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0. IHTRODUCTICH

Let us first fix our basic notation. and terminology. We will comsider
throughout a zero mean (for simplicity) Gaussian process X = (Xty teT)
defined on a probability space (Q,E,P). T will be an intervai of the real
line, even though more general index sets could clearly be used. B is
usually taken to be B(X), the o-field generated by the process X, or B(X),
the completion of B(X). There are two important Hilbert spaces associated to
a Gaussian process. The nonlinear space of X, L,(X) = LZ[Q,B(X)gP], consists
of all B(X)-measurable random variables with finite second moment which are
called (nonlinear) Lz-functionals of X. The linear space of X, HQ), is
the closed subspace of LZ(K) spanned by Xt s € e T, and its elements are
called linear L,-functionals of X.

The first useful notion iﬁ the study of the nonlinear space of a Wiener
process is the iultiple Wiener Integral. This notion was first introduced by
Wiener (1538), who termed it “Polynomial Chaos", and was redefined in a
somewhat deeper way by It6 (1951). It0 showed that his miltiple integrals of
different degree have the important property of being mutually orthogonal and
also presented their connection with the celebrated Fourier-Hermite expansion
of Lz-functionals of Cameron and HMartin (1947). Subsequently, Ito (1956)
extended to general processes with stationary independent increments the Wiener-
Itd expansion of Lz-functionals in terms of multiple Wiener integrals. In his
important work on nonlinear problems Wiener (1958) reinterpreted the multiple
Wiener integrals for a Wiener process in an extremely simple and intuitive way

and made some interesting applications. Finally Neveu (1968) and Kallianpur



(1970) studied the comnection between the nonlinear space of a Gaussian
process and the tensor products of its linear space, which sheds new 1light and
gives more insight on the structure of the nonlinear space.

The first objective of this work is to define multiple Wiener integrals
for general Gaussian processes and to use them in extending Wiener's theory of
nonlinear noise. The groundwork is in Section 1 where the Hilbert spaces of
appropriate integrands for the multiple Wiener integrals are introduced and
studied. The multiple Wiener integrals are then defined in Section 2. Section
5 includes the extension of some basic results of Wiener's noalinear noise
theory from noises generated by the Wiener process to noises generated
similarly by processes with stationary Gaussian increments (Theorems 5.1 and
5.2), as well as a simple but interesting result on processes with stationary
increments which we could not find in the literature (Lerma 5.5).

The second useful notion in the study of the nonlinear space of a Wiener
process is the stochastic integral. The stochastic integral was first
introduced by It0 (1944) for the Wiener process and later generalized by leyer
(1962) for martingales., Every Lz-functional of a Wiener process has a
representation as a stochastic integral, where the integrand is adapted to the
Wiener process.

The second objective of this work is to define a stochastic integral for
general Gaussian processes, and this is done in Section 3. The general pro-
perties of the stochastic integral are stated in Theorem 3.2 and some specific
stochastic integrals are calculated (Theorems 3.5 and 3.7). The differential
rule of the stochastic integral will be developed elsewhere. The stochastic
integral is defined for general integrands, not necessarily adapted of " nonaiiti-
cipatory. In Section 4 it is shown that each L,-functional of a general Gaus-

sian process has a representation as a stochastic integral where the integrand
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is adapted to the Gaussian process (Theorem 4.2). The stochastic integral
‘ of nonanticipatory integrands is also considered (Theorem 4.3), but
" the Lz-fm‘xctionals which have nonanticipatory stochastic integral representa-
tions have not been characterized yet.
It should be noted that the two representations of Lz-fwlctionals of a
(general) Gaussian process presented here (the first as a series of multiple
Wiener integrals and the second as a stochastic integral) open the way to the
study of nonlinear devices with (general) Gaussian inputs.
Finally a brief summary of some facts on tensor products of Hilbert spaces

and on Hermite polynomials is included in an appendix for ease of reference.



1. THE HILBERT SPACES A,(R) AND A, (R)

Throughout this section T will be an interval, closed or open, bounded
or unbounded, and X = (Xt’ teT) a second order process with zero mean and
covariance function R(t,s). Integrals over T will be denoted by the
integral sign with no subscript, and 1z will denote the characteristic
function of the set E.

It is shown in Lo&ve (1955, p. 472) that the following two integrals
g = R J ft)dX, and J(£) = R [ £(£)X.dt

can be defined as the mean square limits of the corresponding sequences of
approximating Riemann sums if and only if the following double Riemann

integrals exist,
R j[ f(t)f(s)dzR(t,s) and R Jf f(t)£(s)R(t,s)dtds ,

and then I(£) and J(f) are random variables with means zero and variances

the corresponding double Riemann integrals.

1.1. The Hilbert Snaces AZ(RJ and Az(R)

Consider the set S; of all step functions on T,

I
€8) = I £, (g 1) (ysby] < T, and define

N
J £(t)ax, = § fn%n - Xan) .

SI is clearly a linear space and for all £,g e S; we have



E f f(t)dXt 0

E ([ £(t)dx, - j g(t)dx,) fj £(t)g(s)dR(t, s)

where the double integral is defined in the obvious way. Two step functions

f,g will be considered identical if

f[ (£(0) - g®) (E(s) - g(s))a’R(t,s) = 0 .

If we define for f,g ¢ SI ’
<f,g> = [f £(£)£(s)d2R(t, )

then (SI, <o,0>) 1is an inner product space. Indeed <f,g> has the ordinary
bilinear and symmetric properties, <f,f>=E (f deJz >0, and <£,£5 =0
only when f is the zero element of Sq according to the convention intro-
duced above.

Now let AZCR) be the completion of SI , SO that it is a Hilbert space

with inner product denoted again by <e,o>, A typical element in Az(RJ is a

Cauchy sequence of step functions. However, we will find it convenient to
treat elements in AZ(RJ as ""formal” functions in t e T and to write
I/ f(t)g(s)dZR(t,s) for the immer product <f,g> (see Theorem 1 for a partial
justification).

Notice that for f ¢ SI the integral [ f(t)dXt depends on X only
through its increments. Thus we may suppose without loss of generality that

there is a point tgeT such that



X, =0 a.e.
%

Under this assumption we can establish an isomorphism between H(X) and

AZ(RJ as follows. The map
Sy + HO): £ {--»ffdx '

preserves inner products and hence it can be extended to an isomorphism on

AZ(R) to a closed subspace of H(X). But the set

X, -—-1 1, (WX, , teT,

where 1, = t] for t2t and = -l(tsto] for t < t; , generates

1
(tys
H(X) and 1t €Sy . It follows that the isomorphism is onto H(X), i.e.

AZ(R)ﬁ; HX).

We denote this isomorphism by I and we define the integral of f ¢ AZCRJ
with respect to X (which we write as J £(t)dX, following our convention to

view elements of AZ(RJ as formal functions) by
f f(t)dxt = I{£f).

The properties of this integral follow from those of I and are the analogues
of the properties of the integral when X has orthogonal increments (see e.g.
Doob (1953)). The integral is defined for ""fumctions” in AZ(R) and thus it
is of interest to identify usual functions in Az(R) besides the step func-

tions. Two such classes of functions are identified in the following.



‘ Under the additional assumption that R(t,s) is of bounded variation on
every bounded subset of T x T, Cramér (1951) defined A2 (R) as the completion
(with respect to the same inmer product) of the set S’f of all functions £
whose double Riemann integral R Ir f(t)f(s)dzR(t,s) exists. However, Cramér's
definition is not appropriate for the general case (where R is not necessarily
of bounded variation on bounded sets) since then lt may not be in Az (R) and
thus AZ (R) may not be isomorphic to H(X). In this sense our definition of
A, (R) is the appropriate generalization of the definition given by Cramér.

That S%’ is always (even when R may not be of bounded variation) a sub-
space of A, (R) and that for feS%, I(f) =R S f(t)dX_ , follow immediately from
the fact that feS’:‘[‘ is equivalent to the existence of R [ f(t)d.x,t and the
approximating Riemann sums for R S f(t)dXt are of the form [ fndxt with

. £, € S; . It can be also shown that when R is of bounded variation on bounded
sets then the two definitions of A2 (R) coincide. We show instead the following
result which is more useful for our purposes.

R(t,s) 1is said to be of bounded variation on [a,b]x[c,d] if for all N,M
and points a = to<ty<o.o<ty = b, c= S(<S<e <8y = d the sum

Zg::l i"n!=1 IAEz:j’:im_l) R| is bounded, where Ag:::g’) R =R(t",s')-R(t",s)~
R(t,s')+R(t,s). Also R is said to be of bounded variation on every finite
domain of TxT if it is of bounded variation on every [a,b]x[c,d] < TxT. Such

an R determines uniquely a o-finite signed measure on the Borel subsets of TxT,
(t',s")
(t,s)

set of all measurable functions f on T such that the following Lebesgue

denoted again by R, such that R((t,t'Ix(s,s']) = A R. let L; be the

integrals are finite —



” ]f(t)f(s)!dlel (t,s) <
| ” lf&)l l(a,b]cs)dszl(t,S) <o

for all (a,b] « T, where |R| is the total variation measure of R. We say
that the function f in LI represents an element in AZ(R) if there is a

f' ¢ AZ(R) such that for all geSI 5

<f',g> = I f £(t)g(s)aR(t,s).

Notice that if such an £' exists it is imique since SI is dense in AZ(R)°
We will then denote f' by f and we will write f ¢ A, (R). With this conven-

tion we have the following

THEOREM 1.1. Let R(t,s) be of bounded variation on every finite domatin of

TxT. Then Ly s a dense subset of AZ(R). Also if fl,fz € Ly and
0115 ()£, (8) |E2|R(E,8)| < = then

<E),Ep> = f [ £, ()£, (s)dR(t,s).

PROOF. Let E be a bounded Borel subset of T. Then 1E € LI and we will

prove that 1E € Az(R), i.e. there isan f ¢ Az(R) such that for all geSI 5
<f,g> = [ [ 1:(t)g(s)a%R(t,s).

Let I be a finite interval containing E (so that |R|(IxI) <« ). We can
always find IncI, n=1,2,..., with each I:‘,1 a finite union of half open
intervals such that

IR[ ((1AE)XI) + 0 as moe,



Since

|R(I,xI)-R(EXE)| = [R|((IAE)XE) + |R|((I AE)=E) - 0,

it follows that <1I 1y > R(ExE) and thus {II } =1 1s a Cauchy sequence in
n
AZ(R). Define f e AZ(R) by f = 1lim lI
n
We first show that £ does not depend on the approximating sequence. Let

Ix'1 cI, n=1,2,... be another such approximating sequence and f£' = lim 11.

n
Then for each interval JcI we have

|<£-£7, 1J>|

1im |<1I 11,, 1]

lim [R(IxJ) - R(IxT)]

N

lim {|R] ((T2E)xJ) + |R| ((1}2E)=3)}

N

lim {|R| ((LAB)xT) + |R[((L]AE)x]}} =

If My 1is the closed subspace of A,(R) generated by all l(a,b] , (a,blel,
then it is clear from the above that £,f' e MI and f£-f°' 1 MI . It follows
that £ = £,

We now show that £ does not depénd on the finite interval I containing
E. Let J and Jys n=1,2,... have the same properties as I and |
n=12,... . Define Ir'l = InnJ and JI“1 = JnnI, n=1,2,... . Then clearly
I}:Jf < InJ and |R|[((ZJAE)x(InD)) + 0, |R|((J1AB),(InJ)) » O since
(I}AE)x(InJ) < (TAE)xI, (J{AE)x(Ind) < (J AE)xJ and IR| is a measure. From
the result of the previous paragraph applied to I,J and InJ we have

liml., =1iml;, = limn 1,, = 1limn 1
I I Jn In
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and thus f does not depend on 1I.
Hence f is well-defined. Now fix J = (a,b] ¢ T and let I be a finite

interval containing EuJ and In » n=12,..., as before, i.e. II + £. Then
n

I<f,1J> - R(ExJ)| = 1im IR(IHXJ) - R(ExD) |

A

lim |R] ((I AB)xI) = 0.

Hence <f,1J> = R(ExJ) and since J is arbitrary it follows that for all geSy »
<f,g>=JS IE(t)g(s)dzR(t,s). Thus we have shown that 1B'€ AZ(R.)°

ow if E and F are bounded Borel subsets of T, denoting by g and 1p
also the corresponding elements in AZ(R) we have <Agslp> = R(ExF). Indeed if
I is a finite interval containing EuF and as before 1I > lE and 1J > 1g

n n
we have (since R is symmetric)

IR(IxJ) - REXF)| < |R[{L x(J_AF)) + [R|{(IAE)xF)
< R (I ART) + |R| ((IAE)xI) + 0

and thus <1E,1F> = 1im R(Inme) = R(ExF).
It then follows that if ¢ is a simple function in Ly with bounded support
then ¢ ¢ AZ(RJ, and if $159, are two such functions then

<op.5 = [[ 41000, ()8%RCe,9).

Now let feLI . Then there exist simple fumctions ¢, N = 1,2,... , with
bounded support such that |4 | 4 [f] on T. It follows from the Bounded Conver-

gence Theorem that

St = || @0 R(,9) ~ [[ £0£IRCE,S).
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Hence ¢ B = 1,2,... ; is a Cauchy sequence in AZ(R) and we denote its limit

by f'. Then for all geSy

<€, = Lin <py,g> = in [ oy (©e()%R(t,5)

ff £(t)g(s)d2R(L, s)

again by the Bounded Convergence Theorem since feLI and geSI inply

Ir If(t)g(s)ldleICt,s) < o, Since the values of <f',g> for geS; determine

f' uniquely, the last equality implies that f£' is uniquely determined by f£,
independently of the approximating sequence ¢, - It follows that f e AZ(RJ and
thus LI c AZ(R). Since LI contains SI it is dense in AZ(RJ.

For the last statement of the theorem, with the obvious notation, we have

<f19f2> = lim <¢19n9¢2’n> = lim [[ ¢19n(t)¢29n(s)d2R(t35)

= f[ £, (£)£,(s)d°R(t,s)

where the additional assumption on f19f2 makes the Bounded Convergence Theorem

applicable. O

Consider now the set S; of all functions f on T such that the Riemann
integral R ff f(t)£(s)R(t,s)dtds exists and is finite. SJ is a linear space.

Two functions £ and g in Sy will be considered identical if
R [[ Ew-e®) () -ss)Ret s)atas = o.
For f,g e SJ we define [ f(t)det =R [ f(t)Xtdt and then we have

E(j £(t)Xdt fg(t)xtdt) =R ” £(t)g(s)R(t,s)dtds.
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Define for f£f,g ¢ Sy s
<f,g> =R ” £f(t)g(s)R(t,s)dtds.

Then (Sj, <°,°>) becomes an inner product space. A, (R) is defined to be the
completion of the inner product space Sj and so it is a Hilbert space. Again a
typical element in Ay (R) is a sequence of functions convergent in norm. How-
ever formally we shall treat elements in )\2 (R) as functions and write
JI £(t)g(s)R(t,s)dtds as the immer product <£f,g>.

In order to establish an isomorphism between H(X) and AZ(R) we shall
assume that X is mean square continuous which is equivalent to the continuity
of the covariance function R(t,s). Consider the sequence of functions

n e 1( 1 (t) where T is an interior point of T. It is easy to show that
T - '—gT
n

this sequence is a Cauchy sequence in A (R), whose limit is denoted by 61: , and

that

X =1.i.m, Jn o 1 1 (t)Xtdt .

! (t-51)

Then, the map
Sy — HCG) : £ |— I f(t)X,tdt

preserves inner products and its range includes X for all interior Tt of T
(which is linearly dense in H(X) by mean square continuity). Hence it can be
extended to an isomorphism on Ay (R) onto H(X). Thus A, (R) =z H(X), the iso-

morphism is denoted by J and for f e )‘2 (R) we define

A
N

J f(t)Xtdt = J(f).
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A useful comnection between the integrals I and J and the spaces A,

and A, can be established as follows. Let Z, = f§0 Xgdu = J(1e, o) whore

(tg
t, is an arbitrary but fixed point in T. (1 e A, (R) since R is con-
0 (to,t] 2

tinuous.) Then

t s
IT(t,s) = E ths = J f R(u,v)dudv.
t ‘%

THEOREM 1.2, If X <8 mean square continuous then AZ(R) = AZ(I‘) and for
all £ ¢ AZ(R) = AZ(P),

I f(t)Xtdt = I f(t)dZt .
Hence H(X) = H(Z).

PROCF. We first prove that the existence of R fT fT f(t)f(s)R(t,s)dtds is
equivalent to that of R fT fT f(t)f(s)dzr(t,s). We may assume that T is a
closed interval by the very definition of a Riemann integral. We also assume that
[£(t)| < ¥ for all teT; otherwise neither Riemann integral will exist. Consider

the typical Riemann sums
Ry = I I £(e)E(sIR (e .85) 1Ay [y
RI =377y f(ti)f(sj)r(AixBj)

where {Ai}, {Bj} are interval partitions of T, tieAi, sjij,

denote the lengths of these intervals. By the uniform continuity of R(t,s) we

and IAils [le

have that for every >0, [R;-Ry| < MZITIZE as max(!Ail,lBj]) + 0, We thus

conclude that



14
R J I £(t) £(s)R(t,s)dtds = R [ f £(t)£(s)d%r(t,s)

and the existence of one integral implies that of the other. In short,

Gt <2n,m)) = By <oy )

Note that S’f is dense in Az(I’) (since T is continuous) and S'J is dense in
AZ(R)“ Thus AZ(R) = Az(r).
For a step function f we clearly have [ :E(t)){tdt =f f(*l:)dZ,t ; hence this

is true for all f ¢ AZ(I’) by the continuity of I and J. 0

Ay (R) may contain interesting classes of functions larger than SJ . Let
L 3 be the set of all measurable functions £ on T such that the following

Lebesgue integrals are finite
| ” |£()£(s)R(L,s) |dtds < =
[[ £ 16 53 IRt atds <

for all (a,b] <« T. We will follow the same convention (as for AZ ) in treating
functions f in LJ as elements of AZ(R) if there isa f' € )\Z(R) such that

for all g in a dense subset of }\Z(R),
<ff,g> = ” £(t)g(s)R(t,s)dtds.
With this convention the following is a corollary of Theorems 1.1 and 1.2.

COROLLARY 1.3. Let R(t,;s) be continuous on TxT. Then LJ i8¢ a dense

subset of A, (R). Aleo if £,,f, e Ly and Jf ]fl(t)fz(s)R(t,s)ldtds < o, then
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<f),£> = ” £, (£)£,(S)R(t,5)dtds.

We now remark on the relation between A,,A, spaces and L, spaces. The
spaces AZ(RJ and AZ(RJ are generalizations of L2 spaces. In general they are
larger than LZ spaces. As an example, consider R(t,s) a continuous covariance
function on [a,b]x[a,b] and let TI'(t,s) be defined as before. Then AZ(R) =
AZ(P)' Every function f in LZ([a,b],dt) belongs to AZ(RJ = AZ(P) by

Corollary 3 since

[[ 1E@sereE10ws < max [Ree,9)] < ([ 120)1e)

< max |R(t,s)| - |b-a] [ fz(t)dt <

and similarly JSf If(t)Il(asb](s)lR(t,s)ldtds < w. However, &, e A\(R) = Ay(T)
is not in LZ(Ea,b],dt) since X, = J(Gt) for all interior points t of T
implies R(t,s) = JS Gt(qus(VDR(u,v)dudv.

Nevertheless, there is a special case where AZ(R) reduces to an L2 space.
Let X be a zero mean process with orthogonal increments. Assume X, = 0 a.e.
for some fixed tyeT. Then, R(t,s) = F(tgv(tas)) + F(tOA(tVS)) where F(t) =

2 if t 2 ty and = -EX% if t =< to . F is nondecreasing and thus R(t,s)

Ext
is of bounded variation on every finite domain of TxT, and the associated measure
concentrates on the diagonal t=s of TxT. In this case AZ(RJ = LZCT, dF(t)).
In particular, if X is the Wiener process AZCRJ = LZ(T,dt). A slightly weaker
result is easily seen to be valid when R(t;s) = fg fg k(u,v)dudv + tas, with

ke LZ(TXT); in this case the two sets (rather than spaces) are equal, AZ(R),=
LZ(T,dt), and their norms are equivalent. In fact we have the following more

general result.
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‘ THEOREM 1.4. If R and S are two equivalent covariance functions (Z.e.

the associated zero mean Gaussian measures are equivalent) then the following sets

are equal, AZ(R) = AZ(S) and Az(R) = }\2(8), and their norms are equivalent.

PROOF. Denote by VR and Hg the zero mean Gaussian measures with co-
variances R and § on B(RT), and by X = {X,t, teT} the coordinate process on

Al

. An element in AZ(R) is really an equivalence class of sequences ¢, € Sy
such that [ ¢ ndX is a Cauchy sequence in L2 (duR) with a common limit, and such
an element is denoted by <>

Suppose that <> e AZ(R) and that MR Z Mg » i.e., ¥R and ug are
equivalent. We show <¢ 0> € AZ (S8). First observe that <bn> = <bpe> for all
subsequences {n'} of {n}. Thus we may assume that J/ ¢ dX is Cauchy both in
Lz(uR) and a.e. [uR]. It follows from up = ug that Jf qpndX is also Cauchy

‘ a.e. [us] and hence it is Cauchy in L, (dus), since each [ ¢ndX is a Gaussian
r.v. This implies that <> € AZ(S). So AZ(R) c AZ(S), and the assertion now

follows from symmetry. The case of A, spaces is shown similarly. 0

It should be remarked that the converse of Theorem 1.4 does not hold. For
example, A2 R) = AZ (oR) as sets and their norms are equivalent but R and oR

are not equivalent (a=l).

1.2. Tensor Products of AZ(R) and A.ZQR)

We now study the tensor _product spaces oP Az (R) and o )\2 (R). Consider the
set S%p) of all step functions f(tl,.,..,tp) on T° . Define the following
function on S%p)xsgj) 5
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_ . .2 2
‘ <f,g> = ” ” f(tl"'”tp)g("l’”"sp)d R(tl’sl)“°d R(tpgsp) R

and identify £ with g if <f-g,f-g> = 0. Let 111x,..x1p , 1J1"~°°"Jp e sP)

(i.e., Ii, Jj are bounded half open intervals in T ). Then
) 2 2
<1 1 > = ” 1, (©)1; (s)d™R(t,s) ... ” 1. (£)1; (s)d™R(t,s)
le,,., .XIP9 J1><...><Jp Il Jl Ip Ip ?

= <l; ,1;> cee <1; 1.3
1,790, (%) L3 0 ®)

<l; ®...91 1, 9...01,>
Il Ip9 Jl Jp &?AZ(R) .

This implies that (Sgp) , <°,0>) is an inmner product space and we shall denote

by AZ(QPR) the completion of SI(p ) . Since {1I ®...®11 } is a complete set
; 1 P ’

in WQAZ (R); we have

Ay (87R) = &0, (R)

. }‘2 {®p R) can be defined in a similar mamner. Let S}p) be the set of

functions of the fomm
N

Begoesty) = 1 of0p) - 050

where the ¢°’s belong to S g . Sgp) is a linear space. Define on S}p) xsgp)

the fimction
<f,g> = R ” cee ” :E(’s:19 cou ’tn)g(sl’ coe ,sw)'fi(tl,sl) coe R(t?,sp)dtldsl R dtpdsn

and identify f with g7 if <f-g,f-g> = 0. With the observation that for

~

¢i9\(’j € SJ 5
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<¢1 (tl) ca nd’p(tp) s ‘Pl (tl) x va(tp)>

R ” ¢1(t)¢1(s)R(t,s)dtds ess R H ¢p(t)1yp(s)R(t,s)dtds

= ‘¢1""1>};2 ®) <¢p,)xp>)‘2 (]

<¢;8.. .®¢p, Y8 'w;p)@n}\ ® R
2

and with the fact that {q>1®. ..®¢p} is a corplete set in @p)\z (R), we conclude
that (S§p) » <°5°>) 1is an inner product space and that its completion, which is
denoted by A,(¢PR), is isomorphic to "), (R).

As in the case of the spaces A, (R) and Ay (R) we will treat elements of
A, e R) and Ay (&pR) as "'formal" functions and we will write the inner products
in a formal integral form. As before, under some conditions, elements of A, (@p R)
and Ay (@pR) will be representable by functions on T in the corresponding
sense and in this case we will identify the elements of A, and X, with the
functions (see Theorem 1.5 and Corollary 1.7). The important point here is that
we have identified the abstract tensor product spaces @pAZ (®) and &P Ay (R) with
the (nearly) function spaces AZ (@pR) and )\2 (&pR) . From now on we will make no
distinction between apAz (R) and Az (wa) , and between ®p>\2 (R) and Ay (@p R).

Let R be of bounded variation on every finite domain of TxT and let LI(p)
be the set of all measurable functions f on T° such that the following

Lebesgue integrals are finite

f[...[{lf(tl,..ﬂ,tp)f(sl,...,sp)]dle](tl,sl),..dle[(tp,sp) <w

II°°.[[|f(tl,...,tp)IlIlX.c‘xIp(sl,..e,sp)dlel(tl,sl)...dlel(tp,sp) <

for all bounded half open intervals Il”" oo 9Ip < T. The following theorem can be
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. proven like Theorem 1.1 and.thus. its proof.is omitted.

THEOREM 1.5. Let R(t,s) be of bounded variation on every finite domain of

TXT. men L%p) 1:8 a dense subset Of AZ (QnR) . AZSO if fl 9f2 € L%p) and
2 2
ffnaoff lfl(t].,-oagtp)fzctlgono,tp)ld IR! (tl)sl)oeod IR! (tpssp) < wg then

<£),£,> = ”...”fl(tl,...,tp)fz(sl,...,‘sp)dzR(tl,sl).a.dzR(tp,sp) .

Theorem 1.5 may be used to derive the well known fact that

Lz(Tp,dtp)' = ePLZ (T,dt).

THEOREM 1.6. If R(t,s) <& continuoue on TxT, then Az(sp R) = AZ(QPI' ).

PROOF. This follows immediately from the facts that the set _
‘ {q)la...acpp, q)ieSJ} is complete in both Az(opR) and Az(epr'), and that the two

inner products are identical on this set. 0

Let Lgp) be the set of all measurable functions f on TP such that the

following Lebesgue integrals are finite
” . .”lf(tl,. . ,tp)f(sl, . ,sp)R(tl,sl) .o .R(tp,sp) !dtldsl. . .dtpdsp«o

for all bounded half open intervals I19 oo ,Ip c T. With the usual corresponding

convention the following is a corollary of Theorems 1.5 and 1.6.

COROLLARY 1.7. Let R(t,s) be continuous on TXT. Then Lgp) 18 a dense

subset of My(PR). Aleo if £),£y el and SLITIE (et )Ey (s e 08y
R(tl,sl) .«.R(t p,sp) ldtld,sl, . .dtpdsp«o, then
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<f1,f2> = ff"']ffi(tl""’tp)fzcsl""’sp)R(tlssl)"'R(tp9sp)dt1d51°"dtpd5p .

Finally let us consider the symmetric tensor products SPAZ(RJ and E?AZ(R).
For fe A (@PR) define ?(t seeest ) = (p!)-l ) £f(t_ ,...,t_ ) where the sum is
yA 1 P 5 LI wp
over all permutations m = (ﬂl,...,wp) of (1,...,p), and T " is called the
symmetric version of f. f is well-defined since f is a "function®. Indeed,
¥ is first defined for f ¢ S%p) , and then, using the easily verified fact that

]l%llz < p! ]]f][z , the definition is extended by continuity to
A, (ePR) A, (8°R)

Az(ng)° If f=§ then £ 1is said to be a symmetric "function’. Let AZCSPRJ

be the subspace of all symmetric "functions” in Az(apR), Then it is easy to

show that AZ(EPR) is a Hilbert space and 5pA2(R) ;;A2(§pED under the corres-
pondence fi%...gfﬁ —r (fl(tl)...fb(tp))~ . Similarly, let A2(§pRJ be the
subspace of all symmetric ‘"functions" in Az(apRJ. Then we can show that
EPAZ(R);; AZCEPR) (under the natural correspondence). As before, we shall hereon
identify @A, (R) with A,@R), and (R} with 2, @PR).

1.3. Fourier Transform on Az(spR) and Az(ppR)

Consider the covariance function R(t,s) of a zero mean, mean square
continuous process X = {Xt’ -o<t<w} with (wide sense) stationary increments.
For convenience such R is said to have statiomary increments. Let

(1.1 R(tq58q45 t,,8,) = E(X,. -X_ )X, ~X_ ) .
12712 “2%72 t1 $1 tz S,

Then it is well known (Doob (1953), p. 552) that R(tl,slg tz,sz) and Xe =X

have the following spectral representation
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. it A is,A | -it A -isoA o .2
@ (10 RS sy = r et - e ¥ -6 ?) %d}?(k)
ith _ _isa, aadH)®
(1.3) ‘(t - Xs = f; (e -e ) T de

where dF(A) is a finite measure on B(R) and V = {V‘}\, -<)<w} is a process

with orthogonal increments and EIdVAIZ = dF(\). We remark that
1.4) H(AX) = H(aV)

where AX denotes the set of increments of the process X.

Define the Fourier transform of f e S%p) by

f.%(;l,...,ap) =’f

L g0

fctlgo .. ,tp)dtlo . 'dti) e

The program is to define the Fourier transform % of every f in AZ (@pR) .

‘ (For this reason, it is convenient to extend AZ (@PR) from a real Hilbert space
to a complex Hilbert space.) From (1.2) it follows easily that £ € Lz(Rp9 p),
for f e SI(p), where the measure u is defined by du()) = (1+A2)dF(A), and

<f,g> = <f,g>

i . o(P) p Dy, p,
Az(apg) LZ(RPQ p) . Since the map F : SI + LZ(R , W) f = f

is linear and preserves immer products, it can be extended to an isomorphism on

A2 (@p R). We now show that F if onto LZ (Rp,up), It is sufficient to show that

lcalsbljx.,.x(a?,,bp]("ls'“”*p) = Ly, b 1) <o a1 )

fornm a complete set in L, (RP ,up); or equivalently that
~ ibA__iaA
e "-e
1(a,b] ™) in

form a complete set in L2 (R;1). Since L2 (R,dF) ~ H(AV) under the correspondence
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. . 2.%
h «— / haV, it follows from (1.3) and (L.4) that {(e'*-e™h A ety
is complete in L,(R,dF), and hence {i(a,b]"‘ a<b} is complete in L,(R,u). We

thus have the following

THEOREM 1.8. The map F: s%p) -> LZ(Rp,up): f |—= £ has a unique extension

to an isomorphiem from A (@p R) onto L (Rp,up).
2 2

The extended map is again denoted by F and is called the Fourier transform
on Az (@pR). We also write % for F(£).

If we let X be the Wiener process, i.e., R(t,s) = tas, then Az(ep R) =
LZ (Rpsdt-p),' du(d) = 12—7; dA. Therefore F reduces to the ordinary Fourier trans-
form on L, (RP,dtP),

Suppose now that R(t,s) is stationary (which implies that R has station-

ary increments). Then by Bochner's theorem we have
R(t,s) = j L (t-5)A dv(D)

with v a finite measure on B(R). It is plain to deduce from (1.2) and (1.5)
that
dv(n) = '17 du(r) .

Thus A, (ePR) 5'__ L, (Rp, aP (sz (A))} . Now we define the Fourier transform on

)‘2 (@pR). Let T(t,s) = fg J'S R(u,v)dudv. Then the covariance I has stationary
increments and A2 (@pr') = AZ (ap R). The Fourier transform on )‘2 (@p R) is defined
to be the Fourier transform F on A, @r). Itisa simple matter to verify that

the spectral measure of T is (1+>\2)'1du()\) and thus Az(apR) £L2 (Rp,\)p ).
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THEOREM 1.9. If R(t,s) <s a continuous stationary covariance function,

then L1 (Rp) t8 a dense subspace of }\2 (&pR), and F restricted to L1 (Rp) 18

the ordinary Fourier transform.

PROOF. Let f e LI(RP). Then

”...Hlfctl,,“,tp)fcsl,,..,sp)R(tl,sl),,.R(tp,sp) |dtyds,...dt ds

sVRP[IEF <
L (RP)

since |R(t,s) Iz £ R(t,t)R(s,s) = v(R)?‘ . Similarly, the second condition in the
definition of L}p) is verified. Thus f ¢ )\Z(tapR) by Corollary 1.7. Since
S%P) c Ll(Rp) is dense in Az(s;p r) = A2(®p R}, it follows that Ll(Rp) is dense
in 1,(e"R).

To prove the second assertion it is sufficient to prove that for f ¢ Ll (Rp)

the ordinary Fourier transform £ belongs to L, (RP,WP) and ||f] |22
L

|1£]]

PP

[Z‘l < ||£]] iimplies f ¢ Lz(Rp,vp). We have from Corollary
L

A, (@PR) NG

E 2 o Fng \NE
1.7 that ||fH)\2(®pR) = IS SLEey e TG IR 80)  R(ES )

dtldsl. . .dtpds Substituting R and interchanging the order of integration

p .
by Fubini's theorem, we obtain f 2 = ||f 2 . The proof is now
P P
7\2(®pR) L, (R¥,v7)
complete. O

Let R be again a covariance function having stationary increments and let
fe A2(®pR). We define the translation £ of £ by T = (1y,...,1) as

follows. Pick a sequence of step functions o such that 1lim ¢, = £ in

A2(®nR). The translation of each o is defined by ¢ Tsn(tl’” .,tp) =
1K 1k

= |1 This implies
A, (8PR) 14, A, (&°R)

bp(ty*Tys--estytr ). Clearly H¢1:,n
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that {¢ .} is a Cauchy sequence in AZ(GPR), and £ is defined to be |
lim ¢T,n . A simple argument shows that the definition of fT does not depend
on the choice of the approximating sequence {¢n} and f Dbecomes the usual
translation if f is indeed a function.

When R 1is stationary, the translation fT of fe A2(®pR) can be defined

similarly (or via the identity Az(apR) = Az(@pr) ).

THEORHA 1.10. If R <8 a continuous covariance with stationary increments,

then AZ(QPR) i invariant under translations, and for £,g e Az(épRJ we have

<f <f

85 = <f, g,
A, (ePR) | A, (e°R)

and .
~ ~1(A T+ FAT) A ,
171
fT(XISOOEQ%) = e xp p f(Al’Q..,Ap) )

PROOF. Since R has stationary increments, all these assertions hold for

f e S%p) . Hence they hold for all f ¢ Az(apR) by continuity (cf. Theorem 1.8). [

The corresponding theorem for translations on Az(apRJ also holds.



25
2. MULTIPLE WIEMER INTEGRALS

Suppose X = (Xt, teT), T an interval, is a zero mean Gaussian process
with covariance function R(t,s). We shall define the multiple Wiener integrals
(MI's) of the following two types:

Ip(f) = I e v e I f(tlgooo’tp)d}’\tl ac e thD

Jp(f) = f s e e [f(tlgooogtp)xtl 0 ti dtl o s 0 dtp

vwhere p = 1,2,... . We will assume
(I): Xto = (0 a.s. for some tO e T,

while dealing with integrals I_ ; and while dealing with integrals Jp s

p

(J): X is mean square continuous.

The W1 Ip has been defined for X a Wiener process in It6 (1951) and
Wiener (1958); in this case f is taken to be a function in L2 (Tp, dtp) and
1
! =3
(eh) "I, ‘
functions in L, (1°, at?) ) into L, (X). The major step in generalizing the

is an isomorphism on ﬁz (Tp, dtp) (the Hilbert space of all symmetric

notion of the M1 Ip to a Gaussian process other than the Wiener process is to

determine a proper Hilbert space of functions on which Ip will be defined.
Clearly I1 should be defined as the isomorphism I from AZ (R) onto

H(X). Now for p > 1, in accordance with the Wiener process case, it is reason-

able to expect that functions f(tl,.,.. ,tp) of the form ¢y (tl) ces q)p(tp),

¢i € AZ (R), are admissible integrands, and their integral Ip(f) is the iterated

integral I(¢1) I(cpp)v when ¢1”"’¢p are orthogonal. This suggests that
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the Hilbert space A2 (@pR) is the proper class of integrands for the MWI Ip .
Similarly the Hilbert space Ay (@p R) is the proper class of integrands for the
MW Jp . Once the classes of integrands are determined, MVI's can be defined in
a straightforward manner.

We will use the following result on the structure of the nonlinear space of
a Gaussian process X (see Neveu (1968), Kalliampur (1970) ).

Let X be a zero mean Gaussian process. Then there exists a unique iso-

moyphiem & from @ iap()() (where the space for p=0 <8 the set of all con-

p
gtant r.v. 's in LZ(X) J) onto Lz(}() such that

o(c%E) = E-llEl 1

where eQ‘gg = szo(p!)-%ggp s & e HX)., If gl,...,gk e HX) are orthogonal then

@(égpl‘é' %’agpk) HH (€) ... H (€
= (p
. 5 L R SR T TEa

where P = Py*...tpy o If {Ey, YeT'} (T linearly ordered) is a CONS in H(X)
then the family

~ ~

@p @D,
i Y ~ ~ Y
lel..Qka. Yl k
¢ s D Z(EY].) seo (P.Yk!) ‘H z(gyk) ’

-~ pY],’”gY]_H "p-Y'kSHE.YkH

p20, k21, p, +...4¥p, =D, ¥1<..-<Yy. , 28 a CONS 7n L (X)‘°
Y1 Yx 1 k 2
e now define Ip » pzl. Since A, (R) is isomorphic to H(X) under the
isomorphism I: £ |— f £dX, A,(8PR) = 8PA,(R) is isomorphic to H'P(X).

Denote this isomorphism by 1P . For Pyseeesd orthogonal in A, (R) we have

P

({

~
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(@o1%P) (¢3...8¢.)

o[0,05....8[o,20

(1)~ f¢1dx [¢de,,

which suggests the following definition of Ip: A, (SPR) > L2 (X) (in fact onto
o(HP (%)) ),
I, - D% 317 |

Furthermore we define Ip(f) = Ip('f) for f e A, (@p R), where T is the symmetric
tensor of f (i.e., the projection of f onto the subspace of symmetric ten-
sors). The following results are then immediate consequences of the fact that

1P is an isomorphism.

THEOPEM 2.1. Let X be a aero mean Gaussian process satisfying (1). Then

the MI's Ip s P21, have the following properties (f,g € Ay (@P R))

Ip(af+bg) = aIp(f) + pr(g) , a,beR,

Ip(f) = Ip(?) 5

<Ip(f),Iq(g)>L2(x) =0 if p=q ,

@, . o
Ip(qbl 5. 80, -“] = H z(ﬁld}o o H 2(f¢kdx3 9
pysl1og 11 Pyo | 19y |

where {dq,... »$, 3 i8 an orthogonal set in A,R) and py*...¥p = p. Also
every Lz-functional & of X, 0 ¢ LZ(X), has an orthogonal development

0=E@O) + ] L(£), £, MhER),

pzl P
and if 0 - E() = [T (E) = [T (a) then T, =% , pel.
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. In exactly the same way we can define Jp(f) for fe Az(epR), and (p!)'%J?
restricted to Az(ngJ is an isomorphism onto @(H@p(}{))° The corresponding
Theoren 2.1 also holds for the MiI's Jb s p2l.

It should be noted that the I#I's Ip(f) = o JE(tg,e ,tp)d){tl. . ,dti and
c - « ar o -
Jp(l) = f...ff(tl,,..,tp)Atl...Xt dtl.,.dtp are defined in the mean square sense
and it is thus of interest to see whether they can be evaluated from the sample
paths of X. This can be done as follows when X is mean square continuous. Let
{gi}?;l be a CONS in H(X), and write ¢&; = fepi(t)dxt where ¢; € A,(R). Then
{¢;)7.; is a CONS in A,(R). Since clearly B(XQ) = B(g, n=1,2,..), by the

martingale convergence theorem we have for each f ¢ A, (@’R) that

Ip(f) = %ﬁﬁ E(Ip(f)/gl,,..,gn) a.s.
We also have

<f, ¢, ®...8). >P. ®...8¢.
igseesipel 11 11 )

= Zilg..,o,ip ail,,.,,ip ¢ii®'°‘®¢ip

and thus

I.(f) = Cp!)% Y. . a, . [¢. dxa,,,5f¢. ax
P 11"“’113 119”.,11,) 11 :Lp

L ~
= (p!)* 1; A . E. ®,..8E,
11900091p 11’“"91?!‘3 11 1?
and

L ~
E(I (5)/E:s...,E ) = (p1)* a. . E(E, ®...8F. [fEis0005E )
(p 1 n) p ilg.§°9ir) 11,.0',1p 11 1p 1 n
1 n £ ~ ~
= (p)? a. . E. ®...8E; .
il,..g,in=1 Ipseeesdy ™

Hence we have
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1 by ~ ~
lim (p!)? ) a. . £, ®...8E, a.s.
e il""’ip=1 11’“"1p | 1o

Now by choosing a CONS {gi} such that each g; can be obtained from the sample

(2.1) L, =

paths of X, (2.1) expresses In(f) as the a.s. limit of r.v.'s obtainable from
the sample paths of X. One su;h choice is the following. Consider a sequence of
refining partifions of the (closed) interval T whose mesh goes to zero (e.g.,
the dyadic partition) and denote by {ti} the correspondirg sequence of points
of T, which form a dense subset. Then Xti = [ l(tO’ti}dX and by orthonorma-
lizing {Xti} we obtain the CONS {gi} where §; = f¢i(t)d2(t and each ¢; is
a step function (a linear combination of 1(t0,tl]9°°"1(t0,ti} ). Clearly each
g; can be obtained from the sample paths of X (as a linear combination of
th,,,.s):ti ).

For the I/ Jb we have similarly an expression 1like (2.1) (with AZ(RJ
playing the role of AZCR) ) and the most natural choice of CONS {gi} in this
case is the following. Let {gi} be any complete set in L,(T,dt) and define
ny = fgi(t)xtdt as a sample path integral of a measurable modification of X.
Then the sequence {ni} is complete in H(X) and by orthonormalizing it we
obtain the CO!NS {Ei} where g = f¢i(t)Xtdt as a sample path integral and each

¢i is a linear combination of Zysevosfy - If the eigenfunctions of R(t,s) are

%5
known one may then take ¢; to be the iﬁé eigenfunction.
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3. STOCHASTIC INTEGRALS

In this section we let again X = (Xt’ teT), T an interval, be a Gaussian

process with mean zero and covariance function R and we shall define integrals

- of the form .S f(t)dXt with £(t) a stochastic process appropriately defined.

This kind of integral was first defined by It6 (1044) for X the Wiener process.
He observed that if the process £ is adapted to X and if the approximating
Riemann sums are taken to be of the forms |} f(tk)(xtk+l-xtk), to<ty<ee<ty
then the usual argument in defining integrals can be carried through. That
Wiener process is a Gaussian martingale suggests possible extensions of It6's
integral to martingales and to Gaussian processes. The stochastic integral for
martingales was successfully defined by Meyer (1962) and thorougnly studied by
Kunita and Watanabe (1967). The idea involved remains the same. But in order to
extend It8's integral to general Gaussian processes one should take a rather dif-
ferent approach using the tensor product structure of nonlinear Gaussian spaces.

Ve first generalize the notion of A, spaces and define an integral denoted
by [ f(t)@dxt . The details are omitted since the argument is analogous to that
in Section 1.1.

Let H; and H, be Hilbert spaces. Let X. be an H,-valued function on
an interval T, and let R(t,s) = <Xt’xs>H2 . Then R is a nonnegative definite
function (i.e., a covariance function). Consider the set SI;H1 of all Hl-
valued step functions on T, £(t) = X? fn l(an’bn] R (an,bn] c T, fn e Hy .
SI;H1 equipped with the binary function

g = || (0,500 dR(E,9)
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is an inner product space. The Hilbert space Ay iy (R) 1is defined to be the
3 ‘1

completion of S;,,, . Note that A, ., (R) reduces to A,(R) when H, =R.
IBI-1 zyH 2 1

£=3N¢ : 2
For f = 1 € 8;..; s aefine
1™ (an,bn] I,Hl
N
(3.1) f f(t)@dxt = % fn ® (}{bn-Xan).
Then
e, 3 i e )
(3.2) I: SI;H1 - ﬂlehz ¢ £ j— f fodX

is a norm-preserving linear map since

powy

NH
2 -

Hf fedX| | =7 ) <EE sy <X <X, %K -K >
H1®H2 11 n’m dl bn an’ bm a ,{2

;/H (0,250 aR(t,s) = |]f||i2°z ® -
, . H

Thus I° has a unique extension to an isomorphism on A2 ;I-;(R) into Hleﬁz .

It is clear that the range of 1% is I~11®E_{(AX) , where H(A%() denotes the closed
subspace of HZ snanned by the increments of X.

We remark that Theorem 1.1 is valid for the present general case with the
proviso that one should read absolute values and usual products as norms and
inner products respectively. Also, if the Hz-valued function X has orthogonal
increments and dF(t) = Hd}{t[ (éz , then AZSHI(R) = LZ;Hl(dF)’ the Hilbert space
of all dF-square integrable Hl-valued functions (for integration of H-valued

functions see e.g. Lang (1969) ). The following simple fact will be used in the

sequel,

LEMMA 3.1, If Gp s D20, are closed subepaces of Hl. and H1 = Qp‘EOGp s

then
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(3.3) HieH, = o (GeH,) ,
172 7 o0 P2

(3.4) Ay ) = & A, (R) .
2;H, 0 236,

PROOF. (3.3) is clear, and (3.4) follows from the following facts

S S SI;H ’ SI;G L SI;G for p=qg, and SIng = UPZOSI;GP . 0

1 P q

Now let X = {X,, teT} be a zero mean Gaussian process with covariance R,

I;
Gp

and assume as in Section 2 that Xt =0 a.s. for some to e T. Let Hl = LZ(X)

0
and H, = H() (= H(AX)). Then for f e AZ;LZ(X)(R) the integral I°(f)
S f(t)@dxt is defined and belongs to LZ(X)®H(}{)° The program is to identify
as many elements in LZ(X)®H(X) as possible with elements in LZ(X) through a

suitable (unbounded) linear map ¥ and then define the stochastic integral of f

with respect to X by
(3.5) () = ] f(t)de = ?(I f(t)®dxt) .

Note that ngz,L (X)(R) ray be viewed as a "'second order stochastic process', and
9 2 )

each £(t) as an ”Lz-functional” of the entire process X; thus such f°s need

not be nonanticipating functionals of X.

We first define for each p2l a bounded linear map

(3.6) v, HP e » BP0

as follows. Pick a CONS {gy, vel'}, T 1linearly ordered, in H(X). Then
., . Dy :

Sn = {{gyl ®,.,®gyk )agY : k=20, pl+...+pk=p; y,yl,o,.,ykerg Yl<'°'<Yk} is a

complete orthogonal set in HQP(X)eﬁ(X). Define WP on Sp by
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5}) ®p 1 gp g‘p
1~ k 3 I~ 1("'
, = )% ¢ 1.,
(3.7) wp[(syl 5.3, Mer, | = o) M S
spl gn
. @5 and using the facts that HG&EHH il =
1772

Writing ¢_=¢

P

Helly 1glly; and ||z
..-:;“1]'! ) |

H = (P !e..p, ) /p!, we obtain
P ng 1 i®

I
”z; _pl!.,.pk.

1%
Py HP (X) e (X) p!
‘pll...pk! ]
L

| ¥ (i; £ )”
p'op® ®p“'1(x) pl! sos ij"'l) Lo 'pk!

p!

£ vevy.
1 'YYJ

It follows that

[legog, 1 s 11 Ceee )| = o [ ez, |]

for some q e {2,...,p+1}. Hote that all elements on the right hand side of (3. 7)
form a complete orthogonal set in I ®p 1 (X), and for each such element there are
k or k+l (s p+l) elements in Sp corresponding to it depending on whether

y=yj for some j or not. It is now clear that ‘Yp can be extended uniquely to

a bounded linear map with norm ptl fron HQP(X) eH(X) onto H®p+1 (X); and that

its definition is independent of the choice of a CONS in H(X). It is also clear

&0 1

that given any ¢ (X) one can find € E‘QP(X)GH(X) such that
"o

ptl ©
‘lfp (np) = c:p 41 and
(5.8) [IngI1 s 1,011 (= @) In 1)

Notice that, since ‘i’p is a many-to-one map, (3.8) need not be true for all

n e P (X)eH(X) .
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Now let ¥ be the natural isomorphism between ReH(X) and H(X)

(a8t » af). e then define VY* = ®20¥p O be the map from L H“ (0 YeH(X)
into eA 15 p (X) whose restriction to each H p(X)@H(‘i) is ‘PP Since

H\PpH = ptl is unbounded in p, Y* is an unbounded densely defined linear map
with domain

= Ep V2 o 2 00
{cpe{pgoa (X) JeH(X) : pgo Ilwpwp)ll <}

where ¢ = szoq)p 5 ¢>p being the projection of ¢ ~onto ng(}()aH(X)., It is

easily seen that H* is a dense subspace of {®p20H®p(X) IJH(X). Also j.'t follows

from (3.8) (left hand side inequality) that the range of ¥* is a,ple“*‘P(X)°
Since e 020 p(X) ~ L (A) s we have

cT)
{ @o n‘@f’(‘{) yar(x) ~ L L (X)&H(X)
p>

denoting this isomorphism by @0 . Finally we let H = QO(H*) c LZ(X)GH(X) and
we define ¥ on H to L, X by

(3.9) Y= @ow*o%l .

Then the stochastic integral is defined by (3.5), i.e., [ :E(t)d}\,t I(f) =
W(ff(t)@d}{t) = \onQ(f) for all f ¢ A2 1, (v) (R) such that I® (£) = sfedX ¢ H.
The set of all such £’s, denoted by l\2 Ly (X) (R), is a dense subspace of
A2;L2 0 (R). We should point out that the fact that the stochastic integral is
not defined for every £ in 1\.2;L2 ) (R) 1is a consequence of :the critical choice
of the constant in (3.7). We will see that the constant ®E*1)? is the logical
one and that A§;L2 ) (R) is large enough to include most integrands of interest.
For this we need to introduce the following notation. Let P be the set of

all polynomials in the elements of H(). Foreach p=20 let P b be the set of



‘ all polynomials in P with degree no greater than p ( PO is the set of con-
stants). For each pz2l let Qp be the set of polynomials in P which are
orthogonal to F’p 1 and let QO = P0 . The closure Qp of T"10 in LZ(X) is
called the p—E— homogeneous chaos. The following are then clear or well known

(e.g. Kallianpur (1970), Weveu (1968) )

Qp L TZQ for p#q

P = q
P G=0 q
(3.10) L,(X) =7 = o T
2 p20 Qp
P 27

and that the following is a CONS in each 7):) , p2l,
X

-1
(gt oo D zﬂpl( Y1) Hpk(gyk) PPyt etPy = Py k= Loeie,Ds Yoo esYyelh

. ) N
. 1

where {EY, vel'} is a CONS in H(X). Lemma 3.1 and(3.10) imply that

(3.11) byt ) R) = p:O AZSQP(R), AZ;-P-p(R) = }50 Azgﬁq(R).
The basic properties of the stochastic integral 1 = ¥oI® = @0‘1,*0@6101@ follow
from the following structure
1® %
AZ;LZ 0 ® = Ly(X)eH(X) = (p:o H p(X))@H(X)
~ ~ _ y® 5o 2
Agng(X) R) = H = H# ;—;; pfl H X = Ly(X)eP,
. r 0o L N I
AZ ;Qp(R) = Qp@H(X) = H™* (X)eH(X) (—)F - HPX) = Qp +1

. and are given in the following



THEOPE 3.2, The stochastic integral 1: Az L (X) (R) » L (X) 18 an unboundec

densely defined closed linear map with domain Az L, x) (R) and range L (X)
L (A)@PO s the set of all mero mean r.v.'s in L (X) Hence every L -functwnal

0 of X admits the representation
= E(0) + ff(t)d){t

=N * 7
for some (non-unique) f£ € AZ;Lz 00 (R). For each p=20, A2 3% R) < AE;LZ (X) (R),
and hence AZ*’T" R) < Aé‘c L, (X) (R), and the restriction of the stochastic integral
9 Ehay) L, .
I to AZ'?' (R) s a bounded linear map onto 'Q;J 4] With morm p+l. If
fe Az L, ) (R) and £ = Zp>0 fp fp € A, Qp(R)_., then f e AZ L (y) (R) <f and
only if E gllf(f )II <o, gnd if f e AZ L (X)(R) then 1(f) = szol(fp)

PROOF. It is clear from (3.12) and the fact that for each p=0,

P
map with norm p+l, so is the restrlctmn of 1T to A2 -Q-p(R) and clearly, again

from (3.12), I(A QP(R)) ?zp
Since ¥* is onto e ®p(1() and <I>(e Hap(}{)) =L (X)@QO = L, (X)epr, =
PZl ’ p=1 2 2 0

Lg(X), it follows that I meps its domain onto Lg(}{).

:Wp(X)@H(X) < H#* that A, QP(R) e n () (R). Since Y. is a bounded linear

We now prove the claim in the last sentence of the theorem. Let

p’ p°©

fe 1\.2 L, (0 (R) and write f = Zp>0f f %(R) Then f ¢ Az L, (D (R)
is equlvalent to <I>0 oI%(f) ¢ H“9 and since @0101 (£) = zp>0¢ (f ) and

each @61 oIg(f_P) belongs to H p()’)@l—?( ), by the definition of H* this is in

turn equivalent to

-1 @ 2
p &

-1 @ _
But now | ¥ 0<I>0 o1® (£ )H H@o\lfpo% ol (fp)H = HI(fp)H. It follows that
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fe A%;LZ(X) (R) if and only if XpZOI lI(fp) || < ». Assuming now that
feld,, (R) it follows from the definition of ¥* that
2;L,(X)
, -1 .9
(5 = @owﬂo@ 1,® (£) = ] 0¥ og oI (£) = § I(£) .
p=0 p 0 ip p20 P
In order to complete the proof of the theorem we need to show that 1 is
- - & 7 = o
closed. Let fj,1 € AZ;LZ(X)(R) (1), fn+ f in AZ;LZCX)(R)’ and I(fn) - 0
in L,(X). We will show that £ e D(I) and I(f) = 6. Write
= £ s £ ,f A R) .
p* p§0 n,p ’ “pn,p € Z;Qp( )
Since fn e D(I), by the last claim of the theorem (just shown) we have
I(£) = szol(fn p). Also £ -+ f implies that for each fixed p20,
b

n,pn p
have I(fn,p) o I(fp). By Fatou's lemma we have

f — £ in A2° (R), and since I restricted to AZ“QP(R) is bounded we
9 b

2 . 2 . 2 .
I(f = lim| |1 lin I(f =1 I(£ < »
AL R TLCNSITEE S H I ATEC TRt

n
since I(:fn) + 0, showing (by the last claim of the theorem) that £ ¢ U(I).
Thus I(f) =] p2OI(fp) and writing 6 = Zp209p+1 ) ep € Ep, we have, again
by Fatou's lerma,

2
- = iml 1I(£

2 e ree vl o
= gm(fnsp) Ol “lisﬂ;llf(fn) o]] =0

showing that I(f) = 0, which concludes the proof. D

The same argument can be applied to define spaces AL (X) ®),
7H2
A% (R) and the stochastic integral J(f) = f£(£)X.dt for
Z’LZ X t
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fe A%“L (X)(RJ, where we assume accordingly that X is a zero mean mean
72
square continuous Gaussian process. It can also be shown that A%‘L (K)(R) =
plig s
A%, () and JSf(t)X dt = SE£(t)dZ, where T and Z are related to R
Z,LZ(Z) t t

and X as in Section 1.1.

We now consider some of the properties of the stochastic integral. First
we show that It6's integral is a special case of the general stochastic inte-
gral defined here. The proof is based on (i) of the following lemma which

will be also useful later.

LEMA 3.3, (Z) If 6 ¢ LZ(XJ and n e H(X) are independent then
¥(6en) = 6n.
(i¢) If 6,n e HX) then Y(6en) = on - E(6n).

PROOF. (i) Assume without loss of generality that E(n%) = 1, and let
{n, EY, vel'}, T 1linearly ordered, by a CONS in H(X). By the Cameron-Martin

representation of 6 e LZ(X) there is a countable subset TI'' of T such that

pO’Pl” e e ka

) ) I a B(mE (£, ) ... B ().
p=0 Pg*Pyte . DD yl,,,,gyker' YpoeoosVi Py P ipk Yk
k2l ° Y7<e e <Yy

Thus 6 is a function of the r.v.'s {n, £, vel''}, and since n is indepen-

Y
dent of the r.v.'s {6, gY’ veI''} it follows by an elementary property of

conditional expectations that 6 is a function of the r.v.'s {gy, yeI''} only

and in fact 0 = E(e/gY” veI''). It then follows from the series expansion of
8 Eg ] = = 21.
and E(f, /%y, ver') = E(H, () =0, pe2l, that

0,pys5e0. P
(313 6= ] ] I e, U R ) B (E)
p=0 PyteootDi™D Yyseoos Vel LSRARREAIR 1M1 Py Yk
k=1 Y1<e o <Yy

= z 6
p20 p
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and we have .8 o © TIP , n=0. , 1 1

We first show that 6sn ¢ H or equivalently that é(—) (68n) = & (B)®n ¢ H*,
s - -1 -1 8D o e s .
Since ¢ 1(e) = Z?Z()@ (G)p)9 ® (ep) € il p(z\)g this is equivalent to

-1 2
z ‘ l\yp (@ (Oy))gn) l ' < @,
P20 :

It follows from the expression of each ep given in (3.13) that

1 DR, I 5}7 gP,
a Y ’}"e‘, 13,,,55 k

-1 } %
0T = DT d ey Ly Gy BB

and, by (3.7), that
09p19°°°9pk gp]_._, ~ apk.\.
a

®.°°® ® e
Yls cee 9Yk EYI g'Yk n

- 1
(3.14) ¥ (o 1(ep)®n) = {(pr1) 1} ]
Thus we have

09}’219- oo ,pk]z pi!, . epk!

-1 2
[, (e " )en) ||“= (+1) ! ] [a DT

Yyseoes Vi
-1 2 2
= |10 7 (6 = 110
o @112 = 1o,
and hence § __ ||v (éfl(e e )Hz =7 e HZ = HGHZ < w, It follows that
p20! pl?  FPp N p=0!1%p '

oon € H.

How from the definitions of V¥, (3.9), and ¥* we have

¥(6@n) @o\y*ocbal(ean) = @o\p*(@'l(e)@n)

-1
@(pzo wpﬁ_”,@ (ep)an})

. -1 .
pzo @(\ypz_@ (ep)e»nj) .

For each p=20, using (3.14) we obtain
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2 09p19“'°7p'§, o : -
By ey py Gy ) ey (B JE ()

@(WD§¢”1(ep)®n})

8
pn

and thus ¥(oen) = ) n = 6n as desired.

p20%p
(ii) HNow let 6,n € H(X), assume again that E(nz) = 1, and write

0 = E(On)n + ¢ where £ =0 - E(6n)n 1is indevendent of n. Then 6en =
®7 5 . .- Z

E(on)n®% + zen and by (1), ¥(een) = EEMY(M®Y) + gn. But ¥(®D) =

aoysed-!(nen) = oot (nen) = vZ a(rn) = H,(n) = n%-1. Hence
Y(6en) = E(en)(nz-l) + {6-E(6n)nin = 6n - E(6n) . 0

THEORES 3.4, Itb's integral for the Wiener process is a special case of the

stochastic integral 1.

PROOF. Let ¥ be the Wiener process, i.e. R(t,s) = tas. Then It's

integral, denoted by 1%, defines an isomorphism from Hz onto Lg(K), where HZ
is the Hilbert subspace of LZ(QxR, B(X)xB(R), dPxdt) = L,(dPxdt) consisting of
all elements adapted to X. Note that I, « L, (dPxdt) = L, ; . (dt) =

2 < yA 9L2 (n)

i
. ! i Moot 1 £ 1 ST £ 1! forn -, WLeY
AZSLZ(XD(RJ° Let M be the set of all elements of the form Zlfnl 7p - Weve

(an9bn

ﬁn € LZ(XJ and §n is E(Xu, usan)~measurable. M is a dense subspace of NZ o

i 1rgt i w» 3 & . = R . - =1% 3
We first show that # c Lfng(X)(at) A%ELZ(X)(?) and that I=I* on M.
I
et £=)£1 7 e M. Then
1'n (an,bnj

He pr
1%(£) = TF (% -X ).
i bn a,

i

Since each f_ is B(X., usa )-measurable, it is independent of I -X_ , and
n u n bn 3,

by Lemna 3.3(1) f£o(% -X )eH and ¥(£eo(% -X )) = £ (& -% ). It follows
n bn a n ‘bn a 0 bn a



a1
N ,
that ff dX = le (X, -X_ ) e H, and thus f e L%, (dt), and
 Fa 231, (X)
1(£) = ¥(SfedX) = J)F (xb X, )

Hence I(f) = I*(f).

. Finally we show that Mz c L%;LZ(X)(dt) and that I=I* on H, . Let
feMz . Then for some fn e Me L%;LZ(X)(dt)’ ﬁn + £, It follows from the
properties of It6's integral that I*(fn) + I*(f) and since, as it was just
shown, I*(f ) = I(fh),we have I(f } + I%(f), Since 1 is closed it follows
that f ¢ L2 LZ(XJ(dt) and I(f) = I*(f). Clearly N, is a smaller class than

® %
LZ;LZ(X)(dt) 2 L (X)(P) and thus I provides an extension of I*. [J

We now consider the problem of calculating the stochastic integral for
specific integrands, starting with the simplest possible case where £(t) = 6¢(t)

with 0 ¢ LZ(K) and ¢ € AZ(R).,

THEOREM 3.5. (Z) If GeLz(X), ¢ € AZ(R), and © and f(b(t)dxt are

independent then

I 6¢(t)d}<t =0 Iq)('c)ci}it ;
(i¢) If 8 ¢ KD and ¢ e A(R) then
[ecp(t)dxt =9 [«b(t)dxt - (e Iq)(t)d){t) .

(i12) If for some ueT, F(x) e LZ(R, exp(-xZ/ZR(u,u))dx) and if F(x)
has an L, [R, exp(—xz/ZR(u,u))dx]-derivative denoted by F'(x), then

[rocpecax, - Fo [ocerax, - B OQEGfoax,) -
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PROOF, We first show that if 6 ¢ L2 X) and ¢ € AZ(R) then
1°(6¢) = J (66(t))edx, = 6®[¢(t)dxt :
Indeed, if ¢ is a simple function ¢ = ercnl (@ ,b] e have
n’'n
® ® N N -
I"(6¢) = I () 6c 1 ) = ) (6c)e(X X ) = es!¢dX
1" n (an,bn] 1 ey ’

and since I® is an isomorphism the same is valid for all ¢ e Az (R). It follows

that
1(69) = @o?*o@&lol@(e¢) = @ow*(¢‘1(9)®[¢dxj .

(i) Let f£(t) = 8¢(t). We will show that f ¢ A§°L ) R) = 0(I) and
*H2
109 = ofoax. rite 6= 5,00 , £ T . Then £=[,04 in A 1,00 ®
with each fp(t) = 00(t) in L,y (R). We first calculate I(ep¢(t))., Note
that it is clear from the proof of Lemma 3.3(i) that the independence of 6 and

f$dX (= neH(X)) implies the independence of each 6. and /f¢dX. Thus by

b
Lerma 3.3(i)

= Yo ® = =
I(epd)) = Yol (6P¢) w(ep@fq;cm) e_p[cpd){ .

Now the independence of 6 and /¢dX implies Hzcepcp)!l = IlepllollfcbdXH
and thus
2 2 Z 2 2 2
1(£)]]% = 1(6.4) |2 = o f¢dx = |lo]]% ]¢dx <w .
ngH sl p?Z.OH o911 pgo”PHH 7= el ]]|edx]|

It follows from Theorem 3.2 that f ¢ P(I) and that I(f) = szo I(fp) =
szo Gp JodX, and again by independence we have I(f) = 8/¢dX.
(ii) If 0 e H(X) and ¢ ¢ AZ(R) then 0¢ ¢ Mg (R), and by Lemma 3.3(ii)
9‘4\1

1(0¢) = voI®(0¢) = \y(e@fq)cm = e[qxix - E(efcpd)o .
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. . 2 2
. (iii) First let F(Xu) = H 2()%), p2l, where o, = E(Xu) = R(u,u). Then

p?gu

letting f¢dX = n and noting that <D'1(H_ .-Z(Xu)) = (p!)%}{ﬁp we have
PO,

- fﬂ 5 (X )0(£)dX, @ew*((pz)l”zxz%n).

P’Ou

Write n = “ﬁzE(%”)xu +r vhere [ =1 - GQZE(Xu“)Xu L X, . Then

\~ 3 '2 N, \N + g
b CGPen) = (p+1) o PECR MR + XPac)

and thus

[ e slemn @) 1 0
9Uu p’cu

psou p*
-2
=H L(X)n+ o “EXn){H X - XH L&D}
p,cé u u By p+196121 u Xupgou u
=H ,(X)n - pERUE ()
2 U 2
' p’cu p-]'?cu
which is the desired relationship since dH z(x)/dx = pH 1 z(x)g
P50 P-i,0

Now if F(Xu) is as in the statement of the theorem we have

F(Xu) ) apH. Z(Xu)’ F (XU) - p_z_l papHn-l,cﬁ(Xu)

P20 © p,o I
with both series converging in L,(X). Since for each p20, [11(H Z(Xu)cb) [l =
P50,
1 %) s
E I L6l = @ L) I]-[1s]], we have
2V 2
Ps0y PsT,
< 2 : 2 2 2
Lol (o)l = I @Da|lH ()11 [lel]
p20 P50, pz0 P50y,

= (HEr e 2+ e el 2 <= .

It follows by Theorem 3.2 that F(Xu)q) e D(I) and
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o [rapoctrax, - 1 japHp O oceat
= pgg {apHpso,é (Au) f(bdx. - paPHp_l go.i (Xu) E(KUId)dX) }
= F(Xu)f¢dx - F'(XUJE(Xuj¢dK) . 0

(iii) includes the cases of Hermite polynomials, H 2(xu), and exponentials,
P:0,

exp(xu-ﬁc ), and it admits a natural generalization to F’s of the form

F(Xu 3...9Xﬁk). As an illustration we write the following simple integral
1

Prcora, = X foax - g0, foa0x, - ecx,foan, -

Before evaluating some less trivial stochastic integrals we consider the
. . . s r = =
following interesting result. Let T fa,b] and a tO,n<tlgn<°°°<tn,n b,
n=1,2,..., be a sequence of partitions of T whose mesh goes to zero,
. max, (‘t:1 a %y -1, n) * 0. The mean square quadratic variation of X on T along
sucii a sequence of partitions is defined as the mean square limit of

Zl_l(X - Xt )2 whenever the later exists.
i;n “i-1,n

THEOREIf 3.6, Let X = {th te[a,b]} ke a zero mean Gaussian process with

continuous covariance R of bounded variation om [a,blx[a,b] (the signed
measure on [a,blx[a,b] corresponding to R is denoted again by R ). Then the
mean square quadratie variation Vﬁ of X on [a,b] along any sequence of

partitions whose mesh goes to sero exists and ie given by
- b
Vg = R{D))

where DZ i8 the diagonal of [a,blx[a,b].
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PROOF. By the mean square continuity of X and the bounded variation of R
2 . 2
we have JSf|<X ,X>|d°|R|(t,s)<e and ff|<xt,61(a,B](s)>[d IR] (t,s)<» for all
(a,8]cfa,b] and 0L, (X). It then follows from the extended version of Theorem

1.1 that X, e AZ;H(X)(RJ < D(I) and thus the stochastic integral thdXt is

defined.
Let a=t, n<t pSeee<ty 4 = b be any sequence of partitions with mesh
9 $ ?
tends to zero. If Xén) is definedﬁby Xén) = Xf on each (ti_l,ti], then

i-1
X(n) + X in A2°H(X)(R) (by the mean square continuity of X and the bounded

variation of R ) and hence f‘cn)ax + JX dXt in LZCX) Thus, by Theorem
3.5(i1),

tTt

b njb
a n i=1

(3.15) f X dX_ = lim § Xti-l ;1(ti_1,til(t)dxt

(X't--xt- ) - E[Xt' (X't -Xt- )]} 9

n” i=1 i-1 i “i-1 i-1 "1 "i-1

5
5

and similarly, by defining X'én) = Xti on (ti_l,ti]g we have
b
(3.15%) [ XX, = lin § @, (X, ) - EBX, (L X, )T} .
a n i=1 % Y% t1-1 Tt
Subtracting (3.15) from (3.15°) gives
0=1in{] X, 2. Y HE x, )M
t. . t: 't

n i=1 1 i-1 i=]1 i “i-1

and since the second term has limit R(Dg)9 the result follows. {0

Notice that by adding (3.15) and (3.15') we obtain

b
2 2. 2, 2
| xeax =508 - - of + oD

a

where c% = E(X%) = R(t,t). A similar approach leads to the following result.



. THEOREM 3.7. ILet X be gs in Theorem 8.6, Then

; b
' 1

H (X)dx, = == {H (X,) - 4 (x )}, p=0
; Lx P, 02 p+l p+l, og b p+l, 02 a

b
f exp (X, -402)dX, = exp(X “4o?) - exp (X, -502)
a

PROOF. It is shown as in the proof of Theorem 3.6 that H 2(){t) €

<t =b be any refining sequence of

Qp(R) Letting a = tg n<t1,n <ty o

partitions with mesh going to zero, and using the (umiform) mean square continuity
of X and the bounded variation of R, we have (writing t, for t; , for
1

simplicity)

f: Hps X,)dX, @.w*.@(')lU: ® Z(Xt)wix]

-1

®e¥_od,"{lim } H ( Je(X, -X. )}

o L P02 Xt'i-l i Tty
i-1

{(p%-l)'}’z <I>{11mz p @(,(t 2
ty-

L . 1 Nm
(1)1} o{linm | —=— E X e(x X))
n i +1m—- ty 1" X i %1

- lea)1® ottin ) § ool - e Ldom
im=0 i

ptl

= ——=-—-)——{ (p*1) 1} ®{1lim } (Ktapﬂ Xt

p+l n i

(1% ®
i L T o ST LE)H 00 .
¥ D ch p+l; o,

The second result follows from the first and
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2 1 ..
exp(X.-%0.) = ) —H LX) .
® Xy a0y oko BT b, ¢
Putting fp(t) = -P}—,- H (} ) it is easily seen that
° psct

‘ N 25112 - 2v112
1 HIE 17 s 2] x50 12 + | exp 502 ]1) <

Thus by Theorem 3.2, exp(Xt-%dg) e D(I) and

[b 2 ;o b )
exp (X, -%o,)dX, = [ H df
a Xt vt pzal—ﬂ_ a nczxt
1
DT {H x) - (_,( )}
; P p+l, 0}2) b p+1 02
= g 2 2
= exp(Xy-hoy) - exp(X -4oy) . O

Theorem 3.7 shows that Hermite polynomials H 2( ) play the role of
Ps0¢
customary powers, K% ; and exp(X "’2 t) the role of the customary exponential,

. exp(? t)’ in this stochastic calculus.
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Ao ITERTED, SDAPTES AR HOUASTICIPATIRY STOCWAGTIC.IITEGRALS

Throughout this section we assume that X is as in Theorem 3.6. We first
explore the connection between the MHI's and the stochastic integral. We want to
establish that each MWI can be written as an iterated integral, i.e., that for
0 g
gp € A2(® E),

4.1) f J £ (ty,eee,t )AX, ... dX. =
T T PP t

= voo (| £ (ty,eea,t)dX, )... ]d}{}
where of course the iterated integral remains to be defined.
Let H be a Hilbert space and S(p) the set of all H-valued step functions

I:H

f(tl,,,.ytp) on T . Then S(p) is an inner product space with immer product

I;H
' 2
<f,g> = jfo..ff <f(t19,.,,tp), g(sl,,.,gsp)> dzR(tlgsl) eee d R(tpgsp)

and its completion is denoted by AZOH(epRJ. It is easily seen that AZ,H(®pR) =
Az(wa)®H under the correspondance (¢1®.,°®¢p)g > (¢1®°.°®¢p)®g. Thus each

element in AZ,H(®pRJ has an orthogonal development of the form
o
(¢ ®°'°®¢Y )ga

a
Ypseoeody Vg b

where {cb_‘{9 vel'} and {Eag oeA}l are COHS's in AZ(RJ and H respectively.

Consider the following ciein of maps

\ caPry 'L p-lyy "2 Tp1 o7
A, (&°R) Azgql(& R) = ... 22, Azgqp_lf}'{) =

defined first by
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T T
1 vy 2 W
¢_Y1®, . °®¢Y~Q - (j(,bchm) ¢Y2®c . ,®¢YP - V2 @([(j}yldx(@[(byzd)() ¢Y3®o . .®¢Yp > e

ﬂ 1 ~ ~
L (1o, 065
Yl 'Yp-

T
2, (p!)i/zcb(fcb dx&,.iéfq; ax) .
Y, Y

dX)¢
1 P

p

Then, by the same argument used for defining ‘Pp , each ﬂq can be extended to a

1
bounded linear onto (not one to one) map with norm q’é . It is important to note

that m., is the stochastic integral, and that on -valued step functions
s

o) Qq-l
acts like stochastic integral by fixing the "'extra™ variables. The iterated

q

integral in (4.1) is now defined to be My eee 0Ty (fp) and the equation follows.
Letting T = [a,b] and noting that “ Ip(fp) = ip(%p), we should expect to

obtain from (4.1)

b b

[ [ et o a -

a a o
1

b P ([ZN )
=p1I U ol T E et 1t YA, ). dX ]dx
b
= h (t )dX
J, Bottpex

where h_ is adapted to X. This will now be made precise (in the proof of

P

Theorem 4.2). The following definition will be used. A step function
. N . . . .
f= Zl £l ( an’bn] in A2;L2 ) (R) is called adapted if each £, is

B(X,., astsa,n) -measurable. The closed subspace of A2°L 0 (R) generated by the
2

-

adapted simple functions is denoted by. A??Lz X) (R) “and it{sﬁf'e_’lements. are céilled

adapted. We also let

ad* . pad %
AL, ) ®) = 8, ® 0 23 ® -

LEMA 4.1, If fe A2(®pR) is a step function then g(t;) =

t £ :
p 2 , ; .
. JO ( .. q.o £ ('t1 seee ,tp_l,tp)a)(tl) e .}d}(tp-l 18 an adapted step function and
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t t

2
. f(tyseeest, 5t JdX .. .dX =
fa P »-1I"p ty tp

L0 )
= oo £(ty,00.50 5t )AX )...dX }ﬁ
a Va a 1 P17y tp-l tp

where both integrals are defined in the usual way as the eorresponding integrals

over the entirve interval of f(tl"°°’tp)l(t <o<t)
) : l e oe

PROOE. For ease of exposition we only consider the case p=2, the case of
p>2 being similar. It is then sufficient to prove the assertions for £ of the
form (i) 1(&,6](t1)1(y,6](t2)q- (ii). ;(&iﬁﬂgtl)%ﬁd,B](tZ)’

(iii) l(y,S](tl)l(a,B](tZ) where oa<f<y<§. Then g(tz) equals
(D (XB'Xu)l(y,G](tZ)* (ii) (sz_xa)l(age](tZ)’ (iii) 0 and is thus an adapted
step function. Using Theorems 3.5(ii) and 3.7 we find that the right hand side

of (4.2) equals

b
(1) Ia(XB-Xa)lcysé}(tz)dth = (XgX) (Xg-X ) -EL (XX ) (Xs-X )]

V2 @{(xe-xu)g(xa-xy)}

oy P B B
(ii) fa(xtz~xu)1(a981(tz)dxt2 = f X, &, - quadxtz

= %{xé—xﬁ-o§+o§}-{xu(x8-xu)-E[xa(xﬁ-xa)3}
= 50X )% - B[Ry ) 2D
B o B "o
... b
(iii) J 0 dxt =0 .
a 2

On the other hand the left hand side of (4.2) equals

@ 10, 010y, 51 (g < ) = V2 A GRgXDBX )

(XgX,) (Kg-X, )L (Xg-X,) (Xg-X )]
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G Lol a0 @, 02 ey ee) = 2l 0,0 0 0,042

1 ®2, _, 2 2
= ;%p{(xﬁ-xa) b= s (Xg-X ) "Bl (Xg-X )71}

(iii) Iz(1(Y’6](tl)l(assl(tz)l(tl<tz)) =1,(0) = 0

and the proof of the lemma is complete. 0

THEORE 4.2.  1(A50] Lco®) - L)X) and thus each L, finctional © of X

admits the stochastic mtegral representation
8 - E(B) = I £(t)dx,
where (the not necessarily unique) £ s adapted - (f € Az L (‘,) (R))

PROOF. It suffices to prove the second assertion of the theorem. Assume
fi ha s . = =1 (F
irst that eer so that by Theorem 2.1, 6 Ip(fp) Ip( p) for some
£ ¢ Ay (e'R).

A

If ¢ 1is a step function in Az(o:opR) it is easily checked that

and

I (4) =p! I (1 )
) o) (t1<. . ,<tp)

where 7 = ('rrlg...,np) is a perrwmtation of (1,...,p) and I is the set of all
such permutations. Now let {¢n} be a sequence of step functions in A, (sp R)

with ¢n > fp . Then

~ H

3 < =1 13-
”¢ l(t1<"°<tp) ¢m1(tl<...<tp)!| = pl ”¢n <bmH
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. implies that {E;nl (tl <...<t )} is Cauchy and we denote its limit by
P

£ l(t Then

l 00 tp) *

L&) = lin I () = 1im p! Ip(gnl(tl<...<tn)) Pl L, Dty tp)) .

If we let g, = wp_lo...oﬂl(p!a;nl(t < %t )), then &, is clearly a step func-
1 L n
tion in AZ"'Q'p (R) adapted to X by Lemma 4.1, and by the continuity of 1Tq’S
“p-1

En 7 ﬂp-lo“'ml(p! tiEp l(t1<°'°<tn)) - hp ’

It follows that hp € A2°5 (R) is adapted to X and satisfies
9~p_1
Ip(fp) 11m m (gn) =T (hp) T(h,,)

For a general 0 ¢ L2 (X) we have by Theorem 2.1 and the above
: o -~ E(B) = I (£) = I(h) =1 h)
. © pgl p( p) pgl p) (pgl p

where h = Z‘o>1 hp belongs to A2 L (,{) () (by Theorem 3.2, since
29>ll 'I(%)” zpall |Ip(f )H <w® ) and is also adapted to X since each

hp is. il

It is clear from the definition of £ p(tl’ ,t )1(t <tp) in the proof
of Theorem 4.2 and from Lerma 4.1 that equality (4.2) is valld for all
£ € A2 (@pR) where both integrals in (4.2) are defined as the corresponding

P

integrals of £ (tl,..g,t )l(t <...<t )
We fmally consider the stochastlc integral of nonanticipatory functions. A

step function £ = Zl £l (an’bn] in A2;L2 X) (R) is called nonantieipatory if

each f n is independent of the increments of X after a, - The closed sub-

space of AZ"L ) (R) which is generated by the nonanticipatory step functions is
] 4
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denoted by A??‘L X) (R) and its elements are called nonanticipatory.
*2

THEOREM 4,3, A??Lz 0 (R) < Agng ) (R) and the stochastic integral

Ana

restricted to Z;Lz o9 (R) Zs norm preserving.

PROOF. Let £ = Jf1 be a nonanticipatory step function in
—_—t 1™ (an’bn]

AZ;LZ (x)®). Since for each n, £ is independent of an-}{ , it follows

n an

from Theorem 3.5(i) that

1(£) = ] F(e)ax, = 1) £,0% X ) .
n ‘n
Then
N
2
(D" = Ef £ (X -X )& -X )}
L 3 n,rir:F-l nR an n Xbm %m
For n=m we have E{fle(xbn-xan)z} = E(fé)E{(X,D n-Xan)z}, For a, <a  we have

from the independence of £ and f_ from x -X that
n m bm a,

E{f £ (X -X_ )X -X )}
by "8 Xbm %

nm E{ E[fnfm(xbn-xan) (Xbm-xam) / xbm_xam}}

E{f £ E[(X -X )% -X, )/% -X_ 1}
nm xbn a, bm am- b‘m a

EL(X, -X, )% -X, )]

a,
= E f f 1 e T 'X 2
{n m E{ch _Xa )2] (Xbm am) }
m m
= E(£, £ )El (xbn-x an) (xbm-xam)] )

It follows that

E(E £IEL(G, -X, ) (X, X
n,r§1=l (£, £IEl( b an)(Xbm amﬂ

H <£(£),£(s)> d%R(t,s) = ||£]|?

1))

and thus the stochastic integral is norm preserving for step nonanticipatory
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functions.
g b R
Now let f ¢ A ZCX) (R)y VWe will show that f ¢ Az LZ(X)( ) and

HIE ] = |1£]]. Py definition there is a sequence of step nonanticipatory

functions fn such that fn > £, Write

= ’)EO fp 9 g _p ; fpgfn9p € AZ ;_Q'P(R) °
Then £ — f and thus I(f ) — I(f ). It follows by Fatou's lemma that
2 . 2
1(£ = lim ||I(£ < lim 1(f
PRGNl (G pl1” < 2in 111165, DI
as 2 _ 4 - 2
= L;ﬂpgo £y, lﬁl_nz Ilfnll HEL
Hence by Theorem 3.2, f ¢ A L,(X) (R). Now [|I(£)-1(£) I} = {1 £ ] =

an-fmll implies that the sequence I(£,) converges, and since 1 is closed we
have I(f) = lim I(f) and thus [|I(D)]] = 11n|!1(f M| = 1im [[£ || = |[£]].

a
tlence Az L, ) R) < Az 1L (X) R and 1 restrlcted to A2 L (X) (R) is a norm

preserving map into L (}\) a

Note that I(A%?L 2 (R)) is a closed subspace of Lg(X) and it would be of
*72
interest to lnow how large it is in general, and under what conditions we have
0 . .
1 (AIZI?LZ ) (R)) = L2 (X) or equivalently that each Lz-ﬁmctlonal of X has a

nonanticipatory stochastic integral representation

8 - E@®) = I £(t)ax,

where f is nonanticipatory. We conjecture that this would be the case if the

germ o-fields of X are trivial.

The notions of “adapted' and of ‘nonanticipatory' introduced above are of

course identical when X is Wiener process.
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5. HNOHLINEAR HOISE

A (strictly) stationary process Y = (Y,, -w<t<wo) with EYt=0 and EY§<w

is called noise. Quoting from icKean (1973), Wiener (1958) 1iked to think of such
a noise as the output of a ""black box" 6: You put in a white noise

=, ~o<t<w) (formally the derivative of a Wiener process W ) and you get
YO =o(f,, -o<t<w) out; the noise (Yt, -o<t<w) is produced by shifting the
input by the flow of the white noise ﬁ(o) > ﬁ(c+t), In order for Y to be a
noise we require that E6=0 and Eezéw.

Since @ has the orthogonal development (cf. Section 2)

(5.1) 0= égl I..,f fp(tl"°"tp) dW%le,,dW£p 5
where fp € LZ(RP), the noise Y obtained by shifting the incoming white noise
through the nonlinear device 6 can be expressed as
(5.2) Y, = pgl ff fp(tl-t,...,tp-t) dt-sftl..,dwtp ,
and the covariance function of Y is readily seen to be (T = t-s)
EY.Y = p-glﬁp:_: ff %p(tl,,,.,tp)?f'p(tl-r,.,..,tp-r)dtlo..dtp .

Wiener's theory of nonlinear noise starts from this idea. He also proved a
profound theorem which was clarified by Misio (1960) and which states that every
ergodic noise can be approximated in law by noises of the form (5.2). Note that
not every ergodic noise has the representation (5.2), and a necessary condition is
strong mixing (McKean (1973)). (For a discussion of the ergodicity of stationary

processes and processes with stationary increments see Doob (1953).)
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More generally, instead of sending white noise (or Wiener process) through a
nonlinear device 6, we may send a Gaussian process with stationary increments
X= (X, , -=<t<w) with say X0=O a.s. and covariance R. Then the noise Y

obtained by shifting the incoming Gaussian noise X can be expressed as

oy

(5.3) Y, = § [...J £ (t-tye..,t -t)dX ...
toon Pl PY n

where fp € AZ(QPRJ, and the covariance fumction of Y is again readily seen to
by

. - ¥ - Y ' 2

(5.4)EY,CYS = pgl,pljj..,J[ ?p(tl,.,.,tp)ip(sl T,...,SP T)d R(tl,sl)...d R(tp,sp)

= ! <¥ Ocaaag® ’f O~Tsoeaso?~T > -
pgl p p( 2 92 )9 p( ? H ) AZ(@pR)

where T = t-s (cf. Theorem 2.1).
Although (5.2) and (5.3) are intuitively clear, they require proof. The

proof of (5.3) follows from the following property.

LEIAA 5.1. If X <4s a zero mean Gaussian process with stationary increments

and covariance R then, for fp € Az(spR)9

fo..ffp(tl,«..,tp)dxtl+t...dX£p+t = f...[fp(tl-t,.,.,tp-t)dxtl.o.dxtp

PROOF. Both integrals are well-defined since X has stationary increments.
gpl ~ ap

Pick a CONS {¢_, veI} in A (R). Since {¢_ T3...89 X
Y 2 Y1 Vi ;
) = Ip(fp), it suffices to

Yyoeces keP,‘

Pp*e. PPy k=0} is complete 12 Az(ngl and Ip(f,p
®p,
prove this assertion for £ = ¢
|2 Y1

&p
§°'°®¢Y K | But for such fﬁ , the assertion

becomes
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k ( ) k ( )
I H f¢.(t.)dx = 1 H f¢-(t--t)dx
O L R AL ' R D A

and thus we need only to show that
f ¢(u)dXﬁ+t = f ¢(uet)qu .
This is true for ¢eSI and hence for ¢eA2(RJ. The proof is now complete. [J

When Y has representation (5.3), we say that Y is X-presentable. Note
that X is always X-presentable since X = fg qu . As lMcKean (1973) showed,
if Y is not strongly mixing then Y is not Wiener process-presentable, The

same property is now shown for X-presentable processes.

THEOREM 5.2. Let X be a mean square continuous Gaussian process with

stationary increments, XO=O a.s., and with absolutely continuous spectral dic-

tribution. Then every X-presentable notse Y is strongly mixing.

PROOF. Having introduced the Fourier transform on AZ(GPRJ in Section 1.3,
the proof is identical to iic¥esn's proof for X Wiener process. We need to show
that if RR is the set of all real valued functions defined on R, and B(RR) is
the o-field generated by the cylinder sets of RR', then for A,B ¢ B(RR)

lin Pr(YeA, Y'eB) = Pr(YeA)Pr(YeB)

T-00
where Y' denotes the shift of Y by T, i.e. YI = Yt+T . In fact we will show
that for 81962 € Lz(Y)

lim E(6,05) = E(8,)E(6,)
T-00

where 6' denotes the functional of shifted paths, i.e. GT(Y) = e(YT). Then the
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strong mixing property is self-evident. Since Y is X-presentable, L2 M <

LZ(X), and we can expand el,ez as follows (i=1,2)

0, = EB; + ] f.,.f fipp(tl,,..,tp)dxt coodX

pzl 1 Y
where f ip €0 (ng) . We then have
5P
E(8,65) = E(0,)E(0,) + ¥ p! <f £ >
172 1 2 p=1 1,p° "2,p Az(@pR)

where f; denotes the translation of fp by (Ty...5T). By Theorems 1.8 and

1.10,

~ ~ it(A +..,+>\p)
<f, LEF s = <f, ,f. > = f.a.fe 1
L,p*"2,p A, (8°R) 1,p*72;p L,

%i,p(lls--'»Ap)%zgp(llsnun9Ap)(l+li).,.(1+Ap)2F'(A1)..,F'(Ap)dll.,.dkp

(where F is the spectral distribution of X ), which approaches 0 as 1w by
the Riemann-Lebesgue theorem. Also
! £ < ! £
pgl p I<f19ps 29p>| < pgl P ”fl,pH i 2,})”

1 2
<3 1 PHIE 1116 11" = k(Vardy Warey) <=

where for each p21, norms and inner products are in AZ (@pR) . It then follows

that lim_, 5(91953 = E(6,)E(8,). 0

We now show the analogue of Wiener-Nisio's theorem using Nisio's approach as
simplified (for convergence in law) by McKean (1973). X will be a zero mean
sample continuous ergodic Gaussian process with stationary increments which

satisfies X0=0 a.s. and the following condition



4
(S) Pr{AtX>0, O<tsng A_nX<O} > 0 for all n21

where AtX =X - X1

THEOREM 5.3. Every measurable ergodic notse Y (defined on any probability

space) is the limit in law of a sequence of X-presentable noises.

PROOF. IExamining McKean's (1973) proof for X the Wiener process we see
that the argument remains valid for the present general case if it can be shown
that there exists a sequence of nomnegative functionals a, on the paths of X,
such that the probability distribution of each a, 1is absolutely continuous and
its density function is constant on [0,n] and decreasing on (n,»). We proceed
to construct such an’sc For simplicity we suppose that X is a coordinate
process, i.e. (Q,B,P) = (RR, B(RR), P} and Xt(w) = p(t). Consider S{w) =
{e: Aﬁw>0}5 weRR . Because of the continuity of the paths of X, S(w) is an

open set a.s. and can therefore be expressed as a denumerable disjoint union of

open intervals Ii(w), izl. Let

8, = ;{Ii(w): lIi(w)|>n, I; (e(-n,=)} .

Now we show that Sn(w) is nonempty a.s. Let f£f(w) be an integrable r.v.
depending on w only through its increments. Then by the ergodicity of X we

have

T Call
lim ?-f f(w,)dt = Ef a.s.
T->0 a -

where wt(T) = w(t+r). Put

1 if Atm>0, O<t<n, A w<0
flw) = .

0 otherwise
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and a=-n. Then it follows that Sn(w) is nonempty a.s. if E£>0. But indeed
Ef = Pr[AtX>O, Ost<n; A_nX<O] > 0 by the assurption (S). Thus Sn(w) is
nonempty a.s. We now define an(w) = n + inf Sn(m)° Note that Osan<w a.s.
The same argument as on p. 211 of Nisio (1960) shows that a, has the desired
probability distribution. Thus the proof is complete. O

We now give a discussion of assumption (S). We believe that (S) always
holds when X is a zero mean sample continuous ergodic Gaussian process with
stationary increments, yet we are not able to prove it. Instead, we have the
following sufficient condition for (8), which indicates that (S) is a mild

assumption (if it is a restriction at all),

(Sl) For each n2l there is an £ ¢R(C), the reproducing
kernel Hilbert space of the covariance G of X,
such that Atfn>0 for te[0,n] and A_nfn<0°

LEMMA 5.4, (8,) implies (S).

PROOF. We owe this proof to Loren D. Pitt. Note that X is mean square
continuous, since it is a sample continuous Gaussian process. Thus R is con-
tinuous and so is every £eR(R). Assume (Sl)° Then, by the sample continuity

of X and the continuity of fn R
{wef: A, (X#c£ )>0, Ostsn; A_p, (k+cE )<0} + @
as ct», and hence there exists c¢>0 such that
Pr{At(X+cfﬁ)>09 O<tsn; A_n(x+c£n)<0} >0.

(8) now follows from the equivalence of the Gaussian processes X and X+cfn
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(since cfn e R(R) ). O

We next show that (Sl) is satisfied by all processes with stationary
increments having rational spectral demsities. This implies in particular that
(Sl) is satisfied by the Wiener process, by stationary processes with rational
spectral densities, and by (indefinite) integrals of stationary processes with

rational spectral densities. The proof is based on the following result which is

of independent interest.

LEMA 5.5. A mean square continuous process X = {X, -o<t<w} with zero
mean and covariance C(t,s) has (wide sense) stationary increments (with spectral
measure dF ) if and only if there is a mean square continuous measurable (wide

sense) stationary process Y = {Y_, -w<t<eo} with zero mean and covariance r(t,s)

(with spectral measure dF ) such that for each t and s

t
(5.5) Xt - Xs = Yt - YS - [s Yﬁdu a.s.

and H(AX) = H(Y). Also if XO=0 a.s., then £eR(C), the reproducing kernel

Hilbert space of C, if and only for some geR(xr) and all ¢

) t
(5.6) £(t) = g(t) - g(0) - [0 sWdu .

PROOF. The sufficiency of (5.5) being obvious, we only show its necessity.
Suppose that X has the spectral representation given by (1.2) and (1.3). Then
we have

it
- {e "-1 2.5 o
X = [ St anda,
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and H(AX) = H(AV). Define the process with orthogonal increments

U= {U,, wi<ml by (uD)dl, =17t av, o Then Blav,|? = Blav,|? = aF (),
and H(AU) = H(AV). Define the process Y = {Yt9 ~o<t<ee} by Y{ = feitAdUA .
Then Y is (wide sense) stationary and mean square continuous, and hence it has
a measurable modification, denoted again by Y. First we see that H(Y) = H(AU) =
H(AV) = H(AX). Also fdr each fixed t and s we have the following equalities

in Lz and thus also a.s.,

eitx_eisk )
XX = f - (e

. . itA _is)
=[ r(eltk_elsk) _ € 1ie :ldgk

00 t .

- . - iuA

=Y, - Y, J_m (Is e "du) du,
t

= Yt - Y S = f s Yudu °

The last equality is justified by the following equality for all v,

en OO t . o0 t .
E‘ ‘ (J ™) av, 'Y‘v] = [ f e BV dr(n)
-0 -0 .

s S
t .
- f r O VINEG) du
S -0
t _ t B
= L E(Y, Y, )du = E(JS Y du . YV)

where Fubini's theorem has been repeatedly applied, its justification being quite
clear., !

For the second claim notice that for all nsLZ and t we have by (5.5)

t
(5.7) ECKT) = EQT) - EQG) - jo E(YMau .



[«1Y
(&3]

If feR(C) then f{t) = E(Xtﬁ) for some neLz and (5.6) follows from (5.7)
with g(t) = E(}{tﬁ) € R(r). Conversely, if geR(r) then g(t) = E(Ytﬁ') for
sone neLz . Thus if £ satisfies (5.2 it follows from (5.7) that f£(t) =

E (Xtﬁ) and thus £eR(C). o

LESA 5.6, Let X be a sero mean mean square continuous process with (wide
sense) stationary incremente having a rational spectral density, and with covari-

ance C. Then eondition (SZ) 18 satisfied.

PROOF, Thus A is as in Lemma 5.5, and JF has a rational demsity. It is
then well known that R(xy) = ’;.*Jg! , the set of all fumctions possessing on every
finite interval absolutely continuous derivatives up to order m-1 and scuare
integrable m-th derivatives (with 2n = degree of dencminator - degree of mumera-
tor of the polynomials of the rational spectral density ). HNow it is clear that
for each fixed n=2l, by a suitable choice of ge?)]; , £ defined by (5.8) will
have the desired proverty stated in (Sl) . Indeed, for fixed n2l we may choose
£ in E'g satisfying (Sl) and f£(0)=0. Then a simple calculation shows that ¢
aefined by gt) = etf Se"u'f' (u)du belongs to ;,-fé" and satisfies (5.5). ience, by
Lerma 5.5, £eR(C). Since £ was chosen to satisfy (81) the proof is complete.

0

Finally we remark that Wiener's (1953) discussion of the analysis and syn-

thesis of nonlinear networks with white noise input remains valid with only miner

modifications for nonlinear networks with input a zero mean Gaussian process with

stationary increments.
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6. APPEHDIX

We state here the basic definitions and properties of tensor products of
Hilbert spaces (see for instance Neveu (1968) ) and of Hermite polynomials which

are used throughout the paper.

6.1. Tensor Product of Hilbert Spaces

Let Hy and H, be two Hilbert spaces with inmer products <c,°>, and

<e,0>, . For each hleHl, hyeH, define the map h @hz 1xH2+R by

(hlahz)(gl,gz) = <h1,g1>1<h2,g2>2 for all gel;, gt .

If H= {X¥ hén)®h§n): hfn)eﬂl, hgn)eHz, N21} then H is an inner product space

under the inner product

N M
<AB>= § ) <h£n) 93( )> <h(n) (m)
n=1 m=1
where A = Zynhén)shgn), zﬁ (mch(mJ . The tensor product H;®H, of H;

and 'HZ is the completion of # with respect to its immer product.

T {fm’ oA}  is corplete (COHC) in H; and {rB BeB} is complete (CONS)
in HZ then {f6®g8, aeA, BeB} 1is complete (CONS) in H1®H2 . IE X ,Sl,ul)
and (X,,S,,1,) are two measure spaces, then L,(X;,S;,uy) @ L, (X5,S7:M5) =
Lz(Xlxxz, Slxsz, ulxuz) with corresponding elements under the isomorphism f1®£2
and fl(xl)f (xz).

Similarly the tensor product H;e @dp is defined for p Hilbert spaces

Hl,...,Hp . The inner product is such that

<fl®°'°°fp’ g1®- . -08,> = <£1:81>7 oo <f.p,gp>p
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and all properties carry over from the case p=2 to the case of genefal p in
an obvious manner. If H1=...=%=H, we write ®°H or E® for He...eH and
8’f or P for fe...sf.

For each 1 = (171,.., ,wp) € Hp » the set of all permutations of (1,...,p),
there is a unique unitary operator U . on e’ such that for all £1500e ,fpeHs,
Uﬂ(f]-@'...ﬂf p) = fﬁlm,mf S An element f in ePH is called symmetris if
Uﬂf=f for all Wer > and the symmetric tensor product space &H or HP is
the set of all symmetric tensors in oPH. @H is a closed subspace of o’ and
the operator (p!)'lfﬂi}“ is the projection operator onto & H. Hence

8PH = sf %T‘l'zr fﬂlae..@fﬂp, fl,...,fpeH }.

If (X,5,u) 1is a measure space and ,fz(}(pgsppup) the set of all symmetric
functions in Lz(xp,sp, Py (i.e., £(xpseee %) = f(xﬂl,...,,x1T ) for all %renp ),
then ZPLZ(X,S,U) = ﬁz(}{p,sp,up). Finally if {ey, veI'} is a complete set in K,
then {e ®...88 I Yp;eu.sY €'} and {eY 5.....§eY fYpseee ,ypel"} are complete

Y1 P
p 1 P
sets in 6PH and ®°H respectively.

6.2 Hermite Polynomials

Let X be a Gaussian variable with zero mean and variance t. Applying
the Gram-Schmidt procedure to orthogonalize the sequence of random variables
l,X,XZ,XS,... in L2 (X), we obtain the orthogonal sequence HO t(}{), Hl t(X),

b 2
H, t(){), cee s Hp ¢ 1s called the Hermite polynomial of degree p = 0,1,2,... ,
4 ?
with parameter t, and is a polynomial in both variables t and X. The first

few Hermite polynomials are



2

@ Hy o) =1 H () =X Hy () =Xt Hy (X)=X"-3tX .

The Hermite polynomials satisfy the following properties

), %) = pl +F
; Eﬂpst()()aq,t(x) p! t 6pq

* | By £00 = X1 (0 - G-t (0 , pez
. t 2
U)('
< Pgo b, ™ %,T'up » uek

d
& Hoen,c 00 = (*DH, ()

3
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