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Constrained Linear*Mbdels:” A SAS Implementation
by
Thomas M.. Gerig and A. Ronald Gallant
ABSTRACT

This technical report contains the documentation of a
Statistical Analysis System - (SAS) implementation of the
Constrained Linear Models estimation method reported in
~ Mimeo Series Number 81k. A monograph briefly describing
the computational method and relevant theory 1s included

to make this report gelf contained.



_ THE CIM PROCEDURE

- The CIM procedure is designed to analyze linear models whose parameters

are subject to linear equality constraints. No rank conditions are
imposed on'the X matrix or on the restriction matrix. The methods
applied are discussed in the attached monograph.

For a given model, sets of linear parametric functions can be estimated

-and linear hypotheses can be tested. The procedure automatically cheecks

to see if linear parametric functions are estimable or specified, and
checks all constraints and hypothesis equations for consistency.

OUTPUT

For each model entered, the CIM procedure gives model dimensions,'error

variance information, restriction specification, and parameter estimates

including standard erroxs and an ifdication of whether the estimates are
unbiased or specified by the restrictions. The variance-covariance or

- correlation matrix of the estimated parameters may be requested.

Each request for the estimation of linear parametric functions results
in the printing of the combining matrix and the estimates with standard
errors and an indication of whether the estimates of the linear func-
tions are unbiased or specified by the restrictions. The variance-
covariance matrix or correlation matrix of the estimated linear func=’
tions may be requested. ' : '

Each request to test a linear hypothesis results in the estimation of

- the associated linear functions (with output as described in the previous
- paragraph) in addition to the printing of the hypothesized values of the

linear functions and the appropriate F value, degrees of freedom, and

p-value. The variance-covariance or correlation matrix of the estimated

linear functions may be requested.



~ THE PROCEDURE CIM STATEMENT — ~ = =~~~ = ~~

The PROCEDURE CIM statement is of the form

PROC CIM <DATA=date_set name> ;
PROCEDURE INFORMATION STATEMENTS

VARIABIES Statement
The VARIABLES statement tells which SAS variables will be used in the

analysis to follow and only these variables will be included in the
internal computation of the sums of squares and cross products matrix.

DROP Statement

The DROP statement serves the same purpose as the VARIABIES statement
except to specify which SAS variables not to include.

BY Statement

The BY statement works as explained in the SAS User's Guide.

CLASSES and ID Statements

The CIASSES and ID statements may not:bé'used with this procedure. -

PARMCARDS Statement

There are five types of parameter cards: MODEL, CONSTRAINTS (or
RESTRICTIONS), ESTIMATE, TEST, and OUTPUT. -

Each MODEL statement must be immediately folléwedjby 8 CONSTRAINTS
statement (if there are any constraints).

The ESTIMATE statement causes linear parametric functions to be esti=-
mated (under the current model) and the TEST statement ceuses linear
hypothesés to be tested (in the framework of the current model).
There is no limit to the number of ESTIMATE or TEST statements that
can be useds The OUTPUT statement causes predicted values and
reslduals to be saved in an output file.



PARAMETER CARD SPECIFICATION i C e

MODEL, CONSTRAINT, ESTIMATE, and TEST Statements
MODEL, CONSTRAINT, ESTIMATE, and TEST statements are of the form
MODEL numeric variable = numeric_yariable <additional numeric variableg>

NOINT
</NOMEAN> <VAR> <CORE> #

CONSTRAINTS ‘
<linear combination of independent numeric variables = constant>
<linear combination of independent numeric variables = constant> #
ESTIMATE
<linear combination of independent numeric variables = ? >
<linear combination of independent numéric variables = ¢ >

</VAR> <CORR> #

TEST

<linear combination of independent numeric variables constant> #

<linear combination of independent numeric variables
</VAR> <CORR> #

constant>

Options and Parameters

NOMEAN When this option is absent, the procedure will

NOINT include an intercept term in the model. When
NOMEAN or NOINT is specified, no intercept will
be included.

VAR This option causes the variance-covariance matrix
of the appropriate set of estimates to be printed.

CORR This option causes the correlation matrix of the
appropriate set of estimates to be printed.
OUTPUT Statements

OUTPUT statements are of the form



OUTPUT OUT=data set 2
<PREDICTED predicted_variable name>
<RESIDUALS residual variable name> #

where predicted_variable name and residual_variable name are valid SAS
' namese.

An OUTPUT statement refers to the current MODEL statement.e The OUTPUT
statement tells SAS to build a new data set to be named data_set 2
containing all the variables in the data set to which CIM is applied

in addition to other new variables named in the OUTPUT statement. If
- PREDICTED and a SAS variable name are given, the predicted values for
the current model will be inclided in the new data set under the given
SAS variable name. Similarly,:if RESIDUAIS and a SAS variable name are
given, the residuals for the current model will be included in the new
data set under the given SAS variable name.

JOB CONTROL STATEMENT REQUIREMENTS AT TUCC

//job_name JOB XXXeYyy. 22%Z, programmer. name

//STEPL EXEC SAS : -7

//SASoSTEPLIB DD DSN=NCS=ES-BMl§9.GALLANT.SASLIB,DISP=SHR
DD DSN=NCS.SAS, DISP=SHR

//8AS.8YSIN DD *

SAS statements and data cards



~ EBXAMPLE . L

The following example is discussed in the attached monograph.

//CLMEG JOB XXXe yye 2ZZ2Z2Z,programmer _name

//sTEPL EXEC SAS

//SAS.STEPLIB DD DSN=NCS.ES.BU4139. GALTANT.SASTIB, DISP=SHR
DD DSN=NCS.SAS, DISP=SHR

//8AS.SYSIN DD *

INPUT Y 5-10 X 15-203

BETA_1=0; BETA 2=0; BETA 3=0; BETA_L4=0; BETA_5=0;

TF X<l2 THEN GO TO A; IF £>=12 THEN GO TO B;

A: BETA 1=1; BETA 2=X; BETA 3=X¥*¥2; RETURN;

B: BETA " L=1; BETA _5=X; RETURN,

CARDS;
0. 46 0. 50
0. 47 1.50
0. 56 2. 50
0.99 70. 50
1.04 71. 50

PROC CIM;

PARMCARDS ;

MODEL Y = BETA 1 BETA 2 BETA 3 BETA L BETA 5 / NOINT #
CONSTRAINTS
BETA 1 + 12*BETA 2 + 1L4U*BETA 3 - BETA 4 - 12%BETA 5 =
BETA 2 + 24*BETA 3 - BETA 5 = O #
ESTIMATE
BETA 1 + 12%BETA 2 + 1LU*BETA 3 =
BETA 2 + 2U*¥BETA 3 = ? #
TEST
BETA 5 = 0 #
OUTPUT OUT=DATA 2 PREDICTED YHAT RESIDUAL EHAT #

}DROC PRINT DATA=DATA 2;.
* .
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COMPUTING METHODS FOR LINEAR MODELS
SUBJECT TO LINEAR PARAMETRIC CONSTRAINTS

peie

. THOMAS M. GERIG end A. RONALD GALLANT

f"_fyASSi'si:ant Professor of Statistics and »Ass'istah’c Professor of Economlcs and L
.= _ Statistics, respec‘cively North Carohna S’cate Un:wers:.ty, Ralelgh, N. c., 27607




g ,._’A'Bsmcm -

B An eff1c1ent and accurate computational form for B which minimizesr¥><

ZSSE(ﬁ) (y XB) (y XB) subject to RB r us1ng the Moore—Penrose g—inversei,g,; '

s given. “No. rank conditions are imposed on R or X . The results are

s - applied. (1) to estimate the parameters in a linear model which are subgect to i

('?ilinear equality constraints and (ii) to obtain the generalized inverse of

X'X Whlch yields a solutidn of the nonmal equatlons subaect to non- estimable

i fuconstraints on the parameters.'fif.**" -




| . : .. omwmeopucTION < o
. We_shall. _cion:sirdve:z—' ‘the linear model

‘:,.‘y _ XB +Ae‘r,

 subject to the m;e'a’r equélitY'oonstraints

It 1s common 1n th:Ls case ’co reparametrlze us:.ng the restrlctlons to an un- '

rconstra;ned model or to use the method of- Lagrange multlpller 83 see Pr:x.ngle
and Rayfler (1971) “our ap;oroach is more dlrnc‘c a.nd, computata.onally‘, rapld and
[ _accarate. In addltlon,- mo rank condl’clons are lmposed on . X or R . An ,
‘i‘/l"lnterestlng bY-product of our method arlses when X is ‘not of full ra.nk and
the constralnts ‘are of the iorm BB = 0 and are non—es’clmable-, In this case :
;tne method produr-es a g-lnverse (X'X) Such tha,t B '_f (X'X)-X)I solves thé |

normal equa.tlonu a.nd satlsxles the restrlctlons Thls can be used to fwnd the

'.,'g—;mrerse Wthh glves estlmates Whlch satlsfy "the usual constralnts".a_"_ ‘

In the rama.lndev' o:f‘ this sectlon we will glve our nota’clon a.nd set :E‘orth
: :Vsome>pr0pertles of matrlces whlch mll be used later on. | -
:,1 The descrlptlons of ’che matrlces ‘appearlncr in the n.modévluébove a.re és
s f'ollow-sgu v is an. (n X l) -vector of ,observatlons, X is en (a >< D). ma.trfix, '
= of imown constants, B is a (o x l) Vectol‘ of unknown °°n3t8nts’ e s en
o (n X- l) vector of uncorrelated random varlables eac"l hava.ng mean zer‘o and . |
; varlance : 0'2[,_‘ R 1s a (qx p) matrlx of known constants, and r 1is- a .
(qx l) vecuor of' known constanto.v Tng equamons Rﬁ = r a.re assumed to

‘ ,Vhave at least one solutl on in B

In same 1nsta.nces, the restrlct:.ons to be :meosed are known to be true a erorl.. S




* DEFINITION. (Searle, 1971, kS 16) Let A be an (mx n) matrix, Then

"_there ex1sts a matrlx A of order (nx m) wh::.ch satlsfz.es AAA A ’
+

A" AA = (AA )’ ’ e.nd (A A)' A A The matrlx A : 1s‘-umque S
‘ _and is called the Moore-Penrose gunverse o:f' A . ' S
The follomng notatlon will be used throughout the paper. If VA is a.n s

o

a:rbltrary (mx n) matrlx, leu

Q=I-F.
: whose dlmen31ons are (n>< n) P (n X n) 5 (m>< m) E a.nd (mx m) respectlvely.‘f

" The ranks of these matrlces are, respectlvely, rank(A) s n-ra.nk(A) -.rank(A) PP

A‘k,a.nd m-rank(A) : If a is an arbltra.ry (nx l) vector, let
| el - <a*a>% '-
.b ‘No’ca’ceo.nv whlcﬁ 1sr spemﬁc to the model .y . Xﬁ‘ + ev sﬁbvje'c‘t'to‘_ RB =
<o ds asrfolTows' | | | | S
. E _ (XQ’R')*_(y_ 5 :XR-(-r)‘ +R+r, )
| SSE(E) (5} - %)/ (y -' XB) Hy - Xﬁﬂ

oands



'Whose dlmensz.ons a.re, respectlvely, (p X l) ’ (l x l) » end (lx l)

The :E‘ollow:r.ng matrlx relatlons may be ver:.f:.ed using the four: def‘lm.ng

‘ ‘":f_propertles of the Moore—Pen.rose g-lnverse. Much of 'bh:Ls vemf:.catlon may be -

s ot found in Prlngle and Rayner (1971) and Searle (1971)

e F PA ’

A,; ,QA 5 QA are sy'mmetrlc a.nd :Ldempotent,

(A,) - s

A (A*)/ (A'A)

(A’A) Al = AL (AA’) =4A ,
"RR'r =1 provided Rﬁ =1 are conéistent ,

R(ﬂ - R r) O prov:Lded Rﬁ

QR(B - R r) ({3 - R r) prowded Rﬁ

L \ - e N . PRR r = er ,’

gu(xa)t = (e,

Qg (aray oy = (aaae)”




- In ‘the remaining sections we will assume that the above relations areknown Y

and VWill use ‘them repeatedly without reference to this sectioﬁ. ;

2. MINIMIZATION OF ERROR SUM OF SQUARES SUBJECT =

. TO A LINEAR CONSTRAINT -

_ In this section, we demonstrate that the vector B , defined in; the . .

" previous section, minimizes (y - XB)/ (v - XB) subject to the consistent set . B
of linear equations RB =r . Next, we discuss a method of Qompﬁtatién based

‘on a FORTRAN subroutine by Businger and Golub (1969). - e

THEOREM 1. B minimizes SSE(B) subject to the consisfen‘b c_onstx;é’irnts‘

,Rﬁ =r .

© PROOF. We will first verify that BB = r . There is a f such that .

S

W = ROey) (- xw'e) + T

RQR (XQR)’L,(y - ,X"R+r')-+ RR'r

='O+RR+BE=R5=I'.

© We now verify that SSE() < SSE(f) provided f satisfies RB =r .-

r since we assumed a consistent set of constraint equations. Then AT




S,

) =y - 6 - xe°
>

e ﬂyf—‘k)Csz_' - xq Bl + og® - B S

B ‘, + é(y - Ry - XQRE)f(XQR)(E. -B)

ol mE - G - B

] . +

| 2,@—“4 Xé”r)'tx - ) ) 1) - F)
Iy e -0

Z:ISSE(VB‘)V. 0

o The co*nputatlon o:f‘ uhe mlnlm:LZJ.ng vector ﬁ requlres only elementary B

e matrlx comnutatlons provided one has a means for computing. the Moore—Penrose '

" g-lnverse - This may be obta.lned a51ng the. sz.ngular value decom;pos:Ltlon of a

0 matrix.

" For a given m‘atrix A of order (mX n) with m=2n we may decompose

A as

A =USV",

where U is' (m x n) " S is an (nx n) dlagonal matrlx with. non-negatlve .

'elements,- Ve o is (n>< n) and




I = U=V = YV

:: -"T‘his is calléd thé singuler value decomposifion of A . Iet denote the s

S,
dlagonal elements of § . Seb S: l/S i S;,_ >0, setr z VO lf
e s 0 ~and form the dlagonal ma'brlx gt from the elements ‘ ;i- Then the

i
. e Moore-Penrose g-inverse of A is given by

A" = vs'u
a.nd the rank of A is the same as the number of non-zero sl . "(If m <n .
'”:compute B = (A') - using this method and set A" B' o)

A hstlng of a FORTRAN subroutlne to. o’otaln the s:Lngular value de—'

e composmlon of A may be found in Bumnger and Golub (1969) The subroutlne :

as llsted is for a COB&PIEX matrlx A » but we had no. dlfflculty in convertlng f

:.t to REAﬁB from the COMPLEX version. We ‘have had good res—ults uSIng an -

i":,'MIBM 370/165 setting the parameters ETA = 1.D - 1k and TOL = 1.D - 60 3 we
set sl:- O if =N < 5y * (J.x lO 13) 7 |
If y a.nd X -are too large :E'or storage in fast core but uhe sums of -
Al-AV.,.squar_esi a,nd cross-products vy, Xty , and X’X can be stored, then .the °
' computational formula
= (QRX'XQR)f(X'y - X'xR'r) + R'r
. may be ﬁsed. ©If the formula
~ + o+
P=(Xe) (y -XRr)+RT
is feaéiblé,fits use'shou‘ld' improve the accuracy of the .-Qomputations ‘-by_

,' . avoiding unnecessary matrix multiplications.




3. LINRAR MODELS SUBJECT TO LINEAR PARAMETRIC CONSTRATNTS

-~ The statistical properties of . E~ when used,as_an eétimatejof fB».in'ﬁhe,;r:

i»'linear’model_

y=XB+e

" subject to the a priori consistent constraints

Rﬁ=_rrv

:éreuspéit out in théifollowing four theorems{'-These resulté'a:e fairly.well' '
" known; see for eAample Pringle and Rayner (1971, P 98)." Wevhévé’included
'proofs which depend heav1ly on the propertles of the Moore-Penrose g 1nverse

" in the Appendlx we belleve that these proofs are new.

THEOREM 2. There is a f of the form -

§=Ay+cv -

such that r&(x’E) = A'B  for every ﬁ satlsfylng the con51stent equatlons

BB =r - if and only if there are vectors § and o such that

M = 8'X 4 p/R .

 THEQREM 3. ILet B be any estimator of the form f = Ay + ¢ and ) be

. of the form A’ = §/X + p/R . If 6(k(§) = A'B for all B satisfying the

consistent equations RB = r then

Var(\B) < Var(A\'B) .




“  THEOREM k4. ° e(SSE(” )) [n-ra.nk(XQ,R)]O' provided RB7=
. THEOREM 577 Let e De dlstrlbuted as a multlvarlate normal w1th mean O frf
s f_and variance-covariance matrix I . If A is a matrlx of the form ," “
M = AMX + PR
then AB is distributed a5 a (possibly singular) multiveriate normel with
‘?fvmeanCAAfB'}and variance-covariancebmetrix UzAICA 'whefe 4
= (XQg) (XQg) ™ -
‘Moreover, SSE(E)/GEe is independently distributed having a chi-squaredw
"ﬁﬁjjdistribution With n-rank(XQR) degrees freeddm.e, ' | '
‘ : .COROLLARY: '—Let e be distributed as a multivariate normal with mean 0 o :
»and variance-covariance matrlx GEI . rIf A is a matrix of the form
e A A'X + P'R then under the hypothes1s

H: A’_ﬁ =A'5 PR

"'where:,Rﬁo,= r , the statistic

(7B - v8%) (von) (B - we%)ey
~2
o

where fi = rank (A’CA) ‘has the F- dlstrlbutlon with fl -numerator degrees.
: freedem and. 'f2’= n-rank(XQR) denomlnator degrees freedom prov1ded fl >0.
'TE-JIn'a typieal application of the prec dlng theory, one mlght be 1nterested o

1,iinrestimeting the linear function ~\’/B 'for’the modelr y ='Xﬁ,f e subgect to,




R

"71*33~= r assumlng that the errors are normally dlstrlbuted. Mbre’likelyrﬁhan :

"hot, the (n + q,x p) matrlx '<§) will have rank p 80 that A w1ll, of | .

:j{ nece531ty, be of the form k' = §'X + p'R . (If the matrlx QR) does not

where"RBo

.have rank D the' conditlon must be checked dlrectly ) By Theorem 3, the -
":best llnear unblased estlmate of X’B is: 'ﬁ The correspondlng estlmater'*“
Cof veriance is A'Cx with n- rank(XQ ) earees freedom by Theorem h |
N Note, however, that 1f x'> is of the form )\ = p’R then x'Cx o and
'olx’ﬂ = x'R r O That is, if K’.‘ p’R then x’ﬁ is spe01f1ed by the 773
’ festrictions to»be éhe constant A{Rrr H the data contrlbute nothlng to the

fxeetimate;r Oné- may test a hypothesis'of the form

H:  AB = ABY

r , and

BN A = ATX +7P'R

' .jby applylng the Corollary in a stralghtforward fashion.

- As can be seen from the gbove, the appllcatlon of Theorem l to the

! estlmatwon of an estlmable functlon Y ﬁ requvres the computatlon of -

B = (o) (v - };RJ’r)' + R+,r ,'

= ’
(xag) (xag) v,

- and

(y - 1) (v - XB)/ (n-rank (XQR))




. lO__,:-'.

Iin those appllcatlons for which the matrlces y‘ -a.nd X are too large for

storage in fast core, one may compute the sum of squares and cross-product_

rmatrlces AN A X'y 5 a.nd X’X and substltute the formulas~

B < '(QR‘XIXQR)%(X'# - X'?CR+r'> I*% R%ff , o

L
= (QRXJXQR)c‘,
= (y'y - Eg'X'y- + ’E"X'Xﬁ)/(n—rank(c)) .
To 1llustrate the computatlons we will cons:Lder flttlng a grafted poly-
'nomlal to data collected in a nutrltlon study (Epprlght et al 3 1972) ' The
. . data shown in Flgure 1 are preschool boys' weight /helght ratios ( ¥) plotted .
' agalnst age (— x) the mumeric values are g:Lven in Table L. We w:Lll assume
e model which is linear for ages above twelve months and quadratlc for ages

- below. Further, we will require that the response funct:.on be contlnuous '

and jhave contlnuous flrst derlvatlve in x . More Iomally, the model is
'yt=Bl+52Xt+B5Xt 0= x ¢ 12
,=ﬁu+B5xt . 12=<x<g T2
subject to a continuity constraint at the 'point of join

' gl + 52.12‘+ eB-lhh 5.eu‘g 55-l2 = o‘
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TABLE I
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AGE

CW/H

. AGE

" AGE
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0,61
0461
0.67
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- 0.78

0.69

C0LTh
0.77
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0.81

»HoQ
U\ A\

O Y ® R Oy FoW

el R e
. = IS
(G TG I N B NN, TR TR O

5

e
565 KRG
\

2005
215
2.5

23.5

0.88
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0.82
0.85
~0.88

- 0.86
0.91

0.87 -

- 0.87
0.87

0.85 -

- 0.90

10.87 o

0.91
©0.90
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0.89
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¥
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0%
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0.91 i
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0095
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o9
0%
i"0‘97f57i3,‘ 
ook
0.9%
B
o9
,  101
099
099
S0.97
1.0l
0.99
L0k

48.5

. :u9,5:: o

505
5.5

. 52,5

53.5.

. 5ks

555
565
515
~58.5
59.5
60.5
. 6L5
o625
63.5

6h.5

o 65.5
o665
Co6T5
S 68.5
69.5
70.5 |
L TLs




. _f'15 :
| ff‘l’, . i

,-,.énd..'a.cnon_tinuity constraint on the first derivative in x 'at‘thej"oin'point_

 BprEy-pi-0.

o The values of B , C, and "52" computed from these data are: .

8’ = (b, 055, -.00213, .T30, ;60596) , ,:'J

LM -.0812 .oo3b2 -.0469  .000930
-.0812 . .0165 -. 000702 L0199 -.0003%
3*:fc;=_ L0032 -.000702 .0000300 -.000900 .0000183  5

;50469 B L0199 . -.000900  .0825 '-}0017;‘~

. 000930 _  -.000596 ' .000018%  -.00171 . 0000433

e

B A . ©7 = .000549
. with T2 - 3 = 69 degrees freedom. < The fitted equation is plotted a_,gainst
" the data in'Figure 1. If, say, one wished to estimate the slo:pe'v'of,.the
“'eQuéLt‘ion for ages past twelve months one would consider the estimation of
S MB with A+ = (0,0,0,0,1) . Since (;E) has renk 5 , A is of the form. -

Lr—d

A =8/K + p’R . The estimate of slope is A/B =’35 = .0039% with standard

L error

(A'CA?EQ)% = (05532)%v= . 000154 . .




b SOLVING NORMAL, EQUATIONS SUBJECT 0 :

NON-ESTIMABLE‘CONSTRAINTS

* " Consider the problem'df sbiving the ndrmal:equations;‘jiAk T

X'¥p =X’y
isubjeéﬁ to the non-estimable parametric constraints
'_RB":O"

- By'non-eStimable, we mean that there do not exist noh-zérd'vectofs' 6 'andﬂ o

such that

i < E 'f”Our'solution consists of showing that S e R T U

(QRX'XQR)

is & generallzed inverse of XX prov1ded that the restrlctlons BB = 0 are

. non-estimable. It then follows (Searle, 1971, D- 8) that
¥ g - CX'.Y

" is a solution of the normal equaﬁions. We have seen earller that RB O ‘thus

satisfying;the non-eétimable paramétric constraints..

VTHEOREM 6.  If there do not exist non-zero vectors Sr'andrrbvﬂsuch that’

3_,5/X p'R then



Tiii‘lﬁzi'

- is a generalized inverse of X/X .

' PROOF. ILet

I xR
s T = :
0 I
o -
xa. | [x
% = QR =T - .
R 1 - ]R

| ‘Svilnnlce vVVT 1s xién-\sinrgrtiléx, jtﬁe ranks of Z and (g) are the same. Sinée “che o
' lineér spaées generat;zd 'by the rows ofrI X and R a.rerdis,jc'_)in"c vby ijypo’chesisr
‘ : v;rehave tﬁaﬁ rank(}é) = rank(X) + ra;lk(R) :SVinc‘e the linéar épé.ces |
generated by thé rpﬁs of XQRb and R are orthogona’.li | ‘rank(z) = ra.nk(XQR) ’
+ rank(R) . A'Thlrlsl rank(XQR) = rank (X) . “Bince the ;coivu‘m.ns éf XQR‘ are
linear: combinatioris of the colu_mné of X and the ranks rof the ﬁwo matrices

are équal,, there i,é a'non,-singular matrix S - such that XQR =.X8 .. -Thus,
| SRR - . SRR TPE vy
| XX (QXrXy) XX =S/‘vlS’X’XQR(Q,RX’XQR)VQRX’XSS» B
=8/ QpX/XQp (QRX/XQp) QpX/XQeS -

-1

o ;l : -1 |
=S /3 = .8+ G ,
S QRX "{QRS = Ss T8IXrXSS ,

=XKL




As an example of the use of this theorem in applications consider a
" complete randomized block design with two treatments and two blo"cksﬁ-f o

1L 1.0 1 O0f.  ju

110 0 1] |t

' s’ubject’ to the us>ua.l non-estimable parametric constraints.
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and that these are the usual parameter estimates.
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APPENDIX .

. PROOF OF THEOREM 2. (If) Let A’ = 6’X + o’R

™
Py .
>
©
™
g
I

=\ (XQR)‘L(XE— XR+£) + WR'r

]

(5/% + p/R)ap (XQ Jx (8 - R'r) + (87X + p/RR'r

8/XQ, (X)X (B - B'r) + 6/XR"r + p/RR'r

5/Xag (XQp) Kap (B - R'x) + 6/XR'r + o/EB.

n

R + '
8/Xqp(B -~ Rx) + §/XR r + p/BB

§'X(B —R'r) + 6’XR'r + o/RB .

(6'X + p'R)B

]

A .




e,

" (Only if) If B is of the form

First set y = 0, hence

!3=R+r'+QR'7

rthén~ Rﬁl= r for all ¢hoibes of .7v¥ . We will take B -to'be'Cf this‘fbrm,and f;f}ff’l'5

eiamine the'cohsequenceS“of various éhoices of 7 uhder the assumpti6n'that

there is a

B=Ay+ec

- such that g(a’'B) = A/B for all 7 . Under this assumpt%on,vggg all 7

AAKR'Y + APANQY A = MRTT £ Q.
+ +
WAR r + A’c = AR r ,’
so that
AAXQRY = A QpY

for all choices of 7 . By successive choice of the elementary vectors for ¥y

. we obbtain

x'AXQR = nQ

 vhence




k|

M NG T AR

AKX S MAR T B

fi

[AATX + Ivaxe’ + MR g

8% + p'R .

PROOF OF THEOREM 3. From the pr‘oof of the previous theorem we i’iave. S

: X’AXQR = MQg - The variance of )\’E is

Var (\/B) >\'.(XQR")+(Xfag:{)"h-'m‘2

n Qg (x0p )T (k) Trapne®

N Qg (XX0; ) 9 n0”

 Let W =Xq , the variance of /B is

4. vér (7«5) = A’AA'NQ
= NA[E - QAo
N MAGA) (k0 ) ane® + ArAgane®
- )\/A(XQR)(G’RX’XQR)ﬁ-(XQR)’A\')\U?‘IF A’AQ;;A'?\G?
i .\.'QR'(C;‘;PX'XQR)J#QR}-"Q * K’AQ;A”‘»G?

= var(WF) -

-




‘.4...'

Now

*
since Q,WW

g *
where QW

e(erqe) =

- PROQF

. PROOF OF THEOREM 4. ‘Let W = XQg - Then

- ssE@®) -y - B
oy - xGe) (- m*r)_-f}aﬂl!é, -
-y - X9 (60" - ) -

= I + e - )P

Gx - ) - G E .Rj“r) " Q;)@R(g , 3+r) —o =

=0 and PR(B -Rr)=0 provided R =r . We now ‘have that

. - * ‘,
SSE@) = e'qy e s

' *
is symmetric and idempotent with rank Q,w

[n;rank(w)}ca .0

OF THEOREM 5. We may rewrite P as follows.

n-rank(W) .~ Thus




,;?2.

W

W= R e ) e

n(kag)e + & (Ka )X - B'2) + pme

A (xag)’e + (X + PrR)Q (40X (B - B'x) + (arx + BrR)Rr

A (x% )

+

%0y (%)X (B - B'r) + ax®®r + P/RR"E

3

]

A (xe ) e

A? (XQR)(XQR)+XQR(;3 - B'r) 5 arxm’r + PrEp

.’ B " (XQR):*'é + A‘,XQR(B -7R+r) '-‘l-(A"XR"'r + P/Rﬁ

+

: B
A (ag)e + a7X(B - R'r) + arxR'r + PrRp

A (xeg)"e 4 4B

Thus, A'E has the (possibly singular) multivariate normal distribution7with
. .. ) . . 2 : ’ - -
mean A’ and variance-covariance o ACA .

Let W =XQr . "From the proof of Theorem 4 we have that

S *

SSE(E)/GE = el Ie/cf2 where QW is symmetric and idempotent with rank
‘n-renk(XQ,) . Thus, SSE(E )/o° has the chi-squared distribution with n-ra'nk(XQR) SR
degrees freedom. V ' A

' + I ox : '
Consider the random variables (XQR) e + B and _Qw e. -Since their co-

variance matrix 62(XQR) Qw = 0 they are independent. As a consequence, the

A o ~ B N . e ¥ ¥
random variables p/f = A/(XQR) e + AP and . SSE(B) = e’QWQWeF are

B independent. [ . ' AR




