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Summary

In order to describe nonlinear response and instability behaviour-the paper starts with
the total potential energy considering the basic kinematic equations of a consistent non-
linear shell theory for large displacements and moderate rotations. The material behaviour
is assumed to be hyperelastic and isotrepic.

The incrementation and discretization of the total potential energy leads to the tangent
stiffness relation, which is the central eguation of computational algorithms based on com-
bined incremental and iterative techniques. Here a symmetrized form of the RIKS/WEMPNER-
algorithm for positive and negative load incrementation represents the basis of the nonli-
near sclution technique. To detect secondary equilibrium branches at points of neutral equi-
librium within nonlinear primary paths a quadratic eigenvalue-problem has to be solved. In
order to follow those complicated nonlinear response phenomena the RIKS/WEMPNER incremen—
tation/iteration process is combined with a simultaneocus solution of the linearized quadratic
eigenvalue-problem.

Additionally the essentials of a recently derived family of arbitrarily curved shell ele-
ments for linear (LACS) and geometrically nonlinear (NACS) shell problems are presented. The
main advantage of these elements is the exact description of all geometric properties as
well as the energy~equivalent representation of the applied loads in combination with an
efficient algorithm to form the stiffness submatrices. Especially the NACS-elements are
designed to improve the accuracy of the solution in the deep postbuckling range including
moderate rotations.

The derived finite elements and solution strategies are applied to a certain number of
typical shell problems to prove the precision of the shell elements and to demonstrate the
possibilities of tracing linear and nenlinear bifurcation problems as well as snap-through

phenomena with and without secondary bifurcation branches.
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1.- Introduction

Thin shell structures are able tc sustain heavy loads by virtue of their curvature. The
price of this inherent stiffness is their ability of suffer all kinds of instability pheno-
mena:

- loss of stability due to snap-through buckling,

- loss of stability due to bifurcation buckling.
The aim of this paper is the development, demonstration and discussion of different strate—

gies for the successful treatment of those nonlinear response phenomena.

2. Total potential energy and nonlinear shell equations
We start with the total potential energy 1 for geometrically nonlinear shell problems
[1, 2]
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where the first integral over the area F of the undeformed shell surface denotes the poten—~

tial energy of the internal variables, the second integral denotes the potential energy of
the external middle surface forces, related to elements d; of the undeformed configuration,
and the third integral represents the potential energy of the external boundary forces, re-
lated to elements ds of the undeformed length of the shell boundary curve Et . We can
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replace the stress tensor and the momenc-tensor

by the 1st and 2nd strain-
tensor ®(B) and m(aB)’ when we take use of the constitutive equations, here the special
case of isotropic, Hookean material (under small strains, but large displacements) [1, 3].
Furthermore it is necessary to express the strain-tensors in terms of the middle surface
deformations Ver V3 within the frames of XTRCHHOFF/LOVE hypothesis. Depending on the mag-
nitude of the rotaticnal quantities, several simplified variants of the complete nonlinear
kinematic relations exist [4, 5, 6]. In the scope of this paper we present the basic equa-

tiens for large displacements and moderate rotetions (1, 2, 6]:
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The mixed tensor components can be received by shifting the indices, and baB denotes
o
the curvature-tensor of the undeformed middle surface F .
The simplified version for small rotations combined with the assumption of shallowness

leads to the well-knowm equations of the DONNELL/MARGUERRE-theory
-1 - >
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These reduced relations of DONNELL/MARGUERRE generally form the basis for the development

of computer programmes for numerical External variables :

calculations of nonlinear shell prob- . o0 (5 Mo (v
lems. In contrast to this our for- » =[?3]--é;- "“;?]‘-KL“
mulation of the NACS~elements en-— P h 3 S
ables us to consider also those hﬂerno[vanbb@s:\ ~ -
theories that have heen derived om o =_ffﬂ,ﬁml"m"ﬂmﬁ e:-lﬁﬂﬂ

a higher level of approximation, '"mﬂtan 5“M¢15ﬂ

e.g. the above mentioned theory of force variables deformation variables
moderate rotations [6]. Fig. 1: Grouping of variables

Transforming the tensor variables
into matrix notation according to fig. 1 leads to the final form of the total potential

energy for geometrically nonlinear shell theories:
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where the strain-matrix € 1is associated with the displacement-matrix u via the differen-
—_ - o
tial operator Ek in the sense of egs. {2, 3) respectively (5, 6), and where t  abbre-

viates the stresses along the boundary and * denotes the kinematic boundary quantities.

3. Incrementation of total potential energy

In order to increment the total potential energy within the frame of a Total-Lagrangean

Formulation we introduce three different states of deformation:

~ the inittal state (.?.), representing

@3
the unloaded, stressfree and unde-
formed configuration of the ideal d
shell,
- . ~
- the fundamental statez (...) as a li- infliat \state

near or nonlinear state of equilibrium,

- the adjacent state (.T.), incrementally
neighboured to the fundamental state by
a first variation of the displacement

field.

X1 X

Due to fig. 2 any displacement field shall Fig. 2: Different states of deformation

. -+
be decomposed according to u = u +u , where

i describes an arbitrary large displacement and g its first variation. We consequently
find
- -
E=00 = (O« Do (G- 0 (g+ &) (8)
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where EkL denotes the linear differential operator,

D denotes the nonlinear differential operator.

Substituting these abbreviations in eq. (7) we obtain
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where I and 11 denote potential terms linear and quadratic in the displacement increments
i . Postulating the fundamental state to be in equilibrium (&7 = 0) and using the condition

of stationarity (81 = 0—=I = stat) we find from eq. (9)
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In this condition the symbol & operates on the displacements E respectively i of the
adjacent state. Carrying out these variations, eq. (10) turns out to be a linear functional
in E , containing linear and nonlinear terms of the displacement field E of the funda-
mental state.

We now discretize both displacement fields g, E of an arbitrary finite element ;P of
the middle surface ;

aP = RPUP ., EP= R2PUP (1
where EP, EP denote the nodal displacements and ﬁp denotes the shape functions. The
variation of eq. (10) with respect to EP leads to the tangent siiffness relation of the

p—th element
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We distinguish the following submatrices underlined in egs. (10) and (12):

Ee linear elastic stiffness matrix
Eg initial stress or geometric stiffness matrix
(EgL - lipear in v , EgN - quadratic in v)
Eu initial displacement matrix
(EuL - linear in E., k™ quadratic in i)
ET tangent stiffness matrix
2 vector of internal nodal forces
p vector of external loads.
e

The corresponding gleobal stiffness relation of the complete shell structure may be created

by any subsequent standard assemblage process of these element matrices:

N
KV = P- 5 (13)
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where P_ = A P may be splitted into a external reference load P and the incremental load
Za -z L
factor A

A more detailed derivation of the presented equations can be found in [6, 7, 8].

&, Computational algorithms

Algorithms for nonlinear responses in finite element computations using the linear eq,
(13) are usually based on combined tncremental and iterative techniques: the load factor X
is incremented stepwise and the linearization error is corrected by equilibrium iterations
[9]. The equilibrium state of the actual load step is reached, when APa = Ei(E) . It is
evident that the accuracy of the computation is determined by the vector Ei only, which
represents the complete nonlinear behaviour of the structure with regard to the fundamental
displacements i . The matrix ET influences solely the required number of equilibrium
iterations.

The well-known Newton-Raphsen iteration methods usually fail im the neighbourhood of
eritical points because of the singularity of ET - For such problems we apply an algorithm
similar to those of RIKS [10, 11] and WEMPNER [12], where the iteration path follows a plane
normal to a tangent at the load-displacement curve starting from the last equilibrium state.
In additicn we make use of the idea of WESSELS [13] who showed a way how Lo avoid destroying
symmetry and bandwidth of ET . Overjumping the singularity this algorithm permits the
complete computation of load-displacement curves showing relative maxima and minima.

During this computation it is important to know whether the equilibrium state of each
calculated locad step is stable, critical or unstable. Especially critical equilibrium points
are of interest, because in the case of bifurcation problems they mark the intersection of
the primary equilibrium path with one or more secondary paths. All the necessary information
on stability of the equilibrium paths can be deduced from the tangent stiffness matrix ET
Its decomposition ET =LD ET leads to a matrix D that contains diagonal elements Dii
only. These have a one-to-one correspondence with the stability coefficients defined in [14].

They enable us to make qualified statements about the stability of the equilibrium state:

+ +
AL D >0 - 'k, ¥50 - K, pos. definit - stable equilibrium
+ +
At least ome Dii =0 - Vv ET v=0 - KT pos. semi-def. « ecritical equilibrium
+
At least one Dii ¢ 0 - ET ET v r o - KT indefinit ~ unstable equilibrium

The number of negative stability coefficients is called the degree of instability.

In addition to the informations given by the number of negative Dii and the calecu~-
lation of the determinant of ET we take the results of eigenvalue problems to detect
critical points. The eigenvalue problem is given by the fact that inm an equilibrium state
eq. {13) takes the form ET i = 0 . If the equilibrium state is criticai - det ET =0 -

+
this homogeneous equation admits at least one nmontrivial solution Vo= Ec too. That means:
ancther equilibrium state exists in the neighbourhood of the critical state at the same
load level. In order to estimate the distance between the critical point and the actual
equilibrium state, the factor lc is defined as a multiplier of the fundamental displace-
ment vector E : Ec = lc i . In the critical state eq. (13) becomes ET (Ec) ﬁc =0 and

with regard to the actual equilibrium state ¥ we obtain the guadratic etgenvalue problem:

(Kot AclKgLe Kyt )+ XelKoue Kun ) Ve = © (1a)
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Because the eritical equilibrium state with Ac = 1 1is the main point of interest we may

replace the quadratic eigenvalue problem (14} by its linearization:

-

{‘l_(.e*lc”_(g“gu}j!c: Q . (15}
Thus we avoid the complicated solution of eg. load factor A
(14). The computation of eq. (153) delivers a A linear prebuckting deformation

) . L pri ilibri h
sequence of eigenvalues XA corresponding to f-primary equilibrium poths
(.: . { bifurcofion poinis
the actual fundamental equilibrium states. In- 3 [/ / P
: s e " -
terpreting the Ac as critical lecad factors, sequence of, M“(ﬁfi;’
we obtain a curve of critical loads (Fig. 3). eigenvalues = \f sem??nyeunbnum
palhs
As this curve approaches the load=-displace- | Rt A
{incrementation ™
ment path, the solutions of (15) approach those e {
. . ——y/
ones of (14). The intersection of beth curves ir ] i I |
1
marks the critical point and here the equations A [ |
(14) and (15) yield the same exact result. If _! deformUﬁOflV
- ' »

the critical point is a bifurcation point, we l_;i
can add the eigenvector Et - the buckling v —+
mode - to the fundamental state ic’ Fig. 3: Nonlinear responses

E = Ec + £ Ec , and use i as an approximation
for a new fundamental state close to the secondary equilibrium path. The subseguent equili-
brium iterations lead to the First equilibrium poirnt on this path. If the eigenvalue Ac =1
appears twice or more we have a compound ¢ritical point and simultaneous buckling. Several
secondary equilibrium paths exist in this case. To find fundamental states close Lo these
paths, we have to add a linear combination of the corresponding buckling modes to the cri-
tical displacement vector EC

In order to calculate the described phenomena we have developed a new family of arbitra-
rily curved shell elements, geometrically linear (LACS) and nornlimear (NACS), in which the
middle-surface ; of the initial state and the applied loads are described exactly. The
stiffness-submatrices and the energy-consistent load-vector are formed automatically for
various shell theories and interpolation polynominals in an efficient overall algorithm
{6], which enables a high flexibility in the choice of the different elements. The following
examples are either calculated with NACS 54, a triangular element with quintic polynomials
for all displacements having 54 degrees of freedom [6], or with NACS 48, a quadrilateral

element with bicubic Hermitean polynominals and 48 degrees of freedom [8].

3. Numerical examples

3.1 Snap-through of shallow cylindrical shell

This example with horizontal and vertical tangents in the load-deflection—curves demon-
strates the advantages of the used incrementation technique combined with the symmetrized
RIKS/WEMPNER-iteration. As can be seen in fig. 4 from the different responses v and

3e
Vi o the center ¢ at the beginning suffers increasing deflections, whereas the edges r
remain nearly undeflected. Having reached the limit point, the whole structure snaps through,
nearly into its opposite position. The automatic computation has been carried out for a

quarter of the structure using 8 elements NACS 54 [6].
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3.2 Bifurcation of a shallow cylindrical panel

Fig. 5 shows the load-displacement paths of the central normal displacement of an axially
loaded circular cylindrical panel. All edges are simply supported normal to the middle sur—
face and movable in the tangentizl directions [8]. The initially stable fundamental equili-
brium path loses its stability on intersecting the post-buckling path in the asymmetric
point of bifurcation. Beside the paths of the perfect shell the plot depicts curves corres-
ponding to the panel affected with initial geometric imperfections in the shape of the first
buckling mode. The considerable decrease of the critical leoad, due to a relative small im-

perfection, illustrates the imperfection sensitivity of this structure.

3.3 Bifurcation of a cylindrical shell

Though the caleculation is restricted to a section of the axially compressed cylinder
having classical boundary conditioms [8], the results show the typical response of this
shell. In the unstable-symmetric point of bifurcation two stability coefficients vanish.
The lowest eigenvalue appears twice and different linear combination of the two correspon~
ding buckling modes lead to four secondary equilibrium paths [18]. Three of them are shown
in fig. 6 depicting plots of load and corresponding displacement in the middle of the edge.
Furthermore in the deep post-buckling range deformation patterns may change completely,

because there exist solutions connected with buckling modes of higher eigenvalues.
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Fig. 6: Bifureation of a cylindrical shell
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