t n~%)- 7 s = 0
[I(n [Bz(e X, ton ) B, sy, N [Bm(s-‘xmtmn 3. Bm]Sym)ii[]f(ei)de] de
=II(n1/2[lé (e)-8,1<y n%[é (e)-8.1<y) gf(e +X, t +x, t )de,+--d
g &l T Bt et Loy m? = Im/ T T et T im0

where Xz is the %th column of X and the.xij are the entries of X. If f and f'

are absolutely continuous with [|f'(x)]dx < = and [|f"(x)|dx < =, then we can

justify the interchange of derivative and integration to get
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9, (¥gs ¥p) = fI(.n%téz - sstyz,nl’zt%m -8.1<y)
n ' ' '
X {"Z x12 in Fleg) ¥ %};jx1szm : (ei)%'(ej)} n fle;)deyre-dey
This representation leads to the following theorem.

THEOREM 5. Under the Tinear model assumptions above, let £ be a translation
estimator of 8 such that Gn(yz,y m) - @(yl,ym;o,z). Suppose that XTX/n stays
bounded and that f and f' are absolutely continuous with I(f) < = and
flf’%x)/f(x)|]+ef(x)dx < » for some ¢ > 0, then for g(yz,ym) = ¢(y2,ym;0,z) we have
llg, - 9ll, >0 asn e,

PROOF. The uniform boundedness and equicontinuity are again shown by
moment calculations. [

The last result in this subsection is for bivariate densities. The proof
is similar to the previous ones. Extension to more dimensions then 2 becomes
quite messy.

THEOREM 6. Let XqsesXo be independent with common density f(x)='f(x],x2)

2

on R™.

Gn(y] s.yZ) = P(n;q:T]n - T](F)] < y]:n;i[Tzn - Tz(F)] < yz) > Q(.V'l s.Vz;OsZ)-

Let (Tln’TZn) be a translation statistic such that

If f and its first partial derivatives are absolutely continuous with
flaf(x)/ax][dx1dx2 < o, f[af(x)/aledx]dx2 < «, and flazf(x)/3x1ax2]dx]dx2 < o,

then

L L .
9, (¥ys¥5) = [I(n*[Tq, - T,(F)1 < y1, T, =TAF)1 < y,)

1n a2 n |
xf~ 7 —2——dogf(z) | + [n°% 1oaf(z) 1”2 § —2—log f(z) | 1}
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If further, E(310g f(z)/az] |z=X])2 < «, E(310g 1"(2)/?322]2:)(])2 < », and
Elazlog f(z)/az1322|z__,x] IHe < » for some ¢ < 0, then gn(y] ,yz) is uniformly bounded

and uniformly equicontinuous and with g(,y1 ,y2) = ¢(y] ,yZ;O,E) we have

llg, - 9ll >0 as n+ <,
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3. Bootstrap estimation of densities.

Suppose that we are interested in estimating the density of n%[Tn(X)-T(F)]
using a random sample X = (xl,...,xn) from f. The bootstrap method (Efrcn,
1979) is to estimate f by say ?n(x) = (nhn)']Z? k((x-Xi)/hn), and then
compute the density of n%[Tn(X*) - Tn(x)] (for fixed X) as an estimate of the density
of n%[Tn(X) - T(F)3, where X" = (X:,...,X:) is a random sample fron %n’ In practice,
one typically generates independent X* on the computer and estimates the density of
n%[Tn(X*) - Tn(X)J. Bickel and Freedman (1981) have given.some basic theory for
concluding that the distribution of n%[Tn(X*) -'Tn(X)] approximates the distribution
of n%[Tn(X) - T(F)] in large samples. (Some modifications are required for the
theory to hold when the X* are drawn from ;n rather than from the empirical
distribution function; see the examples below.) In the next theorem I want to
show how to apply the ideas of theuﬁast section to get the stronger result concerning
convergence of the densities. The theorem will be stated for kernel .estimators %n
and translation statistics Tn(x). However, similar theorems could be stated for

other types of %n and Tn(X). As before, let Gn(x) = P(n%[Tn(X) - T(F)1 < x) and

_ » _xh 'S __*1/2 * .
g,(x) = d6 (x)/dx. Let F (x) = [_ f (y)dy, G (x)} = P (n*T (X') - T (X)I<x) and
- FS %*
gn(x) = dGn(x)/dx, where "P*" refers to the conditional probability of X

given X. Statements "with probability 1" (wpl) refer to the unconditional
probability generated by X.

THEOREM 7. Let X" = (X;,---,X:) be a (conditional) random sample from
fn( (nh 21 (x - Xi)/hn) where X = (X],o--,Xn) is a random sample from

f(x). Let Tn be a translation statistic.

i) If k is absolutely continuous such that f|k'(x)]dx < », then fn is absolutely

continuous, fl%;(x)ldx < =, and

~-

~h>

s 111 F (2.)dz, -+ d
- z; ] n Zi z1 z

g (y)=[ T(n?T (2) - T (X)1 > y)n ACLERS

RN i

He~1>
—
-h>
3
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i1) If I(f,) < M < = wpl, all n, and & "Ble(y/a), then for g(y) = o™ o(y/0)
Han -gll_+0 as n >, wpl.

REMARKS 3.1. The proof of the theorem is trivially like Theorem 1 using
(2.2). Virtually all kernels k in use except the uniform satisfy i). The bound
on I(%n) is not trivial and will be dealt with elsewhere (see Bhattacharya (1967)).
The centering constant Tn(X) in the definition of én can be replaced by anything
which still allows én to converge. Now we shall examine some typical statistics
to which Theorem 7 applies. Each statistic has the functional form Tn(x) = T(Fn),
where Fn is the empirical df of X. Let F: be the empirical of df of X*. For
showing égx) wR]4>(x/o), it is easiest to consider Tn(x) replaced by T(?n), i.e.,
let én(x) = P*(n%[T(F:) —T(?: )< x). The basic approach in Bickel and Freedman
(1981) (hereafter called B & F) is to show for almost all sequences XysXge -

o (E . o E Y
(3.12)  n%T(F) - T(F) - T(FsF - F T3 0

*

TR i F - F o F )18
(3.16)  niT(F3F - F ) - T(FF - F )13 0

%*

(3.1¢)  n®(FsF, - F) 4 no,6%) .

Here T(F;a) is the usual linear approximation which reduces to a sum of (conditional)
iid random variables when A = F: - ?n (see Serfling, 1980, p. 219). B & F give
simple conditions for handling (3.1b) and (3.19 in the case that ?n is Fn' In the
examples below I sketch how to verify (3.1) for the kernel estimator En‘ Note
that if hn WE] 0 and k is a density, then characteristic function arguments
yield ?n wgl F. If F is continuous, we can also conclude that
F_ - Fll = sup,|F,(x) - F(x)] "B o .

EXAMPLE 1. The mean, T(F) = [xdF(x). In this case (3.1a) and (3.1b) are
trivially satisfied and (3.1c) follows from (2.2) of B & F (or directly
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from the Lindeberg condition) if %n wg; F and fxzd?n WE] fxzdF(x) < =, Since
[x%F (x) = n7'ex? + 2n Xfxk(x)dx + h2[x%k(x)dx, it suffices to have
fxzk(x)dx <wand h wl g

EXAMPLE 2. Quantiles, T(F) = F'](p) = inf{x:F(x) =2 p}, 0 < p < 1. Here,
T(F;a) = -A(F-](p))/f(F'](p)), and a modification of Ghosh's (1971) argument
wg]

along with %n f uniformly in a neighborhood of F'](p) yields (3.1a). If

h, is not random, sufficient conditions for |ff - f||, 21 5 are given in

Silverman (1978), including f uniformly continuous and hy > 0,(1ogn)/nhn - 0.

Then (3.1b) is not necessary in this case since

~ * -~ n
u%Fn-n)=%;w-1u < FN ) WE (F ()
1=
d1y
(3.2) = w.l 0p - (U I (F ()

—de
—

where the U, are iid uniform (0,1) random variables. Of course (3.2)
d N(0,p(1 - P)/fz(F'](P)) by the CLT and Slutsky's theorem.

EXAMPLE 3. Linear combinations of order statistics with smooth weight
functions, T(F) fo L(£)J(t)dt. Here, T(F;A) = -f"Mx)I(F(x))dx. Restrict J
to be bounded and continuous a.e. al with at most a finite number of
discontinuities. For T to be a translation statistic we need [8 J(t)dt = 1.

If J vanishes in neighborhoods of 0 and 1, then (3.1a) and (3.1b) can be verified
by slightly modifying the technique in Section 3 of Boos (1979) and (3.1c)

wpl

follows from the triangular array CLT since En => F implies

(3.3) IICF (xay) - ( )F (Y 29(F(x))I(F(y))dxdy

WRT {1 (xny) - FOOF(y) 10(F(x))ICE(y))dx dy .

If J does not vanish in neighborhoods of 0 and 1, then

f[?n(x)(l - ?n(x)D%dx wp1 JIFx) (1 - F(x)1%dx < o is sufficient to get (3.1a)
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and (3.1b). Since fxzdﬁn - (fxdign)2 = IIEEH(XAy) - En(x)ﬁn(y)]dxdy and J
is bounded, (3.3) and thus (3.1c) follow from the conditions in Example 1.
EXAMPLE 4. The Hodges-Lehmann functional, T(F) = median {F*F(2x)},
where F*F denotes convolution. The usual estimator
T, = median{(xi + xj)/z, 1<1<]Jsn} is asymptotically equivalent to
T(Fn). Here, T(F;a) = 2[[F(2T(F) - x) - %1da(x)/G{T(F)), where
G'(x) = F*F(2x). As in Example 2, a modification of the Ghosh (1971)
argument gives (3.1a) if ll?n - fllw"‘El and ||f||_< . (This case is slightly
harder since it involves calculating the variance of certain U-statistics.)
Then (3.1b) and (3.1¢) follow under no further assumptions.
REMARK 3.2. At the beginning of this section, it was noted that one
would typically use an approximation to the density §n based on computer
generated samples x* = (X:,---,X:) from ﬁn' Let T:, i=1,...,8, be the values

of n%[T(F:) - T(?n)] calculated from B independent samples X*. Then define

the kernel estimator

(3.4) g, 500 = g

as the estimate of én. It is not hard to believe that sn,B converges to g as

n and B - » since Theorem 7 gives an WR] g as n > ». (However, a direct proof
appears nontrivial.) But consider the following harder problem. Suppose that
the X* are generated from Fn 50 that §n does not exist as a density wrt Lebesque
measure since Fn is discrete. Can we hope for Sn,B to still converge to g?

The answer is yes under certain conditions on Gn' Boos and Monahan (1982)
observed this phenomenon in Monte Carlo work, but noted that the convergence

in L1 norm was slower when generating from Fn rather than from ?n in the case of
the median and the Hodges-Lehmann estimator. Let us consider the conditional

mean and variance of §n B*
9’
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*a *® - -
£ g, 5 (%) = %E J_ K )
- %E.;fme (x = hgv)k’(v)dv

[}

,],—B J7 (6 (x = hgv) - G(x - hgv) - [G (%) = G(x)T}k'(v)dv

© G(x - hyv) - G(x
+ L:. hB

)}k!(v)dv .
B

We have used integration by part and fk'(v)dv = 0. The last integral converges

as hy ~ 0 to -fg(x)vk'(v)dv = g(x). The other integral suggests the condition
(3.5) {én(x - th) - G(x - th) - Ean(x) - G(x)]}/hB WEI 0, each x and v,

as n and B > =, One sufficient condition for (3.5) is nﬁ[én - G}_ = 0(1), wpl,
and B%hB + », For the variance we have

*
*s 1,.%1 XN
Var gn,B(x) s gvar EE-k(—TE;-)

1,1 = 2,x=y, A *2(x) 12
< g{h—z L (%;%dﬁn(y) + [E g,(":f),l }.
B

Thus, 1f k is bounded, [Nk'(v)[dv <= , hy ~ 0 and BhS > =, then (3.5) gives
J

E*[sn,B(x) - g(x)]2 wg1 0 and SH’B(X) £ g(x) (for almost all XIXZ"" ). This
proof holds for any én satisfying (3.5). A similar argument would work for the

histogram estimators used by Efron (1979, p. 20).
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4. Convergence of posterior densities.

The motivation for considering the convergence of densities of statistics
arose in Boos and Monahan (1982). They considered the situation where one has
observations from fo(x-re), fo is unknown but symmetric, 6 is a reasonable
estimator of 8, and prior knowledge about 8 is given by the prior density =(e).
Then an estimated Bayes posterior is obtained by using =(8) and an estimated
likelihood (essentially (3.4) evaluated at 8 = Tn(X)). In this section I want
to give a general formulation which justifies such an approach asymptotically.

Let 6co be a subset cf Rk. Suppose that there exists a sequence of

estimators 3==§n and constants an -+ « such that
(4.1) P(an(g - 8) < x|8) > L(x), each continuity point x of L.

Typically a = nli and L is a multivariate normal. .Let L have density 2 wrt
Lebesque and let Ly denote the left-hand side of (4.1) or some estimate of that
df with related density S ¢ Let =(s) be a bounded and continuous prior density
on Rk. Since gle has {perhaps only approximately) density anzn(an(x -6)) we
can call anzn(an(g - 0)) a likelihood and define the posterior density of

9{8 by

(4.2)  p(t]e) = n(t)az (s (6 - t)/[nt)a e (a (6 - t))dt .

We are concerned about the limiting distribution of a _{e - 5)|5 which has

density pn(t/an + 815) and df
(4.3)  Pla(e - 8) < t[3) = f:z-fn(é - g—;)dLn(x)/fRd---fw(s - ;—n—)dLn(_x).

The weakest type of result is that (4.3) converges weakly to 1 - L(-t). More

interesting is the convergence of pn(t/an + 3[5) in topologies generated by

(r)

pointwise convergence and Ly ' convergence, f|t|r|f - g|duy > 0. Bickel and
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Yahav (1969) have considered convergence in L%r) for standard parametric Bayes
posteriors.

Fix 6, as the value of ¢ in (4.1).

THEOREM 8. (i) If Ln =>L and 8 P eo,then (4.3) g> 1 - L(-t). (ii) If
%, > & pointwise or in L§r) with [|t|"2(t)dt < =, then p,(t/a, + §|§) £ 2(-t)
pointwise or in L%r). (ii1) 1f=8“P‘ 8g» then the convergences in (i) and (i)
can be strengthed to wpl.

PROOF. (i) By Skorohod construction we can find 6* d 3 such that
~x wpl

8" % 8- Fix we Qq = {w:8*(w) ~ 8g}- Let o, = 6%(w). First we consider the

denominator of (4.3). On any compact subset A of Rk we can assert
X wpl
(4.4) /{w(en - az)dLn(x) B n(eo)l{ dL(x)

since n(s_ - x/an) is a bounded and continuous function which is converging

n
~uniformly to n(eo) on A. Then

'l{kﬂ@n-%;)“n(x)-"(eo” < lfktn(en-g—;)- C a) (x)3dL (x)]
+ | fn(e ;—dL (x) - n(eo)de(x

+ n(eo)(] - de(x_))
A

By choosing A and n suitably large, each of the above terms can be made
arbitrarily small. Thus, the denominator of (4.3) L4 n(eo). A similar argument
yields that the numerator of (4.3) L4 n(eo)(l - L(-t). (ii) The convergences of
n all imply Ln=o-L so that (i) takes care of the denominator of pn(t/an + 6l§).
It remains to show that the numerator, n(t/an'Pé)zn(—t), converges to w(GO) in

the appropriate senses. The pointwise convergence is obvious. For L%r)
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we have

j It n(—— + o )e (-t)- n(eg)e(-t)|dt
It “lnG=+0,) - m(Evo )1, (t) |2, (-t)dt
R n n
+ It =+ 0) - wlogle, (~t)dt
A n

+ w(ﬁo) £|t|r|zn(-t) - o(-t)|dt + n(eo) ékytjr|1 - IA(t)|z(-t)dt s

and each integral can be made suitably small by choosing A and n large. O

REMARKS 4.1. If L and £ are given by G and g or én and ﬁn of the forms
in Sections 2 and 3, then Theorem 8 gives the asymptotic distribution of the
associated Bayes posterior. From a practical standpoint it might be more
interesting to let r(e) grow more concentrated about some & as n grows so that
its affect is not nég]igib]e in large samples.
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