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1 INTRODUCTION

A classical way to estimate the behaviour of a structure during a 
seismic excitation, consists of calculating the maximum of his res- 
ponse.

On one hand, the structure is represented by modal oscillators cha­
racterized by resonance frequencies, modal damping factors and parti­
cipation coefficients.

On the other hand, the seismic excitation data are given by Response 
Spectrum of the Oscillators (RSO) tabulated versus frequency f and 
damping factor e. These RSO directly represent the maximum of displa­
cement of an oscillator (f,e) to seismic excitation.

The estimation of the maximum of the response is immediately deduced 
from RSO and the modal characteristics of the structure.

Note that the seismic data cannot be represented by a particular 
time representation, but by an average of a number of signals of the 
same kind. So, it is important to characterise the earthquake by a 
random process whose events are particular realisations. The standard 
RSO used for the response calculations can be regarded as the averaged 
maxima of the oscillator response.

This method, which is generally named "modal method", leads to some 
approximations and errors we will discuss in the present paper. The 
example of the bimodal oscillator will be completely studied using 
numerical simulations and an improved modal combination formula final­
ly proposed.

2 BRIEF REVIEW OF THE CLASSICAL METHODS

The most simple way to estimate the average maximum m of the structural 
response with n natural modes, frequencies f,, and modal damping fac­
tors €1 is the "Root-Sum-Square" rule obtained from the modal statis­
tical independence hypothesis:

(1)
n 2in2 = Z CS2(f,,€)

i=1

where the Ci are the modal coefficients of the participation to the 
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response. This rule is particularly wrong if two of the frequencies 
are very close to one another. Thus the independency hypothesis is 
not valid in this case.

To overcome this difficulty, numbers of authors have proposed type 
(1) formulas, where the effect of modal interaction is taken into 
account. These formulas are in fact based on the expression of the 
root mean square (rms) o of the stationary multi-modal system response 
to a stationary excitation characterised by its spectral density S(f):

co c
o2 = z c, J |hil2.S(f)df + ZCiCJ (h^j + hhj)s(£)af

( 2) io itj o

hj = (f. - f + 2i Ejfjf) 1

In the case of two near modes of not very different damping, (2)
becomes approximately:

02-c202+c202+2CC
11 2 2 12

01 02
f1f2 _2 £lfl+ €2f2

Hypothesis:

If we suppose that the quotient m/o: called as the response peak fac­
tor, is the same either for the simple or for the double oscillator, 
we obtain the Rosenblueth formula:

(3) -2 2 —2 2 2 .12m ~ C m + C m + 2C C
R 1 1 2 2

m1 m2
1 - f2 

e’f + e'f
11 2 2

1 +
2

with m = S1(f1,81) and m2 = S(f2,82). The transitory feature of the 
seismic signal is considered here by the use of an equivalent damping 

defined by:

(4)
2 2 _

&‘i = ei + (T fi T) 6

where T is the duration of the seismic signal.
The Rosenblueth formula is particularly accurate for a couple of 

modes with very close resonance frequencies because the effect of 
cross terms is well estimated and also because the quasi-monopic beha­
viour of response spectrum makes true the preceding hypothesis concer­
ning the peak factor.

When the response spectrum has separate two pics configuration, we 
can expect that this hypothesis is not very well verified.

The numerical simulation used here will bring out the importance of 
the error, committed by using (3) ; with respect to the different 
parameters of the problem.
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3 NUMERICAL SIMULATION RESULTS

3.1 Simple oscillator

First, the results of the simple oscillator are presented to show the 
validity of the simulation by comparison to the classical laws, and to 
introduce the characteristic parameters:
- the duration of excitation T given in term of number of cycles N at 

the resonance frequency: N = fT,
- the reduced damping e, or the bandwidth 6 obtained by the following 

spectral moment expression:

\ No 12 / 
00

where A = J £1 |h|2 S(f) df: the ith spectral moment, 
o

For simple oscillator with e SS 1, (5) is approximated by:

(6) 8=/4sY T
We notice that the oscillator response process (starting at rest) is 

non stationary. The rms o at T is given by [4]:

(7) 02() - 1-exp(-2ewT) (o = 27E)
4e 03

When T + “ (Ne » 1), the response process is then stationary and 
the rms becomes (for ideal white Noise Excitation with S.xciL(f) = 1):

o2 = 1/4 e w3 .

Figure (1) (respectively, figure (2)) shows the evolution of the 
peak factor u = m/o with respect to N and e (resp. 6) obtained by 
numerical simulation. We particularly notice the asymptotic evolution 
in (2 Log kN) and the influence of e (or 6), which conditioned the 
response process bandwidth, according to Vanmarke’s formula [1]. 
Qualitatively speaking, u increases with E for a fixed N.

3.2 Double oscillator

The bandwidth 6 of a double oscillator with close frequencies and with 
the same damping and participation coefficients is approximately given 
by:

a2 + (1 + e2/^) 88
(8) 82 - -------------------------------- T_

1 + 2 ^/a2

£,-f 1where a = _----------  SS 1 and €1= €,= e CS 1 .f
2«1
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The peak factor of a double oscillator with given a is plotted in 
figure (2) in terms of this parameter 6. We note that for large 6 
(for N€>> 1) the peak factor of a double oscillator is nearly equal 
to the simple oscillator one, but, for little value of 6 an apprecia­
ble difference is noted. Moreover, in the case of two separated pics 
(a great), 6 is appreciable greater than 8, = V4€1/T and 62 = /4 €2/1, 
and than u is greater than M, and 12. These remarks constitue the 
motivation of the present study.

We consider for the double oscillator the next three supplementary 
parameters:
- the ratio of the frequencies: f2/f. *
- the participation coefficients: C2/C1 '
- the dampings: €2/€1 •

To simplify the study, we take €1 = €2 = e.
We determine for different values of f2 and £ the ratio between the 

averaged maximum m obtained from numerical simulations of the response 
of the double oscillator and the maximum mA estimated using formula (3). 
The excitation source is a filtrated white noise. Figure (3) shown the 
evolution of u = m/mA versus the characteristic parameter Af/e’f = 
2(f2-f1)/E’(fl+f2).

We note that in the neighbourhood of the coincidence (f2 - f.), p is 
almost equal to 1 and Af/e’f is here the good parameter of the problem 
This means that Rosenblueth’s formula applies well in this case essen­
tially because we have then a monopic configuration (coincidence of 
the resonances).

Outside this range of frequencies, Rosenblueth’s formula underesti­
mate the average maximum and the error committed is dependent of the 
other parameters of the problem (£, T, C1/C2).

Whence simulations show that the sign of CC2 do not have any effect 
in this error estimation, we can write that the system response ave­
rage maximum is given by a formula of the type:

..9 —9 O
(9) Rc = mR + 2 Z Z CiCj I mimj [ 1 ~ - - - - - - - - - - - - - 7 —— --------y— H.

i=2 j=1 ( fj ~ j 2 ij
(j<i) 1 + e'f + E’f )

ii j 3/
(for double oscillator 1 < i,j <2 and Hij = H).

The formula (9) constitutes an improvement of the Rosenblueth’s one. 
Function H characterises the "separate pics” spectral effect on the 
averaged maximum.

The study of the function H with respect to the different parameters 
(by mean of simulations) shows that we can represent it by the product 
of two functions:

(10) H = H^X) H2 (N,E) ,

where X = (m2C2/mC).
Representation of H is given by figure (4) (for: E = 0.005 ; T - 6 s ; 

f 1 = 10 Hz ; C1 = 5. and C2 = 1.). The function H1(A) is plotted in 
figure (5). We verified that:

(11) H^X) = H^l/X).

The function H2(N,€) given in figure (6) reveals the dependency with 
the damping £ and with the transitory character of one of the oscillator 
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(oscillator 2) response (in our simulations, the other oscillator res­
ponse becomes stationary before the end of the excitation).

The state of the oscillator 2 is characterised by the parameter N = 
f2T. If it is in steady state too before the end of excitation 
(N£ » 1) then H2 depends only on €: this is shown by the asymptotic 
part of the curve in figure (6). If it remains in the non-stationary 
phase, we observe a very important evolution of H2 with N.

These results are extrapolated to multi-degree of freedom systems 
(3 dof and 4 dof) whose modal frequencies are chosen to be close toge­
ther. The results are plotted in figure (7) in terms of: ue = m/mpc 
(where mRe is the improved formula (9)). We note that: 
- the error is in the order of 7% in the most defavorable case, 
- the formula (9) lightly over-estimates the average maximum.

4 CONCLUSION

The present study shows that the seismic response of two separated 
pics system is badly estimated by Rosenblueth’s formula.

Errors may reach 20% in the worst cases (little damping, one of the 
oscillators in a transitory phase, level ratio of the oscillators is 
nearly equal to 1). The averaged maximum is under-estimated in this 
case.

To take these effects into account, we purpose a modified formula 
using the H function depending on the different parameters of the 
problem. This function is tabulated by numerical simulations. This 
tabulation is nearly complete except the cases of different dampings 
( €1 * €2) and both oscillators in the transitory phase.

The proposed formula applies well to multi-degree of freedom systems 
even when their frequencies are close. The maximum is lightly over- 
estimated.
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