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A generalization of liquid state theory that treats internal degrees of freedom on the same
mathematical footing as orientational degrees of freedom is used to calculate the Maxwell field of
a charged particle in a fluid of polarizable nonpolar molecules. The polarizable fluid is modeled by
Lennard-Jones molecules with classical Drude oscillators. The electric fieldE(r ) of the charged
impurity is given in terms of a screening function that yields the correct dielectric constant at large
r and can be computed using standard procedures for the pair correlation function of classical liquid
state theory. Sample numerical results using the hypernetted-chain approximation are compared
with simulation. © 1997 American Institute of Physics.@S0021-9606~97!50309-6#
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I. INTRODUCTION

The strengthE(r ) of the electric field created by a poin
chargeq immersed in a dielectric fluid is conventionally d
scribed as that of the charge in vacuum reduced by a con
factor e, the dielectric constant of the medium; i.e.,

E~r !5
q

er 2
r̂ , ~1!

where r̂ is a unit vector in the radial directionr . At the
molecular level, this relation will still hold forr large, but for
distancesr out to a few atomic diameters from the partic
with point chargeq the Maxwell fieldE(r ) will reflect the
local structure of the dielectric medium, so thate is no
longer constant. More generally, we may define a screen
functionF(r ) such that

E~r !5
q

r 2
@12F~r !#. ~2!

Then for larger we should expect

F~r !;
e21

e
, ~3!

while for smallr the finite size of the charged particle shou
lead toF(r )'0 inside its first near-neighbor shell, or co
region. Pollock and Alder1 and Pollock, Alder, and Pratt2

have given molecular dynamics~MD! results for the screen
ing functionF(r ) that display these limiting characteristic
and additional structure in between. They also demonst
that the conventional continuum theory of dielectrics us
cavities of vaguely defined size is quite inadequate for n
dilute media.

In this paper, we formulate a computable molecu
theory of a charged particle in a polarizable nonpolar flu
The fluid model used is that of Pratt3 and of Ho”ye and Stell,4

who independently studied it in mean spherical approxim
tion. This model treats the fluctuating molecular polarizat
p as an internal molecular degree of freedom that is coup
to the external translational degrees of freedom through
usual dipole-dipole interaction. More specifically, the pol
ization p of an isolated molecule is assumed to have
Gaussian thermal distribution,
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f 0~p!5
1

~2pa0 /b!3/2
expS 2

bp2

2a0
D , ~4!

wherea0 is the molecular polarizability andb51/kBT, with
T the Kelvin temperature andkB Boltzmann’s constant. In
the dense liquid, this distribution is distorted by nea
neighbor interactions into some new distributionf (p) and
the polarizability correspondingly becomesa.a0 , both
quantities to be determined.

The present analysis exploits recent work5 that treats
these internal degrees of freedom on the same footing
orientational degrees of freedom in molecular fluids, so t
a small extension of the established formalism of molecu
fluids6 serves to determine as well all the electrostatic pr
erties of the polarizable system. The basis of this general
tion is expansions in polynomials ofp that are constructed to
be orthogonal with weight functionf (p). The final result
derived below for the charge impurityq is that its screening
functionF(r ) is given by

F~r !5
4prar 2g1

1~r !

~ab!1/2q
, ~5!

wherer is the density of the host dielectric fluid andg1
1(r ) a

particular coefficient in the orthogonal polynomial/spheric
harmonic expansion of the charge-dipole pair distribut
function g(r ,p). We show further thatF(r ) calculated in
this way satisfies the asymptotic limit~3! as well as the core
condition and that in general this function can be compu
using the familiar equations of classical liquid state theor7

Sample results using the hypernetted-chain approxima
are given in Section V.

II. ELECTRIC FIELD OF A CHARGE IN A
POLARIZABLE FLUID

The model consists ofN11 particles, all of which inter-
act pairwise with each other through a common poten
u0(r ), which we take to be Lennard-Jones~LJ!. Particle 0
carries a point chargeq and its location defines the origin o
coordinates. It is not polarizable. The remainingN particles
are polarizable nonpolar molecules with molecular polar
ability a0 . Their instantaneous point dipoles lead to ad
tional interactions, through dipole-dipole forces with ea
47074707/7/$10.00 © 1997 American Institute of Physics
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4708 F. Lado: Charged particle in a polarizable liquid
other and through charge-dipole forces with particle 0. Th
the total potential energy of an instantaneous configura
of positionsr j and dipole momentspj is

U5U01UDD1UCD , ~6!

where

U05 (
0< i, j<N

u0~r i j !, ~7!

UDD5 (
1< i, j<N

udd~r i j ,pi ,pj !, ~8!

UCD5 (
1< j<N

ucd~r0 j ,pj !, ~9!

with

u0~r !54eLJF S s

r D
12

2S s

r D
6G , ~10!

udd~r ,p1 ,p2!52
1

r 3
@3~ r̂•p1!~ r̂•p2!2p1•p2#, ~11!

ucd~r ,p!52
q

r 2
~ r̂•p!. ~12!

The configurational partition function for constant (N,V,T)
is thus

Z5
1

VN11E dr0)
j51

N

@dr j dpj f 0~pj !#exp~2bU !

5
1

VNE )
j51

N

@dr j dpj f 0~pj !#exp~2bU !, ~13!

whereV is the system volume.
Now, the electric field at pointr due to chargeq at the

origin andN instantaneous dipolespj at correspondingr j is

q

r 2
r̂1(

j51

N
3~pj•R̂j !R̂j2pj

ur2r j u3
,

with

R̂j[
r2r j

ur2r j u
, ~14!

and so the mean field is

E~r !5
q

r 2
r̂1E dr 8dp8

r f ~p8!g~r 8,p8!

ur2r 8u3

3F3p8•~r2r 8!

ur2r 8u2
~r2r 8!2p8G , ~15!

where

r f ~p!g~r ,p!5K (
j51

N

d~r2r j !d~p2pj !L ~16!
J. Chem. Phys., Vol. 106,
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n
defines the pair distribution functiong(r ,p) of particle 0
with the polarizable molecules of instantaneous polarizat
p. Here the angular brackets denote a canonical ensem
average with particle 0 fixed at the origin.

We seek to evaluate the integrals of Eq.~15! without yet
knowingg(r ,p); i.e., to determine what is minimally neede
from this function to find the Maxwell field. To this end, it i
useful to explicitly break out its dependence on the direct
and magnitude ofp. With thez axis aligned alongr , we first
write

g~r ,p!5g~r ,p, cosu!

5(
l
gl~r ,p!~2l11!1/2Pl~cosu!, ~17!

whereu is the polar angle betweenr and p andPl(x) the
Legendre polynomial of orderl . The orthogonality of these
polynomials,

1
2~2l11!E

21

1

dx Pl~x!Pl 8~x!5d l l 8 , ~18!

allows the easy inversion of the expansion. Similarly,
then expand

gl~r ,p!5(
n

gl
n~r !Qnl~p!, ~19!

where theQnl(p) are polynomials ofp constructed to be
orthogonal with weight functionf (p),

4pE
0

`

dpp2f ~p!Qnl~p!Qn8 l~p!5dnn8 , ~20!

so that~19! also has an easy inversion. Consider now
integral overp8 in Eq. ~15!,

w~r 8![E dp8 f ~p8!g~r 8,p8!p8. ~21!

Since this is a vector quantity that depends only onr 8, it
must be of the formw(r 8)5w(r 8) r̂ 8, where then

w~r 8!5E dp8 f ~p8!g~r 8,p8! r̂ 8•p8

5(
n,l

gl
n~r 8!4pE

0

`

dp8p82f ~p8!p8Qnl~p8!

3 1
2~2l11!1/2E

21

1

dx xPl~x!

5S a

b D 1/2g11~r 8!. ~22!

In addition to the expressed orthogonalities, we have u
here the specific form~see the next section! Q11(p)
5(b/3a)1/2p.

Returning to Eq.~15!, we now have
No. 11, 15 March 1997
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4709F. Lado: Charged particle in a polarizable liquid
E~r !5
q

r 2
r̂1S a

b
D 1/2rE dr 8

g1
1~r 8!

ur2r 8u3

3F3r̂ 8•~r2r 8!

ur2r 8u2
~r2r 8!2 r̂ 8G . ~23!

Again by symmetry, the second term must also be in
direction r̂ , so that the magnitude of the Maxwell field is

E~r !5
q

r 2
2S a

b
D 1/2rE dr 8

g1
1~r 8!

ur2r 8u3

3H 3@ r̂•~r2r 8!#@ r̂ 8•~r 82r !#
ur2r 8u2

1 r̂• r̂ 8J
5

q

r 2
2S a

b
D 1/22prE

0

`

dr8 r 82g1
1~r 8!D~r ,r 8!, ~24!

where

D~r ,r 8![E
21

1

dxF3 ~r2r 8x!~r 82rx !

~r 21r 8222rr 8x!5/2

1
x

~r 21r 8222rr 8x!3/2G . ~25!

It is then easy to show that

D~r ,r 8!5
d2

dr dr8
E

21

1

dx
1

~r 21r 8222rr 8x!1/2

5
d2

dr dr8 F2r H~r2r 8!1
2

r 8
H~r 82r !G

5
2

r 2
d~r2r 8!, ~26!

where H(x) is the Heaviside unit function an
d(x)5dH(x)/dx the Dirac delta function. The final result i
thus

E~r !5
q

r 2
2S a

b D 1/24prg1
1~r !5

q

r 2
@12F~r !#, ~27!

so that the screening functionF(r ) is

F~r !5
4prar 2g1

1~r !

~ab!1/2q
, ~28!

as noted earlier. The asymptotic limit ofF(r ) is found in
Section IV after we examine the calculation ofg(r ,p) in the
next section.

III. CALCULATION OF g(r,p)

The system composed of chargeq immersed in a fluid of
N polarizable molecules constitutes a two-component m
ture with one component at infinite dilution. We can th
adapt the usual equations for liquid state mixtures7 to calcu-
late the charge-dipole and dipole-dipole correlation fu
tions, h(r01,p1) and h(r12,p1 ,p2), respectively, where
h5g21. These are the Ornstein-Zernike~OZ! equations,
J. Chem. Phys., Vol. 106,
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h~r01,p1!5c~r01,p1!

1rE dr2 dp2f ~p2!h~r02,p2!c~r21,p2 ,p1!,

~29!

h~r12,p1 ,p2!5c~r12,p1 ,p2!

1rE dr3 dp3 f ~p3!h~r13,p1 ,p3!

3c~r32,p3 ,p2!, ~30!

and the closure equations

c~r ,p1!5h~r ,p1!2 ln@11h~r ,p1!#2bu0~r !

2bucd~r ,p1!1B~r ,p1!, ~31!

c~r ,p1 ,p2!5h~r ,p1 ,p2!2 ln@11h~r ,p1 ,p2!#2bu0~r !

2budd~r ,p1 ,p2!1B~r ,p1 ,p2!. ~32!

Here,c(r01,p1) andc(r12,p1 ,p2) are the corresponding di
rect correlation functions of the mixture. As usual, the c
sure relations must be supplemented with some approxi
tion for the so-called bridge functions,B(r01,p1) and
B(r12,p1 ,p2).

The solution of the dipole-dipole equations has alrea
been described in a recent publication.5 Here we need be
concerned only with the calculation forh(r01,p1). As in the
earlier work, the first step in the solution is the expansion
all functions ofp in polynomialsQnl(p) and spherical har-
monicsYlm(v); e.g.,

h~r ,p!5~4p!1/2(
n,l

hl
n~r !Qnl~p!Yl0~v!

5(
n,l

hl
n~r !Qnl~p!P l~cosu!, ~33!

as in Section II, withP l(x)5(2l11)1/2Pl(x), and

h~r ,p1 ,p2!54p (
n1 ,n2 ,l1 ,l2 ,m

hl1l2m
n1n2 ~r !Qn1l1

~p1!Qn2l2
~p2!

3Yl1m
~v1!Yl2m̄

~v2!. ~34!

Equations~29! and ~31! are then rewritten in terms of th
indirect correlation functiong5h2c and the OZ equation is
deconvoluted using Fourier transforms. After introducing t
corresponding expansions of the transforms, we get for
OZ equation,

g̃ l
n~k!5r (

n8,l 8
@ g̃ l 8

n8~k!1 c̃ l 8
n8~k!# c̃ l 8 l0

n8n ~k!, ~35!

which can be further reduced to read, in matrix notation,

G̃~k!5rH̃0~k!C̃~k!. ~36!

Here, G̃(k) and C̃(k) are column matrices with elemen
g̃ l
n(k) andc̃ l

n(k), respectively, whileH̃0(k) is a square ma-

trix with elementsh̃l l 80
nn8 (k).5 The closure equation mean

while becomes
No. 11, 15 March 1997
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4710 F. Lado: Charged particle in a polarizable liquid
c~r ,p,x!5g~r ,p,x!212g~r ,p,x!, ~37!

with

g~r ,p,x!5 exp@2bu0~r !2bucd~r ,p,x!1g~r ,p,x!

1B~r ,p,x!#. ~38!

The solution of the nonlinear equations for theg l
n(r ) is it-

erative. One iteration consists of the following four steps
( i ) Closure.Numerically evaluate

gl
n~r !5E dp f ~p!g~r ,p, cosu!Qnl~p!P l~cosu! ~39!

using Gaussian quadratures, withg(r ,p, cosu) given by Eq.
~38!, and form

cl
n~r !5gl

n~r !2dn0d l02g l
n~r !. ~40!

( i i ) Transforms.Compute the Fourier transforms

c̃ l
n~k!54p i lE

0

`

dr r 2cl
n~r ! j l~kr !, ~41!

where j l(x) is the spherical Bessel function of orderl .
( i i i ) OZ equation.Obtain the matrix elementsg̃ l

n(k)
from

G̃~k!5rH̃0~k!C̃~k!. ~42!

( iv) Inverse transforms.Compute the inverse Fourie
transforms

g l
n~r !5

1

2p2i lE0
`

dk k2g̃ l
n~k! j l~kr !. ~43!

These new coefficientsg l
n(r ) are then used to reconstru

g(r ,p,x) in step (i ) and initiate a new cycle.@Most approxi-
mations for B(r ,p,x) are also expressed as functions
g(r ,p,x).# Iterations are continued until a self-consistent
of coefficientsg l

n(r ) is obtained.
Other details of the calculation are similar to those of

earlier work.5 We add here for completeness that the dis
bution f (p) is found to remain essentially Gaussian for t
state studied in Section V, as earlier in Ref. 5, so that
polynomialsQnl(p) are

8

Qnl~p!5F GS 12 ~n2 l !11DGS 32D
GS 12 ~n1 l !1

3

2D G 1/2

3S bp2

2a D l /2L 1
2~n2 l !

l11/2 S bp2

2a D , ~44!

where Ln
b(t) is an associated Laguerre polynomial9,10 and

G(z) is the gamma function. The indices range ov
n50,1,2,3, . . . andl5n,n22,n24, . . . ,1 or 0.

IV. ASYMPTOTIC LIMITS AND FREE ENERGY
CHANGES

The charge-dipole potentialbucd(r ,p) has the single ex-
pansion coefficient
J. Chem. Phys., Vol. 106,

Downloaded¬28¬Feb¬2008¬to¬152.1.211.43.¬Redistribution¬subject¬
f
t

e
-

e

r

bu 1
1~r !52

~ab!1/2q

r 2
, ~45!

whose Fourier transform is

bũ 1
1~k!54p i E

0

`

dr r 2bu1
1~r ! j 1~kr !52

4p i ~ab!1/2q

k
.

~46!

Now, for smallk, the dominant term in Eq.~42! for g̃ 1
1(k) is

g̃ 1
1~k!'rh̃ 110

11 ~0!c̃ 1
1~k!, ~47!

so that, in the same limit,

h̃ 1
1~k!'@11rh̃ 110

11 ~0!# c̃ 1
1~k!

'2@11rh̃ 110
11 ~0!#bũ 1

1~k!, ~48!

since inversely, for larger ,

c1
1~r !;2bu1

1~r !. ~49!

Here we recall from Ref. 5 that

11rh̃ 110
11 ~0!5

e21

4prae
, ~50!

and so we find finally that, for small k,

h̃ 1
1~k!'

e21

e

i ~ab!1/2q

rak
. ~51!

Comparing this with the transformbũ 1
1(k) of the potential

bu1
1(r ) we see that, for larger , we must have

h1
1~r !5g1

1~r !;
e21

e

~ab!1/2q

4prar 2
, ~52!

and hence that

F~r !5
4prar 2g1

1~r !

~ab!1/2q
;

e21

e
, ~53!

as required.
Pollock and Alder1 have used their simulation results fo

the screening function to calculate the free energy of the
in solution. Here we follow their use of the Onsager charg
process to rederive the same result in the new formali
From the partition function of Eq.~13!, we get the free en-
ergyA of the system asbA52 lnZ, and so

]bA

]q
52

1

ZVNE )
j51

N

@dr j dpj f 0~pj !#e
2bUb(

j51

N r̂0 j•pj
r 0 j
2

52NK b
r̂01•p1
r 01
2 L

52NrE dr dp f ~p!g~r ,p!b
r̂•p

r 2
. ~54!

After inserting the expansion~33! and using the orthogonal
ity relations, we find

]~bA/N!

]q
52~ab!1/24prE

0

`

dr g1
1~r !. ~55!
No. 11, 15 March 1997
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4711F. Lado: Charged particle in a polarizable liquid
In terms of the screening functionF(r ), this is equivalently
written as

]~bA/N!

]q
52E

0

`

dr F~r !
bq

r 2
. ~56!

Comparison with Pollock and Alder’s result1,2 shows that
their screening functionS(r ) is related toF(r ) according to

F~r !54pra0g0
0~r !S~r !, ~57!

whereg0
0(r ) is the radial distribution function of polarizabl

molecules about the charge impurity.

V. SAMPLE CALCULATIONS

The only available simulation data for a model of
charged particle in a polarizable nonpolar fluid appear to
those of Pollock and Alder1,2 for a liquid state of Lennard-
Jones molecules near the triple point:rs350.844,
kBT/eLJ50.85, a0 /s

350.10. Thus all calculations in thi
section are for this same state.~The computed values5 of a
ande for this state area/s350.1115 ande52.699.!

Exploratory calculations with several closures lead to
conclusion that in the present case the hypernetted-c
~HNC! approximation,B(r ,p)'0, is the best available fo
the least computational effort. The HNC results reported
low use nine coefficients ofg(r ,p) ~see below, however, fo
an exception!; arranged as a row matrix, they are

@g0
0~r !g0

2~r !g0
4~r !g1

1~r !g1
3~r !g2

2~r !g2
4~r !g3

3~r !g4
4~r !#

and match the largest set of dipole-dipole coefficients u
here forH̃0(k) in Eq. ~42! and earlier in Ref. 5. Integrals in
r andk space are evaluated usingN52048 points and inter-
vals Dr50.02s and Dk5p/NDr , while the Gaussian
quadratures of step~i!, Eq. ~39!, are carried out with 12
points each.

Figures 1 and 2 show the radial distribution functi
g0
0(r ) for two different charges,q/(eLJs)

1/250.01 and 10.

FIG. 1. Radial distribution functiong0
0(r ) of polarizable LJ molecules abou

a charged LJ particle of reduced chargeq/(eLJs)
1/250.01: solid line –

HNC; points – MD ~Ref. 2!. The state of the polarizable liquid i
rs350.844,kBT/eLJ50.85, a0 /s

350.10.
J. Chem. Phys., Vol. 106,
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The first is essentially the neutral atom limit while the se
ond corresponds to about half an electronic char
q'0.5e, if argon values are used for the LJ paramete
s53.4 Å andeLJ5120kB , soe/(eLJs)

1/2520.2. The figures
are drawn to the same scale so that the increase in the p
ing of polarizable molecules about the larger charge
readily apparent. Comparison of the HNC results with t
simulation data shows reasonably good agreement.

The corresponding screening functionsF(r ) @essentially
rescaled versions of the coefficientsg1

1(r )# are shown in
Figs. 3 and 4, again to the same scale. The comments m
above about the twog0

0(r ) curves apply here as well. Thi
reflects the fact that the screening functionS(r ) @or
r 2g1

1(r )/g0
0(r )# defined by Pollock and Alder is compara

tively flat, so thatF(r ) in Eq. ~57! strongly echoes the struc
ture ofg0

0(r ). @In fact, a simple approximation that capture
the structural essence isF(r )'@(e21)/e#g0

0(r ).# Compari-

FIG. 2. Radial distribution functiong0
0(r ) of polarizable LJ molecules abou

a charged LJ particle of reduced chargeq/(eLJs)
1/2510: solid line – HNC;

points – MD ~Ref. 2!. The polarizable liquid state is the same as in Fig.

FIG. 3. Screening functionF(r ) for a reduced chargeq/(eLJs)
1/250.01 in

a liquid of polarizable molecules in the same state as in Fig. 1: solid lin
HNC; points – MD~Ref. 2!. The light horizontal line is the asymptotic limi
(e21)/e50.63.
No. 11, 15 March 1997
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4712 F. Lado: Charged particle in a polarizable liquid
son with simulation results shows that the HNC approxim
tion is noticeably overestimating the second near-neigh
peak. In both cases, the asymptotic limit of (e21)/e is
reached in a few diameterss.

Figures 5 and 6 illustrate functional properties that w
used in the arguments of Section IV. In Fig. 5 we show
coefficientc1

1(r ) of the direct correlation functionc(r ,p) for
chargeq/(eLJs)

1/2510; it is seen to blend smoothly into it
asymptotic limit of2bu1

1(r ) in about three diameterss. ~It
is also notable for a sharp spike atr5s that grows with the
chargeq.! Figure 6 details the behavior of the coefficien
rh̃ 0

0(k) and irh̃ 1
1(k) of the structure functionrh̃(k,p), also

for the chargeq/(eLJs)
1/2510, contrasted with that o

rh̃ 000
00 (k) and rh̃ 110

11 (k) of the pure dipole-dipole system
The latter are seen to be nearly constant for smallk, a fact
used in Sec. IV in finding the small-k form of rh̃ 1

1(k).

FIG. 4. Screening functionF(r ) for a reduced chargeq/(eLJs)
1/2510 in a

liquid of polarizable molecules in the same state as in Fig. 1: solid lin
HNC; points – MD~Ref. 2!. The light horizontal line is the asymptotic limi
(e21)/e50.63.

FIG. 5. HNC solution for the coefficientc1
1(r ) ~solid line! of the direct

correlation functionc(r ,p) for a reduced chargeq/(eLJs)
1/2510 in a polar-

izable liquid in the same state as in Fig. 1, compared with its asympt
limit, 2bu1

1(r ) ~dash-dot line!.
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The energyEq of the charge in solution is given by

bEq

N
54prE

0

`

dr r 2@g0
0~r !bu0

0~r !1g1
1~r !bu1

1~r !#

5
bŪ0q

N
1q

]~bA/N!

]q
. ~58!

Here the second term involves the long-ranged coeffic
g1
1(r ). If Rc is the cutoff distance in the numerical calcul
tion, then this term is evaluated as

]~bA/N!

]q
52~ab!1/24prE

0

Rc
dr g1

1~r !2
e21

e

bq

Rc
,

~59!

where we have used the asymptotic form~52!. Table I lists
the computed HNC values for the LJ contribution to t

–

ic

FIG. 6. HNC solution for the coefficientsrh̃ 0
0(k) ~solid line! andrh̃ 1

1(k)
~dash-dot line! of the transform rh̃(k,p) for a reduced charge
q/(eLJs)

1/2510 in a polarizable liquid in the same state as in Fig. 1, co
pared withrh̃ 000

00 (k) ~dashed line! andrh̃ 110
11 (k) ~dotted line! for the dipole-

dipole correlations, from Ref. 5.

TABLE I. Lennard-Jones energyŪ0q and changes in free energyA for a
charged Lennard-Jones particle in a liquid of polarizable Lennard-Jo
molecules near the triple point: rs350.844, kBT/eLJ50.85,
a0 /s

350.10. Comparison of computed HNC results with molecular d
namics simulation~Ref. 1!. For this thermodynamic state, the HNC closu
does not yield a solution for chargeq50.75e and larger, wheree is the
electronic charge.

2bŪ0q /N 2e](bA/N)/]q 2bDA/N

q/e HNC HNC MD HNC MD

0 12.91 0 0 0 0
0.10 12.85 41.5 2.1
0.20 12.63 84.2 8.3
0.25 12.44 106.5 108 13.1 13
0.30 12.17 129.7 18.9
0.40 11.33 179.9 34.4
0.50 9.81 237.7 234 55.3 55
0.60 6.88 310.6 82.5
0.70 2.50 395.6 117.3
0.75 380 130
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4713F. Lado: Charged particle in a polarizable liquid
energy of the chargeq in solution,bŪ0q /N, and the rate of
change of the free energy with charge. The latter quantit
along with others obtained for midinterval poin
q/(eLJs)

1/25 0.05, 0.15, . . . , arethen fit to a polynomial of
the form

e
]~bA/N!

]q
52Fa01a1S qeD1a2S qeD

2Gqe , ~60!

using least squares, so that the total free energy chang
obtained as

bDA

N
52F12 a0S qeD

2

1
1

3
a1S qeD

3

1
1

4
a2S qeD

4G . ~61!

The computed coefficients area05418.0, a15270.9, and
a25382.8. Comparison of the free energy results with
simulation data of Pollock and Alder1 shows good agree
ment.

A disappointing feature of Table I is that it is prem
turely truncated. While Pollock and Alder1 go on to give
similar results for chargesq up to 2e, the HNC approxima-
tion does not yield converged solutions for this thermod
namic state atq50.75e and larger.~Such solutions can be
J. Chem. Phys., Vol. 106,
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-

obtained at higher temperatures, however.! In fact, the results
for q/e50.65 and 0.70 could be obtained only by omittin
the three coefficientsg l

n(r ) with an index 4 from the previ-
ously given set.~The corresponding data points were n
used in the least squares fit.! Whether this convergence prob
lem is inherent in the HNC approximation or can be re
edied by a modification of the numerical algorithm used
not yet known.
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