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SUMMARY

The factorial experiment is a general technique for the
study of the varlations brought about by deliberate changes in the
experimental conditions. In general, experiments are carried out
by scientists in order to determine the effects of one or more factors
on the yleld or quality of a product or the measure of an instrument
or the resistance of a material, etc. . . . If the experiment is
such that the conclusions can be drawn about each factor independently,
a great advantage of simplicity in the interpretation 1s gained, To
achieve this objective one can decide on the set of values or levels
for each of the factors to be studied and carry out one or more
trials of the process with each of the possible combinations of the
levels of the factors. We call such experiment a factorial experi-
ment., We use the term factor to denote any feature of the experi-
mental conditions which will be controlled by the experimenter,

The various values of a factor examined in the experiment are called
the levels. The combination of levels of all factofs used at a given
trial is known as the treatment combination and the result of such

a trial is the response.

Because we want to compare different treatments together and
be able to tell how they differ we need to perform the experiment
under conditions that are nearly as alike as possible for each
treatment, Considerable variations in the experimental units to
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which the treatments are applied would vitiate the conclusions to be

drawn. An efficient way to overcome this difficulty when variations
are known to be present in the experiment is to perform what is known
as blocking or confounding., One divides the experimental material
(which may be the field where the crop grows, the pleces of machinery,
etc. ...) into blocks or subsets in which the experimental conditions
are much alike, In each block a fraction of the total experiment

is performed,

In many cases however it is possible to assign the
treatments to the different blocks in such a way that we are able on
one hand to free the more inportant comparisons among treatments
from the relatively largér variations between blocks while on the
other hand we deliberately confound unimportant comparisons with

these variations., These methods of assigning treatments to blocks

is part of the design of an experiment and it is this aspect we want
to study and we will specialize to the case of the symmetrical
factorial experiments.

| We consider a s" symmetrical factorial experiment
involving n factors, denoted by F1,F2,....Fh. each at s levels,
s a prime number or power of a prime., A treatment in which these
factors occur at levels Xy 9 Xpreee Xy respectively, is denoted by
T(xi.xz....,xh). Following Bose [2] we identify the s levels at which
a factor occurs with the elements of a Galois field GF(s). The
treatment T(xl.xé,...,xh) may be identified with the point
(xi,xz....,xh) of the n-dimensional finite Euclidian space EG(n,s).

A 1:1 correspondence is thus established between the s" treatments

and the s” points of the space BG(n,s). Splitting and confounding .
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of degrees of freedom can be translated in geometrical terms.,

A symetrical factorial design on s” treatments is said
to be of class (s",s) 4f each replication is laid out in s* blocks
(k ¢n) of sk treatments each, In such a design, ( sk-l) degrees
of freedom are confounded with blocks, The point of interest for the
experimenter is the cholce of the effects which will be confounded.
It is known that one does not have ocomplete liberty in the choice
of confounded effecfs: in fact, one can choose exactly k of the
effects for confounding before the total scheme of confounding in the
experiment is completely determined, The main problem is thus
to be able to enumerate all the (sn,sk) designs and their respective
confounding schemes, Connected to this is the problem of determining
the maximum number of factors when interactions up to a given order
are to be left unconfounded, These problems were studied in (2] ’
where it was shown how the (sk-i) confounded degrees of freedom are
related to the k generating factors an experimenter may choose to
determine the design. A method of approach to the problem of
enumeration of the (sn.sk) confounded designs is described.

Based on the treatment of a factorial experiment developed
in [2], we describe in this work a new geometrical method of
enumeration which is relatively easy to apply in the case of
(sn,sz). (sn.sB) and (sn.su) designs. In Chapter I, which serves as
an introduction, we will present‘ the problem in mathematical form.

In Chapter II we will describe the method of emumerating
the (sn.sk) designs and its application to the cases k = 2,3,4,

This method usee the modular representation of the matrix generating

the confounding scheme of the design, the columns of the generating
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matrix belng regarded as points in a projective geametry. We study

then the different kinds of designs associated with different confi-
gurations of the points associated with the generating matrix and

we give necessary conditions for the existence and feasibility of
certain designs. We have worked out the complete descriptions of the
designs of class (s6,33) and (ss.su). These are given in the tables
in the Appendix, We have also solved completely the case (sn.sz) and
(2",2°). |

One of the interesting féatures of the mathematical theory
of factorial designs is its close connection with the relatively new
theory of error-coding and the fact that the problems of coding can
be often trenslated into ~des:!.gn problems and vice versa, But let us
first introduce briefly the theory of coding.

The theory of coding consists of an ensemble of techniques
and methods for accurately transmitting signals over noisy channels.
We shall consider the situation of discrete messages or signals
produced by a source and encoded into a sequence of symbols which
are successively sent over the channel (e.g. a telephone line, the
interstellar space, etec. ... ).v Because of the presence of some noise
or disturbances during the transmission, the received symbols may
not correspond to the original transmitted symbols, At the receiver
end it is possible to recover some of the infoﬁnation lost during the
transmission by a decoding oporaﬁion. This is done with the aid of
a code, We shall restrict our attention in this work to block codes
in which a message correspond to a block of k symbols; each block of
k symbols produced by the source and made available at the encoder
is transformed into a block of n symbols called code word which is




sent over the channel., The set of code words is called a code,

At the receiver end, the received block of n-symbols may
contain some error but because the code does consist of a subset
of all possible n-symbols the erratic sequence is not necessarily
jdentified as a code work; the detection or even correction of the
error is often possible. The main problem is then the proper selection
of n-symbols to form the code.

We shall assume that the channel is able to transmit
s-distinct symbols, s a prime or power of a prime. We identify these
s symbols with the elements of a Galols field GF(s). A sequence of
n symbols is identified with an n-vector of Vn the vector space of
dimension n over GF(s). .A code is a subset of Vﬁ. If this subset
is itself a linear subspace of dimension k we talk of an (n,k)
linear s-ary code. We define the weight of a code word as the number
of its non null coefficient. The notion of weight and error
correction capability of a code 1s related as follows: in a linear
code with mimimum word-weight equal to (2t +d + 1) it is possible to
correct up to t error and detect up to t + d errors.

In Chapter III we shall present in a mathematical language
the notion of a code and how we can relate it to the notion of a
cohfounded factorial design. Speaking very briefly one can identify
to every (n,k) linear s-ary code a (sn.sk) confounded factorial
design such that a code word of weight w corresponds with a (w-1)-
order confounded interaction., We show how the problem of designs can
be translated in coding language. We shall conclude this chapter
by stressing the connections between both topics studied above, fact-

orial designs and theory of codes, with the theory of fractional



factorial designs.,

In Chapter IV in the context of coding theory, we
shall investigate the problem of the weight distribution of a linear
code. In the utilization of a code in a communication system an
important parameter to consider is the spectrum of a code,that
is the distribution of the code words by weight. Our interest will
be limited in this work to the aspect of deriving the welght dis-
tribution of a code. We shall start by a derivation of a general
formula for weight distribution in linear code based on the Mobius
inversion formula. We deduce the known'fonnula of weight distribution
for optimum code and show how this can be utilized to obtain necessary
conditions for the existénce of such codes, In the second stage
we shall transform the original formula into one giving the weight
distribution as a function of quantities as Ni, the number of sets
of u columns of the parity check matrix of the code which span a
v dimensional space, This is used to derive a new formula for the
conic code and distance 3 s-ary Hamming code. A table of weight fre-
quency is tabulated for s = 3,4,5,7,8 in the case of distance |
4 s-ary conic code, Finally using the last formula for welght
distribution of a code we derive a lower and upper bound on the

weight distribution of a code and compare it with previous ones,




CHAPTER I

TIE TEORY OF SYMMETRICAL FACTORIAL DESIGNS

1 - Factorial desizns

Many experimental situations require the study of the
effect of varrying two or more factors. In the exploration of such
situations one knows that it is not sufficient to examine the
variation of one factor at a time but all combinations of the different
factor levels must be examined in the same experimental set up in
order to explain the effect of each factor and the possible way in
which each factor may be modified when others are changed.

Such a procedure called factorial experiment has many
advantages over the one that examines one factor at a time, It first
estimates each effect with the same accuracy as if only one factor
had been varied at a time. It also gives an estimate for each
interaction between the factors, this being essentlial if the research
worker wants to acquire some insight into the phenomena under study.

When the number of factors is large the dimension of the
factorial expe'riment is large also and it may be difficult in that
case to perform the experiment in homogeneous way; the variatlions
of the experimental material become important and can vitlate the
conclusions of the experiment and reduce considerably the efflciency

of the experimental set up, For example, a large biochemical
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experiment on rats may require a large number of them to recelve

the treatments,but large variations in the condition of the rats
from litter to litter may reduce the efficiency of the experiment
and obscure the real difference between the treatments. The size of
a large industrial experiment may require that the experimental
material be taken from various locations which brings in external
variations in the experiment which may weaken the results.

The most efficient way of dealing with this difficulty
is to divide the experimental material in smaller homogeneous blocks
and assign subsets of the treatments to each block in such a way that
it is now possible to estimate some effects with very great precision
as if the external vari#tions were not existing.

A major inconvenience in such a procedure is that some
other effects are confounded; that is the variation between blocks
will obscure any statement about them. It is often possible however
to select these confounded effects as being thg 6nes that are known
to be unimportant or non-existent and lose vefy little in the inter-
pretation of the results. In order to do that in varibus gitvuations
we must know the different scﬁemes of confounding available for
each kind of designs., It is the purpose of thié work to present
a method of constructing confounded designs and’describe their
confounding schemes, We first introduce some notations and defi-

nitions,

2 - Definitions and notations

Consider a s" symmetrical factorial design involving n

factors Fi’FZ"”’Fn each at s levels, s a prime number or power
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of a prime number, The effect of a treatment in which these factors
occur at levels Xy 1Xpre 004X, respectively, is denoted by T(xi,xz,...,
xh). A linear function of the treatment effects may be written in

the form

A

XqoXppeeesX, T(xl'XZ""'xn)'

xi,x speece .xn

Xy taking all the s possible values., A linear function for which

L

Cx x:O
Xy 1 Xpreea s X, 10 Xpre e 00Xy

is called a contrast. There are (sn-i) such independent contrasts
in the space of linear functions of treatment effects and the set
of all contrasts forms a vector space of dimension (sn-i). We will
say that each contrast possesses a degree of freedom and in that
sense we shall talk of a degree of freedom belonging to a contrast.
The degrees of freedom belonging to two orthogonal contrasts will
be defined as orthogonal. A set of contrasts containing r independent
contrasts is sald to possess r degrees of freedom. There are alto-
gether (s"-1) degrees of freedom.

The contrast between the two sets of e different treatment

Tl

effects T,,T T and T!
e 2

1002000 1’
' 1 - T
oee +Te- Ti- Tz" L Tel

.....T: is the function Ti + Té +

A contrast is said to belong to the main effect F1 if the
coefficients in the linear function depend only on the levels of the

factor Fi; i.e., we can write the contrast as

E: C, T(xl.xz,...,xn) where z: C, =0.

XyrXppeeesX, i X, 4
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A contrast 1s said to belong to the first order interaction

Fi Fj between the factors Fi and Fj if the coefficlents of the funce

tion depend only on the levels of the factors Fi and F, and the

J
contrast is orthogonal to any contrast belonging to the main effect

of F‘i or FJ. One can write such a contrast as

C T(XysXppee0yX)
"1"‘25';""% xyx, TRk,

with the property that

Z C C - Z C —Z

= = c
XyrHgoeoo s X Xy x'i‘_x‘j X9 Xprese X xixj xixj x'ixj
=0,
A contrast is said to belong to the r-th order interaction

of the factors Fi oFy ,...,Fi if the coefficients of the function
1 =2 r+1
depend only on the levels of the factors F, ,F seee F and
i1 i2 ir+1
the contrast is orthogonal to the contrasts belonging to any main

effect of these factors and any k-th order interaction of these
factors for k =1, 2, ..., r=1 and re¢n. A r-th order interaction
is also called a (r+l)-- factor interaction.

It 1s easily seen that the contrasts belonging to a r+t
factor interaction F, ,F, ,...,F form a (sr*l-i) dimensional vectar

1"y, 1rt

subspace in the space of contrasts. The spaces of contrasts belonging
to different interactions being orthogonal, the whole (sn-i)--space of
contrasts can be split into

n n ny _ ,n_

(1) + (2) 4+ eee + (n) = 271
orthogonal subspaces and thus the s =1 degrees of freedom are split

into 2".1 corresponding orthogonal sets of degrees of freedom,

We shall now identify the s levels of each factor with the
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elements of a Galois field GF(s) and the treatment combinations
(xl,xz,....xh) witia the points P = (xi,xz,...,xn) of a finite
Zuclidian geometry EG(n,s). This establishes a 1:1 correspondence
between the s” treatments of the experiments and the s” points
of the geometry EG(n,s). Such correspondence was first established
by Bose in [27].

A parallel pencil P(ai,az.....an) in BG(n,s) consists of
s parallel (n-1)--flats. Each (n-1)--flat is defined as the set of
points (xl,x2....,xn) satisfying the equation

3y Xy ta, X, ¥ ... +a X =a, aiG.GF(s). .

The s parallel (n-1)--flats of the pencil are obtained
by letting a, take the s values of GF(s). We shall say that two
parallel pencils P(ai.az,...,an) and P(bl’bZ""'bn) are identical
when a, =@ bi fori =1, 2, ..., nand § # 0,an element of GF(s).
The s parallel flats of the pencils divide the s points of BG(n,s)

n-1

into s disjoint sets of s points each. Speaking in terms of the

treatments, one has split the s” treatments into s disjoint sets of
sn'1 treatments each. The contrasts between these s disjoint sets
carry (s-1) degrees of freedom which are said to belong to the pencil.
It can be shown that the sets of (s<1) degrees of freedom

carried by two different pencils are orthogonal, This and the fact
that there are (s"-1)/(s-1) different parallel pencils in EG(n,s) show
that one can Aivide the (s"-1) degrees of freedom into (s"-1)/(s~1)
orthogonal sets of (s-1) degrees of freedom each. Moreover it can

be shown that the nature of the degrees of freedom carried or con-

founded by a given parallel pencil P(al.az....,an) depends on its

coordinates 31185900048 0 Precisely if just k coordinates of the
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parallel pencil P(sl.az....,an) are non-zero viz, ail,a12 .

then the (s-1) degrees of freedom carried by the pencil belong to the

,...ai

k-factor interaction F, F, ... F
o Yy
effect); in such case we shall say that the pencil belongs to the

(a 1-factor interaction is a main

k-factor interaction Fi Fi oo Fy o
1 =2 k
In summary one can divide the total set of (sn-i) degrees
of freedom carried by an experiment into (s"-1)/(s-1) orthogonal sets
of (s-1) degrees of freedom each, all the degrees of freedom in one
set belonging to the same interaction, amd agiven k-factor interaction

1)k-i

possesses (s- of these sets of (s-1) degrees of freedom.

3 - Confounded factorial designs

Lot us consider a parallel pencil P(ai,al,...,an) which
splits the entire set of treatments into s disjoint subsets of sn"1
treatments each. If each subset of treatments is assigned to a block
the design obtained is saif to confound the interaction corresponding
to P(al.az....,an). In this case any contrast among the subsets
defined by the pencil cannot be estimated free from the block effect.

For example in the case of a 3“ experiment where the
treatments are represented by the points (xl,xz.x3,xb) of EG(4,3),
xie GF(3), one may consider the parallel pencil P(1,0,1,2); the .

treatments are then assigned to the blooks as follows:

the set {_(xl,xz,xB,xu) Xy + x3 + 2xu = 0} goes in block 1,
the set {(xﬁ’xz'XB’xh) X + Xy + 2x4 = 1} goes in block 2,
the set {(xl,xz,xB,xu) X+ X+ 2%, = 2} goes in block 3,

(all the operations are mod. 13).

The two degrees of freedom carried by P(1,0,1,2) become




confounded in such an experiment; these two degrees of freedom belong
to the interaction F1 F3 Fu. In this experiment all the contrasts
not carried by P(1,0,1,2) can be estimated free from any block
effect.

We now proceed to confound the degrees of freedom belonging
to two different parallel pencils P(al,az,...,an) and P(bl’b2'°"'bn)’
say., We consider the set of treatments given by

'(xl.xz.....xn) 81Xy + 8%, + 00 48X =ag

n'n
b

+ b + eee + b X b

11 7 F2% n“n = 20
This set is a (n-2)--flat of EG(n,s) intersection of the (n-a)--
flat belonging to P(ai,az.....an) defined by

{ (xi.xz....,xn) | 24%4 + apXot o0 B X = ao}
and the (n-1)--flat belonging to P<b1’b2""’bn) defined by

{(xl,xz,...,xn) 'blx1 +byx, + .0+ bnxn = bo} .

The set of s disjoint (n-2)--flats obtained by letting

a4 b, take all the values of GF(s) is called a parallel bundle of
order 2. Such bundle splits the set of treatments into 52 disjoints

n-2 treatments each. If we assign each subset to a block

subsets of s
the design obtained is known to confound the (s-1) degrees of freedom
belonging to P(ai.aé.....an) and P(bi’b2’°"’bn)' Moreover such
design confounds the (s-1) degrees of freedom carried by
P()\la1 + Azbl’ )\1a2 + )\1a2 + )sz""’ X1an + )uzbn) where
M go X ,€GF(s) and (X4, A,) £ (0,0,

| In the example above if we choose for second pencil
P(0,2,1,2), the 3° sets defined are
‘{(xl,x 1X3,%),) Xy + Xy + 2x) = ag
2x2 + X4 + th = by
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when a5, bo + 0, 1, 2, The confounded penclils in this case are
P(1,0,1,2) belonging to LY F3 F,
P(0,2,1,2) belonging to F2 F3 Fu
P(1,2,2,1) belonging to Fy F, F3 F,

P(1,1,0,0) belonging to F, F

1°2

each carrying two degrees of freedom,

In general the degrees of freedom carried by k different
pencils Pl' Pz...., Pk can be simultaneously confounded by assigning
each of the'sk sets of the parallel bundle of order k defined by these
to one block., The totality of the s-1 degrees of freedom confounded
in this way is carried by the (sk-l)/(s-i) pencils given by |

P()\ 1311 + )‘éalz 4+ eee + )‘kaik”"’ Alanl + xzanz L

+Ak%m) ‘
where )\ 3 takes all the possible values of GF(s) 1 = 1,...,k and
Py = Pag 8y 50e0ea85)s § = 1,20000 K, (we do not allow all the Ay
to vanish simultaneously).

4 - Confounded designs of the class {sn, gk}

A symmetrical factorial design s is said to be of class
(s?, sX) 1f each replication is laid out in s¥ blocks (k& n) of
sn"k treatments each, We have just seen that a way to look at the
problem of construction of an (s", sk) design is to consider k

independent parallel pencils Py, P,, ..., P in MG(n,s) with




P1 = P(ali,alz.... .ain)

v
!

= P(8.21 ,322'000 o‘zn)

. ‘13‘ GF(s)

A= ((aij)) has rank k in GF(s)
Pie = Plaggoigpee e nay)
and think of Pi as the main effect pencil of general factor
$.(1=1,2,....%).

The intersection of the k pencils Pi’PZ'“' ,Pk defines

a partition of EG(n,s) in sk disjoint sets of sn'k points each and

correspondingly a partition of the s" treatments in sk sets of sn'k

treatments, If each set. of treatments is assigned to a block, the

k
). We shall say that PiuPyyeeesPy

are the generating pencils of the design. It is clear that in such

design obtained is of class (s”, s

a design each of the general factors §1. Qz, eeey é Kk remains at
constant level in each of the block. Thus the sk-i degrees of freedom
belonging to all possible generalized interactions of él'éz"“ ’Qk
are confounded,

In terms of the coordinates of the generating pencils the
( sk-l) degrees of freedom confounded belong to ‘the ( sk-i)/ (s-1)
parallel pencils P(by,b,,.se,b ) where the coordinates (b,b,s...,b )

are given by

(bysbyeeeesb) = (Mg hpeecash) [agyay, oee oy

871822 **° 8y,
(4.1)

| %1% vt

for all X ic GF(S); (xig XZ'...’AR) * (ogoonoo.o)n
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It is understood that two vectors (bi'bZ""'bn) and
(bI.b%,....b;) are the coordinates of the same pencil if b1 =j b_I
i=1,2,...,n.

The set of vectors (bi’bz""’bn) defined by equation
(4.1) completely define the confounding structure of the design,
Depending on the positions of the zero coordinates in each vector
(bi'bz"";bn)'the corresponding pencil will carry degrees of freedom
belonging to a specific interaction. Let us denote the set of
(sk-i)/(s-l) vectors defined by (4.1) by L(A) where A = ((aij)) is
called the generating matrix of the design,

Let us define by = 1 if b, #0

| 0 if b

i
then the z-vector (b:.bg,...,bg) indicates where are the gero

=0

~ ecoordinates of the corresponding vector (bl'bZ”"’bn)' With this
notation we can say the the (s-1) degrees of freedom confounded by

a pencil P(bi'bz""’bn) belong to the interaction

z 2 '
p 2
2

b
Fy

b

1 .o E™ (in the Yates' notation).

For example continuing the illustration of Section 3

and considering (bi'b b4)1= (0,2,1,2) we have that

2'b3'

(b:,b;.bg,bﬁ) = (0,1,1,1), and the two degrees of freedom confounded
0.1.1.1

by P(0,2,1,2) belong to F1 F2 F3 Fh = F2 F3 Fy .

We now define the symbolic notation
‘2 2 b4

2 by by
E =F"F
and we let the set L(A) ={b' | b'= A 'Ai A# g} correspond to

bz

n —
F,” «eo F = where F' = (Fi’FZ""’Fn)

the set LE(A) ={B‘3z l L' e L(A)} which consists of the various

interactions to which the (sk-i)/(s-l) sets of (s-1) degrees of
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freedom confounded belong.

Let us consider the confounded design D, of class (sn, sk)

1
generated by the k independent pencils P11' P12,..., Pik and with

corresponding generating matrix Al, and a second confounded design 32

of class (sn, sk) generated by the k independent pencils P21, P22,
esey P2k and with corresponding generating matrix A2. Then we will
say that D1 and D2 are equivalent if the set of confounded inter-

actions DE(Al) can be obtained from the set I;kAz) by changing the

‘name of the factors, or in other words if there exists a nx n

permutations matrix En such that -
(4.2) EA) = LT (a,).

In the 34 facforial experiment described previously the
two pencils P(0,2,1,2) and P(1,0,1,2) generate a (34, 32) confounded

factorial design D1; the generating matrix is

[o 21 2]

A1 =

1012

the set L(A,) = { (0212), (1012), (1221), (1100)}

F
and L—(Ai) ={F2F3Fa, F1F3Fu. FlFZFBFu. Fin} .

We consider a second (3“, 32) confounded design D2 whose generating

0111
A, = ]
2 [1 11 o]
then L(A,) = { (0111), (1110), (2001), (1221)}

£
and 1XA,) = {FP,F), FyF,Fy, FiF,, FEEF] .

matrix is



12

If we take
E, = 1000
0001
0010
0100
F E
then L—(Al) (A ) and D; is a design equivalent to D,.

We now derive sufficient conditions for two matrices
to generate equivalent designs in the following lemma:

Lemma 4,1: Let “1 and A2 be two matrices generating the .
designs D1 and D2' respectively. A sufficient condition for
D1 and Dé to be equivalent is that we can write
(1) A1 =G, A2 D
where C_ is a k x k non-singular matrix in GF(s),

Dn is a n x n diagonal matrix whose diagonal entries are
non zero elements of GF(s), and
En is a n x n permutation matrix.
Proof: Given the hypotheses (1) we may write

Lf-(Ai) L-F-(Ck A, D_E)

{.E:Qz I h‘I'(ck A2 Dn En)}

{2 | ps1, D 2)}
because L(C.k A,D E)= L(A2 D En) for any none-singular k x k

matrix .
Fk E b2 z

Also because (E F) = e Eb we can write

Bap = (D™ | Bpeun, )
{(EnE)- | heL(A )}
= { (Enz)b | D b&L(AZ)}

but because (D:l1 p)? = we have that
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2z E
) = {(50° | per) =1 "E(Az)}
which proves that D1 and Dz'are equivalent,

5 - Modular representation of the (sn. sk) copnfounded factorial designs

The modular representation was introduced by Slepian [20]
in connection with problems in coding theory and independently by
Burton and Connor [5] for the case of factorial designs. We shall de-
fine here this notion and give some results useful for the enumeration
of confounded designs that will be worked out in the next chapter,

We have just shown how a (s", sk) confounded factorial

design 1is related with its generating matrix A where
11 %12 **° 84p

821 822 *** B2p
(5.1) A= . . sse @ = [&1 s 52 E ese ;%J H aijC. GF(S).

'
11 %2 *** Fn
We have shown that the (sk-l)/(s-l) confounded parallel pencils
denoted P(b') are the ones for which the vector b' satisfies the
relation
(5.2) ' B'= A'A
for some k-vector \' = ()1, ) preses k), )ie GF(s) (we do not
allow 2; to be the null vector). Each such parallel pencil carries
(s-1) degrees of freedom.
Let us now think of the non-null column vectors a

-i
(1 =1, 2,..., n) as the coordinates of points in PG(k-1, s). 1In

of A

PG(k~1, s) there are N = (sk-i)/(s-l) different points that we denote

by Pyy Pyy eeey PN. We denote the (kx1) null vector by Py

Then with each generating matrix A we can associate a set denoted s‘,
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of n not necessarily distinct points taken from Po.Pi,... ’PN .

We notice that the same set -SA of n points may be associated with
many generating matrices which are characterized in the following
obvious lemma:

Lama 5.1: Let A, and A, be two (kxn) matrices

then 8, = SA if and only if we can write

A R
A1 = AZ Dn En
where Dn is a diagonal matrix whose diagonal entries are non-mll
elements of GF(s) and En is a permutation matrix. Then all the
matrices which have the same set SA of n points generate equivalent
designs by Lemma 4,1,

Let us denote‘by Gg the number of times the points Pi
appears in the set S, (1 = 1,2,...,N) and let G§ be the mumber of
times the null point P, appears in S) We define Q:' = (Gg. GQ.
coes Gﬁ) as the godular vector of the design whose generating
matris 1s A. Such vector determines completely the set SA and
thus all the matrices which have the same modular vector G*
generate equivalent designs, It 1s not true however that different
modular vectors correspond to different designs. We conclude that
n
26 Gﬁ = n.

We glve an example of the modular vector of a (26, 23)
design. Suppose that

- |

and let us denote the points of PG(2,2) as follows

OO
o O
[l e N o]
[eNe N

1
1
1

= OO0
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then S, ={P1. Pys Py, Py, Py, PB}.

and _GK' = (1,1,1,2,0,0,0,1) . is the modular vector of the design.
Each k-vector M ' in the equation (5.2) can be used to

define in PG(k-1, s) a (k-2)--flat given as the set{; |>‘_'g = 0} ;

hence the 1th coordinate b, of the vector b' = _L' A will be zero if

i

_)_ ' &, = 0 that is if the point represented by g, is in the flat

8y
defined by A . There are N = (sk-i) /(s-1) different A denoted by
-A—i' A—Z""’ LN; to each _X__i cooresponds a (k-2)--flat

Fi = { X l X' 'Li = 0} and the confounded parallel pencil

Pi = P(pi) where pi = MA. We denote by Di"l the order of the

interaction confounded by P, (1 = 1,2,...,N) and define the vector
.Q' = (Di' D 9 ocey Dn)
as the vector of the orders of the confounded intez"actions.

We define the N x N incidence matrix B = ((Bij)) by the following:

0 1f the 5 point of PG(k-1, s) 1ies on the 1"
(5.21) B = (k-2)--flat F,.
1 otherwise

~ A A
We define the vector _Q‘ = (Gi’ G

+ eees GN) which is the vector
gx' with its first element left out.

Lemma 5,2: The relation giving D in terms of G can
be written as

(5.3) BG =D
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N
(5.4) where Z: G: =n - Gg : G: 2 0 and the operations in
i=1
(5.3) being over the reals.

Proof: D, is the number of factors in the interaction

1
- - ]
confounded by the parallel pencil Pi = P(Qi) where pi "aLi A or
equivalently Di is the number of non-null coefficients of gi .

We know that the k™

coefficient A a of b, is null if and only if
the (k-2)--flat F

N A
Ko but - Bij Gj
d; not lie in the (k-2)--flat Fy and is equal to D;. We have

;:1 Bij Gg = Divi =z 1,2,¢00,N or in matrix form this can be written as

4 contains the point of PG(k-1, s) represented by

is precisely the number of points of SA which

~
BG, =D

Let us premultiply (5.3) by B' to obtain
(5.5) B'BG, =3 D

Consider

B' B = ((mij)) where

= = the number of (k-2)--flats not contain-
k=1 ing a fixed point P,.

(sK-1)/(s-1) = (£=1o1)/(s-1) = &2

’-._:5

1
™
xpd
43
o
e

i

N _
my g ZE By Bkj = number of (k-2)--flats not containing
k=1 P, or P..
i J
k- k-1 k=2
s -1 s -1 s =1 _ k-2
= S_1-2( s_1)+ ~1 - S (s-1).
(5.6) Hence B'B = gk-2 I+ sk-z(s-i) Iy
where JN is the N x N matrix of ones.
The equation (5.5) becomes
k-2 k-2 Ay . o
(5.7) s~ G, +s (s-1) (n-Gy) gy =B'D




17

where j'N is a vector of ones.
Then

T -BLD A
(508) Q'A - k_z - (3-1) (n - Go) .iN

which is the inverse formula to (5.3).

Now given a vectorTG_ one would like to know if the
corresponding (sn, sk) design exists, If such a design exists then
we say that E is M;

We have the theorem:

Iheorem 5.1

E = (Gl’ G2' .&., GN) is admissible if and only if

1) k & El Gi & n,
2) Gy is a non negative integer 1 = 1,2,...,N,

3) E:{§> OMBihmithmﬁBm

Proof: In a (sn, sk) design, the generating matrix has
rank k, which means that there exist k linearly independent columns
in the matrix, and the points of PG(k-1,s) associated with them are
said to be independent. The existence of such a set of k independent
points is equivalent to condition 3), since a (k-2)--flat
contains at most (k-1) linearly independent points we must have
B—.;.E >0 fori=1,2,...,N and conversely if all the Ei E > 0,
then no (k-2)--flat contains the n points; thus there must exist
more than (k-1) independent points in the modular representation.

Conditions 1) and 2) assure the modular representation
associated with ¥ to exist.

We say that a vector of orders of confounded interactlons

D is admissible if there exists a (8", s°) design from which it can
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be derived as above. We have the theorem:

Theorem 5,2
D' = (Dl' Dys sees DN) is admissible if and only if
1) kslge N D, & n o1
i=1

- s=1
2) = [Q_{ - jﬁ]g must be a non-negative
integer for1 =1, 2, ..., N
3) 040D
Proof: we have from 5.3 that

N ~ N
1 _ k-1 A _ k-1 A
E D, =3y BG =s }:i=1 Gy = s (n-Go)

and condition 1 of this theorem is equivalent to condition 1 of

Theorem 5,1.

Using (5.8) we have that

B! D
 od 4
G, = 1~ - (s-1) (n-Gd)
3 0

k-2

s

]

B s-1 1 s-1

= - i1 D= B! - 1 D
k2 kol Koz V1 )
S S s -]

and condition 2 of this theorem is equivalent to condition 2 in
Theorem 5.1.
Obviously by (5.3) condition 3 of this theorem and

Theorem 5.1 are equivalent, This proves the theorem.

6 - Necessary conditions for equivalent designs

Let us consider a (sn, sk) confounded factorial design
D1 with generating matrix A1 and modular vector

[ fad
Q{' - (Gio' G11, G12’ ev ey Gin) = (GlO:g'i)
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and a second design D2 with generating matrix Az and modular vector

v
gé' = (Gzo, G21. G22, evey Gzn) = (G20=g5)°

Theorem 6,1

A necessary condition for 01 and 02 to be equivalent

designs is that

1) Gy =Gy

2) G =G} B for a permutation matrix Ey.
Unfortunately these conditions are not sufficient. However, the
results of this theorem shall be useful in the next chapter for the
enumeration of confounded factorial designs by restricting the
search for different designs within certain subsets of designs
satisfying the conditions 1) and 2). Let us now prove the theorem.

Proof: We recall that D1 and Dz~ are equivalent if there
EF
exists a permutation matrix En such that LE-(AI) =L rl-(1\2) where

2
) ={® | pelap} 1=1,2
th th th

We know that G10 columns, say, the 11 . 12 s seey iGio of

the generating matrix A1 are null; then for every vector b€ L(Al)

we will have b, = b = ..o = b = 0, In terms of the elements
5 3 5
1 2 Gyo
bZ
Re LF-(Ai) this means that the factors Fy , Fy , ..., F;  will
1" 1 %40

never appear in a confounded interaction term f_‘b , all the other
factors appearing at least once,
Similarly for the design D‘,2 there will be G20 factors, say

F which will never appear in F“QGLE(AZ), all the

0

other factors appearing at least once in some term.

'F ,ooo.F
3" 3 jcz

Then if G it will be impossible to have

10 ¥ G0
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E F
LE(Al) = L " (A,) for any E_matrix because it will be impossible

to map the Gzo non-appearing factors of D2 into the Glo non-
appearing factors of Dl'
Assuming now condition 1) to be true we prove the necessity
of condition 2).
When the ith coordinate of Ei denoted Gii is non null
we know that there are G,, columns of A, the 1th. ith, coey 1th .
11 1 1 2 G11
say, that represent the same point Pi PG(k-1,s); i.e., any
two of these 61 5 column vectors differ from one another by a scalar
multiple. Clearly any vector b€ L(Ai) will have its coefficlents
b, b cee b to vanish simultaneously and moreover it is
i, 1 1
1 ~2 G1i
impossible to add any other coefficients to this set of G11
coefficients without losing this property. In terms of the
z
interaction confounded F’h € LF(Ai) this means that the factors

F

5 Fi oo Fi always appear together in a confounded interaction

1 72 Gli

whenever they appear.
Then if it is impossible to find a permutation En for
| - 1
which g1 = Qz EN then we mus“t have that

H-Gli | G4 = K}l # |{sz l Gy = k}' for some integer k,

0 £k &n, (c;.11 and G, stand for the coefficients of G, and G,,

23

respectively). In that case there is clearly no permutatlon matrix
EF

E_on the factors that will make LF(A;) = L ™ (A,) because the

number of sets of k factors that appears simultaneously is different

in both design for at least one k.




CHAPTER II
ENUMERATION OF (s”, sk) CONFOUNDED FACTORIAL DESIGNS

1 - Technique of enumeration

We have shown in the last chapter how the confounding
scheme of a (sn,sk) design is related to a (k x n) generating matrix
A: the confounded pencils P(b') are the ones for which
(1.1) b' = A'A,
each such pencil carrying (s-1) degrees of freedom belonging to the
interaction EPZ. We know also that each non-null column of a k x n
matrix represents a point of PG(k-1,s). For a given design D with
generating matrix A one may assoclate a set of n points or less of
PG(k-1,s), called the generating graph. The generating matrix
is not unique and the generating graph is also not unique for a given
design, We consider the vector A in (1.1) as defining a (k-2)-flat
in PG(k~-1,s) defined by{l(_ | A Xx= O} « In these geometrical
terms we can say that the pencil P(b) with b' defined in (1.1)

will belong to the interaction F, F F, if the points

i iQ.O i
th .th 1.2 r

represented by the 11 , 12 y eeey igh columns of A are the only points
of the generating graph not belonging to the flat/[_)g | A_ tX = 0} .

For geometries of dimension 1, 2 or 3, it is easy to plot
the generating graph of a design and to produce from it the con-

founding structure of the design. This is best illustrated by the
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following example:

We consider the design of class (56. 53) whose generating

matrix is
100 Py 0 P,
001r, r,O
12 ry T, ry £ 0,
py; #0,
This glves rise to the following generating graph:
3
A
(1.3) 5

¢.1)

A point may represent one or more factors. In the example
above the point (1,0,0) représents two factors, 1 and 6, while the
other represent one factor each,

Consider now all the possible (53—1)/(5-1) lines (1-flat)
in PG(2,s). The line containing the points associated with the factors
2 and 4 for example, correspond to a vector A_' = (Xl,} 2,) 3) fbr
which B' = QL' A has its coefficients bz and bh equal to zero; the
corresponding pencil P(p) belongs to the interaction F1F3F5F6.

The 1line containing the points associated with the factors
2 and 3 contains 5 alsoc., Such a line corresponds to a 2L such that_

b' = X' A has its coefficients b, =b, = b_ = 0; the pencil P(b)

2 3 5

belongs then to the interaction F1FQF6; All the other lines are
analysed in a similar fashion to obtain the confounding structure for
the design. This is shown in the following table of confounded

interactions (these being all the elements of LgkA)):
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main first second third fourth

effect order order order order
FZFuF5 i F1F2F3F6 1 FinFquFs (8-2)

(1.4) F2F3F4 i F1F2F5F6 1 F1F2F3F5F6 (8-3)
F3FUF5 i .F1F3F5F6 1 F1F2F3FuF6 (8-2)
FZFBFS 1

fifth

order

F1F2F3F4F5F6(82-'L&S+5)
In table (1.4) the number at the right of an interaction
term indicates how many pencils of that particular interaction are
confounded., In the genefal case of a (sn,sk) design with generating
k x n matrix we consider all the possible (k-2)-flats in PG(k-1,s)
and produce in a similar fashion the table of confounded interactions.
As we can notice, this method of enumerating the confounded inter-
actions is quite easy and visual for i, 2 or 3 dimension. For
higher dimensions such method loses its simplicity.
Let G be the generating graph of a (sn,sk) design with
generating matrix A, Let G' = (G4, G,y ..., G,) be the modular
representation of the design (as defined in 1.5), where Gy (1> 0)

th

islthe number of columns of A which represent the 1™ point

P € PG(k-1,s) 4 Gy

factors associated with the point Pi of the generating graph; Ggp

(L >0) can also be interpreted as the number of

is the number of null columns of A.
let us suppose that OLi‘A ces L ip (k£ pk n)
are the only non-null coeffients of G', then the corresponding

generating graph G can be described as the set of points
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4 factors

P, , P
\ RIS ; ;
and iGi.=n-G0.

j=1 73

We now define two generating gravhs to be of the same

s seas Pi } where the point Pi stands for G
D

structiure if there exists a mapping é of the points of one graph

onto the points of the other such that

'(Si )- All the incidence relations of the graph are preserved by
the mapping, or in other words if dim{X‘ = dim{§ (X)}
for any subset X of the points of the first graéh.

(82)- The number of factors associated with Pi and § Pi are equal,
Theorem 1,1 ’
Two (sn',sk) designs are equivalent if and only if their

graphs have the same structure.

Proof: We know that two designs with respective sets of

confounded interactions L-E(Al) and L'r-(AZ) are equivalent if and only
if one can write
F Bk
But the set IT(A,) consists in the enumeration of the
incidence relations of the points of the graph with the (k-2)-

flats of the geometry: (Fi Fi cee Fi )€ L'EAi) means that there
1

, 2 r
exists a (k-2)-flat which does not contain Pi ’ Pi ? eeey Pi or
i 2 k
equivalently which contains P, ., P, , ..., P (its complementary
) 1

set in the generating graph)., Hence the mapping of a generating
graph onto another, which preserves the incidence relations of the
graph is a necessary and sufficient condition for going from one
design to an equivalent onse.

If we say that a class of equivalent designs forms a

type of design, the last theorem states that there are as many types
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of designs as there are graphs with different structures, One object
of this work is to enumerate the different types of (sn,sk) designs
for special values of s, n and k and their confounding structure,

In order to enumerate all the different generating graphs
i.e., the ones with different structures we shall proceed in two
stages, In a first stage we find the entire set of graphs or
point configurations such that for any pair of configuration in
the set no mapping exists such that S1 is satisfied, In 2 dimension
we have to describe and enumerate all the different possible con-
figurations of.p points in the plane.

In a second stage we look at the number of ways we can
assoclate factors to eacﬁ point of a gilven configuration such that
the generating graphs obtained these ways have different structure.
Such a procedure shall lead us to a complete enumeration of the

different types of designs.

2 - Construction of (sn,sk) confounded designs for the case k = 2,3, 4

Case k = 2: a(s", 52) design corresponds to a choice of
n points in the geometry PG(1,s). The (s+l) pencils confounded
correspond to the (s+1) 0-flat, A confounded pencil belongs to

F F e s e F
i 1 i,

in the corresponding O-flat, The 23 types of designs of class

interaction if the points il' 12, eesy ir do not lie

(56, 52) are enumerated in Appendix II.

Case k = 3: a(sn, 53) design corresponds to a choice of
n points in PG(2,s). The s2 + s+ 1 pencils confounded correspond to
the (s2 + s 4+ 1) 1lines in PG(2,s). A confounded pencil belongs to

Fi Fi e e Fi

interaction if the points 11, 12, ceey ir do not lie
1 =2 r
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in the corresponding 1line. The designs of class (36, 83) are enumer- ‘

ated in Appendix II. They divide into 38 types.

Case k = 4: a(s", 54) design corresponds to a choice of
n points in PG(3,s). Here the (suLl)/(s-i) pencils confounded corre-
spond to the (su-l)/(s-i) planes of PG(3,s), A confounded pencil be-

longs to Fii Fi ces Fi interaction if the points 11, 12, eeey 1

r

do not 1lie in tﬁe corre:ponding plane. The 23 types of (56, s“)
designs are enumerated in AppendixIT,

In each class of designs, every type is described in the
-following synopsis. The generating matrix is given in a canonical
form; the "x"'s in the matrix represent 'a non-null element in GF(s)
chosen such that all posgibly non-vanishing sub-determinants of the
matrix must indeed be non-vanishing. Special cases of vanishing

sub-determinants are indicated. The generating graph is produced.

The various pencils confounded are grouped under the interaction

they belong to.

3 - Lypes of squivalent dagicns

We will need the following lemmas:
Lemma 3,1: If a and b are two n-vectors such that

Qz then the sets {gz ' a'X = 0} and

I
il

{lz I b'y= 0} are identical.

The proof is by induction on the number of non-null elements of

g and b, If g and b have only one non-null element in the pth
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position then the set{X® | a' X = o} may be written as{ggz\ x; = o}
whlchequals{_z | x' b —O} ={Xz |y;=0}

Let us suppose the lemma to be true when a and b are such
that gz = Qz. rach with (r-1) or fewer non-null coefficients. We now
investigate the case when exactly r coefficients of g and b are non
null. In that case
3.1) (X" |a'Xx =0} 1,

(3.2) {xz | &'y =0} { ‘ 11y11+ ceo biryir:O}.

But by hypotheslis of induction the following subset of

{x* LRt = 0}

’

1
j=1, 2, ... r} equals the following subset of (3. 2)

{x | b11y11+ ces -l-bi yir = 0; at least one yij = 0"“] =1, 2, ceuy l};

in partiecular both sets contain the same number of elements, Sut

the number of solutions of a'x = 0 and b'y = 0 being the same we have

that the sets{_}gz l a'X = 0 and Xy £0 j=1,2, ..., r} and

J
{Zz I ' x =0 and Y3 £0 j=1,2, .., r} contain the same
J
number of elements and hence are equal., This terminates the proof.
Theorem 3,1

If {éi} and {p_i} are two sets of vectors with the same

dimension such that { af} = {93} then the sets { X* | ajx = 0 all 1}
and {xz I_b_s y=0all j} are equal,

The proof is similar to the one for Lemma 3.1.

Assume now a (s s S ) design D with k x n generating matrix
A. The (", sk ) confounded design D* with generating (n-k) x n
matrix A* such that rank A* = n-k and A A*' = 0, is said to be the
dual design of D, In other words D* is the design the confounded

pencils of which have thelr coefficients orthogonal to A.
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Lemma 3,2: The correspondence of a (sn, sk) design to its

(s", sn'k) dual establishes a 1:1 correspondence between designs of
class (s”, sk) and of class (s", sn'k).

Lemma 3,3: The dual designs of two equivalent (s", sk) de-
signs are equivalent designs.

Proof: Let us assume that the two equivalent (s”, sk)
designs 01 andAD2 have Ai and A2 as generating matrices and hence

EF
for some permutation matrix E_we have IﬁkAl) =L n?(Az)

LE(AZEn). By Theorem 3.1 we have immediately that LE(A*i)

LE((AZEn)*) (where * is defined as befors). But we can take
(AZEn)* as equal to AJE and

- Eap = 1fage)
and DI is equivalent to Dg.

These lemmas allow us to reduce snumeration work in
half; one just needs to study the case of designs of class (sn,sk)
k 4 n/2 in order to find all the different types of designs.

Up to this point we have tried to set formal definitions
useful in the theory of confounded factorial designs, We have defined
identical designs and have shown a method of enumerating the various
interastions confounded in a given design. We would like now to
dévelop an algorithm to enumerate the various types of designs of
a given class, We shall study this for the class of designs
(s®, s%) and 27, 2%),

4 - The number of different types of equivalent (s, s2) designs

In Chapter I, we saw how the different (s”, sz) designs

correspond to the different ways of choosing n points on PG(1,s) and
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how to work out the confounded pencils in each case. PG(1,s) may
be represented as (s+l) points (xi, x2) on a line, two points
(Xi’ xz) and (yl, y2) being identical when x; = ¢ ¥y, X, = 1 X,
( ¢ a non-null element in GF(s)). As an example let the design with
generating matrix

10xxx0x

01x00xx

x being any non-null element in GF(s) such that all the possible

non-singular 2 x 2 matrices are non-singular. Such a design can
.be represented by the graph in PG(1,s):

L

L
r

(1,4,5) (2,6) (3) (7)
where the ith point is the one corresponding to the ith column of A.
We saw that the confounded pencils P(b) are the ones with coefficients
b' given by

10xxx0x
f -
h —(A 11)2) (leo()xx) (xi’ Xz)#(oso)o
Taking (),1, X_z) as coefficients of a 0-flat in PG(1,s) the
confounded pencil for this (},1,).2) will belong to interaction
th ,th .th

FilFiz...Fir if the 11 ’ 12 s seaey 1
0-flat in question. We then observe that two (sn, sz) designs will

points do not 1lie in the

be equivalent if the repartition of their factors is the same or

in other words if in both generating graph the number of points
corresponding to k factors (k =1, 2, «s., n=1) is the same. It
follows then that the number of different types of (sn, 52)

designs equals thenumber of ways one can arrange n objects in at
least two different cells (this is the case when none of the columns

of A are null) plus the number of ways one can arrange n-1 objects
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in at least two different cells (this is the ocase when one column of
A is mull) plus the nmumber of ways one can arrange n-2 objects in ’
at least two different cells and so on.

If we denote by T the rnumber of different types of
(s", sz) designs and by V the number of ways one can arrange k

objects in at least two different cells we have that

n
(ucl) ) Tn. = z Vk
k=2
thenT =T . +V.

The quantity (Vn+1) is the number of ways one can arrange
n objects in one or more cells, two arrangements being identical
when the mumber of cells .with k objects 1s the same in both arrange-
ments fork =1, 2, ..., n. The quantity Vn-l-l is well omputod [12].
The number of types of (s", 82) designs for 3£{n$ 30

is given in the table below.

The number of types of (s", sz) designs

n 'l‘n n Tn
3 3 17 1194
b 7 18 1578
5 13 19 2067
6 23 20 2693
7 37 21 3484
8 58 22 Ly8s
9 87 23 5739
10 128 26 7313
11 183 25 9270
12 259 26 11705
13 359 27 14714
14 493 28 18431
15 668 29 22995
16 898 30 28598
5 - The emmeration of the types of (s”, 2°) confounded designs

The generating matrix A of a (2°, 23) design is a3 xn
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matrix with entries in GF(2), The columns of the matrix A can be

considered as points in PG(2, 2). The geometry PG(2, 2) consists
of seven points and seven lines: a graphical representation of this
geometry is given in Figure 5.1, The circle joining the points
(101), (110) and (011) corresponds to the line X + %X, + Xy = 0.
We shall number the seven points of
PG(2,2) as shown in Rigure 5.2.
We denote as before the modular
1
vector G*, = (Go,Gi,GZ,GB,Gu,GE,Gé,a;
corresponding to the generating
matrix A, where Gi is the number of
columns of A which represent the
pOint Pi in PG(Z,Z),]'. = 1, 2, ceey 7
oot o111 °10
, and where Go is thenumber of null
N Figure 5.1

columns of tge matrix A. We have

Gy 2 0 and :E Gy = n. Each column
i=0
of A being assoclated with a factor,

we have that the point P, is

i
associated with Gi factors which we
denote by Gi also. We obtain the

table of confounded interactions

by considering the seven lines of

PG(2,2). The factors associated

with the 4 points not on a line are
confounded in the interactions
corresponding to this line, We get

the followlng table of confounded
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interactions:
G2 + G5 + G6 + G7
Gh + G7 + G1 + G2

G6 + G2 + 63 + Gb
G1 + Gu + G5 + G6
where for example the term G2 + G5 + G6 + G7 corresponds to the

confounded interaction with G, + G_ + G6 + G7 factors, G

25

2
being F, F, ...F, (say) where the ith, ith, coey 1% columns of
1 1, | 1012 G,

i1 +2
A represent the pognt P2 = (100) in PG(2,2), Each term.in(S.i)

of them

represents the juxtaposition of 4 sets of factors (some sets might

be empty). The addition sign is to remind ourselves that the Gy

inside an expression can commute 1. e., 62 + G5 + Gé + G7 is

jdentical to G5 + G2 + G7 + Gg for example.
For exsmple we have the (25, 27) design D, with generating

maﬁrix

F1 F2 F3 F4 F5 F6 F7 F8

1 0011011

>
It

011011 01

60111110 .

The Fi on top of the iJc'h column of A helps us to remember that the

th coefficient of the vector b' = AL' A 1s associated with the

i
appearance of the factor Fi in the interaction to which the pencil
P(b) belongs. The modular vector of the design is

QT' = (0, 11, 12, 03, 2“, 15, 26. 17)
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N

where for examole 2 refers to the 2 factors associated with P

me*

yo e
table used to construct tie confounded interaction is
124154274+ 17
0> + 26 +17 4 11
21’L + 17 + 11 + 12
17 + 11 +1% 4 0
2% 412 4 0% 4 2"
17 4 0% 4 2% 4 15
LI AL NP
the term 12 + 15 + 26 + 17 refers to the 5 factors interaction
F F5 F‘,7 F Suppose we have two (Zn, 23) confounded designs D1
and u2 witn mofular vectors given by
5.1.1 &' = (ggr 8yr 8y fq0 e Pe g 7)) = (g 1 5
5.1,2 88" = (hgr Byy Byw by By ey By h) = (b i i

respectively. 'We know from Theorem 6.1 of Chapter I that a necessary

condition for D1 an? 32 to be identical is that

5.1.3 (1) gy = ho
n n
(2) G'=2x E7 for some permutation matrix E7. These

conditions are not sufficient, however, and the problem of enumerating
the various types of designs is now reduced to the following: given
€9 and G' we want to know the number of types of designs in the class
of designs with modular vector of the form G* = (go i E_J7) where

J7 is a permutation matrix. By 42numerating the various 2o and

the different ’é) vectors (two _’(}l vectors being "different" if we cannot
obtain one from the other by permuting its coefficients) we shall

obtain the total number of types of designs of the class (2", 23).



pL

eor 1

The table of confounded interactions for D1 is given by
2 6
gz + gg + g6 + gg
3 6 Vi 1
g3 + 8 + 8y + g4
L 1 2
gy + g; + g4 + 8

5.1.4 5 1 2 3
85 + gi + gz + 53

gg + gg + gg + gﬁ
L
gg + gg + gy + gg

b 6
gi ey g? + 8¢

and the table of confounded interaction for D2 is given b

2 5, .6 7
h2+hg+h6+h?
3 7

h3+h6+h7+h

b 7, 1
hu-i-h +h1+h
2

5.1.5

and let us suppose that conditions (1 2 in 5.1,3 hold t

7 7
28 =2 h  and
1=t 1=t

'Q',' = :Ei'En for a permytation matrix E and a necessary and
sufficient condition for D, and D, to be equivalent }s that there is

a4 permutation of the supersoripts of the hi entries in 5.1,5 which mdms
he table (5,1,4) ide 1 1,5). '

Let us first illustrate this by an example. Consider a

second (28, 23) design D, with its modular vector equal to




g’ = (0, 2%, 1%, 0%, 2%, 15, 15, 17,

then the table of confounded interaction is
+1° + 16 + 17

0?4 1% 17 4 2t

2“ + 17 + 21 + 12

17 + 21 + 12 + 0’

+ 12 + 0 + 24
17 + 0> + 24 + 15
27 + 24 +1° 4 16

and it is obvious that no permutation of the superscript will make

this table identical to the one for D1. For example the first line

6 + 17 has no counterpart in the first table.

12 417 + 1
Let us prove the theorem, The necessary and sufficient
condition simply says that by changing the names of the points in
the generating graph of one design we can make tables 5.1.4 and 5.1.5
identical, This signifies that we can establish a one to one
correspondence between the 7 sets of g5 factors in D1 and the 7 sets
of hj factors of D, which will make tables 5.1.4 and 5.1.5 identical
1 and Dz.
When it is possible to make two tables identical by

and hence will establish the equivalence of D

pefmuting the superscripts of the entries of one of the tables we
shall say (loosely speaking) that the two tables are similar.

We now proceed to anumerate the various disjoint subsets
of designs with G' = (Gl’ Gy, 33, Gy, GS' Ggs G7). For each subset
we wlll characterize the different sets of similar designs and we
will give an algorithm to count the various types of designs.

Note - We shall denote by Th the number of types of
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(2", 23) designs and by Tg the number of types of (20, 23) designs

which G0 value equal to zero. Then we have the relation

To=Tp+ T s T3=1
( / L
5.1.56) 'I‘n = Z Ti .
i=3
In the following we shall only derive the value T° and using

b
(5.1.6), T, Will be computed easily.

Step 1 - Three Gi's are non null

We assume here that the generating 3 x n matrix A with
its entries in GF(2) has rank three and is such that none of its
columns 1s null. We assume also that in the modular vector
E defined in (5.2) exactiy three coefficients Gi are non null, This
means that the generating graph will consist of three non-collinear
vertices or points one of which will stand for g4 facgors another
for g, factors and the third one for g4 factors and z:i gy =M.
We easlily reslize that there is only one configuratio; of three non-
collinear points possible, this meaning that different choices for

the three points of the graph will lead to equivalent designs.

Let us choose then the three non-collinear points to be

— -— — 4 '
PIPPZ’PB and 01 = gq» 62 = gps G3 = g4, Say; then we have G

= (glvg21g3900000'0)| Z gi = N
i=1
The generating graph is reproduced in Figure 5.3 and the

table of confounded interactions in (5.3)
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2
-Sz_gact oTs

+G2-0-G3

+ G

G
G
1 4 G
B tactors g Pectors .
Figure 5.3
where for examplse 61 + G2 means that one confounded interaction
.1s composed of the G1 =gy factors placed in point 1 and of the
G2 =g, factors placed in point 2 of the generating graph., From
Table 5.3 it is obvious ﬁow that any permutations of gl,gz,g3
(as coefficient in the vector G) will leave the set of values in
5.3 unchanged; for example, if we had considered the vector G'
= (gz,gl,gB,O,O,O,O) instead we would have obtained the same set
(5.3) corresponding to the set of confounded interactions.
We must then conclude that the desligns under consideration

3
here are characterized by the sets g, g,, g, where ii-gi =n,

i=1

gy N0 1 =1,2,3, The number S? of different types of designs

(With three Gi's non null and G0=O) considered here equals the number
of partitions of n into 3 parts.

Let us denote by p(n,k) the number of unordered partitions
of n into k parts i.e. p(n,k) is the number of solutions in

positive integers Xy of

n=X 4%, = ...+ x forx dX 4D .. 2x2 1;

(5.4) S? = p(n,3).
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Step 2 - Four Gi's are non null

We have to distinguish two cases corresponding to two
configurations of the generating graph.

In the first case A has rank three, its corresponding G
vectors as defined in (5.2) has exactly four Gi's non null and its
generating graph consists of four vertices (out of the seven
possible) no three of them collinear, We know that one needs to
study only one realization of such graph, any other with the same
configuration leading to an equivalent design. Let us then
consider the vertices 1,2,3 and 5 of the graph and let us also
assume that the n factors are dividgg into four sets with size
B10€p18318y, respectively .(we have 1Z=1 gy =N, 84> 0). Then the _'é_'
vector is

G' = (g, 2, 830 0s gy 0, 0)

i. e. G1 = By» G2 = g5 G3 = 8 G5 = gy The generating graph is
illustrated in Figure 5.4; the table of the confounded interactions 1s
given by

(5.5) G, + G5 N fa

G, + 61

3

G, + G
1 2 ¢ 5%3
G5 + 61 + G2 + G3

G2 + G

3
Gy + s 1

& 3
Gy + Gy &

Mgure 5.4
Looking at the Table 5.5 we notice that any permutations
of 8118518418y, 88 coefficients of‘§ will leave (5.5) unchanged,
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Hence the design considerad here is characterized by the glving of the
set gi,gz.ga,gu where z;i gg = M gi> 0.
The number S?z of the different types of such Aesigns is
n
(5.6) Sy, = p(n,4).

In the second case, the generating matrix A has rank three,
the corresponding‘g vector has four of its coefficients non null but
now the generating graph consists of four vertices three of which
are collinear. Without loss of generality we can study the case when
these four points are P1,P2,P3,Pu and take the E vector as

~N

' - — — .

g = (g1’g21g3iguoo9ovo) i.e. Gi = gi i-= 102"3,14'0

the generating graph is illustrated in Figure 5.5 and the table of

the confounded interactions is given as

2
. B2

Figure 5.5

G,

(5.7) Gy + 6y

Gh + G1 + G2

G1 + G2 + G3

G2 + G3 + Gu
G3 + Gu
G1 + G,_L .

The question is now that given the four integers E1+82183 and gy
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the sum of which equals n, what the permutations of these number in G
are ,that leave the set of the interactions confounded given in

(5.7) invariant. Using the graph and the equation (5.7) we see that
permuting 8184 and g, together does not change (5.7) while on the
other hand it is impossible to interchange g, with only other
coefficient. Such kind of designs are thus characterized by the
gﬁying of the coefficient g and the set gi,gB,gu subject to
giigi =n, If we denote by ng the number of different designs

considered here ws have

(5.8 & =5 M e 4
. 2 =F Pn-m3) =5 p(m3) forn 2 4
mn=1 .m=3

these two cases are the only ones possible when four G1 are non null
in G, This can bé seen by enumerating the 35 possible sets of four
points,

Step 3 - Five G, are nop.null

In this case the G vector has exactly five of its
coefficlients Gi different of zero; the generating graph consists of
five points. There is essentially one structure for such a graph
which can be described as two intersecting lines of three points., We
can suppose the five points of the graph to be Pi’PZ’PB’Pu and P5
and the E vector to be

G = (81185185 ,285:0,0) 5 Gy =gy 1 =1:2,....5.
The generating graph is illustrated in Figure 5.6 and the table of

the confounded interactions is given in (5.9

Figure 5.6
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+
Gy
3 + G1
+ G, +G, + G

5 1 2 3
(5.9) 5 * Gy + Gy
3+Gu+G5
G1+Gu+G5
G, + Gy +G, .
The problem is now to determine what kind of permutations we can

make on the gi's for the set of values (5.9) to remain unchanged. It

is apparent from the Figure 5.6 that we can

- interchange g, and g5
- interchange gy and g4

- interchange the sets {gz,g5} and {gi,g,j}

and these are the only permissible moves allowed on the gi's

in order to preserve the type of the design., Counting the permutation

not in the above permissible set will give us the number Sg of

different types of designs of this kind,

n-4 l(n-mi) /21

(5.10) S = p(m,2) p(n-mugm 2) ny>s5s

mu—l =2
where ‘:x] is the greatest integer less than or equal to x.
| ﬁ:_e_g_ll-_s_i_._:_c,(}i'sgmnon null ;,n’g.‘:_’

In this case the matrix A has rank three as before but
the correspondingiz has exactly six of its coefficients Gi non null,
The generating graph consists of 6 points. It is easily shown that
essentially one kind of structure exists for a graph of six points.
It is characterized by the following:

- there are four lines containing three points each
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- every two lines meet in one point,
For example one can consider the six points P1,P2.P3,Pu.Ps.and P6
and§‘= (gl,gz.gj,gu,gs,gé,O) i.e. Gi =g 1i=1,2,...,6. The
graph is illustrated in Figure 5.7.

Flgure 5.7

The confounded pencils are found from the following table

G, + G +G6

275
3+G6+G1

(5.11) G, + G1 + G

G

G5+G1 +G

G6+G2+G

+ G

3N B WM

3
+ Gu

W

G3 + Gu + G

n

G1 + G4 + G, + Gg

5
tbe set of permutations of the gi's that leave unchanged the set df
values (5.11)~1s large and it 1s not ob¥ious as in the previous cases
how to use it to obtain the numbor Sﬁ of different types of designs,
We shall divide the set of such designs into disjoint subsets and do
the enumeratlion of types of the designs for each of them. Let us
consider first the set of designs for which the associated vector

G' = (gl,gz,gjggu,g5,g6,0) is Buch that g, < g; 1 = 2,3,4,5,6;

that 1s one can write
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~n
Q.' = (glogiogl.gi.gl.glgo) g (OpdzodBQduodS’déyo)

where di A O fori =2,3,4,5,6 and ¥ di = n—6g1. This means that
j=2

we can construct the generating graph (equivalently the design) by
assigning g4 factors to the point Pl,g1 other factors to P2 and so
on for the six points; thlis takes care of 6g1 factors of the design,

On top of that we assign d, additional factors to the point P, for

i i

i=2,3,4,5,6 to obtain the complete graph.

We can better illustrate what this means in terms of
confounded interactions calculated ffom the Table 5.11 if we introduce
‘the notation

G

=G, + D

i 1 1
and rewrite the Table 5.11 as

1=2,3,4,5,6

361 + D2 + D5 + D6

361 + D, + D6

3
(5.12) 3G, + Dy, + D,
hGy + 05 +D, + D3
hG, + Dg + D, + D3 + Dy
3Gy + Dy + D, + D5
1+ Du + 05 + D6,

In this table above we have to interprete the first term

3G1 + D2 + D5 + D6 as representing an interaction of 3g1 + d2 + d5 + d6
factors usually written as G2 + G5 + G6' The second term 3G1 + D3 + D6
represents an interaction of 3g + d3 + d6 factors usually written as

Gy + G, + Gg and so on for the other temms in (5.12). If we fix

1 3
G1 = gll-gi and look for the permutatlons of gz,gB.gu,gE,géwwhich

will leave (5.12) unchanged then it is equivalent to look at the



permutations of d2.d3,du.d5,d6.which leave (5.12) unchanged,
If we do not consider the G,'s in (5.12), the set of terms in (5.12)
is similar to the one in (5.9); this is because the points
PZ'PB’PL&’ P5.P6 which contain the termm di have the same structure
as the ones considered in step 3. But the set of permutations
of d/'s leaving (5.12) unchanged must also leave (5.12) where the G 's
do not appear.unchanged. Hence we can just oqnsiaor the permutations
seen in step 3 and select the ones that leave (5.12) invariant.
There are two independent permutations namely,
(5.14) 1 - transpose 3 and 6 and transpose 2 and 4
2 - transpose 2 and 6 and transpose 3 and 4,
Taking that into accou.nt.we can snumerate the various types of
(21",23 ) designs of the kind defined above. We have to notice at this
point that the fact that g4 13 the smallest gy value 1s not a
restriction: we would have obtained a similar set of equations had
we assumed any other coordinate to be the émallost. Let s? be
the number of types of (Zn.23) designs under oconsideration.
We have at first that
[n/61) n-bg, -k
(5.15) s'l1 2 2_ f(n-d5-6g1) forn » 11
4 g1=1 g5=1 otherwise

where f(x) is the number of ways to place x factors in the four
points P2.P3,Pu,P6 when one does ﬁot di stinguish two arrangements
obtained fram one another using the permutations described in 5.14,
The formula (5.15) can be explained as follows:
- we first distribute g4 factors on all of the six points B
to Py this taking care of 6g1 & n factors. Hence 1 4 g, ¢ X n/é6 |
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- we then add d5 factors to PS’

to any permutations with the others, We still have to distribute the

this point not being subject

remaining n-d5-6g1 factors on the four points P ’PB’PU’Pé and this
is done in f(n°d5'6g1) ways.

The formula for f(x) is

Lx/2]
(5.15) f£(x) = 22_2 a(1,2) [2a(x-2,2) + r(s-4,2)]
[x/21
+ 3 r(h2) p(x-1.2)
L=2

where q(n,m) is the number of partitions of n into m unequal parts
r(n,m) is the number of partitions of n into m equal parts
p(n,m) is the numbér of partitions of n into m parts,
The formula is explained as follows:
- for each value ] , split it into 2 unequal parts that
are assigned to (P3,P4) or to (P6,P2); this can be done in
q(2,2) ways.,
- the (x-]) other factors are divided into two unequal
or equal parts which gives the multiplicator 2q(x-§,2) + r(x=f,2).
- if‘x is split into 2 vqual parts then the order of the
two other parts coming from the other x-x factors does not matter
and we count r(],2) p(x-Q,2) different partition in that case.
All these formulae q(n,m), p(n,m) are tabulated in the volumne
/"tables of partitions" published by the Royal Society (1958) [12] .
The next class of designs we want to study is the one with
a‘E vectors with six coefficients non null two of which Gi and Gi

1
1 # 1, or i,; that is two

2

- L
(say) are such that G:,L1 Giz Gi

of the non null coefficients are equal and of smaller value than the
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others, Obviously this class of designs is disjointed from the
previous one we have just studies.

Let us suppose here that Gy =G,4G, 1= 3,4,5,6, Then

2 71
one can write

~
g = (gi'gl'gl'gi'gl’gi’o) = (0.0.d3.du.d5.d6,0)

with 2 d; = n+6g,; d; > 0. As previously we use gy + d, to denote
i=3 th
the gy factors assoclated with the 1 point, We have the table

of interactions written as

361 + D5 + Dg

3G, + Dy + Dg
3G, + D,
(5.17) 4Gy + Dy + Dy
hGy -o»_D6-¢~D3 + D,
3Gy +D3+D,++D5
hay + Du+D5 + Dg

where agailn we have pooled toegther the various G The term

10
361 + D5 + D6 is not as well defined as before because it may

correspond to G, + G. + G, or to G, + G, + G,, but if we decide to
i 5 6 2 5 6

£ix Gy and G, in § with the property that G =G, £ G

2 1
and look at the permutations of g3,ga,g5‘, g¢ that leave invariant

i= 3-""05.6

(5.11) it is sufficient to look at the permutations of d3,du_.d5,d6
that leaves (5.17) invariant. Here again if we delete the G1

factors in (5.17), the table becomes identical to (5.7). The argument
goes exactly as before to obtaln the set of permutations by looking

at the generating graph given in Figure 5.8 below.
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Figure 5.8

The only permissible permutation is to transpose 3 and 5.

.The number of types of such design sD is

2
L/6) n-ég,-2
(5.18) srz1 = 2 i p(f,2) (n-6g1-f-1) forn 2 10;
g =1 £=2

this is seen as follows:

- we put g4 factors on each of the 6 points P1 to P6;

- there is n-—6g1 factors remaining,

- we choose f of them to be placed on P5 and P3' Because
we can transpose P3 and P5 there are p(f,2) ways of having the f
factors placed,

- we finally split the remaining (n-6g1-f) factors in two
ofderly groups to be placed at P6 and PU‘

Let us notice here that if we had started for example with

G vector with G, =G, £ G

1 i
class of designs; this can be seen by producing the table of con-

1 # 1,4 we would have obtained a similar

founded interactions or by noticing that the generating graph of
such a design is of the same structure as the one in Figure 5.8.

But if we take E with Gy = G5 we obtain a different design.
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We have to study this class of designs where 61 =G, &G

5 i

i =2,3,4,6, We can write as before
G = (81.81»81.81.81.81.0) = (09 d29d3'd4tood6'o)
and the table of interactions is
3Gy + Dg + D,
361 + D3 + D6
3G1 + D2 + Du
(5.18) lei +D, + D3
4G1+D2+03+Du+Dé
3G1 + D3 + D,
L&Gi + D, + Dg
and it is obvious that this table is different from (5.17). We
find here that three independent permutations of the di's leave
(5.18) unchanged:
1 -~ trenspose 2 and 3

2 - transpose 6 and 4

3 - transpose 3 and 6 and transpose 2 and 4;

then
’ | 8 | ‘(n—égi)/zl
& gz;i 22 p(f,2) p(n-6g,-f,2) rt;o; ?ooad'
(5.19) 3'3‘ = 4‘ .
Lr/6] ‘(n-681)/2-;(]f 2) Stnbe.t 2)+ln-631/u] .
. SIL:; Zf;z 1 ?__‘1

for n even, n 2= 10,
We now have to study the case when three of the

coefficients of :G: equal the smallest Gi's value. The argument is
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similar to the one given previously and we shall only summarize the
steps.

There are essentially three situations to consider. The
first one consists of the designs with E vector of the form

éf = (gi’gl'gi'gi'g1'g1'°) + (°'°'°'du'd5'd6'°)
with a generating graph illustrated in Figure 5.9 below. The table

of confounded interactions is given below in (5.20).
i -8\

Figure 5.9

3G1 + D5 + D6

3Gy + Dg
3G1 + Dy
hGi + D
(5.20) LG

5

g+ D+

3G + D, + D5
UGi + Du + D5 + Dg

the only permutation possible which leaves (5.20) unchanged is the

transposition of 4 and 6, The number of different types of these

designs is [n/é] n-6g1-2
(5.12) sﬁ = Z z p(n-6g,-d.,2) for nx 9,
175 -
=1 d =1

g4% 5
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The second case is the class of designs with the G vectors equal to
~ .
Q' = (giogiogivgitgivgloo) + (OooodBoo’d51d6so)
and the table of confounded interactions is
3G1 + D, + D6

5
3G +D6+D3
3G,

[y

D
uei + s + D3
hGy + D3 + D¢
3G1 + D3 + D5
All permutations of 3, 5 and 6
leave the above table invariant
(5.22) sg = >3 p(n-6g,,3)

g1=1 forn & 9.

3 y
g\ 83... 8|‘d‘ g‘
Figure 5.10

The third case is the one in which

~

G = (gl’gl’gl'gi’gi’gi'o)i+ (dlidzsooduvoyoyo);
the table of confounded interaction is
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3G, + D,
%y + Dy

3Gy + Dy + D, + D,
ll—Gl +D; +D,
kG, + D, + D,
3Gy + D,

be, + I)1 + D,

and all the permutation of g4 185 and g, as coefficient of gwill

leave the above table invariant:
[x/6]
(5.23)  sg= §  plng,3) =85 nx9.
g4=1
We now consider the case when the vector E has four of its coefficlents
to equal the smallest Gi value. We shall distinguish two cases.
First we can take the four equal values as 61 + G2 + 63 +G) = gy
and we get the table of confounded interactions as
3Gy + D5 + D¢
3G, + Dg
3Gy
4Gy + D5
4Gy + Dg
361 + D5
by + D5 + D¢

L1/
= nz/il p(n-6g1,2) forn g 8;
g=

50 24 . Sz,;

in the second case let G1 = Gu = 65 = GG =gy then the table of

confounded interactions is
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BV 4
n _ - _gn
5.25 38 = z p(n 68112) = 87 n3 8
g1=1
We have now to consider the case when five non-null coefficients
oW
of G are equal and smaller than the last one, let these to be
Gy =G, = G3 =G, = G5 = gi. The table of confounded interactions is
361 + Dé
3G
LG

1
1
MGI + Dg
3Gy
by + Dg
5,26 58 - [n(/)é] -1 forn > 7
otherwise ,

Finally the case of all Gi equal, produces one more type and

5260 8, = =13f In/f6 ] =n/6
- 0 otherwise

The total number SZ of types of designs studies in step 4 is the

n n
%ﬁum of 51 to s10 i.e, 10 g

n _ n
3‘271 s), = Z sy -
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The values of s;_1 1 =1, ..., 10 were calculated for n £ 30 and are
given in Table 1. The values of Sﬁ are also obtained.

Step 5 - The seven g, (1 > 0) are non null
In this final case we study the designs whose generating

matrix A is of rank 3 and whose associated ’_:G'_ vector has all of its
coefficients different from zero; that 1s

G = (Gi.Gz,GB,Gu.Gj,Gé,G,?)
with Gi>- 0 1=1,2,.0.,7 and 2 Gi = n, The generating graph of

i=1
such design is illustrated in Figure 5.11. The table representing the
confounded interactions is given below:
G2 + G5

+G6+G7

Gy

Gu+G7+G1+G2

G5+G1+G2+G3

G6+G2+G3+Gb,

G, + G +G4+G5

7 3
G1+Gu+G

8, 8 g,
+ Gg

5
Figure 5.11
The set of permutations that leaves the above table unchanged is
rather large and it is not obvious how to use it in order to obtain
a formula for Sg, the number of types of the designs described above.
We shall use a similar procedure as before: separate the set of
designs into sﬁbsets and perform the enumeration within each subset.
We shall give the full detailed argument for the first few formulae
and give only the main steps for the others.

We first consider the case when one coefficient of '_\C;‘ , say
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Gi' 3

the mimimum G, value. Let suppose that Gy is the mimtium coefficidnt,

is such that G, &£ G, 3 1, 1. e, one ocoefficient or“g'.tmu
then one oan write using notation introdused before that
G = (8118181181187 :8118y) + (0,d5,d5,d,,d,,d,d,)
where dis 0 é di -n-?gi. @olot of confounded interactions
is now written as
uoi + Dz + D + D6 + D7
ua, + 93 +Dg + D,
ho1 + D:,, + D7 +0,
he, + DS +0, + n,
4G, *°6"'°2"’°3*°u
ba, + D, + Dy + D, + Dy
MG +D, + !)S + D¢ o
We notice that except for the tem hGi the Table 5.25 is 1dontica1
to Table 5.11. Hence if we fix Gy = g4 and 1oek for the permutations
of g, UP to &y that leave the table of confounded 1rrtou6t.lons ane o
changed then this is the same as ﬁiking for the set of permutations
of d, up to d, leaving (5.25) unchanged which in turn is the same as
asiking for the set of permutations leaving Table 5.11 unchanged., Then
if we denote t'l'- the mmber of types of designs described here we
have immediately that ‘ n/?‘ |
5.272 = I 88 forn 313}
| g+ ;
where Sﬁ i1s the nusber of types of designs in step r, nuuy
- We have to notice that the faot that the Ilal.ld (I1 W wwe lhom
as G, is not restriction; any ether eb“o would hm id te | M
of equations simdlar to tho one in 55.25) whioh means th“ it m '
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sufficient to study only the case above,

The list of the t? values is give for n £ 30 in Table 2,

The second case we have to study 1s whenever two coeffi-

N
cients of G equal the minimum value of the coefficients Gi’ If

we let these two values to be G6 and G7 we have

N

G = (g6'86'86o86vg6o86t86) ‘;’ (di’dZ’dB’dL&’dS’o’o)
where the di> 6 414=1,...,5 and 2 di = n-7g6

1

The table of confounded interaction is given by

hGg + D, + D
MG6 + 03 + D1
4G6 +'Du + D1 + D2

5.27
4o, + DS +Dy +D, + 03
466 + D2 + D3 + Du
466 + D3 +D, + D5
466 + D1 + D4 + D5 .
We notice that Table 5.27 is identical to Table 5.9 if we ignore the
u06 terms, Then the permutations of d1 up to d5 that leave invariant

(5.27) will leave invariant (5.9) and conversely, hence tg the

number of types of desings of this kind is given by

Lr/7]}
5.28 tg = ;Zﬁ Sg'7g for n 2 12
where Sg is given in ( 5.10). The values of tg n & 30 are given in
Table 2.

' N
The case of three coefficients of the vector G equal to
the minimal C‘:1 value is easily treated. There are two cases

corresponding to the two cases we meet in step 2 and the formula for



In/7}
5.29 th= 5 (ST 4 8™78)  fopn > 11,
3 2, P 22

The values of tg are given in Table 2,
For the case of four coefficients of the vector E equal to the minimal
G1 value we have to distinguish two cases.
The first case is the one of G, = G5 = Gg = G7 L Gy
i =1,2,3, Then the table of confounded interactions is
4G, + D,
g, + D3 + D,
kg, + D, +D,

5.30 ' A LG

~N

+D1+D2+DB

~N 0~

4G, + D, + D

2 3
MG+D3
LG

If one ignores the LLG7 in each term the last table is

N N N

+D1 .

identical to (5.3) and we have

I/} 1n/7}
5.31 t] = S ST7E - D p(n-7g,3) n 210
g=1 g=1
thg second case is when Gy =G, + G3 + G5 G, 1= 4,6,7. The table

of confounded interactions is
4G, + D6 + D7

1+D6+D?

[y

LIG1+D4+D7

1+D7+D,+
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and [n/z]

5.32 t S p(n-7g,3) =t, forn = 10
g=1

wn s

all these values are computed in Table 2,
When now five coefficients are equal and smaller than the
other two coefficients we have one case which is illustrated by

G1 =G, = Gy = Gy= G

3 5°

the table of confounded interactions is
LG
LG
LG,
LG

e

=06+D7

+ D7

N NN

~ 3

+D6
LG, + D7

LG, + Dé

~N =~

L]
533 tg = ;1 p(n-7g,2) n} 9.
When 6 or more coefficients are equal

5.331 t; = ‘n/?] n %7
n

5
5.3 st = ? h
y 35 jZi:)-

We now summarize all the formulae in the following

The total number S_. of types studies in this stage is
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Summary of the formulae

n
5.16 ™=14+T .= T
n n-1 jZS j
5.4 5] = p(n,3) n>3
5.6 - s}, =p(m4) n> 4
5.8 st = it
: 22% I P(m3) n>4
m=3
n noé [[n-m4)/2]]
5.10 Sy = ) p(m,2) p(n-m4-m,2) ns>S
m4=1 ms -
[([n/6]] n-6g,-4
5.15 S | 51 £(n-dg-6g,) n > 12
g1=1 d5=1 -
[([x/2]1]
5.16 f(x) = ] q£,2) [2q(x-£,2) + r(x-£,2)]
[[x/21] -
+ ) r(£,2) p(x-£,2)
£=2
n, L[[n/61] n-6g -2 -
5.18 s, = ) ) p(f,2) (n-6g1-f-1) n> 11
gl=1 £=2 -
([n/61] ([[(n-6g.)/2]1]
5.19 s? = 1 £2 6o -
3 gt1 fgz p(£,2) p(n 6g,-£,2) odd .
[[n)/:6]] [[(n-sfl)/zn
= £,2 -6g, -
2 { L, PE2 pO-6g-£,2)
[[(n-6g,)/4]]
+ gl f
f=1

even n > 10




5.21

5.23

5.24

5.26

q(n,m)
r(n,m)
p(n,m)
[[x1]

5.271

5.272

5.28

5.29

5.32

5.33

]

[(n/61] (n-6g,-2)
" ) %1 p(n-6g1-d5,2)

4 glzl d5=1
[[n/6]] n
sg = Y p(n-6g,,3) = S¢
g1= ) ’
n n [[n§6]] (n-6g.2)
= = p(n- g4
S77 %87 g 1
sg + S1g = [[n/6]] n>6

no. of partition of n into m unequal parts

no. of partition of n into m equal parts

no, of partition of n into m parts

greatest integer less then or equal to X

L]

10
S. n>=ao
14 ne
[[n/71]
7 she n > 13
g;=1
[[n/7]1]
] SR n > 12
g;=1 N
[[n/71]
n-7g n-7g
ge1 (521 + S22 ) n> 11
e
n [[n/7]1]
t = ) p(n-7g,3) n > 10
g=1
[[n/7]]
] p(n-78,2) n>9

g=1
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5.331 t5 = [[n/71] n>7
n 7 n
5.34 Se = .Z t
j=1
To=sn+sn+sn+sn+sn+sn

n 1 12 22 3 4 5
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Table 1 - Mumber of (2", 2°) Designs

£1

A T
3 1 M

4 1 1 1

5 2 1 2 1

6 3 2 4 2 "

7 4 3 | 7 Il 5

8 5 5 1y 9

9 7 6 16 18 1
10 8 9 23 28 1 1 2
11 10 || 11 31 45 1 1 4
12 12 || 15 41 65 3 6
13 14 || 18 53 97 6 13 4 9
14 16 || 23 67 132 11 22 8 12
15 19 || 27 83 182 23 34 10 17
16 21 || 34 102 238 37 51 18 22
17 24 |l 39 123 316 64 73 21 29
18 27 || 47 147 400 95| 102 32 36
19 30 || s4 174 510 148 | 138 39 45
20 33 || 64 204 630 208 | 183 56 54
21 37 || 72 237 785 || 302| 237 66 66
22 40 || 84 274 950 407| 303 90 78
23 a4 || o4 314 || 1155 562 | 381 | 105 93

24 a8 || 108 358 || 1375 733 | 474 | 138 | 108

25 52 || 120 406 || 1646 974| 582 | 159 | 126
26 56 || 136 458 || 1932 || 1238] 708 | 201 | 144
27 61 || 150 s14 || 2275 || 1597| 852 | 231 | 166
28 65 || 169 575 || 2639 || 1987| 1018 | 287 | 188
29 70 |f 185 640 || 3073 || 2502 1206 | 325 | 214
30 75 || 206 710 || 3528 || 3058 | 1420 | 394 | 240
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Table 1 - continued

sgxz sgxz sg+1 Sz
1 1
1 1
2 1 3
2 2 1 6
2 4 1 11
4 4 1 18
6 6 2 32
8 6 2 48
10 10 2 75
16 10 2 112
18 14 2 162
24 14 2 227
30 18 3 316
36 18 3 427
42 24 3 570
54 24 3 752
60 30 3 971
72 30 3 1246
84 36 4 1577
96 36 4 1977
108 44 4 2447.
128 44 4 3022
140 52 4 3676
160 52 4 4463
180 60 5 5357




Table 2 - Number of (27, 23) Designs

n t] tg tg 2xt tg t sg

1 1

1 1

1 1 2

10 2 1 1 4
11 2 2 1 7
12 1 4 2 1 11
13 1 2 6 3 1 19
14 1 s| 10 8 3 2 29
15 3 9| 16 10 4 2 44
16 6 18| 22 14 5 2 67
17 11 28| 32 18 6 2 97
18 18 45| 44 22 7 2 138
19 32 66| 59 28 8 2 195
20 49 99| 77 34 9 2 270
21 76 137{ 100 40 10 3 366
22 115 191] 126 48 11 3 494
23 168 256 | 158 56 13 3 654
24 238 344 194 66 14 3 859
25 334 445| 238 76 16 3 1112
26 459 576 | 287 | ss 17 3 1430
27 619 729| 345 | 100 19 3 1815
28 828 922 409 | 114 20 4 2297
29 1086 | 1141| 484 | 128 22 4 2865
30 1414 | 1411 566 | 144 24 4 3563
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Table 2 - continued

n Tz T

3 1 1

4 3 4

5 10

| 6 12 22
b7 21 43
8 34 77

9 55 132

10 83 | 215
11 122 | 337
12 176 | 513
13 249 762
14 342 | 1104
15 467 | 1571
.16 624 | 2195
17 826 | 3021
18 1075 | 4096
19 1390 | 5486
20 1771 | 7257
21 2249 | 9506
22 2813 |12319
23 3507 {15826
24 4325 | 20151
|25 5313 | 25464
" 26 | 6459 {31923
27 7837 | 39760
28 9421 | 49181
29 {11296 | 60477
30 |13439 | 73916

Al




CHAPTER III
CONNECTIONS BETWEEN THE THEORY OF CONFOUNDED FACTORIAL DESIGNS
AND THE THEORY OF CODING

1 - The theory of coding - Introductions and de ions

The theory of coding is concerned with the development

of methods and techniques by which information can be transmitted

accurately and efficiently over a nolsy channel., We shall consider
a communication system, 1,e.,, one composed first of a discrete |
Source of information producing a continual séquence of discrete
symbols which are to be transmitted over a channel to a destination
point. We assume the existence of noise in the channel which disturbs
the transmitted signal so that the signal received will in general
be different from the one sent. We say that an error of transmission
has occurred, in this case.

In order to minimize the effects of such nolse; the
sequence of information symbols is divided into blocks of length k.
Each k-sequence, called a source message, is then transformed in a
1:1 fashion by-an encoder into a longer sequence of length n, called
a code word. The code word is transmitted over.the channel by the
transmitter, to a recelver. A degcoder determines from the received
word (if possible) the original source message.

In the above communication model we notice that an
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n-sequence code word is used to carry a k-sequence source message.
The n-k = r redundant symbols are used to correct some errors of
transmission., By properly choosing these r redundant symbols for
each code word it is possible to correct or detqct up to a certain
point the errors that occur during the transmission. - This is the
central problem of the theory of coding.

| The set of code words is called a gode, and a code having
code words of length n and redundancy r = n-k 1is called a (n,k)

code,

2 - Additdve errors

Ih the cOmmuniéation model that we consider we shall
éuppose that the noise causes additive errors only. An additive
error 1s sald to have occurred if the recelved word differs from the
corresponding transmitted code word,

As an example, suppose that the 10-sequence

x'=(1231200123) 1is sent and the 10-sequence

y'=(1241201123) 1is received. The difference

between the two is the 10-sequence:

F -x'=(0010001000) where the operations
are mod. 5. -If we call the vector (y - X) the error of transmission
vector or simply the error vector and denote it by g we have
I=XxX+2e. |

We say that the received vector is the sum of the trans-
mitted vector plus an error veétor; hence the term additive erroi.

The problem of correctiong additive errors consists

in determining the error vector ¢ for a given received word y: the
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transmitted word can then be reconstituted as x = y - e. We now
introduce some definitions.

Let x'= (xl. Xpr eees xn) be a code word; we define the
weight of x denoted by w(x), as the number of non-null coordinates in

X. If we define as before

2 1ifa o0
a =
Oifa=0
n
thenw(g_c_):}: x:.
i=1

IF 3% = (750 Tp0 eers y,)s we define the Hamming distance
between x and y, denoted by d(x, y) as |

d(x, ¥) = wix - y),
i.e., d(x, ¥) is the number of positions in which x and y differ. The
Hamming distance satisfies the axioms of a matric:

1) dlx, ¥) =04ifx=y%

2) d(x, y) = g, x)

3) Az ) & d(x w) +d(w, y).
We now state a vefy important result connecting the distance
property of a code and its correcting abllity: if the Hamming
distance between any two code words is at least

d=2t+v+1

then it is possible to correct up to t additive errors and detect up

to t # v additive errors. A proof of this can be found in 17 .

3 - Codes with algebrajc structure - Linear codes

Although this result tells us what distance property

a code should have in order to correct and detect a certain number
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of errors, it does not specify anything about the construction of a
code, It 1s possible to study individually any kind of code, but to
unify the development of the theory we shall require that the code
possesses a certain mathematical structurs.

A first requirement is that the code be a group under

the operation of addition, defined by
1 -

K' +x - (x1+ y1’ x2+ y2. seey xn + yn)
where x! = (xl, Xps oo xn) and y' = (yi, Fpr sees yn) are code
words, with thelr coordinates as elements of a group. Such a code
is called a groyp gode.

A more stringent requirement is that the code be a sub-
space of the vector space composed of all n-vectors with;éoordinates

in a Galois field GF(s). Such a code is called a linear code. If

X and y are code words with coordinates in a Galols field we define

! 1 -
E “‘X —(xi"'.Vl, x2+y21 ¢oey xn+yn>

. | S
and cx! = (cxl. Xy sees cxn)

where ¢ 1s an element of the field, We note that a linear code is
a group code, The converse is not true in general. We shall now
confine our attention to linear codes.

Since a linear code is a vector space, all the code
words or code vectors can be generated from a set of code vectors
forming‘a basis for the space. If the code C is a subspace of
dimension k, a basis will consist of k independent code vectors
Byr Bps sver Bo We shall call such a code an (n, k) code over
GF(s), or a (n, k) code.

The k x n matrix G defined as
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3.1 6'= [y fgytoee | g
is called the geperating matrix of the (n,k) code C. Each of the
sk code words ¢ is of the fom
g'=A'cG
for some k-vector N with coordinates in GF(s).
An alternative way to specify an (n,k) linear code is by
an r x nmatrix H of rank r = n = k such.that
3.2 GH' = 0;
the code is then defined as the set of code vectors ¢ such that
3.3 He = 0. |
The matrix H is called the parity check matrix of the code C.
“ne dugl code CD of the code C is defined as the set of
n-vectors ¢ such that
Gg = 0,
or equivalently as the set of vectors ¢
g'=Y'H

for some r-vector ¥ ' with coefficients in GF(s).

of the form

We now relate the minimum distrance property of a code
that we introduced in 2 with its structure in the case of linear
code, First we have that : if the minimum distance of any two
words in a linear code 1s d then the weight of any non-null code
word is at least d. This is true also for group code.

| We can restate this in the case of linear code as follows:
a linear (n,k) code C with parity check matrix H as given in (3.2)
will correct up to t errors and detect up to t + v errors if and only

if H has property Pd-i where d = 2t + v + 1.
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L - Iinear codes and factorial designs

Suppose given a (n,k) linear code C over the field
GF(s) with k x n generating matrix G that is C is the set of ok
code words{g | &' =X\ G, ®)\' = (Xl,xz. cous %k); \iCGF(s)} ,
then let us define the (sn, sk) confounded factorial design D
corresponding to C as the one with G as generating matrix; that is the

set of confounded pencils of that design is
{P(w .b.'=}_'c,¥,\'=(x1.x2.....Ak>;},
€
A€ oF(s) .

In terms of algebraic structure we have on one hand a
linear space of dimension k generated by the k independent rows of
G; the sk elements of that space are the code words forming the code C;
on the other we have a (k-1)-flat of PG(n-1,s) generated by the k
independent rows of G; the (sk-l)/ (s=1) elements of this flat determine .
the set of confounded pencils of the design D. In the code C,
two code words gy and g, are identical if g4 = &5 in the designs
D two pencils P(Ql) and P(QQ) are identical when there exists an
element § # 0 in GF(s) such that by = § by; tae null vector is not
allowed aé coefficient of a pencil,

We could have also started from a (sn, sk) confounded
design D witﬁ a generating k x n matrix G and obtained the code C.
This shows that one can establish a one to one correspondence between
codes and factbrial designs, We shall now show that the important
problems in both theories correspond.

Let D be a (s", sk) confounded design and C be a (n,k)

s-ary code both with the same generating k x n matrix G. To every
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confounded parallel pencil P(b') of D there correspond (s-1) code
words of C given by g b' where @ takes the (s-1) non-null values
in GF(s). Thus if the degrees of freedom confounded by P(h') belong
to a w-factors interactlon thls means that exactly w coordinates of
b' are non null; thus the corresponding code words c = S_b_' are
of weight w, Thls signifies that for a confounded design with no
(d-1) or less factors interaction confounded there corresponds a
code with the minimum welght at least equal to d. The converse

statement i1s also true. As it was shown in 3 we can translate

.the preceding results in terms of factorial designs: for a (n,k)

s-ary code C which is able to correct up to t additive errors and
detect up to t + v additiﬁe errors there corresponds a (s", sk)
confounded factorial design in which no (d-1) or less factors inter-
action is confounded; @ = 2t + v + 1,

Consider a factorlal experiment in which each factor is
at s levels and where each block is of size s*. An important problem
that was first studies by Fisher [9] and Bose [2] is to determine the
maximum number of factors which can be accomodated in such an
experiment so that no degree of freedom belonging to the main effect
or an interaction involving (d-1) or lesser number of factors is
confounded. .In view of previous results this problem is translated
in terms of codling theory as follows: vwhat is the maximum word length
n for which there exists a (n, n-r) code with minimum distance
d (r and d are fixed)? Referring to section three, this problem can
be stated in algebralc language: given r and d one wants to know the
maximum n for which there exists an r x n matrix with property

P We often refer to the last formulation as the "packing problem,"

d-1°
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Now that we have established the connection between the .

theory of factorial designs and the theory of coding we can translate
easily the results of one into the language of the other and vice
versa. In [3] Bose has stressed the connectlon between coding theory
and the theory of fractional factorial designs.

A fractional factorial experiment is one in which only
a fraction of the complete factorial experiment is used. If the
complete experiment involves n factors each at s levels and we take
only a 1/sk fraction of it we will say that we have a 1/sk fractional
factorial experiment. The way to choose this fraction is as follows:
we divide the total number of treatments in s* sets or blocks of
sn"k treatments each, the same way as we did for a (sn, sk).
experiment; i.e., the sk blocks are composed of the treatment
{X |ox=0 12" =(8, £ ooes £), £,€ GR(8)} where £
=(fy, £

21 sees fk) takes a different value for each block. We then
select one of the blocks as the fraction needed for the experiment;
i.e., we select the set of treatments

{zl Gx=£%£ = (£3, 50 vees 1), f:eGF(s)} for a £° vector.
It can be shown that the interactions confounded in the (s", sk) designs
remain confounded here. Moreover, if the degrees of freedom carried
by~P(L'), say, are unconfounded, these degrees of freedom will be
carried by B(L*') also where

b1 I*'=L'"+)A'G

P(L') and P(L*') are sald to be allas pencils and the correspondihg
interactions are called alias interactions.

The main problem here is the construction of fractional

factorial designs in which no t factors interaction is aliased with
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another t-factors or lower interaction. If P(L') carries degrees of
freedom belonging to a t factors interaction then we know that
w(l) = t

and in order that no t factors or lower interaction be aliased with it
we must have by (4.1) that

W(L¥) = w(L' + A '6) = d(L',-A ') > t ¥A £0
or equivalently
b2 d(_I_.',)_"c-) >t ¥X£0,

As we have the inequality d(L', A 'G) & d(0, A 'G) - d(0, L")

.for all A we can rewrite (4.2) as

a(g, A'G) N 2t.
Hence this means that in the (sn, sk) confounded factoria1>design
used to construct the 1/sk fraction we must hﬁve that the lowest
interaction confounded has at least 2t + 1 factors. We summarize
this as follows: If a (sn, sk) confounded factorial designs so that
all 2t or lower interactions remain unconfounded we can construct from
it a (n,k) s-ary code capable of correcting t additive errors and
we can deduce a fractional 1/sk factorlial experiment in which no
t factors interaction is aliased with another t-factors or lower
interaction., The existence of any of the above codes or designs

implies the exlstence of the other two.

5 - Defimitions of gptimality

We have seen above how the theory of factorial designé,
the theory of codes and the theory of fractional factorial designs
afe closely related and how the problems of one theory can be transla-

ted into the language of the others., These connectlons between the
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three theories result from the fact that in each case we study the

set of elements

5;1 C={§ l Q'=.L'Gn A =(X10 XZ' ooooxk)o}
Xi‘ GF(s)

or equivalently

5.2 c={g|g=ag. G H' = 0}

where G is called the generating matrix. In the context of the theory
of designs we consider C with a structure of Euclidian geometry
defined on it; in the context of the theory of codes we consider C

*as a linear space,

In order to a.vpid the repetition of the same thing in
three different languages it is more simple from now on to talk only
of the set C with generating matrix G, as defined in (5.1). The
algebraic structure underlying the set C will be specified as we go
on.

The important parameters in the study of C are s the
number of elements of the basic field GF(s), n and k which are the
dimensions of G, and d the mimimum weight of the elements of C.
Given s we can fix two parameters and optimize the third one to
obtain the three definitions of optimality:

fixed parameters optimization types of set C
n,k maximize d maxi-min distance
n,d : maximize k maximum size
k,d minimize n mirdmum redundancy

For the case k = 2 we shall study now the set C and find
the one with maxi-min distance and the one with minimum redundancy
as defined above. In order to study the case when k = 2 we will use
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the results derived in the section 4 of the last chapter.

The generating matrix G 1s a 2 x n matrix, Each non-null
column of G represents a point of PG(1,s) and we obtain using that
representation, the generating graph corresponding to G, An example
in the context of the confounded factorial design is given in section
4 of Chapter II., Another way to look at this question is to study
the modular representation of C: let us denote the (s+l) points of

PG(1,s) as P,, Pz,.... P and let us define Gi as the number of

s+1
columns of G representing P1 fori=1, 2, ..., (s+1) ard G0 as the

~f !
number of null columns of G. We define Q_l = (Gl' Gy oo Gs+1) as

s+l
the modular representation of C; 3 Gy =n - Gy
: i=1
If we say that two sets 01 and C2 are similar whenever

the corresponding confounded designs are similar, we can summarize
the results of the section 4 of the last chapter in the following:

Theorem 5,1
is a set as defined in 5.1 with generating matrix

If Ci
G 5 and with the following modular representation
. s+l
-G'i = (Gii' Giz’ evey Gis+1), JZ-—-i Gi =N - Go, i = 1,2
then C, is similar to 02 if and only if there is a (s+l1) x (s+1)

peAmutation matrix E s+l for which we have

E G

1 = G
il.e. G1 and G2 represent the same partition of n - Go.

s+1

Let us now recall the example of section 4. The generating -

1 0xxx0x
G ’
‘W01 x00xx

the generating graph in PG(1,s) is

matrix is
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* ¢ 4+ bl
(1,4,5) (2,6) (3) (7)

where the numbers stand for the columns of G.

One modular representation of the set C associated with
G is Q' = (3,2,1,1,0,0, ...,0). (The number of zeros in G depends on
the value 8,)

If in C we do not distinguish between x and y whenever
x=9x ( g # 0 an element of GF(s)) and if we do not include Q
in C then C contains s+1 elements, In the present example the

welghts of the elements are as follows:

Helght number of elements
4 " 1
5 1
3 2
7 s-3

In general for a set C with modg}tr representation

N' )
Q' = (Gy, Gpo Gge eens Gy )s Z{ Gy =n - G,
the s+1 elements have thelr weights equal to
s+1
5-3 ZGi-GJ'—'n-G’o"GJ 331.2'.00.“1.
i=1
We then have the

Lempa 3,1
For fixed n and k = 2 the problem to find a set C with

maxi-mini distance is equivalent to choosing G, ard § such that
s+l \
(1) 3 6,=n-6Gp Gyd 0Oand G, 3 0,1 =1,2, ...,84
i=1
(2) j=1?j.'?s+1 (n - Gy = Gj) is maximized.
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A first step in solving this problem is to put Gy = 0

for
m;jj.n(n-Go-GJ)émj';n(n-Gj)=n-maij;
then we want to find m (n-ma.xGJ)=n-mlnmeJ;
' &x J g J
or equivalently we want to find
s+
m%nm;ij for G satisfying BGJ=n.

The solution of this problem is the followings
if n = k(s+1) 1let Gy =k, 1=1,2,..,,mn
ifn=k(s+l) = r for 1 r s let

Gl = Gz = see = Gr = (k-i) and GHi S eee = Gs+1 = ko
in that case min max Gj = En/(s+1)} +1 (where [s3 1is the
g 3J
largest integer smaller than s) and the maxi-min distance is
5.4 d.e=n- [n/(ss)] -1
In order to solve the minimum redundancy problem we state
the obvious,
lemma 3.2

For fixed d and k = 2 the problem to find a set C with
minimum redundancy is equivalent to choose GO and E such that

(1) min (n-GO-GJ)=d-,j=1, 2, see, S+l

s+l
(2) 6o+ 9 Gy =n is mimmized,
i=t
In a first step to s<1>1ve this problem we can set Go =0,
s+
then we need to minimize n = Z Gi when
i=1

d=min(n -G,) =n = max G
3 J j
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or equivalently we want to find the

o~
min n = d + min max G, for a proper choice of G.

G ¢]
A solution to that is to take the set C with maxi-min distance d

constructed above.
Notice: 1In the construction of the maxi-min distance
set C, we have supposed that Gy = 0., This is not necessary. For

example, in the binary case the following sets C with

modular vector and Gy yalue
(4,4,4) 1
(5,4,4) 0
(5,5,3) 0

where n = 14, k =2, s =2

are all of maxi-mini distance 8, The first of these sets is not of

minimun redundancy because Go = 1, This is not in contradiction with
what we have sald. We have proved only that there exists a set with
maxi-mini distance which is also with mimimum redundaney and this

set has G 0.

0=
We now translate these results into coding and design termi-

nology as follows: there exists a (n,2) s-ary code with maxi-min

distance d = n-1- [ n/(s+1)} which is of mimimum redundancy for

that distance, There exists a(sn, sz) confounded design in which

no {n—2- [n/ (s+1)‘} -factors interaction is confounded. There

exists a fractional 1/8% factorial experiment in which no

t = {(n-z- L n/(s+t )] ) /2} factors interaction is aliased with

another t-factors or lower interaction.

Let us now work out an example which will illustrate the .
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connection between the three theories.
Let us consider a set C with generating matrix
101102121
0T (D 1211102 O)
here n=9, k=2, s =3
and the generating graph may be represented as
P1=(1,0) P2=(O,1) ‘ P3=(1,1) P4=(1,2)

L. A " A L]

(1,7,9) (2,5) (4,8) (3,6)
We notice that this set C is of maxi-min distance 9-1- [ 9/4]

6

and for that distance C is also of minimal redundancy.

EEE (39, 32) confounded factorial design obtained from C is composed

of the followlng 9 blocks of 37 treatments each
{9’.‘1\ 2Go¥y =x ¥ =(rps yp) 3 =001, 23 1= 1,2} .

The confounding structure of this design is the following:

F1 F3 Fu F6 F7 F8 F9

F2 F3 F, F5 Fe F8

Fy Fz F), Fst7 F8 F9

F, F, F3 F5 Fe F7 F9
As we know the smallest order of the confounded interaction is 6 and
this is the best result we can obtain;

The (9,2) 3-any code corresponding to C is composed of the

words
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220120222

211012202

000000000,
.the minimum distance is 6 and for that distance the code is of
minimal redundancy, One is able to correct with this code up to
two errors and detect up to three errors,
The 1/9 fraction of the 39 factorigl design assoclated with C is
composed of the set of treatments

{2l cx=v v =0 %0} -
We know that no two factors interactions will be aliased

with another two or lower order interactions and in such case this is

the best that can be done.
6 -0 ality in the cgse s =2, k = 3

In the last chapter we studied the problem of enumeration
of (27, 23) confounded factorial designs. We may use here these
results to study the optimality of the sets C defined as

{K ‘ z' =.A...' G, A' =(X_1oA 2.)3) ‘:)iGGF(Z) for}
i=1,2,3
- where G 1s 3 x n matrix of rank 3 with entries in GF(2). We may

consider the non-null columns of G as representing points in PG(2,2),
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The geometry PG(2,2) consists of 7 points and 7 lines. A graphical

representation of this geometry is given in Figure 6.1. We denote

as before the modular vector

~~
G =(c

1I G2’ G3l GL}' Gs’ G6’ G?)

- (1,0,0) = P corresponding to the generating
L B ] had 2
matrix G where Gi 1s the

number of columns of G which
5 represent the polnt Pi
P 1=1,2, oo, 7. We define

Go as the number of null

(o,o,1)=l>1 '(0,1,1)=P3 (0,1,0)=P, columng of G.

Figure 6.1

7
We have GO + :E_ Gi =n. C consldered as a vector space or a projec-

i=1
tive geometry has seven non-nmill elements whose weights are given

by (See (5.1) in Chapter 2)

6.1 Gopg + Goyg * CGgqq * Gryg

where the index 8 =1, 9 = 2, etce «eo . (6.1) can be written also as

G i=10203! '0007

6.2 n- L6, +GB+_1+GLH1] -Gy 1=1,2,3, ...,7
and the minimum weight for C is
6.3 - n - max {[G1+1+G3+1+G1H_1 +Go} .

In order to obtain the maxi-min distance set C we must find
ﬁiwhich maximize (6.3) which is equivalent to finding
6.4 m%P m?x {(G1+i + G3+i + G4+i) + Go}
where N

7
G, +2Z Gy =n.
i=1



The first step in solving (6.4) is to set G, =0, If n = 7k

0
the choice of G which will solve the problem is G' = (k,k,k,k,k,k,k)
and we prove that as follows: for any G' vector the sum of the
weights in C equals 28k; the maxi-min distance (or welght) Uk

is obtained when all the weights equal 4k and this occurs when

Gi = k for all k.

If n = 7k +1 an optimum -choice for G is to take Gy 2k
for all 1 and;z Gy = 7k + 1. In this case the optimm G is not
urdque. The proof is similar to the one given in the previous case.

If n=7 + 2 an optimum choice for ?{ is to take

? _
Gy ® k for all 4 andS G, = 7k + 2. The minmimum distance is Uk in

1
this case.

If n = 7k + 3 an optimum choice is to take

G' = (k+1, k41, k+l, k,k,k k)3
the minimun distance equals U4k+1 here. In general we will have an
optimum G if the three Gi with value k+1 correspond to three non-
colinear points,

If n="7 + U4 an optimun choice is to take

G' = (k+1, k+1, k+1, k, k1, k, k);
the minimum weight equals 4k+2 here, In general we will have an
optimum G if the four Gi with k+1 value correspond to four points,
no three of them colinear.

If n =7 + 5 the optimum 3hoice for G is to take

k+1 2 Gi§ k 1 =1, 2, ..., 7‘szi =n, In this case the

|
mimimum welght equals 4k + 2,

If n = 7k + 6 the optimum choice for G is to take
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7
k+1 2 Gy 2k 1=1,2, ..., 7 andi G; =n., In this case the
, 1
minimum weight equals Uk + 3,

We summarize the results in the following table:

n maxi-min distance
7k Ly k 21
7k+1 lac k 21
7k+2 Lk k 21
7k+3 bk+1 k 20
Tk+l lk+2 k20
7k+5 Lk42 k 20
Tk+6 le+3 k3> 0

All the results above can be translated easily in terms of designs or

in terms of coding.

7 - The dimensions of the sets C

In the preceding sections we have translated the design
prbblem into coding terminology and vice versa, However, when it
comes time to consider the realization of these theories we must
realize that a useful confounded factorial design does not usually
correspond to a useful linear code and vice versa.

This does not depreciate at all the theoretical comnection between
these fields but we have to realize that the examples given above

serve only an illustrative purpose.



CIAPTER IV

WELGHT DISTRIBUTION OF LINEAR CODES

1 - Introduction

The performance of a linear code depends on many para=-
meters such as the length of the code words, the number of information
places, the minimum weight of the code words and the weight distri-
bution of the code. We would like here to study more particularly
the weight distribution of the code. Some investigations have already
been done in [18] for example where with the aid of a computer one
obtains by enumeration the weight distribution., For a few particular
cases, formulae were obtained as in [¥],.[F], t8], [11], [13],[16] .

In this chapter we will study the problem of weight
distribution by studying the algebralc structure of the périty check
matrix of a linear code. In particular we will show that the weight
distribution is a function only of the quantities N:, the number of
v colunns of the parity check matrix with rank u. This is applied
to obtain a new formula for the weight distribution of the distance
three s-ary Hamming code and a formula for the weight distribution of
the distance four (sz+1, s2-3) s-ary oconic codes, For s =3, &4, 5,
7, 8 we have calculated the welght distribution of the distance four
conic code and we give the results at the end of this chapter.

Finally we have derived an upper and lower bound for the welght
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distribution of a linear (n,k) code.

2 - Notations and definitions

We consider a (n,k) code C over a s-ary channel. Such
code can be described as the set of n-vectors (code words)
X' = (xi, Xpp eees xn) such that gx = Q’where H 1is a n x (n-k)
matrix of rank k, xit GF(s). We call H the parity check matrix

of the code, The weight of a n-vector is defined as the number of

non-null coefficients of the vector, The minimum weight of a code

.C is the smallest integer for which non-null code word with that

weight exists. We denote the minimum weight by d. A(1) will denote

the number of code words with welght 1. The set A(i); i =0,1,2,..,n

is the spectrum or the weight distribution of the code.
For a (n,k) linear code C with minimum weight 4 we
want to determine the spectrum of C. We already know that there
k
exists (s -1) non-null code words x' = (xi, Xys eves xn), X, € GF(s)
each of weight d or mors.

First formula for the spectrum

Denote by Ei the event that the.ith coefficlent of a

code word is null, There are n such events Ei’ 1=1,2, «cey N
m

Denote by N(E, N ... N E ) or N( n, E, ) the mumber of times

1 m J= b
the event Jil Ei occurs or in other words, the number of code words
with the ith, seny i:h coordinates null. Denote by Nt the number of
code words with exactly t of their coefficients null. Obviously
(1) Nt = A(n - t).
But N, is the number of times exactly t among the events E, occur

together. The Mbius inversion formula relates the quantitles Nt



and N( ;]Ei Eij) as follows:
n
(2) N, =L (-0 (D)s, fort & nd
m=t n
where sm = Z ...Z N E )

1

é -

1&11- 12‘ ooc‘ im‘n J-l J

for the case 0 & (n-t) & d we have Nt. = 0 and Ny = 1 becauss the
code C has mimimum distance d.

The main work is now to evaluate the quantities S . lat
m

us notice first that NN E, ) is the mmber of solutions X of Y = 0
th .th =1 j
for which the 11 v 437, oooy 450 coetfictent of X = (=, x,, ..., xn)

are null, N( n E ) is the number of solutions of a system of
(n=k) = r equitii.ons in n-m unknowns and depends on the rank of the
system of equations,

In a code C with minimum weight d, the parity choc:lg
matrix H of the code has property P, ,; that 1s, no (d-1) columns of

H are linearly dependent. Thus if n-m £ d the only solution to the

th ,th th

system H{ = O for which the 11 R 12 SKLLL i coardinates are zero

is a mull vector (0, O, ..., 0): N(ﬂE )=1 form N\ n-d and

=1 3
(3) S, = (:) form § n-d,
We rewrite equation (2) as
| n-d n
) N=3 " Qg+ T ™D O,
- m=t m=n-d+i for t 4 n-d

m
wh S = see .
ore 8 b 2 N :Q-lsij)

i€ 11‘ xXx) ‘im‘n

The formula (4) is valid for any (n,k) s-ary linear code
with minimum weight d.
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Optimal code
We can apply the formula (4) to the case of "optimal" code.
We say that a code is optimal when d-1 = r, In such a case
m
N( n Ei.) is the set of solutions of a system of r equations in
n-:;]x-tllnkngwns and the rank of the system is r when n-m A r (because

H has property P d-1)' Hence there are sk"m vectors solutions of

such a system

(5) Sm = (::) sk'm for n=m A r = n-k,
The equation (4) becomes in this case of optimal codes
k-1
(6) =3 O™ (P @ S +Z O™ O
m=t m=k

for t £ k-1.

Using the identity

(7) M@ =D Y
we can rewrite (6) as
(8) = (’5{2 (-1)"% (Fy +z -1)"* )}
m=t m=k
or as k~t-1 n-k
9) N, = <2>{ Tty Femt o, F gyt et
- m=0 m=0

This result on optimal code was found by three groups :
E. F. Assmus, A, M, Glesson, H, F, Mattson in [1] , T. Kasami, S. Lin,
W, W, Peterson.in [14] and [15] , G. D. Forney, Jr. in [10].

From this formula we will make two observations:

Lemma 1

Ay > 0 for all optimal codes.
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Broof: Ay =Ny g = Nyroy = Ny

n-k
Nk-i - (kr-ll) [s + z (_1)m+1 (n-k+1)]
mn

m+1
n=-k =0
as Z (_1)m+1 (n;:(_'{l) = 0 we have that
n=-1

N g = (oq) (s=1) DO fors > 1,

This means that in an optimal code the mirmdmum weight is attained,
Lempa 2
Forr 2 sandn=r+2 An‘O.

Eroof: A =N =N,

n-n
k-1 n-k
Ng=3 1@ & T ™ E
m=0 m=0 S
n-k :
Using the identity ¥ (-1)" ( 2) = (-1)™* (2‘_‘11() and the fact that ,‘ @
m=0 .
k = n=l = 2 we get that
Ny =8 = (~42) s+ 1 +1=(s1) (s-r-1)

and as function of s, NO looks like Flgure 1 hence for
4 No r 2 s> 1 we have N L0,

\

0 .
The codes with these parameters ;,

do not exist.

Figure 1

Corollary: There are no optimal codes with r > s and

nar-+2,
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The case n = r + 2 is obvious from Lemma 2, If there is
a code withn > r+2 r3 s then we take r + 2 columns of its
parity check matrix as the parity check matrix of a new (r +2, 2)
optimal code with r ) s which is impossible.

The last observations were made by R. C. Singleton in [19]

using a different argument.

3 - Second formula for the spectrum

As we noticed earlier the main problem in the evaluation

of the spectrum of a code is to know the values Sm' We recall that

m jul
5. = O 2 N0 B ) where N( B, ) 1is the rumber
164,6 o0o bt & 2 S
n

th ,th th

of solutions X of HX = O for which the 11 ’ 12 v coey im coordinates

of X are nmull. If we form a new matrix H1 by deleting the

m
1%8, 1%, L., 2% columns of W then N( \ E, ) is the mumber of

m
=1 3

(n-m)-vectors X* solutions of the equatlons Hig* = 0 and depends on
the rank of H,. If the rank of H, isu(r 2 u> d)

~ NeM-u
MO E )=

=

Let us denote by N: the number of r x v submatrices H1

formed with v columsn of H such that the rank of H1 equals u,

Obviously min (r,v) 2 u » d-1 for v ) d-1, and we can write

_min(n-m,r)
(10) 5,= 2 Ny, s for nem > d
u=d-1

and from (4) we have Sm = (:) for n-m & d, We rewrite (4) as
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n-d min(n-m,r)
m-t m u N-m-u
(11) Ne= 2 (TR X N s
m=t u=d-1

n
+ 5 GO D) for t 4 nea
m=n-d 1

The last formula depends only on N:: which are easily
known in certain cases,

On_error detecting Hamming codes

As a first illustration of formula (11))we look at the
well known family of one error correcting Hamming codes. A method
for computing their spectrum is given in [17] « It is shown that the
number of code words of weight j in a s-ary Hamming code is found as

the coefficient of x9 in the following polynomial

n=1 n(s=1)+1
(12)  £(x) = ==t - [(1-1-(s-1)x)n + n(s-1)(14(s-1)x) 5 (2-x) S ]

nz s-15+
with n = (s"=1)/(s-1)

which becomes for the binary case

=t oo
(13) £(x) = ;i [(140™ + n(14m) 2 (1) 2 ] with n = 2Pt

Let us look at the s-ary one error correcting Hamming
code as a cyclic code., Its parity check matrix is
H=[114142%1... 1d"] with n = (1)/(s-1)
an Q_i is an m x 1 column vector which corresponds to a point of
PG(m-1, s),. In projective geometry language N:: is interpreted as the
number of sets of v points of PG(m-1, s) that span a (u-1)-flat.
We now proceed to calculate the quantity N: that we shall denote

N:(m-l, 8) because we are working in PG(m-1, s).




Result i-

Result 2~

Note:

Result 3-

Result 4=
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Ni(m—i.s) = n and Ni(m-i,s) =0fort 1,
Proof: Ni(m—l,s) is thenumber of sets of t points

which generate a O-flat and the result is obvious.

¥n-t,s) =($-1,02))

W(n-1,8) = (°t) § (m-1,1,0).

Proof: Ng(m-l,s) 1s interpreted as the number of sets of
two points which generate a 1 flat, As any pair
of points generates a 1 flat (a line) we obtain
the result, To obtain Nﬁ(m—i,s) we count the number
of lines of PG(m-1,s) for each of which there are

(szl) sets of t points.

@N+1-1)(5N-1)...(SN-m+1

-1) ,b(N.m,s) is the
(™1)(s™1).0 (5-1)

é (N’mt S) =
number of m-flat in PG(N,s).

Ni(m-1,5) = é-(i"-—it-,—o-s-)- 1‘°ﬁ§{<b<m-1,o.s> - $(3,0,9)}
tal, =
Proof: N:(m-l,s) is the number of ways we can choose

t independent points in PG(m-1,s) and the result

is well known, Results 1 and 2 are particular

cases of this one,

NZ(M-LS) = ¢ (n-1,2,s) { (§ (2.2.1) - Nﬁ(Z.S)} .
Proof': NZ(m—i,s) is the number of sets of 4 points which



Result 5-

Result 6-

Result 7-
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generate a 2-flat and we count these as follows:
For a given 2-flat there are (@ (2.2,1)) sets
of 4 points out of which Ni(z,s) generate a 1
flat the difference being the number of sets of
4 points which span the 2 flat under consideration,
We multiply by @(m-1,2,s) (the number of 2-flat
in PG(m-1,s)) to obtain the result,

M(n-1,5) = d(n-1,2,s) { (95(2,2,1)) - Nﬁ(z,s)}

This is the generalization of Result 4.

Ng (m-1,5) = §(m-1,3,s) {(Q(a 0, 1)) - NS(B.s) - NZ(B.S)}

Proof:

5(m-1 s) 1s the number of sets of 5 points which
span a 3-flat (i.,e. 4 of which are independent),
In each 3-flat of PG(m-1,s) there are (Q(B,O,s))

5

sets of 5 points out of which N?(B,s) generate
a 2-flats and N§(3,s) generate a 1-flat, The
difference is the number of sets of 5 points with
four of them independent. Multiplying this by the

number of 3-flat in PG(m-1,s) glves us the result,

u=-2

Ny(m-1,5) = § (m-1,u-1,s) {(t} (u-1‘.’0.S)) -:QZ N';'g(u-l.S)}
. =1

14 uLv‘-n

t(m-i s) _@(m-l 0,s) ,‘T {é(m-i 0,s) - @(j 0 s)}t 21,

t!

Proof: The first part is a genera]ization of the preceeding

results, The second part is a repetition of realt 3
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Having a knowledge of Nt we are now in position to compute
(11) and to calculate the spectrum of the code.
In the binary case the method using (13) is much simpler

than the method suggested here: we can easily derive fram (13) that

M) = (D02 EDDY ror 5 - 2

M) = [+ (1) 30/ (g'i)/g)] for j = 2k + 1
and the propertlies that

A =1 A

n n- -1 = A -2 =0 AJ = An",j for j = 3,4,.0. .(n—?)/&

. In the non-binary case however the method suggested here
offers an alternative for the method using (11).

The derivation of the quanity N: has also a.combinatorial
interest by itself,

Ihe one error correcting - two error detecting s-ary

conlc codes - r = 4

The parity check matrix H of an s-ary one error correc-

ting two error detecting conic code has property P3; that is no three
columns of H are dependent. For the case r = 4 we may identify a
column of H with a point of PG(3,s) and in that projective geometry
language H has property P3 if no three points represented by the
columns of H are colinear. It has been shown that the maximum number
of points we can choose in PG(3,s) with no three of them collinear is
4+ 1,(s> 2)._ There are the s* + 1 points on the non-degenerate
quadratic surface S defined by

(15) aX +2n X X +b X = x, xy a,bh GR(s).

Consider P1 and P2, two points on S and P1P2 the line joining P1

and P By P,P. there pass (s+1) planes. It can be shown that each

2° 1" 2
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of these planes contains exactly (s-1) points of S excluding Py

and P2.

Ng can now be interpreted as the nmumber of sets of v

points of S lying in a space of dimension u,

2 .
Ng = (s‘;i) is the number of sets of three points on a
plane, |

2
Nﬁ = (3 +1) (5'1) (s+1)/(g) is the number of set of four

2
points on a plane. (s +

) is the number of pairs of points in S.
(s+1) is the number of planes passing through each pair of points.
(851) is the number of 4 coplanar points we can form with the original

pair. ( ) is a multiplicity factor.

1
N = (5] 1y, N,
and in general
(16) N2 - () (57 (e /(H)
(17) = (® *1) - N,

Formulae (16) and (17) are the ones we need for computing the spectrum

from (11) which becomes
2
- 2 2
- s -3 (_1)m-t(m) (8-1) + (S +1)} sS -m=3
Z;t s -m41 n

2

1 2
(18) + SZ_+ GOPEE CM) rort g€
m=s®-2

Formula (18) may be calculated with the aid of a computer when
calculation in integer of large value is available. Indeed one
obstacle to the computation is the presence in the formulae of

quantities as (2) or 8"t unich may become very large for medium .
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values of n (25 to 60). The weight distribution of the distance
4 s-ary Hamming codes has been calculated for s = 3, 4, 5, 7, 8

and are produced in Appendix I,

4 - Bounds on A(V)

We now consider a s-ary (n,k) linear code with minimum

word weight d (d & n-k = r). We recall formula (4)
-d n
(&) _n m-t ,m m-t m n
mn=t m=n-d+1
fort £n-d

where Sm= 2 ...z N(f_\lE )e
164,4 ... 44 ¢n

Nt is the number of words of weight equal to n-t i.e.,
N, = A(n-t). What we intend to do here is to derive two quantities

- + - L stm <
S_ and Sm such that Sm L Sm L Sm(m

n £ n-d) and use it in (4) to

obtain bound on Nt'
*.

Derivation of Sm

N( {\ Ey ) is the number of solutions of HX = 0 where
=1 13
er is the parity check matrix of the code and the coefficients

xi Xy soee sy of x are zero. If we form the r x (n-m) matrix
1 =2 m

Hy by deleting the i}h, 1;*‘. ees i:flh columns of H, it is easily
seen that N( q By ) is the number of solutions of H,X, = 0

(_K a (n-m)-vector) Which depends only on the rank of H, . S is the
summation over all possible r x (n-m) such matrix H1 formed by deleting
m columns of H.

In order to get an upper bound on Sm we will suppose that

t
H is a parity check matrix of the form [Ir ! Mk] such that the rank
r
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of any submatrix of m columns or more is at least d (m i d - 1),
However from the structure of 4 it is obvious that not all submatrices
formed of m columsn are of rank d. As an exa.mplelif my of the first
r columns of H are included in Hl' its rank is at least my. If

r 2 my 3 d then Hy has rank my and the system H131 = 0 has at most
gh=m-m

1 solutions.

By enumerating all posible sutmatrices I-I1 formed with

n-m columns of H we find that

(19) SEa (T IO s 4+ (D (T S
-m~d

. [(;) i n-m (n-;-i n-r)] Sn-m-d-l-i if ran-my d
i=0

where ( ) is the number of r x (n-m) matrices H, formed with (n-m)

of the first r columns of H= [T ! M}; (T )

of matrices Hi formed with (n-m-1) of the first r columns of H and
a of the last n-r columns of H, Such matrix H1 has minimum rank equal
to n-m-1 and H1_}_{_1 = 0 has at most s solutions. The other terms of
(19) are similarly calculated., We rewrite (19) in a concise form

~m=d+1 n-m-d r n-r n-m-d+i i
(20) sf = (M) ™ -3 ) (s -s%)
mn m

n-m=1
i=0

r) nm3 d.

For other values of m we obtain

-d
+ _ (ny _n-m-d+l g Ty(n-ry n-m -d+l -i-ll-
(21) sF=(M s -3 O (s )

m=-i
i=0
if Ner+d X n-m 3 r,
(22) S z (;‘) (n-r) nerem=1 4 0m > nerd.

i=0

Derivation of S_

(n-r) is the number
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In order to get a lower bound we will suppose that
1
q= [Ir , “k] and all submatrices Hl formed from i in the usual
way atta’.l their maximum passible rank, By a similar enumeration of

the matrices H, as we did for deriving formula (19) we get now

(23) S;l = (2) for r M n-m > d
(24) S;l = (;) gh—m=r n-m\ r.

These bounds on Sm are quite crude because we only used the minimum
information possible. When more informations are available about
H ,these bounds can be improved,

We can utilize formulae (20) to (24) in order to find
bounds on Nt as follows:

In equation (4) replace S, by S;l for m~t odd

replace Sm by S;: for m-t even.

+

The resulting expression noted Nt

On the other hand replace Sm by S;: for m-t odd

is an upper bound for Nt'

replace S_ by S_ for m-t even
m m
and the resulting expression noted N:c is a lower bound for Nt'
' : \ L 1 +
We have then Ny & T L Nt'
Another upper bound for N £
G. D. Forney in [10] derives a very simple upper bound for

' +
Nt which we denote by Nt

nt_tol -t-t
(25) N T gy (1T

where to is the largest integer such that 2to 4L 3, The argument to
derive (25) is very simple and goes as follows: the total number of
words of weight n-t-to distance to from a code word of weight n-t

is (nEZ) since to get such a word we may change any t, of the n-t non-

null symbols in the word to zeroes. Hencs the total number of words
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of weight n-t-'l'.O distance to from some code word of weight n-t is
(z't)An % and all are distinct, but this number cannot exceed the total
0 -
number of vectors of weight n-t-t. equal to ( 2 )(s-i)n't'to
» 0 n-t-to
which gives formula (25).
v
It is difficult to compare Nzand N:: primarily because the
complexity of N+. Let us however study the behavior of these two

1imits at t = (n-d). We have

+ n r
(26) N g=0g - (0] (s-1)
ot nl t.!
(27) N = 0 d-t,
md T ey (170,
In case of a binary code we have N;_dﬁ ﬁ;—d iff
(28) - _xl e Nl

n-d)! (r-djt ~ (a+t )t
The last expression being difficult to visualize let us replace the

factorial numbers by their sterling approximation: (28) becomes now
29) ' [m-d)? - ()]

which 1s an approximate criterion to compare N:;_ 4 and ’l\\;;_ q° We see
that as n increases we will have nd < nl and N;_;ﬁ:_d.

Also from (26) and (27) we have that N;_ dﬁ;:- 4 when s gets
large and other parameters stay unchanged.

This comparison of the behavior of the two upper bounds is
very restricted. It shows that it may be advantageous to compute both
upper bounds and take the smallest. The 'I‘\!)I bound has the great advantage
of simplicity; however, the NI bounds may often give a lower value.

I want to mention the recent paper of J, E, Levy: "A

welght distribution bound for linear codes" IEEE, IT-14, No. 3, p. 48f




5 - Fyture research

This work is made around the general problem of enumerating
the different tybes of (sn,sk) factorial designs. If we have
solved some particular cases, the general problem remains unsolved,
One could get some more insight into the problem by studying the
case of the enumeration of (sn, 83) designs, Among other things,
one could get upper and lower bounds for the number of types of
designs. As far as the practical enumeration is concerned, it is
possible to enumerate with the methods developed here, all the
(s", sk) designs for n£9 (ké&n),

The last chapter is concerned with the weight distribution
of a code, The upper bounds developed here has to be compared with
the real valﬁes of the welght distribution for some codes where this
is known. We have also to compare this bound with some other

bounds and study thelr respective behavior.
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Appendix I
WEMGHT DISTRIBUTION OF THE DISTANCE 4 3-ARY HAMMING CODE

WEIGHT DISTRIBUTION
10 2k
9 20
8 180
7 2ko
6 60
5 14k
I 60
0 1

WEIGHT DISTRIBUTION OF THE DISTANCE 4 L-ARY HAMMING COME

WEIGHT DISTRIBUTION
17 504 648
16 2 856 561
15 T 632 048
1k 12 680 640
13 14 861 400
12 12 807 324
11 8 582 688
10 L 488 000

9 1 862 520
8 622 T10
T 170 54k
6 32 640
5 6 120
L 1 020
0 1
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Appendix II
CLASS OF (86,82) DESIGNS

b

k

main first second third fourth fifth
effect order order order order order

0XXXX
l1XXXX

L 4

M"
u1
»>
wl
o

-— -— --- -_— FIF,FiF,Fo 1 (s-5)

F1F2F3F4F6 1

F1F2F3F5F6 1

F1F2F4F5F6 1

F1F3F4F5F6 1

F2F3F4F5F6 1
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Type 2
10XXXO0
01 XXXX ¥ —t -+ ——
1 @6 3 4 E
main first second third fourth fifch
effect order order order order order
— _— — F,F,F,F. 1 F,F,FoF,F, 1 (s-4)
F1F2F3F5F6 1
F1F2F4F5F6 1
F.,F,F,F.F,_ 1

2°3°4°5°6



main
effect

main
effect

o~
o
»e M

first
order

(=
= O
o

first
order

bl o]
>
[oN o)
—

>
o ¥

second third
order order

Lol =

F1F2F3F4 1

F1F2F3F5 1

F1F2F4F5 1

F1F3F4F5 1

F2F3F4F5 1

second third
order order

F1F3F4F5 1

F2F3F4F6 1

103

1 2

3 4 5

fourth fifth
order order
F1F2F3F4F5 (s-4) ——

— ¥ 4

($ ) (26) 3
fourth fifth
order order
F1F2F4F5F6 1 (s-3)
F1F2F3F5F6 1
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Type 5
[1 0XX00
01 XXXX + A >
(2,5,6) 3
main first second third fourth fifth
effect order order order order order
——— ——— 1 —— -
FiFsF, FyF,FaFgFg 1 (s-3)
F1F2F4F5F6 1
F2F3F4FSF6 1
Type 6
Ll 0X000O0
01XXXX > 4 -+~
1 (24,50 3
main first second - third fourth fifth
effect order order order order order
- F1F3 1 —-— F1F2F4F5F6 1 (s-2)

F2F3F4F5F6 1
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Type 7
[1 0XX00
01XXXO N > > -
1 (25 3 4
main first second third fourth fifth
effect order order order order order
—_— —— F1F3F4 1 F1F2F3F5 1 F1F2F3F4F5 (s-3) —
F1F2F4F5 1
FFFF 1
2345
Type 8
[l 0X00X
01XXXO - ' +
YY) (2,4,5) 3
main first second third fourth fifth
effect order order order order order
— D F.F,F,_ 1 F.,F.F,F_ 1 F,F,F,F_F, 1 (8-2)

1°3°6 2°3°4°5 1°2°4°576




Type 9
dngular
~—
10X0XX
010XXX
main first second
effect order order
Type 10
10000 0]
01XXXX
main first second
effect order order
F. 1 —— —_—

1

third
order

F1F2F4F5 1

F1F3F4F6 1

F2F3F5F6 1

third
order

e a

111

(30

QA @5

fourth fifcth
order order
- (s-2)
! (2,3.4.5.0)

fourth fifth
order order
F2F3F4F5F6 1 (s-1)
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Type 11
[l 0X000
01XXXO0 - - *

1 (245 3
main first second third fourth £1fth
effect order order order order order

e FiFy 1 - F,F,F,Fs 1 F F,FoF,Fc (s-2) -—-
F2F3F4F5 1
Type 12
[l 0XXO00
01XX00 A + - —y—
1 2 3 4
main first second third fourth fifth
effect order order order order order
— —_— F,F,Fa 1 F,F,F.F, (s-3)
F1F2F4 1
FFF 1
134
FFF 1

234




Type 13

main
effect

Type 14

main
effect

o
= O
O

first
order

(=
= O
el

first
order

®x o
(=B ]
o M

second
order

F1F3F4 1

F2F5F6 1

o M

O
o o

second
order

F1F3F4 1

F2F3F5 1

third
order

third
order

F1F2F4F5 1

113

L3ﬁ is;
fourth fifth
order order

- (s-1)

e @» 3

fifth
order

fourth
order

F1F2F3F4F5 (s-2) -—



Type 15
ll 0000 XJ
01XXXO0
main first second
effect order order
-— FiFg 1 -—
Type 16
[l 0XXXO
010000
main first second
effect order order
F, 1 -_— -
Type 17
[1 0XX00
01X000
main first second
effect order order
—— F2F3 1 FleF4 1l
F.F,F, 1

1°3°4

-

114

-

(1.‘) (1131405 )
third fourth fifth
order order order
F2F3F4F5 1 — (s-1)

\ | “

,3,4.8 [
third fourth fifth
order order order
F1F3F4F5 1 F1F2F3F4F5 (s-1) ——

(d;) i 3
third fourth fifth
order order order
F1F2F3F4 (s8=2) === —




Type 18
[l 0X0XO0
010XxXx00
main first second
effect order order
— F2F4 1 F1F3F5 1
Type 19
{l 0XX00
010000
main first second
effect order order
F, 1 —-— F.F,F, 1

2 1°3°4

third
order

thi
ord

FlF

rd
er

2F3F

4
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'

"3.5) (24)
fourth fifth
order order

F1F2F3F4F5 (s-1)

»4

(v3A)

fifth
order

fourth
order

(s-1) -—-
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Type 20
ll 0XO00 0]
01X000 . -+ +
8 2 3
main first second third fourth fifth
effect order order order order order
——— Fle 1l FleF3 (s=2) —— —-—— —
F1F3 1
F2F3 1
Type 21
[1 0X00 0]
010X00 y -+
main first second tonied fourth fifth
effect order order OrGar order order
-— F/Fy 1 - P FFaF, (8-1) === -
F,F, 1

274




Type 22
[l 0X000
010000
main first second
effect order order
F2 1 F1F3 1 F1F2F3 (s-1)
Type 23
[100000]
010000
main first second
effect order order
Fl 1 Fle (s-1) —
F, 1

2

third
order

third
order
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UM )) 2
fourth fifth
order order
\ z
fourth fifth
order order



main
effect

1
Class of (s, s7) Designs

CC O+
ool Ne]
Ct+ OO0
O OO

first
order

bl T ]
R Rl

second
order

F1F2F3

F FoFy,
F F,F
F) Fo¥g
P F,F,

FlFsrs

F&FBFB

FiFLFB

FlFu_F6
F1F5F6

FéFBFu

FéFSFB

FEFBFB

FEFLFB

F2F2+F6
F2F5Bg
F3F4F5
F3F4F6
F5F5Fb
F4F5F6

third
order

PLFQFij

FLF2F3F5

FLF2F3F6

FLF2F4F5

BLFQFMFG

F1F2F5F6

F1F3F4F5

FLF3F4F6

FLF5F5F6

F PP Fg
F¥.F,F
FoFF,F
¥ F o Fe
FF\FFg

F3F4F3F6

(s-3)
(s-3)
(s-3)
(s-3)
(s-5)
(s-3)
(s-5)
(s-3)
(s-5)
(s-3)
(s-3)
(s-3)
(s-3)
(s-3)
(s-3)

4,
5/
~

3
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|
1
‘

fourth
order

F2F5

F1F3F4F5Fb

FleFthF6
rlF2F5F5Fb
F1F2F3F4F6

F F.F FhF

L2345

Tit'th
order

2

FhF5F6 (s -4s+6)

(s3—552+lus-lu)
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Type 2 I
10000X | *
0100XX |
0010XX
0001XX
main first second thira fourth
effect or@er order order order >
--- Fo, 1 FFl 1 F FF.F), (s-3) FFsF,FoFg (s°-4s+0)
F¥F, 1 P F FsFs (8-3) F FoFFF (82-4845)
¥ FFs 1 PR FSF, (8-2) FRFPF (s2-4845)
FFSF, 1 FFFFs (8-3) FFFFF (6% _us4>)
B FaFs 1 F,FF\Fc (8-2) FFFFF (s2-48+5)
Fll*'qu 1 F1F2F5Fb (8-2) Flel-‘jFqu (82-4s+6)
FEFij 1 FlFBFhF5 (s-3) e
R F5F, 1 FF,FF, (s-2)  order (87->5"+108-9)
F R fs 1 F1F5F5Fb (s-2)
FolfsFy 1 F,F,F.F, (8-2)
FF,Fg 1 F FsF,Fs (8-3)
¥ FFo 1 FFsF,Fe (8-3)
F,FFs 1 F FsFcF, (8-3)
FyF\F, 1 FF,FsFg (8-3)
F,FFg 1 FoF FsFy (s-3)

F4F5F6 1



COOM
OO+O
O OO
OO0

XX ¥XO
XXM O

second
order

raFBFh 1
FFF_1

235

F2F5F6 1

FthF5 1

!é!hré 1
!2!536 1l

FBFth 1

'5"’6 1
Fthrs 1

P3F5F6 1l

third
order

FszFth
F2F3FhF6
F2F5F5F6
FQFMF5F6

F}FMF5F6

f£ifth
order

e

fourth
order

2

2
F1F5FuF Fe (8%-1)

5
F\F P, FoF,
F\FF.FFe
FyFoFsF\Fe
REENE

(85-532+h)
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Iype 4 (o
°
S
10000X Y . 3
01000X
0010XX
0001XX 1
]
main first second third fourth
effect order order order order 2
- FlF6 1 F1F2F6 (s=2) F2F3F4F5 (s-3) F2F3F4F5F6 (s -4s546)

2
F1F2 1 F1F4F5 1 F3F4F5F6 (s-3) F1F3F4F5F6 (s"=4s+6)

2
F2F6 1 F1F3F4 1 F2F3F5F6 (s-2) F1F2F4F5F6 (s"-3s8+3)

) 2
F1F3F5 1 F2F3F4I'6 (s-2) F1F2F3F5F6 (s"-3s+3)

2
F2F3F5 1 F2F4F5F6 (s~2) F1F2F3F4F6 (s"=3s+3)

2
F2F3F4 1 F1F3F4F5 (s-3) F1F2F3F4F5 (s "=45+6)

F2F4F5 1 F1F2F3F5 (s-2)

fifth 3

2
(s”-55"49s5-9)
F3F4F6 1 F1F2F3F4 (s-2) order

F3F5F6 1 F1F2F4F5 (s-2)

F4F5F6 1 F1F3F5F6 (s-2)

F1F3F4F6 (s-2)

F1F4F5F6 (s-2)



main
effect

OO+
OO KO
o+ oo

first
order

F)Fs

Fi¥

1

1

HOOO
MM NO
KON

second
order

F FoFy

F1F2F4

F1F3F4

F FqFg

F1F4F5

F2F3F4

FyFsFg

F2F4F6

F3F4F5

F3F4F6

FiFsFg

F4F5F6

third
order

F1F2F3F4

F1F2F3F5

F\F) FaFe

F1F2F4F5

F1F2F4F6

F\F)FsFe

F1F3F4F5

F1F3F4F6

F FaFsFe

F1F4F5F6

F2F3F4F5

F2F3F4F6

F2F3F5F6

F2F4F5F6

F3F4F5F6

0“

122

(s-3)

(s-2)

(s-2)

(s-2)

(s-2)

(s-1)

(s-3)

(s-2)

(s-2)

(s-2)

(s-2)

(s-3)

(s-2)

(s-2)

(s-3)

fourth
order

F2F3F4F5F6

F1F3F4F5F6

F1F2F4F5F6

F F)FaFsFe

F1F2F3F4F6

F1F2F3F4F5

fifth
order

(s2-4s+5)
(s2-48+5)
(s2-4s+4)
(52-48+4)
(s2-4s+5)

(82-48+5)

(s3-582+10s-8)




Type 6

main
effect

oo oH
OO O
O =OO0
=OoO0O0o

first
order

F)Fs

MW MHHKO
)OO

second
order

F2F3F4

F3F4F5
F2F3F6
FaFs¥g

FFuFe

FFsFg

F3F4F6

third
order

F1F2F3F4

F)FyF3Fg

F1F2F4F6

F1F3F4F5

F1F3F4F6

F1F3F5F6

F1F4F5F6

F2F3F4F5

F2F3F4F6

F2F3F5F6

F2F4F5F6

F3F4F5F6

123

(s-1)

(s-1)

(s-1)

(s-1)

(s-1)

(s-1)

(s-1)

(s-2)

(s-3)

(s-2)

(s-2)

(s-3)

L

fourth
order

F2F3F4F5F6

F1F3F4F5F6

F1F2F4F5F6

F P FqFsFe

F1F2F3F4F6

F1F2F3F4F5

fifth
order

(s2-4s+5)

(s2-45+3)
(s2-25+1)
(s2-25+1)
(s2-48+3)

(82-28+1)

(s3—552+7s-3)



main
effect

OO O+
OCOHO
O OO

first
order

Fle 1

F3F5 1

F4F6 1

HOOO
O XX

} siagular

MO M

second
order

F.F,F, 1

1°3°4

F,F,F . 1

1376

F.F,F. 1

17475

F.F.F_ 1

1576

F,F,F, 1

2°3°4

F,F,F, 1

2°3°6

F,F,F. 1

2°4°5

F F.F_ 1

2°5°6

third
order

F1F2F3F4

F F)FiF,

F1F2F3F6

F1F2F4F5

F1F2F4F6

F FoFsFe

F1F3F4F5

F1F3F4F6

F1F3F5F6

F1F4F5F6

F2F3F4F5

F2F3F4F6

F)F3¥FsFe

F,F,F

2F4Fs¥g

F3F4F5F6

(s-2)

(s-1)

(s-2)

(s-2)

(s-1)

(s-2)

(s~2)

(s-2)

(s-2)

(s-2)

(s-2)

(s-2)

(s=2)

(s-2)

(s-1)

T»

124

fourth
order

F.F

F FqF,FoFe

F1F3F4F5F6

F1F2F4F5F6

F\FoFqFsFe

F1F2F3F4F6

F1F2F3F4F5

fifth
order

(s%-4st4)
(s2-4a+4)
(s2-4s+h)
(s2-4s+4)
(s2-4e+h)

(s2-4s+b)

2

8 ~58 +10s-7




main
effect

COoOOH
OO O
oOrHrOO
HOOO
LR
MOOO

first
order

FF,

F\Fy

F\Fs

F)Fq

F)Fg

FqFs

second
order

F1F2F3

F\F)Fg

F FqFs

F1F4F6

F,F,.F

2°3°5

F2F4F6

F3F4F6

F4F5F6

(s-2)

(s-2)

(s-2)

(s-2)

125

.0

third
order

F1F2F3F5

F1F2F4F6

F1F3F4F6

F1F4F5F6

F2F3F4F6

F F,FsFg

F3F4F5F6

(s2-38+3)

(s-2)

(s-2)
(s-2)
(s-2)
(s-2)

(s-2)

fourth
order

2
F2F3F4F5F6 (s -3s+3)

F.F (82—3S+3)

F FyF,F5Fg

2
F1F2F4F5F6 (s =3s+3)

F.F,F.F,F

2
1FoF3F Fg (s7-3s+43)

FLfth o3 4s%46s-4
order



main
effect

OO O
OO MO
O OO
HOOO
™ 6O X
MOMXO

first
order

FFs

FiFg

F\Fs

F2F6

second
order

F1F2F4

.F.F,F

1°476

F2F3F4

F2F4F5

F3F4F6

F4F5F6

third
order

F1F2F3F4

F\F)FaFg

F1F2F4F5

F1F2F4F6

F1F3F4F6

F1F4F5F6

F2F3F4F5

F2F3F4F6

F)F4FsFe

F2F4F5F6

F3F4F5F6

F1F2F5F6

126

(s-2)

(s-2)

(s-2)

(s-1)

(s-2)

(s-2)

(s-1)

fourth
order

F2F3F4F5F6

F1F3F4F5F6

F1F2F4F5F6

F FoFFsFe

F1F2F3F4F6

F1F2F3F4F5

fifth
order

(s2-4s+4)
(s2-28+1)
(s2-4s+4)
(s2-2s+1)
(s2-4s+4)

(32-23+1)

s5-552+75-3




main
effect

OO O
OOKrHOo
O~ OO
O OO
LT ]
[=X=N=Na)

first
order

F.F

F\Fy

F1F4

F\Fg

F.Fy

F2F4

F)Fg

FaF,

FaFg

F4F5

1

second
order

F\F)F,

F1F2F4

F F)Fs

F1F3F4

F FFs

F1F4F5

-F,F,F

2°3°4

F FqFs

F2F4F5

F3F4F5

8-2

s-2

s=2

s-2

s=2

N

127

third
order

2
F2F3F4F5 s -38+3

2
F1F3F4F5 8 =3s+3

. 2
F1F2F4F5 s -3s8+3

2
F1F2F3F5 s -3s+3

2
F1F2F3F4 s =3s+3

fourth
order

3 2
F1F2F3F4F5 8 -48"+6s-4



128

) 4
Type 11
1000XX X
0100X0
0010XO0
000100
main first second third fourth
effect order order order order
2 2
F4 1l F2F3 1 F2F3F5 (s-2) F2F3F4F5 (8°=38+2) F1F3F4F5F6 (8“~38+2)
2
F2F5 1 F2F3F4 (s-1) F1F4F5F6 (s-1) F1F2F4F5F6 (8“=38+2)
2
F3F5 1 F2F4F5 (s-1) FIFBFSF6 (s-2) F1F2F3F5F6 (8-38+3)
2
F,F,Fg (s-1) F,F,F,F, (s-1) F1F2F3F4F6 (8“-38+2)
F1F2F6 1 F1F2F5F6 (s-2)
F,F4F¢ 1 F F,F,Fe (s-1)
fifth 3 2
F.F.F., 1 F,F.F.F, (s-2) order (8 ~48 +68-3)

1576 1°2°3°6




Type 12

oooH
CcOoOrHO
o OO
e =X=K=
O O MM
O O M

first
order

F3F4 (s-1)

second
order

F1F5F6 1

F1F2F6 1

FlFZFS 1

F2F5F6 1

third
order

F1F2F3F5

F\F,FqFg

F1F2F4F5

F1F2F4F6

F1F2F5F6

F FqFsFg

F1F4F5F6

F2F3F5F6

F)F, FsFg

(s-1)

(s-1)

(s-1)

(s-1)

(s-3)

(s-1)

(s-1)

(s-1)

(s-1)

129

-
[ X7
I X

fourth
order

o~

2
F2F3F4F5F6 g8 -2s+l

2
F1F3F4F5F6 s =28+l

2
F1F2F4F5F6 8 ~48+3

2
F1F2F3F5F6 s ~4s+3

F.F F,F,F

82-28+l

172737476

2
F1F2F3F4F5 s =-2s+1

fifth
order

(s3-4sz+7s—3)
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) &
Type 13
1000X0 /A R .
0100X0O0
00100X
00010X
3
main first third fourth
effect order order order
2
—— F1F2 1 F1F2F3F4 (s-1) F2F3F4F5F6 (s"=28)
2
FlFS 1 F1F2F3F6 (s~1) F1F3F4F5F6 (s"-28)
2
F2F5 1 F1F2F4F6 (s~1) F1F2F4F5F6 (8" =28)
2
F3F4 1l F1F3F4F5 (s-1) F1F2F3F5F6 (s8"-28)
2
F3F6 1l F1F3F5F6 (s-1) F1F2F3F4F6 (s™-28)
2
F,Fe 1 F,F,F.F, (s-1) FF,F,F,Fc (s"-28)
F2F3F4F5 (s-1)
F2F3F5F6 (s-1)
fifth 3 2
F.F,F.F, (s-1) order (s7-58"+4s+9)

2°4°576




Type 14

main
effect

F4 1

1000XX
01000X
0010X0
000100
first second
order order
F3F5 1 F3F4F5
F2F6 1 F2F4F6
F1F2F3
FFyFyg
F1F3F6
FiFsFe

(s-1)

(s-1)

1

1

1

third
order

F1F2F3F4

F F FqFs

F\F)FqF¢

F1F2F4F5

F FFFe

F1F3F4F6

F1F3F5F6

F1F4F5F6

F2F3F5F6

(s-1)

(s-2)

(s=2)

(s~1)

(s-2)

(s-1)

(s-2)

(s-1)

(s-1)

b &

131

'
ad

fourth
order

FZF3F4F5F6

F1F3F4F5F6

F1F2F4F5F6

F F FaFsFe

F1F2F3F4F6

F1F2F3F4F5

fifth (
order

(s%-2s+1)
(s2-38+2)
(s2-3s+2)
(s2-26+4)
(s2-3s+2)

(32-38+2)

53—532+6s-3)
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) 4,6
Type 15
1000X0 t b
0100X0 T
0010XO0
00010X
/3
main first second third fourth
effect order order order order
2 2
- F4F6 1 F1F2F3 (s-2) F1F2F3F5 (s7-3s5+3) F2F3F4F5F6 (s"-3s5+2)
o 2
Fle 1 FleF5 (s=2) F1F2r4F6 (s~-1) F1F3F4F5F6 (s =3s+2)
2 .
- - —Fg--2
F1F3 1 F1F3F5 (s-2) F1F3F4F6 (s-1) F1F2F4F5F6 (s"-3s+2)
2
FlF5 1 F2F3F5 (s-2) F1F4F5F6 (s-1) F1F2F3F4F6 (s"-3s5+2)
F2F3 1 F2F3F4F6 (s-1)
F2F5 1 F2F4F5F6 (s-1)
fifth
F3F5 1 F3F4F5F6 (s-1) order

(53-b32+6s~3)




Type 16

main
effect

F4 1

COoOOH
OO O
O+= OO0

first
order

FlF2 1

F1F3 1

FlF5 1

F2F3 1

F2F5 1

F3F5 1

HOOO
(=B B
[oNoNoNe

second
order

F F)F,

F1F2F4

F F)Fs

F1F3F4

FiFyFg

F1F4F5

F2F3F4

F,F,Fg

F2F4F5

F3F4F5

(s-2)

(s-1)

(s-2)

(s-1)

(s-2)

(s-1)

(s-1)

(s-2)

third
order

F2F3F4F5

F1F3F4F5

F1F2F4F5

F1F2F3F5

F1F2F3F4

(s2-38+2)
(s2-38+2)
(s2-38+2)
(s%-38+3)

(sz-3s+2)

¢4

133

fourth
order

F1F2F3F4F5

(53-usz+6s-3)



Type 17

[=NeNol
OO KO
(=N NeNol
HOOO
O O XXX
[=NeNai

first
order

F2F5

F3F4

1

1

second
order

F1F2F6 1

F1F5F6 1

F2F3F5 (s-1)

F2F4F5 (s~-1)

third
order

F1FoFsFe

F1F4F5F6

F1F2F4F6

F F)FaFg

F\FiFoFe

F2F3F4F5

134
¢4 3
5 'S
) i
fourth
order
2
(s-2) F1F3F4F5F6 (8"-2s+1)
2
(s-1) F1F2F4F5F6 (s7-3s+2)
2
(s-1) F1F2F3F5F6 (s -35+2)
2
(s-1) F1F2F3F4F6 (s"-2s8+1)
(s-1)

fifth

(32—25+1) order

s3-45245g-2




OCOOK
QOO
OO0
=000
O MO M
oCOMO

second
order

F FqFs

F2F4F6

F3F4F5

F1F4F5

F1F3F4

third
order

¥F.F.F,F (sz-3s+2)

137475

F,F.F.F,. (s-1)

2°3°5°6

_F,F F.F, (s-1)

1°2°376

F,F F_.F, (s-1)

1°2°576

135

@,0)

fourth
order

2
F2F3F4F5F6 (s"=2s+1)

2
F1F2F4F5F6 (s"-28+1)

2
F1F2F3F5F6 (s"-38+2)

2
F1F2F3F4F6 (s"-28+1)

fifth
order

(83—482+SS-2)



Type 19

OO O
QOO
O =00
HOOO
OO O M
OO O NM

first
order

F2F3 (s-1)
F2F4 (s-1)

F3F4 (s-1)

secon
order

d

F.F.F_ 1

1°5

F2F3F

6

4

(82—28+l)

136

A
(1,56) 2
3
third fourth
order order
F1F2F5F6 (s-1) F1F3F4F5§6
(8"-28+1)
F1F3F5F6 (s-1) F:LF2F4F5F26
(8"=28+1)
F1F4F5F6 (s-1) F1F2F3F5F6
(82-28+1)
£ifth 83-3s+35-1

order
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13
Type 20
1000X0 .
01000X (G &) G,
001000
000100 4
main first second third fourth
effect order order order order
2
F3 1 F3F4 (s-1) F1F3F5 (s-1) F1F3F4F5 (8"=~28+1) F1F2F4F5F6
2 (sz—2s+1)
F4 1 FlFS 1 F1F4F5 (s-1) F2F3F4F6 (s“-2s+1) F1F2F3:;.~‘5F6
(s7-2s+1)
F2F6 1 F2F3F6 (s-1) F1F2F5F6 (s-1)
F2F4F6 (s-1)
fifth
order

53—3sz+3s—1



| 1?¢€

b 4-
Type 21
1000X0 . -~
0100X0 1 5 (3
001000
000100 3
main first second third fourth
effect order order order order
2
F3 1 F3F4 (s~-1) F1F2F5 (s-2) F2F3F4F5 (s"-2s8+1) F1F2F3F4F5
2 2
- 2_ (8"=48"+55-2)
F4 1 F1F2 1 F1F2F3 (s-1) F1F3F4F5 (8" =2s+1)
2
FlF5 1 FleF4 (s-1) F1F2F4F5 (8" -38+2)
2
F2F5 1 F1F3F5 (s-1) F1F2F3F5 (s"=3s+2)
2
F1F4F5 (s-1) F1F2F3F4 (s"-2s8+1)
F2F3F5 (s-1)
F.F,F. (s-1)

27475




Type 22

main
effect

1000X
01000
00100
00010
first
order
FlFS 1
F2F3 (s-1)
F2F4 (s-1)
F3F4 (s-1)

[oNeNeNo)

second
order

F F)Fs

F,F3Fg

F1F4F5

F2F3F4

(s-1)
(s-1)
(s-1)

(s2-28+1)

third
order

139

us

A 2
F1F3F4F5 (s"-28+1)

FleF

FleF

2
4F5 (s -2s+l)

2
3F5 (s"=2s8+1)

™y

fourth
order

F1F2F3F4F5

(s3-3sz+3s—l)
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Type 23
100000 .
010000 1 2
001000
000100 3
main first second third fourth
effect order order order order
2 3 2
Fl 1 F1F2 (s-1) F1F2F3 (8"=2s5+1) F1F2F3F4 (s7-38"+3s-1) _—
2
F2 1 FlF3 (s-1) F1F2F4 (s -2s+1)
' 2
F3 1 F1F4 (s-1) F1F3F4 (8"=2s8+1)
2
F4 1 F2F3 (s-1) F2F3F4 (8"=2s+1)
F2F4 (s-1)
F.F, (s-1)

374
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(s6,33) Designs .

e nge .1_. ‘ . . .?.
100XXX o3
010XXX ®
001XXX 5 %

main first second third fourth fifth
effect order order order order order
2
— ——- - FyF,FoF), 1 FyFoFFsFg (s-4) (s°-5s+10)
F\F,FaFe 1 FyFaRF R (s4)

FyFoFaFg 1 F,FaF FFy (s-1)
FyF PR 1 FyF FaF)F, (s-4)
FyF,FFe 1 FyF,F,

F1F2F5F6 1 F1F2F3F5F6 (s-4)

Fqu ( S-le)

FyF P, F, 1

FyF,F g 1
_ FyF P Fg 1
FyFyFeFg 1
FyFaFyFs 1
FoFaF,Fg 1
F,FF Fg 1
F,FyFcFg 1

F3F4F5F6 1



Lype 2

main
effect

first
order

OO+
oo
» oo
oo Ko
> >4 4

> O
e {

|

F1F4F5 1

third
order

second
order

FZFuF F6

5
FBFhF5F6

FFFF
1246

F1F2F5F6
F1F3F4F6
F1F3F5F6
F1F2F3Fu
F1F2F3F5
F2F3F5F6
F2F3F4F6
FZFBFMFS

F1F2F3F6

= = T = N

fourth

order
FFoF,FoFe (s-4)
F1F3F4F5F6 (s-3)

F1F2F3F5Fg (s-l)

F1F2F3FuF6 (s-4)

FyFoFaF P (s-3)

142

fifth
order

(s°-5849)
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*
Type 1 *
Iype 3 . . (3,6)
100XXO
010XXO N+
001 XXX *4
main first second third fourth fifth
effect order order order order order
2
=-- e F1F2F5 i FleFqu (s-3) F1F2F3F5F6 (s=3) (5°-Usib)
FinFu 1 F1F2F3F6 1 F1F2F3FhF6 (s-3)
F2F4F5 1 F1F3F5F6 1 F2F3F4F5F6 (s-3)
F1F4F5 i F1F3F4F6 1 F1F3F5FMF6 (s-3)
F2F3FuF6 1
F2F3F5F6 1

FHFBFSFé 1



OO
o= O
oo
e >4

|

main first second
effect order order

FiF'zF3 1

F1F2FU 1

FleF5 1
F1F3Fu 1
F1F3F5 1

FiFhF 1

5
F2F3Fu 1

F2F3F5 1

FZFhF5 1

F Fth 1

3

Lol o

[oNoNe)
[ — |

third
order

fourth
order

2
F2F3F4F5 (s=3) FiFZFBFuF5 (8"-U4s+6)

F1F3F4F5 (s=3)
F1F2F3F5 (s-3)

F1F2F3Fu (s-3)

144

fifth
order




ks

Ivpe 4 a ¢
100XX0 *
010X0X A
001XXX A 5
main first second third fourth fifth
effeact order order order order order
-— —-=  F,FF, 1 FyFFFg 1 FyF FaFFy (s=lt) (La554+8)
F1F5Fu 1 F1F3F5F6 1 F1F3F4F5F6 (s-3)
F2F3F5F6 1 F2F3FuF5F6 (s-3)
F1F2F3F6 1 FleFquFé (s-2)
F1F2F3F5 1 F1F2F3F4F6 (s=3)
FBFquFé 1 FiFZFBFuFS (s-3)
F1F3F4F6 1
F1F2F3Fu 1

F2F3FhF5 1
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¢ r
e
m—— s
100x012X
0100X0O0 .
001XXX P 4 6 %
main first second third fourth fifth
effect order order order order order

--- FJF_1 F1F¢F

: 2
2Fs F FQF F6 1 F2F3FuF5F6 (s-2) (s“~-53+6)

51 3iFs
FoFafufg 1 FyFaR PR (1-3)
FyFFeFg 1 FyRF F.F, (s-1)

FlFéFBFé 1 F1F2F3F5F6 (s-2)

FyFaF,Fs 1 FyFFF R (s-3)

PR, 1 FFERF, (s-2)




Iype Z
100X
010X
001X
main frst second
effect order order

—— FzFu 1 F1F2F5 1

FiFhF5 1

4 O M
4 OO

147

f1fth
order

Los
L 5 —¢3,6)
third fourth
order order
. 2

F3FRF5F6 1 F2F3FhF5F6 (s-2) (s°-Us+5)
FoFaF F 1 FyFaF)FeFg (s-3)
FyFaF,Fg 1 FyF P F . Fy (s-3)
FyF,FFg 1 FyF FoF ) Fy (s-2)

F1F2FuF5 (s-2)
F1F3F5Fg 1



Type 8

main

effect order

Mrst

-

Xo
0X . Yy
Xx 'i" s‘ 3
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