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Semi-Infinite Domains by Finite Element Cloning
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Department of Civil Engineering and Engineering Mechanics, 

Columbia University, Seeley IV. Mudd Building, New York, N.Y. 10027, U.S.A.

A numerical technique is presented for the evaluation of foundation impedance matrices, 
X, for two- and three-dimensional shallow and deep viscoelastic soil strata. The far field 
regions are represented as an infinite assembly of finite element cells of similar geometry. 
In this novel approach, the numerical value of X is computed from the mass, M, and stiffness, 
K, matrices of such a cell. For the elastic cases complex valued X could be obtained even 
though M and K are real matrices. This is the most remarkable feature of the presentation 
since all other stand-alone finite element formulations fail to capture the radiation 
damping terms.

In the proposed method the boundary matrix, X, is computed from the solvent, P, of the 
following quadratic matrix equation:

A.P.P+B.P+C=0; Bis symmetric and C=A (1)

The coefficients A, B and £ are obtained in terms of M and K of the finite element cells. 
The technique of the eigenfunction decomposition is utilized to reduce eq. (1) to:

2
A .A. Pi +; .B.p+ c . p = 0 (2)

in which Aj and Pj are the jth eigenvalue and eigenvector, respectively, for P. Applying the 
solution scheme for the coupled damped systems the eigenvalues and the eigenvectors are 
evaluated. The structure of eq. (1) indicates that the product of the two eigenvalues for 
a certain p. be unity. Sommerfeld's radiation condition dictates that the particular X., ~ j j
whose absolute value is greater than or equal to unity, be selected to construct:

P = {p.} <.> {p }71 ; {p }: eigenvector matrix; < X.> : diagonal matrix (3) 
~J J ~J ~J J

leading to X.
All the methods used to date resort to some analytical formulation to evalute the radia­

tion damping conditions for unbounded foundation media. These methods vary drastically from 
problem to problem. Thus separate analytical formulation and computer coding become neces­
sary for layer and half-space type of foundation idealizations. Even more difficulties are 
encountered because of extreme mathematical complexities with the wave propagation analysis 
of three-dimensional foundations. The continuum approaches via the integral equations or 
influence functions (represented as infinite singular integrals) necessitate considerable 
amount of computing efforts in terms of both the memory requirement and execution time.
These problems are adequately resolved in the proposed formulation of the cloning algorithm.



1. Introduction
Dynamic response analysis of structures embedded in deformable foundations has been 

studied with a great interest by the nuclear industry. During the tenure of the solution 
it is quite practical to hypothesize that the waves generated due to the soil-structure 
interaction effects could not have adequate time to reflect back to the structure from the 
lateral boundaries. This makes the assumption of the lateral infinity for foundation 
domains to be valid. Techniques to evaluate the field variables pertaining to an unbounded 
medium for potentials, static and dynamic cases were studied as classical problems, refer to 
Love [1]. Experimental data [2], indicates that within the limits of the elastic design 
criterion it is adequate to model the soil regions as linearly viscoelastic media [3]. 
Motivated, by these probl ems, Figs. 1,4, the computational interest to evaluate dynamic 
responses of unbounded media, e.g., half-planes, half-spaces, two- and three-dimensional 
layers, have been rejuvenated. For a safe design analysis of different structural, electri­
cal and mechanical components of the reactor building system it is essential to estimate the 
respective response histories caused by natural hazards such as earthquake excitations. 
Computational effort is significantly reduced when the action of the foundation region on 
the structure is evaluated employing the substructure technique in a frequency domain analy­
sis. A response quantity, z(t), t:time, is represented as

z(t) = z(0) exp (iat) (4)
for a frequency of excitation, w. As far as the structure is concerned, the mass, damping 
and stiffness matrices can be satisfactorily obtained by utilizing any general purpose com­
puter program such as SAP [4]. The impedance matrix associated with the foundation degrees- 
of-freedom is obtained by introducing zero forces at all nodes which are not in the inter­
action region and by prescribing the foundation displacement in the form of a complex 
harmonic: exp (iot). It is then sufficient to evaluate the foundation impedance matrix, 
X(w) , associated with the aforementioned interaction degrees-of-freedom. The nodal forces 
and the corresponding displacements in the soil medium, R(w) and r(w) , respectively, 
will be related in the form:

R(u) = X() r(w) (5)

It is now possible to compute the dynamic response of the structure including the effects of 
foundation interactions for a prescribed free-field earthquake motion as elaborated in (51. 
It should be noted that for embedments of arbitrary geometry there is no conventional com­
puter program such as [4] (which is indeed applicable for the structure) available to evalu­
ate readily the foundation impedance matrix, X. The objective of this paper is to present 
a numerical scheme to evaluate the foundation impedance matrix in which the effects of out­
going waves are properly accounted for. The principal difficulty stems from the fact that 
within the framework of a spatially discretized method [6] such as the finite element formula- 
tion, it is not obvious as to how to satisfy the Sommerfeld radiation condition [7]. 
Mathematical difficulties arise in modeling an unbounded domain with a finite number of nodal 
variables [8]. The merits of the continuum and the discrete computational schemes are 
synthesized in the proposed cloning algorithm. The steps of computation are summarized in 
the following section. A benchmark problem is illustrated in which the cutoff frequency and 
the imaginary parts of the impedance/compliance quantities are captured very accurately for 
an elastic layer.
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2. Cloning Algorithm ,
(a) A (D) " PThe impedance matrices of similar infinite domains, B = B 3 B - B Ub, as 

in Figs. 2,3 and 5, are indicated by x(a) and x(b), respectively. The notion of similitude 
assures the existence of a scalar function, f(2) , and a matrix, Z, such that

x(a)=uf(a)z;x(D)=uf(b)Z; u: Shear Modulus (6)
The function f (2) depends only on the dimension, k, of the spatial manifold JR1 5B() . It is 
evident from dimensional analysis that

f( 2) = «k-2, k > 2 (7)
Let F(a,b) be the finite element bounded region which is the "geometrical difference*" B, 
between B(a) and B(b). The global mass and stiffness matrices can be satisfactorily 
obtained using a general purpose finite element code such as [4]. For a frequency of
excitation, w, the reduced impedance matrix, associated with the boundary nodes is repre­
sented in the following partitioned

s(a,b)(w) = uf(a)
Yaa

form:
Y

(8)
Yba Xbb

It is crucial to note that the discrete analog [9], of Almansi's theorems [10], which deals 
with a nonclassical boundary value problem (Cauchy type in the spatial coordinates), demands 
that:

det 1a6) 4 0 (9)

The impedance matrices for B(b) and F(a,b) have only one unknown, Z, in (6). Hence 
it could be possible to derive an expression for Z in terms of Yaa YbbYab and Yba of (8). 
Utilizing the substructure equation (7.22) of reference [11] one writes:

Z=Y-YY+aZily,; a = f(b)/f(a) (10)— —aa —ab —DD — —ba
Introduction of the following substitutions:

P=TH-1; Q=GH1; R=HTH"1; T=aZ+Y; G=aY+Y; H = Vay. (11)— — — — ’ — ---------------  ’ — — —D‘ — —aa —DD‘ — —ba
leads to

P P - QR + R = 0
This is a quadratic matrix equation governing the cloning algorithm.

(12)

It can be proved mathematically that for each eigenvector Pj for P there exists a 
unique eigenvalue such that | Ajl2 1. The expression for_Z constructed from eqs.(H and 3) 
satisfies the Sommerfeld radiation conditions. The complete set of eigenvalues and eigen­
vectors for P, such that p"1 is a contraction map [12], can be evaluated by solving:

ay = Aby 
in which

0I 1 2
a = ; b =

R 0 Q-I
~PJ.
A5

(13)

It will be demonstrated numerically that the solvent, P, so obtained from the real 
valued impedance matrices for the elastic region F(a,b), could contain imaginary parts. This 
crucial feature of having complex impedance matrices for the elastic unbounded regions is 
indeed captured without resorting to any analytical solution in terms of the complex shape 
functions for unbounded regions as described in [2,3,5,6,8 and 13].
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3. Numerical Example
The problem of an elastic, homogeneous, uniform layer undergoing antiplane harmonic 

oscillations, shown in Fig. 2, is illustrated here. An absorbing boundary formulation, in 
which the finite element trial functions are the solutions of the governing partial differ­
ential equations of the semi-infinite domain, appeared in [13]. This is a case of single 
variable wave propagation where it is possible to obtain a closed form solution exactly 

accounting for the radiation damping phenomenon.
The shear modulus, density and depth of the layer are taken to be unity. From the 

analytical solution it is known that the imaginary terms begin to emerge in the impedance 
matrices above the cutoff frequency of 7. In order to illustrate this phenomenon, computa­
tion is carried out for frequencies = 1.5 and 1.6. The layer cell, B, is modeled by assem­
bling square elements of sides = 1/32. The proposed model of the cell ensures at least four 
elements per rise of waves, which is an adequate spatial discretization. The wall, marked 
as side."a"in Fig. 3 is subjected to a harmonic excitation by imposing a linearly varying 
displacement field along the depth with unit amplitude at the free surface. The resulting 
displacement distribution is computed ata distance of x = 1/32. The analytical solution 
yields the following expression for the amplitudes, u, of the displacement field 
u(x,y,z,t) = (x,y,z,w) exp (iot) :

Gx =260 
00

U (x,y,z,w) = z Bsin (Yz) exp (-k„x) 
9 m=l

in which

Y = 5 (2m - 1) ’ * - 2-2; Bm - 2(-1 yn-)/m2
lm(k ) <0 and k > 0 for real values m m

The series is evaluated taking the first 32 terms whereby the truncation error is less than 
0.5%. This is carried out to make the analytical computation to be compatible with the 
32 modes considered in the finite element analysis.

The finite element cell, B, is modeled with the stiffness matrix given in [13]. 
Diagonal mass matrix is taken for the cell. The numerical computations of Z in (6 ) are 
carried out by employing the IMSL [14] routines, residing in a DEC 20 computer system. This 
yields results at least up to five places of accuracy. Computation time for each frequency 
was 20.9 seconds. Displacements are evaluated at face "b", refer to Fig. 3.

The numerical results are compared in Table 1. It can readily be ascertained that the 
proposed cloning algorithm yields very accurate results including the estimation for the 
cutoff frequency.

It can be concluded that the impedance matrices for unbounded regions can be numeri­
cally evaluated according to the proposed cloning algorithm. The method necessitates only 
the finite element mass and stiffness matrices for bounded regions. Thus expensive numerical 
calculations for analytical decay conditions can be avoided. It is anticipated that the 
method will find applications in modeling various types of foundations for embedded 
structures in seismic zones.
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