ASYMPTOTIC NON-NULL DISTRIBUTIONS OF THE LIKELIHOOD RATIO CRITERIA
FOR COVARIANCE MATRIX UNDER LOCAL ALTERNATIVES
by

NARIAKI SUGIURA
University of North Carolina and Hiroshima University

® Department of Statistics
University of North Carolina at Chapel Hill
Institute of Statistics Mineo Series No. 609

JANUARY 1969

Research partially sponsored by NSF Grant No. GU-2039 and the U.S. Air Force
Grant No. AFOSR 68-1415 and the Sakko-kai Foundation.



ASYMPTOTIC NON-NULL DISTRIBUTIONS OF THE LIKELIHOOD RATIO CRITERIA
FOR COVARIANCE MATRIX UNDER LOCAL ALTERNATIVES

by
Nariaki Sugiura

University of North Carolina and Hiroshima University

1. Introduction. Asymptotic expansions of the distributions of the like-

lihood ratic (= LR) criteria based on a random sample from a multivariate
normal population under fixed alternative hypothesis have been derived by
Sugiura [11]}, (1) for the equality of covariance matrix to a given matrix, (2)
for the equality of mean vector and covariance matrix to a given vector and a
given matrix, and also by Sugiura and Fujikoshi [12], (3) for testing the hy-
pothesis of independence between two sets of variates. The limiting non-null
distribution of the LR criterion (4) for the equality of several covariance
matrices has been obtained by Sugiura [11]. These limiting non-null distributions
always degenerate at the null hypothesis so that the asymptotic formulas do not
give good approximations when the alternative hypothesis is near to the null
hypothesis, as we have experienced in calculating the approximate powers of
Bartlett's test for homogeneity of variances in Sugiura and Nagao [14].

In this paper, we shall derive limiting non-null distributions of the LR
criteria for the problems (1) and (2) under sequences of alternatives converging
to the null hypothesis with the rate of convergence N—Y, where N means
sample size, for arbitrary positive number vy and then asymptotic expansions
of the non-null distributions in the case of vy =-% and y = 1 in the next
two Sections. With the help of the hypergeometric function of matrix argument
due to Constantine [2], we shall derive an asymptotic expansion of the dis-

tribution for the problem (3) in the case ¥y - in Section 4, and an

Research partially sponsored by NSF Grant No. Gd%2059 and U.S. Air Force Grant
AFOSR 68-1415 and the Sakko-kai Foundation.
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asymptotic expansion of the distribution of the modified LR criterion, in .

Sugiura and Nagao [13], for the equality of two covariance matrices under the
sequence of alternatives with Yy = 1 in Section 5. The formulas in this paper
can be applied to compute the approximate power, when the alternative hypothesis

is near to the null hypothesis.

2. Asymptotic distributions of the modified LR criterion for I =1

0°

2.1. Moments of the criterion. Let the p x 1 vectors Xl’ X2, eeey X

N

be a random sample from a p-variate normal distribution with unknown mean vector

*
and covariance matrix . We shall consider the modified LR criterion Al,

instead of the LR criterion, for testing the hypothesis H: I = ZO (a given

positive definite matrix) against alternatives K: I # ZO’ which is given by

(2.1) xi = cﬁ)np/z |szolln/2 etr{—-% zol s},
N —_— p—
where the symbol etr means exp * tr and S = I (X, - X)(X, - X)' with
j=1 3 3
N
X= I Xj/N and n = N-1l. The unbiasedness of this modified LR criterion
j=1

was proved by Sugiura and Nagao [13], the monotonicity property of which was

*
established by Nagao [6]. The h-th moment of the statistic Al under X

can be found in Anderson [1l, p.266] as

1
1 -1,2"0
“h re nph/2 FPCEn(1+h)) |5 Z, |
(2.2) E[a, K] = D) I 1 ,
T (in) -1 5n(l+h)
P |T +hs 2"

0

_ % s
where the function Fp(x) is defined by ﬂp(p /4 T I'(x - J—l) .
5=1

2.2. Asymptotic distributions when vy < %-. First we shall consider the

*
1

limiting distribution of the statistic - 2logk under the sequence of altern-
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atives KY: 261/2 z 251/2 =I+n! 0 with vy > 0 and positive definite
(= pd) matrix ©. When vy <-%, we can write the characteristic function of
% -
(- 21og>\l)/nl/2 Y oas
1
1 v+ _1 . 2
2e.~-it nY+2 Pp(%n—itn 2) Y—% EnP+1tPn
(£Ey~1tP (1 - 2itn  °)
o I (3n)
p 2
(2.3)
1 1
7 1, ™"
_1,~itn pitn /2 - potitn
P |p - 2itn g .
y=1/2
1-2itn

Applying the asymptotic formula logl(x+h) = logV2m + (x+h - %)logx - x + O(|x|_l)

to each gamma function in the first factor of (2.3), we can see that the first

(ny—l/Z

factor is equal to 1+ 0 ), which tends to one as n tends to infinity.

By the formula

n_j tr Zj/j + O(n_z_l),

1

(2.4) - loglt - ntz| =
3

N ™ e

which is valid for large n such that all characteristic roots of the sym-
. . -1
metric matrix n ~Z have absolute values less than one, the second factor of

(2.3) can be evaluated as
.1
1og|Z 251|} - t2 tr 62] + 0(n 2).

wofi

y
(2.5) explit{vn tr © - n

Hence the characteristic function of nY"l/2

* - -
[- Zlog)\1 - nl Yero + nlog|2 Zol|]
tends to exp|[- t2 tr 62] as n tends to infinity, which implies the following

theorem.
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Lo
w

Theorem 2.1. Let A, be the modified LR statistic given by (2.1).

1
Then under the sequence of alternatives KY: Xgl/z b 2;1/2 =T+ 0 for
0 < vy <,%’ the limiting distribution of the statistic
v
- % - -
(2.6) n 2q- 21ogr; - nitr(z 201 - I) - logl:t zoll}]

. . 2 .
is normal with mean zero and variance 2tr®  as n tends to infinity.
. ; 2,
Noting that the asymptotic variance 2tr® is equal to

51 - 1)2 . nzY, we can see that the limiting distribution in Theorem

2tr(s
2.1 is of the same form as under fixed alternative hypothesis given by Sugiura
[11]. It may be noted that Theorem 2.1 holds if we replace the modified LR

%
statistic Al to the LR statistic.

2.3. Asymptotic distributions when vy ;:%n We shall now consider the
sequence of alternative hypothesis KY for vy ;;%. From (2.2), we can get the
characteristic function of -~ Zlogkz under KY as

_ npit I_(n(1-2it)) T4 el‘“it
(2.7) c(t) = CEE) L 1 : 1 :
“np(1-2it) -n(l-2it)
I o) (1-216)2 -
P2 1-2it

The first factor of C(t) in (2.7) is simply the characteristic function of

*
1

Sugiura [11l] as

- 2logh under the null hypothesis, which was expanded asymptotically by

(2.8) 9 . ; 9
B 3BC-4B B
. -p(ptl) /4 2 1 1, 2 3 2 2 -3
(1-2it) P [1+ —={——— - 1} + —{ - ——%— 4 3BL + 4B} + 0(n )],
n 1-2it 6n2 (l—Zit)z 1-2it 2 3
where
B, = p(2p% + 3p - 1)/24
(2.9) B, = - p(p-1)(p+l)(pt+2)/32 .
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Applying the asymptotic formula (2.4) to the second factor of the characteristic

function (2.7), we can get

— ni Y ol - B (129 2t Y
(2.10) exp[- nit log|I + n O| > (1 21t)log]I 1-5ic ® O|J
[ 2 k k-1 ,, .k
= exp| L trk?l {(— l)kit + 2-——£5£%i} + O(n(£+l)y—l)
k=2 o (1-2it)
1-2y it tr 62 1-3y tr 63 1 3
= expln ST~ t n { - s+ 2}
2(1-2it) 6 (1—Zit)2 1-2it
1-4y tr 64 1 4 6 1-5
o = { 3 2+l—21t_3}+0(n DI
(1-2it) (1-2it)
Multiplying (2.8) and (2.10), we can see that
c(t) = (l—Zit)—p(p+l)/4 + o(1) when vy >-%
(2.11)
2
_ oD (pT1) /4 it tr © _ 1
(1-2it) exp-EZI:EIET + o(l) when vy = 5 s
%
which implies that the limiting distribution of - 2logAl is x? with
fl = p(p+tl)/2 degrees of freedom when vy > %- and noncentral x? with fl

degrees of freedom and noncentrality parameter ¢tr 02/4 when vy =-%. Further,
*
we can get the asymptotic expansion of the characteristic function of - 21og>\l

when y =1 as

-£./2
o (1gip 1 11 2 1
(2.12) c(t) = (1-2it) {1+ m {4 tr 07 + Bz} {l—Zit l}
2 2
3B -4B 6B 2
+ 12 2 3 - l—2§t + 3B§ + 433} +-l§ pX gZa(l-Zit) o‘]+ O(n—3) s
6n (1-2it) n~ a=0

where



B 2
_ 22 2,1 3,1 2
8 = tr 07 + 3 tr 07 + 32 (tr 07)
B 2
(2.13) gy = ~ jg-tr @2 —-% tr 93 - i%-(tr 92)
B 2
_ 2 2,1 3 1 2
g, —Z-tr 0" + 3 tr 07 + 35 (tr 07)

When v =~%, we can get another asymptotic formula for C(t) from (2.8) and

(2.10) as
—fl/2 it tr 62 tr 63 1 3
(2.14) C(t) = (1-2it) exp{m} - [1 + { 5 = 1095t + 2}
6/n  (1-2it)
1 4 -0 -3/2
+= 3 h, (1-2it) Y+ 0@ 7',
n 20
o=0
where the coefficients hZu (a =0, ..., 4) are given by
2
- 3 4 1 3
hO = 32 -8 tr 0 + 18 (txr 07)
3 4 1 3 2
h2 = B2 +~Z tr 0 - g-(tr 07)
1 4 13 3 2
(2.15) h4 = - E—tr 0 +-7§ (tr 07)
2
1 b 1 3
h6 = 3 tr © 12 (tr 97)
2
S SN
h8 = I3 (tr 67)
Inverting the characterisitc function (2.8), we have
* - 2 52 2 2 }
(2.16) P (-2logr; < 2z) = P(xfl < z) + n{P(xfl+2 <z) - P(xfl < z)

1 2 _ 2 _ erlpiu2 2 2
+ 6n2{(3B2 4B3)P(Xfl+4 < z) 6B2P(xf1+2 < z) + (3B2 + 4B3)P(xfl < 2)}

+ O(n—3),
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where x% means a x2 variate with f degrees of freedom. It follows from

1 1
(2.11) and the characteristic functions (2.12), (2.14) that the following theorem

holds.

Theorem 2.2. Under the sequence of alternative hypothesis

-1/2 _ -1/2 - ) _
K, : Zo/ z Zo/ =I+n'0 (6 is pd), the limting distributions of the modified

*
LR statistic - 21og>\l given by (2.1) is x?% with f1 = p(p+tl)/2 degrees of

freedom, when Yy >-%, and noncentral x? with fl degrees of freedom and non-

When vy = 1,

N =

centrality parameter tr @2/4, when vy =

* = - * _l_ 2 2 — 2
(2.17) Py( 210gk1 < z) PH( 210g>\l < z) + i tT 0 {P(xfl+2 < z) P(Xfl < z)}
1 2 3
—_ 2 -
3 D8y P(XE gy < 2 0T,
n o=0 1

*
<

where PH(—Zlog)\1 z) is given by (2.16) and the coefficients B9

(a =0, 1, 2) are given by (2.13) with B, and B, in (2.9). When vy =-%,

2 3
we have
(2.18) P (-Zlog)\* <z) = P(x2 (82) < 2) +"‘-'—O3 {P(x2 ,,(82) < z)
Y 1 fl 6|/I_1 f1+4
1 4 3/2
_ 2 2 2 (52 1 2 2 -
3P(xfl+2(6 ) <z) + 2P(xfl(6 ) <2z)} + = aio hZaP(xfl+2a(5 ) <z) +0(n ),

where the symbol x% (62) means the noncentral x2 variate with
1

fl = p(ptl)/2 degrees of freedom and noncentrality parameter §2 = tr@2/4,

and the h are given by(2.15).

2a

2.4. Numerical examples. It may be useful to note that applying the gen-

eral inverse expansion formula of Hill and Davis [4] to the asymptotic null-

*
distribution of - 21og>\1 given by Theorem 2.1 in Sugiura [11], we can get



*
an asymptotic formula of the 100a 7% point of - 210g>\l in terms of the

100 % - point of the x? distribution with fl = p(ptl)/2 degrees of

freedom as

2B2 2

1 u 2 u 2
(2.19) u + . u + 7 { 7 (- 6B2 - 4f1B3) + > (6B2 - 4f133)}
1 3n £fo(£.+2) f
1'71 1
1 3 2 -4
+ 3 (u"gy + u'g, +ug) +0(n ),
where u 1is so chosen that P(x%.> u) = o and
L S 3
8, = 3 (le4 2le2B3 + B2)
3f
1
4 2 3
(2.20) g, = =—fg—— (£JB, - 2f.B, B, — 5B)
2 3f3(f +2) 174 17273 2
171
4 2 3
g, = (f5B, + 4f_ BB, + 4B})
3 3 174 17273 2
3fl(fl+2)(fl+4)
. . _ 4 3 2
with B,, By 1in (2.9) and B, = p(ép + 15p~ - 10p~ - 30p + 3)/480.

We shall examine the effectiveness of these formulas in the following

simple examples.

Example 2.1. When p =1 and n = 10, the exact 5 % point of
*
- 2logh can be obtained from Table I by Pachares [7] as 3.9682. The asymp-

1

totic formula (2.19) gives

%
5 % points of - 2log)

1

p=1 and n =10 p=2andn-=
first term 3.84146 7.81473
term of order n 0.12805 0.05644
term of order n 2 -0.00060 0.00055
term of order n -  -0.00059 0.00001
approx. value 3.9683 7.87173

exact value 3.9682

100
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OQur asymptotic formula (2.19) gives good approximations for the percentage

points.

Example 2.2. When p =2 and n = 100, the approximate 5 7 point
of - 21ogxi is given by Example 2.1 as 7.87173. The asymptotic powers
should be computed by the different formulas in Theorem 2.2 according to the
departure of the alternative hypothesis K from the null hypothesis. The non-
centrality parameter 82 = tr @2/4 in Theorem 2.2 may be used as a measure of

the "distance'" of K from the null hypothesis. Let us specify the alternatives

“1/2 . -1/2
o I

1 (A = 0.5) is computed by the formula (2.16) in Sugiura [11] with the normal

K as I = I+ AI. Then 62 = nA2/2 and the following case

distribution function and its derivatives, as well as the cases 2 (A = 0.1)

and 3 (A = 0.02) by the formulas (2.18) and (2.17) respectively.

approximate powers, when p =2 and n = 100

A = 0.5 A= 0.1 A = 0.02
§2 12.5 0.5 0.02
first term 0.8651 0.1134 0.05
second term 0.0714 -0.0033 0.00229
third term 0.0052 0.0018 0.00001
approx. power 0.942 0.112 0.0523

3. Asymptotic distributions of the LR criterion for I = ZO and y = Hoe

3.1. Moments of the criterion. Let a random sample of size N from a

p-variate normal population with mean vector u (px1) and covariance matrix
T (pxp, pd) be given. We wish to test the hypothesis H: u = Ho (a given
vector) and I = ZO (a given pd matrix) against alternatives K: | # Yo

and/or I # ZO. The h-th moment of the LR criterion X, for this problem

is given by Sugiura [11l] as
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_1 Nn/2
Nph/2 Fp((n+Nh)/2) |z Z, |

Fp(n/Z)

(3.1) EDGIK] = (33

_l‘N(1+h)/2

I +hzz

R TP -1.-1
x etr[- 5 g (u uo)(u ”0) {I-nh 2o (¢ " +h Zo ) T,

where n = N-1. The unbiasedness of the LR criterion X; without modifi-
cation was proved by Sugiura and Nagao [13]. The asymptotic expansions of the
distributions of - 2logh, both under the null hypothesis and a fixed alter-

native hypothesis have been derived by Sugiura [11].

3.2. Asymptotic distributions when vy < %n Now we shall specify the

sequence of alternative hypotheses as KY: Hom Mg S N ' 23/2 Vv ana
-1/ -
5 1/2 5 5 1/2

0 0 =T1+N" ©, and consider the case 0 < vy < %u From (3.1) we

can express the characteristic function of (—Zlogxz)NY_l/2 as
1 1
Y+ Y4
LAY 1. .2 1
ng)-pltN Fp(EN itN 2)
N s
FP(EN - E)(l - 2itN )
(3.2)
1
1 Y+5
ERA) 2 Lntiew 2
—p,ieN 2itN 2 2
< |z I3 B o]
0
y—
1-2itN
1 1 -1
Y -2 -1/2 | -1/2

X etr[itN2 vy - 2t2 v'(I - 2itN ZO X ZO Y (L+ N o)v].
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The first factor and the second factor have the same form as the characteristic

function (2.3). Hence we can see that the first factor is equal to

Ny—1/2)

1+ 0¢( , which tends to one as N > », and the second factor is given

by (2.5) after substituting =n for N. The third factor is easily evaluated

- 2
as etr[itNl/2 Y oty - 2t v'v] + o(1). It follows that the characteristic

function of (- Zlog)\z)NY_l/2 can be expressed as
1

1
Y+2 _ll . NZ—Y

0 v'vl - t2(tr62 + 2v'v)] + o(1) ,

(3.3) exp[it{/ﬁtre - N log|2 )

which implies that the characteristic function of the statistic
1
-2 -1 -1 -
(3.4) N “[- 2loghp - N{tr(Z I,” - I) - log|Z Z, |+ (=)' I - u ]

tends to expl- t2(tr 62 + 2v'v)] as N + ». Thus we can get the following

theorem.
. . -y -1/2
Theorem 3.1l. Under the sequence of alternatives Kyz u - UO = N ZO v
and 251/2 z 251/2 =I+N' o, for 0<y< %3 the limiting distribution of

. . . . . 2
the statistic (3.4) is normal with mean zero and variance 2tr 0° + 4v'v as

N tends to infinity.
The limiting distribution in the above theorem is of the same form as

under fixed alternative hypothesis given by Sugiura [11].

. We shall now consider the

o=

3.3. Asymptotic distributions when Yy >

asymptotic distribution of - 2logl; under KY when vy ;-%. From (3.1),

the characteristic function of =~ 2logl, can be expressed as

-Nit

‘ Li1o9ipy- L -
-Npit PP(ZN(l 2it) 2) |I +NY @|

2e
o (ﬁf) N(1-2it)/2
FPC%N—%)(1—Zit)Np(l'21t)/2 —2LE 7Y g
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2 -1
o 1-2y 2t 1-2y 2it . 0. 0
etr{itN v'v T:EEEN v (I 193t Y) (I + Y)v} .
N N
The first factor is equal to the characteristic function of - 2logi, under

the null hypothesis, which was expanded asymptotically by Sugiura [11] as

(3.6)
__P_ L+ By 1 1 3352'4B§ 6352 2 3
— — - I - 1 ] -
(1-2it) [1+ { 191t 1} + 5t —> = 131t + 332 + 4B3} + 0N 7)1,
(1-2it)
where
. 2
B, = p(2p™+9p+11) /24
(3.7) Bé = - p(p+l) (p+2) (p+3)/32 .

The second factor in (3.5) can be expanded by (2.10) after substituting n for

N. The third factor can be expanded asymptotically as

(3.8)
etr[i:}{ENl—ZY v'v + _ZﬁiEl_iN =3y v'iov + —££5£2—§N1 by v'@zv + O(Nl_SY)].
(1-2it) (1-2it)

When vy > %3 both the second and the third factors tend to one as N + =, It

follows from (3.6) that the characteristic function of - 2logk, tends to
—f2/2

(1-2it) where f2 = p+ p(ptl)/2 as N » o, Thus the limiting dis-

tribution of - 2logk, is xz with f2 degrees of freedom. Moreover, we can

get the asymptotic formula of the characteristic function when vy = 1 as

~£_/2
Ly 2 1.2 2 -
(3.9) (1-2it) [1+5 {7 tro" +—~ 2 * Byl i 21t L
2 2
3B!“-4B! 6B 2
1 2 3 _ 2 2 ' 1 ' -2it) "¢ -3
R T-zic T 3By T AByh + 5 I ogy, (1720) B0 ),

6N°  (1-2it)2 N% 4=0
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where
gy = i% ero” + %‘tr@3 +'§%(tr®2)2 + X%XC%tr®2+Bé) +-%v'®v + iil%li
(3.10) g, = - i? tro’ —-% tro> - f%(tr@z)z - V'V(%tr®2+Bé) N (vgv)z
g, = i% tre? +~% tre’ +‘§E(tr62)2 + V;VC%tr@2+Bé) + %—v'@v +-i¥i¥lz.

(9]
o

When v =-%, the second factor in (3.5) tends to exp[% it tr 62/(l~21t)] as
N > » and the third factor tends to exp[itv'v/(1-2it)] as N - ~. Hence from
-£./2

(3.6) the characteristic function of -~ 2logh, tends to (1-2it) 2

« explit {% tr @2 + v'ul/(1-2it)] as N - o, which implies that the limiting

distribution is noncentral x? with f2 degrees of freedom and noncentrality
parameter 82 = %-tr @2 + % v'v. Further, we can get an asymptotic formula
for the characteristic function of - 2logh, as
-f,/2 .
. it ¢ 1 2
- + = tr €
(3.11) (1-2it) exp[l_Zit(v vt Ztr 0 )]
1, tro>+3v'ov _ 3tre>+6v'Ov 3
1+ { 5 T TIo7ic + 2 tr 07 + 3v'ov}
6/N  (1-2it)
-1 & -0 -3/2
+ N~ I h! (1-2it) ~ + O(N )1,
20
a=0
where
2 2 2
3 4 1 3 v'oTv | (v'ov) 1 3
t — _ Rt _ = —_— — _ .. .
h0 B2 3 tr 6 + 18(trG) ) > + 3 + gV Ov tr O
2
3 4 1 3 3 2 1 2 7 3
t - npt - - = = .1 N A | — ! .
h2 32 + 4 tr O 6(tr@ ) + 5V 07 v 2(\) ov) 17 v Owv tr O
2
S § 4 13 3,7 3 1,2 3, 2,3 . 3
(3.12) h4 = > tr 6 + 7§(tr6 ) 5 v 0%v + 4(v ov) - + %V Ov tr O
2
1 4 1 3 1 2 1 2 5 3
[ _ N IR PN | _ 2 .
h6 =3 tr © -IE(trO ) + 5V 0% v z(v ov) 17 V ov tr ©
1 3 2 1 2 1 3
LI =(y! —_ ! .
h8 72(tr@ ) + 8(v ov)~ + 17 v Ov tr 07 .
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Inverting the characteristic function (3.6) under the null hypothesis H,

we have
B'
- = 2 2 2 _ 2
(3.13) PH( 2logky, < z) P(xf2 < z) + 3 {P(xf2+2 < z) P(Xf2 < z)}
1

12,00 2 _ 12 2 12 ' 2 -3
+ 5 {(332 4B3)P(Xf2+4 < z) 6B2 P(Xf 4 < Z)+(3B2 +4B3)P(Xf < z)}+ 0N 7).

6N 2 2

From the asymptotic formulas (3.9) and (3.11) for the characteristic function,

we can get the following theorem.

Theorem 3.2. Under the sequence of alternatives KY: 1/2 (v - uo)
Y -1/2 . _-1/2
= N v and ZO b} ZO

-
0
=I+N " 0, the limiting distribution of the LR

statistic - 2loglk, is x2 with f2 = p + p(p+tl)/2 degrees of freedom, when

% >-% and noncentral x? with f2 = p + p(ptl)/2 degrees of freedom and non-

centrality parameter 82 = % tr 62 +-% v'v, when vy = lu When y = 1, we have

2
(3.14) ‘

- = 2 1.1 2 1., 2 - 2
Py( 2loghy < 2) PH(Xf < z) + N {4 tr 67 + 5 v v} {P(Xf2+2 < z) P(xfz < z)}

<z) + 0N,

i o™No

l 1 2
+ = g, P(x
N2 =0 2a f2+20L
where gp° 89 and g, are given by (3.10) and PH(X% < z) is given by (3.13).
2

When vy =-%, we have

(3.15) P (<2logh, < 2) = P(x2 (62) < 2) + —— {(tr>+3v'eP(2 ., (82) < 2)
Y f2 6/1:1- f2+4

L (3tre° + 6v'eVP(x2 L. (62) < z) + (2tr0° + 3v'OVIP(x2 (62) < z)}
£, +2 £,
1 ¢4 3/2
- ' 2 2 =
+ N aio h2a P(xf2+2a(6 ) < 2) + O(N )

where h2a (o =0, ..., 4) are given by (3.12).
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3.4, More general sequences of alternatives. If we consider the sequences

-1/2 S
0 (v - uo) =N v and

of alternatives K : I
Y172

-1/2 )

2_1/2 Lz =1+ N ©, the asymptotic distribution of - 2logl, can be

0 0

obtained by the same argument as above.

Theorem 3.3. Under the sequences of alternatives KY v (yl # yz), the
12
limiting distributions of the LR statistic - 2loglp are given in the fol-
lowing.

1 o
(L) When Yy <3 and Yo < Yps the statistic

1 [-21loghy - N{tr(Z 251

(3.16) — - 1) - loglr Ipt| + G- )t gt (e - ugdY

=Y
N2 2

is distributed asymptotically according tthe normal distribution with mean zero

and variance 2tr 92. If further -% < Yis the term (u - uo)' 261 (v - uO)

in (3.16) may be omitted.

(2) When Y, =-% < Yqp» -2logl, has asymptotically the noncentral X2
distribution with f2 = p + p(ptl)/2 degrees of freedom and noncentrality
parameter  tr 62/4.

3) When -% < Yos Yqp» -2loghs has asymptotically the x2 dis-
tribution with f2 = p + p(ptl)/2 degrees of freedom.

1 . s
(4) When Yy <3 and Y1 < Yoo the statistic

-1 1

0

1 -1 -
7 —[-2logh, - N{er(2 27 - 1) - log|z 7| + (u = wp)' 257 (= updll

-y
N2 1

(3.17)

has asymptotically the normal distribution with mean zero and variance 4v'v.

If further %-é:yz, the term tr(Z ZO - 1I) - log|Z Eall in (3.17) may be

omitted.
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(5) When 8 -1

5 < Yy -2logh, has asymptotically the noncentral Nea

distribution with f2 degrees of freedom and noncentrality parameter v'v/2.

The above theorem shows that the limiting distributions are normal when

min(yl, y2) <'%, noncentral x? when min(yl, yz) = %- and x2 when

) 1
mln(Yl, Yz) > 5

3.5. Numerical examples. Since the asymptotic null-distribution of

- 2logh, has the same form as that in the previous section as was shown by
Sugiura [11], the asymptotic formula (2.19) for the percetape point can be used,
also, in this case after changing n to N and Ba to B& (a =2, 3, 4) 1in
(3.7) with BA = p(6p4 + 45p3 + 110p2 + 90p + 3)/480 and putting f1 > f2 =
p(ptl)/2 + p.

Example 3.1. When N = 100 and p = 2, we have the following approx-

imations to the 5 % point.
first term 11.0705
term of order N T 0.1365
term of order N—2 0.0024
term of order N ° 0.0000
approx. value 11.2094
. 3 -1/2 -1/2 .
For the alternative hypothesis K: ZO z ZO = diag(l.1, 0.9) and
251/2 (n - uo) = (0.05, 0.05)', the following approximate powers are computed

by the formulas (3.15) and (3.14), based on the above 5 % point.




17

approximate power

(3.15) (3.14)
first term 0.1217 0.0500
second term 0 0.061C
third term 0.0036 0.0150
approx. power 0.125 0.127

4. Asymptotic distributions of the LR criterion for independence.

4,1. Preliminaries. Sugiura and Fujikoshi [12] have proved that the mo-

ments of the LR statistic X3 for testing the independence between 12 and
P, sets of variates (pl < p2) in a p-variate (p = Py + pz) normal pop-
ulation, based on a random sample of size N, could be expressed, under alter-
native hypothesis, by using the hypergeometric function with matrix argument
due to Constantine [2] as

2 T (ha(Np1)T G(-D) 2(v-1)

~h Py 2 2 Py 2 2 2

(4.1) E[A3 ] = T - p°]

1 1
Fpl G (N=p,=1)) Fpl(-z‘(N-l)'*'h)

1 Lo v leny. o2

where P2 = diag (pi, p%, ceas pg ) and Py (a=1, 2, ..y pl) are the pop-
1
ulation canonical correlations. The following lemma for zonal polynomials due

to Fujikoshi [3] and Sugiura and Fujikoshi [12] will be used later.

Lemma 4.1. Let CK(Z) be a zonal polynomial corresponding to the par-

tition « = {kl, k2, cees kp} with kl + k2 + ...+ kp =k and

k. >k, > ... >k > 0. Putting



P
al(K) = I k( -
(4.2)

az(K)

li
n ~Mo
=~
Q
Pa
I~
~
QN
|
o
Q
=3
Q
+
w
Q
N
g

then the following equalities hold.

[o 2]

(4.3) z T C @)/ (k- = (trZ)K etr Z, for £=0,1, 2, ...
k=L (k)
(4.4) : £ a () C @)/ = (txz%)etr 2
=0 (x) <
(4.5) DI oa () G @/G-D! = (2trz? + trz’trz) etr z
k=1 (x) K
> 2.2 3 2 2
(4.6) z z al(K)ZCK(Z)/k! = {(trz®) + 4trz” + trz“+(trz)“letr Z
=0 (k)
(4.7) z z aZ(K)CK(Z)/k! = {4trZ3 + 3trZ2 + 3(trZ)2 + trZ} etr Z.
k=0 (k)

It is also convenient to note the following lemma, the proof of which

comes by considering log(a)K, where « 1is a partition {kl’kz""’kp} of
k and
P kg 1

(4.8) (a) = I 1 (a - =(a+l) + j)

K . 2

a=1l j=1
Lemma 4.2.
(4.9) (am +b) = (am)® [1 +-= (kb + = a (x)}
: K am 2 71
1 2 2 -3
+ {126k (k-1) + 12(k-1)ba,(x) + 3a,(k)* - a,(x) + k} + O(m 7)1
24a2m2 1 1 2
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holds, where al(K) and az(K) are defined by (4.2).

4.2. Asymptotic distribution when vy = We shall now consider the

N

asymptotic distribution of the LR statistic - 2plogl; under the sequence

of alternatives Ky: P = m_l/2 0, where the correction factor p 1is given
by p=1- (pl + P, + 3)/2N and m = pN (Anderson [1l, p.239]). The
characteristic function of - 2plogk3 wunder KY can be written from (4.1)

as

1 . 1 1
Fp sz(l-th) + 4(pl—p2+l))Tp Cim + A)

1 1
I Gm o+ =(p.-p.+1))T  @Gm(1-2it) + )
Py 2 4P17P) py 2
(4.10)

1
e (G + a) 32 c (0%

1 2 2 K K

- J1 - =07 S z . ,
m k!

k=0 (k) (%1n(1—21t) + A)Kmk

with the abbreviated notation A = (pl +p, * 1)/4. The first factor gives the
characteristic function of - 2ploghy under the null hypothesis (0 = 0),

which can be expanded asymptotically as

-p,p,/2 PP
(4.11) (1-2ie) T2 [+ 22 (pi + pg - 5){——1——7
48m (1-2it)

~ 1} + 0(m )]

The second factor in (4.10) can be expanded by the formula (2.4) as

1
—m+A
1 .2,2 _ 1.2, . 1 2 1 &
(4.12) |1-59| = etr(- 507 « [1 - —(Atre” + 7tro’)
1,1, 2.1 4% 1 61 6 -3
+-;§ fE(AtrO + Ztro ) ) Atr @ - tro }+ 0(m )] .

The third factor in (4.10) can be expressed by Lemma 4.2 as



2
= € 07 1 1 1
(4.13) £ P T [1+ p {2ka + al(K)} (2 - l—Zit)
k=0 (k) {2(1-2it)} ’
rride o2 %@ +a N+ - — Lk - 1202 - 1208 (k) - a, (<))}
2°2 1-2it 1 3 L2 1 2
m 2(1-2it)
+ O(m_3)]:
which can be simplified by Lemma 4.1 as
exp| tr@2 ] (1 + 1 {2Atr02 + tr@4 = 2Atr®2 _ tre4 }
2(1-2it) m  1-2it 2(1—21t)2 4(1—211:)3
(4.14)
1 6 - -3
+= I g (1-2it) %+ 0@ )1,
2 20
m- o=l
where
g, = 202 tr 0%
1 4 1 2 2 2
g, = (34 +Z)tr 0" + (242 +Z) (tr0“) - 4A2 tr o
2
g, - % ere® + aere® tre® - (4o + Dytre” - (202 + ) (tro®)  + 202¢ro”
2 2
(4.15) 8g ~ %(tr@a) - t:r@6 - Atr@l’tre2 + (—:za—A + -}:)tr@4 + (—]2—'A2 + %) (tr@z)
2
810 = ~ %(tr®4) +% tr 66 +—3;—A tr 64 tr @2
2
1 4
g1y = 37 (tr0)
It follows from (4.11), (4.12) and (4.14) that the characteristic function
(4.10) of - 2ploghy wunder KY can be expanded asymptotically as
-p,P,/2 . 2 2
. 172 it tro . 1.1 4 2 2Atr0
(4.16) (1-2it) etr[—————l_Zit ] [1+ o { 4trG) Atre™ + it
4 2 4 P, P 6 -
+ tre " - 2At1230 _ tr® 3} +_l_2{ 282(pi+p§_5)( 1 - - 1)+ hza(l—Zit) oy
2(1-2it) 4(1-2it) (1-2it) a=0

+ 0@ I,
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where the coefficients h (o =1, 2, ..., 6) are given by

20,
11 4 22 1 6 1. 4
hO = E(ztr@ + Atre”) - 'gtr@ - "Z-AtrO
1 4 2 2 2 2
h, = - SAtre 'tre” - 202 (tx0°) + 2A%tro
1, 4% a4 2 1. 4 1 2.2 2
h4 = —-§(trO ) - tr0 tro” + (3A + Z)tr@ + (3A2 +-Z)(trO ) - 4A%tr0
(4.17) 2 4 9 5 6 4 2

h, = i%(tr@a) +-§ Atr@ tro” + =tr6 - (4A +-%)tr@ - (202 + %)(tr@z)

4 6
+ 202¢r0>

h = 8, (o = 8, 10, 12).

Inverting this characterisitc function, we can conclude the following theorem.

Theorem 4.1. Under the sequence of alternatives Ky: P" =m 0~, the
distribution of the LR statistic - 2plogh3 for testing the independence
between Py and P, sets of variates (p1 < pz) can be expressed asymptotically

for large m = pN = N - (pl+p2+3)/2N as

P(-2ploghs < 2) = P(Z (82) < 2) + 2(-(htre" + Atro)P (2 (62) < 2)

3 3
(4.18) 2 1 4 2
+ 20tr0° - P(xZ . (82) < z) + S(tre - 2Mtre )P(x2 _,(8%) < z)
f3+2 2 f3+4
1 4.2 2 1 PPy 2 2 2 2
200 POF 4609 < D3+ g ety (P OG L, 09 < 2)
6 3
- 2 2 > 2 2 -
POE (82) < 2} + & hy POE L, (82) < 2)] +0(m ),
3 a=0 3
where the symbol x% (62) means the noncentral x? variate with f3 = PPy
3
degrees of freedom and noncentrality parameter §2 =-%tr@2 and the coefficients

h2a (o =0, 1, ..., 6) are given by (4.17) with A = (p1+p2+l)/4.

4.3. Limiting distributions when v % %—. We shall now consider the limiting

distributions of the LR statistic - 2plogk3 wunder the sequences of altern-
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atives Kyz P=m' © (y < %), Noting that the moments (4.1) can be rewritten

by the Kummer transformation formula as in Sugiura and Fujikoshi [12],

1 1
%h Fpl(h + SN pz-l))Fpl(z(N—l)) , B
(4&19) E[X3 ] = 1 1 . ’I - P ]
r ((N-p,-1))T h + >(N-1
p, GNPy IIT, (B + (1)
F,(h, h; h ++@-1); P?)
2 l 3 b 2 b
i'Y
and considering the characteristic function of (—2plog>\3)/m2 based on the

above moments, we can easily see that the first four gamma products tend to one

and the hypergeometric function tends to exp[—2t2tr02] as m > «,. This

2F1

gives the first part of the following theorem. Also, when vy > 1 we can see

2’
from (4.1) that the characteristic function of -~ 2plogis tends to
_P1P2/2
(1-2it) as m > ~. Hence, we can imply the following theorem.

Theorem 4.2. Under the sequence of alternatives KY: P=m' 0 the
limiting distributions of the LR statistic - 2ploghz for the hypothesis
of independence are given in the following.

(D When O < y < l3 the statistic
2

(4.20)

2|]

1
;l—l—/—z-_—; [-2ploghs = m log|I - P

has asymptotically the normal distribution with mean zero and variance 4tr®2.
(2) When vy >-l, the statistic - 2plogiy has asymptotically the X2

distribution with P1P, degrees of freedom.

4.4. Numerical example. Computing the one more term in the asymptotic

formula of the characteristic function in the null case given in (4.11), we

can get
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(4.21) P_(-2plogiz < z) = P(x2 < 2) +~92{P(x2 <z) - P(x2 < z)}
H f3 m2 f3+4 f3

A

+-jz[wq{P(xé3+8 z) - P(x§ <z)} - w% {P(x§3+4 < z) - P(x% < z)}] + O(m—s),

3 3
where
Plpz(Pi+P§-5)
w2 = 48
(4.22)
wy ='% wi + i;ié {3pi + 3pg - 50 pi - 50 pi + 10 pipg + 159} .

Since the above formula has the same form as in the case of multivariate linear
hypothesis given in Anderson [l, p.208], we can use the asymptotic formula for
the percentage point of the LR statistic for multivariate linear hypothesis
given by Hill and Davis [4] for our present purpose, that is, the 100a %

point of - 2plogisy is given by

1 2uw 1 2u v 3 2
u +'I—n§-f—(f'+—2—)- (u + £ + 2) +;£ [f(f+2)(f+4)(f+6) {u” + (f+6)u
2
U.)2 u 3 2
(4.23) + (£46) (f+4)u + (f+6) (f+4) (f+2)} - - {u” + (£-2)u
£f7(f+2)

+(£-6) (F+2)u + (£-2) (£42)°}] + 0(m™>),

where f = P;P, and u is determined such that P(x% > u) = a.

Example 4.1. When N =87 and Py = 2, P, = 3, the asymptotic for-

mula (4.22) gives the following approximate 5 % . point.
first term 12.5916
term of order m—2 0.0016
term of order m_4 0.0000

approx. value 12.5932
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Pillai and Jayachandran [8] gave the exact 5 ¢ point as 12.593156
{w(Z)}l/Z

(computed from their Table 8. Lower 5% points of =0 and n = 40).

2
For the alternative hypotheses K1: P, = 0.001, pi = 0.05 and Kz: p? = 0.05,

p; = 0.1, the following approximate powers are computed by the formula (4.18)

in this section and (2.12) in Sugiura and Fujikoshi [12] respectively.

approximate power

K K

first term 0.28;05 0.5231
second term 0.00680 0.2871
third term 0.00023 -0.0038
approx. power 0.2921 0.806

Pillai and Jayachandran [8] gave the exact power when the alternative hypothesis
is Kl as 0.2919 in their Table 9. Hence our approximate power 0.2921

shows good approximation to the exact value.

5. Asymptotic distribution of the LR criterion for £y = 22 .

5.1. Moments of the criterion under local alternmatives. Let the p x 1

vectors X Xa2’ ooy XaN be a random sample form a normal population with

o

al’
mean vector My and covariance matrix Za for o =1, 2. The modified LR
criterion for testing the hypothesis H: Zl = 22 against alternatives

K: Zl + 22 with unknown mean vectors, is given by

n/2 nl/2 n2/2
* n IS 1 ,S l
n 1 2
(5.1 Ay = n, n n/2
L1 2 |s1 + sz|
L 1 ™
N3 - - - -1
where S, = I (X, - X)X, -X,)' and X. =N, T X, with
PR I M i =1 Jo

n, = Nj—l and n = nl + n,. It is easy to see that the non-null distribution
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of Xt depends only on p characteristic roots of 21251. Unbiasedness of
this modified LR criterion was proved by Sugiura and Nagao [13]. The limit-
ing distribution of - Zlogxi under fixed alternative hypothesis K was ob-
tained by Sugiura [11]. We shall now consider the moments of the statistic
-1/2 -1/2 1

* -
Ay, under the sequence of alternatives Kn: 22 Zl 22 =I+m "~ ©, where

the p x p matrix O is pd and m = pn with the correction factor

2
- _2p#3p-1 1 1 _ 1
(5.2) P 1 6(pt+l) (n + n n)

1 2
Without loss of generality, we may assume that the statistic Sl has the

Wishart distribution wp(nl, I') and 52 has wp(nz, I), where

I = 251/2 Zl 251/2. Since Sl and 82 are independent, we can write the h-th
*
moment of Ay as
nl(1+h)—p—l n2(l+h)—p—l
h n  [PP/2 s, | 2 Is. | 2
* n 1 1 2
S0 I - ) 22P/2r ()T (n,/2) ny /2 uh/2
n.- n p 1'% p2 T | |s. + s, |
1 1 2
(5.3)
1 1 -1
etr{- > (Sl + Sz) + 2(1 -T )sl} dS1 dsz’

where the range of integration is such that the two p X p symmetric matrices

l)S } in the

are pd. We can expand the last part etr{%(l - T 1

Sl and 52

above integration to infinite series by zonal polynomials as

> 1 -1
5 5 C (=(I - T 7)S,)/k!
k=0 (k) K2 1

Transforming the variables (Sl, SZ) to (Ul, U2) by U, = S1 and

v yl2 g U2 i/z

9 1 s Ug is chosen pd) with the Jacobian la(sl,sz)/a(ul,U2)|

(U
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= |U (p+1)/2 and integrating out with respect to U, by the formula due to
1 1 @
Constantine [2]
- (p+ - -
(5.4) ( fetr(-r8)}|s| "D /2 ¢ (smyas - roe @ 8|7 ¢ (1) L,
J
S>>0

which holds for any p x p pd matrix R, symmetric matrix T and complex

number t satisfying R(t) > (p-1)/2, we can rewrite the moment (5.3) as

n2(l+h)—p—l
h/2 1 2
e o v, | (Zn)
(5.5) n p 2 5 5 2 2 'k
¢ n n 1 1 _ j n /2
n 1 n 2 FP(Enl)Fp(Enz) k=0 (k) |T| 1 |I+U ln(l+h)/2
¢ 1 2 2
cca-rha+ruy Yk avu
K 2 ’ 27
Putting V = (I + U2)_l with the Jacobian |8U2/8V| = |V|“P_l and integrating

out with respect to V by the formula due to Constantine [2]

Fp(t)Pp(u)(t)
Fp (t+u) (t+u) ‘

I
(5.6) } g /2 g um(prD) /2 C (RS)ds = c (®) ,

0

which holds for any p x p pd matrix R, we can express the h-th moment

(5.3) as
ph/2 1 1 1
o° FP(En) Tp(inl(l+h))rp(§n2(l+h))
n n 1 1 ) n, /2
n,t a2 TG v )y |r) L
1 72 p 2
(5.7)

1 1 1 -1
2FlC§n, Enl(l+h)’ En(l+h), I-T 7).
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5.2. Asymptotic distribution under Kn. Applying the Kummer transfor-
-a

: . . - — 2 . - . P — _1
mation formula 2Fl(al, a,; b; Z) = |I Z| 2Fl(b a;s a3 b; -Z(I-2) )
%
in James [5] to (5.7), we can write the characteristic function of - 2plogiy,
under K as
n
-pit
o P Gur)T Gm, (1-2i0)+4 )T (B, (1-2it)+4,)
n p'2 p'2h1 1’ p' 2™ 2
m, m 1 1 1 .
mll m22 Fp(iml+A1)Fp(§m2+A2)Fp(Em(l-21t)+A)
(5.8)
mit o, (-mit) (Em, (1-2it)+A.) C (-0)
1 k21 1"k K
-|I+—I;e| -z 2 T - T
k=0 (k) (Em(l—Zit)+A)K m )
where m = pn and A =-i(n -m) =0(1) with m=m +m and
o o o 2 a o 1 2

A = Al + A2. The first factor in the above expression gives the characteristic
*

function of - 2ploghy under the null hypothesis, which can be expanded asym-

ptotically for large m with fixed Py = ma/m (x =1, 2) in the usual way

as in the previous sections, giving (Anderson [1,p.255])

-f,/2 w
(5.9) (1-2it) 4 [1+ —é {_._.1‘__2. -1} + 0(_1_3)] ,
m (1-2it) m
where f4 = p(ptl)/2 and
I SN 1 1.y 1 2
(5.10) wy = Zgp (DD Gz + o7 = D) - Sp(prDaZ .

The second factor in (5.8) can be expanded easily by the formula (2.4) as

—m 1
11t

1 = - i . 1 1 . 2
[T + -9 = etr(-pyit6) + [1 + 5opyit * tro

(5.11)

2
+L(oitre) 1+ 0(§)] :

1 1 . 3
+?{—-§pllttr9
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The third factor in (5.8) can be written, by Lemma 4.2 , as

ok
o (p1it) C_(©) a; (x) 1 P2/P 1 28a, () e,
Loz K1 D+ gt "3 - 7"
k=0 (k) : m (1-2it) !
(5.12) )
o, -1 /P 1.2 1
1 2 1
+ (k= ay(k))( 5+ ———) + 30, (O EHr - % + o),
24(it) (1-2it) m
which can be simplified, by Lemma 4.1 , as
pzit (e} (it)2
oo 12 Pt PR, 1o PP 2 1 2
etr(p;1t0) [1+ ntro { 2 1-2it bt m2 { g Atrd (a l—Zit)
(5.13) L zcl—pf) 1—pf 3 ) )
EZ(l - 1Tt + 2)(4p]itqr® + 3tr0” + 3[tro]”)
(1-2it)
1 =0, 5 2.2 3 2 2 1
+ 51+ 7570 (leritme™]” + dppit-ro”™ + tre” + [tre]™)} + 0(;3)].

Multiplying the three factors (5.9), (5.11), (5.13) together and arranging the

terms according to the power of (1—21t)—l, we can get the asymptotic formula

%
for the characteristic function of - 2plogi, under Kn as
-f,/2 PP 2
, 4 172 2 1 1 NG
(1-2it) (1 + I tre {l—Zit - 1} +-—E T g2a(1_21t)
m  o=0
(5.14) w
= L 2—1}+o(—£3),
m (l—Zit) m
where
° P, p,—2
_ 1 3 A 2
go—op{Bz(trO) 6tr@—ztr@}
(5.15) _ P1°2 2 Py 3 1,2 1 2
g,y = py0,1- 16 —2(tre ) 5 tro” + (4 + 4)tre + 4(tre) }
f.P, 1-2p
B 2 2 1 3 A 1 2 1 2
8, = P, p{ (t@) g tro (2+4)tro 4(tre) } .
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Inverting the characteristic function (5.14), we can get the following theorem.

Theorem 5.1. TUnder the sequence of alternatives Kn: 251/2 Zl 251/2 =
-1

I +m ™~ 0, the distribution of the modified LR criterion given by (5.1) can

be expanded asymptotically for large m = pn with fixed Py = na/n (¢ =1, 2)

as
* ’ P1Py 2 »
P(-2plogiy < z) = P(x < z) + tro” {P(yx < z) - P(X2 < z)}
f 4m f +2 f
4 4 4
(5.16)
1 2 1
—_ 2 _ 2 2 -2
+ Loy (POE L, <2 - PGE <D+ 5 o5, POE L, < 2]+ 06,
m 4 4 o=0 4 m

where f4 = p(p+l)/2, and the correction factor p is given by (5.9). The
coefficients 894 (a =0, 1, 2) are given by (5.15) with A = (n-m)/2 and

wp 1is given by (5.10).

5.3. Numerical examples. Evaluating the asymptotic formula (5.9) for

the characteristic function under H more precisely, we can get

. w
P(-20loghy < z) = P(X% < z) +-—% {P(X% 44 < z) -~ P(X% < z)}
4 m 4 4

w
3 1
(5.17) + —3-{P(x§ 46 < B - P(Xg <2)} + = luy {P(X% 48 <) - p(x§ < z)}
m 4 4 m 4 4

- wi{P(xé4+4 < z) - P(x%4 < z)}] + O(m_s) >

where w; is defined by (5.10) and

Wy = —E—(6p4 + 15p° - 10p” - 30p + 3) (> + 0% - 1)
37 720 1 2

2 - - 4
- —1%(13 - D+ DATE+ 0,7 - D)+ 3p(p + 14’
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12 4 3 2 - -
wu = S+ 7Es(p=1)(2p7 + 8p” + 3p7 - 17p = 1) (p" + 0, - 1)

(5.18) 2

P 3 _ 2 -3 -3 _
120(6p + 15p 10p 30p + 3)A(D1 + e, 1)

-2

5 1) - 3p(p+l)A4.

2 -
20" - D82t + o
Applying the inverse expansion formula due to Hill and Davis [4] to the above

expression, we get the following asymptotic formula for the 1000% point of

%
- 2ploghy
szu(u+f+2) 2w u 9
u + 5 + =3 = {u™ + (£+4)u + (£+4) (£+2)}
m- £f(£+2) m £(£+2) (f+4)
1 2wbu 3 9
(5.19) +;Z[f&+m(ﬁﬁﬂf%){u + (f+6)u” + (f+6) (f+4)u + (£f+6) (£+4) (£+2)}
wzu
- (3 (E-2)u? F (£42) (F-6)u + (F+2)2(£-2)1] + oclg) ,
£7(£+2) m

where u is defined such that P(x% >u) = o and f = p(pt+l)/2.

*
Example 5.1. The approximate 5% points of the statistic - 2plogiy given

by (5.1) are computed by the formula (5.19) in the following two cases.

p=1 p=2
n; =4, n, =20 n, = 13, n, = 63
first term 3.8415 7.81473
term of order m > ~0.0389 0.00777
term of order m > -0.0045 -0.00010
term of order m 0.0030 0.00001
approx. value 3.801 7.82241

The exact 5% point in the first case

according to Table 743 in Ramachandran

Thus our approximate value is accurate to 2 decimal palces.

*
In the wmiwmriate case, an asymptotic expansion of the distribution of -~ 2ploga. .
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under the fixed alternative HWypothesis has been derived by Sugiura and Nagao
[14]), by which approximate power, when alternative hypothesis is not near to

the null hypothesis, can be computed.

Example 5.2. Specifying the alternative hypothesis K as

~1/2 ~1/2
2 1%

Example 5.1 , we can get the approximate values of the power of the modified

z = diag(él, § 5 vauy Gp) and using the 57 points obtained in

2

LR test from the formula (5.16).

p=1 p=2
n, = 4, n, = 20 ny = 13, n, = 63
6, = 0.5 6, = 62 = 1,05
first term 0.0512 0.049828
second term 0.0443 0.001479
third term 0.0083 -0.000008
approx. power 0.104 0.05130

From Table 744a in Ramachandran [10], we can see that the exact power in the
first case is 0.113. 1In the second case, we can see from Table 2 in Pillai

and Jayachandran [9] (m = 5, n = 30) that the powers of the other tests are

given by
Roy's largest root criterion (root of S1 S;l) 0.067021
Lawley-Hotelling's trace criterion (tr Sl SEl) 0.070087
Pillai's criterion (tr Sl(S1 + SZ)—l) 0.070338
Wilks' criterion (|I + 5, s;1[) 0.070273.

However, this does not mean that the modified LR criterion is worse. Because
the above four test criteria are to test the null hypothesis H: Zl = 22
against the alternatives K: Sw; 1 for o=1, 2, ..., p and
P
z

§ > 1, which is an extension of the one-sided test and the modified LR

o=1 @
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criterion is against all alternatives K: Xy + Zos which is an extemsion of .

the two-sided test.
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