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SUMMARY

This paper presents a matrix formulation for log-linear model anal-
ysis of the incomplete contingency table which arises from multiple recap-
ture census data. Explicit matrix product expressions are given for the
. asymptotic covariance structure of the maximum likelihood estimators of
both the log-linear model parameter vector and the predicted value vector
for the observed and missing cells. These results are illustrated for
data pertaining to a population of children possessing a common congenital

anomaly.
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1. INTRODUCTION

As indiéated by Fienberg (1972), data from the multiple recapture
census for a single closed population can be analyzed from the point of
view of an incomplete 2d—th contingency table, with one missing cell,
that conceptually reflects the overall experience of all individuals in
the population. Given this framework, log-linear models can be fitted
to the observed cells of this table and then used to predict the missing
cell as well as the total population size. The basic assumptions which
are required for the validity of this estimation procedure are

1. The cell frequencies in the 2d—th conceptual contingency

table for all possible outcomes can be described by a multi-
nomial distribution

2. The Zd-th contingency table is characterized by a log—-linear

model which involves no d-th order interaction effect.
Further discussion of the nature and implications of these assumptions
are given in Fienberg (1972).

This paper is concerned with the asymptotic covariance structure
of the estimated parameters associated with the log-linear model analysis
of multiple recapture data. Fienberg (1972) indicates that one approach
which can be generally applied to this problem is a method due to Haber-
man (1974) which expresses ''the asymptotic variance in terms of orthogonal
projections with respect to various inner products.'" An iterative procedure
involving cyclic descent is then described for obtaining an estimator of
this formulation of asymptotic variance. Alternatively, this paper pre-
sents explicit matrix product expressions for estimating the asymptotic

covariance structures for both the log-linear model estimated parameter



vector and the predicted value vector for the observed and missing cells

by using results based on the matrix formulation of log-linear models
in Koch et al. (1975). This approach is illustrated in Section 3 for
the same data with the same model as used by Fienberg (1972), and essen-
tially the same numerical estimate for the asymptotic variance of the

total population is obtained.

2. THEORY

Let £ = 1,2,...,N index the elements of a particular population
with N being the total number of elements in the population. Let

g=1,2,...,d index a set of record systems according to which each

individual may or may not be registered (tagged). Let jg 1,2, index

the response categories corresponding to the presence (jg 1) or absence

(jg = 2) of the attribute corresponding to registration by the g-th
record system. Let the vector subscript i = (jl,jz,...,jd) index the
multivariate response profiles for simultaneous registration status with -
respect to the d record systems.

The registration experience of each element can be expressed in
terms of indicator random variables

1 if element £ from population has
registration status j = (jl,jz,...,jd)

N = 2.1
1,353 -1
0 1f othervise
which can be arranged in overall response vectors -
M -
B = ®oaaee oo Ny g oo No2...2,87" (2.2)

Similarly, the quantities



d
=n = z N ., .
] jljz"‘jd =1 lez"dey

~

(2.3)

n g
which represent the number of individuals in the population with registra-

tion status j can be arranged in an overall response vector

n' = (n s eeey D, Ly eeesl ). (2.4)
~ i1...1 313504434 22...2

which corresponds conceptually to a Zd—th contingency table. In this
regard, however, it should be noted that the cell frequency n,, is
not observed because it pertains to those elements who are not registered
by any of the d record systems and that N is an unknown parameter for
which an estimator is sought.

The vector n is assumed to have the multinomial distribution with

parameters N and T where

vees T ) (2.5)

mh o= 22...2

L s seey W .0
~ 11...1 jljZ"'Jd

with Wj 3 3 denoting the probability that a population element has .
TEPIERR B
registration status j= (jl’jZ""’jd)' Thus, the relevant multinomial

~

probability model is

¢ = NI ﬁ ﬁ e ; {n. . RICPAEF . (2.6)
P Pt Pt Spdar-da SPRPARRRF
with the constraint
2 2 2
jlzl 5221 - 37l il N 2-7)

Although the model (2.6) - (2.7) is not necessarily valid for all multiple

recapture census situations, it is reasonable for those where the N, are



mutually independent vector random variables, each of which has the same
multinomial distribution with parameters Nl = 1 and 7.
The population is also assumed to have known structure in the sense

that the variation among the elements of m is assumed to be characterized

by the log-linear model
m= ) = {expX B)/Llexp(X B} | 2.8)

where r = 2d denotes the total number of multivariate response profiles,
§ denotes an appropriate (r x t) ‘design (or independent variable) matrix
of known coefficients whose t < r columns are linearly independent and
represent a basis for the main effects and interactions which constitute
the model, ? denotes the corresponding (t x 1) vector of unknown param-

eters, lr denotes an (r x 1) vector of 1's, and exp transforms a vector

~ o~

to the corresponding vector of exponential functions. Finally, the col-~
umns of the matrix X are assumed without loss of generality to be jointly

linearly independent of the vector lr in the sense that
Rank{l ,X} = 1 + Rank{X}. (2.9)

Since the cell frequency n is not observed, the model (2.8) cannot

22...2
be fitted directly to the overall response vector n defined by (2.4).

However, if

n =N - Ny 2 (2.10)

denotes the number of elements which are registered by at least one of
the record systems, then the multinomial probability model (2.6) - (2.7)

and the log-iinear model (2.8) imply that the observable response vector

n_. defined by

n' = (nv’

had ~ n22.ll2) (2.11)



has the conditional multinomial distribution

exp(n'X_B)
P L — > ~0-0- (2.12)
0 l(r—l){n 1} n
T e

where {QO!} denotes the vector of factorial functions of the elements of
the vector EO and §0 is the (r-1) x t sub-matrix of § which corresponds
to the elements of the observable response vector EO; i.e., 50 consists
of the first (r-1) rows of g. I1f it can be assumed that the matrix §0
has the same full rank t < (r-1) as the matrix § (even though it has one
less row), then the model (2.12) for the observable response vector EO
has essentially the same structure and involves the same parameters ? as
the model (2.6) - (2.8) for the conceptual response vector n. On the
other hand, if this assumption does not hold, then ¢0 becomes a (t-1)-
dimensional model whereas ¢ is a t-dimensional model, so that estimates
based on'¢0 are no longer necessarily valid for functions like the pre—.
dicted value of the missing cell of the parameters which pertain to ¢.

A more precise definition of the assumption that § and §0 have the

same rank can be formulated when the columns of the matrix X are expressed

in terms of the following types of indicator functions of the response

profiles j
~ d
x, () = Gy = Ni{x, (N} (2.13)
k= xklkz...kd SO e
where
xgo(i) =1
(2.14)
-1 ifj =1
x,,(§) = &
gL~ 1 if j =2



with kg = 0,1 for g = 1,2,...,d. In this framework, the vartable

x50 0(_]) z 1 i{s excluded from the model by (2.9) and the variable
d
xll...l(l) = gzl{xgl(i)} (2.15)

is excluded in order to allow the assumption
Rank(X) = Rank(Xo) = t. (2.16)

The variable xll...l(l) corresponds to the d-th order (log-linear) inter-
action effect Bll...l.in the sense analogous to definitions given by
Bartlett (1935), Roy and Kastenbaum (1956), and others. Thus, the exclu-
sion of xll...l(i) from X is equivalent to the assumption of no d-th
order interaction in the sense that 811...1 = 0. In summary, the assump-
tion of no d-th order interaction of the attributes corresponding to reg-
istration by the d record systems is a sufficient condition for the rank
identity assumption (2.16). However, it should be noted that this type
of assumption may not be necessarily valid nor can it be tested from the
observable response vector n. Thus, its adoption should be governed by
considerations pertaining to substantive knowledge of the particular nature
of the record systems and the relationships among them and previous exper-
ience with their use. Finally, this same basic issue applies to other
possible sufficient conditions for the rank identity assumption (2.16)
which are based on alternative formulations of the matrix § different from
(2.13) - (2.14).

Given the previous discussion, attention will be henceforth directed
at the model (2.12) with § being formulated in terms of the indicator
functions (2.13) - (2.14) with the d-th order interaction effect excluded

so that (2.16) holds. As such, this framework is the same as that used by




Fienberg (1972). Proceedingsimilarly, the method of maximum likelihood
will be used to obtain estimators @ for B. These estimators are char-

acterized implicitly by the following set of equations

d log ¢
~ e’ 0 ~ =
B |eB| % 217

where 0t is a (t x 1) vector of 0's. By matrix differentiation methods

similar to those used by Forthofer and Koch (1973), it follows that

d d
G os, 9] = giv (25%g8 - = 2981y [ex2 %))
' n1952(§ §)1l§0 (2.18)
= n - M
2ot T I7, ;) [em (K oB)]
= n)X, - n[m (B)1'X,
where
@ exp (X .B) ( )
.= 7. (B) = — indodediadedod 2.19
0 ST L gy [exp B ‘

denotes the vector of conditional probabilities for the observable response
profiles based on the model (2.8). Thus, the equations (2.17) may be

compactly written as

1oy
XoTo = ZoPo (2.20)
where %0 = no(é) represents the maximum likelihood estimator for n_.(B),

and Py = (E /n) represents the conditional observed vector of sample pro-
portions. Although the equations (2.20) appear straightforward, their
non-linear structure often does not permit explicit solution. For these
situations, successive search algorithms are required to determine E and/or

ﬁO' In this regard, if X has an hierarchical structure which includes in



the model with any given interaction variable all corresponding lower order '
interaction variables, then the Deming-Stephan Iterative Proportional
Fitting (IPF) algorithm indicated in Fienberg (1972) can be used to cal-
culate “0 which can be subsequently used to obtain the estimated param-
eter vector E and predicted values for the observed and missing cells.
As a consequence of the full rank matrix formulation of the log-
linear model (2.12), the asymptotic covariance matrix of the estimator E
is determined by forming the negative inverse of the Fisher Information

Matrix. By matrix differentiation methods similar to those used with

(2.18), it follows that the Fisher Information Matrix is given by

d d
dBdB' [108e ¢0] = -n }-50[ dB' {TT (B)}]
- (2.21)
= — L
n X5 (D, om0l %o -
~0
Thus, the asymptotic covariance matrix B(ﬂ ) for B is
V’*(n y =+ {x' D, - mm] X yt.oo (2.22)
~0~0" =
0
Since “0 = ﬂo(é) is a consistent estimator for é, a consistent estimator
for the covariance matrix Vé(no) in (2.22) is
A@) = 3 Lixs ton - 7R X 3L (2.23)
B B ~0 ~Tf° ~0~0" ~0
The asymptotic covariance matrix for the estimator ﬁO = nO(B) of .
the vector of conditional probabilities of the response profiles and the
estimator ; = Y(Q) of the ratio i
m o
y = T 22...2] - - o _Zi...Z ) : (2.24)
~(r-1)’ ~ 22...2 .

of the probabilities of the missing cell vs. the overall set of observable



cells is obtained by the well known S-method as based on the first order
Taylor series approximations for these estimators. In this regard, the

compound function notation used in Forthofer and Koch (1973) is used to

A ”~
express T and Y in the form

io fo(g) 8
Dl | T exelayoglay T (3 DID]
vl pr®
where
II‘
A=% 5, o]’ Ay = L L]
~(r-1)’

. '
with Er being an (r x r) identity matrix, }(r—l)

vector of 1's, and lr being an (r x 1) column vector of 1's. As a

result, a consistent estimator for the corresponding asymptotic covar-

jance matrix can be determined as the matrix product

Goo% 3

~ - -1 ja) -1

=D AD "AD A [Va(m YJAD AD TA'D
~Z3~3~a2~ ~yl~1 ~§ ~ ~ ~Zl~2~§2~3~z3

~ ~

A~ Va
X

where

-~ P -~ ~ v~

Finally, this approach yields the following estimators

A

fyg...2° Y

N =n(l + ?)

for the missing cell and total population slze respectively.

itself is a random variable which is assumed to have a binomial distribu-

being a [1 x (r-1)] row

yp = o048, 3, T ByYy I3 7 expla;llog, (2,) 1}

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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tion with parameters N and (1 - ﬂ22 2), the methods indicated in Dar-
roch (1958) and Fienberg (1972) can be used to produce the following

estimators for the asymptotic variances of 322 2 and N

2 ~ A2 ~ ~ 2 /\3 A
~ = ~ - = ~ + .
Va nVe+ NY Moy 2= Ty 2 70T {nyy...2/m N} (2.31)
22...2 :
Ve = nue + R+ DT (- y = 02U~ + (& N/n}.  (2.32)
N ¥ 22...2 22...2 3 22...2 .

These estimators for the asymptotic variance of 322...2 and N are essentially
the same as those giveﬁ by Fienberg (1972). However, here the quantity V?

is obtained by the matrix multiplication operations given in (2.23) and (2.27),
while Fienberg, in general, uses the orthogonal projection methods of Haber-

man (1974) which require cyclic descent iterative computations.

3. EXAMPLE

The observed data in column 6 of Table 1 were used by Fienberg (1972)
to illustrate the application of log-linear model methods to multiple
recapture census data. They have also been previously analyzed by Wittes
(1970), Wittes, Colton, and Sidel (1974), El-Khorazaty (1975), and El-
Khorazaty and Sen (1976). The data pertain to the number of children in
Massachusetts (born between 1 January 1955 and 31 December 1959 and still
alive on 31 December 1966) for whom a positive diagnosis of a specific
congenital anomaly (Down's syndrome) was made. In this regard, registra-
tion information for the following five record systems is used:

1 Other hospital records (OHR)

2 Obstetric records (OBR)

3. Schools (S)

4. Massachusetts Departments of Mental Health (MDMH)
5

Massachusetts Department of Health (MDH) -
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Table 1. Observed and log-linear model predicted frequencies
for positive diagnoses of a specific congenital anomaly
based on five record systems; OUR, OBR, S, MDMH, and MDH
Fienberg Fienberg Reduced
Model X Model X Model
Record System Observed ~ ~ §R
© s frequency MPE WLS FARM
OHR  OBR S MDMH MDH n Predicted Predicted Predicted
~0 frequency frequency frequency
21 "1 ® " 1g G
Yes Yes Yes Yes Yes 2 1.30 1.49 1.51
Yes Yes Yes Yes No 8 9.05 9.12 9.88
Yes Yes Yes No Yes 2 2.55 2.86 3.64
Yes Yes Yes No No 18 17.75 17.53 23.79
Yes Yes No Yes Yes 5 3.52 3.88 3.64
Yes Yes No Yes No 25 24.46 23.82 23.79
Yes Yes No No Yes 1 2.69 2.92 3.64
Yes Yes No No No 19 18.69 17.88 23.79
Yes No Yes Yes Yes 0 0.50 0.63 0.41
Yes No Yes Yes No 23 16.96 17.43 15.22
Yes No Yes No Yes 0 0.99 1.21 0.98
Yes No Yes No No . 34 33.28 33.51 36.65
Yes No No Yes Yes 3 1.36 1.65 0.98
Yes No No Yes No 37 45.86 45.53 36.65
Yes No No No Yes 1 1.04 1.24 0.98
Y- No No No No 37 35.03 34.18 36.65
N. Yes Yes Yes Yes 3 1.33 1.62 1.51
No Yes Yes Yes No 5 9.27 9.91 9.88
No Yes Yes No Yes 5 3.90 4.46 3.64
No Yes Yes No No 36 27.14 27.38 23.79
No Yes No Yes Yes 1 3.60 4.22 3.64
No Yes No Yes No 22 25.07 25.90 23.79
No Yes No No Yes 4 4.11 4.55 3.64
No Yes No No No 27 28.57 27.93 23.79
No No Yes Yes Yes 0 0.94 1.17 0.98
No No Yes Yes No 30 31.65 32.23 36.65
No No Yes No Yes 3 2.75 3.22 2.36
No No Yes No No 83 92.65 89.00 88.23
No No No Yes Yes 2 2.54 3.05 2.36
No No No Yes No 97 85.59 84.19 88.23
No No No No Yes 4 2.89 3.29 2.36
Model goodness of fit statistics a b .
1. Asymptotic chi-square criterion 25.81 19.42 34.94
2. Degrees of freedom 21 21 27
Notes: a. Log-likelihood ratio chi-square statistic
b. Weighted least squares log-linear chi-square statistic

C.

least s

Sum of log-likelihood ratio chi-square statistic for model X
quares FARM chi-square statistic for reducing model X

and weighted
to model §R
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The log-linear model fitted by Fienberg (1972) may be expressed in

the matrix form (2.8) with

1-1 1-1-1 1 1-11

41-1 1-1-1 1 1 1-1

1-1 1-1 1-1-1-11

1-1 1-1 1-1-1 1-1

1-1 1 1-1 1-1-1 1

1-1 1 1-1 1-1 1-1

1-1 1 1 1-1 1-11

1-11 1 1-11 1-1 ™

1 1-1-1-11 1-1-1 10000
41 1-1-1-1 1 1 11 .

4 1-1-1 1-1-1-1-1 01000
1 1-1-1 1-1-1 11 A

1 1-1 1-1 1-1-1-1 11000
1 1-1 1-1 1-1 11 5

1 1-1 1 1-1 1-1-1 00100
11-1 1 1-101 1 1 o

X=137.1-1-1-1-1 1-1 1| = 00010| - (3.1)

1-1-1-1-1-1 1 1-1 .
1-1-1-1 1 1-1-11 10010
1-1-1-111-11-1 .
1-1-1 1-1-1-1-1 1 00110
1-1-1 1-1-1-11-1 5
1-1-1 111 1-1 1 00001
1-1-1 1 1 1 1 1-1 5
11 1-1-1-11-1-1 01001
1 1 1-1-1-1111 — .
11 1-111-1-1-1
11 1-111-111
1 11 1-1-1-1-1-1
111 1-1-1-111
1 11111 1-1-1

1111111 1 1]

which involves the first order main effects for each of the record systems

and the pairwise interaction effects for 1 vs 2, 1 vs 4, 3 vs 4, and 2 vs 5.

The maximum likelihood estimators for the predicted frequencies n,.=n GO
corresponding to the observed cells were obtained by the Deming-Stephan ~

IPF algorithm described in Fienberg (1972) and are shown in column 7 of

Table 1. More specifically, these quantities are computed by starting

with a 25 table in which each of the observable cells is initially assigned

the value 1 and the missing cell is assigned the value 0 and then adjusting
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this table to conform successively with the observed two-dimensional
tables which correspond to the set of highest order interaction effects
defining the model; namely, the marginal configurations corresponding to
sources 1 vs 2, 1 vs 4, 3 vs 4, and 2 vs 5.

Although more direct methods may be available, the estimators @ and

~

B o

Asymptotic Regression Methodology (FARM) computing procedures descr.bed

V4 as well as V% s Y, and Vq were determined by using the Functional

in Koch et al. (1975). This approach is of supplementary interest
because it permits non-hierarchical models which are defined in terms
of linear ccmbinations of the columns of the matrix X in (3.1) to be

fitted to the data. For this purpose, let

E(go) = 5[}g§e(§ 30)] (3.2)
where
A=1,., K=I[-135 I5] (3.3)

denote the vector of log ratios for T with respect to each of the
0,11111

other elements of ﬁO and let

5y =k pal k!
Vo(my) = KD K (3.4)

~ ~0
denote the consistent estimator (based on the §-method) for the asymptotic
covariance matrix for the functions F(po) of the conditional observed vec-

tor Po = (no/n) evaluated at %0. Then fit the linear regression model

B (F) = F(rp) = K %, 8 3.5)
where "EA" means asymptotic "expectation" to the functiouns F(T,) by
weighted least squares with VF(WO) as the weight matrix. Thus, in this
framework, R and Vé are obtained as
B = {(XK'[K palk' 17k x 1L xrg! [k DAY K']-l[F(ﬁ )] (3.6)
~ ~0~ "~~~ ~ ~ ~0~ Ty~ -~
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va = {x''[k Dt k']t g x 171 (3.7)
~ ~0~ "~ T, ~ ~ ~0
~ ~0
Strictly speaking, the FARM procedures described in Koch et al. (1975) require
that X, be orthogonal to l(r—l) whereas the application here only requires

that X and 1( are jointly linearly independent in the sense of (2.9).

-1)
However, this difficulty is bypassed by an argument given in the Appendix

which demonstrates that the computational strategy (3.2) - (3.7) ylelds the
same results as would be obtained by applying the FARM procedures to fit a

model which is equivalent to XO via (2.8) but also is orthogonal to }(r—l)'

For the data in Table 1, the computational procedures (3.6) and 3.7)

yielded
0.262
0.069
0.150
n 0.262|
g =1 0.201
- 0.100
~0.236
1.365
__9.322 ‘
(3.8)
0.2191
-0.0044 0.8208 Symmetric
-0.0580 -0.0374 0.2256
0.0245 0.0110 0.0345 0.2453
0.0073 0.0078 0.0245 0.0944 0.2340 x 10~
-0.0018 0.0081 0.0253 0.0421 -0.0235 0.2105
0.0245 0.0110 0.0345 0.0041 -0.0166 0.0421 0.2453
0.0107 -0.2291 0.0150 0.0249 0.0177 0.0183 0.0249 0.8167
0.0107 -0.6944 0.0150 0.0249 0.0177 0.0183 0.0249 0.1951 0.8167

These results were then used to estimate V% , Q, and V? via (2.25) - (2.28).
~L0
In this regard, the square roots of the diagonal elements of V% which
~.0
represent estimated standard errors for the elements of Ty are shown in

~

Table 2 together with % . Also included in Table 2 are ?, Ny .20 and N

as well as their estimated standard errors based on N, N , and
22...2
/Vg. Thus, it can be noted that the value shown for JV§ = 18.3 is the same

as that obtained bv Fienbere (1972).

~
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Alternatively, if the computational procedures (3.6) and (3.7) are

applied with 1 replaced by pa, the resulting cstimators b and V. corre-
; o TeP Po b v

spond to the linearized modified chi-square criterion of Neyman (1949)
as described by Grizzle et al. (1969). 1In large samples, these estima-
tors are asymptotically equivalent to the maximum likelihood estimators

g and Yé; they also can be obtained directly from the observed data by
weighte; least squares (WLS) without iteration. However, they encounter compu-
tational difficulties as well as dubious statistical properties if the

observed cell frequencies are small. In this context, O-values cause the

most problems because they must be replaced by a small numbef like (1/2)

as described in Berkson (1955) in order to aveid "loge(O)" calculations.

Given these considerations, the estimators E and thelr respective standard

errors based on V, are shown in Table 3 for purposes of comparison with

the estimators g ;nd their respective standard errors. Moreover, analo-

gous estimators for 1~T0’ Y, Moo .20 and N based on 13 and their respective ‘
standard errors are shown in Table 2; and for the observed cell frequencies,

in Table 1. Thus, it can be seen that the results based on the WLS esti- .

mators E and.Y are reasonably similar to those based on the MLE estimators

~

@ and Vé'

~

A by-product of the FARM approach is that it permits the testing of
hypotheses pertaining to model parameters. In particular, an appropriate

test statistic for the hypothesis

HO: E ? = Qq (3.8)

where C is a (q x t) matrix of full rank q < t is the generalized Wald

(1943) statistic

c']'lc

(3.9 ‘

T
LT

Q: =

~

'‘c'[c vV

LT

which has approximately a chi-square distribution with D.F. = q in large

~
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Table 3. Estimated parameters, estimated standard errors,
and tests of significance for Fienberg model X

Parameter Est?iztor ESt:TZfed Stzii:tic Estziitor Estz?:?ed St:iiZtic

QC(D.F-=1) Qe (D-F.=1)
B10000 0.262 0.047 31.37 0.265 0.047 31.91
B01000 0.069 0.091 0.59 0.080 0.088 0.84
811000 0.150 0.048 9.95 0.133 0.048 7.70
Bo0100 0.262 0.050 27.88 0.245 0.049 24.56
Bo0010 0.201 0.048 17.29 0.182 0.049 14.00
B10010 0.100 0.046 4.75 0.091 0.047 3.73
0110 ~-0.236 0.050 22.69 -0.235 0.049 22.68
Bo0001 1.365 0.090 228.00 1.283 0.088 212.31
0.395 0.090 19.08 0.376 0.088 18.23

801001
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Since the model (3.11) is not hierarchical, the maximum likelihood methods
given by Fienberg (1972) cannot be used to determine @R although other
numerical algorithms perhaps could. Alternatively, having obtained ﬁ for
the model § in (3.1), the FARM computational procedures can be applied to
determine an estimator Eﬁ for § which is asymptotically equivalent to @R'
For this purpose, expressions (3.6) and (3.7) are used with § replaced by

XR 0 The resulting estimators Eﬁ and V- were
<R, <

B

_ 0.220 [ 0.0439 5
By =|1.3750 , Vg = 0.0015 0.7448 x 10 “. (3.12)
” 0.436 YR [-0.0059 -0.0091 0.2141

Estimators for HO’ Ys Dyp 90 and N based on Eﬁ are shown in Table 2; and
for the observed cell frequencies, in Table 1. Finally, it should be noted
that the motivation underlying the formulation of §R was an attempt to iden-
tify a model with as few parameters as possible which fitted the data in order
to minimize the variance for the estimator of the population total N. As
such, this model is perhaps too aggressive in the sense of being overly data-
dependeng,and thus the results which are based on it should be interpreted
carefully. 1In this context, however, its application is still of interest
from the point of view of illustrating the use of the FARM computational
procedures for fitting a non-hierarchical model.

In summary, the matrix formulation (2.8) for log-linear models and
the FARM computational procedures (3.2) - (3.7) permit the application of
a broad range of comprehensive analyses to multiple recapture census data.

However, as stated previously, these methods do require certain fundamental

assumptions which may not always apply and thus should be used with caution.

>y
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APPENDIX

The proof that the computational strategy (3.2) - (3.7) yields the
same results as the FARM procedures in Koch et al. (1975) is based on the
following general argument which can be applied specifically to the mul-
tiple recapture census situation by replacing X with %0, r with (r-1),
and (r-1) with (x-2).

= - . = 0 ¢
1. Let E { l(r—l)’ E(r-l)] Thus, E}t ~(r-1)

In addition, KK' = {1 }, so that

Loeen, -1 T e

[ -1 - l
D7 = {1y - e, (-

2. Consider the model K[log 7] = K X B.

~ e~

3. Let XC be an ortho-complement matrix to the matrix [1r,X] so that

' =
EC[}r’g] 9'

4. Then the model (2) is equivalent to the model

X' x;-
STl e = 5| K @D RIX B
~C ~C h - e -

where K' (K K')_1

~ -~

K = (Ir - %-lrr) because the columns of X are jointly

linearly independent of 1r and X, is orthogonal to lr.

~C
S. Let Z' = X'K'(K K')—lK = X'"(I_ - l‘l ) and let Z! = X K'(K K')—lK =
~1 .~ e e o~ ~ ~ T r ~YL - ~C~ o~ ~
1
' _ x = x! ' - 7! = ' =
§C(Ir = Err) § . It then follows that g }r EZ}r 9 and 5152

§'§C = 9 so that }r’ El’ and 52 are mutually orthogonal. Moreover,

-1 1 -1
et ' = - ty _ 2 oyt Tyt t = X'X = 0.
XK & KO X (0% - £ XL XD and XK' EDTK X = XX = 0

On the basis of all of these results, the model given in (4) may be

written in the form
zZ! (z'z.)
I oregm= [T 8
2 0

'
414



where El’

this framework is identical to that given in Koch et al.

there apply to the corresponding estimators @ and VE so obtained.

~

But the weighted least squares fit of the model Z, with respect to
(log ™) in this framework is identical to the weighted least squares

~

fit of the model K X in (2) with respect to K(log m™.

Finally, the fact that

exp (2, 8) exp{(L, - % 1 X% 8}
1 lexp(Z,B)] 1
~roass e ls ELIEEB{(Er - ;-}rr)§ §}J

lexp- 1 11 X HHep & B)

exp(- 21! X )HL [exp(x $)1}

~
L

exp (X 8)

—~—m—

1 lexp (X 8]

demonstrates the equivalence of the models based on X and Z,.

22, and 1r are mutually orthogonal to each other. However,
(1975) for
fitting the log-linear model Z. to the data. Thus, the results given

FaY



