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SUMMARY

In this paper the exact solution to a one-dimensional initial-bounda:y value
problem for a homogeneous isotropic thermoelastic layer in a linear dynamic
thermoelasticity with finite wave speeds is presented. The initial data are
assumed to be homogeneous, and thermoelastic disturbances inside the layer and
for time t >0 are produced by a time dependent normal load and temperature ap-
plied on its boundary. The method of finding the solution is based on a decom-
position theorem which asserts that a thermoelastic process obeying a central
fourth order partial differential equation can be decomposed into two simpler
processes satisfying two wave equations with a convolution. The two simple
processes correspond to two initial-boundary value problems of Dirichlet type
with two unknown boundary data which are uniquely determined from the data of
the original problem . The solution is given in the form of an expansion in
space eigenfunctions with coefficients depending parametrically on time and on
the data.



1. Formulation of the Problem
Let L be a layer made of the homogeneous isotropic thermoelastic mate-
rial of Green-Lindsay type ( see [1]1) that occupies the region

OSX,'SI, |X2|<C0, |x3|<oo (1)

where xi( i =1,2,3) are the dimensionless cartesian coordinates and 1 is
the dimensionless thickness of the layer introduced in [2]., Also suppose that
the layer has a.quiescent past, i.e. the displacement vector u, the displace-
ment velocity u, the temperature © and the temperature velocity 6 vanish
for t = O and for every point of L. The dot over a function indicates par-
tial derivative of the function with respect to t while T =L + 3L, where
9L is the boundary of L. Moreover, assume that the layer is loaded on the
planes Xy = 0 and Xy = 1 by a smooth normal pressure and temperature which
do not depend of Xy and X35 and have a quiscent past, i.e. they vanish to-
gether with their first time derivatives for t = 0. To such a time dependent
thermo-mechanical load there corresponds a thermoelastic process inside the
layer which is described by a scalarpotential ¢=¢ (x,t) that depends on

x and t only (x = x1). The potential ¢ generates the displacement vector
u, stress tensor S and temperature © according to the formulae ( see eqgs.
(2)=(4) of [2]):

Lo}
u ==, Uu; =uy = o (2)
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P11 T T P2 Tty T T o T AT 2 2
at 3t %  ax
Syp = Spz =S54 =0,
2 2
3 3 9
(1+ 1y —)o =(—-—)0, ()
at ax2  at?
and ¢ satisfies the equation
2 2 2 2 3
( °o .38 ) 8 _ ¢ o _ _Q_)- € Z (1 + T, _Q_) ¢ =0
ax®  at? ax? at? ot ax° ot at (5)

for ( x,t)e (0,11 x[0,®).

?ere c, is the shear velocity for the solid and ¢4 = ;O/%O' where io and
to stand for the units of length and time introduced in [1]., Moreover € 1is
the dimensionless coupling parameter, while T4 and T, are the dimensionless
relaxation times[1] (1,2 14520). If 1, = T4 =0, egs. (2)=(5) reduce to
those of the classical thermoelasticity ( see [3] and [4]).

The boundary conditions take the form
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S1900,8) = = B(t) , S,,(1,t) = -6,(t) (6)
0(0,t) = Oo(t), O(1l,t) = 61(1:) (7)

where Go(t), 51(1:), eo(t) and 91(1:) are prescribed fuuctions on [0,<) .The
quiescent past of the surface thermo-mechanical load means that

GO(O) = 6,(0) =0, §,(0) = 8,}(0)
6,(0) = 6y(0) =0, ©,(0) ©,(0)

0 (8)
0 (9)

]
n

These conditions are compatible with those for the layer with a quiescent past
which, in terms of ¢ , have the form

Fo
5tk

(x,0) = 0 for k =0,1,2,3 and xe[0,1] (10)

The boundary conditions (6)-(7), written in terms of ¢ , take the form

dl0,t) = F50t),  ¢(1,t) = B,tt)

(11)
% . 9% .
¢ (O,t) = go(t)’ ¢ (lpt) = g»](t)
ax2 9 x
where
folt) = -t x &4, £,(t) = -f * 6',|
gO(t) = 90 + 1:190— GO, g1(t) = 0, + 1,0, - 61 (12)

and % stands for the convolution product on the time-axis.

Therefore, the layer problem is equivalent to finding function ¢ = ¢ (x,t)
that satisfies eq. (5), the initial conditions (10) and the boundary condi-
tions (11).

2. Solution of the Problem

A key role in solving the problem is played by the following decomposi-
tion theorem [1]:
"If ¢ satisfies egs. (5) and (10), then

d(x,t) = q),](x,t) + ¢2(x,t) on L x[0,c0) (13)
where d),] and q>2 meet the egs.
2 1 2
(=== =k 2= A = AKx®, =0 on Laxl0, (14)
6x2 v12 at2 dt
2 2
( o ——1-—6—-—k2—a—+ Ao+ 1K*)d>2=0 on Lx[0,) (15)

ot

Here K = X(t) is a function on [0,) defined by the relation
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d J.I(Bt)
K(t) =2——-[exp(at)————], t ¢[0,®) (16)
dt Bt

where J,] = J,}(t) is the Bessel function of order 1 and the first kind, and

a=[1-€-(1+€)(r,+€1,)] A"

, (17)
=2/ [1+010€)it,-1)] A"
with
2
A=(1-tyr€r ) +heryt, >0 (18)
Moreover
2, = Trereen s a7 (19)
1
Ky o= %(1¢e:aA%) , x=2—pzA2 (20)
(21)
t
K % q)k:/K(t -t) ¢ lx,t)dr, (k =1, 2) (22)"
0

Let ¢1 be a solution of eqg. (14) that satisfies the conditions
d>1(-,0) = ¢4(*,0) =0 onlL (23)
¢4 =1f; on OLx [0,@) , (24)

where f,, is a given function on 98Lx [0,®) . Similarly, let ¢ 2 be a solu=-
tion of eq. (15) such that

d,0+,0) = ¢,(+,00=0 onlL (25)
d)2=f2 on 9dLx [0,0) , (26)

where f, is a given function on 9Lx [0,®],
If we look for ¢, (k =1, 2)in the form

Oplx,t) = I T 4t) ¢ (%) on Lx[0,) (27)
i
where Q5 (1 =192,3,004y ) stand for the space eigenfunctions for the opera-

tor —dz/dxz, while Tki(t) are the solutions to associate integro-differential
eqs. on the time-axis, we arrive at the formulae ( see [21])

¢1(X,t) =
21
=) =) R de, 3
S {SF A e« w2, 8,0 x —2] }¢i(x) (28)
i=1 k=0 df oo
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@ (o . d¢., E=1
S22 e e n@x[,0e, b0 —L] }Qi(x) (29)
i=1 k=0 df g

The functions Gk in (28) and (29) are defined by

J (Bt)
Golt) = 6(t), Gy (t) = k(%)k exp (a t)k—t-—— , k=1, (30)

where § = §(t) is the Dirac delta function and Jk = JKH:) is the Bessel
function of order k and of the first kind., The functions Hi(i) (a =1, 2)

are given by

2
v, exp (-p_t) .
B -a_—)kpi_[Ak-H(yai; gai) COS Va3 + Bk+1(yaii gai) sin yai]

(31)

(2 Agg )© k!

where Ak+1 = Ak+1(y; ) and Bk+1 = Bk+1(y; {) are the polynomials in y of
the k-th degree satisfying the recurrence relations

A};” + Bk+1 =(k + ‘I)Ak + ( Ap - LA+ ak)y
-~ -~ -~ -~ -~ -~ (32)
Bryq = Aypq =(k + 1B + (B - UB, = Ay
where prime indicates derivative with respect to y.
In particular, for k = 1,2,3 we obtain
Ay =1, By ==L
ap =1 - Py, By =t1+ tP)- 20y
-~ 2 X 2 2 (33)
13=3§(1 + 0y + (1 -3¢0y
By=-3001+ ¢P1 a5t s Py - 01z - 02y
The parameters n,, A, and gai in (%1) are defined by
! 2.1/2
Fa = Vohgs hy = vaka/z’ Agi = Valrg - hy) / (34)
. 2 _ -1
Ay =0Am /105, Loy = pg Ay
while the variable Vai in (31) is given by
yai = )‘ait . (35)
The parameters 3\1 and 3.2 in (28) and (29), respectively, are defined by
3 _ 2
Ay = avg {36)
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The functions 9; = (pi(x) in (28) and (29) take the form

9;(x) = (2/1)JI/2 sin (mwix/1) . (37)

Finally, the symbol [q(£)] §=1 in (28) and (29) is defined by
£=0
[alE)] §=é = q(1) - q0) (38)

where q = gq(g) is a function on [0,1].

One can show that the function ¢ given by (13), where ¢ 1 and o) 5 are defined
by (28) and (29), respectively, satisfies the field eq. (5) and the homogene-
ous initial conditions (10).

To meet the boundary conditions (11) we proceed in the following way. Ve
extend eqs. (14) and (15) to the boundary 9Lx[0,®), add them side by side
and transform (11) to the system of two ordinary integro-differential egs. for

f1 and f2:

f1 + f2 =f
Lf, +Lyf, =g on 9Lx [0,>) (39)
where
1 2
d d
L = = + k = + A RK=x (40)
1.2 v% ) dtz 1.2 at
and . . . R
f =1 g =gy for E=0
P (41)
f=1f, g=gq for E=1

A solution of egs. (39) subject to the homogeneous initial conditions fk(~,0) =
= fk(‘,O) =0, k =1, 2, takes the form

S1FT 4L 1 -
f1.2‘2f+2(vz Vz) [(6; + ky)H % £ ‘
1 2 (42)
. -1
1 4 1 1 -
(L SpExtalm-5) uxe,
vy ooV, vl v5
where H(t) = exp ( a't)JO (Bt) and JO = Jo(t) is the Bessel function of order

zero and of the first kind.

Therefore, the function ¢ given by (13), where ¢ q and ¢ > are defined
by (28) and (29), respectively, and f,, k = 1, 2, are given by (42), consti-
tutes the exact solution of the initial-=boundary value problem for the layer.
The corresponding formulae for the displacements, stresses and temperature are
obtained from egs. (2),(3),(4),(13),(28),(29) and (42).

Closure

The paper outlines a method of finding the exact series solution to a one-di-
mensional initial-boundary value problem for the layer obeying a generalized
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dynamic thermoelasticity. The formulae obtained can be used for a numerical
analysis of thermoelastic disturbances in the layer subject to an arbitrary
aperiodic time=dependent surface thermo-mechanical load. The solution includes
as a particular case a solution of the classical coupled thermoelasticity

(TO = 1y = 0) which has not been obtained so far either. A one-dimensional
solution of the classical thermoelasticity for a semi-space obtained dy a
similar method is due to 3run [51.
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