
ABSTRACT

LU, LU. Multivariate Dependence using Nonparametric Copula Models. (Under the direction
of Sujit K. Ghosh.)

In many practical scenarios (e.g., finance, system reliability, etc.), it is often of interest

to measure the dependence among variables by modeling a multivariate distribution using

a copula and test for some desired association properties like positive quadrant dependent

(PQD) or negative quadrant dependent (NQD). Many parametric copula families have been

used that allow for controlling the PQD/NQD property by a finite dimensional parameter

(often just real-valued) and the problem reduces to the straightforward estimation and

testing for fixed dimensional parameter using standard statistical methodologies (e.g.,

maximum likelihood). Chapter 2 extends such a line of work by dropping any parametric

assumptions and provides a fully data-dependent automated approach to estimate a bivari-

ate copula and test for PQD property. The estimator is shown to be large-sample consistent

under a set of mild regularity conditions. Numerical illustrations based on simulated data

are also presented to compare the performance of the proposed testing procedure with

some available methods and applications to real case studies are also provided.

In chapter 3, by utilizing the so-called empirical checkerboard copula we build a hier-

archical empirical Bayes model that enables the estimation of a smooth copula function

for arbitrary dimensions. The proposed estimator built on the multivariate Bernstein poly-

nomials is itself a genuine copula and the selection of its dimension-varying degrees is

data-dependent. We call the proposed estimator the empirical checkerboard Bernstein

copula(ECBC) and show that it provides a more accurate estimate of several multivariate de-

pendence measures which can be obtained in closed form. We examine the asymptotic and

finite-sample performance of the proposed estimator and compare it with some nonpara-

metric estimators through simulation studies. An application to portfolio risk management

is presented along with a quantification of estimation uncertainty.



Conditional copulas are useful tools for modeling the dependence between variables

that is allowed to change with the value of covariates. Conditional dependence measures

such as conditional Kendall’s tau and Spearman’s rho that can be expressed as functionals of

the conditional copula are often used to evaluate the strength of dependence conditioning

on the covariates. In general, semiparametric estimation methods of conditional copulas

rely on an assumed parametric copula family where the copula parameter is assumed to be

a function of the covariates. The functional relationship can be estimated nonparametri-

cally using different techniques but it is required to choose an appropriate copula model

from various candidate families. In chapter 4, by employing the empirical checkerboard

Bernstein copula (ECBC) estimator we propose a fully nonparametric approach for estimat-

ing conditional copulas, which doesn’t require any selection of parametric copula models.

Closed-form estimates of the conditional dependence measures are derived directly from

the proposed ECBC-based conditional copula estimator. We show the large-sample consis-

tency of the proposed estimator. The finite-sample performance of the proposed estimator

and comparison with semiparametric methods are investigated through simulation studies.

An application to real case studies is also provided.
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CHAPTER

1

INTRODUCTION

Understanding the natural dependence among a collection of two or more variables is one

of the fundamental problems in statistics and has found many applications in the field of

insurance, finance, system reliability, etc. among other areas. Pearson correlation coefficient

(also referred to as Pearson’s r) has been widely used to measure the linear relationship

between two random variables. However, modern risk analysis tends to assess risks caused

by multiple events and often calls for an understanding of stochastic dependence beyond

simple linear correlation. For instance, in the management of large portfolios of stock

assets, the main risk is the simultaneous drop of prices. Thus a better understanding of the

dependence among financial assets is crucial for evaluating the risk of losses.

The interest in revealing the underlying dependence often involves two main questions:

(i) what is the form of the dependence; and (ii) how strong is the dependence among vari-
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ables. These create challenges in testing for specific dependence structures and estimating

dependence measures, especially for large dimensions. Even in bivariate cases, there are a

variety of positive or negative dependence properties, e.g. positive quadrant dependent

(PQD), negative quadrant dependent (NQD), stochastically increasing (SI), stochastically

decreasing (SD), likelihood ratio dependent (LRD), etc. Multivariate dependence concepts

are often natural extensions of the corresponding bivariate counterparts that have straight-

forward interpretations, although the dependence structure could become much more

complicated in higher dimensions (see Joe [1997]). On the other hand, many association

measures, such as Spearman’s rho, Kendall’s tau, Gini’s gamma, and Blomqvist’s beta, are

well established for measuring the strength of the bivariate dependence along with their

multivariate generalizations; see Nelsen [1996], Schmid & Schmidt [2007], etc.

Copula models are useful tools in the analysis of multivariate data since by using the

well-known Sklar’s theorem, any multivariate joint distribution can be decomposed into

its univariate marginal distributions and a copula function, which allows for capturing

the arbitrary dependence structure between several random variables. Given a random

vector (X1, ..., Xd )with joint cumulative distribution function (CDF) F and marginal CDFs

Fj , j = 1, ..., d , by Sklar’s theorem (Sklar [1959]), the CDF F can be expressed as

F (x1, ..., xd ) =C (F1(x1), ..., Fd (xd )), ∀ (x1, ..., xd ) ∈Rd , (1.1)

where C (·) denotes the copula function. If the marginal CDFs Fj , j = 1, ..., d are continu-

ous, then the copula C is unique and it is itself the joint CDF of a random vector (U1 =

F1(X1), ...,Ud = Fd (Xd )) having marginals as uniform distributions on [0, 1].

From the perspective of joint distribution estimation, Sklar’s Theorem allows us to

separate the modeling of the dependence structure from the marginal distributions. Unlike

Pearson’s r that depends on the marginal distributions of random variables, most of the

other dependence measures such as Spearman’s rho and Kendall’s tau can be expressed as
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a function of copulas (see Nelsen [2007]). Moreover, many of the dependence properties

like PQD and SI can also be stated in terms of copulas. Thus copula plays an important role

in modeling the general dependence structure between multiple variables and it is critical

to estimate copula in an accurate way.

Many parametric families have been proposed for modeling copulas and there has

been previous work addressing the corresponding parametric estimation methods. Some

commonly used copula families are Archimedean copulas, elliptical copulas, vine copulas,

etc. (see Nelsen [2007] and Joe [2014]). In regard to frequentist methods based on an assumed

parametric class, popular estimation methods for parametric copulas are based on the

maximum likelihood principle either using the full likelihood or a two-stage maximum

likelihood estimation (see Joe [2005]). In contrast, several Bayesian methods have also been

utilized for estimating parametric copula based on the full likelihood and priors assigned

to the set of parameters for the marginal distributions and the copula function; see Smith

[2011], etc. However, no matter how sophisticated and flexible parametric models that we

may use, it might still lead to biased copula estimations when the parametric model is

misspecified and thus may not be able to capture complex dependence structures required

in practice.

Recognizing some of the limitations of parametric copula models, a variety of non-

parametric estimators have been proposed for copula estimation. Most of the available

nonparametric estimators rely on the empirical methods (Deheuvels [1979]; Fermanian

et al. [2004]; Genest et al. [2017]) or kernel-based methods (Gijbels & Mielniczuk [1990];

Chen & Huang [2007]); Omelka et al. [2009]). However, most of these estimators are valid

copulas only asymptotically, meaning that they are not necessarily genuine copulas for

finite samples. As a result, dependent measures (e.g. Spearman’s rho, Kendall’s tau, etc.)

based on such estimated copula could take values outside of their natural range, which

makes them problematic in practice. Besides, it is often difficult to obtain such nonpara-

metric estimators under the constraint of a certain property, making them less attractive in
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testing for a specific dependence structure.

In order to overcome the above-mentioned technical challenges, we introduce new

nonparametric estimation methods for copulas. In Chapter 2, we focus on estimating

bivariate copula and testing for the positive quadrant dependent (PQD) property, which is

a particular form of stochastic dependence between two random variables. Based on the

Bernstein copula (Sancetta & Satchell [2004]), we propose Anderson-Darling discrepancy-

based criteria for copula estimation with or without the constraint of PQD property and

develop a grid search algorithm that adaptively takes data into consideration to select

the degrees of the Bernstein copula guided by the asymptotic theory. Our nonparametric

copula estimator is shown to be a proper copula for any finite sample sizes and large-sample

consistent under mild regularity conditions. While the unconstrained copula estimator is

appropriate for the general estimation of bivariate copula, the PQD-constrained copula

estimator is useful either when it is known that the underlying copula satisfies PQD or

to approximate the p-values under the null hypothesis of PQD by using bootstrap-based

methodology when testing for the PQD property of an unknown copula.

Chapter 3 extends the estimation of copulas to higher dimensions. In this chapter, we

introduce a new nonparametric estimator for multivariate copula, which is constructed

by extending the Bernstein copula using the so-called empirical checkerboard copula. For

the selection of its dimension-varying degrees, we build a hierarchical empirical Bayes

model that allows for automatic data-dependent estimation of such tuning parameters

for arbitrary dimensions, which is shown to be practically useful. We call the proposed

estimator the empirical checkerboard Bernstein copula (ECBC) and it is itself a genuine

smooth copula. The large-sample consistency of ECBC is established under mild regularity

conditions. Owing to the closed form of estimated copula function and its density, it can be

shown that ECBC allows for straightforward estimation of various dependence measures

always taking values within the proper parameter range.

In some circumstances, the dependence structure among variables can be influenced

4



by covariates and it is then of interest to explore the impact of the covariates on the depen-

dence structure. Conditional copulas are useful tools for modeling the dependence among

variables conditionally upon covariates and conditional dependence measures such as

conditional Kendall’s tau and Spearman’s rho can be utilized to evaluate how the strength of

dependence changes with the value of covariates. In Chapter 4, we provide a fully nonpara-

metric approach for estimating conditional copulas based on the empirical checkerboard

Bernstein copula (ECBC) estimator given in Chapter 3. Compared to semiparametric meth-

ods, it is not required to make any selection of copula families, making it easy to implement

in practice. Like unconditional cases, most of the conditional dependence measures can

be expressed as functionals of the conditional copula. The proposed ECBC-based condi-

tional copula estimator immediately results in closed-form nonparametric estimates of the

conditional dependence measures. We also present the large-sample consistency of the

proposed conditional copula estimator in this chapter.
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CHAPTER

2

NONPARAMETRIC ESTIMATION AND

TESTING FOR POSITIVE QUADRANT

DEPENDENT BIVARIATE COPULA

2.1 Introduction

In the field of finance and system reliability, it is often of interest to estimate the joint prob-

ability distribution of a pair of random variables (X , Y ) and test for a desired dependency

property. For example, if X and Y represent the insurance claims for losses to building and

its contents, respectively, then it is likely higher values of Y lead to higher values of X than

that without the knowledge of Y . Such a scenario can be expressed by the following prob-
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abilistic expression: Pr[X > x |Y > y ]≥ Pr[X > x ] for any x and y for which Pr[Y > y ]> 0.

Notice that such a property is equivalent to Pr[X > x , Y > y ]≥ Pr[X > x ]Pr[Y > y ] and leads

the concept of positive quadrant dependent (PQD). Let the cumulative distribution function

(CDF) (X , Y ) be denoted by H (x , y ) = Pr[X ≤ x , Y ≤ y ] and F (x ) = Pr[X ≤ x ] = H (x ,∞)

and G (y ) = Pr[Y ≤ y ] =H (∞, y ) denote the marginal CDF of X and Y , respectively. For

the rest of the article, we assume that both marginal CDFs are absolutely continuous.

In a celebrated paper Sklar [1959] has that any bivariate CDF H (x , y )with continuous

marginal CDFs, F (x ) and G (y ) can be expressed uniquely as H (x , y ) = C (F (x ),G (y )),

where C (u , v ) defined on the square I 2 ≡ [0, 1]2 is known as the copula function satisfying

the property that C (0, v ) = C (u ,0) = 0 and C (u ,1) = u , C (1, v ) = v for any (u , v ) ∈ [0,1]2,

meaning that C (u , v ) is the joint CDF of the pair of random variables (U = F (X ), V =G (Y ))

having U ni f [0, 1]marginal distributions. It is to be noted that more general results of Sklar’s

theorem beyond bivariate case and also applicable to discrete valued random variables are

available in Durante & Sempi [2015]. However, as stated above, the focus of this chapter is

to explore dependency property of continuous valued bivariate random variables (X , Y ).

Thus, we assume the existence of a unique copula C corresponding to the joint CDF H

satisfying the following relations

H (x , y ) =C (F (x ),G (y )) ∀ x , y ∈R, (2.1)

and

(F (X ),G (Y ))∼C . (2.2)

The joint CDF H or equivalently the corresponding copula function C is said to satisfy

the PQD property if the following condition is satisfied:

C (u , v )≥ u v ∀ u , v ∈ [0, 1]. (2.3)
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Notice that in terms of the joint CDF H , the PQD property (2.3) is equivalent to H (x , y )≥

F (x )G (y ) for any x , y ∈R. From an intuitive point of view, two random variables are PQD

if the probability that they are simultaneously small (or large) is at least as great as it would

be were they independent, i.e.,

P(U ≤ u , V ≤ v )≥ u v ⇔P(U ≤ u |V ≤ v )≥P(U ≤ u )

⇔P(X ≤ x |Y ≤ y )≥P(X ≤ x )
(2.4)

PQD is a useful concept since it has found many applications in the field of insurance,

finance and reliability. For extensive discussion, see Denuit & Scaillet [2004] and Nelsen

[2007].

Two of the primary goals of this chapter are (i) to estimate the copula function C from

a random sample of n independent identically distributed (iid) observations (X i , Yi )
i i d∼

H (x , y ) for i = 1,2, . . . , n with or without knowing that C or equivalently H satisfies the

PQD property; and (ii) to test if the samples were generated from a copula that satisfies the

PQD property.

There have been several previous work addressing the estimation problem (i) as de-

scribed above. Many parametric copula families have been used to model copula, in par-

ticular, copula satisfying PQD property. For example, all members of the Gumbel copula

families have the property of PQD. Technically, any parametric copula family that includes

at least a nonempty subset of PQD can be used to model a PQD copula where the param-

eter is estimated by the maximum likelihood method. However, it might lead to biased

estimation if the parametric family is not flexible to capture all sets of dependence. Am-

blard & Girard [2002] consider a semiparametric family of copula, which is an extension

of the Farlie-Gumbel-Morgenstern copula family, and the estimation procedure for PQD

copula in such semiparametric family is developed by estimating the univariate generating

function nonparametrically in Amblard & Girard [2005]. However, it is shown that the semi-

parametric approach has its limitations in modeling lager dependence and asymmetric
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cases. In contrast, many nonparametric estimators of copula have been proposed such as

kernel-based copula estimators (Scaillet & Fermanian [2002]), empirical Bernstein copula

(Sancetta & Satchell [2004]), integrated version of the density mirror reflection estimator

(Gijbels & Mielniczuk [1990]), local linear estimator (Chen & Huang [2007]), improvement of

these two estimators (Omelka et al. [2009]), etc. See also Rémillard & Scaillet [2009] for other

nonparametric estimators. However, most of these estimators are valid copulas only asymp-

totically and hard to be restricted to be PQD. Besides, Gijbels & Sznajder [2013] propose a

PQD-constrained nonparametric copula estimator but there is a lack of theoretical support

for its PQD property. In this chapter, we provide a nonparametric estimator for copula,

which is guaranteed to be a proper copula for any finite sample size, by extending the

Bernstein copula proposed in Sancetta & Satchell [2004]. Also, we give a PQD-constrained

nonparametric copula estimator that is useful either when it is known that copula satisfies

PQD or to approximate the p-values when testing for PQD property.

There has been relatively scarce work on methodologies to address the testing problem

(ii) based on a fully nonparametric approach. Different approaches have been developed

for testing PQD between two random variables. Scaillet [2005] proposes a Kolmogorov-

Smirnov type test for PQD that is based on the distance between the independent copula

and empirical copula estimator. Multiplier and bootstrap methods are applied to calculate

the p-value. Both methods rely on an approximation of the asymptotic distribution rather

than the finite-sample distribution of the test statistic. Gijbels et al. [2010] further extend this

test by considering two more distance measures, various nonparametric copula estimators

for the test statistic and drawing samples from the independent copula to approximate the

distribution of test statistic under the null hypothesis of PQD. Since the null hypothesis is not

independence, such resampling approach has its limitation in reflecting the dependence of

the distribution of test statistic on the underlying copula. Two other resampling procedures

built on parametric and nonparametric estimations of PQD copula are discussed in Gijbels

& Sznajder [2013]. The idea of resampling from the PQD-constrained nonparametric copula
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estimation is to first get an PQD copula estimator based on the empirical copula and then

smooth it to obtain the partial derivative. However, the validity of the nonparametric PQD-

constrained copula estimation, which is constructed by integrating the partial derivative,

remains an unsolved problem. In contrast, our nonparametric estimation of PQD copula is

a valid copula itself and easy to sample from, which automatically leads to a new test for

PQD.

The rest of the chapter is organized as follows: in Section 2.2 we present models for

general copula and copula satisfying the PQD property. In Section 2.3, we present a novel

methodology based on minimizing a Anderson-Darling type goodness-of-fit criteria to

estimate the true copula with or without the knowledge of PQD property. In Section 2.4, we

present Bootstrap based methodology to test for the PQD property of an unknown copula.

We then illustrate the comparative performance of the proposed methodologies in Section

2.5. Section 2.6 provides real case studies. Finally, we make some general comments in

Section 2.7.

2.2 Models for Copula

Consider a random sample of independent and identically (i.i.d.) observations (X i , Yi )
i .i .d .∼

H (x , y ) for i = 1, 2, . . . , n , where H (x , y ) =C (F (x ),G (y )) is as defined in (2.1) an unknown

joint CDF that is assumed to absolutely continuous with unique copula function C (u , v ).

Our goal is to derive a sequence of models that will be able to approximate any copula with

or without the PQD constraint. As the PQD is primarily a property defined for bivariate

copula, we restrict our exposition to only the bivariate case but later in Section 2.7 we

provide some ideas on possible generalizations to higher dimensions.

A Bernstein copula is from a family of copulas defined in terms of Bernstein polynomi-

als (Sancetta & Satchell [2004]). It provides a flexible class of models that can be used to

uniformly approximate any copula including those that are restricted to satisfy the PQD
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property. For simplicity of notations, we consider a class of bivariate Bernstein copula

defined on [0,1]2 with degrees m = (m1, m2) and parameter vector θ = (θ11,θ12, . . . ,θm1,m2
),

defined as

Cm (u , v ;θ ) =
m1
∑

k1=0

m2
∑

k2=0

θk1,k2

�

m1

k1

�

u k1(1−u )m1−k1

�

m2

k2

�

v k2(1− v )m2−k2 . (2.5)

Next we present a set of sufficient conditions for the parameter coefficients θk1,k2
, k1 =

0,1, ..., m1, k2 = 0,1, ..., m2 ensuring that Cm as defined in eq. (2.5) is a valid copula and

additional conditions ensuring the PQD property. Recall that a bivariate copula defined on

[0, 1]2 must satisfy the following properties:

(a) C (u , 0) =C (0, v ) = 0, ∀u , v ∈ [0, 1],

(b) C (u , 1) = u , C (1, v ) = v, ∀u , v ∈ [0, 1],

(c)∆(u1, u2, v1, v2)≡C (u2, v2)−C (u2, v1)−C (u1, v2) +C (u1, v1)≥ 0,

∀u1, u2, v1, v2 ∈ [0, 1], such that u1 ≤ u2, v1 ≤ v2,

(c)′ ∂
2C (u ,v )
∂ u∂ v ≥ 0 ∀u , v ∈ [0, 1].

Notice that (c)′ is an equivalent condition for (c) if we assume that C (u , v ) is twice differen-

tiable. The following theorem, which is an extension to PQD of the Lemma 2.1 in Segers

et al. [2017], gives sufficient conditions on θk1k2
that ensures Cm to be a PQD copula.

Theorem 2.1. Consider the class of functions defined by equation (2.5) with parameter θk1,k2
’s

satisfying the following properties:

(a) θk1,0 = θ0,k2
= 0, for 0≤ k1 ≤m1, 0≤ k2 ≤m2,

(b) θk1,m2
= k1

m1
and θm1,k2

= k2
m2

, for 0≤ k1 ≤m1, 0≤ k2 ≤m2, and

(c) θk1+1,k2+1−θk1,k2+1−θk1+1,k2
+θk1,k2

≥ 0, for 0≤ k1 ≤m1−1, 0≤ k2 ≤m2−1,

then Cm is a copula. Further, if

(d) θk1,k2
≥ k1

m1

k2
m2

, for 0≤ k1 ≤m1, 0≤ k2 ≤m2.

Then Cm is a PQD copula for any integers m1, m2 > 1.

Notice that by using condition (a) above we could consider the reduced parameter vector
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θ = (θ11,θ12, . . . ,θm1,m2
) by dropping those with subscripts 0’s, but we keep the indices with

zero’s just for notational convenience to be used later when defining copula density.

Proof of Theorem 2.1 is given in Section 2.8.1. Note that Cm is the independence copula

satisfying Cm (u , v ;θ ) = u v for any m1, m2 > 1 when θk1,k2
= (k1/m1)(k2/m2), i.e., condition

(d) in Theorem 2.1 is satisfied with equality. If the condition (d) in Theorem 2.1 is dropped

then Cm is a valid unconstrained copula and it can be used to uniformly approximate any

arbitrary continuous bivariate copula C (u , v ) as m1, m2→∞ (which we will abbreviate by

writing m→∞ henceforth). The following theorem is the bivariate case of Lemma 3.2 in

Segers et al. [2017].

Theorem 2.2. For any continuous copula C , there exists a Bernstein copula Cm such that

sup
u ,v∈[0,1]

|C (u , v )−Cm (u , v ;θ )| → 0 as m1 ∧m2→∞

Proof of Theorem 2.2 is given in Section 2.8.2.

We will show that the Bernstein copula with appropriate choice of degrees m = (m1, m2)

and estimation of the coefficients θk1,k2
, k1 = 1, ..., m1, k2 = 1, ..., m2 is capable of approximat-

ing any arbitrary continuous copula.

2.3 Anderson-Darling Discrepancy Based Criteria for Cop-

ula Estimation

In previous section, we have established that the sequence of models spanned by {Cm (·;θ ) :

θ satisfies (a)-(c) in Theorem 2.1} as m→∞ is dense in the space of all continuous copula

functions. Moreover, if we add the condition (d), such a sequence of models is dense in the

space of all continuous PQD copula functions. Thus, for statistical inference what remains

is an empirical method to estimate the coefficients (satisfying the conditions (a)-(c) or

(a)-(d) for PQD in Theorem 2.1) and choose a suitable sequence m (n ) = (m1(n ), m2(n ))

12



such that m (n )→∞ and n→∞ for the large sample consistency of the estimated copula

function.

As illustrated in the proof of Theorem 2.2, the coefficient of the Bernstein copula θk1,k2

can possibly be estimated by the empirical copula Cn (k1/m1, k2/m2) for fixed degrees m =

(m1, m2), which leads to a copula estimator called the empirical Bernstein copula (EBC) in

Sancetta & Satchell [2004]. However, EBC is not guaranteed to be a valid copula, much less a

valid PQD copula. Besides, it is not obvious how to determine m = (m1, m2) as a function of

the observed data. We, thus propose a new approach for the estimation procedure, where

the estimation of the coefficients θk1,k2
is obtained by minimizing an Anderson-Darling type

goodness-of-fit measure between the empirical copula and Bernstein copula under the

conditions given in Theorem 2.1. Such estimation method enables the estimated Bernstein

copula to be a valid copula or a valid PQD copula for every finite sample size n and for any

degrees (m1, m2). Furthermore, we develop an algorithm that takes the data into account to

automatically choose the degrees of the Bernstein copula m = (m1, m2).

Consider again an i.i.d. sample (X1, Y1), ..., (Xn ; Yn )∼H with marginals X i ∼ F and Yi ∼

G , i = 1, ..., n . We define the empirical copula as

Cn (u , v ) =
1

n +1

n
∑

i=1

1{Fn (X i )≤ u ,Gn (Yi )≤ v }, (2.6)

where Fn (x ) =
∑n

i=1 I(X i ≤ x )/(n + 1) and Gn (y ) =
∑n

i=1 I(Yi ≤ y )/(n + 1) are the marginal

empirical CDFs. The modification 1/(n +1) instead of 1/n modifies the common empirical

copula to be away from 1 in order to reduce potential problems at boundaries. For notational

convenience, we define the following quantities

Ui ≡Ui n = Fn (X i ), Vi ≡Vi n =Gn (Yi ).

Following the work by Gijbels et al. [2010], these pseudo-observations (Ui , Vi )’s are approxi-

mately distributed as the vector (F (X ),G (Y ))∼C . Although these pseudo-observations are
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no longer independently distributed, the approximate expressions for the mean and the

variance of Cn (u , v ) are given by

E (Cn (u , v ))≈
n

n +1
C (u , v ) and V (Cn (u , v ))≈

n

(n +1)2
C (u , v )(1−C (u , v )),

where the approximations are valid (uniformly) up to an error term of O (
p

log log n/n )

(which, e.g. follows by using the Lemma 1 in [Janssen et al., 2012]). The above approxima-

tions motivate us to consider an Anderson-Darling type goodness-of-fit type discrepancy

to estimate the parameter θm :

ADn (θm ) =
1

n

n
∑

i=1

(Cn (Ui , Vi )− n
n+1 Cm (Ui , Vi ,θm ))2

n
(n+1)2 Cn (Ui , Vi )(1−Cn (Ui , Vi ))+ξm ,n

=

∫

I 2

(Cn (u , v )− n
n+1 Cm (u , v,θm ))2

n
(n+1)2 Cn (u , v )(1−Cn (u , v ))+ξm ,n

d Cn (u , v ),

(2.7)

whereθm = (θ0,0,θ0,1, ...θ0,m2
,θ1,0, ...θm1,m2

) is a (m1+1)×(m2+1) coefficient vector, Cm (u , v,θm )

is the Bernstein copula depending on θm . We define ξm ,n = max(ξm ,1/n 2)→ ξm > 0 as

n→∞whereξm =O (1) as m→∞ and lim inf
m→∞

ξm > 0. The weight factor n
(n+1)2 Cn (Ui , Vi )(1−

Cn (Ui , Vi )) in the denominator of the Anderson-Darling type distance ADn (θm ) inflates the

criteria at the extreme values of the copula so we use the correction factor ξm ,n to ensure

that the denominator remains positive. When the sample size n is relatively small, ξm ,n is

expected to have a minor effect on the denominator and the weight factor plays a significant

role. When the sample size n becomes relatively larger, the denominator is guaranteed to

be positive with ξm ,n > 0.

Next we consider the limiting value of the criteria in eq. (2.7) given by

AD (θm ) =

∫

I 2

(C (u , v )−Cm (u , v,θm ))2

ξm
d C (u , v )

= EC

�

(C (U , V )−Cm (U , V ,θm ))2

ξm

�

,

(2.8)
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where the last expectation is taken over (U , V )∼C (u , v ). Now based on the uniform almost

sure convergence of empirical distribution function we have Cn (u , v )→ C (u , v ) and by

continuous mapping theorem (Theorem 7.7 on p.109, and its extensions Theorem 7.24 and

Theorem 7.25 on p.117-118 of Kosorok [2007]) we claim that

ADn (θm )
P→ AD (θm ) as n→∞, (2.9)

for fixed m = (m1, m2). Let us define

θ̂m = argmin
θm∈Θm

AD (θm ). (2.10)

and the estimation of the coefficients that minimizes the Anderson-Darling discrepancy,

i.e,

θ̂m ,n = argmin
θm∈Θm

ADn (θm ), (2.11)

where Θm = {θm : θk1,0 = θ0,k2
= 0,θk1,m2

= k1
m1

,θm1,k2
= k2

m2
, for 0 ≤ k1 ≤ m1,0 ≤ k1 ≤

m2,θk1+1,k2+1 − θk1,k2+1 − θk1+1,k2
+ θk1,k2

≥ 0 for 0 ≤ k1 ≤ m1 − 1, 0 ≤ k1 ≤ m2 − 1}, which

satisfies the conditions (a)-(c) in Theorem 2.1 in order to make the estimated Bernstein

copula a valid copula. The following theorem gives the consistency of the unconstrained

copula estimator Cm (u , v, θ̂m ,n ).

Lemma 2.1. For any ε > 0, assume that inf
||θm−θ̂m ||>ε

AD (θm ) > AD (θ̂m ). Then for fixed m =

(m1, m2), we have

θ̂m ,n
P→ θ̂m as n→∞.

Theorem 2.3. Assume that ξm = O (1) as m →∞ and lim inf
m→∞

ξm > 0 . Then for any u , v ∈

[0, 1], we have

|Cm (u , v, θ̂m ,n )−C (u , v )|
p
→ 0 as n , m→∞.

Proofs of Lemma 2.1 and Theorem 2.3 is given in the Section 2.8.3 and 2.8.4. Notice that
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with the PQD condition (d) given in Theorem 1, we can further obtain a PQD-constrained

copula estimation when it is known to satisfy PQD property.

We separate the estimation procedure into two parts. The first part is to obtain the

estimation of coefficients θ̂m ,n for fixed m = (m1, m2) by minimizing the Anderson-Darling

type discrepancy ADn (θm ), where the degrees of the Bernstein copula m = (m1, m2) depend

on the sample size n as m1 =
�

nα1
�

, m2 =
�

nα2
�

,0<α1,α2 < 1. The second part is to search

for an appropriate choice of m = (m1, m2). Since larger degrees of the Bernstein copula lead

to lower biases but inflate computational inefficiency and increased variance, a relatively

small m = (m1, m2) that is sufficient for a practically ‘good’ copula estimation is desirable.

So, we have used cross validation type criteria to select optimal m ’s based on a selected

grid of integer pairs (see Steps 1-3 later for further details), which is admittedly bit ad hoc

but the procedure is much more computationally efficient compared to full search over all

possible integer pairs (especially when n is large).

For fixed m = (m1, m2), let us denote

Bk1,k2
(u , v ) =

�

m1

k1

�

u k1(1−u )m1−k1

�

m2

k2

�

v k2(1− v )m2−k2 . (2.12)

and Bm (u , v ) = (B0,0(u , v ), B0,1(u , v ), ...B0,k2
(u , v ), B1,0(u , v ), ...Bk1,k2

(u , v )). Then the Bernstein

copula Cm (u , v,θm ) can be written as

Cm (u , v,θm ) = Bm (u , v )T θm . (2.13)

and the Anderson-Darling type discrepancy that we want to minimize can be rewritten as

ADn (θm ) =
1

n

n
∑

i=1

(Cn (Ui , Vi )− n
n+1 Cm (Ui , Vi ,θm ))2

n
(n+1)2 Cn (Ui , Vi )(1−Cn (Ui , Vi ))+ξm ,n

=
1

n

n
∑

i=1

(Ci − n
n+1 B T

i θm )2
n

(n+1)2 Ci (1−Ci ) +ξm ,n

=
1

2
θ T

m Dθm −d T θm + terms not involving θm

(2.14)
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where Ci =Cn (Ui , Vi ), Bi = Bm (Ui , Vi ) and

D =
2n

(n +1)2

n
∑

i=1

Bi B T
i

n
(n+1)2 Ci (1−Ci ) +ξm ,n

, d =
2

n +1

n
∑

i=1

Ci Bi
n

(n+1)2 Ci (1−Ci ) +ξm ,n
.

This is a quadratic programming problem that minimizes 1
2θ

T
m Dθm −d T θm subject to

the conditions given in Theorem 1, which can be written in the form of AT θm ≥ b0. For

example, if we want to estimate copula with PQD constraint when m1 =m2 = 3, θ00 = θ0,1 =

θ0,2 = θ0,3 = θ1,0 = θ2,0 = θ3,0 = 0,θ1,3 = θ3,1 = 1/3,θ2,3 = θ3,2 = 2/3,θ3,3 = 1. Let

R =











1 −1 0 0

0 1 −1 0

0 0 1 −1











,S =











−1 1 0 0

0 −1 1 0

0 0 −1 1











, T =

















0 0 0 0

0 1/9 2/9 1/3

0 2/9 4/9 2/3

0 1/3 2/3 1

















,

then A and b0 take the form

A =































R S 03×4 03×4

03×4 R S 03×4

03×4 03×4 R S

I16×16































, b0 =





09×1

vec(T )



 ,

respectively. The estimation of θm can be obtained by applying the function solve.QP in

R package quadprog.

Besides, we develop an algorithm for choosing data-based optimal degrees m = (m1, m2).

Janssen et al. [2014] show that a good (asymptotic) choice for m of the empirical Bernstein

estimator is m = nα with α ∈ [ 13 , 2
3 ]. Our copula estimator is guaranteed to be a genuine cop-

ula for any degrees m1, m2, so we further explore m1 = dnα1 e, m2 = dnα2 ewith α1,α2 between
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0.3(< 1
3 ) and 0.7(> 2

3 ), and m1 and m2 are allowed to vary. The degrees are systematically

searched on an equally spaced grid of powers of n (generating distinct integer values of m1

and m2) where the powers are increased by 0.05. Given a finite sample size n , we consider

m1, m2 ∈ {dn a e : a = 0.3, 0.35, 0.4, 0.45, ..., 0.7}. As a consequence, there are a total of 9×9= 81

possible combinations of m = (m1, m2), which can be denoted as entries of a 9×9 matrix

M , i.e.,

M =

























(n 0.3, n 0.3) (n 0.3, n 0.35) (n 0.3, n 0.34) · · · (n 0.3, n 0.7)

(n 0.35, n 0.3) (n 0.35, n 0.35)
...

(n 0.4, n 0.3) ...
...

...
...

...

(n 0.7, n 0.3) · · · · · · · · · (n 0.7, n 0.7)

























,

Let mi j denote the entry of M at location (i , j ). Then the algorithm to obtain optimal value

of m = (m1, m2) can be summarized as the following three steps:

Step 1: Given a sample of size n, starting from the degrees m =m11 at location (1,1) in M ,

obtain the estimated coefficients θ̂m ,n and calculate the Anderson-Darling based

criteria

Dm (θ̂m ,n ) =

∫ 1

0

∫ 1

0

(Cn (u , v )−Cm (u , v, θ̂m ,n ))2

Cm (u , v, θ̂m ,n )(1−Cm (u , v, θ̂m ,n ))+ξm ,n

d ud v

≈
1

K 2

K
∑

k=1

K
∑

j=1

(Cn (uk , v j )−Cm (uk , v j , θ̂m ,n ))2

Cm (uk , v j , θ̂m ,n )(1−Cm (uk , v j , θ̂m ,n ))+ξm ,n

,

(2.15)

where ui = vi = i/K , K = 100 and Cn (u , v ) is the common empirical copula estimator.

Notice that Dm (·) is calculated on a regular grid of values (uk , v j ) and not necessarily

at observed data points (Ui , Vi ) to better approximate the integral.

Step 2: Repeat step 1 for m12, m21 located at the second diagonal line in M and record the

one with minimal value of Dm (θ̂m ,n ) as m ′. m ′ is compared with the m recorded in
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Figure 2.1 The algorithm for choosing degrees m = (m1, m2).

the previous step and if

|Dm (θ̂m ,n )−Dm ′(θ̂m ′,n )| ≤ εDm (θ̂m ,n ), (2.16)

where ε is a suitably chosen small number, then we stop searching and pick up m

as the degrees of the Bernstein copula. In our numerical illustrations we have used

ε= 0.01 (i.e. we stop if the change in relative difference is only 1%).

Step 3: If condition (2.16) is not satisfied, repeat step 2 for m13, m22, m31 located at the third

diagonal line and the next diagonal lines until we find a desirable choice of m that

satisfies (2.16).

The searching procedure is shown in Figure 2.1. By doing so, we are able to choose a

data-dependent parsimonious m = (m1, m2) that is motivated by the asymptotic theory. In

many practical scenarios (and simulated data settings) we have found that we the algorithm

often stops with much fewer than all 81 tries.

2.4 Testing for PQD property

In previous sections we have developed methodologies to obtain nonparametric estimate of

the copula when there is substantial background information to believe that the underlying

19



copula satisfies the PQD property. However, in many applications, we may not know for

sure that such intrinsic property of a copula is truly valid. For that reason, we develop a

methodology to test the hypothesis if the true underlying copula satisfies the PQD property

by using a test of hypotheses framework. We consider testing the following null hypothesis

for PQD:

H0 :∀u , v ∈ [0, 1] C (u , v )≥ u v, (2.17)

against the alternative

Ha : ∃u , v ∈ [0, 1] C (u , v )< u v. (2.18)

Admittedly, the alternative is not very sharp to develop a test for the above scenario and we

would need some regularity conditions to separate the two hypotheses so that any test to

be developed will have reasonable statistical power to make a decision (see assumption

(A) stated later). Given a sample (X i , Yi ), i = 1, ..., n , we denote the PQD-constrained and

unconstrained copula estimators as Ĉ1,m ,n and Ĉ2,m ,n , respectively. Then a Kolmogorov-

Smirnov type test statistic based on discrepancy between the unconstrained estimated

copula and independent copula is constructed as

∆n =
p

n max
0≤u ,v≤1

(u v − Ĉ2,m ,n (u , v )). (2.19)

Notice that∆n ≤ 0 under the null hypothesis of PQD, while∆n > 0 under the alternative.

So, we can construct a test that would reject the null hypothesis of PQD if

∆n > c1−α,n , (2.20)

where c1−α,n is the (1−α)-th quantile of the test statistic ∆n under H0 satisfying Pr[∆n >

c1−α,n |H0] ≤ α. The distribution of the test statistic ∆n can be approximated by the boot-

strap method. More succinctly, to approximate the sampling distribution of∆n under the

null hypothesis of PQD, M samples each of size n are drawn from the PQD-constrained
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estimated copula Ĉ1,m ,n . For each bootstrap sample {(U ∗
i , V ∗

i ), i = 1, ..., n}, we obtain copula

estimator Ĉ ∗2,m ,n without PQD constraint, and compute

∆∗n =
p

n max
0≤u ,v≤1

(u v − Ĉ ∗2,m ,n (u , v )). (2.21)

Then, the critical value of the test c1−α,n can be approximated by the (1−α)-quantile of∆∗n

based on its M bootstrapped values.

Following the derivation of the Bernstein copula density from the empirical Bernstein

copula, see e.g. Bouezmarni et al. [2010] and Janssen et al. [2014], the corresponding copula

density of our copula estimator can be written as

∂ 2Cm (u , v )
∂ u∂ v

=m1m2

m1−1
∑

k1=0

m2−1
∑

k2=0

wk1,k2

�

m1−1

k1

�

u k1(1−u )m1−k1−1

�

m2−1

k2

�

v k2(1− v )m2−k2−1,

(2.22)

where wk1,k2
= θk1+1,k2+1−θk1,k2+1−θk1+1,k2

+θk1,k2
. Since the sum of wk1,k2

, k1 = 0, ..., m1−1, k2 =

0, ..., m2−1 equals to 1, a sample (U , V )∼Cm (u , v ) can be drawn as follows.

(k1, k2)∼wk1,k2
, k1 = 0, ..., m1−1, k2 = 0, ..., m2−1

U ∼Beta(k1+1, m1−k1)

V ∼Beta(k2+1, m2−k2)

(2.23)

Thus, given a sample (X i , Yi ), i = 1, ..., n , we can first obtain the PQD-constrained esti-

mated copula Ĉ1,m ,n , and then draw M samples from Ĉ1,m ,n to mimic the distribution of

∆n under the null hypothesis of PQD.

Similar to Theorem 1 in Gijbels et al. [2010], Theorem 2.4 provides the consistency of

the proposed testing procedure. Similar to the condition (C4) given in Gijbels et al. [2010],

the following regularity assumption (A) is required to show the consistency of the testing

procedure:

Assumption (A): Let µC be the measure associated with a copula C , λ2 is the Lebesgue
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measure on [0,1]2, I0 = {(u , v ) ∈ [0,1]2 : C (u , v ) = u v }, and ∂ I0 the boundary of the set I0.

Then µC (∂ I0) =λ2(∂ I0) = 0.

In addition to the Kolmogorov-Smirnov (KS) distance, we can also consider various

other test statistics based on desired discrepancy measures, e.g., Cramér-von Mises (CvM)

and Anderson-Darling (AD) discrepancies given in Gijbels et al. [2010]. The CvM type and

AD type test statistics take the form

∆C v M
n = n

∫

I 2

(u v − Ĉ2,m ,n (u , v ))2+d Ĉ2,m ,n (u , v ) (2.24)

and

∆AD
n = n

∫

I 2

(u v − Ĉ2,m ,n (u , v ))2+
u v (1−u )(1− v )

d Ĉ2,m ,n (u , v ), (2.25)

separately, where (·)+ =max(·, 0) and Ĉ2,m ,n is the unconstrained copula estimation.

Theorem 2.4. Assume that the third order partial derivatives for C are bounded on (0, 1)2. If

n
1
2 m̃−1→ 0, where m̃ =min(m1, m2), then

p
n (Ĉ2,m ,n −C ) converges weakly to a mean zero

Gaussian process on (0, 1)2. Further if the assumption (A) holds, we have that

(i) if H0 is true, then

lim
n→∞
P( reject H0 ) = lim

n→∞
P(∆n > c1−α,n )≤α,

(ii) if H0 is false, then

lim
n→∞
P( reject H0 ) = 1.

The proof of weak convergence of the process
p

n (Ĉ2,m ,n −C ) relies on the proof of

Theorem 2 and Remark 3 in Janssen et al. [2012]. Based on the weak convergence and

regularity assumption (A), the consistency of the testing procedure can be shown following

the proof of Theorem 1 in Gijbels et al. [2010]. Details are given in Section 2.8.5.
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2.5 Numerical Illustrations using Simulated Data

2.5.1 Estimation of PQD Copula

We investigate the finite-sample behavior of our nonparametric estimation for PQD copula.

Two copula families with a wide range of parameter values are considered. The first one is

the Gumbel copula family defined as

CG (u , v ) = exp(−((−ln(u ))θ + (−ln(v ))θ )1/θ ), (2.26)

where θ ∈ [1,∞). All members of Gumbel copula family have the property of PQD.

The second one is the Clayton copula family defined as

CC (u , v ) = (max{u−θ + v −θ −1, 0})−1/θ , (2.27)

where θ ∈ [−1,∞)\{0}. CC (u , v ) is a PQD copula when the parameter is greater than 0.

Simulations are based on N = 100 Monte Carlo (MC) replications of samples (each

of size n = 100) drawn from either Gumbel or Clayton copula family. The m1 and m2 are

chosen from the set of values {4, 6, 7, 8, 10, 13, 16, 20, 26} for the sample size of n = 100 (see

details as described in Section 3). ξm is set to be 0.001 such that the weight factor does not

affect too much at the extreme values of the copula when the sample size n is relatively large.

Thus, we have ξm ,n =max(ξm , 1/n 2) = 0.001. Note that ε is the threshold of the percentage

change of the Anderson-Darling based criteria Dm (θ̂m ,n ) in the algorithm for choosing

degrees. To reduce computational burdens and to strike a balance between biases and

variances, we select reasonably large values of m = (m1, m2) as described in our algorithm

that allows for bias-variance trade-of. By setting ε= 0.01 we stop the algorithm when the

percentage change falls below 1% in terms of the Dm (θ̂m ,n ). Other thresholds can be used

as well but we have found this to provide visually satisfactory results in our simulation
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studies across many copula families and sample sizes (not all reported here). We consider

θ = 1.1, 1.25, 1.5, 2 for Gumbel copulas and θ = 0.25, 0.5, 1, 1.5 for Clayton copulas to explore

varying levels of dependence as measured by Kendall’s tau or Spearman’s rho which are one-

to-one functions of the dependence parameter θ . The average of the estimated contours of

the copula functions (across N = 100 MC replications) are given in Figure 2.2 and Figure

2.3. The contour plots of the true underlying copula are also included. The average of

data-based selected m ’s denoted by m̄ are also reported in each case. The contour plots

reveal a very good match between the true copula and the average of estimated copula,

indicating almost no biases uniformly across all contour lines.

Moreover, the data-based selection of the degrees m ’s appear to be relatively robust

across different simulated cases with slightly larger values of degrees being selected for

larger dependence parameter θ . Thus, adaptive choice of degrees is a better choice than

any ad-hoc predetermined choices of the degrees. This aspect can be considered as one of

the major contributions of the proposed estimation method.

2.5.2 Testing for PQD

The finite-sample performance of the testing procedures is investigated through a Monte

Carlo simulation study. We consider three types of test statistics including Kolmogorov-

Smirnov (KS), Cramér-von Mises (CvM) and Anderson-Darling(AD) in this simulation study.

The significance level is 0.05 and the sample size is n = 200. M = 1000 samples are drawn

from the PQD-constrained copula estimator to approximate the p-value. Computation of

the power and size is based on 1000 replicated samples drawn from the corresponding

copula under different hypotheses. For the Kolmogorov-Smirnov type test statistic, the

maximum is searched for on an equally spaced grid of points where the distance between

two consecutive points is 0.05, which leads to a 20×20 grid of points. Simulation settings

follow the set-up as in Gijbels & Sznajder [2013] so that we can compare the proposed

testing procedure (referred to as adaptive AD Bernstein) with the nonparametrically built
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(a) m̄=(9.12, 9.76) (b) m̄=(9.63, 10.67)

(c) m̄=(11.10, 11.02) (d) m̄=(11.65, 11.72)

Figure 2.2 Proposed nonparametric estimates of copula with data (of size n = 100) generated
from the Gumbel family with varying labels of the dependence parameter θ . The average of data-
based selected degrees (across N = 100 Monte Carlo replicates) are also presented in each cases.
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(a) m̄=(7.97, 6.95) (b) m̄=(7.56, 7.94)

(c) m̄=(11.15, 11.67) (d) m̄=(12.22, 10.72)

Figure 2.3 Proposed nonparametric estimates of copula with data (of size n = 100) generated
from the Clayton family with varying labels of the dependence parameter θ . The average of data-
based selected degrees (across N = 100 Monte Carlo replicates) are also presented in each cases.
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testing procedure (referred to as GS Nonparametric) in that paper.

2.5.2.1 Size Study

This section aims to investigate the actual size of the tests. Besides the independent copula,

the finite-sample performance for two other examples of PQD copulas are also evaluated.

The first one is a Frank copula with parameter 0.5 and the second one is a Clayton copula

with parameter 0.11. Both copulas give a theoretical Kendall’s tau equal to 0.05.

Table 2.1 Nominal size of the tests based on n = 200 samples and 1000 Monte Carlo simulated
data sets with a target size of 0.05.

Copula Test Statistic GS Nonparametric adaptive AD Bernstein

Π KS 0.047 0.048

CvM 0.046 0.053

AD 0.050 0.041

Frank KS 0.011 0.010

θ = 0.5 CvM 0.010 0.010

AD 0.009 0.010

Clayton KS 0.006 0.014

θ = 0.11 CvM 0.004 0.010

AD 0.004 0.010

The simulation results in Table 2.1 suggests that the proposed testing procedure with

three different test statistics has low sizes under all of the considered situations. The signif-

icant level is approximately held for finite sample size when the true underlying copula

is the Π copula. Our testing procedure (adaptive AD Bernstein) has larger sizes than the

nonparametrically built testing procedure of Gijbels & Sznajder [2013] (GS Nonparametric)

when the true model comes from Clayton family, but it still under the significant level.
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2.5.2.2 Power Study

Several copula models are considered in the power study. These include models from

classical copula families including Frank and Clayton, a family of mixtures of Frank copulas,

an asymmetric copula and a special copula where the null hypothesis of PQD is violated at

a subset of the unit square.

The first two copula examples are from classical copula families. One is a Frank copula

with parameter −1 and the other is a Clayton copula with parameter −0.2. Both copulas

characterize a mild negative dependence with the value of Kendall’s tau equal to −0.11.

They violate the PQD condition by simply being negative quadrant dependents (NQD), i.e.,

the whole underlying copulas are below the Π copula.

Since PQD is a global feature, it is also of interest to explore how the tests work when

the PQD condition is violated locally. The next two examples are mixtures of two Frank

copulas, which are neither PQD nor NQD. A mixture of Frank copulas can be written as

C m F
θ1,θ2,γ = γC F

θ1
+ (1−γ)C F

θ2
. (2.28)

The first parameter set is (θ1,θ2,γ) = (9.5,−9.5,0.5), which gives a theoretical Kendall’s

tau equal to zero. The second one is (θ1,θ2,γ) = (10,−15,0.6) with a theoretical Kendall’s

tau close to 0.11. Both examples suggest that Kendall’s tau is no longer an appropriate

assessment of the positive or negative dependence when it comes to copulas which have

local PQD or NQD properties.

Next, an asymmetric copula is adopted to evaluate the appropriateness of the models

in the resampling procedure. The asymmetric copula is written as

C (u , v ) = u v +θ1(1− v 2)sin(vθ2)u (1−u ), (2.29)

where the parameters is (θ1,θ2) = (−0.12, 8.3). It is a locally NQD copula with a theoretical
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Kendall’s tau close to −0.02.

Finally, a special copula, referred to as copula A in Gijbels & Sznajder [2013], is taken

into consideration. It equals to the Π copula on a large set of the unit square except for

a small square region, [0.15,0.5]× [0.5,0.85], where the mass that attributes the Π copula

to this region is redistributed uniformly along the second diagonal. This results in a NQD

copula that is strictly below the Π copula in the indicated small square while equal to the Π

copula in the rest regions.

Table 2.2 Nominal power of the tests based on n = 200 samples and 1000 Monte Carlo simulated
data sets.

Copula Test Statistic GS Nonparametric adaptive AD Bernstein

Frank KS 0.608 0.733

θ =−1 CvM 0.695 0.800

AD 0.706 0.810

Clayton KS 0.573 0.762

θ =−0.2 CvM 0.723 0.830

AD 0.795 0.876

mixture of Frank I KS 0.457 0.629

(θ1,θ2,γ) = CvM 0.499 0.638

(9.5,−9.5, 0.5) AD 0.739 0.810

mixture of Frank II KS 0.317 0.457

(θ1,θ2,γ) = CvM 0.386 0.400

(10,−15, 0.6) AD 0.642 0.638

asymmetric copula KS 0.386 0.276

(θ1,θ2) = CvM 0.320 0.295

(−0.12, 8.3) AD 0.500 0.419

copula A KS 0.242 0.371

CvM 0.262 0.381

AD 0.248 0.324

The simulation results of the power study are presented in Table 2.2, where the number

is the proportion of the times out of 1000 that the null hypothesis is rejected. It can be
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observed that for each of the three different test statistics, our testing procedure has higher

power than that of Gijbels & Sznajder [2013] in most cases. “GS Nonparametric” outperforms

“adaptive AD Bernstein” when the true copula is the asymmetric copula, though neither

of two approaches has a desirable power performance. Compared to the first mixture of

Frank copula with a theoretical Kendall’s tau equal to 0, the second one has a theoretical

Kendall’s tau close to 0.11, making it more difficult to distinguish from the PQD. Thus, it is

not surprising to see a decrease in the power of both approaches, but loss of the “adaptive

AD Bernstein” is much higher.

Figure 2.4 shows the power of the tests as a function of the non-PQD proportion (1

- γ) of the mixture of two Frank copulas (θ1 = 9.5,θ2 = −9.5). Starting with PQD copula

(Frank coupla with parameter 9.5) we mix PQD with non-PQD copula (Frank coupla with

parameter −9.5) and plot the power curve against the proportion of non-PQD data. From

the plot we can see AD type test statistic reacts faster to the infusion of some proportion

of non-PQD data than the other two test statistics. KS type and CvM type test statistics

have comparable power curves, while AD type test statistic has higher power for moderate

values of non-PQD proportions.

Among three distance measures, the best results are almost always from the AD type

test statistic, while the KS type test statistic gives the worst results. The only exception is the

copula B, for which the CvM type test statistic has the best power performance. Overall, our

proposed estimation and resampling approach combined with the AD type test statistic

often gives the best power results.

2.6 Real Case studies

2.6.1 Insurance Claim Data

The Danish fire insurance claims is a data set describing 2167 fire insurance claims in

Denmark from January 3, 1980 until December 31, 1990. There are three types of claims
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Figure 2.4 Power curve of the tests with three different test statistics as a function of the
nonâĂŘPQD mixture proportion (1 - γ) of two Frank copulas (θ1 = 9.5,θ2 =−9.5) in (2.28).

including losses in buildings (B), contents (C) and profits (P). This data set is available in R

and a detailed description is provided in Gijbels & Sznajder [2013]. In our case, 517 claims

that are positive in all three variables are studied and pairwise copulas of three variables

are estimated based on pseudo-observations.

The empirical values of Kendall’s tau for (B, C), (B, P) and (C, P) are 0.117,0.201,0.462,

separately, which indicate possible PQD properties of each pair. The contour plots of two

copula estimations, with or without PQD constraint, are given as (a), (c), and (e) in Figure 2.5.

(b), (d) and (f) in Figure 2.5 are the contour plots of the difference between unconstrained

copula estimation and independent copula Ĉ2,m ,n (u , v )− u v for each pair. For the pair

of (B, C), there is a strong discrepancy between the PQD-constrained and unconstrained

estimates in (a), suggesting that PQD might not be an inherent property between the

buildings and contents claims. The negative components in (b) indicates some violation of

PQD as well. The difference between the PQD-constrained and unconstrained estimates

for (B, P) is not as large as that for (B, C) but still obvious. In contrast, two estimated copulas,

one with PQD constraint and the other without, overlap for the pair of (C, P) in (e), which is

a strong evidence for the PQD structure between the contents and profits claims. This is
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also supported by the contour plot of Ĉ2,m ,n −u v that is uniformly positive over the unit

cube in (e).

Conclusions from the contour plots can be consolidated by the testing results using

proposed testing procedure with three different distances. Table 2.3 shows the p-values

for testing PQD between pairwise Danish fire insurance claims. Though using different

distances, all the tests suggest the same decision for each pair. For (B, C), there is a strong

evidence to reject the null hypothesis of PQD since all the p-values equal to 0. We may also

reject the null hypothesis for (B, P) because each test has a small p-value less than 0.05. For

(C, P), we don’t reject the null hypothesis of PQD. In this case, the test statistics are less (KS)

or equal (CvM an AD) to 0, so there is perhaps no need to approximate the null distribution

of test statistics by resampling and we conclude that the p-values are equal to 1.

Table 2.3 P-values for proposed PQD tests on pairwise Danish fire insurance claims.

Test Statistic (B, C) (B, P) (C, P)

KS 0 0.005 1

CvM 0 0.006 1

AD 0 0.005 1

2.6.2 Stock Index Data

This data set consists of 252 observations on the stock indices including Dow Jones (DJ),

NASDAQ 100 (NASDAQ) and FTSE 100 (FTSE) in 2015 (from January 2, 2015 to December

31, 2015). Pairwise scatterplots of the stock index data and the corresponding pseudo-

observations are presented in Figure 2.6. From the plots we can see that the pseudo-

observations of (DJ, FTSE) have a concentration around the positive diagonal, which

indicates a strong positive dependence structure. The empirical value of Kendall’s tau

for the pair of (DJ, FTSE) is 0.601, suggesting a strong PQD property as well. In contrast, the
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(a) (b)

(c) (d)

(e) (f )

Figure 2.5 Left (a, c, e) : PQD-constrained and unconstrained estimates; Right (b, d, f): uncon-
strained copula estimate of Ĉ2,m ,n (u , v )−u v for pairwise Danish fire insurance claims.
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(a) Observations of the stock index data (b) Pseudo-observations

Figure 2.6 Scatterplots of the stock index data (a) and the corresponding pseudo-observations
(b).

dependence structure is less clear for (DJ, NASDAQ) with the empirical value of Kendall’s

tau equal to 0.266. The empirical value of Kendall’s tau for (NASDAQ, FTSE) is−0.014, which

suggests no positive dependence between NASDAQ 100 and FTSE 100.

P-values for testing PQD between pairwise stock indices are given in Table 2.4. PQD tests

with different distance measures give the same conclusion for each pair of stock indices.

There is a strong evidence to reject the null hypothesis of PQD for the pair of (NASDAQ,

FTSE) since all tests have p-values equal to 0. With a significant level of 0.05, we reject the

null hypothesis of PQD for (DJ, NASDAQ), though the evidence is less strong than that

for (NASDAQ, FTSE). Whereas, there is no evidence to reject PQD for (DJ, FTSE), and this

supports what we see from the plot of pseudo-observations.
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Table 2.4 P-values for proposed PQD tests on pairwise stock index data.

Test Statistic (DJ, FTSE) (DJ, NASDAQ) (NASDAQ, FTSE)

KS 1 0.034 0

CvM 1 0.035 0

AD 1 0.028 0

2.7 Concluding Remarks

In this chapter, we have expanded on the Bernstein copula by proposing a new nonpara-

metric estimation method that minimizes an Anderson-Darling type distance between the

empirical copula and Bernstein copula to approximate any continuous copula, especially

for PQD copula. The proposed copula estimate remains a genuine copula for any degrees m1

and m2 of the Bernstein copula and for any sample size n . In addition, we have developed

an algorithm that adaptively uses data to select the degrees of the Bernstein copula guided

by the asymptotic theory, an aspect that has received very little attention in the literature.

The codes written in R can be requested from the first author. Based on the nonparametric

estimation of PQD-constrained and unconstrained copula, a test for the null hypothesis

of PQD is constructed. As investigated in Denuit & Scaillet [2004] , it is straightforward

to extend such estimation and testing methods to higher dimensions, which leads to the

estimator and test for positive orthant dependent(POD) copula. A d-dimensional copula C

is said to be positive lower orthant dependent (PLOD) if

C (u1, ..., ud )≥
d
∏

i=1

ui , ∀(u1, ..., ud ) ∈ [0, 1]d , (2.30)
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while it is said to be positive upper orthant dependent (PUOD) if

C̄ (u1, ..., ud )≥
d
∏

i=1

(1−ui ), ∀(u1, ..., ud ) ∈ [0, 1]d . (2.31)

where C̄ denotes the survival copula associated with C, see Nelsen [2007]. If both (2.30) and

(2.31) hold, then C is said to be POD.

The extension of estimation and testing for PLOD copula is immediate. In order to

estimate and test for PUOD copula, we can model the survival copula C̄ as

C̄ (u1, ..., ud ) =
m1
∑

k1=0

· · ·
md
∑

kd=0

θk1,...,kd

d
∏

i=1

�

mi

ki

�

(1−ui )
ki u mi−ki

i . (2.32)

and the results of estimation and testing for PQD remain valid for PUOD.

However, the data-based selection of ‘optimal’ degrees becomes much more difficult

when dimension d ≥ 3, which remains to be solved and will require future work. Besides the

PQD property, there are many other kinds of assumptions, such as symmetry, stochastically

increasing (SI), positive function dependence (PFD), etc. Extension of the PQD to other

properties is certainly possible if such property is expressed directly in terms of copula

function or its derivatives, as such property can be achieved by corresponding constraints

on θ ’s orω’s as described in this chapter. The constrained copula estimation under such

conditions is still an open research area.

Finally, in this chapter, we have established the pointwise consistency of our proposed

copula estimator (see Theorem 3) and the asymptotic normality of it (see Theorem 4). It

would certainly be of interest to derive the asymptotic biases and uniform strong consis-

tency of our copula estimator (with or without PQD), using similar methods as in Janssen

et al. [2012]which has been used for the empirical Bernstein copula. However, such asymp-

totic analysis could be a topic for future contribution as it would require more in-depth

analysis with possibly additional regularity conditions.
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2.8 Technical Details

2.8.1 Proof of Theorem 2.1

Proof. Since θk1,0 = θ0,k2
= 0, then we have

Cm (u , 0) =
m1
∑

k1=0

θk1,0

�

m1

k1

�

u k1(1−u )m1−k1 = 0,

Cm (0, v ) =
m2
∑

k2=0

θ0,k2

�

m2

k2

�

v k2(1− v )m2−k2 = 0.

Since θk1,m2
= k1

m1
and θm1,k2

= k2
m2

, then

Cm (u , 1) =
m1
∑

k1=0

k1

m1

�

m1

k1

�

u k1(1−u )m1−k1 = u ,

Cm (1, v ) =
m2
∑

k2=0

k2

m2

�

m2

k2

�

v k2(1− v )m2−k2 = v.

The partial derivative of Bernstein polynomial can be expressed in the form

∂ Cm (u , v )
∂ u

=m1

m1−1
∑

k1=0

m2
∑

k2=0

(θk1+1,k2
−θk1,k2

)

�

m1−1

k1

�

u k1(1−u )m1−k1−1

�

m2

k2

�

v k2(1− v )m2−k2 ,

then

∂ 2Cm (u , v )
∂ u∂ v

=m1m2

m1−1
∑

k1=0

m2−1
∑

k2=0

(θk1+1,k2+1−θk1,k2+1−θk1+1,k2
+θk1,k2

)

�

m1−1

k1

�

u k1(1−u )m1−k1−1

�

m2−1

k2

�

v k2(1− v )m2−k2−1.
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Since θk1+1,k2+1−θk1,k2+1−θk1+1,k2
+θk1,k2

≥ 0, then ∂ 2Cm (u ,v )
∂ u∂ v ≥ 0, thus Cm is a copula. Further,

if θk1,k2
≥ k1

m1

k2
m2

, then

Cm (u , v )≥
m1
∑

k1=0

m2
∑

k2=0

k1

m1

k2

m2

�

m1

k1

�

u k1(1−u )m1−k1

�

m2

k2

�

v k2(1− v )m2−k2 = u v,

thus Cm is a PQD copula.

2.8.2 Proof of Theorem 2.2

Proof. Let θ̃k1,k2
= C ( k1

m1
, k2

m2
). Following the proof of Lemma 3.2 in Segers et al. [2017], we

have

sup
u ,v∈[0,1]

|C (u , v )−Cm (u , v )| ≤
� 1

m1 ∧m2

�
1
2 → 0 as m1 ∧m2→∞.

2.8.3 Proof of Lemma 2.1

Proof. Since we assume that inf
||θm−θ̂m ||>ε

AD (θm )> AD (θ̂m ), then for any ε> 0 and ||θm−θ̂m ||>

ε, there exists δ > 0 s.t. AD (θm )−AD (θ̂m )>δ. Then,

P(||θ̂m ,n − θ̂m ||>ε)≤P(AD (θ̂m ,n )−AD (θ̂m )>δ)

=P(AD (θ̂m ,n )−ADn (θ̂m ,n ) +ADn (θ̂m ,n )−AD (θ̂m )>δ)

≤P(AD (θ̂m ,n )−ADn (θ̂m ,n ) +ADn (θ̂m )−AD (θ̂m )>δ)

≤P(|AD (θ̂m ,n )−ADn (θ̂m ,n ) +ADn (θ̂m )−AD (θ̂m )|>δ)

≤P(|AD (θ̂m ,n )−ADn (θ̂m ,n )|+ |ADn (θ̂m )−AD (θ̂m )|>δ)
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Since ADn (θm )
P→ AD (θm ) as n→∞, then we have |AD (θ̂m ,n )−ADn (θ̂m ,n )|

P→ 0, |ADn (θ̂m )−

AD (θ̂m )|
P→ 0 and |AD (θ̂m ,n )−ADn (θ̂m ,n )|+ |ADn (θ̂m )−AD (θ̂m )|

P→ 0. Thus,

0≤ lim
n→∞
P(||θ̂m ,n − θ̂m ||>ε)

≤ lim
n→∞
P(|AD (θ̂m ,n )−ADn (θ̂m ,n )|+ |ADn (θ̂m )−AD (θ̂m )|>δ)

= 0

i.e., θ̂m ,n
P→ θ̂m as n→∞.

2.8.4 Proof of Theorem 2.3

Proof. Let θ̃k1,k2
=C ( k1

m1
, k2

m2
) and θ̃m = (θ̃0,0, ..., θ̃m1,m2

). From Theorem 2 we know that

sup
u ,v∈[0,1]

|C (u , v )−Cm (u , v, θ̃m )| ≤
� 1

m1 ∧m2

�
1
2 → 0 as m1 ∧m2→∞.

Let m̃ =min(m1, m2). Since ξm =O (1), then we have

AD (θ̂m )≤ AD (θ̃m ) =

∫

I 2

(C (u , v )−Cm (u , v, θ̃m ))2

ξm
d C (u , v )

≤ sup
u ,v∈[0,1]

|C (u , v )−Cm (u , v, θ̃m )|2
∫

I 2

1

ξm
d C (u , v )

≤
1

ξm

� 1

4m1
+

1

4m2
+
� 1

4m1m2

�
1
2
�

≤
1

ξm m̃
→ 0 as m̃→∞

Note that AD (θ̂m ) =
1
ξm

EC (C (U , V )−Cm (U , V , θ̂m ))2→ 0 and ξm =O (1). Since C and Cm are

continuous functions, then we have |Cm (u , v, θ̂m )−C (u , v )| → 0 as m̃→∞.
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Finally we show that for any u , v ∈ [0, 1],

|Cm (u , v, θ̂m ,n )−C (u , v )| ≤ |Cm (u , v, θ̂m ,n )−Cm (u , v, θ̂m )|

+ |Cm (u , v, θ̂m )−C (u , v )|
p
→ 0 as n , m̃→∞

2.8.5 Proof of Theorem 2.4

Proof. For simplicity, we denote the unconstrained copula estimation Ĉ2,m ,n as Ĉm ,n . Fol-

lowing the proof of Theorem 2 in Janssen et al. [2012], we first show the asymptotic normality

of
p

n (Ĉm ,n −C ). Let Ĉm ≡Cm (u , v, θ̂m ), where θ̂m is defined in (2.10). The following decom-

position is used to show the asymptotic distribution of Ĉm ,n :

p
n (Ĉm ,n −C ) =

p
n (Ĉm ,n − Ĉm ) +

p
n (Ĉm −C ). (2.33)

Let C̃m ≡ Cm (u , v, θ̃m ), where θ̃m = (θ̃0,0, ..., θ̃m1,m2
) and θ̃k1,k2

= C ( k1
m1

, k2
m2
). Assuming the

third order partial derivatives for C are bounded on (0,1)2, the convergence rate of the

Bernstein representation C̃m is given as (see Janssen et al. [2012])

C̃m −C =
m1
∑

k1=0

m2
∑

k2=0

�1

2

� k1

m1
−u

�2
Cu u (u , v ) +

1

2

� k2

m2
− v

�2
Cv v (u , v )

+
� k1

m1
−u

�� k2

m2
− v

�

Cu v (u , v )
�

Pk1,m1
(u )Pk2,m2

(v ) +o
� 1

m̃

�

=
1

2m1
u (1−u )Cu u (u , v ) +

1

2m2
v (1− v )Cv v (u , v ) +o

� 1

m̃

�

where m̃ =min(m1, m2), Pk1,m1
(u ) =

�

m1
k1

�

u k1(1−u )m1−k1 and Pk2,m2
(v ) = v k2(1− v )m2−k2 . Then
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we have C̃m −C =O (m̃−1). From the definition of θ̂m , we can obtain that

AD (θ̂m )≤ AD (θ̃m ) =

∫

I 2

(C − C̃m )2

ξm
d C

≤ sup
u ,v∈[0,1]

(C − C̃m )
2

∫

I 2

1

ξm
d C

=
1

ξm
sup

u ,v∈[0,1]
(C − C̃m )

2.

Since ξm =O (1), then we have

m̃ 2AD (θ̂m ) =
1

ξm
m̃ 2Ec (C − Ĉm )

2 ≤
1

ξm
m̃ 2 sup

u ,v∈[0,1]
(C − C̃m )

2 =O (1).

Thus, the order of Ĉm −C cannot be higher than m̃−1. Under the condition of n
1
2 m̃−1→ 0,

it is easy to show the convergence of the second term in (2.33)

p
n (Ĉm −C ) =

p
n

m̃
m̃ (Ĉm −C )→ 0.

Next we show the asymptotic normality of first term in (2.33). From the weak conver-

gence of the empirical copula process Cn we know that Cn =C +O ( 1p
n ). Let

yi ≡
Cn (Ui , Vi )

q

n
(n+1)2 Cn (Ui , Vi )(1−Cn (Ui , Vi )) +ξm ,n

xi ≡
n

n+1 Bm (Ui , Vi )
q

n
(n+1)2 Cn (Ui , Vi )(1−Cn (Ui , Vi )) +ξm ,n

,

then we have yi =
C (Ui ,Vi )p

ξm
+O ( 1p

n ) and xi =
Bm (Ui ,Vi )p

ξm
+o (1). The Anderson-Darling type distance

can be rewritten as

ADn (θm ) =
1

n

n
∑

i=1

(yi − x T
i θm )

2 = (y −X θm )
T (y −X θm ),

41



where

y = (y1, ..., yn )
T =

�C (U1, V1)
p

ξm

+O
� 1
p

n

�

, ...,
C (Un , Vn )
p

ξm

+O
� 1
p

n

��

,

X = (x1, ..., xn )
T =

�Bm (Ui , Vi )
p

ξm

+o (1), ...,
Bm (Ui , Vi )
p

ξm

+o (1)
�T

.

Then the estimation of coefficients θ̂m ,n that minimizes Anderson-Darling type distance

takes the form

θ̂m ,n = argmin
θm∈Θ

(y −X θm )
T (y −X θm ) subject to AT θm ≥ b0.

Based on the Theorem 1 in Liew [1976], the inequality constrained least squares (ICLS)

estimator θ̂m ,n reduces to the OLS estimator θ̂ ∗ = (X T X )−1X T y for a sufficient large sample

size n ≥ n0 if none of the ICLS estimator is bounded, i.e., AT θm � b0. Then we have

θ̂m ,n = (X
T X )−1X T y = (

1

n
X T X )−1 1

n
X T y .

Notice that

1

n
X T X =

1

n

n
∑

i=1

xi x T
i →

1

ξm
E (Bm (U , V )Bm (U , V )T ) as n→∞,

and
1

n
X T y =

1

n

n
∑

i=1

yi xi =
1

n

n
∑

i=1

�C (Ui , Vi )
p

ξm

+O
� 1
p

n

���Bm (Ui , Vi )
p

ξm

+o (1)
�

=
1

n

n
∑

i=1

C (Ui , Vi )Bm (Ui , Vi )
ξm

+op

� 1
p

n

�

.

By CLT we have

p
n
� 1

n

n
∑

i=1

C (Ui , Vi )Bm (Ui , Vi )
ξm

�

d→N (µ, V ) as n→∞,

where µ= E ( 1
ξm

Bm (U , V )C (U , V )) = E ( 1
ξm

Bm (U , V )Bm (U , V )T θ̂m ) =

1
ξm

E (Bm (U , V )Bm (U , V )T )θ̂m and V =V a r ( 1
ξm

Bm (U , V )C (U , V )) =
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1
ξm

V a r (Bm (U , V )Bm (U , V )T θ̂m ). Thus, by using Slutsky’s theorem, we obtain the asymptotic

normality of
p

n (θ̂m ,n − θ̂m ). Since we have Ĉm ,n −C = (θ̂m ,n − θ̂m )T Bm , then the asymptotic

normality of the first term in (2.33) is also obtained.

Again, by Slutsky’s theorem, the limiting distribution of
p

n (Ĉm ,n −C ) is a normal dis-

tribution with zero mean. Such asymptotic normality result can be strengthened to weak

convergence of
p

n (Ĉm ,n −C ) in (0,1)2(see Janssen et al. [2012]). Thus, we can follow the

proof of Theorem 1 in Gijbels et al. [2010]with the empirical copula estimator Ĉn replaced

by our copula estimator Ĉm ,n to obtain the consistency of the proposed testing procedure.

For more details, see Gijbels et al. [2010].
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CHAPTER

3

NONPARAMETRIC ESTIMATION OF

MULTIVARIATE COPULA USING

EMPIRICAL BAYES METHODS

3.1 Introduction

Copula models are useful tools for the analysis of multivariate data since by using the

well-known Sklar’s theorem, any multivariate joint distribution can be decomposed into its

univariate marginal distributions and a copula function, which allows for capturing the

arbitrary dependence structure between several random variables. As a result, copulas have

been widely used in the field of finance, insurance, system reliability, etc. among many
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other application areas. See e.g. Nelsen [2007], Jaworski et al. [2010] and Joe [2014] for more

details about copulas and their applications.

Given a random vector (X1, . . . , Xd ) with joint cumulative distribution function (CDF) F

and continuous marginal CDFs Fj , j = 1, . . . , d , by Sklar’s theorem (Sklar [1959]), the CDF

F can be expressed uniquely as F (x1, . . . , xd ) =C (F1(x1), . . . , Fd (xd )), where C (·) denotes the

copula function. A copula is itself the joint CDF of a random vector (U1 = F1(X1), . . . ,Ud =

Fd (Xd )) having its marginals as uniform distributions on [0,1], henceforth denoted by

U ni f [0,1]. It is to be noted that the original results in Sklar [1959] are also applicable to

discrete-valued random variables. However, the focus of this paper is modeling continuous-

valued multivariate random vectors (e.g., daily return values of stock prices). Thus, for the

rest of the paper, we assume the marginal CDFs Fj , j = 1, . . . , d are absolutely continuous.

As copula plays an important role in capturing the general dependence structure be-

tween multiple variables, it is critical to estimate copula in an accurate way, especially in

higher dimensions where the dependence structure becomes much more complicated,

often illusive and may even be supported on a lower-dimensional manifold. One of theThe

primary goals of this paper is to estimate a smooth copula function C from a random sam-

ple of n independent identically distributed (iid) observations (X i 1, . . . , X i d )
i i d∼ F (x1, . . . , xd )

for i = 1, 2, . . . , n .

Many parametric families have been proposed for modeling multivariate copulas and

there has been previous work addressing the corresponding parametric estimation methods.

For detailed discussions, see, e.g. Joe [2005], Nelsen [2007], McNeil & Nešlehová [2009],

Žežula [2009], Smith [2011] and Joe [2014], etc. However, no matter how sophisticated and

flexible the parametric models that we may use, they might still lead to biased copula

estimates when the parametric model is misspecified and thus may not be able to capture

complex dependence structures required in practice. Compared to standard multivariate

copulas, vine copula models allow for more flexibility in capturing complex dependency

structures using appropriate vine tree structures by choosing bivariate copula families
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for each node of pair copulas from a vast array of parametric bivariate copulas. But it is

often challenging to obtain estimates of multivariate dependence measures which involve

high-dimensional integrals that are often algebraically intractable by using vine copulas.

Thus, recognizing some of the above-mentioned limitations of parametric copula mod-

els, a variety of nonparametric estimators have been proposed for multivariate copula

estimation. Most of the available nonparametric estimators rely on the empirical methods,

e.g., the empirical copula and its multilinear extension, the empirical multilinear copula

(Deheuvels [1979]; Fermanian et al. [2004]; Genest et al. [2017]), or kernel-based methods

such as local linear estimator (Chen & Huang [2007]), mirror reflection estimator (Gijbels &

Mielniczuk [1990]) and improvements of these two estimators (Omelka et al. [2009]). See

also Scaillet & Fermanian [2002] and Rémillard & Scaillet [2009] for other nonparametric

copula estimators. However, except for the empirical multilinear copula, most of these esti-

mators are valid copulas only asymptotically, meaning that they are not necessarily genuine

copulas for finite samples. Moreover, multivariate dependent measures (e.g. Spearman’s

rho, Kendall’s tau, etc.) based on such estimated copula could take values outside of their

natural range, thus making them unattractive in practice. On the other hand, there has been

recent work on Bayesian nonparametric methods for estimating general d-dimensional

copula and among many others, a noteworthy Bayesian nonparametric model is based

on an infinite mixture of multivariate Gaussian or the skew-normal copulas proposed by

[Wu et al., 2014]. The infinite mixture models provide a lot of flexibility in modeling various

dependence structures but those typically lack simple (analytic) expressions of dependence

measures making them harder to compute in practice.

The primary focus of this chapter is the nonparametric estimation of multivariate

copulas for any arbitrary dimensions that are genuine copulas for any finite sample size

and are uniformly consistent as the sample size gets large. We consider an extension of

the Bernstein copula (Sancetta & Satchell [2004]), which is a family of copulas defined

in terms of multivariate Bernstein polynomials. One of the primary advantages of the
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Bernstein copula is that it provides a class of nested models that are able to uniformly

approximate any multivariate copula with minimal regularity conditions. A simple case of

the Bernstein copula is the empirical Bernstein copula, which is a nonparametric copula

estimator proposed by Sancetta & Satchell [2004]. The asymptotic properties of the empirical

Bernstein copula are well studied in Janssen et al. [2012] and its application in testing

independence is described in Belalia et al. [2017]. The application of the Bernstein copula

to the modeling of dependence structures of non-life insurance risks is provided in Diers

et al. [2012], among many other applications.

However, the empirical Bernstein copula has two main drawbacks that could prevent

us from obtaining accurate copula estimation for small samples: (i) the empirical Bernstein

copula is not necessarily a valid copula itself, which is a common disadvantage for most

nonparametric copula estimators; and (ii) the degrees of Bernstein polynomials are often

set to be equal to an integer across different dimensions, which limits the flexibility of the

Bernstein copula and thus might not be appropriate for large dimensions.

In order to address the above-described problem (i), Segers et al. [2017] show that the

empirical Bernstein copula is a genuine copula if and only if all the polynomial degrees are

divisors of the sample size, and further propose a new copula estimator called the empirical

beta copula, which can be seen as a special case of the empirical Bernstein copula when

the degrees of Bernstein polynomials are all set equal to the sample size. The empirical beta

copula is a valid copula itself and has been shown to outperform some classical copula

estimators in terms of bias and variance. But it always has a larger variance compared

to the empirical Bernstein copula with smaller polynomial degrees. It is surprising that

much less attention has been given to the problem (ii), and even for equally set degrees,

there has been limited work on the data-dependent choice of degrees in the literature.

Janssen et al. [2012] recommend an optimal choice of the equal degrees in the bivariate

case by minimizing the asymptotic mean squared error. Nevertheless, such a choice re-

quires the knowledge of the first- and second-order partial derivatives, which might not
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be easy to estimate in practice. Burda & Prokhorov [2014] put priors on the polynomial

degrees, however, their priors don’t rely on data or sample size and they use multivariate

Bernstein density instead of Bernstein copula density. The Dirichlet process assigned as

the prior for the copula doesn’t guarantee the copula estimate to be a valid copula itself.

Besides, the number of weights grows exponentially as the dimension increases, leading to

computational inefficiency of MCMC methods for larger dimensions. To the best of our

knowledge, Lu & Ghosh [2020] first develop a data-dependent grid search algorithm for the

selection of polynomial degrees which has shown superior empirical estimation properties

for small to moderate sized samples. But the methodology is limited to bivariate cases and

extension to larger dimensions remained challenging.

For the purpose of addressing the two problems as described above, we introduce a new

nonparametric estimator for multivariate copula that we call the empirical checkerboard

Bernstein copula (ECBC), which is constructed by extending the Bernstein copula allowing

for varying degrees of the polynomials. It is shown to be a genuine copula for any number of

degrees and any finite sample size. Furthermore, we develop an empirical Bayesian method

that takes the data into account to automatically choose the degrees of the proposed

estimator using its posterior distribution thereby accounting for the uncertainty of such

tuning parameter selection. As shown in Segers et al. [2017], larger degrees of the Bernstein

copula lead to a larger variance of the estimation, so a choice of degrees that is relatively

small compared to the sample size but sufficient for a good copula estimation is desirable.

The degrees are allowed to be dimension-varying within the Bayesian model, which provides

much more flexibility and accuracy, especially in higher dimensions.

It is especially noteworthy that while the focus of the chapter is to estimate the copula

function, it is straightforward to get a closed-form estimate of the corresponding copula

density by taking derivatives of the ECBC. However, direct estimation of a closed-form

copula function has many advantages compared to first estimating a copula density, e.g., it

is often easier to differentiate than to integrate for higher dimensions. Besides, for those
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copulas which are not absolutely continuous such as Marshall-Olkin copulas (Embrechts et

al. [2001]) having support on a possibly lower-dimensional manifold, the direct estimation

of the copula density could be difficult. Owing to the closed form of the estimated copula

function and its density, it can be shown that the proposed ECBC allows for straightforward

estimation of various dependence measures.

3.2 An Empirical Bayes Nonparametric Copula Model

Suppose we have i.i.d. samples (X i 1, . . . , X i d )∼ F (x1, . . . , xd ), i = 1, . . . , n , where F is a cumu-

lative distribution function and Fj is the absolutely continuous marginal CDF of the j -th

component. By Sklar ’s theorem (Sklar [1959]), there exists a unique copula C (·) such that

F (x1, . . . , xd ) =C (F1(x1), . . . , Fd (xd )), ∀ (x1, . . . , xd ) ∈Rd , (3.1)

and

(F1(X1), . . . , Fd (Xd ))∼C . (3.2)

The Bernstein copula is a family of copulas defined in terms of Bernstein polynomials and

it was first introduced by Sancetta & Satchell [2004]. It is a flexible model that can be used

to uniformly approximate any copula. The Bernstein polynomial with degrees (m1, . . . , md )

of a function C : [0, 1]d →R is defined as

Bm (C )(u) =
m1
∑

k1=0

· · ·
md
∑

kd=0

C
�

k1

m1
, . . . ,

kd

md

� d
∏

j=1

�

m j

k j

�

u
k j

j (1−u j )
m j−k j , (3.3)

and Bm (C ) is called the Bernstein copula when C is a copula.

A general estimation for the Bernstein copula of an unknown copula C is the empirical

Bernstein copula (Sancetta & Satchell [2004]) Bm (Cn ), where Cn is the rank-based empirical
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copula. We denote the empirical Bernstein copula as

Cm ,n (u) =
m1
∑

k1=0

· · ·
md
∑

kd=0

θ̂k1,...,kd

d
∏

j=1

�

m j

k j

�

u
k j

j (1−u j )
m j−k j , (3.4)

where

θ̂k1,...,kd
=Cn

�

k1

m1
, . . . ,

kd

md

�

=
1

n

n
∑

i=1

d
∏

j=1

I
�

F ∗n j (X i j )≤
k j

m j

�

. (3.5)

where I(·) denotes indicator function and slightly modified empirical marginal distribution

functions are defined as

F ∗n j (x j ) =
1

n +1

n
∑

i=1

I(X i j ≤ x j ), for j = 1, . . . , d , (3.6)

where the modification 1/(n +1) instead of 1/n modifies the standard empirical marginal

distribution to be away from 1 in order to reduce potential problems at boundaries.

However, the empirical Bernstein copula Cm ,n is not guaranteed to be a valid copula

for finite samples as the empirical copula Cn is not necessarily a genuine copula. Segers

et al. [2017] show that the empirical Bernstein copula Cm ,n is a copula if and only if all the

degrees m1, ..., md are divisors of n . In order to obtain a valid copula estimation for any

degrees, we replace the empirical copula Cn with the empirical checkerboard copula C #
n ,

which is a simple multilinear extension of the empirical copula defined as

C #
n (u) =

1

n

n
∑

i=1

d
∏

j=1

min(max((n u j −R (n )i , j +1), 0), 1), (3.7)

where R (n )i , j is the rank of X i j among X1 j , . . . , Xn j , see e.g. Li et al. [1997] and Carley & Taylor

[2002] for more details. Notice that the main difference between the empirical copula Cn

and the empirical checkerboard copula C #
n is that C #

n is a genuine copula, so we can obtain
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a valid copula estimation C #
m ,n taking the form

C #
m ,n (u) =

m1
∑

k1=0

· · ·
md
∑

kd=0

θ̃k1,...,kd

d
∏

j=1

�

m j

k j

�

u
k j

j (1−u j )
m j−k j , (3.8)

where

θ̃k1,...,kd
=C #

n

�

k1

m1
, . . . ,

kd

md

�

=
1

n

n
∑

i=1

d
∏

j=1

min(max

��

n
k j

m j
−R (n )i , j +1

�

, 0), 1

�

, (3.9)

and we call the proposed empirical checkerboard Bernstein copula (ECBC).

Unlike the empirical Bernstein copula, the ECBC is a genuine copula for any degrees

m1, m2, . . . , md ∈ Z+ and any fixed sample size n . It is known that Bernstein polynomials

with smaller values of degrees m j ’s may lead to biased estimates while unnecessary larger

degrees of Bernstein polynomials will necessarily lead to larger variances. So it is critical to

choose the proper degrees of the ECBC based on a given sample. In order to do that, we

develop an empirical Bayes method for choosing ‘optimal’ degrees (m1, m2, . . . , md ), where

m j ’s are allowed to be different for different j = 1, . . . , d and also depend on the random

sample of observations.

As illustrated in Sancetta & Satchell [2004], using partial derivatives of (3.8) with respect

to each u j and rearranging, we can obtain the density corresponding to ECBC as follows:

c #
m ,n (u) =

m1−1
∑

k1=0

· · ·
md−1
∑

kd=0

w̃k1,...,kd

d
∏

j=1

m j

�

m j −1

k j

�

u
k j

j (1−u j )
m j−k j−1

=
m1−1
∑

k1=0

· · ·
md−1
∑

kd=0

w̃k1,...,kd

d
∏

j=1

B e t a (u j , k j +1, m j −k j ),

(3.10)

where

w̃k1,...,kd
=

1
∑

l1=0

· · ·
1
∑

ld=0

(−1)d+l1+...+ld C #
n

�

k1+ l1

m1
, . . . ,

kd + ld

md

�

.
(3.11)
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Clearly, the Bernstein copula is a mixture of independent Beta distributions leading to a

tensor product form. For notational convenience, let us denote

Ui j ≡ F ∗n j (X i j ) i = 1, . . . , n , j = 1, . . . , d , (3.12)

Following the work by Gijbels et al. [2010], the pseudo-observations (Ui 1, . . .Ui d ), i = 1, . . . , n

can be treated as samples from (F1(Ui 1), . . . , Fd (Ui d ))∼C . We then use this approximation to

build an empirical Bayesian hierarchical model:

Ui j |L i j
i nd∼ B e t a (L i j +1, m j − L i j ), i = 1, . . . , n , j = 1, . . . , d , (3.13)

L i j = bm j Vi j c, (3.14)

where ba c is the ‘floor’ function denoting the largest integer not exceeding the value a and

(Vi 1, . . . , Vi d )
i .i .d∼ C #

n (·), i = 1, . . . , n , (3.15)

i.e., (Vi 1, . . . , Vi d ), i = 1, . . . , n are samples from the empirical checkerboard copula C #
n . It then

follows that

w̃k1,...,kd
= Pr(L i 1 = k1, . . . , L i d = kd )

= Pr
�

k1

m1
≤Vi 1 <

k1+1

m1
, . . . ,

kd

md
≤Vi d <

kd +1

md

�

.
(3.16)

Based on the proposition 1 in Genest et al. [2017], Vi j can be drawn using the following

hierarchical scheme:

πi
i .i .d∼ D i sU ni f {1, 2, . . . , n}, i = 1, . . . , n ,

Λi j
i .i .d∼ U ni f (0, 1) i = 1, . . . , n , j = 1, . . . , d .

Vi j = (1−Λi j )Fn , j (Xπi j−) +Λi j Fn , j (Xπi j ),

(3.17)

where Fn , j (x j ) =
1
n

∑n
i=1 I (X i j ≤ x j ) and D i sU ni f denotes the discrete uniform distribution,
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i.e., Pr[πi = j ] = 1
n for j = 1, . . . , d . Assuming that there are no ties in the pseudo samples

U1 j , . . . ,Un j (owing to absolute continuity of marginal distributions or breaking it by random

assignment in practice), we can equivalently represent the Vi j ’s more conveniently as

Vi j = (1−Λi j )
R (n )πi , j −1

n
+Λi j

R (n )πi , j

n

=
R (n )πi , j −1+Λi j

n
.

(3.18)

Next, to account for the uncertainty in the estimation of the degrees m j ’s, we propose to

introduce a sample-size dependent empirical prior distribution on the degrees m1, . . . , md

and obtain posterior estimates by Markov Chain Monte Carlo (MCMC) methods. This

would not only allow for the almost automatic adaptive estimation of the degrees (based

on the observed data) but also allow for quantifying the uncertainty of this crucial tuning

parameter vector. Notice that the idea of putting priors on the polynomial degrees has

also been adopted by Burda & Prokhorov [2014]. However, their priors don’t rely on data

or sample size and they use multivariate Bernstein density instead of Bernstein copula

density, i.e., the weights are belonged to a simplex without any more constraints. A Dirichlet

process with a baseline of uniform distribution on [0,1]d is assigned as the prior for the

copula C in (3.3), which doesn’t guarantee C to be a valid copula. In order to avoid the

construction of priors under constraints, we use the empirical estimates for the coefficients

of the Bernstein copula instead of assigning priors to them.

Motivated by the asymptotic theory of the empirical Bernstein estimator, e.g., as in

Janssen et al. [2014], we propose the hierarchical shifted Poisson distributions as the prior

distribution for m1, . . . md :

m j |α j
i nd∼ P o i s s o n (nα j ) +1, j = 1, . . . , d . (3.19)
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and

α j
i .i .d∼ U ni f

�1

3
,

2

3

�

, j = 1, . . . , d . (3.20)

The following theorem provides the large-sample consistency of the ECBC using the same

set of assumptions as required for the large-sample consistency of the empirical checker-

board copula.

Theorem 3.1. Given the empirical priors distribution of m1, . . . , md as in (3.19) and (3.20),

and assuming the regularity conditions for the consistency of the empirical checkerboard

copula, the proposed ECBC is consistent in the following sense:

E (||C #
m ,n −C ||) = E

�

sup
u∈[0,1]d

|C #
m ,n (u)−C (u)|

�

a .s .→ 0 as n→∞.

where the expectation is taken with respect to the empirical prior distribution.

The proof of Theorem 3.1 is outlined in section 3.6.1. Notice that in the above result

the a.s. convergence is with respect to the empirical marginal distribution of the data

integrating out the conditional empirical distribution of data (given the m j ’s) weighted by

the empirical prior distribution of the tuning parameters m j ’s. This is not the usual notion

of posterior consistency but rather the notion can be viewed as using integrated likelihood

approach (Berger et al. [1999]) with respect to the empirical marginal distribution obtained

by integrating the priors given by equations (3.19) and (3.20).

It is to be noted that the joint posterior distribution of (m1, . . . md ) may not preserve

necessarily an exchangeable structure as the above prior. Using the empirical Bayes hi-

erarchical structure of the above-proposed model it can be shown that efficient MCMC

methods can be utilized to draw approximate samples from the path of a geometrically

ergodic Markov Chain with posterior distribution as its stationary distribution. By generat-

ing a sufficiently large number of MCMC samples we can estimate the marginal posterior

mode of the discrete-valued parameter m j ’s as final estimates. Let m j 1, . . . , m j K denote K

MCMC samples of m j , j = 1, . . . , d and for each j , let m̃ j 1 < m̃ j 2 < · · · < m̃ j Dj
denote the
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distinct values among these MCMC samples. Then the (marginal) posterior mode of m j is

estimated by

m̂ j = argmax
m j b ,b=1,...,Dj

K
∑

a=1

I(m j a = m̃ j b ), j = 1, . . . , d . (3.21)

The final estimate of the smooth copula based on the proposed ECBC is then given by

C #
m̂ ,n (u) =

m̂1
∑

k1=0

· · ·
m̂d
∑

kd=0

θ̃k1,...,kd

d
∏

j=1

�

m̂ j

k j

�

u
k j

j (1−u j )
m̂ j−k j (3.22)

where

θ̃k1,...,kd
=C #

n

�

k1

m̂1
, . . . ,

kd

m̂d

�

. (3.23)

It is to be noted that other posterior estimates (e.g., posterior mean when it exists or

coordinate-wise posterior median or some version of multivariate posterior median) can

also be used but for simplicity (and the requirement that these posterior estimates of m j ’s

be necessarily integer-valued) we have chosen to use posterior mode based on the marginal

posterior distributions of m j ’s. Through many numerical illustrations we show the easy

applicability of this choice in various examples.

3.2.1 Multivariate Dependence Estimation

In higher dimensions, it is often of interest to evaluate the strength of dependence among

variables. This is often done using copulas since most dependence measures can be ex-

pressed as a function of copulas. Spearman’s rank correlation coefficient (Spearman’s rho)

is one of the most widely used dependence measures. For a bivariate copula C , Spearman’s

rho can be written as

ρ = 12

∫ 1

0

∫ 1

0

C (u , v )d ud v −3= 12

∫ 1

0

∫ 1

0

(C (u , v )−u v )d ud v. (3.24)
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A multivariate extension of Spearman’s rho given in Nelsen [1996] takes the form

ρd =

∫

I d C (u)d u−
∫

I d Π(u)d u
∫

I d M (u)d u−
∫

I d Π(u)d u
=

d +1

2d − (d +1)

�

2d

∫

I d

C (u)d u−1
�

. (3.25)

Compared to vine copulas that rely on pair copulas and complex tree structures, one of

the advantages of our copula estimator is that it is straightforward to obtain an estimate of

multivariate Spearman’s rho as

ρ̂d =
d +1

2d − (d +1)

 

2d
m̂1
∑

k1=0

· · ·
m̂d
∑

kd=0

θ̃k1,...,kd

d
∏

j=1

�

m̂ j

k j

�

B (k j +1, m̂ j −k j +1)−1

!

. (3.26)

where B is the beta function.

It can be shown that the multivariate Spearman’s rho is bounded by

2d − (d +1)!
d !(2d −d −1)

≤ρd ≤ 1, (3.27)

where the lower bound approaches to zero as dimension increases. Since our copula esti-

mator is a genuine copula, the estimate of multivariate d-dimensional Spearman’s rho ρ̂d

can avoid taking values out of the parameter space, which might be an issue for estimates

built on other nonparametric copula estimators, e.g. the empirical copula (see [Pérez &

Prieto-Alaiz, 2016]).

Similar to Spearman’s rho, Kendall’s tau is another common dependence measure and

has its multivariate version as well, which is given by Nelsen [1996] as

τd =
1

2d−1−1

�

2d

∫

I d

C (u)d C (u)−1

�

. (3.28)

By applying (3.10) and (3.11), it is also easy to obtain an estimate of multivariate Kendall’s
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tau based on our copula estimator as

τ̂d =
1

2d−1−1

�

2d
m̂1−1
∑

k1=0

· · ·
m̂d−1
∑

kd=0

m̂1
∑

l1=0

· · ·
m̂d
∑

ld=0

w̃k1,...,kd
θ̃l1,...,ld

d
∏

j=1

m̂ j

�

m̂ j −1

k j

��

m̂ j

l j

�

B (k j + l j +1, 2m̂ j −k j − l j )−1
�

.

(3.29)

Thus, using our proposed ECBC copula not only are we able to obtain a fully non-

parametric estimate of any copula function in closed form (once the tuning parameters

m j , j = 1, . . . , d are estimated by their posterior modes) but also we are able to derive the

closed-form expression of estimates of the popular multivariate measures of dependence

for any arbitrary dimension d ≥ 2.

Moreover, although we only illustrate the use of multivariate extensions of Kendall’s

tau and Spearman’s rho as possible measures of multivariate dependence, any other mul-

tivariate notion of dependence measures that are suitable functionals of the underlying

copula can also be computed using our closed-form expression of the ECBC estimator.

This is particularly advantageous compared to even some of the flexible yet complicated

parametric copula family (e.g., Archimedian, multivariate Gaussian or t, etc.) for which it

may require high-dimensional numerical integration to compute multivariate versions of

Spearman’s rho as given in (3.25) and/or Kendall’s tau given in (3.28). For vine copulas, it is

particularly challenging to obtain estimates of these multivariate measures of dependence

as such high-dimensional integrals are often algebraically and even numerically intractable

say for dimension d ≥ 5, whereas for ECBC even when a new measure of dependence is

created as a functional of the copula that may be more complicated than those defined in

eq.s (3.25) and (3.28), we can easily obtain a large number of Monte Carlo (MC) samples

from the ECBC and use MC-based approximation to estimate such new measures of multi-

variate dependence (we illustrate such a case in our real case study involving portfolio risk

optimization in Section 3.4).
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3.3 Numerical Illustrations using Simulated Data

3.3.1 Finite-Sample Performance for Bivariate Cases

We investigate the finite-sample performance of the ECBC through a Monte Carlo simu-

lation study. Samples from the true copula are generated using the package copula in R

(Hofert et al. [2014]). In order to visualize the results using contour plots, we first restrict

our illustration to bivariate copulas. Three copula families with various parameters and an

asymmetric copula are considered. The first four examples are the bivariate Frank copulas

CF (u , v ) =−
1

θ
log

�

1+
(exp(−θu )−1)(exp(−θ v )−1)

exp(−θ )−1)

�

,

with parameter θ equal to −2,−1, 1 and 2, which reflects a wide range of dependence from

negative to positive. The next two examples are the Clayton copula with parameter 1

CC (u , v ) = (max{u−1+ v −1−1, 0})−1,

and the Gumbel copula with parameter 2

CG (u , v ) = exp(−((−ln(u ))2+ (−ln(v ))2)1/2).

The value of Kendall’s tau is 0.33 for Clayton copula with parameter 1 and 0.5 for Gumbel

copula with parameter 2. Both cases have a moderate positive dependence.

The next example is the independent copula C (u , v ) = u v . Finally, we consider an

asymmetric copula

Ca (u , v ) = u v −0.12(1− v 2)sin(8.3v )u (1−u ),

In the simulation study, n = 100 samples are drawn from the true copula for each
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replicate (of size n = 100) and there are N = 100 replicates. Degrees of the ECBC are

estimated by posterior modes by obtaining 5000 MCMC samples following 2000 burn-in

samples of two chains for each of the N replicated data sets generated from a chosen true

copula model. It is to be noted that it takes about 2, 11, and 60 minutes to run 7000 iterations

for two chains by using MacOS with 16GB of RAM for d = 2, d = 10, and d = 50, respectively,

when data are drawn from multivariate Frank copula. Convergence of MCMC runs was

monitored based on preliminary runs using standard diagnostics available in R packages

rjags and coda. We show the results for eight copulas in Figure 3.1 and 3.2. The contour

plot of the true underlying copula and the empirical MC average of N copula estimates

are given for comparison and (m̄1, m̄2) represents the MC mean of the posterior modes of

degree parameters.

We can see from the contour plots that the average of the estimated copula is extremely

close to the underlying true copula across all different dependence structures irrespective

of the assumed parametric models. This illustrates that the proposed ECBC has a robust

performance in estimating various true copulas.

3.3.2 Accuracy of Multivariate Dependence Measures (d = 3)

To assess the finite sample performance of the estimate of multivariate Spearman’s rho

ρ̂d , we conduct Monte Carlo simulations for d = 3 copulas. We consider the independent

copula and Clayton copulas with parameter value {0.5, 1, 2}, respectively. For each copula

model, N = 100 Monte Carlo replicates are generated with size n = 100. For each replicate,

we compute the proposed estimator ρ̂d in (3.26) and the estimator based on empirical

copula ρ̃d

ρ̃d =
d +1

2d − (d +1)

�

2d

∫

I d

Cn (u)d u−1
�

=
d +1

2d − (d +1)

�2d

n

n
∑

i=1

d
∏

j=1

(1−Ui j )−1
�

.

(3.30)
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(a) (m̄1, m̄2) = (22.52, 24.01) (b) (m̄1, m̄2) = (22.46, 23.17)

(c) (m̄1, m̄2) = (23.29, 24.83) (d) (m̄1, m̄2) = (22.82, 22.17)

Figure 3.1 Estimation of Frank copulas using the ECBC with empirical Bayesian method for
choosing proper degrees when sample size n = 100.
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(a) (m̄1, m̄2) = (23.94, 21.69) (b) (m̄1, m̄2) = (22.58, 22.16)

(c) (m̄1, m̄2) = (22.34, 20.87) (d) (m̄1, m̄2) = (21.08, 22.92)

Figure 3.2 Estimation of various copulas using the ECBC with empirical Bayesian method for
choosing proper degrees when sample size n = 100.
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Finally, for each estimator we compute the mean, bias, variance and mean square error

(MSE) over all replicates.

Table 3.1 shows the results on the estimation of multivariate Spearman’s rho for four

different copulas. An approximated value of the true multivariate Spearman’s rho ρd can

be obtained by numerical integration since there is no analytical expression as a function

of the parameter (see [Pérez & Prieto-Alaiz, 2016]), which is also given in Table 3.1. The

corresponding boxplots for the two estimates based on N = 100 replicates along with a

horizontal line for true multivariate Spearman’s rho ρd are shown in Figure 3.3.

From the results we can see our estimator ρ̂d outperforms ρ̃d with respect to variance

and MSE. In terms of bias, ρ̂d tends to underestimate and have a larger bias as strength of

dependence increases, but there is not a clear superiority of one estimator over the other. As

shown in Figure 3.3 (c) and (d) where there is a moderate or strong dependence in trivariate

cases, ρ̃d can take values out of parameter space [−2/3,1] (3% and 12% of ρ̃d are taking

values greater than 1 in (c) and (d), respectively), which can be problematic in measuring

dependence.

Table 3.1 Comparison of two estimates of multivariate Spearman’s rho based on N = 100 replica-
tions of size n = 100 generated from the independent copula and Clayton copulas with different
parameter values when dimension d = 3.

Copula ρd Estimator Mean Bias Variance MSE

Independent 0 ρ̂d 0.007 0.007 0.008 0.009

ρ̃d -0.015 -0.015 0.014 0.015

Clayton 0.308 ρ̂d 0.294 -0.014 0.007 0.008

θ = 0.5 ρ̃d 0.287 -0.021 0.028 0.029

Clayton 0.504 ρ̂d 0.477 -0.027 0.007 0.008

θ = 1 ρ̃d 0.519 0.015 0.039 0.040

Clayton 0.717 ρ̂d 0.680 -0.037 0.004 0.006

θ = 2 ρ̃d 0.732 0.015 0.050 0.051
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(a) (b)

(c) (d)

Figure 3.3 Boxplots of the two estimators based on N = 100 replicates and a horizontal line of
true multivariate Spearman’s rho ρd for each of four trivariate copulas.
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3.3.3 Estimation of Tuning parameters of ECBC

We now illustrate one of the primary advantages of our proposed empirical Bayes estimate

of the ECBC that allows for data-dependent automatic selection of dimension-varying

degree parameters m j ’s. We further explore the special case of choosing equal degrees

m1 = . . .=md =m by using the following prior distribution

m |α∼ P o i s s o n (nα) +1, (3.31)

and α∼U ni f
�1

3
,

2

3

�

(3.32)

For our empirical illustration, we consider three true bivariate copulas and one trivariate

copula to explore the comparative performance of choosing dimension-varying degrees

compared to setting them equal across all dimensions. The first example is the Farlie-

Gumbel-Morgenstern (FGM) copula Ca (u , v ) = u v (1 − a (1 − u )(1 − v )) with parameter

a = −1. The next two choices are the independent copula (e.g., FGM with a = 0) and

the Gaussian copula with positive dependence (correlation ρ = 0.5). The last one is the

trivariate t-copula with degrees of freedom 4 and pairwise dependenceρ12 =−0.2,ρ13 = 0.5

and ρ23 = 0.4. Again samples of size n = 100 are obtained for each four cases and repeated

N = 100 times for MC evaluation. For each sample, we choose the degrees of the ECBC by

computing the posterior modes using our proposed empirical Bayesian method.

Figure 3.4 presents the scatterplot of estimated values of (m1, m2) or (m1, m2, m3) for

each chosen true copula model. From the plots we can observe that for bivariate copulas,

posterior estimates of m1 and m2 are significantly different in most cases without any prior

restrictions of equality. In fact, posterior probability of choosing equal m1 = m2 is only

about 0.08, 0.08 and 0.13 for FGM copula, for independent copula, and for Gaussian copula,

respectively indicating against forcing m1 =m2 as is popularly done in the literature. For the

trivariate t-copula case, the posterior probability of m1 =m2 =m3 is 0, decisively suggesting

that equality assumption is sub-optimal in general and particular as the dimension in-
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creases. We have conducted further studies with dimensions (not shown here for limitation

of space) and the conclusions remain very similar.

In order to further compare the performances of copula estimators with flexible degrees

vs. equal degrees, we fit our Bayesian models with two different settings of priors: (i) (flexible)

the original priors given in (3.19) and (3.20) where degrees are allowed to vary in different

dimensions; (ii) (equal) modified priors given in (3.31) and (3.32) where degrees are set to be

equal; using the same data set generated from the three bivariate copulas. Following Segers

et al. [2017], we consider three global performance measures: the integrated squared bias,

the integrated variance, and the integrated mean squared error. Given a copula estimator

Ĉn , the performance measures are defined as

integrated squared bias: I S B =

∫

[0,1]d

�

E [Ĉn (u)−C (u)]
�2

d u, (3.33)

integrated variance: I V =

∫

[0,1]d
E
�

[Ĉn (u)−E (Ĉn (u))]
2
�

d u, (3.34)

integrated mean squared error: I M S E =

∫

[0,1]d
E
�

[Ĉn (u)−C (u)]2
�

d u. (3.35)

We compute the performance measures by applying the computation method described in

Segers et al. [2017], which relies on Monte Carlo simulation to get a Monte Carlo estimate

of each performance measure. Table 3.2 presents the results for the four cases, where the

first three are bivariate (d = 2) and the last one is trivariate (d = 3). The standard errors of

the Monte Carlo estimates are not reported in the table as they are negligibly small. We can

see that the copula estimators with flexible degrees perform better than those with equal

degrees in terms of IV and IMSE in all cases. As the difference in IMSE is dominated by the

IV term, the choice of flexible degrees leads to smaller uncertainty, and hence smaller IMSE

while the biases remain relatively unaffected. It is also interesting to observe that estimated

degrees are far smaller than sample sizes indicating the empirical beta copula may not

have optimal performance, which we next explore.
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(a) (b)

(c) (d)

Figure 3.4 Choice of dimension-varying degrees obtained by applying the proposed empirical
Bayesian method based on N = 100 replications when sample size n = 100.
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Table 3.2 Comparison of copula estimators with flexible degrees vs. equal degrees using three
performance measures computed by Monte Carlo simulation based on N = 100 replications
when sample size n = 100.

Copula Choice of degrees ISB (×10−4) IV (×10−4) IMSE (×10−4)

FGM Flexible 0.10 1.28 1.38

θ =−1 Equal 0.09 1.37 1.46

Independent Flexible 0.13 1.89 2.02

Equal 0.20 2.16 2.36

Gaussian Flexible 0.36 0.71 1.07

ρ = 0.5 Equal 0.30 0.83 1.13

t Flexible 0.11 2.67 2.78

d = 3 Equal 0.19 2.79 2.98

3.3.4 Comparison with the Empirical Bernstein Copulas

In this section, we compare the finite-sample performance of the ECBC with other non-

parametric copula estimators only as it has been already demonstrated that parametric

models based methods lead to biased estimates under model misspecification. First, we

consider the empirical beta copula introduced by Segers et al. [2017], which is a special

case of the empirical Bernstein copula where the degrees of the polynomials are set equal

to the sample size. The empirical beta copula is a genuine copula and has been shown to

outperform the classical empirical copula and the empirical checkerboard copula in terms

of bias and variance. For bivariate cases, we also include the empirical Bernstein copula

with degrees as suggested in Janssen et al. [2012] into the comparison. By setting degrees

m1 =m2 =m and minimizing the asymptotic pointwise mean squared error with respect

to m , Janssen et al. [2012] suggested the choice of m in the bivariate case as

m0(u1, u2) =
�4b 2(u1, u2)

V (u1, u2)

�2/3
n 2/3 (3.36)
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where

b 2(u1, u2) =
1

2

2
∑

j=1

u j (1−u j )Cu j u j
(u1, u2)

and V (u1, u2) =
2
∑

j=1

Cu j
(u1, u2)(1−Cu j

(u1, u2))
�u j (1−u j )

π

�1/2

and Cu j
and Cu j u j

are the first-order and second-order partial derivatives of C, respectively,

with respect to u j , j = 1, 2. Note that even we use the integer part bm0(u1, u2)c in practice, it is

not necessarily a divisor of n , meaning the empirical Bernstein copula with m = bm0(u1, u2)c

is not guaranteed to be a genuine copula.

We consider the same copula models as in Section 3.3.3. The choice of degrees m0(u1, u2)

suggested by Janssen et al. [2012] is not defined for the independent copula as Cu j u j
= 0

and it is restricted to bivariate cases, so we only take the empirical Bernstein copula into

consideration for the bivariate FGM and Gaussian copulas. All results in Table 3.3 are

based on N = 100 MC replications each of sample sizes n = 25,50,100. We compare the

performance of the ECBC with flexible degrees (referred to as flexible ECBC), the empirical

beta copula (referred to as Beta), and the empirical Bernstein copula with m =m0(u1, u2)

(referred to as Bernstein) using the same performance measures as in Section 3.3.3.

Table 3.3 indicates that the ECBC with flexible degrees outperforms the empirical beta

copula in terms of variance and mean square error in all cases. Compared to the empirical

Bernstein copula with m =m0(u1, u2), the ECBC with flexible degrees has a smaller bias

but the ordering with respect to mean square error is not clear between these two copula

estimators. For small samples, the empirical beta copula seems to have the largest variance

while the bias of the empirical Bernstein copula with m =m0(u1, u2) is shown to be the

largest even though it uses optimal "true" degree given in (3.36).
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Table 3.3 Comparison of the ECBC with flexible degrees (referred to as flexible ECBC), the em-
pirical beta copula(referred to as Beta) and the empirical Bernstein copula with m =m0(u1, u2)
(referred to as Bernstein) using three performance measures computed by Monte Carlo simula-
tion based on N = 100 replications for sample size n = 25, 50, 100.

ISB (×10−4) IV (×10−4) IMSE (×10−4)

Copula Estimator n = n = n =
25 50 100 25 50 100 25 50 100

FGM flexible ECBC 0.29 0.07 0.10 3.46 2.72 1.28 3.75 2.79 1.38

θ =−1 Beta 0.30 0.09 0.02 5.24 3.27 2.17 5.54 3.36 2.19

Bernstein 0.83 0.51 0.07 1.52 1.33 1.08 2.35 1.84 1.15

Independent flexible ECBC 0.68 0.31 0.13 2.37 2.33 1.89 3.05 2.64 2.02

Beta 0.02 0.03 0.01 5.11 4.02 2.25 5.13 4.05 2.26

Bernstein NA NA NA NA NA NA NA NA NA

Gaussian flexible ECBC 1.72 0.79 0.36 2.51 1.67 0.71 4.23 2.46 1.07

ρ = 0.5 Beta 0.26 0.16 0.20 4.78 3.03 1.81 5.04 3.19 2.01

Bernstein 6.82 3.09 1.27 2.28 1.42 1.06 9.10 4.51 2.33

t flexible ECBC 0.41 0.30 0.11 6.76 4.26 2.67 7.17 4.56 2.78

d = 3 Beta 0.27 0.15 0.04 7.55 5.05 3.07 7.82 5.20 3.11

Bernstein NA NA NA NA NA NA NA NA NA
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3.4 Application to Portfolio Risk Management

Copulas have been widely used in portfolio optimization and risk measurement as they

are powerful tools to model the dependence among different assets in a portfolio. The

proposed ECBC is capable of estimating multivariate copula and it is straightforward to

sample from the estimated copula, so it can be applied to find optimal weights and estimate

risk measures for a portfolio with a variety of assets.

We now illustrate the use of ECBC for portfolio risk allocation using real data consisting

of a d asset values. Value at risk (VaR) and conditional value at risk (CVaR) (also called

expected shortfall (ES)) are common measures of risk in the field of risk management (see

e.g. Jorion [2007] and Uryasev [2000]). Assume that X is the return of a portfolio or asset

(daily log-return of a portfolio of stocks or individual stocks, with positive indicating profit

and negative values representing loss) with distribution function FX (·) = Pr[X ≤ x ]. The VaR

of X at the level of α ∈ (0, 1) is defined as

V a Rα(X ) =− inf{x ∈R : FX (x )>α},

while the CVaR (ES) of X is defined as

C V a Rα(X ) = E (−X |X ≤−V a Rα(X )).

Notice that, if we consider the corresponding loss of the same portfolio represented by

Y = −X , then we have V a Rα(X ) = V a Rα(Y ) = F −1
Y (1−α) and C V a Rα(X ) = C V a Rα(Y ) =

E (Y |Y ≥V a Rα(Y )).

Mean-CVaR portfolio optimization is a popular portfolio optimization technique intro-

duced by Rockafellar & Uryasev [2000]. The advantage of Mean-CVaR portfolio optimization

is that it calculates VaR and minimizes CVaR simultaneously where the optimization can

be formulated as a linear programming problem.
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Let x ∈Rd denote a realized return value of d assets in a portfolio, and v ∈ S d = {v ∈

Rd : v j ≥ 0, ∀ j ,
∑d

j=1 v j = 1}, denote the portfolio weights to be determined within the

d-dimensional simplexSd . The key to the approach in Rockafellar & Uryasev [2000] is the

auxiliary function for CVaR taking the form of

Hα(v,γ) = γ+
1

α

∫

l (v,x)≥γ
(l (v, x)−γ)d F (x), (3.37)

where l (v, x) =−vT x is a linear loss function and F (x) is the joint distribution function of

daily (random) return vector X which we will estimate using our proposed ECBC based

empirical Bayes method. It has been shown in Theorem 1 of Rockafellar & Uryasev [2000]

that for any weights v, Hα(v,γ) is convex as a function of γ and is equal to C V a Rα(v) at the

minimum point. Moreover, V a Rα(v)would be the left endpoint of arg min
γ

Hα(v,γ). Moreover,

Minimizing C V a Rα(v)with respect to v is equivalent to minimizing Hα(v,γ)with respect

to (v,γ) (e.g., see Theorem 2 of Rockafellar & Uryasev [2000] for details). To numerically

approximate the integral in (3.37), it is often good enough to generate M samples from F (·)

or its estimate, which can be done by using the proposed empirical Bayes method based

on the ECBC. However, a relatively less answered question in finance is how large should

we choose M for accurate estimation as the integral in (3.37) depends on sampling the tail

part of F (·) or its estimate. The empirical estimate of Hα(v,γ) based on generating xk
i i d∼ F

or F̂ can be written as

Fα(v,γ) = γ+
1

αM

M
∑

k=1

(−vT xk −γ)+ (3.38)

where (·)+ =max(·, 0).

We claim that in order to achieve an accuracy of ε> 0 for the MC approximation, it is

sufficient to generate M MC samples such that

√

√2 log log M

M
λma x ≤ ε i .e .

M

log log M
≥

2λma x

ε2
(3.39)
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where Σ = V a rF (X) and λma x is the largest eigenvalue of Σ. Details are given in section

3.6.2. Notice that Σ and hence λma x can be easily estimated from the observed return

values without any modeling assumption as long as n > d , however sparse methods are

necessary for large size portfolios when n ≤ d . Next it can be shown that minimizing (3.38)

is equivalent to minimizing

Fα(v,γ) = γ+
1

αM

M
∑

k=1

zk s .t . zk ≥ 0, zk +vT xk +γ≥ 0 (3.40)

Thus, along with the linear constraints on the weights v, it can be formulated as a linear

programming problem and can be solved using standard convex optimization methods.

Conveniently, R function BDportfolio_optim within the package PortfolioOptim can

be used for this purpose. Following the algorithm in Semenov & Smagulov [2017], simu-

lated return values can be obtained using estimated ECBC for portfolio optimization. The

complete algorithm is summarized below:

Step 1. Transform assets’ historical data X t j to pseudo-observations Ut j and estimate

copula using our proposed method.

Ut j = F ∗T j (X t j ), t = 1, . . . , T , j = 1, . . . , d , (3.41)

F ∗T j (x j ) =
1

T +1

T
∑

t=1

I (X t j ≤ x j ), j = 1, . . . , d . (3.42)

Step 2. Generate a sample of pseudo-observations (U ∗
k 1, . . . ,U ∗

k d ), k = 1, . . . , M from the es-

timated ECBC using empirical Bayes method and transform simulated pseudo-observations

to univariate quantiles.

X ∗k j = F ∗−1
T j (U

∗
k j ), k = 1, . . . , M , j = 1, . . . , d . (3.43)

Step 3. Calculate optimal weights v j , j = 1, . . . , d using simulated data (X ∗k 1, . . . , X ∗k d ),

k = 1, . . . , M , and the corresponding VaR and CVaR, which are by-products of the portfolio
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optimization, by solving the linear programming problem given in (3.40).

Our copula estimator is useful to find optimal weights and estimate risk measures as

sampling from the estimated copula is straightforward. Considering the Bernstein copula

density given in (3.10) and (3.11), we can obtain samples (U1, . . .Ud )∼Cm as follows

(k1, . . . , kd )∼ w̃k1,...,kd
, k j = 0, . . . , m j −1, j = 1, . . . , d

Uj ∼Beta(k j +1, m j −k j ), j = 1, . . . , d
(3.44)

3.4.1 A Portfolio of 3 Stocks

We investigate the time series of daily closing stock prices of three companies: Amazon.com,

Inc. (AMZN), Facebook, Inc. (FB), and Alphabet Inc. (GOOGL) for the time period from

January 1, 2018, to December 31, 2019. This data set consists of 502 observations and can

be obtained using R package quantmod. Larger portfolios can be considered but for ease of

illustration we restrict to d = 3 case only. See the supplementary document for an extended

illustration with a portfolio of size d = 10.

Suppose we want to find an optimal portfolio of stocks including AMZN, FB, and GOOGL

that minimizes the expected shortfall of the portfolio. First, we convert the price series Pt j

to log-returns X t j

X t j = l o g
Pt j

P(t−1) j
, t = 1, . . . , T , j = 1, . . . , d , (3.45)

resulting in T = 501 log-return values for d = 3 assets. Then we follow Steps 1-3 as above

to obtain the optimal portfolio weights and the corresponding VaR and CVaR. Following

Semenov & Smagulov [2017], we set the minimum weight to be limited by v j ≥ 0.05, j =

1, . . . , d to avoid corner portfolio cases.

In Step 1, the posterior mode estimator of the degrees of the proposed ECBC are

(m1, m2, m3) = (166,170,171). The largest eigenvalue of the covariance matrix is λma x ≈

8×10−4, so we are able to find the value of M that is sufficient for a given accuracy ε from
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Figure 3.5 The value of M sufficient for the accuracy ε.

the relationship in (3.39). The value of M as a function of the accuracy ε is shown in Figure

3.5.

We set M = 10000 (adequate for an accuracy ε ≈ 6× 10−4) and repeat Step 2-3 N =

100 times to quantify estimation uncertainty. For each replicate we conduct portfolio

optimization at the level of α ∈ {0.10, 0.05, 0.01} as popularly used. As a result, we are able

to obtain the distribution of optimal weights (Figure 3.6) and risk measures (Figure 3.7)

using simulated data from the estimated copula.

From the boxplots of optimal weights in Figure 3.6 we can see that GOOGL has a much

higher weight than AMZN and FB in the mean-CVaR optimal portfolio across different

levels. The optimal weight of AMZN tends to increase as the level decreases.

Table 3.4 summarizes the MC average and standard deviations of estimated optimal

weights, VaR, and CVaR obtained from simulated data using the proposed ECBC.

Also, by applying mean-CVaR portfolio optimization to the historical log-return data

X t j , we can get estimates of optimal weights and risk measures as well. Table 3.5 shows the

empirical weights, VaR, and CVaR of optimal portfolio at the level of 0.10, 0.05 and 0.01,

respectively.
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(a) (b)

(c) (d)

(e) (f )

Figure 3.6 Distribution of optimal weights obtained from simulated data using the estimated
copula at the level of 0.10, 0.05, and 0.01.
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(a) (b)

Figure 3.7 Distribution of VaR and CVaR obtained from simulated data using the estimated cop-
ula at the level of 0.10,0.05, and 0.01. Dashed lines indicate empirical estimates using historical
data.

Table 3.4 Means (and SDs) of estimated optimal weights, VaR, and CVaR obtained from simulated
data at the level of 0.10, 0.05, and 0.01.

Level Weights VaR CVaR

AMZN FB GOOGL ×10−2 ×10−2

0.10 0.125 (0.039) 0.198 (0.042) 0.677 (0.039) 1.741 (0.036) 3.034 (0.057)

0.05 0.183 (0.044) 0.127 (0.036) 0.690 (0.046) 2.759 (0.066) 3.882 (0.070)

0.01 0.235 (0.038) 0.128 (0.042) 0.637(0.038) 4.729 (0.093) 5.296 (0.082)

Table 3.5 Optimal weights, VaR, and CVaR obtained from historical data at the level of 0.10,0.05,
and 0.01.

Level Weights VaR CVaR

AMZN FB GOOGL ×10−2 ×10−2

0.10 0.156 0.089 0.755 1.783 3.093

0.05 0.104 0.143 0.753 2.754 3.972

0.01 0.234 0.207 0.559 4.649 5.236
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Although the optimal weights obtained from historical data are different from the means

of those obtained from simulated data using the proposed copula estimator, the estimated

risk measures from two different methods seem to be fairly close. However, we are able to

quantify the uncertainty for all the estimates by repeatedly sampling from the estimated

copula. Semenov & Smagulov [2017] conduct a similar stability study to report the means

and SDs of VaR and CVaR, but they used predetermined weights based on historical data and

didn’t report the distribution of optimal weights obtained from simulated data. Our copula

estimator has shown good performance for relatively small samples and operationally we

can generate as many samples as we want from the estimated copula, thus the copula-

based method would be more reliable when there is not sufficient historical data. Besides,

compared to the empirical estimates, it is possible to estimate VaR and CVaR for much

smaller values of levels using the copula-based method.

3.4.2 A Portfolio of 10 Stocks

As an example with moderately large dimension, we consider the time series of daily closing

stock prices of 10 top Nasdaq companies: AMZN, FB, GOOGL, AAPL, MSFT, INTC, CSCO,

NFLX, CMCSA, and ADBE from January 1, 2018, to December 31, 2019, which consists of

502 observations and T = 501 log-return values for d = 10 assets. The minimum weight is

set to be limited by 0.01 to avoid corner portfolio cases. The degrees of the proposed ECBC

are estimated by the posterior mode (209, 206, 208, 206, 208, 209, 211, 210, 209, 208).

Similar to the settings when d = 3, we set M = 10000 (adequate for an accuracy

ε ≈ 9× 10−4) and repeatedly sample N = 100 times from the estimated copula. Portfo-

lio optimization is conducted at the level of α ∈ {0.10,0.05,0.01} for each replicate. The

distributions of optimal weights and risk measures are shown in Figure 3.8 and Figure

3.9. In terms of computational time, for a given data set of size T = 501 it takes about 20

minutes to run 3000 iterations (2000 MCMC samples following 1000 burn-in) for each of

two chains to obtain posterior estimates of the m j ’s using MacOS with 16GB of RAM for
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d = 3 and about 50 minutes for d = 10. Notice that computation of the optimal weights

and its empirical distribution takes only about 45 and 113 seconds for dimensions d = 3

and d = 10, respectively. The MCMC codes will be realized on the author’s GitHub page for

broader dissemination.

3.5 Concluding Remarks

In this chapter, we propose the empirical checkerboard Bernstein copula, which is a non-

parametric multivariate copula estimator. It can be considered as an advancement of

the empirical Bernstein copula since it is a valid copula with any polynomial degrees for

any sample size. For automatic data-dependent dimension-varying degree selections, we

further developed an empirical Bayesian method that has been shown to be practically

useful. While the proposed copula estimator is shown to be large-sample consistent, it also

has a good finite-sample performance. Moreover, it has a beneficial effect on measuring

the strength of dependence for large dimensions because the estimates derived from the

proposed copula are always within the proper range.

As sampling from the estimated copula is quite straightforward, it is applicable to port-

folio optimization and risk measurement where estimation is often done with simulations

generated from copulas. We investigate the number of simulations that are good enough

to achieve any given accuracy, which has been apparently out of reach in the literature.

Furthermore, we are able to provide uncertainty quantification for all the estimates in

portfolio risk management.

Under the hierarchical structure of the proposed empirical Bayes model, MCMC meth-

ods have been shown to work reasonably fast for relatively large dimensions (d ≤ 50) with a

moderate sample size (n = 100). To speed up the MCMC methods for very large sample

sizes, it would be of interest to explore some scalable MCMC methods such as divide-and-

conquer approaches and subsampling approaches (see e.g. Robert et al. [2018], Quiroz et al.
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Figure 3.8 Distribution of optimal weights obtained from simulated data using the estimated
copula at the level of 0.10, 0.05, and 0.01, for a portfolio of d = 10 stocks
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(a) (b)

Figure 3.9 Distribution of VaR and CVaR obtained from simulated data using the estimated cop-
ula at the level of 0.10, 0.05, and 0.01 for a portfolio of d = 10 stocks. Dashed lines indicate empiri-
cal estimates using historical data.

[2018], etc.).

3.6 Technical Details

3.6.1 Proof of Theorem 3.1

Proof. We denote the ECBC as Bm (C #
n ) for simplicity. Also, the empirical Bernstein cop-

ula and the Bernstein copula are denoted as Bm (Cn ) and Bm (C ), respectively. Let ||g || =

sup
u∈[0,1]d

g (u) denote the supremum norm of a function g (·) defined on d-dimensional square

[0, 1]d . Using the familiar triangle inequality we have

||Bm (C
#

n )−C || ≤ ||Bm (C
#

n )−Bm (Cn )||+ ||Bm (Cn )−Bm (C )||+ ||Bm (C )−C ||
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First, under the assumption that the marginal CDFs are continuous, it follows from the

Remark 2 in Genest et al. [2017] that

||C #
n −Cn || ≤

d

n
.

Next, notice that

||Bm (C
#

n )−Bm (Cn )||

= sup
u∈[0,1]d

�

�

�

�

�

m1
∑

k1=0

· · ·
md
∑

kd=0

�

C #
n

�

k1

m1
, . . . ,

kd

md

�

−Cn

�

k1

m1
, . . . ,

kd

md

�� d
∏

j=1

�

m j

k j

�

u
k j

j (1−u j )
m j−k j

�

�

�

�

�

≤ max
0≤k1≤m1,...0≤kd≤md

�

�

�

�

C #
n

�

k1

m1
, . . . ,

kd

md

�

−Cn

�

k1

m1
, . . . ,

kd

md

�

�

�

�

�

≤ ||C #
n −Cn || ≤

d

n

In above the second inequality follows from the fact that since
�m j

k j

�

u
k j

j (1− u j )m j−k j , k j =

0,1, . . . , m j are binomial probabilities,
∑m j

k j=0

�m j

k j

�

u
k j

j (1−u j )m j−k j = 1 for any u j ∈ [0,1] and

for any j = 1, . . . , d .

Next by using the Lemma 1 in Janssen et al. [2012] and equation (3) in Kiriliouk et al. [2019],

we obtain

||Cn −C || ≤ ||Cn − Fn (F
−1

n1 (u1), . . . , F −1
nd (ud ))||

+||Fn (F
−1

n1 (u1), . . . , F −1
nd (ud ))− F (F −1

1 (u1), . . . , F −1
d d (ud )||

≤
d

n
+O (n−1/2(log log n )1/2) a .s .

=O (n−1/2(log log n )1/2) a .s ..

Hence, it now follows that

||Bm (Cn )−Bm (C )|| ≤ ||Cn −C || ≤O (n−1/2(log log n )1/2), a .s .
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Also, by using Lemma 3.2 in Segers et al. [2017]we have

||Bm (C )−C || ≤
d
∑

j=1

1

2
p

m j

Thus, combining the above inequalities that are satisfied almost surely (a.s.) for every fixed

m j ’s we obtain

||Bm (C
#

n )−C || ≤ ||Bm (C
#

n )−Bm (Cn )||+ ||Bm (Cn )−Bm (C )||+ ||Bm (C )−C ||

≤
d

n
+

d
∑

j=1

1

2
p

m j
+O (n−1/2(log log n )1/2) a .s .

Next we consider the proposed empirical priors on the degrees m1, . . . , md to be

m j |α j
i nd∼ P o i s s o n (nα j ) +1 and α j

i i d∼ U ni f
�1

3
,

2

3

�

for j = 1, . . . , d .

We make use of the following simple Lemma:

Lemma: Suppose M ∼ P o i s s o n (λ), then E [ 1p
M+1
]≤

q

1−e −λ
λ

Proof: By Jensen’s inequality for the square-root function, it follows that

E
�

1
p

M +1

�

≤
√

√

E
�

1

M +1

�

=

√

√

√
1

λ

∞
∑

m=0

λm+1e −λ

(m +1)!
=

√

√1− e −λ

λ

Notice that as α j ∼U ni f ( 13 , 2
3 ), Pr(α j >

1
3 ) = 1 and conditioning on α j , we then have by

the above Lemma, E
�Ç

1
m j

�

�α j

�

≤
r

1−e −n
α j

nα j → 0 as n →∞. Thus, taking expectation with

respect to the prior distribution, it follows that

E (||Bm (C
#

n )−C ||)≤ E (||Bm (C
#

n )−Bm (Cn )||) +E (||Bm (Cn )−Bm (C )||) +E (||Bm (C )−C ||)

≤
d

n
+

d
∑

j=1

1

2
E

�

1
p

m j

�

+O (n−1/2(log log n )1/2)→ 0 a s n→∞ a .s .
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3.6.2 Choice of M

Proof. By the Law of the Iterated Logarithm (see e.g. Balsubramani [2014]), the deviation of

MC approximation from the mean is almost surely bounded by

√

√2 log log M

M

Æ

V a r ((−vT xk −γ)+)

Let Σ=V a rF (X) and λma x be the largest eigenvalue of Σ, then we have

V a r ((−vT X−γ)+)≤V a r (vT X) = vTΣv≤λma x vT v≤λma x ,

for any v ∈Sd because vT v≤ vT 1= 1. Thus, for an accuracy of ε> 0 for the MC approxima-

tion, it is sufficient to generate M MC samples such that

√

√2 log log M

M
λma x ≤ ε i .e .

M

log log M
≥

2λma x

ε2
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CHAPTER

4

ECBC-BASED NONPARAMETRIC

ESTIMATION OF CONDITIONAL COPULA

4.1 Introduction

Copulas have found many applications in the field of finance, insurance, system reliability,

etc., owing to its utility in modeling the dependence among variables (see, e.g., Nelsen

[2007], Jaworski et al. [2010] and Joe [2014] for details about copulas and their applications).

In some situations, the dependence structure between variables can be influenced by a

set of covariates and it is thereby of interest to understand how such dependence changes

with the values of covariates. For instance, it is well known that the life expectancy at birth

of males and females in a country are often highly dependent due to shared economic or
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environmental factors and it is possible that the strength of dependence relies on these

factors. When the covariate is binary or discrete-valued with few levels, one can estimate

a copula for each given level of the discrete-valued covariate separately. In constrast, the

influence of continuous-value covariate on the dependence structure should be formulated

in a functional way, and this is where conditional copulas (Patton [2006b]; Patton [2006a])

along with the corresponding conditional versions of dependence measures come into

play.

Suppose we are interested in the dependence among the components of a random

vector Y = (Y1, Y2, ..., Yd ), given covariates X = (X1, X2, ..., Xp ). The conditional joint and

marginal distribution of Y given X= x can be denoted as

Fx(y)≡ Fx(y1, y2, ...yd ) = P (Y1 ≤ y1, Y2 ≤ y2, ..., Yd ≤ yd |X= x), (4.1)

and

Fj x(yj ) = P (Yj ≤ yj |X= x) j = 1, ..., d . (4.2)

If F1x, F2x, ..., Fd x are continuous, then by an extension of the well-known Sklar’s theorem

(Sklar [1959]) for conditional distributions (e.g. see Patton [2006a]), there exists a unique

copula Cx such that

Fx(y) =Cx(F1x(y1), F2x(y2), ..., Fd x(yd )) ∀y ∈Rd ,∀y ∈Rd , (4.3)

and the function Cx is called a conditional copula, which captures the conditional depen-

dence structure of Y given X= x. The focus of this chapter is modeling continuous-valued

responses and covariates. Thus, in what follows, we assume that the conditional marginal

CDFs F1x, j = 1, . . . , d and the CDFs of each response and covariate are absolutely continu-

ous.

The literature contains a variety of parametric families for modeling copulas. Some
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commonly used copula families are Archimedean copulas, elliptical copulas, etc.; see Žežula

[2009] and Joe [2014], etc. Assuming that the conditional copula belongs to a parametric

copula family where the copula parameter is a function of the covariate(s), there has been

previous work addressing the estimation of conditional copula in a semiparametric setting.

In regard to frequentist methods based on an assumed parametric class, Acar et al. [2011]

propose to estimate the functional relationship between the copula parameter and the

covariate nonparametrically by using local likelihood approach. But they assume known

marginals and the maximization is conducted for a fixed value of the covariate, i.e., With

the intention of identifying the entire function between the copula parameter and the

covariate, it is necessary to solve the maximization problem for a sufficiently large grid

of values within the range of the covariate. Abegaz et al. [2012] extend the work to a more

general setting of unknown marginals and apply a two-stage technique that has been widely

adopted in copula estimation: in the first stage, the nonparametric estimates of conditional

marginals are obtained using kernel-based method and by plugging in theses estimates, the

functional link is estimated by maximizing the pseudo log-likelihood in the second stage.

As alternative estimation methods for the function relationship, Vatter & Chavez-Demoulin

[2015] develop generalized additive models for conditional dependence structures, and

Fermanian & Lopez [2018] introduce so-called single-index copulas, etc. In the Bayesian

framework, inference for bivariate conditional copula models have been constructed in

Craiu & Sabeti [2012], Sabeti et al. [2014] and Levi & Craiu [2018], among others.

However, the misspecification of copula family could lead to severely biased estimation

even though a sophisticated and flexible parametric model is employed (e.g. see Geerdens

et al. [2018]), so it is required to select an appropriate copula model from a large number of

candidate families. In order to do so, many copula selection techniques have been proposed

either in either frequentist or Bayesian setting, e.g., Acar et al. [2011] select the copula family

based on cross-validated prediction errors, while the deviance information criterion (DIC)

is utilized for the choice of copula in Craiu & Sabeti [2012].
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Acknowledging the limitations of parametric copula models as mentioned above, fully

nonparametric approaches have also been proposed for conditional copula estimation.

Gijbels et al. [2011] suggests the empirical estimators for conditional copulas where the

weights are smoothed over the covariate space through kernel-based methods. They fur-

ther derive nonparametric estimates for the conditional dependence measures including

conditional Kendall’s tau and conditional Spearman’s rho. Since the bandwidth selection is

very crucial for any of the smoothing methods, they also develop an algorithm for selecting

the bandwidths. The asymptotic properties of the estimators together with conditional

dependence measure estimates are established in Veraverbeke et al. [2011]. Gijbels et al.

[2012] further consider more complex covariates like multivariate covariates and box-type

conditioning events are studied in Derumigny & Fermanian [2020]. On the other hand,

there has been recent work on Bayesian nonparametric estimation of conditional copula.

Leisen et al. [2017] introduce the effect of a covariate to the Bayesian infinite mixture models

proposed by [Wu et al., 2014]. However, large-sample asymptotic properties of the Bayesian

models have been almost unexplored and still remains an area of open work.

In this chapter, we focus on the nonparametric estimation of conditional copulas and

have realized that it can be done in a relatively easy way by employing the empirical checker-

board Bernstein copula (ECBC) estimator. When the covariates are continuous-valued,

the main idea of extending the copula models to include covariates is to first estimate the

full copula of responses along with covariates and then take partial derivatives to obtain

the conditional distribution of responses given the covariates. As a fully nonparametric

approach, it is not required to make any selection of the proper copula family, which is a

key step in semiparametric methods to avoid the adverse consequence of model misspeci-

fication. Compared to the kernel-based empirical estimators, the selection of bandwidths

is unnecessary either, making it easy to implement in practice. The proposed ECBC-based

conditional copula estimator immediately leads to nonparametric estimates of the con-

ditional dependence measures, which can be expressed in a very neat form under matrix
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operations. The large-sample consistency of the proposed estimator is also provided in the

chapter.

4.2 Models for Conditional Copula

In the following, we focus on the bivariate conditional copula of (Y1, Y2)with a single covari-

ate X for simplicity. Notice that the extension to more than two dimensions and multiple

covariates is straightforward.

Suppose we have i.i.d. samples (Yi 1, Yi 2, X i ), i = 1, ..., n , where (Yi 1, Yi 2), i = 1, ..., n are i.i.d

observations of the random vector (Y1, Y2) of which the conditional dependence structure is

of our interest. X i , i = 1, ..., n are i.i.d. observations of the covariate X . We assume all com-

ponents of (Y1, Y2, X ) are continuous-valued random variables with absolutely continuous

marginal distributions and the conditional marginal distributions of Y1 and Y2 given X = x

are also absolutely continuous. The goal is to estimate the conditional copula Cx from a

random sample of i.i.d. observations (Yi 1, Yi 2, X i ), i = 1, ..., n .

As suggested by Gijbels et al. [2011], it is often favorable to remove the effect of the

covariate on the marginal distributions before estimating Cx . In order to do that, we can

transform the original observations (Yi 1, Yi 2) to marginally uniformly distributed (unob-

served) samples

(Ui 1,Ui 2)≡ (F1X i
(Yi 1), F2X i

(Yi 2)), i = 1, ..., n , (4.4)

which can be estimated by pseudo-observations

(Ûi 1,Ûi 2)≡ (F̂1X i
(Yi 1), F̂2X i

(Yi 2)), i = 1, ..., n , (4.5)

where F̂1x and F̂2x are the estimated conditional marginal distributions.

Motivated by Janssen et al. [2016] who apply the empirical Bernstein estimator of

bivariate copula derivative to conditional distribution estimation with a single covari-
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ate, we are able to use the proposed multivariate copula estimator ECBC to estimate the

conditional marginal distributions of Y1 and Y2 given X = x , respectively. Specifically,

for j ∈ {1,2}, we have i.i.d samples (Yi j , X i ), i = 1, ..., n and the corresponding pseudo-

observations (Ŵi j , V̂i ) = (Fn Yj
(Yi j ), Fn X (X i )), i = 1, ..., n , where Fn Yj

and Fn X are the modified

empirical estimation of the (unconditional) marginal distributions FYj
and FX , respectively,

e.g., Fn X (x ) =
1

n+1

∑n
i=1 I(X i ≤ x ). These pseudo-observations can be then treated as samples

from a 2-dimensional copula C j , which can be estimated by the ECBC copula estimator as

follows

C #
j (w j , v ) =

g j
∑

h=0

m j
∑

k=0

θ̃h ,k

�

g j

h

�

w h
j (1−w j )

g j−h

�

m j

k

�

v k (1− v )m j−k , (4.6)

where

θ̃h ,k =C #
j n (

h

g j
,

k

m j
), (4.7)

and C #
j n is the empirical checkerboard copula. Then the partial derivative C (1)j of C j with

respect to v can be estimated by using

C #(1)
j (w j , v )≡

∂ C #
j (w j , v )

∂ v

=
g j
∑

h=0

m j−1
∑

k=0

λ̃h ,k

�

g j

h

�

w
h j

j (1−w j )
g j−h m j

�

m j −1

k

�

v k (1− v )m j−k−1,

(4.8)

where

λ̃h ,k = θ̃h ,k+1− θ̃h ,k . (4.9)

Notice that the following relationship holds between the conditional marginal distribution

function of Yj given X = x and the partial derivative C (1)j (w j , v )

Fj x (yj ) = P (Yj ≤ yj | X = x ) =C (1)j (FYj
(yj ), FX (x )). (4.10)
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Thus, we can estimate the conditional marginal distributions using

F̂j x (yj ) =C #(1)
j (Fn Yj

(yj ), Fn X (x )) (4.11)

for j = 1,2, and then the corresponding pseudo-observations (Ûi 1,Ûi 2), i = 1, ..., n of the

conditional copula Cx adjusted for the effect of the covariate on the marginal distributions

can be estimated as given in (4.5).

Now we can use the covariate-adjusted pseudo-observations (Ûi 1,Ûi 2), i = 1, ..., n along

with the pseudo-observations of the covariate V̂i , i = 1, ..., n to estimate a 3-dimensional

copula C (u1, u2, v ) again using ECBC and denote it as C #(u1, u2, v ). Similar to (4.8), it is

easy to obtain the partial derivative C #(1) of C # with respect to v , which is denoted as

C #(1)(u1, u2|v )≡
∂ C #(u1, u2, v )

∂ v

=
l1
∑

h1=0

l2
∑

h2=0

m−1
∑

k=0

γ̃h1,h2,k m

�

m −1

k

�

v k (1− v )m−k−1
2
∏

s=1

�

ls

hs

�

u hs
s (1−us )

ls−hs ,
(4.12)

where

γ̃h1,h2,k = θ̃h1,h2,k+1− θ̃h1,h2,k . (4.13)

Notice that we can use C #(1)(u1, u2|Fn X (x )) as an estimate of the conditional copula Cx ,

however, C #(1)(u1, u2|v ) is itself a valid bivariate copula for any value of v ∈ [0,1] only

asymptotically. This is because the conditional marginal distributions of C #(1)(u1, u2|v ) are

not necessarily uniform distributions for finite samples. Aiming to obtain a more accurate

estimate of the conditional copula for small samples, we consider the conditional marginal

distributions of C #(1)(u1, u2|v ) given as

F1(u1|v )≡C #(1)(u1, 1|v )

=
l1
∑

h1=0

m−1
∑

k=0

γ̃h1,l2,k m

�

m −1

k

�

v k (1− v )m−k−1

�

l1

h1

�

u h1
1 (1−u1)

l1−h1 ,
(4.14)
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and

F2(u2|v )≡C #(1)(1, u2|v )

=
l2
∑

h2=0

m−1
∑

k=0

γ̃l1,h2,k m

�

m −1

k

�

v k (1− v )m−k−1

�

l2

h2

�

u h2
2 (1−u2)

l2−h2 ,
(4.15)

By using Sklar’s theorem, we are able to obtain a conditional copula estimator which is a

genuine copula itself denoted as

C #(u1, u2|v ) =C #(1)(F −1
1 (u1|v ), F −1

2 (u2|v )|v ), (4.16)

where F −1
1 (u1|v ) and F −1

2 (u2|v ) are the inverse functions of F1 and F2, respectively. It is to

be noted that C #(u1, u2|v ) is a valid copula for any value of v ∈ [0,1], and as a result, the

conditional copula Cx can be estimated by

C #
x (u1, u2) = P (F1x (y1)≤ u1, F2x (y2)≤ u2 | X = x ) =C #(u1, u2|Fn X (x )). (4.17)

Let ||g ||(v ) = sup
(u1,u2)∈[0,1]2

|g (u1, u2|v )| denote the conditional supremum norm of a con-

ditional function g (u1, u2|v ) defined on the unit square [0,1]2 for a fixed v . We denote

the common supremum norm as || · ||. The following theorem provides the large-sample

consistency of the estimator C #(u1, u2|v ) for fixed value of 0< v < 1 using the conditional

supremum norm.

Theorem 4.1. Assume that the underlying trivariate copula C (u1, u2, v ) is absolutely con-

tinuous and conditional copula Cv (u1, u2|v ) =
∂ C (u1,u2,v )

∂ v is Lipschitz continuous on [0,1]3.

Then for any fixed 0< v < 1, we have

E (||C #−Cv ||(v ))
a.s.→ 0 a s n→∞.

where the expectation is taken with respect to the empirical prior distribution of l1, l2, and m

91



as given for ECBC.

Remark: Following the hierarchical shifted Poisson distributions proposed for ECBC in

Chapter 3, the empirical prior distribution of l1, l2, and m are given as

l j |α j ∼ P o i s s o n (nα j ) +1 and α j ∼U ni f
�1

3
,

2

3

�

j = 1, 2,

m |α∼ P o i s s o n (nα) +2 and α∼U ni f
�1

3
,

2

3

�

.

Next, by extending the dependence measures given in Schweizer & Wolff [1981] to con-

ditional versions, we are able to estimate the conditional dependence measures (e.g. condi-

tional Spearman’s rho, conditional Kendall’s tau, etc.) using the estimator C #(1)(u1, u2|v ).

For instance, the estimate of conditional Kendall’s tau takes the form

τ̂(v ) = 4

∫ 1

0

∫ 1

0

C #(1)(u1, u2|v )d C #(1)(u1, u2|v )−1, (4.18)

and the estimate of conditional Spearman’s rho is given as

ρ̂(v ) = 12

∫ 1

0

∫ 1

0

�

C #(1)(u1, u2|v )− F1(u1|v )F2(u2|v )
�

d F1(u1|v )d F2(u2|v ). (4.19)

Let us denote

ηh1,h2|v ≡m
m−1
∑

k=0

γ̃h1,h2,k

�

m −1

k

�

v k (1− v )m−k−1, h1 = 0, ..., l1, h2 = 0, ..., l2. (4.20)

Then we can rewrite the estimator C #(1)(u1, u2|v ) and its conditional marginal distributions

as

C #(1)(u1, u2|v ) =
l1
∑

h1=0

l2
∑

h2=0

ηh1,h2|v

2
∏

s=1

�

ls

hs

�

u hs
s (1−us )

ls−hs , (4.21)

F1(u1|v ) =
l1
∑

h1=0

ηh1,l2|v

�

l1

h1

�

u h1
1 (1−u1)

l1−h1 , (4.22)
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and

F2(u2|v ) =
l2
∑

h2=0

ηl1,h2|v

�

l2

h2

�

u h2
2 (1−u2)

l2−h2 , (4.23)

respectively. As a result, a closed-form estimate of conditional Kendall’s tau takes the form

τ̂(v ) = 4
l1
∑

h1=0

l2
∑

h2=0

l1−1
∑

g1=0

l2−1
∑

g2=0

ηh1,h2|v (ηg1+1,g2+1|v −ηg1+1,g2|v −ηg1,g2+1|v +ηg1,g2|v )

2
∏

s=1

ls

�

ls

hs

��

ls −1

g s

�

B (hs + g s +1, 2ls −hs − g s )−1,

(4.24)

where B is the beta function. Similarly, we are able to obtain a closed-form estimate of

conditional Spearman’s rho as

ρ̂(v ) = 12
l1
∑

h1=0

l2
∑

h2=0

l1−1
∑

g1=0

l2−1
∑

g2=0

(ηh1,h2|v −ηh1,l2|vηl1,h2|v )(ηg1+1,l2|v −ηg1,l2|v )(ηl1,g2+1|v −ηl1,g2|v )

2
∏

s=1

ls

�

ls

hs

��

ls −1

g s

�

B (hs + g s +1, 2ls −hs − g s ).

(4.25)

For the purpose of computing the estimates of conditional dependence measures more

efficiently, we apply matrix operations to the tensor products in expressions (4.24) and

(4.25). For given (h1, h2), h1 = 1, . . . , l1, h2 = 1, . . . , l2, let us denote

ah1,g1
= l1

�

l1

h1

��

l1−1

g1

�

B (h1+ g1+1, 2l1−h1− g1), g1 = 0, . . . l1−1. (4.26)

and

bh2,g2
= l2

�

l2

h2

��

l2−1

g2

�

B (h2+ g2+1, 2l2−h2− g2), g2 = 0, . . . l2−1. (4.27)

Then we have ah1
= (ah1,0, . . . , ah1,l1−1)T and bh2

= (bh2,0, . . . , bh2,l2−1)T . We also denote a l1× l2

matrix Dv = (dg1,g2|v )l1×l2
where dg1,g2|v =ηg1+1,g2+1|v −ηg1+1,g2|v −ηg1,g2+1|v +ηg1,g2|v . Thus, the

estimate of conditional Kendall’s tau given in (4.29) can be rewritten as

τ̂(v ) = 4
l1
∑

h1=1

l2
∑

h2=1

ηh1,h2|v aT
h1

Dv bh2
−1. (4.28)
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Furthermore, we can denote two l1× l2 matrices, Hv = (ηh1,h2|v )l1×l2
and Gv = (aT

h1
Dv bh2

)l1×l2
,

an as a result, we have

τ̂(v ) = 4Tr(HT
v Gv )−1. (4.29)

Similarly, we are able to rewrite the estimate of conditional Spearman’s rho given in (4.25).

Let us first denote two vectors, pv = (pg1|v )
T
l1

where pg1|v =ηg1+1,l2|v −ηg1,l2|v , g1 = 0, . . . , l1−1

and qv = (qg2|v )
T
l2

where qg2|v =ηl1,g2+1|v −ηl1,g2|v , g2 = 0, . . . , l2−1. Then we have

ρ̂(v ) = 12
l1
∑

h1=1

l2
∑

h2=1

(ηh1,h2|v −ηh1,l2|vηl1,h2|v )a
T
h1
(pv ⊗qv )bh2

. (4.30)

If we further denote two l1×l2 matrices, Rv = (rh1,h2|v )l1×l2
where rh1,h2|v =ηh1,h2|v−ηh1,l2|vηl1,h2|v

and Jv = (aT
h1
(pv ⊗qv )bh2

)l1×l2
, then we have

ρ̂(v ) = 12Tr(RT
v Jv ) (4.31)

By applying the above matrix operations, we are able to obtain very neat expressions of

the estimates of conditional dependence measures and the computational efficiency can

be improved significantly.

4.3 Numerical Illustrations using Simulated Data

We now show the finite-sample performance of the conditional copula estimator C #
x (u1, u2).

Similar to the simulation setup in Acar et al. [2011], data (Ui 1,Ui 2|X i ), i = 1, ..., n are gener-

ated from the Clayton copula using the package copula in R under the following models:

(Ui 1,Ui 2)|X i ∼ C (u1, u2|θi ), where θi = exp(0.8X i − 2) and X i ∼ U ni f (0,3). The true cop-

ula parameter varies from 0.14 to 1.49 with Spearman’s rho ranging from 0.10 to 0.60.

The pseudo-observations of the covariate are defined as Vi ≡ Fn X (X i ), i = 1, . . . , n , where

Fn X (x ) =
1

n+1

∑n
i=1 I(X i ≤ x ). N = 100 replicates are drawn from the true copula with sample
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size n = 200.

Figure 4.1 shows the contour plots of the Monte Carlo average of the estimated C #
x (u1, u2)

given x = 0.5, x = 1, x = 1.5, and x = 2, respectively, across 100 Monte Carlo replicates. The

contour plots are drawn based on a 15×15 equally spaced grid of points in the unit square,

meaning that for a given v we need to find 15+ 15 = 30 roots. Since F1 and F2 are both

non-decreasing functions, we can calculate the inverse functions F −1
1 (u1|v ) and F −1

2 (u2|v )

by applying the function uniroot in R to equations (4.22) and (4.23) for a given value of v .

The true copula parameters are 0.20 (Spearman’s rho equal to 0.09), 0.30 (Spearman’s rho

equal to 0.20). 0.45 (Spearman’s rho equal to 0.27), and 0.67 (Spearman’s rho equal to 0.37)

for x = 0.5, x = 1, x = 1.5, and x = 2, respectively.

It can be observed from the plots that all the estimated contour lines overlap with the

true lines at the boundaries, which is a evidence that the conditional copula estimator

C #(u1, u2|v ) is a genuine copula with uniform conditional marginal distributions. Moreover,

there is almost no bias between the estimated conditional copula averaged over 100 Monte

Carlo samples and the true conditional copula across different values of the covariate,

illustrating the proposed ECBC-based method works well in estimating conditional copula.

Then we can plot the conditional Kendall’s tau and conditional Spearman’s rho as given

in (4.29) and (4.31) as a function of the covariate. The covariate x ranges from 0 to 3 so we

compute the dependence measures at seven different values (0.05,0.5,1,1.5,2,2.5,2.95).

The following plots show the Monte Carlo average of estimates of dependence measures

and the 90% Monte Carlo confidence bands (5t h and 95t h percentiles of the dependence

measure estimates) across 100 Monte Carlo replicates.

Overall, the estimates averaged over 100 Monte Carlo samples seem to be fairly close

to the true conditional dependence measures across different values of the covariate. The

variance tends to increase and the Monte Carlo average tends to underestimate a little bit

when it gets closer to the boundaries of the covariate.

Next, we would like to compare the performance of our proposed nonparametric
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(a) (b)

(c) (d)

Figure 4.1 The contour plots of the Monte Carlo average of the estimated C #
x (u1, u2) given x = 0.5,

x = 1, x = 1.5, and x = 2, respectively.
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(a)

(b)

Figure 4.2 The plots of the estimated conditional Kendall’s tau and conditional Spearman’s rho as
a function of the covariate.
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method to the semiparametric method in Acar et al. [2011] through simulation studies.

They assume a conditional copula model where the copula function comes from a para-

metric copula family and the copula parameter is a function of the covariate. Different

copula families, e.g., Clayton and Gumbel, were considered and the functional relationship

between the copula parameter and the covariate was estimated using a nonparametric

local likelihood approach. The severe consequence of misspecified copula model was in-

vestigated in Acar et al. [2011] and they proposed a copula selection method based on

cross-validated prediction errors. In contrast, the proposed conditional copula estimator is

fully nonparametric so there is no need to make any choice of the copula family.

Simulation setups follow Acar et al. [2011]. The data (Ui 1,Ui 2|X i ), i = 1, ..., n are generated

from the Clayton copula under the following models: (Ui 1,Ui 2)|X i ∼C (u1, u2|θi ), where (i):

θi = exp(0.8X i −2) and X i ∼U ni f (2,5) ; (ii): θi = exp(2−0.3(X i −2)2 and X i ∼U ni f (2,5).

The sample size is n = 200.

The comparison can be done numerically by calculating the conditional Kendall’s tau

and some performance measures, including the integrated square Bias (IBIAS2), integrated

Variance (IVAR) and integrated mean square error (IMSE) as given in Acar et al. [2011]:

I B I AS 2 =

∫

[2,5]

�

E [τ̂x (x )]−τx (x )
�2

d x = 3

∫

[0,1]

�

E [τ̂(v )]−τ(v )
�2

d v, (4.32)

I V AR =

∫

[2,5]

E
�

[τ̂x (x )−E [τ̂x (x )]]
2
�

d x = 3

∫

[0,1]

E
�

[τ̂(v )−E [τ̂(v )]]2
�

d v, (4.33)

I M S E =

∫

[2,5]

E
�

[τ̂x (x )−τx (x )]
2
�

d x = 3

∫

[0,1]

E
�

[τ̂(v )−τ(v )]2
�

d v, (4.34)

where the second equality holds because τx (X ) =τ(FX (X )) =τ(V ) and X ∼U ni f (2, 5). We

compute Monte Carlo estimates of these performance measures by following the tricks in

Segers et al. [2017] and compare our proposed method (referred to as "ECBC-based") to the

local likelihood method (referred to as "Local") in Acar et al. [2011]. The results are shown

in Table 4.1.

98



From the results we can see that when data are generated from the Clayton copula

(the underlying true copula), our ECBC-based method outperforms the local likelihood

method for the incorrect parametric case (Gumbel) in terms of bias and MSE, although

the performance is not as good as the local likelihood method for the correct parametric

case (Clayton). Nonetheless, the advantage of the proposed nonparametric method is that

we can avoid the adverse impact of misspecified copula and obtain fairly good estimation

of conditional copula and conditional dependence measures without having to select the

‘best’ copula model from numerous copula families.

Table 4.1 Comparison of the proposed method (referred to as “ECBC-based”) to the local likeli-
hood method (referred to as “Local”) using Monte Carlo estimates of three performance mea-
sures, IBIAS2, IVAR and IMSE. Data are generated from the Clayton copula under two different
functional relationships between the copula parameter and the covariate.

Clayton copula: θ = exp(0.8X −2)

Estimation Method Parametric Model IBIAS2 (×10−2) IVAR(×10−2) IMSE (×10−2)

Local Clayton 0.017 0.553 0.570

Local Gumbel 3.704 1.716 5.389

ECBC-based N/A 0.323 2.569 2.892

Clayton copula: θ = exp(2−0.3(X −4)2)

Estimation Method Parametric Model IBIAS2 (×10−2) IVAR(×10−2) IMSE (×10−2)

Local Clayton 0.040 0.288 0.328

Local Gumbel 4.808 1.301 6.109

ECBC-based N/A 0.855 1.876 2.731

4.4 Real Case Study

We now apply the proposed methodology to a data set of life expectancy at birth of males

and females with GDP (in USD) per capita as a covariate for 210 countries or regions. The

data are available from the World Factbook 2020 of CIA. Similar data sets were analyzed
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in Gijbels et al. [2011] and Abegaz et al. [2012]. Life expectancy at birth summarizes the

average number of years to be lived in a country while GDP per capita is often considered as

an indicator of a country’s standard of living. We are interested in the dependence between

the life expectancy at birth of males and females and would like to see if the strength

of dependence is influenced by the GDP per capita. In other words, it is of interest to

investigate the dependence between the life expectancy at birth of males (Y1) and females

(Y2) conditioning on the covariate X , where X = log10(GDP) is log10 transformation of GDP

per capita.

The pairwise scatterplots of the data are shown in Figure 4.3(a), from which we can see

that there is strong positive correlation between the life expectancy of males (referred to as

Male) and females (referred to as Female). Figure 4.3(a) also shows that the life expectancy

tends to increase with the log10 transformation of GDP per capita (referred to as log10.GDP)

for both males and females. Before estimating the conditional copula of (Y1, Y2) given

X , we first remove the effect of the covariate X on the marginal distributions of Y1 and

Y2. As a result, the covariate-adjusted pseudo-observations of Y1 and Y2 (referred to as

Male.pseudo and Female.pseudo, respectively) and the pseudo-observations of X (referred

to ad log10.GDP.pseudo) are given in 4.3(b).

We then estimate the conditional copula and the conditional dependence of life ex-

pectancy at birth of males and females given the covariate X . Figure 4.4 shows the estimated

conditional Kendall’s tau as a function of log10(GDP). It can be observed from the plot that

the estimate of Kendall’s tau decreases from around 0.8 to 0.6 as GDP per capita increases

from 103 = 1000 to 104.6 ≈ 40000 USD and it picks up slightly as GDP per capita becomes

greater than 40000 USD. Overall, the dependence between the life expectancy at birth of

males and females is relatively larger for countries with lower GDP per capita (less than

10000 USD) and the dependence is relatively smaller for countries with higher GDP per

capita (greater than 10000 USD).
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(a) (b)

Figure 4.3 Life expectancy data.

Figure 4.4 Estimated conditional Kendall’s tau as a function of log10(GDP).
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4.5 Concluding Remarks

This chapter provides a nonparametric approach for estimating conditional copulas based

on the empirical checkerboard Bernstein copula (ECBC) estimator. The proposed non-

parametric method has its own advantages compared to the semiparametric methods

as it gets rid of model misspecification by not relying on any selection of copula family

and demonstrates a good finite-sample performance. The large-sample consistency of

the proposed ECBC-based conditional copula estimator is also presented. In addition, we

derive closed-form nonparametric estimates of the conditional dependence measures from

the proposed estimator.

Due to the complexity in modelling and inference caused by the dependence of condi-

tional copula on the covariates, it is quite common in practice, particularly for vine copulas,

to assume that the dependence structure is not influenced by the value of covariates, which

is referred to as ‘simplifying assumption’ (e.g. see Haff et al. [2010], Acar et al. [2012], Stoeber

et al. [2013], Nagler & Czado [2016] and Schellhase & Spanhel [2018]). In the literature,

there have been some available tests of the simplifying assumption; see Acar et al. [2013],

Gijbels et al. [2017b], Gijbels et al. [2017a], Derumigny & Fermanian [2017] and Kurz &

Spanhel [2017], etc. Our proposed ECBC-based conditional copula estimator can be useful

for constructing new tests of the simplifying assumption. We have shown the framework

of obtaining a general estimate of the conditional copula that is allowed to vary with the

value of covariates. It is also straightforward to obtain an estimate satisfying the simplify-

ing assumption based on the covariate-adjusted pseudo-observations again using ECBC

estimator. Therefore, it could be possible to build test statistics based on some discrepancy

criteria like Kolmogorov-Smirnov type, Anderson-Darling type, etc., where the distributions

of such test statistics could be approximated by bootstrap schemes.

Another interesting topic for future work would be extending the estimation framework

to high-dimensional conditional copula. We can perhaps first use some dimension reduc-
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tion methods like principal component analysis (PCA) and then develop copula models

based on the lower dimensional principal components of the covariates.

4.6 Technical Details

4.6.1 Proof of Theorem 4.1

Proof. We denote

Pm ,k (v ) =

�

m

k

�

v k (1− v )m−k . (4.35)

Then we can rewrite the Bernstein copula as

B (C ; u1, u2, v ) =
l1
∑

h1=0

l2
∑

h2=0

m
∑

k=0

C
�

h1

l1
,

h2

l2
,

k

m

�

Pl1,h1
(u1)Pl2,h2

(u2)Pm ,k (v ), (4.36)

and the ECBC copula estimator as

B (C #
n ; u1, u2, v ) =

l1
∑

h1=0

l2
∑

h2=0

m
∑

k=0

C #
n

�

h1

l1
,

h2

l2
,

k

m

�

Pl1,h1
(u1)Pl2,h2

(u2)Pm ,k (v ), (4.37)

where C #
n is the empirical checkerboard copula. Thus the partial derivative of 3-dimensional

ECBC B (C #
n ; u1, u2, v )with respect to v takes the form of

C #(1)(u1, u2|v )≡
∂ B (C #

n ; u1, u2, v )
∂ v

=
l1
∑

h1=0

l2
∑

h2=0

m
∑

k=0

C #
n

�

h1

l1
,

h2

l2
,

k

m

�

Pl1,h1
(u1)Pl2,h2

(u2)P
′

m ,k (v ),
(4.38)

where P
′

m ,k (v ) is the derivative of Pm ,k (v )with respect to v .

Let us denote the partial derivative of the Bernstein copula B (C ; u1, u2, v )with respect
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to v as

C (1)(u1, u2|v )≡
∂ B (C ; u1, u2, v )

∂ v

=
l1
∑

h1=0

l2
∑

h2=0

m
∑

k=0

C
�

h1

l1
,

h2

l2
,

k

m

�

Pl1,h1
(u1)Pl2,h2

(u2)P
′

m ,k (v ),
(4.39)

and the partial derivative of the empirical Bernstein copula B (Cn ; u1, u2, v )with respect to

v as

C (1)n (u1, u2|v )≡
∂ B (Cn ; u1, u2, v )

∂ v

=
l1
∑

h1=0

l2
∑

h2=0

m
∑

k=0

Cn

�

h1

l1
,

h2

l2
,

k

m

�

Pl1,h1
(u1)Pl2,h2

(u2)P
′

m ,k (v ).
(4.40)

Using the triangle inequality we have

||C #(1)−Cv ||(v )≤ ||C #(1)−C (1)||(v ) + ||C (1)−Cv |(v )

≤ ||C #(1)−C (1)n ||(v ) + ||C
(1)

n −C (1)|(v ) + ||C (1)−Cv ||(v ).

First, we can show that

||C #(1)−C (1)n ||(v )

= ||
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∑
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∑

h2=0

m
∑
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�
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−Cn

�

h1

l1
,

h2

l2
,

k +1

m

�

�

�

�

�

l1
∑

h1=0
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m
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|Pl1,h1
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(u2)||P
′

m ,k (v )|

≤ max
0≤h1≤l1,0≤h2≤l2,0≤k≤m−1

�
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�
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C #
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In above the second inequality follows from the fact that since
� l j

h j

�

u
l j

j (1 − u j )l j−h j , l j =

0, 1, . . . , h j , j = 1, 2 are binomial probabilities,
∑l j

h j=0

� l j

h j

�

u
h j

j (1−u j )l j−h j = 1 for any u j ∈ [0, 1],

j = 1, 2. Under the assumption that the marginal CDFs are continuous, it follows from the
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Remark 2 in Genest et al. [2017] that for d-dimensional copula

||C #
n −Cn || ≤

3

n
,

and from Lemma 1 in Janssen et al. [2014] it follows that for any fixed 0< v < 1,

m
∑

k=0

|P
′

m ,k (v )| ∼

√

√ 2

π

m 1/2

p

v (1− v )
=O (m 1/2) as m→∞.

Thus, for any fixed 0< v < 1 we have

||C #(1)−C (1)n ||(v )

≤ max
0≤h1≤l1,0≤h2≤l2,0≤k≤m−1

�

�

�

�
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�
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|P
′

m ,k (v )|

≤ ||C #
n −Cn ||

m
∑

k=0

|P
′

m ,k (v )|=O (m 1/2n−1).

Next, we can use a similar technique to show that

||C (1)n −C (1)|(v )

≤ max
0≤h1≤l1,0≤h2≤l2,0≤k≤m−1

�

�

�

�
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m
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|P
′

m ,k (v )|

By using the Lemma 1 in Janssen et al. [2012] and equation (3) in Kiriliouk et al. [2019], for

d-dimensional copula we obtain

||Cn −C || ≤
3

n
+O (n−1/2(log log n )1/2) a .s .

=O (n−1/2(log log n )1/2) a .s ..

Thus it follows that for any fixed 0< v < 1,

||C (1)n −C (1)||(v ) =O (m 1/2n−1/2(log log n )1/2), a .s ..
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Hence, for any fixed 0< v < 1 we have

||C #(1)−C (1)||(v )≤ ||C #(1)−C (1)n ||(v ) + ||C
(1)

n −C (1)|(v ) =O (m 1/2n−1/2(log log n )1/2), a .s ..

Next, by mean value theorem there exists k
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Notice that
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.

If Cv (u1, u2|v ) =
∂ C (u1,u2,v )

∂ v is Lipschitz continuous on [0,1]3, then there exists a Lipschitz

constant L s.t.
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and based on Lemma 3.2 in Segers et al. [2017]we also have

||
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Finally, for any fixed 0< v < 1 we obtain

||C #(1)−Cv ||(v )≤ ||C #(1)−C (1)||(v ) + ||C (1)−Cv ||(v )

≤
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2
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2
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The empirical prior of the degrees m , l1, and l2 are given as

m |α∼ P o i s s o n (nα) +2 and α∼U ni f
�1

3
,

2

3

�

,

l j |α j ∼ P o i s s o n (nα j ) +1 and α j ∼U ni f
�1

3
,

2

3

�

j = 1, 2.

Notice that Pr( 13 ≤ α≤
2
3 ) = 1 and Pr( 13 ≤ α j ≤ 2

3 ) = 1, j = 1,2, then E (m 1/2n−1/2(log log n )1/2)

≤ n 1/3n−1/2(log log n )1/2 → 0 as n →∞. In the proof of Theorem 3.1 it has been shown

E
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1
l j

�

�α j
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α j

nα j → 0, j = 1,2, E
�q

1
m−1

�
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1−e −nα

nα → 0 as n →∞ and E
�

1
m

�

�α
�

≤
1−e −nα

nα → 0 as n→∞. Thus, taking expectation with respect to the prior distributions of l1,
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l2 and m as given for ECBC, it follows that

E (||C #(1)−Cv ||(v ))

≤ E
�

L

m

�

+E

�
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2
p
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2
p

l2

+
1

2
p

m −1

��

+E
�

O (m 1/2n−1/2(log log n )1/2)
�

→ 0 a s n→∞ a .s .

Since C (u1,1|v ) = u1 and C (1, u2|v ) = u2 and C #(1)(u1, u2|v ) converges to Cv (u1, u2|v )

uniformly on [0, 1]2 as n→∞ for any fixed 0< v < 1, then we have

E (||F1(u1|v )−u1||(v ))≡ E

�

sup
u1∈[0,1]

|F1(u1|v )−u1|
�

= E
�
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�
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and
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�
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For any fixed 0 < v < 1, F1 and F2 are non-decreasing functions, so F −1
1 (u1|v )

a.s.→ u1 and

F −1
2 (u2|v )

a.s.→ u2, Thus we obtain the uniform convergence of

E (||C #−Cv ||(v )) = E (||C #(1)(F −1
1 (u1|v ), F −1

2 (u2|v )|v )−Cv ||(v ))
a.s.→ 0

as n→∞ for any fixed 0< v < 1.
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