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SUMMARY. Asymptotic non-null distribution of the likelihood ratio
criterion for testing the linear hypothesis in multivariate analysis
is obtained up to the order N-l, where N means the sample size, by
using the characteristic function expressed by the hypergeometric
function of matrix argument. This result holds without any assumption
on the rank of noncentrality matrix. Asymptotic non-null distribution
of the likelihood ratio test for independence between two sets of

3

variates is also obtained up to the order N 2.

1. Expansion of the test criterion for the multivariate lipear
Exgothesis. Let each column vector of p X N matrix X be distributed

independently according to p-variate normal distribution with the
common covariance matrix £ and E(X) = @A, where A is a known s XN
matrix of rank s and © is unknown p X s matrix. Then the multivariate
linear hypothesis is defined by asking, under this model, whether the
parameters 6 satisfies the hypothesis H: 6B=0, where B is a known s XD
matrix (b < s) and @B is assumed to be estimable. By making an appro-
priate orthogonal transformation from X to ¥ by Y = XTI, we can obtain
the canonical form of the linear hypothesis. Each column vector of

Y = (Yi,..., Yﬁ) is distributed independently according to the normal
distribution with the common covariance matrix I. The hypothesis H
and alternatives K are specified by

0 3=1,2,...,b

i

Hs E(Yj)

(1.1)

Ks E(YJ) 0 J=s+l,...,N.

The likelihood ratio test for this problem 1s expressed by



(1.2) A= (Is |/ |&‘»e+~'~"hlIN/2

where S_ = g§~s+i%i%; and S, Zle &. The matrix S is the sum of
square due to error and the matrix Sh is the sum of square due to the
hypothesis. Hence under the alternative K, Se is distributed according
to the Wishart distribution with N-s degrees of freedom and Sh is
distributed according to the noncentral Wishart distribution with b
degrees of freedom and noncentrality matrix of @ = (é)AAfZ-l where
A= E(Yi,..., Yﬁ), as in Constantine [4]. |

Posten and Bargmann [8] obtained the asymptotic expansion of the
power function P(-2p log A < x) up to the order N-z under the
assumption that the noncentrality matrix Q is of rank 2, where p is a
correction factor such that under H the first remainder term of lowest
degree will disappear if we approximate the statistic -2p log A by x?
variate with bp degrees of freedom, that is, p is determined by eN = N-s
+ (b=p-1)/2 (Anderson 1, p. 208]).

On the other hand Constantine [4] showed that the hth moment of
the ratio of the determinants ISeI / ISe+Sh| under K could be expressed
by the hypergeometric function of matrix argument. His result can be

expressed by our notation as follows.

EN h] 3 (h+ E 20, €5 N-s+b,

(l 5) E[ -ré—_-*.—s_-l )I‘ (h+ N-S+b) l(h’ h + > —_ = Q)’

where Pp(x) and the hypergeometric function lFl are defined by

(1.4) ro(e) = 2V P p(x-(a1)/2)



- i
(a)K =T, a(a+l)...(a+ka 1).
The function CX(Z) is called a zonal polynomial of symmetric matrix Z

corresponding to the partition k = [kl,ke,...,kp},kl+k2+...+kp=k,

ki >0, i=1, ..., pand é;ﬂ mesns the sum of all such partitions It
)

is a kth degree homogeneous symmetric polynomial of p characteristic
roots of Z.

By using this result we shall show the asymptotic expansion of
PK(-Zp log A < x) up to the order N1 without restricting the rank of

. We further require some formula for zonal polynomials in Constantine

(41.
(1.5) |1z =Z (2 (2), ¢ (2) / k!
k=0 (K

(1.6)  Fo2) - Z (Z ¢ (2) / xt
k=0 (k

= etr Z.
Put m = pN = N-s+(b-p-1)/2 and let m tend to infinity instead of N as
in Posten and Bargmann [8], we can express the characteristic function

of -2p log A as

o(t) = E[;-ait o log A ]

-itm -itm
- 5[ Is, 1757 /I3 s, 17107



L (E 1-2it)- b-p-1y p @ 4 b+p+l
(1.7) = 2= ( ) -‘%%—-) p2 -—%%-') F.(-itm; '(1-21t)+
rp(g - E:E:i)rp(g(l-ait)+ EiEiL) 11 ;Q%__

Cl(t) c2(t).
Under the hypothesis H, the noncentrality matrix @ = O and the

hypergeometric function lFl is equal to unity. So the first four I

functions give us the characteristic function under H, which we shall

denote by Cl(t) and 1?1 by Ce(t). Cl(t) can be expanded by the usual

manner due to Box [3] (Anderson [1, p. 204]). Applying the formla

S (-1)"B_ (b
(1.8) log I'(x+h) = log 2x + (x+h-3) log x-x-}j : r;ii ) +O(|x|-m’1)

r=lr(r+l)x

which holds for large |x| and fixed h with the Bernoulli polynomial

Br(h) of defree r, Bz(h) = he-h+(l/6), to Cl(t), we have

b, . b - =P~ i -
log Cl(t)=- -éP- log (l-21t)%§{32(—21?—2a-)-32(-b%3+2a) ]Eg’_t +0(m 2).
Q=L

The second term of the above expression vanishes to get

(1.9) ¢ (6) = (1-2i8) P2 1+ 0 (mB)].
This is the reason why we use the correction factor p. Now we shall

consider the second term Cz(t) of (1.7).

-1mt) c (-Q)
(1.10) c,(t) ~Zg ([m(l-elt)]/z + Tb+p+l)/‘+)

This follows from the definition (1.4). The coefficient of each term

can be arranged by the order of m.



a-
= - - ___ - N 2 S
(1.11) 1tm) agl( itm X itm 2 1)..(-itm > k_-1)

p, Ky 1 ja=1 ka(ka"l) 1
aLIl(-:Ltm) [1+ T { 5= Ko~ 5 . O('E)

(~itm)® [1 + -2—1—552 k (a-k ) + O(i?)]

(1.12) ([m(r-2it)/2] + (b+p+1)/l+)K

{mgl-zlt)}[ m(l-21'b) baptl i 2 (@k,,) X o(—) }]

Hence we can write C (t) as

(1.13) Z; (B bt SRy - mmé?zk“*‘)}

+0 (m"2)] {cK(-Q)/k:] .
Now we shall evaluate the each term of the above infinite series. By

(1.6) we can see exp(x tr 2Z) —Z Zx C (Z)/k differentiating

this equality with respect to x to get

00

(1.14) (tr 2) etr 2 =>: z CK(Z)/(k-l).' .

k=1
This formula is used by Fujikoshi [5], in deriving the asymptotic
expansion of generalized variance under the noncentral case. By (1.5)

we have



(1.15)  |1- n"tz|™® Z (Z(na) ¢ (2)/(k! n Xy

i a¥c (2) Kk (k)
DS ek ) o)
K

k=0 a=1
which holds for any number n and a, 2 is & p X p positive definite
matrix such that all characteristic root of Z/n lies in the interval
(0,1). This is satisfied, if we consider n morderately large. The
left handside can be expanded asymptotically in another way by the

formla -log |T - n™1z| = tr(z/n) + tr(z/n)2/2 + o(n™).

] _Fna -
(1.16) |T =-n lZI =exp {-na log |I - n 1213

= (etr a 2) (L + (a/2n)tr 72 + O(n-a)].
Comparing the coefficients of each term of the order n-l in (1.15) and

(1.16), we can get

(1.17)i Z e (Z) { z (ka-a)}= a2tr Za(etr a z).
k=0

Applying the formula (1.14) and (1.17) to the expression of Cz(t) in

(1.13), we have
(1.18) ca(t) = exp [{2it / (1-2it)]} tr al
[ -— L—E——z—b++ll ’GI'Q+—————32it tr 92}+0(!‘—2-) ]
(1 211-,) (1-2it) m
Combining this with the expression of Cl(t) in (1.9), we can obtain
asymptotic expansion of the characteristic function C(t) in terms of

noncentral )(2 distribution.



(1.19) c(t) = (1-2it) P2 exp [{2it/ (1-2it)} tr 0]

1 b+p+l)tr Q 1 b+p+l 2
X [l+ = {L—?T)__y— - ( tr Q - tr Q )

(iaif } ' 06*) ]

By inverting this characteristic function with the well known result

-£/2 exp [2it 62/(l-ait)] is the characteristic function

that (1-2it)
of the noncentral x2 distribution with f degrees of freedom and
noncentrality parameter 62, we can finally obtain the following

theorem.,

Theorem l.1. The non-null distribution of the likelihood
ratio criterion (1.2) for multivariate linear hypothesis defined by

(1.1) can be approximated asymptotically up to the order m"l by

P(-2p log A< x) = P(x?.(bz) <x )+ ;];l{y-%-—]-‘- tr Q P(x_?\+2(82) < x)

-(PiéfﬂL trg - trne)P(X§+h(82) <x) - trnaP(x§+6(62) < X)}‘+ o(n?),

where

= trQ = trAAfZ-l/2
and x?(&e) means the noncentral x? variate with f degrees of freedom
and noncentrality parameter 52.

If we specialize the rank of Q to two, we can easily recognize

the agreement of the result by Posten and Bargmann (8] and ours,

after minor change of notation.

2. Eﬁgggsion of @gg test criteriqg_for indeggndegce. There is a

close connection between multivariate linear hypothesis and the test



for indepence between two sets of variates. Because we can reduce
the test for independence to that of the linear hypothesis by taking
conditional distribution of one set of variate for given another set.
Monotonicity property of the power function of the test criteria
was proved by this fact in Anderson and Gupta [2]. Thus we can ex-
pect that the same is true in asymptotic expansion.

Let px 1 vectors Xl,...,XN be a random sample from multivariate

normal distribution with mean vector p and covariance matrix Z. Put
N N
S = Z(xa-)'c') (xa-)—c) X = Nt Z X, end let us pertition Z and § into
a=1 a=l

p, and p, rows and columns (pl + P, = p) as

z=<>:ll 212>, s=(sll 515 .
Ly Iy Sp1 Sep

Without loss of generality we can assume p1 S_pa. The likelihood
ratio test for the hypothesis of independence H : 212 = O(pl X'p2)

against all alternatives K:I , # 0 is given by

_ N/2 -1 -1 N/2
(2.1) A= (Isl/Is;y 185D = T -8 S5 55 ST

P1 2\N/2
This can be also expressed as nj=l (1-1"j ) by using the sample
canonical correlations defined by the Py characteristic roots of
-1 -1
11 S12 52 Sor-

A under K in the convenient form for the expansion.

] S First we shall show the moment of the statistic

Theorem 2.1. Under the alternative K, the moment of likelihood

ratio statistic can be expressed as



N-P

. N-1
(2.2) El:( g )h} i Ppl(h )P ( )
51111822 c (N‘Pz'l)r (h+ _)

Py

N-1 2
L (-p ) JF, (8, hshe 2%),

vhere P2 = diag (p12,...,p 2') is a P XP diagonal matrix,

P
diagonal element pi means the polulation canonical correlation and

the hypergeometric function EFl(al’ a.e;b;z) is defined by
) 2(81)#&2& ¢ (2) / ((b) k! .
k=0 (kK

Proof. Considering the conditional distribution of the first 121
components of the sample for given p2 second components in the canonical
set up of I, Constantine [4] showed that the joint distribution of
1l - rle,..., l-r 12 is the same as that of Py characteristic roots
of W'(W'+ W')','l, vwhere p; X p; matrices YV' and YWU' have the Wishart
distribution for given Y(p2 X (N-1)) with common covariance matrix
I'= diag (l-plz, cee,le Pp b ) such that W' is central with N-p,-1
degrees of freedom, W' is noncentral with P, degrees of freedom and
noncentrality metrix Q = r LAy A /2 and that they are distributed
independently for given YY'(p2 X p2), which has the Wishart distribution
with N-1 degrees of freedom, covariance matrix I, and the plx P, matrix
A is given by

pl 0

A=

Hence we can express the conditional moment of |8 l/( Islll ISaEI) for

given YY' from (1.3) by simple change of notation.



(2.3) E[TVV'Ih/IUU'+VV'IhI '}

N-p
I'pl (b 2 ) ( N-l 1
= (N-p -1 ( N-1, 1Fy (mshr 5555 -HTAYAY).
r (CP27)r (b5
P2 P e

Applying Kummer transformation formula iFl(a;b;Z)=(etr 2) iFl(b-a;b;-Z)
by Hertz [6] to the second expression and taking expectation by YY'

with the Wishart distribution Wb (N-1,I), we can write
2

((§-1)/2)
EYY'[l (h h + éﬁlm A')] "'Z (Z T+ (N-l),/%fK 73
K

(2.4) 1

1 -l ] t
2

cK%A'P'lAYY' da(yy') .

By the formula ué;o {etr(-RS) }|s lt‘(pﬂ)/ 2CK(ST)dS=PP(t)(t) KIRI"tc K(m'l),

which holds for pX p positive definite matrix R, S and p X p any

symmetric matrix T, established by Constantine [h], we have

© _ > - 2
e S Z (-1)/2) (@-1)/2) ¢ () |

(n + (N-1)/2) k! [T warIa|(N-1)/2

Applying again the Kummer transformation formula 2F1(a1’a2;b;z) =
bea. -8,
|1 - 2| 17 2Fl(b-al,b-az;b;z) due to Hertz [6] and the identity

|I +-IVP—1AJ = II - pal-l to the above expression, we have

i () (W) Cx(®°)
k=0 (k K

10



Combining this result with (2.3), we can get the theorem.
From this theorem, we shall expand the non-null distribution of
the likelihood ratio statistic -2 log A asymptotically. It is known

by Olkin and Siotani [7] that the limiting distribution of

JN{([s |/|Sll||822 D -lzl/ |):11||z.22|} is normal with mean O and variance
h(lzl/lzllllzé2|)2tr zll’lleEEQ'lzél, S0 -2N-%(log A - log niil
(l-pja)N/a) has the same limiting distribution with mean O and
variance h-}jjil p?. This situation is somewhat different from the
previous section. Under the hypothesis the test statistic -2p log A
is recommended instead of -2 log A, where the correction factor p
is determined so that the first remainder term disappears in the
asymptotic expansion. We have nN=N-(3/2)-(pl+p2)/2 (Anderson [1, p.
2391).

Put m = oN and let m tends to infinity instead of N. Then the

characteristic function of the statistic -2pm'éklog A - log
Py . 2N/
szl(l-pj) ) is obtained by putting h = - itWm in (2.2).
P,-P,*1 P, +p,*1
m . 12 m 12
I"191(2 - uit + "‘TT"')PPI(z ¥
P, -P,*1 P, tp,tl
1 -2 m . 1-°2
+ __.E_)[‘pl(a - \/I-nlt + __r__).

(2.7) c(t) =

r (&
Py 2

1
p1+p2+1 k.

5 = Z (fmit) (~mit) cK(Pa) .
x=0 (x (g--Jhit +----K-----),<

Applying the asymptotic formula for log r(x+h) in (1.8) to each of

the four I' functions, we get

11



. L it 1.
(2.8) First Factar =1 + Ja‘plpe +O(m?).

By the same way as (1.11) and (1.12),
Py

(i), = (o) (L) ) Fylovky) + 0]
Olml
(2.9) L ‘
+ .
(3 - Jmit +’P—l+§£—- = (g—)k[l -5—;1 k + 0(X)1.

Hence we have (- J—mit)K(- J—mit)K/((m/a)- Jmit + (pl+pa+l)/l+)‘|< =
Py

(-2t2)k[1+m-%{2itk + (it)-l Z ka(a-ka)} + o(m'l)], which gives,
U=l

with the formula (1.14) and (1.17), the second factor of (2.7).

(2.10) F, (- Jmit, - mit; (m/2)- Jmit + (pl+p2+1)/u;1>2)

2

- (exp(-2tPtr P2)) [1 + lun"%(it)3 {(tr P° - tr Pb'} +o(m™1.

Combining this expansion with (2.0) , we have the following expansion

ol the characteristic function.
(.11) uit) = (exp(-zt?er PE)I[L + J% (it pp, + k(i) (tr PP-tr BY))

+ o(m-l)])

which implies the following theorem.

Theorem 2.2. The power function of the likelihood ratio test
for testing the independence between two sets of variates can be
expanded asymptotically up to the order m-% in the following way.

Put A= -( m/7)(log [s]/(ls;;Is,5] = 108 |21/(12); |15551)), vhere

12



P
m=N - (3/2) - (p1+p2)/2 and T = aJ€¥'§2 = 2<§i p?)%. Then we have

3=1

PPy
T

Py
(2.12) P(X < x) = &(x) -.%E-{ o' (x)+ :%-O"'(x)(Ta-égjpg)}>+O(m-l),
J=1

where ¢(x) means the distribution function of the standard normal
distribution and @(x), ¢"{x) are its derivatives.
In case p = 2 the problem reduces to test that the correlation
coefficient vanishes. It would be of interest to compare numerically

with another formula in Ruben [9].

13
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