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On the Equation a2+n=b2+mc2+p in a Freeé Group

n
M. P. Schutzenberger

The problem of proving that in a free group G the equation

32+n=b2+mc2+p (n,

m, p > o) has only trivial solutions has been
attacked firstrby R. G, Lyndon.(l) »E. Schenknan (2) generalized
Lyndon's result and proved by group theoretic arguments that the
result is true for all values of n when m and p are equal to n.

In this note we show that brute force alone is quite enough
in the general case. For this, we replace the eguation in G by two
equations in F, the free monoid generated by a fixed set of generators
of G together with their inverses. Thus, if ¢ is the canonical
homomorphism F —> G, and if lfl denotes the length of the ele-
ment £ € F, ve can provide F with an involution £ —> f such that
of = (o£)™) and l£] = |F|. The complement F¥* of the ideal of F
generated by all elements of the form £f ( |f|# 0) is just the set
of all words which are in reduced'form. |

With this notation, there corresponds to each element of G a
unique f ¢ F¥ of the form fl f where f belongs to the subset
F** ¢ F* of the words fgeF* such that any cyclically equivalent word
fé also belongs to F¥, Here, as usual, we say that f2 and f' are

2

1
cyclically equivalent (f2ﬁ~4f2) if £ = f,f) and ' = f)f, for some

5 5

f5’fh eF,
In the first part we state several more or less well-known simple

facts about F and F¥* that are repeatedly used later. Basically, they
(3)

are nothing more than F. W. Levy's theorem on free monoids. (If

£2, = £5f) and lf | > lf | then £, =

£ € F) or the remark that f,f, = £f

f5 5 and fh = f5f2 for some

5 € T* and l£51 2 £} imp1y



£, = f2 = f5 = e, the neutral element of F.
In the second and third parts, we verify that the equations
- - - 2+m o4
ast? = (bf)l+m bg (cf)1+p cgeF*andg atn g=b5b 2P ¢ F*,

respectively, have only trivial solutions (i.e. that they imply
f=g=e,anda=d"1;b=a%;c=a"3for some de F).

In the last part we show that the proposed equation in G reduces
to one of the two above forms. It will appear that the only really
painful cases here are those where n, m and p have small values. Thus
it would not seem impossible to give a complete list of solutions for
large enough values of the exponents of such equations as

a'2-i-n - b2+m c2+p d2+q

. However, the prospect of treating one by one
the score or so of equations in F tp which this simple relations in
G corresponds looks somewhat preposterous since no algorithmic proce-
dure is knotnas yet that could harness a machine to the task.,

I. 1. If ab = bc then, either a = ¢ = dpl and b = dn2 for some

de F,(l) ora=dd', b = (dd')%d and ¢ = c'd, for some d, d' € F,

(1) Since we are dealing with a monoid, the exponents are non-negative
numbers; it is understood that for any f F, f = e, the neutral element.
Proof':

Let us assume that the result has been slready proved when

L B §
Ia b ' < ]abl.
1

Ir IaI < ‘bl, one has b = ab and the given equation simplifies

] 1 ) -
to ab = b c; consequently, because of the induction hypothosis,

(dd')n+1

dn1+n2

1 t 1 n 1
a=dd ;b =(dd ) d; ¢c = d d and thus b

d; if in addition,
- . .
a =c, then, a =c = dpl; b =2 and b =

1 !
If {a! > Ibl, one has a =bd and the equation shows that c= 4 b.

Then, if a 7 ¢ the result follows directly by taking d = b and if a = ¢,

R -
. ong =



1 1 ' n n
we have the new relation bd = d ¢ from which we deduce d = 4 1; b=4d 2
DyFog
and finallya=c¢c =4 o
' n
X3
I, 2. Ifa’®. (bc)1+m bd with la| < |(bc)® b|, then a = ¢ 1 end
n -

be = g 2 for some g ¢ F,
Proof':

Let us assume firstthat_lal < Ibl. We define the integers Pl, PQ,P5

and the elements of Fa, (1< 1< b) by the following relations:

b = al+Plal; be = al+pl+p2a3; beb = gltPL¥PRD3

where
%5

(1) Since we are dealing with a monoid, the &ponents are non negative

numbers; it is understood that for any f F, £%= e, the neutral

element.
- - - - gitpl p>
8= 8j8, = 858) = a5a6. Thus, b = & a, = )8 a5.
= 1 3 3 2Pl . p3, .
Ir p3 1393 the last relation gives aﬁaha a8, ahaaaha a5,
: +
consequently aaau = ahai = 8 and, since by definition b = a1+pl P2a3, the

result follows from (I.l.).

If p5 = 0, we must have aleo = Oand b = aBahal = ahas.

Consequently, |a5| > I a3| end, teking into account that a = 3 aiau = a5a6,
we obtain again aBau = ahai. The rest of the proof remains the same as
above.
Let us assume now that Ial > |b| and, consequently, that m = 1 +n'
since, by hypothesis, |a| < | (be)®.
Ir Jal < foc, b' =bc; ¢! =e; a = (bc)p'bd, and since by

hypothesis |a| < |b'| the result is proved.



It [a] > |bc|, we define m' and b' by ]al+ml‘§|(bc)2+nll

= |a1+m‘b'l and b'c' = a. We now write bc = a' and we are back to an

equation of the same type as the original one but with d = e, Since,

now |a'| (= Jbc]) < |o'c'| (= |a|), the result is proved in all cases.
It can be observed that by taking the special case ¢ = d = e,

+ +
l+n bl 11}

the above result shows that the relation a = implies that

a=g and b = gnz. The same conclusion follows from the relation

it

)a+na

(ala2 1 (blb2)2+mb2 since, assuming for instance that

,alael < lblbal’ this relation implies another one which can be given

2+n'
aa)

the form (al = (blbe)zb' with b! a left factor of blb

2.
I.3. If both a and a are generalized factors(l) of b° e F¥* - { e ),

then b = acac' with c and c' different of e,

Proof:
(1) We first notice that for any uyeF the two relations
uv = v'ueF*, |u| > |v| imply u = v'w and U = wv. Consequently v = ¥

- W
e and finally, uv = uueF

and v' = V., Because uveF], this ented.ls W
from which the conclusion u = v = e instantly follows.

(2) We now come Back to the proof the property stated. Because
a and a are generglized factors of bn we must have relations
& =b"d), a=bjb"", b! = biby, b"= bibl; b bl b

We cannot have m > O because, then, the above relations would give
an equation b' = b’ with b' ~ b", that is, b' = bgbg; b" = bobg end

= b6 = b = e in contradiction

b5b6 = ESEB. Finally, we would have b5

with b # e, because of our remark (1) and of the hypothesis beF*¥*

(1) By a generalized factor y of feF we mean any factor of a word f!'
cyclically equivalent to £.



Thus m has to be zero and both a (=bi) and a ( = b% = Si) are genersl-
1lized factors of b.  The relation b' (= abé)vunb" (=b%§) implies:

either b' = ab! = b" a bﬂ with b" = bﬂ " snd because of (1), b' = acac'

1 5 5 5
with bg = ac and bﬂ = ct;
or b' = abl = Eib"gé with & = ;é;l' The hypothesis b'eF** ghows then
that e = ai =8, and we are back to the previous case.

I.b. If ¢ and d are generalized factors of a, and if a is & generalized
factor of a word b belonging to the sub monoid generated by c and 4, then

the hypothesis beF* entails c=d=a="»b = e,

Proof :

The statement implies that C and d are themselves generalized factors
of b, According to the remark (1) above there is no relation c=c'vor ve'
with ¢ = c"c' or = c'c" with c' # e.

Thus, assuming for instance that lcl > !dl, we deduce that c¢' = du

- 'lim
s ' 1 = pipt = ptat = 4t
with c'sv c (that is, ¢ cles and c clce) and ¢ = did with
d ~+d! = aJd3. Comparing these relations we obtain c' = du,
-~ =3 1at tal =g 4! = o =
c=4d d2, €5 du and cAcy d de. Consequently, d = ¢ = e since
d. c €« F*,

II. The equation (E):

2+

N

bg (cf)l+p € g c F*
has only trivial solutions when f or g reduces to e,

Proof:
By a trivial solution we mean one in which f = g = e and

o= dnlg b = dn2; c = dn5 for some deF., The restruction that f or g



reduces to e is not unnecessary. The case where g = e is used in the
proof of III below and the case where f = e is the one which corresponds
to the similar equation in the free group.

AIt is useful to observe that the equation (E) is in fact symmetric in

b and ¢ in the sense that it can also be written
a2ttt (cf)1+pc g (bf)1+m bg with a'm~ a.

For the sake of clarity the proof is split into several parts. In II.l.
we assume that lal < l(bf)l+m[ and we verify that because a belongs to
F** this implies Ial £ l(bf)mbl; this last inequality elmost instantly
delivers the result. In II.2, we verify by considerations on the length
of the elements that we have in fact covered all cases wheren > 2., In
II.3. we deal with the case of n = 1 and in II.4. with that of n = O.

In these two cases we show that (E) implies another equation of the same

type but strictly shorter and the result follows easily by induction.

IT.1. Let us consider first the special case where [al = l(bf)l+ml; under

this hypothesis (E) simplifies to f (bf)n+m+mn =g (CE)I+PC g.

ntmimn 2+b

If £ = e this gives b =g ¢~ “g. Then either b=c =g = e,

or else, c ¥ e entials n + m + mn > O and, because of I, g and g are

factors of b or, more accurately, b = g b'g. Since N c2+pgeF*,

b2 also belongs to F¥* and, finally, g = e. Now, the equation reduces to

I+m | némbme 2+p

the systema = b s b =C and the result is proved by a straight

forward application of I.1. If g = e, we observe that (c'i;)%p € F¥*,

)n+mrf-mn

Thus, £(bf T = (cF)M*P ¢f <— F* and, consequently, fTcF*, that is

f = e. The end of the proof is the same as above.



1
m 1+m .
Let us suppose now that |(bf) b| <|a] < [(bf)"]. The equation

(E) cen be replaced by the system

- . 1 _ = - l+]._3 .
8 = (bf)mbfl, a= " = £,b8 (cF)” Tog, £ = T,

If m > o0 or if ]fll > lfel, we compare the left factors of length
Ifebl of & and a>™ and we obtain the equation

be = f2b with f5 a left factor of f.

If m = 0 and lfl] < |£,], we use a factor of length |of,| and we obtain

blefl = fgbl with bl n = b.

In both cases, since £ # e, (I.1l) gives either

f2 =uv, f

3
or f2 = uv, befl = vju, bl

Now f is a generalized factor of & and algo, because according to our

=vu, b = (uv)ku

= (quku.

hypothesis o is a left factor of (bf)l+m, it is a generalized factor of b.
Thus, in particular vu has to be a generalized factor of (uv)ku or of
(uv)k+lu. Since a2 ¢ F*, we know by (I.4.) that this implies u = v = ¢
and, consequently, the hypotheses |(bf)™ |<|a| < |(bf)l+m] and 8B e ¥

are contradictory. Let us finally suppose that |a| < | (o£)™]|. Then,

(I.2) applies and we can write a = at™ and bf = a+02,

generalized factor of a, £ is a right factor of dl+n2 and, consequently,

1+n2

Agsin T is a

f end f are generalized factors of d. Thus d = d'f because of bf =d
and we can simplify (E) to (fd3n3f =g (cf)l+pc g.

This is an equation we already encountered in the special case of ]al:lbfllﬂm.
dléng b = dl+n2, dn3 - c2+p

Thus we have in all cases f = g = e, a =

and the result is an immediate consequence of (I.2).

II. 2. Because of the symmetry of equation (E) we can now meke the
following standing hypotheses:
la] > I(bf)l+m 5 ]a] > |(Ef)l+p| and, for instance,

|(62) ™ b] > [(B)*P e |

v



8

Because g and g are both generalized factors of a, |a| > 2 |g| and (E)

can be replaced by the systen

anl ! g where

al & = (00)""" v, 8} 8™ = ()P cg, 2 = 8] & sy

2 1

n) +n, =1+nend |anlalé | > Iaé ganel. This last inequality gives
- '
ny 2 n, and ve can write n, = 1+ n,. Now, / ‘
1 1 ] 1
la] > | (0£)™"| ana |(b£)"™ v] = |a® &, | show that |b| >[a"1 a,|

and that, consequently, ni = 0. This proves that n = 1 or O depending
£
upon n, = lor O,

We can now rewrite (E) as the following system:

+ -, = 1F
a = (66)™*%, & = b.g (cF)'"Peg, b = byb,, by Ae.

We compare the left factors of length b of a and of al'hn and,

applying (I.1), we obtain the following expressions which will be used

t111l the end of the proof:

14 1+k'

4 H
b, =uv, b, = (uv)k u, a = ((uv)l-‘“k uf)” v, g (cf)l+pcg =vu#f ((uv)

uf)mu v a® . The last equation shows that v can be written as

g v'g with v' # e since, because uv # e, we can always assume that v # e.

According to these equations the inequality |(bf)l+mb | > (cf)l+bc|

becomes for n = 1 |uv| (-2 + k' - m - uk') + |u| (L-m)+[£] (-1-m)+|g]
(-1-m) + 2|g| > 0.

Because of |v| > 2|g| this is only possible when m = O and k' = 2+k.
Then the inequality |a| > ](cf)l+p| becomes simply
el +2 |g] >2 |uv] + |£].

When n = O the corresponding inequalities are always trivially

satisfied.

II. 3. We now consider the case where n = 1 and where since m = O and
k' = 2+k remarked above, we have:
b = (uv)3+ku; a=(uv)3+ku £ uv;é(cf)l+pc g=vau f(uv)h+ku fuv; v=gv' g

with the inequalities



klu v| + |u] +2 |g| > |£] end |e| +2 |g| >2 luv] + |£].
Thus
(c f‘)2+p =v' guf (u v)h+k ufugv f
that is
' 2+P )'H'k - t 1 .
c = (uv) u (f u g v'Fytguf) for some c' cyclically
equivalent to cf.

If |e'] < |(uv)5+ku] we cen apply I.2 and prove that there exists
- 1 |}

some a' which is such that c' = gt and uv = a‘na. Consequently
|
11
ufug viy'guf = a'? , with n" =2 + n' since uv = a'h2, Now, this
' -
last equation can be written as g2t (uf)2 ug (v'f)lv‘ g for some a"

cyclically equivalent to a'. This, at last, is an equation of the

we+n'

same type as (E) but with a 2+n

strictly shorter than a . Thus,

by induction f = g =e; u =4 ; v = dn2 for some 4 € F and the result
is proved by reverting to the above expressions for a, b, ¢ as functions
of u and v.

It remains to discuss the case where |c'| = ]cfl>l(uv)3+ku| which
we shall prove to be incompatible with the hypotheses & € F** and for
y = e. The above inequality can‘be written as

12 (cB) P g| + |£] = uv] (6 +X) + |u| +3 [£] >
(2 + p) I(uv)3+ku| +2 gl
= luv| (6 +2k +3p +pk)+ |u| (2 +p) +2 [g],
that is,
5 2] > Juv| (k +3p + pk) + Ju| (1+4p)+2]g]
and it cannot be satisfied when f = e.
When g = e we observe that since |c| > 2 [uv| + |£], the equation
(cf)l+Pc =vuf (uv)h+ku f u v gives one or the other of the two

1+K" )1+H'

systems of reletions ¢ = v u f (uv) uy = uh(vu fu ViU Ug=sly =u

vy
we



10

' l+k" l+ 3 ) _ _
c=vuf (uv) uv, = vhu(vu) fuvivyv, = VsV), = Ve

In both cases we cancel on the left a factor of length |vu| and
we obtain
n it
f (uv)l+k u, = uh(vu)k fuv or

l+k"

£ (uv) uv, = vhu(vu)k' fuv;

- * v B _ ,
Now fc € ¥ idplies Fuyef* or Iv) e F*, ThusfT € F* and finally £ = e.
II. 4. The case where n = 0 is quite simple.
We can write (E) as the system
l"'m._ . o - l"l'p - . -
(v£) = 818,85 & (eF)""Fc g = 8,5 & = 88,
£, that ie

1l
‘ -
a 210 a,f &, g (cf)l+pc g for a'~bf.

Consequently, (bf)2+m = alé(cf)l+pc g a

Again we are back to an equation of the same type as (B) vut

‘ strictly shorter. Thus, by induction, f = g = e, a = dnl, 8, = dn2

and ¢ = dn3 for some d € F. Since, then, a = alcg+p the result is

proved.

III. The equation

2+ = 2+m 2+p
a ~ c

*
g g = € F implies g = e

Proof:

If a, b, ¢ or g = e the equation reduces to the equation (E) and
the result is proved. In the other cases it can be written as the
systenm

g = (b'b“)m'b' = (3'&")R'3'; (a'a")P e = (b"b')m"b";

l (a"a')n"a" = (c"c')p"c";
with

® v

This displays a useful symmetry with respect to (a,n), (b,m) and (c,p).

"=1l+nm +0" =1+m;p' +p" =1 +p.

As above, the proof goes by eliminating successively all possible.subcases.
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III.1. The result is true if m' = p' = 0.
Indeed, we multiply the two last equations 6f the system and
obtain

2in

g - (buf)l"’m " (cnf)l'_"pcu

with f = b' = ¢’

Thus, applying the results of II, we know that £ = ¢ and that

a, b" =b and ¢" = ¢ are powers of certain element d: Consequently
g = e because 4 € F**. Thus, because of the symmetry, we can always

assume now that m' +p', n' +m', o' +p > 1.

III. 2. The result is true if m' =n" = 0.

Indeed the equations can be written as

b = (E'E")l+pi c'; a" = (c?c')l+P1c";

(a'a")l+na' = (b"b')l+mb“.

Because of (I.h); it will be enough either to show directly that a"
(or b') is a factor of b' (or of &") or to prove first that a'a" = a ;

nl

b'b' = d ~ end then to compare the left factors of length }d| of these

two relations.

||| 1

Now, accordlng to the remark made at the end of (I. 2), a'a"=d"" and

when both n and m are different from zero we have b"b' = a%% as 8

[ n)l‘l'n " = (b"b' )l‘f‘lﬂbn. Thus we can

consequence of the relation (a
assume from now on that n = 0 and we first discard the case where m
is even, by observing that a'a"a' = (b"n')=" " =(b"b')  B"b'D" (b'b")
implies that one of the two elements a" and b' is a factor of the other
one. Let nown =0 and m = 1 + 2k, that is a'a"a' = (b"b')2+2kb".

If |a']| < |v"|, b' is a factor of a". If |a'| > |b"], we have
lata"| < | (b"b')l+2kb"|, thus (a ")2_= (b"b')2+2kb"a" and because

of (I.2) ale” = d"1 end b"b' = a"2.
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III. 3. The result is true if m' =n' = 0.

Indeed, because of (ITI.1) and (III.2) we have

b= (3 e o 2 (0o )Y (ata )T gn o (etet )P e,
That is

(a" (o" (ara")HPL grylsmlyliml oo | (anen)P o,
Thus, c¢'c" = e, because of (I.4), since c¢'c'"is a generalized factor
of (c"c')p“c'.

This last remark applies to the six pairs (m'n'), (m',p"),
(n'p"), (n"p'), (p',m"), (m",n") because of symmetry and together with
(III.1) and (ITI.2) this shows that the result is proved when two or

more of the six exponents m', w", n', n" p', p" are zero.

III. 4. The result is true if m' = O and |b'| > |a].
Taking into account what has been already proved we have only

to consider the equations

'bl = (E' En )1+Plat s (c"c' )l+p2 C" = (ana| )l+n2au s (a' an )l+n2a| =(b"b' )l+m2bt|

Let b,~b be defined by b! = 3"3'(3"3')PL%'. Since byl > |a| the

1l 1
f 1+n'2 ' . N 'R
last equation gives a relation b' = 8, a' with al_raa a ;alal = al

and the second equation gives 5"(5'5")l+p2 = 5"5‘)n2 a".

Thus, by comparing the left factors of length lall of the two

expressions of by, we get 8, = a"a', that is a = e, since al,a»a'a".

IIT. 5. The result is true if m' = O and [a] > |b'| or if m' > 0.
If w' >0 we can assume by symmetry that |a| > |b] > |c| and we replace

the first of the three equations used in (III.k4) by (b'b")l*mlb'=

(31&") P,

We note that with these hypotheses we always have [a| > |c].
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Let us define a. ~ma'a" by al:i b'(b"b’)l+m2b' where bi is a

1 1
left factor of b"b'. Then we also have a, = ¢ 142, with ¢, ~c'c' and
1 1 1 1

t
¢y, 8 left factor of Cqe
We now compare the left factor of length |c| of the two expressions

. ' _
of ai which have been obtained and of the relation b'(b"b')® = (c'c")l+pch

As in (III.4) we get c, = c'c" and this shows that c = e.

Thus the result is proved in all cases.

IV. In this section we give a couplete proof that the equation
a'2+ﬂ = b'2+mc'2+p in G implies one of the two equations in F
discussed in IIT and IV ebove.
With a view to possible generalisations we establish the following
slightly more detailed result IV.1.
Here £ —> £ (respectively, f —> f**) denotes the mapping F —> P
(respectively, F —> F**) defined by the conditions ¢ f = ¢f* and
: “x
£% ¢ F* (respectivelyf‘F** and f*=f‘l £** £, for some f, € F).
IV. 2. To any b, ¢ € F there corresponds one u € F which is such
that at least one of the following equations hold.
(ube u)** =(ub u)**éﬁ c u)*
Gow) ™ =@bew)™ (@suw
(ue u)** = (é 5 u)¥ (; b e ui*
Goew)’ @ow™ @euw™

Proof':

*

*

*k * '
We assume that Ib l > lc | and we use repeatedly the fact that

# * - *
for any £, f' € F the relation f ;u:f'* is (fl f fl):Féor some f. € F.

1l

The element u is constructed by induction as a product UpUgeenees
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Let us assume first that b =t b'F % and take u; = t. We have:

- * - - ok
(tbet) = wlalwl(where a, = (t v c.t) )
- * %%
(tvt) =bv
- * - - *%
(tet) = vy€,V4 (vhere ¢, = (Ect) and
- (b** - %
Wy o8y Wy = v, ¢ vl) .

We now have to consider separately several cases and subcases.

*% - )
1) If v, =e, weputb =f h and c, = h g withh, defined by

1 11 1l 1°1 1

the condition that flgl € F* and we consider separately

11) If g, = e, that is, 1f wia.W, = £, and

- pave 1 - a )* (5. & *¥
= £,¢,, we have = (ul ¢ uy u, ¢ u)

and the result is proved.

X%

12) If g # e we also have f, # e since, by hypothesis

2 1 = ey
Thus the three relations flgl € F*, flhl € F* and
- *% - *
hlgl €F imply’hlflglhl € ' and if we take u, = hl
we obtain:

- - * - . "

(u2ul be ulua) = W8 W, (with a, € F ),

- - * *

(ueul b ulua) =hf eF

S * - * - -
(u2ul c ulue) = gh) eF and wyau, = h,f. g5, .

Now, the result is proved if Iwél < Iglﬁll. If this inequality

does not hold we have Wy = w3glhl: Thus, hlfl = g.h w,a_ w, and the

11323
result is finally proved by taking u = uluzu3 with u3 = glhl.
2) If # till writ b** = f.h =B v with £.v! € F'
fv)#e, ves write = f)h, vy =hyvy Wi 11

and ve teke u, = h Thus we get:

l'

(3,3, b ) W, (vith *
uyl) b e wu,) = wvyasw, (vith e, €F )

(.... *"hf e

uu, b ulu2) =hf, €F

(fd e wuw)’ = v e (vithc, € F )
U1 € WY/ = V1 51N 1

v, & Wy = (h,f.v! c. ¥V )*
2 2 1711 11 ¢
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Now:
If vi = e we are back to the case 1 above,
If v # e; and £, = e we are back to the case 2,
If vy £ e and £, # e we are back to the case 12. and this

concludes the proof.
12+n
We now apply this to the equation & =D
‘ : ' 2+m .
the free group, by taking b = b1 and ¢ = ¢ 2+p in

'2+m c,2+-p in G,

IV.1 and we thus obtain either one equation of type (E) (with f = e)
or one equation of the type discussed in III depending upon the fact

that we get one of the first three cases 6f the fourth case listed

in IV.1.
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