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INTRODUCTION

The very nature of a group of any kind in the physical universe
is that some of its quantitative properties remain indeterminate until
the corresponding inherent properties of the elements in the group are
properly redefined within the group., In particular, when a group
functions as an assembly of elements the complexity of the group
structure often demands more than the simple rule of additivity for
expressing a group property.

Consider a group of straight and parallel filaments sampled from
an infinite population formed inte a bundle by fixing or clamping the
filaments together at both ends. When the prime objective of forming a
bundle is to have an increased strength, the natural question arises
as to how much and in what fashion the increase is brought about by
having a designated number of filaments in a bundle, The enginsering
significance of this problem has long been recognized in as many fields
of maﬁerial science as there exist problems of breakage, failure or
fracture. The filaments which constitute the elements of a bundle can
be, for example, tex#ile fibers, yarns, electric wires, rubber cords
or even polymer chains. The strength of a bundle can be defined, though
it may seem arbitrary, as the minimum axial load above which every
filament in the bundle breaks, or the maximum load attainable in the
bundle throughout its load-extension history which extends to the final
filament break.

Much of the analytical difficulties in theory of bundle strength
are directly attributed to the variation of tensile properties among the
filaments that constitute a bundle, In particular, the difficulties are

multipled when such variation is of a statistical nature and has to be
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imbedded into the physical system of sequential filament breakage that

is non-stochastic in its nature. Consequently, the system of bundle
failure has to be converted to probabilistic events in order to facilitate
a statistical approach.

The initial analytical approach to the problem of bundle strength
was made by Peirce (6) in 1926. By assuming an underlying distribution
of filament strength, he was able to provide a likelihood estimate of
bundle strength if the number of filaments in the bundle were very largs.
Though his result was found to be correct in a later work (2), it was
based on a crude approximation with little mathematical rigor, M'oréover,
Peirce's results were obtained in the absence of the distribution of
bundle strength, and consequently he was unable to provide the expected
strength of a small bundle.

A method of deriving the probability distribution of bundle strength
is credited to Daniels (2). On considering successive filament breakages
in a bundle with a given number of filaments, he was able to convert a
set of conditions under which the bundle breaks into a multiple integral
of the joint density of filament strengths in order to obtain the
distribution function of bundle strength., From the general form of
the distribution of bundle strength, he was successful in providing the
asymptotic form for large bundles which follows a normal distribution
with mean and variance that can be determined from the underlying
distribution of the filament strengths., It was shown that the estimate
of mean bundle‘strength obtained by Peirce coincided with the asymptotic

mean of Daniels., Although the mathematical context in the work of
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Daniels carries certain virtues in its rigor, it certainly camnot escape
a criticism for being too complex and extremely lengthy in his proof
of asymptotic normality. Iﬁ addition, the frequent expansions and
approximations employed throughout his anslysis obscure the essential
physical significance attached to each stage. Other remarks on Daniels!
work will be made in the major parts of this study as necessities arise.

Other statistical works on bundle strength include one by Coleman
(1). Under the premise that the strengthsof filaments obey an Weibull
distribution he showed, by utilizing the major result of Daniels, that
the efficiency of a large bundle decreases as the variance of filament
strength increases., Coleman's studies on time dependence of mechanical
breakdown of bundles, which are referred to in the foregoing paper, are
irrelevant to the interest of this study and hence are excluded from
discussion,

The scope of this study embraces not only those aspects explored by
the previous workers, but also several other important areas formerly
untreated. First, the distribution function of bundle strength is
derived based on a simple yet precise event description of bundle breakage.
This process eliminates the complex multiple integration of a joint
density presented in the work of Daniels, Secondly, the asymptotic
properties of strength for large bundles are deduced directly from the
definition of bundle strength without involving the distribution funetion,
Utilizing several measure theoretic modes of convergence the analytical
difficulties found in Daniels’ work are avoided. Next, emphasis is
placed on the efficiency of bundles with respect to the number of their

constituent filaments., Major inequalities concerning the moments of
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the bundle strength distribution are proved in order to compare bundles
of different sizes. Also, the lower and upper bounds of bundle
efficiencies are established in accord with the inequalities. Another
part of this study is devoted to the generalization of Peirce's fweakest-
link theory! (6) for filament bundles, Changes in bundle strength are
examined with relation to the changes in filament length. Finally,

a statistical study is made under a newly proposed breakage model. The
load being functionally dependent on extension, this model is intended

to relax one of the postulates imposed on the idealized model on which

the first part of this study is based.



THEORY

Restricted Model for Breakage of Bundles

In view of the fact that the breskage of a bundle can occur only
through the breakage of the filaments constituting the bundle, it is
imperative to characterize the tensile properties of the filaments in
order to properly define the strength of a bundle. Whatever the
properties of the filaments are, however, it 1s conceivable that a
sequential breakage of filaments results when a bundle is subjected to
a monotonically increasing load, Also, for any given load the bundle
either breaks or sustains the load. If it sustains the load, the total
load is shared by the surviving filaments in a certain fashion. As the
total load increases again gradually, there comes a point where one of
the surviving filaments breaks. At this point, the load given up by
that particular filament is distributed to the remaining filaments, thus
increasing their shares, Consequently, further breakages may occur
until another equilibrium is reached, or else successive breakages may
result in the breakage of the entire bundle.

It is perhaps important to visualize the bundle breakage as a
result of gradual extension of the constituent filaments, Observing
that every filament is extended the same amount during the loading of
a bundle, the load in a bundle at a given extension can be considered
as the resultant load of the filaments at the extension. Obviously,
the bundle load does not necessarily inecrease for an increase in bundle
extension as soon as filaments start teo break., Hence, the maximum
bundle load attainable in the load-extension history of a bundle is a

reasonable criteria for defining the strength of a bundle., On the



other hand, if an extension is considered as a mere consequence of
applying load, the minimum load above which every filament breaks
constitutes another side of the dual definition of bundle strength.
It is trivial to observe that the two foregoing definitions are
identical.

The breakage model to be applied for most part of this study is
founded on two postulates: 1) the load in every single filament
monotonically increases along with the inerease in its extension before
it breaks, 2) for any given extension, the load in a bundle is equally
shared by the filaments in the bundle surviving at the particular
extension, These two postulates bring two=fold simplification to the
algebraic expression of bundle strength., The first postulate implies
that the bundle strength has to be found among the sums of filament
loads just prior to the point of first, second, . . , 4 and the last
filament break and at these points the sums achieve their local maxima,
followed by the breaks. The second postulate further simplifies these
sumss when the filament strengths are arranged in an increasing order
of magnitude as Y., Yés cees Yh, the load in an n filament bundle at the
first, second, ..., and the nth filament break can now be expressed
as nY19 (n~1) Yé. eeeg and Yn' Therefore, according to the given

definition, Bn9 the strength of a bundle with n filaments is defined as

the following:

Bn = max {nY]-’ (n"l) ng eveyg Yr}

Orp = 1 Smfﬁjcs n {(n"k+l)Yk} 9 os Yl <Y2 < eee < Yn (l)
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Figure 1., Load-~extension curve of a four-filament
bundle based on filament loads

The load-extension curve of a four-filament bundle is constructed
in Figure 1 on the basis of its filament curves. The maximum bundle
load is achieved at 50 the extension at which the second breakage
occurs, and is shown to be 3Y2 in this example.

The monotonieity assumption in the above restricted model is valid
when a bundle is subjected to a dead load or to a constant rate of
loading. The assumption, of course, is not compatible with the constant
rate of extension experiments performed by the strain gauge type testers.
The possible decrease in filament load due to stress~relaxation can be

observed if the rate of extension is low., However, such possibility
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is remote even with a strain gauge tester since the rate of extension
is quite high in ordinary strength tests so that no stress relaxation
is observable., In the absence of the monotonicity assumption, the
coefficients to be attached to Yl, Y2, ceesy Yk are absolutely
indeterminate and an analytic study of Bn hardly seems feasible. The
second assumption of equal filament load is a fair approximation when
the filaments are more or less uniform in their load~extension
properties., Otherwise, this model may not be of value., For this

reason a relaxed breakage model is examined in the last part of this

study.

Distribution Function of Bundle Strength

Derivation

Suppose the filaments in a bundle are randomly sampled from a
population of filaments for which the strength distribution is known.
Let the strengths of the constituent filaments be Xl, Xz, voey Xn
for a bundle of n filaments, and assume the underlying distribution
function F(x) to be absolutely continuous with the corresponding density -
f(x). Instead of working with the definition of B, given by Eq. 1),
the following consideration of events leads to the distribution function
of Bn in a simple way.

Let the event E, = (X, <%, B, ; (with all but X,) < x)
i.e., the filament with strength X, is breakable under load<5'§ and the
bundle of (n~l) filaments without Xi is also breakable under load < x.

It is noticed, for the event Ei’ that Xi does not have to be the

weakest strength. Existence of some Xj‘S b 4y (3 # 1) is allowed in the



event E:i" Therefore, the event Ei simply provides a sufficient
condition for a bundle to break rather than the actual breakage
sequence., However, since any breakage can be described by one or more

of E's, the union of E's exhausts all possible contingencies. Therefore,
Sn(x) = Pr(Bn < x)

= Pr(El UE2 U... UEn)

by an elementary rule of inclusion and exclusion of events,

n n
= ifl P.(E) - ifj Pr(EiEj)

n
n+l

P(EE, ... E) .
145K r % n

In obtaining Pr(EiE j) above, it is necessary to show that the following

two events EiEj and E; 4 are equivalent.,

- x : bt x
BBy = ‘:Xi Sh Bpa (with all but X;) < x, Xy<5
B,.p (with all but X,) < x:]

E

X X L
s 3 = [}{1 5-59 5 <5 Bn-2 (with all but Xi and -Xj) < x:'

Te prove the identity EiE 5= By 3 it is sufficient to show that
E,Ey < By 5
It is trivial to see that E.,E 3 = E, 3 since the strength of a

bundle cannot possibly be increased by deleting a filament. Therefore,
[Bnml (with all but Xi) < x} — [Bn—z (with all but Xi and Xj) < x]
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[anl (with a1l but 'Xj) < xJ —_— [Bn-z (with all but X and XJ.) < x]

For completeness, the above is to be shown by using the definition of

Bn(x) given in Eq. (1).

. max
[Bnnl (with a1l but Xi) < x:l = 4 <k <nl {(n—-k) X(k) < x}

whers, X ) is the k™ order filament strength among the nel

filaments excluding I& .

= [(n""l) X(l) S Xg (“'n"’Z) X(z) S Xy o009 X(n"l) S XJ
Now suppose Xj = X( 2) and consider the strength of the n-2 filament
bundle With X(l)p X(z)g ee ey x(f"’l)’ X(£+1), ss 09 and X(n"‘l) by deletin.g
the filament corresponding to X5 i.e., B _, (with all but X and Xj)'
Then

[Bmz (with a1l but X; and X,) < x]

= [(n:mz) X1y S SRl (n=0) Xy 1y < % (n=4-1) Xop41)
S o By £

oD [i(n-l) X1y S ;7 (n=g+1) X(g1) S % (ﬁ-f) Xy S %

(n“ja’l) X(f"i'l) S X, to ey X(nﬂl) S X]
= [Bn”l (with all but X, ) < x] .
Similarly,

|:Bnm2 (with all but X and X;) < x] - {:Bn__l (vith all but X,) < le
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Therefore,

[Bnnl (with all but Xi)_s,x, Bn-l (with all but Xj) < x}

c— [Bn-z (with all but X, and Xj) < x] , and hence
EiEj o Ei,j or EiEj — Eij .

Conversely, suppose Ei,j

is 'true, _3:-_0_9_09
<-’5 7 X <= (withallbutx andX)<x :
n? '-~n ? n 2 i

and designate the strengths of the n-2 filaments excluding Xi and X 5

by Z(9 3 Z(z); roes Z(y 5y in increasing order. Then, when
Zu) < Xj < Z“+l) 9
[Xj <%, 8, , (uithall but X, and X,) < x]

= [Xj 5_%, (n=2) Z(l) <Xy voey (D=f=l) Zu) < x, (n-g=2) Z()(’.+1)

IA
ko

sensp Z(n—Z) < X]

= [Xj S.i% nZ(l) K Xy osesy nZ(Q) < x, (n-=£-2) Z(X+1)

IA

Xs eo0ey Z(nﬂ“Z) s XJ

[(n“’l) Z(l) KXy oeos (n-,Q) Z(f) S Xy (n"ﬂ"l) Xj

1

< x, (n-f=-2) Z(£+1)5 Xy ooy Z(n_z) < xJ

= [Bnml (with all but X.) < x:l

X s
1.0, [xj <% B, (withall but X and X,) < x:l

a— [Bn«sl (with all but Xi) < x] .



12
Similarly,

t_xl < -« B, 5 (with 211 but X, and Xj) < XJ

—

= {Bn_l (with all but xj)_ < x] .

Therefore, from above,

X . '
[Xi _<_ o n-2 (with all but Xi and Xj) < x:|

= __no

(X <3 Bq (with a1l but X;) < x:] = E;

and also
X
Ej_j C\:stn 2 (W:L'bhallbutX)< J Ej

and hence E:'Lj [ — EiEj’ or E:'Lj p—t EiEj

It was shown, however, that

BBy & By, or ~EiEj:> E

Therefore, E']..Ej = i-j’ or Ej_Ej = Eij‘
From this,
. _ (X
P.(EE,) = P () = P& s _,&).

In general, it can be shown for k < n that EE, ... E = Elz...

where

X X X
B k™ [Xls'ﬁ’ X, Shr e R =5

B .\ (with X g0 Kyor eoos X)) < x} .
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The proof for the sbove can be made simple by using mathematical induction

as followss Suppose ElE ceo Ek~1 = ElZ...(k—l) holds, Then,

EE, ... B = B2 .. (k=1) Bg» and it is sufficient to prove

E12..a(k=-1) B =B,

l‘.§.°9 [X]. f XZ.S,%’ cesy Xk—lsﬁ’ B k+1 ('Withxk' QC‘.’ Xn)SX,
X, <

IA
i

s

5 I

; (with all but X ) < x:'

X X x x -
S n9 XZ Sn’ ecoy Xk-l _<_n9 S n’ Bn-k (Wlth Xk+l’ tesy Xn) sx].

it
T

By the same argument applied to the two event case,

[Bn-k'l'l (mth Xk, se0y Xn) s X] $ [Bn-'k (With xk+1, ceey Xn) < XJ.
Hence, E12 (k-1) Ek - E12 Kk is immediate, Conversely if
Eﬁ2°°'k is true, then

Bk = | S5 Bk (R Lpgo eees %) 5"] |

—

= B g (With X, ..., xn)gx]

n

also by the same argument applied to the two event case, On the other

hand,

B2,k 3[ %, By (ith X 1o eess X)) Sﬂ

:>Bn ey (With Xy Dy eees Xn) <x] .

Hma&%{% % 5% nkwﬂh&ﬂ’“”&9<ﬂ

X
3[ 23 Bpgpn (At Xy, B9, eens X)) < x]

applying the same logic,
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‘ :’>[Bnmic+z (with Ko Zpo Legas e ) _<_x:].

Continuiﬁg the above process, it can be shown that
X X .
Bk — [Xl She vers By SH By (At X e X)) < x]

= [xk_l <2 B,_, (With X, Xy eevy Koo Xgy vees %) sx]
—— Ean_l (with all but X ) < x}.

Now, observing the terms in the event E’.LZ- (k-l)Ek’ it is obvious,

by combining the information above, that

B2k Bz, (1B o
Therefore, ElEZ oo Ek = E12 Kk

. ‘ and, P, (BiE, «ov B ) =P, B, )

= Fk(‘;—i) Snak(x) R
Finally, from the foregoing expression for Sn(x),
X n i’ ek
5,00 = 2P 8,10 - ) [F® ] 5 )

" + &) [r®] ’ By () = e + ™[]

n k
. Lo 5,00 = T 1R @) [F(f)] 8, (®), 0<x (2)
where So('?c) =1 and Sl(x) = F(x).

Daniels® (2) Eq. (9.2) can be reduced to the above expression for
. Sn(x) by a substitution, but the above derivation is free of the complex

multiple integration and Taylor expansion present in his study.
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. Geometrical Expression of Sn(x)

The Breakage regions of two and three filament bundles are easily
expressed as an area and a volume respectively by assigning each filament
strength to an axis as shown in Figure 2, The relew}ance of this figure

-« to Sz(x) and SB(x) becomes obvious when the scale x is converted to

F(x).

Properties of 5 (x)

The rrecurrence relation in Eq. (2) satisfies all the requirements
for Sn(x) to be a probability distribution funetion when Sn_l(.x).'
Sn_z(x), eees F(x) are assumed to be well defined probability distri-

bution functions, Clearly,

‘ Sn(O) =0

(*) = T (<1)
S (o) = T (=1
R . ]

k
+1 (11;1) =1

and the right continuity of S (x) is also preserved. By sudcessive
substitutions, S (x) can be rewritten in terms of F(Z), F(é%i), cees F(x)
for n=1, 2, 3 and 4 as follows.™
Sl(x)”= F(x)
i 3,(x) = 2F3) F(x) - [FD)] *
5,x) = 67 ) #®) Fx) - 3 [r®]” r)
- 5@ [F®]%+[r®]’

l’l‘he formulae following the Eq. (10,3) in Daniels' (2) paper are
‘ entirely erroneous, His formulae for B,, B3 and B, which correspond to
Sz(x), SB(X) and Sh(x) should read as aBove’when his bk is replaced

by F(‘E) fork =1, 2, 3 and 4,
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5,(x) = 247G) PE) FE) Fex) - 22 [¥) ] ” #) F)

127 [PE)] " FGo) - 128G FE) [F@‘-):]
6 [ 7" [r@)° + 4 [r@) pe) + 47 [r )’

[r)"

As n increases, the expression for Sn(x) in terms of the qu),

+

k=1, 2, «os, n, rapidly inflates beyond a manageable limit, Conse-
quently, for a large bundle, utilization of Sn(x) for obtaining the
expectation and variance of Bn is hardly feasible in practice, However,
for relatively small n, the mean and variance can be readily found with
the aid of a modern computing facility., Because of the analytic
complexity of Sn(x),dthe asymptotic properties of B are of especial

value for approximating large bundle characteristies,

Examples with Small n

The effect of bundle size n on the properties of bundle strength
Bn can be better visualized by examining Sn(x) and its corresponding
density Sn'(x) for a known F(x) and f(x)., For the case n = 1, 2.and 3,
a normal distribution with mean 4 and unit variance is assumed for
the filament strength, and the distribution and density function of
B2 and B3 are obtained in Figures 3 and 4. The curves are based on
values of £(x) and F(x) in normal probability table. It is shown in
the figures that the expectation as well as the variance of B increases
as n inereases. Interestingly, S, '(x) and s "(x) remain almost

symmetric although their algebraic expressicns hardly imply any such

tendency. Of course, the skewness may rapidly develop as n increases.
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For an exponential distribution, unlike the normal case, the
expectation and variance of Bn can be obtained by éimple integrations.
For ﬂ =1, 2 and 3, the major results are given in Table 1 based on

£(x) = ae"O¥,

Table 1. E(Bn) and Var(Bn) for n =1, 2 and 3 when f(x) = as =%, x>0

n E(B,) Var(B)

2
1 1
1 &) &)
2
2 1.667 (%i) 1,4y (i—)
2
3 2.223 (i—) 1.7617(%)

In obtaining E(Bn) and Var(Bn) the following identities are

useful.,
E(B,) = {)x 8! (x) dx = ! [1 - Sn(x)] ax

2y 7.2 o 3
E(Bn)={)x Sn(x)dx=2£x|:1-sn(:;):l dx

It is noted in the table that the increase in expected bundle strength
is not proportional to the increase in bundle size, It seems that the
efficiency of a bundle decreases as its size inereases. The general
assertion of this phenomenon will be made-in a later section.,

For the cases where xiazwapositive, but bounded random variables,
special care has to be placed in the evaluation of Sn(x). For example,
when

£fx) =1 ,0<x<l

= 0 » otherwise
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‘ the maximum possible value of Bn is n. Therefore, for n = 2,
5,(x) = 275) Fx) - [ 7]
2 B 2 2

2
=2®) - x-& =25  ,o0zx<1

2
=2(-}2£)°l-(§') =x=-7x s l<x<2

= 1 s 2 <X

and for n = 3,

5,(0) = 37) 5,0 - 3 [F®)]” ¥ + )]

2
B ED -3 & xe @ L o<x<1
-3(2)(x-—lxz)--B("}S)Z'l+(2(‘)3 l<x<2
@ -3 3 3 3 P Sxs
Xy, 1 _ 2 (X2, %3
=3@-1-38 -1+ ,2<x<3
=1 . 93<X

and so on,
In Table 2, E(Bn)_'and Var(Bn) are obtained, for n =1, 2 and

3, using the above results.

- Table 2, E(Bn) and Var(Bn) forn=1, 2 and 3 when f(x) =1, 0<x<1

n E(B) Var()

W
W
K& own ol
F:
ON
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Asymptotic Properties of Strength for Large Bundles

Due to the complex form of the probability distribution function
of bundle strength as expressed by Eq. (2), the function Sn(x) provides
no simple operational ground which may lead to the asymptotic properties
of bundle strength. The information as to how a particular choice of
F(x), the distribution of filament strength affeets the properties of
a large bundle is indeed difficult to be extracted from Sn(x), regardless
whether or not F(x) is specified.

Therefore, the mode of attack in this section is te base the general
reasoning on the basic definition of bundle strength and gradually unveil

its inherent statistical ndture.

B
Asymptotie Distribution of EE

Instead of working with Bn’ the strength of an n filament bundle,
' B

£he asymptotic properties are to be examined for EE’ that is the

average contribution of each constituent filament to the strength of the

bundle,
From Eq. (1),
Zn_  omax nzkHl y 0<Y, <Y, < <Y (3)
n l<k<n| n “k{ * =71 2 " n 3

2% ,Y <X5Yk+,k=1,2, seey n-1

1 » I <X

i.e., Fh(x) is the empirical distribution function corresponding to F(x),
and it is defined with left continuity instead of the usual right continuity.

Then, 1 - Fh(x) is the step function as shown in Figure 5.
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Figure 5, The step function 1 - Fn(x)

According to the above definition, Eq. (3) is reduced to the following:

B
n max
R 1 ke n )} ) Y

]

k-1

0 <m?cx_<_ Y {[1 - ~Fn;(X)J x}
0 Sm,;tcx< " {[1 - Fn(x):l x} - (4)

since [1 - Fn(x)] x=0 for x=0

max max ‘
1<kgn|Y ;<x<Y {[1 - Fn(x)] X} (where Y = 0)

i

and for x > Yn .
The second equality above holds since [l - Fn(x) :] X monotonically

inereases within each interval xk-l <x<Y

k (k = l, 2’ seny n).
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Bn
Thus, the original expression T which was the maximum of

»[1 - Fn(x)] x over the diserete points Yl, YZ' eses T, is now

expressed in Eg. (4) as the maximum over the entire range of strengths
B

for x > 0. Therefore, the asymptotic properties of -51-1- is to be
examined based on Eg. (4) from now on., Before considering the

B
asymptotic behavior of HE’ the following theorem needs to be proved.

Theorem 1
The random wvariable [1 - Fn(x)] x converges uniformly in

probability to [1 - F(x)] x, i.e.,

sup
Pr{05x<co

as n ——> o for an arbitrary £ > 0 if the second moment of

_._.._>O't

[1 - Fn(x):l X - [l - F(x):l x

filament strength E(X°) is finite, and F(x) and f£(x) are

.

absolutely continuous.

Proof:

P, {O 5s;p< oo “:1 - Fn(x)] x = [1 - F(X)] x

=Pr{m[0<x<Y ’[l”F(X)]X'

Xsg’p}{n [1 - F(x)] x] > E}

becsuse, for x > Yn’ 1~ Fn(x) =0

>5} + P, {XS‘;PYHJ_ - F(x)]x >5}

(5)

F(x)]

5Pr O<x<Y




The first term to the right of the above inequality gives:

[Fn(x) - F(x)] X

sup ,
Pr {O <x < Y‘q E}

<P, {0<;< ’F (x) - F(X)IY >g}

=P, {Y . sup lpn(x) - F(x)’ >, I <A \/-n_}

n 0<x<Y
T

+ P, {Yn ’ 0<X<Y IF (x) - F(X)‘ >E, X >}~\/_}
where, A 1s a positive constant.
In Eq. (6),
Pr_ {Yn. O<x<Y |F (x) - F(x)l >, Y <AJ__}

{A\/_ 0<x<Y IF(X) F(x)]>€}

{u‘ o crcm [Fal® - FGO) | >e}

Pr{‘/HDn >«§‘—}

where, Dn = sup

By Kolmogorov's Theorem (4) proved in 1933,

Pr{fr_xnn<z} -—--—>Pr{Z<z}

L] 2.2
= I (—l)k o2k 2 for z > 0
"~ K00
= 0 for z <0

as np —>»

25

(6)



26

. Therefore it is posgible to write, for any z > 0

Pr{\/EDn>z} mPr{Z>z}5-§- for n > ny

and also z can be chosen to satisfy
b Pr{z > z} <%
- .'.Pr{\/_rTDn>z} -5.Pr{z>z} +-§-5-§ for n >n, .
Letting z = {:_ ,
P, {\/'ITDn>‘f— <~2?-i‘orn_>_n1 (6a)

The last term in Eq. (6) is evaluated as follows:
. sup _ .
’ Pr{Yn 05x5Yn|Fn(x) F(x) |>¢€ ,Yn>>.JH}

gPr{Yn>;\ fn"}.

ToprovePr{YnSA\/E —>0 asn—>ex,

a theorem on p. 125 of Doob (3) is utilized here:

Theorem: Let Zl, 2,5 ¢s+ be mutually independent
random variables an& let ¢ be any positive constant,

i If
’ n
i £ 2z, s 0
. 14 n
then, £>w Y Pr {lZ] >cn) =0
" j=‘1 J

The condition, E(XZ) < o, given in Theorem 1 implies, by the weak law of

large numbers, that



n #
:»:xﬁ
=L opg .,

o 9 0 <a<ge

n

z (Xz. - a)

j=1 p
n

» 0,

or,

Letting X§ - a=12 3 and applying the theorem by Doob,
s n
lnlm; z Pr{ > cn} =0
n=1
~-{ _ 2 2
Now, Pr{Y >xJ§} =P, {Yn>xn} A

Yz-a
P{Y2~a>3,2n-a}A=P n >)‘2-5
r|'n r n n

X2.-a
J

s

[}

)
-
. n 2 a
Spr{ n >A -4
2
. [le-.
< P Xin >A - 28,
1=l

Let ng be a number such that kz - % >0

for n > n (no =1 if AZ > a). Then, from above,

n
= &L P {X,Z—a >cn} —> 0 ags n—> 0
r o _
i=l
n .
or, Z P ‘X.z-a > en <5forn>n .
4o T 4 I =%

27
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Therefors, P:z“ {:.Tn > A \/E} <°§- for n > max {no, nz} . (éb)

Combining the results given by Eqs. (6a) and (6b), Eq. (6) is now

rewritten as

Py {o <x<y, [, - 7] | ’5} <pri=3 (7)

Elo

for n > max no, nl, nz} R
Finally, the second term to the right of the inequality in Eq. (5)
has to be evaluated., For this, the finiteness of E(Xz) as an assumption

has to be slightly modified. Due to the equalities

E(x%)

[ %% £(x) dx
0

Zg[l—F(x)]xdx,

the condition E(X) < oo immediately implies

lim
vx-—)oo[l - F(x)] x=0
i.e., there exists a point x' such that for x>x,[1- F(x)] x < &

for an arbitrary £> 0, Utilizing this,

Pr{xsngn [1-F(x)] x> e}

Pr{-xsipYn [1-Fx)]x>¢,7, > x'}

+

x>Yn
Sé+fr{Yn_<mx'} =[F(X')]n <‘g‘v (8)

for n > D, say,

Pr{ sup 1- F(x)]x >¢ , Ynsx'}
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Now, Eg. (7) and Eq. (8) are substituted in Eq. (5) to yield the final

inequalitys

Pr{o <S§P<w '[1 - Fn(x)] x=- [1- F(x) | x >5} <§+ g =5 (9)

for n > max {no, Ny, Ny, HB} .

Since £ and & are arbitrary positive values, it follows that

o e i@ [ v o

as n ~—>» and this completes the proof. B

In the light of Theorem 1, the asymptotic properties of ;12 are
deduced by noting the following. First, it is true from Theorem 1
that the modal value of [l - Fn(-x):lx converges in probability to the

modal value of |:1 - F(x)]x due to the well known inequality

'O Ss;zp< - [1 - Fn(x):l X =, SS;P< - [1 - F(x)] x

< <s;P< " , l:l - Fn(x)]x - [l - F(x)] x,

which leads to

Pr{
<P, {O SS;:P< w“:]_ - Fn(x):l x ~ [1 - F(x)] x ',> 6}—-—> 0

as n ~———» 9 iogeg

<o B0 [x B o TE L [1- P x

0<x<oo

N EE X EE- S o B

g

B . |
or, ‘513 i P [1 - F(xo)] X, (10)
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where, x_  is the value of x at which [l - F(x)] X is maximized. Here,
[1 - F(x)-_]x is assumed to be a unimodal function, On the other hand,

directly from Theorem 1,
[1 - Fn(xo)] x, . [1 - F(xo):l X, . (11)

Therefore, combining Eqs. (10) and (11), it is concluded that °

EURES 1

- [1-56)] x, 20 | (12)

n

(ve)

The distribution of [1 - Fn(xe)]xo, however, depends on the basiec
properties of the sample distribution Fn(x). Due to the fact that
nFn(x) is same as the number of observations that fall below x among n
total observations, nFn(x) follows a binomial distribution with F(x)
as the ococurrence probability., Moreover, it is well known that the
distribution of F (x) is asymptotically normal with mean F(x), and
varianée'-]-'n- F(x)[l - F(x)] for any x > 0, Therefore, the asymptotic
distribution of [1 - Fn(xo):l x, is normal with mean [1 - F(xo):\ X,

and variance %1' F(x,) [1 - F(xo):l xg as x, is a constent, i.e.,

[2 - Fulx) ] xp ~ab | [ - FGx) ] %0 5 Flx,) [2 - Fix,)] xﬁ) (13)

The major conelusion given in Daniels!' (2) work that

B
n 1 2
o ~VAN. ( [1 - F(xo)] Xgo o F(xo) [1 - F(xo)] X, ) (4)
is plausible when the asymptotie distribution of [1 - Fn(xo)] x, is

combined with the result given by Eq. (12). This is not to say that
Eq. (12) is a sufficient condition for concluding that the asymptotic
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Bn
distribution of =~ is exactly same as that of l:l - F (x )] X .

n n*“o (o
However, it is the view of this author that Eq. (12) provides a better

' B

ground to approximate the asymptotic properties of EB by the above
compared to the various approximation factors utilized in Daniels' (2)

8 tudy °

Wasted Fraction of Filaments in a Bundle

Recalling the definition of B given by Eq. (1), the filaments
with sfrength Yl’ YZ’ voos Yj-l would contribute no part to the strength
of a bundle if B_ is defined at the 5B £ilament breakage, and the
maximum bundle load Bn = (n-j+1) Yj would be supported by the filaments
with strength Yj, Yj+1’ sess Yno It is of interest, therefore, to
estimate the quantity of wasted filaments in a bundle insofar as the

strength of the bundle is concerned, For this, the order j of Yj that

corresponds to

N imixs n Pr {Bn = (n~k+1) Yk} (15)

is a reasonable likelihood estimate of the number wasted. Noting that

P, {Bn = (n~-j+1) Yj} =P, [1 S"’f{x <n {(n—k+1) Yk} = (n-3+1) Y j] ,

the event B, = (n-j+1) Yj is converted to the following set of inequalities

which leads to Eq. (16);

— L n-j+2 Bl
Ty 2573550 Y10 o3 Y20 oo moded Y-l megel Lged

n-j-1 1
noJFL g2’ **°* Fe3+L Tn
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P, {Bn = (n-j+1) Yj}

Z 2 Z
R n n-l neJ+2
= n.g f(Yj) £ %1 oo %. , f(Yl) f(Yz) oo f(Yj_l) de-l"‘dYZdY1
J—

Z
- ! %‘ %‘ f(Yj+l) f(Yj+2) f(Yn) dYn ...de+2de+1 de

(16)
where Z = (n-3j+1) Yj .

For a bundle with small n, Eq. (16) can be used to find the order j
satisfying Eq. (15). When n becomes larger, however, the analytic
difficulty of Eq. (15) prevents the practical use of the criteria given
by Eq. (15).

An alternative way of estimating the wasted fraction is to utilize

the value x, at which l:l - F(x)] x is maximized., The convergence of

%3 to [1 - F(xo):\xo in probability, as shown by Eq. (10), suggests
that n [1 - F(x<5 ):l is close to the number of filaments surviving at the
particular order of filament breakage where the bundle load is maximized
to represent Bn" Therefore, the number wasted is estimated simply by
nF(xo), and the wasted fraction by F(x o)’ when n is very large. For
a small n, one of the following two methods can be used to estimate the
wasted fraction:

a) If x, is readily obtainable, find the order j for which E(Yj)
is the nearest to xé among all j =1, 2, ..., n, Then, -r’l;is an

estimate of the wasted fraction.
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b) If x, is difficult to obtain, utilize the fact that X, is
determined from

E[1-Fx)]x=0

:é>f(xb)xo =]l - F(xo) .

Setting X, = Yj and taking expectations on both sides, it is shown that

E [f(Yj)YJ.] =E [1 - F,(Yj)]

o0 1 o o
= n. FY.)79 - F(Y,) 29 4y
- p=j+l
T onsl
i, B [2(7)75] = &l (17)

In solving Eq. (17) for j, the integer value j isfthe approximate one

that satisfies Eq. (17) best. Of course, the left side of the equality
is difficult to obtain for certain classes of distributions,

It can be shown, in the following example, that the methods
a) and b) are consistent with the large n case where the wasted fraction

is estimated by F(xo)s

For f£(x) = ae™ ™ ,

1 1 :
X, =2 F(xb) =1 - S ® 0.6321,

Method (a) gives, by setting x, = E(Yj),



3y

1% 1 1 n
= a.i_j+l =~ dx = log ) for large n
—>e n-j+l1
=3 =0,6321n+1
. lim ‘
e s e i=0.6321

Also, method (b) gives, by setting

”y%%]z%%,

$—E‘_+;’+ooo+ l ]=1

n+l ' n n=3j+2

—> Similarly as above,

j =0,6321 n + 1,6321
oo dooesa,
and the results of (a) and (b) agree with F(x_ ).
Inequalities Concerning the Moments of the
Bundle Strength Distribution
In order to answer the question as to how the size of a bundle governs
its strength, the moments of Bn can be compared for different n. For |
this, the distribution function Sn(x) has to be utilized and F(x) has
to be known exactly. Although this is the only way to obtain the
moments of Bn’ the results for limited n and a particular F(x) hardly
assert a general law applicable to other underlying distributions,
Comparisons of moments are made in this study on tlie basis of the
definition of B, given by Eq. (1). For a general unspecified F(x),

a few useful inequalities are obtained concerning the moments of Bn’
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. and upper and lower bounds are established for the moments of "nﬁ « The
same lnequalities are proved for a finite population case under the

scheme of simple random sampling,

B k
Monotonieity of E(;n-) with Unknown F(x)

The following lemma is essential in order to prove the theorem on

monotonicity of E(E'E) in n,

Lemma 1

For any set of n+l filaments (n > 1), let the filament strengths be

Y

1° ng cess Yn+l in inereasing order, and define

B 1 = strength of the ntl filament bundle with all Y's (filaments)

B = strength of the n filament bundle with all Y's but Yi s

® it

i.e.s Bnl’ an9 soes Bn(n +1) are the strengths of all possible n filament

bundles that can be generated by the original n+l filament bundle.

i=1,2, 0oy n¥l

Then, the following inequality holds between B, +1 and the B -y

k. k k-1 BHL g
n Bn+l < (n+l) °2 Bni""‘ n, k>»1 (18)
i=1
’ Proof:

a)k =1 case

From the definition of Bn given by Eq. (1), the inequality

n+l

nB < I B

n+l - 1=1 ni

. can be rewritten as follows:
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n e« max {(n+1>¥19 l’lY 9 (n"'l)y s o009 3Yn-1, ZYn, Yn+l}
g max {nng (n"’l)Y39 (n‘Z)YLi', L Y BYn"l, 2Yn9 Yn+1}

+ max {nYl, (n“l)YBQ (n—Z)Y};p, soey BYn—l, ZYn’ Yn+3.}
y

+ max {nYl, (n=1)Y,, (n-Z)Ya, esey BYn-l’ 2Yn, Yn—i—

+ max {nYl, (n—l)Yz, (n=2)Yr, oo, 3Yn—2’ 2Y , Yn+]}
+ max {nYl, (n-l)YZ, (n=2)Y., eves 3Yn—2’ 2Y, 1 Yn+]}
+ max %11’1, (n-1)Y,,, (n=2)¥q, oous 3Y, o0 2Y 45 Yn} . (19)
If the inequality is proved for every possible choice of
Bpyg = (n-j+2)Yj, j=1, 2, «+., n+l, then the proof will be complete.

Suppose Bn+1 = (rr--;j+2)Yj (=1, 2, eeey, n+l), Then, it is noted

for the terms to the right of the inequality in Eq. (19) that

Bpy 2 (n‘-»,3+1)3{j a2 (n~-3+1)if'j

Ba(341)° Ba(g42)® ***v Ba(mir) 2 (3L)Yy

.'.::zi B 2 (3-1) (:«’1«'=;';+2)Y:j + (n=j+2) (n—,j+1)Y'j
= n(n—-j+2)Yj
=n Bn +1 by definition
n+l
i.e., n Bn+1 < 151 B~



37
b) k > 2 case

X k
First note that B, , =, < i < el {(n—3+2) Yk}

and similarly for every Bﬁi (1 =1, 2, v0., n+l) the terms inside the
brackets are raised to the kth power, If the inequality is proved for
every possible choice of Bk il ? then the proof will be complete,

Suppose B = (n-j+2)K Yk (3=1, 2, «ve, ntl)., Then similar to the

case with k = 1, it is noted in Eq, (19) that

k k k k
Bnl, an, - Bn(j_l) 2 (n'j+2) Yl;
nj > (n»-,j+1)k Yl;_ﬂ > (n-j+1) Yl;
k k k . k
Pa(341) Ba(g+2)r +v0r Bn(nan) 2 (0=3+1) Y?
n+l
oo BEG 2 [GR) @epe) s (ege2) (uegr )] TS
i=1
Therefore, to prove Eq. (18) one has to show
k
k k n. k
(3-1) (-5+2)° + (n=342) (n-3+1) > (n-3+2) 5
I: :I (n+1)k-1 J
= __ulﬁi_,n BX
(n+1)k =] "Nl
(a-gp)¥ . __n¥ -
or’ (J 1) + k 1 > k-l (j = 1, 2' LI R ] n+l)0 (20)
(n=3+2) (n+1) '
nk
For j = n+1 the above is true since n > %1 °
_ (n+1)

For 1 < j < n, the monotonicity of C(x), the left side of Eq, (20)

with j = x, 1s examined by treating x as if it is continuous in [1, n];
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! - o !k

(n~-x+2 )k-l

=1 = k(n-vx-e-l)k"l (n-x+2)'k+1 + (k-1)(n=x+1 )k(n--x+2)"k

letting y = n-x#l ,

—

k-1 k ‘
32(:—-;)-1{ Sy—;{;}%— - (k+1) (y # 0)
v | ¥y |
k-1 [ ’
-_-3(’ — L {yk +k{rk e (k) LT ky+1}- (et1)
J+. y
k=1

for y 2 1 or equivalently for x <n .
i.e., C(x) is a monotone increasing function of x for 1 < x < n,

Therefore, 1 <mj‘ c(x) = c(1) 2—(—13-—)1(—-1-
= ntl)t

k
and C(x) >=——n-f--E:3-_-forl<x5n.
(n+l)

Combining the result for the ecase j = n+l, it is eoncluded that

(n-3+1)K > o
(n-g42) L = ()L

(3-1) +

_ for every j =1, 2, 'esey DHl
i.e., Eq. (18) is true for k > 2, and this completes the proof of Lemma 1,
Notes Proof (b) above also applies to the case k = 1. However (a) is
given for the simplieity of the proof available for that case,



39

Theorem 2 B

Under the restricted model for bundle breakage, E(=7)
(k:; 1, 2, 3, ...) decreases monotonically in n under any continuous
distribution F(x) of filament strength provided the strengths of the
constituent filaments Xl’ X29 ey Xn are independent and interchangeable
random variables.

Proof:

s, B.y, B . and

n2' *°

are functions dependent on all or all but one of Xl’ X,y eoey

Observe in Eq. (18) of Lemma 1 that Bn+

Bn(n+1)
Xpiye Let the joint density of X;, X5, «ess X be f(xl, Xps eeesr xh+1)

and the joint density of X19 X29 eses Xj—l’ Xj+ g eee Xn+1 be
fj(xl, Xps wevs Xy g0 Xypgs wees xh+1) for j =1, 2, +eu, n¥l,
The inequality in Eq. (18) is preserved by multiplying both sides by

f(xi, Xns ooy xn+1) and integrating over Xys Xps seey and X1t

Therefore, utilizing the symmetry

n+l
35 P (Fys Tgo ooes Tioqs Figar oovr T2
n+l
= z an ()Cl, ng R Xj-lg Xj+19 seoy Xn+1)

J=1

Eq. (18) provides the inequality

K Bk n+l
n [ e J B (xs o0 eves X)) Tl X eees X, q) i21 dxy
n+l
o yk=-1 k
< 1’+1 z K] B 59 #6609 o 9 ° 'R N
< (nsl) o [eee IByy (0 7 X310 Xgar 000r Tpa)

n+l

© (X5 Xpy euey X q) iZi ax; -
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(m1) L 5 [oee JESC X, s X % ..)
= n+ jgl oéo nj 3%-9 ng °cooyg j-l’ j+19 eocey n+l
J
n+l
LX) Kye ooos Xy as Xy 0p woey X o) T dX,
3 * | 2 J=17 T3+l ntl idy T

where, R is the proper region of integration for {%1, Kpy eees xn+i} ,
and Rj for {éi’ Xy ey xjwl’ xj+1’ voesy xn%l} s J =1, 2, ve., 0,
Since the Xi are interchangeable, the above inequality is reduced

to the following:

n+l
X k-1 Ok
nB(BE, 1) < (n41) j-fl E(By;)

(n1)* B(E})
B k B k
i.e., E(E!:%) < E(Er—l) for k, n>1

Bn k Bm k
OI‘, E(;{"") S E(;n-—) fOI‘ k = l, 2’ 3' e o and. 1 S m<n . (21)

As indicated by Theorem 2, the efficiency of a bundle, measured by
E(-;B)9 is likely to decrease as n increases, This in fact is in accord
with the same general trend often revealed by actual experiments.
Unfortunately, the theorem does not provide any evidence as to whether
Varégg) also will decrease monotonically in n.

Although the following theorem may be intuitively obvious, it is
added here for completeness.

Theorem 3

Under the same assumptions and definmitions given in Theorem 2, the

inequality
k
E(BS) < E(BS,;) | (22)

holds for kg n = 19 29 39 0o v
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Proof:
Observing the terms Bnl’ an, coey Bn(n-i—l) of the right side of
Eq. (19), the coefficients of the Yj's in a particular column are
common whereas the orders of Yj's can decrease from top to bottom,

Therefore it is evident that

B2 B

But, B, = max {(n+1)Y1, Bnl}'

n2 2 000 2 By

Therefore, Bn+1 2B, g Bo2eee 2 Bn(n+1)
n+l
and I Bk. < (n+l) Bk .
s o, IIL — n+.
i=1
The same integration method used in the proof of Theorem 2 leads from

the above inequality to
(n1) E(E) < (1) B(BL,,)

i.e., EE) < BB, ).

Bk
Monotonicity of E(-nﬂ) in Finite Populations

Consider a finite population of N filaments and the all possible
bundles of 1, 2, 3; «sv, and N filaments that can be generated from the
population, If the probability of selectirng a particular n filament
bundle {(n < N) is determined under the scheme of simple random sampling,

the kth moment of bundle strength with n filaments is expressed by

)

g8) = -+ ¢
G GO |

B, .
nj
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. With this definition, the following theorem is given in parallel
with Theoren 2.
Theoren 4
Bn k
In a finite population of N filaments, E(F") decreases monotonically

in n for 1 < n < N under the scheme of simple random sampling,

- Proof:

Consider all possible bundles of n and n+l filaments that can be
generated from the population of N filaments for 1 <n < N-1, and

designate their strengths by

. N
an 9 J = l 9 29 es ey (n)
N
and B(n—'—l)f » /e = 19 29 LI (n+l)¢
’ Note that each of the (nfl) bundles of n+l filaments can generate

bundles of n filaments in exactly n+l different ways, and that a
particular bundle of n filaments can be generated by exactly N-n different
bundles of n+l filaments.
Define £Bni = strength of a particular bundle (called i, say)
of n filaments that is generated by a particular
bundle (called {, say) of n+l filaments amﬁng the

E (n-Ifl) bundles of n+l filaments, where

) i=19 29 oeeg n+1

. N

J = 19 29 seep (n+l) .

Then, from the array of all possible 1Bni's fori=1, 2, ..., n¥l
and 4= 1, 2, ese, (nEI) a particular bundle of n filaments, say an,

. will be found exactly N-n times for every j =1, 2, ..., (g). This
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is true from the preceding observation and the fact that ,(Bnl must
belong to one of the Enj's" J=ly 25 6oy (g), Therefore, it

follows that

N
() na ()
f=1 1__1£n1 j=1 nj’ T

However, Eq. (18) of Lemma 1 gives for any f=1, 2, eoes (n+1) that

n+l K

k k=1
By S T g

Summing both sides on /£,

N N
K (n+l) k ( )k -1 (n+1) n+l K
n = < (n+l z z B
£=1 (n+l)f £=l je1 Lni

(4 )
= (1) (Nen) jz BkJ by Eq. (23)
( N

n+1)~~ B k (g) B k
s (n+1 )0 <¥n & [ “nj
or fo LT Swl g

Ny k
1 n+1 l: B§n+1 )KJ k < Nern 1 g [an]

N
),gl n+l n+].(N)j=1

n+l
™) k-
&8 [

N
(n)
Bn—l-l '
i.eey E(FT) <E(—-—) , 1<n<VN-1, k=1, 2, 3, ...

(n+1

M
iy

and this proves the theorem,



Corollary
B k n
) <= EA . kel e

n_gw or, B. = & X (24)

BN

i.e., the strength of an n filament bundle is less than or equal to the
sum of its constituent filament strengths.

Proof:

Let X = n in Theorem 4, Then,

B k B k B. k n
s’ - () < -2 B
i=1
B k n
n 1
i.8., (=) <= Z e
=3 n ns5 1 ®

and for k = 1,

Bn _

== < X e

n —'n

The implication of this corollary is not startling at all., It is
interesting, however, that such an assertion can be made based on the

particular assumptions with which the breakage model was established.

Upper and Lower Boundgsof E(EE)

B,k
Having established the monotonicity of E(n—n) , 1t will be of
B, k
practical value if there exists a lower bound of E(Erl‘) that
is greater than the trivial lower bound zero., For this, the following

lemma is given,
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Lemma 2

Ir Zl" Z?;”. 22;,39 soe 18 a segquence of non-negative random variables
that converges to a constant ¢ > 0 in probability, i.e., if z, L5
then, T B(Z) > X, c20, k=1, 2, 3, ...

By the Markov inequality,

P{Z >c-g} kf<>r 0<E&<e, or
(c-=€)

Bz, 2 (e - ) P {2, 20 -¢] .

Taking 1im on both sides,
Tm Bz > (c-¢)X Tim P {z >e -¢
n - r n-— !

g(c_g)ki'i-ﬁpr{c-g szn5c+e}

(0=8)km1’r {Izn- °| SE}

=(c—-g)k + 1 sgince Zn—P—>c .

By letting & ~—» 0 it follows that

Tim E(Z];) > & .

B k
The lower bound of E(--) is eagily obtainable by using the above

B
lemma with Z = -2 and ¢ = [1 - F(xo):l x, « From Eq. (10),

B
.ﬁ_l'l 25 [1 - F(xo):l X Therefore,

B_k v
Tm EGCH) > [1 - F(xo)]k xok .



- But, because E(;;I;"*) is a monotone inereasing function of n,

B k ., B k

lim E(»-—E) - J._,.,m wE(-ﬁ-?-) . Combining this with the trivial upper bound

B k . B k
E(“"’) = E(X’k ), an upper and lower bound of E(—-) canh be given as the

following:

|:1-=F(x )] <E(——-) <E@X) fork, n=1, 2, 3, ... (25)

B
Applying the bounds given above, an upper bound of Var(-ﬁg) is now

available;

B, B
0 < Var(:2) = E( n)* - B

B 2 2 ,
SE(H-M) n[l-F(xo):l x, l<m<n
<Var( )+E(X)-[1~F(x):| x,

or, withm = 1 it becomes simply

0< Var(';;g') < E(Xz) - l:l - F‘(xa)]2 xoz

= Var(n) + B2 - [1 - Fx)) x,° (26)

The upper bound of Var(f}-) above can be improved by the inequality

given in Eq. (24);

Bn

—=-<3'(
<

which leads to E( ny® EE) = L var(®) + B2().

Therefore,

B
0 < Var(2) <1 var(n) + B2(0) - [1 - F(x )] x (27)
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Bn k
It is of interest to know if the lower bound of E(H-) given in
, B x
Eq. (25) is the limit of E(-;rl) jtself. It can be shown to be so by
utilizing a result on p. 163 of Loeve ( 5)s
If |Y,| < U, with U ~E U and
[ U —> [ U finite, then Y_ sy
implies that [ Y —> I Y.

B

. n 3
By letting Yn = = and Un = Xn’

Y, < U, from Eq. (24).
Further, U, L5 4 and E(Un) = B(X) =y , finite (assume), Therefore,

since Yn Ly l:l - F(xo):l X,
B(Y ) —> [1 - F(xo)] %,

B
. lim n
_3_-3299 > co E(E-) = [l hnd F(Xo)] Xo .

B_k "

n -
For k > 2, le'tYn-(n) andUn=Xn.

Since g(in) = 3?1:1 is a continuous function of in’ T{n L5 u implies that
"fiﬁ L5 Mk i.e.s U B ,uk. Now it remains to show E(Un) ——->/4k.
When k = 2, B(U ) = BE(X2) = 4% Loy 42 pimy , oy
en = 2, n: n_/u +n M nmte as n ——> o0 1

o® (= Var (X)) is finite. Hence E(—-’i)2 —> [1- Fx )]2 x 2

- ¢ # n (s) o °
In general,

= 1 _ k k
E(Un) = E(Xi) = nk E(X:L + X2 + .. + Xn) —> u~ from the

followlng reason:
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Obgerve that (Xl + X? + 40 Xn)k can be considered as the sum of nk
~ 2

terms of order k, and there exist exactly __r_z_____ terms each of which is

(n-k).
the product of k different X's such as X.le eoe Ko The other

7
n¥ - =B terms contain less than k different X's such as

(n-k).
Xin coo Xke-l’ }§X§X3 Xk-zg ooy Xll‘ s 50 on, Therefore,

xfl =-7-L¥ [-——‘3&-—-# + T E(R, )] (28)
(n-k) i
?
where R:i’ 1i=1, 2, coes . B ~ , are the terms with less than

(n"k)a
k different X's in the expansion of (Xl + X + a0+ X )k. Under the

assumption that E(X ) is finite, E(R ) is finite for every i. Letting

M = max {E(Ri)} s M is certainly finite, and
i

nk - n. ,] M
[ (n-k).

—l _ n(n»l)(n~2)k... (n~=k+l):l -

1
-EgE( ) <

SR‘!H

n

L

- h-wa-ba-y ... (1-k;1]m—->o

as N ———»

?
whereas, -]—‘E 8 T M —-—->,uk a8 n = o ,
n (n«-k)

Therefore, using the results above, Eq. (28) yields
E(T°) --—>ﬂk as n —p o ,

Hence, L..)ooE(_—) [1 - F(xo)] k xok (29)
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for every k =1, 2, o,. if E(Xk) < o, Moreover, this result can be

used to prove that

B
Var*(i-g) —_—> 0 ag N —> o,

Effect of Filament Length on Bundle Strength

Generalization of the Weakest~Link Theory in a Bundle

It is a known phenomenon that the strength of a filament is likely
to decrease as its length is increased. The probabilistic expression
for this, called "the weakest-link! theory by Peirce (6), is based on.
the assumption that a filament of length / consists of a continuum
of / independent segments of unit length. Therefors, when the strengths
of the / segments are independently and identieally distributed with
F(l)(x') as their common distribution funetion, the distribution function

of strength, F(ﬂ)(x), for the filament of length { has the following

expression:

| A
FD(x) =1 - [1 - F(l)(x):\ » £ 21 (30)

Clearly, F(I ) (x) is a monotonically increasing funection of £ for
x € (0, ©) and corresponds to the distribution function of the first
order statistic among 4 samples.

A generalization of the weakest-link theory in a bundle of n filaments
is immediate since the breakage of a bundle is realized by sequential
breakages of the n weakest segments of the filaments. Hence, the
distribution function of strength for a bundle of n filaments of length

L, Séf )(x), is given in the following with F(x) replaced by F(I )(x)

in Eq. (2).
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.Y 1k
sO6) = O (-1)1“*‘1[ 1 - Fm(%)} ] sU)x), 421
k=1 ~ ~
(31)
A slightly more general relation than Eq. (30),
£
M =1 - [1- 8| m, (32)

can be used in order to obtain Slgf ) (x) in terms of F(m)(x) for the case
m> 2,

Although it seems intuitively obvious that Slgf ) (x) is likely to be
an inereasing function of {, unlike the case for F(’e )((x), no indication
is given in Eq. (31) to support such intuition, For this, the proof
of the following theorem utilizes a different way of expressing Sn(x)

which is due to Daniels (2).
Theorem 5

Slgf )(x), given by Eq. (31),is a monotonically increasing function

¢

of L.
Proof:

In deriving Sn.(x), Daniels (2) starts with the multiple integral;

xx X
n n-1 2 n

S,(x)=mt f [ ... [ owf£()dYdY, o ... dYdYy
0y Y ¥ ,iel

where 05Y1<Y2<...<Yn<w

and by letting Z

i”F(Yi)si""ls 2; seeg N,
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FE) PG FE) Fx)

?
S, (x) = n. £ %’ eoo I az, 4z 4 .., dz, dz, (33)

1 anz zn—l

where 0 < F(-;S') < F(-r%i-) < eeo <F(x) <1,

Similarly, by letting Zi = F([)(Yi), i=1, 2, o0y n,

F@ rOE) FOEG) 5w

0 '
s '(x) =n. [ Y | I dz, 42, , ... dZ, d2,

0 Zl Zn--2 Zn»]_

(34)
where, 0 < F(X)(%) < F(z)(;%i) < eon < Fu)(x) 5 1,

In comparing Egqs. (33) and (34), the difference in the definitions

of Zi dissipates as Zi become dummy variables. In Eq, (30) it is noted,

by letting F(l)(x) = F(x), that F(x) < F('e)(x) for x€ (0, »), Therefore,

P <@, 21,2, . (35)

Since the upper bound of the integration ,i?ange monotonically decreases

along with the order of integration, it is assured that

B} _
2,5 <FF +3=1,2 .. n inEg (32)

and, 2 < F(“(;’é), J=1, 2, vooy n  in Eg. (33).

n=j
This implies the integrand is always positive atb every stage of inte-
gration, and hence the higher the upper bound of the integration range,

the greater the value after integration, Consequently Eq. (35) leads to
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5, (e) < s} gor x € (0, ») and £ 2 2.
Also, from Eg, (32), F(f)(x) < F(m}(x) for 1 < / < m, Therefore, by a
similar argument to the previcus case, it can be shown that

5, V) < s x) forx € (0, ) and 1< £<m,

i.e., Sé’e) (x) is a monotonically increasing function of /.

Corollary

The expected bundle strength with n filaments of length £,

E(Blgz)) monotonically decreases in £ .

Proof:
@, 5 (1) > (m) (m)
BB, ) = [ [1- sn~ (x)] ax > é’l:l - 8, (x) ]ax = E(8,")
for 1 5[< m since 1 - Sg)(x) >1 - Sr(lm)(x) by Theorem 5, Therefore,

E(]_31(1Jz )) monotonically decreases in A .
54D

n
n

Asymptotic Properties of for Large Bundles

B,
The asymptotic proeperties previously derived for ;;r-l- apply teo

50

_I_l_r_a___ by assuming the distribution of filament strength is F(’“(x)

instead of F(x)., Defining zcéf ) as the value of x at which
(/)

n
n

I:l - F(’e)(x)] x is maximized, it can be shown that tends to follow,

asymptotically, a normal distribution with mean [l - F([ ) (xo(f ))] xc,(f )
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and variance %{[l F(’?)(x U’))] F(f)(x )) [ (f):‘ , Or mean
|__1 - F(xé“)]!xﬁ and variance = [l U))] {1 - ‘:1 - F Xé[)):l’e}

'[xe(Q):lz in terms of F(x) which is assumed to be 1) (x), The value of

xég) satisfies the relation;

1- F(x(f))
£( [3?1)

X
[+]

=0 - (36)

whieh reduces to

1~=-F(x°)
X, = -i.-(}—cg)——“ when f=1 . B<1)
It is worth noting that the asymptotic mean of n is greater than
50 ,
that of —~— , This is true since [1 - F(x)|x>[1 - F(x)] x for

every x e (0, ) and fg 2, i.e., one is uniformly dominated by the other,

and therefors,
max
0‘<x<w[l~ F(X)]x>0<x<w[1 - F(x)] x
or, [le(x )]x >[1 (,Q))]f (2) .
However, no general assertion can be made as to whether or not the

5(1) 50
asymptotie variance of S is greater than that of £ .
n n

Using a normal distribution, an example is given in Figure 6 to
). . (2)

show the change in x('q ) as { is inereased. The points X Ts Ky Te e
are determined in the Figure by the absissae corresponding to the

intersecting points of y = {xand y = %,“i X/ . The decrease in the



f(x), 1-F(x)

fx,[l—F(x)] /7 f(x)

I-F(x) m
f(x) Xe = 2.335

6x m
F(Xo')= 0.253

Figure 6. Graphical determination of xéﬂ) based on
filament strengths distributed as N(3,1)

o
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value of xéf ) in { is obvious not only in the particular example but
also with almost any continuous £(x)., The rate of decrease becomes

very slow as £ gets larger.,

Effect of Length on the Wasted Fraction of Filaments in a Bundle

It was shown in a previous section that the wasted fraction can be
estimated by F(xo) when the distribution of filament strength is given
by F(x), Similarly, when the distribution is given by F('q ) (x) for the

filaments of length {, the wasted fraction is estimable by F('Q )(xg’q )) or

l__l (1)( (,Q)):l,? Though one may suspect that the wasted
fraction will increase along with the inerease in {, it can be falsge

in general. The exact condition for the above to be true is given by

[1 - F(l)(xéf))]j >[1 - F(l)(xém))]m ,1<f<m,
In case £(x) = a8®*, x > 0, it is found that xg‘?) = ,%E and
[1 - F(l)(xgk)):lk - [e k“T "L for every k = 1, 2, cesey 180

the wasted fraction is invz;riant in { for large n, Incidentally, the
- gL
B

asymptotic variance of nn

for the above exponential ecase is given
“1. 1 2 .
by = L~ (1 -8 ) (%) , and it decreases monotonically in £,

Probability of Strength Retention in Bundles of Augmented Length

Consider a case where a single filament or a bundle has to be
augmented by an extra length of filament or bundle to meet certain
purposes. The length consumed in the augmenting process, such as

knotting, is excluded from consideration, One practical problem in
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this situation is to maintain an adequate strength after augmentation,
and it is of particular interest to exémine the probability of retaining
the original strength after the length is augmented; Furthermore, the
changes in such probability can be examined relative to the length to
be added as well as to the number of filaments in the bundle,

" First, it is asserted that the strength of a filament or a bundle
cannot be inereased after the length is augmented., For a single
filament, the weakest-link theory provides the trivial proof for the
assertion, Precisely, when a filament of length m is added to a
filament of length {, the strength lowest among the £ + m segments is
necessarily lower than or equal to that among the original X segments,

For a bundle of n filaments, the argument is as follows:

Let {Yj(.ﬂ)} s i=1, 2, +vsy n be the order statistics corresponding
to the strengths of the original n filaments of length {, and let the

strength of the particular filament with TX) be x¥*™) arter

sugmentation., Then, from the single filament case, Ygl)‘g X§£+m)

for every j =1, 2, .., N, Therefore, when the order statistiecs

cerresponding to {?§I+m?} is called.‘{¥é£+m?} s 1t is trivial to show

that Yéf) g;Y§£+m) for every j =1, 2, ..+, n, Therefore,

(n~.j+1)Y§” 2 Gegr ™) a1, 2, 0 ang,

max {nx:f“, 110, L., Yff)} > nax {nyjf“’“)s <na1)yg<+’*,‘)...,y§f+m)}

or, Bff) > Bg-""m% where Bg 1) 5 understood as the strength of the

bundle augmented to the bundle with~Bé£)° Furthermore,
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Pr[aff) - Bi’z""’m)] =1-P, [By) > Bym)] :

For o single filament case, the above is written as

P [X(ﬂ) - X(}Z+m)] -1-p Ex(f) > X(I-m)]
r

- Pr[Y(ﬂ) < Z(In):l

where, 'Y(‘Q ) is the first order statistic among the original f segments,
and Z(m) is that of the m segments té be added,

Letting the distribution functions of 10 20 pe o £) and
W), g 7

H( }7) respectively, since Y and are ‘independent,

P, [X(I) »_._,, X(£+m):l =P, I:Y(I) < Z(m):l

- [ o(pan(y)
® £ m-1 '
= -1 - 7 em[1 -
[@-[-rp) ) cm[a-m ] gy
=m ? [1 - F(}] )]m‘lf( ‘}2)d?- m 0}, [‘_1 - F(V)]’e'm”lf()z) dy
/ . v/ |
“27{%3 (37)

for any F(x) = P, [X(l) < x] and £(x) = F'(x) which are continuous.

For a bundle of n filaments, the event Bff ) - Bg"'m) becomes
mo;r_fe comple;:. With the foregoing definition of Ygf ) , let ng) be the
s’tréngth of the particular filament of length m to be added to the
filament with T$0), Then, it is noted that {Yy)} Li=1,2 ceosn
is an ordered set whereas {Z:.Em)} o 1=1, 2, 00y n is not, Also,

for every j =1, 2, ooy 1, Ygz) ard ng) are urderstcod as the first
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. order statistics among the  and m segments respectively. Then the

following identities are easily understood;

. n
0 - 58 {5 [0 < 58, 50 (n_kﬂ)ylgmj}

! kgl Pr"l:Ylif)g min(Zlgm), (‘ﬁ{, ees zflm))]

. P, [B}ff) = (n=-k+1)Y¥ ):l . (38)

In other words, the event B}gz) = Bl;(f +m) requires the condition that if
Bxg ) were represented by (n-k+l )Ylg ) , the filaments corresponding to

Ylgg), Y}(C_Q, ceay Yl(qm should not decrease their strengths below Ylg )

after ﬁhe lengths are augmented, whereas no such restriction is
‘ necessary for the filaments corresponding to YJ(.Q), Yé’Q), vaey YIE_'Q .
This is to say that the filament corresponding teo Ylg’e) must retain
its strength as well as the order of strength k after the length is
augmented, The proof of this is elementary and. excluded here,
Observe in Eq. (38) that'YI({Q), zli”‘), (ff_l), zr(lm)
independent, Further, they are the first order statistics based on

are all

samples with a common strength distribution F(x) of a segment,

Therefore, utilizing the notation for the single filament case,

3 Pr [Yl((f) 5min (ZlgBI)’ (r-f-l)’ vees Zx(lm))]

it

P, [Y(R) <z ((n-k+1)m)]

7 ((n-k+1)m)

where, represents the first order

. statistic among (n-k+l)m samples,

= m by analogy to Eq. (37).
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Therefore, from Hg, (38),

(2) - .
where, p = Prl:Br(xl) = (n~k+1)Y}§’Q)]

n
and & pnk=l’

k=1
But,
n n
kfl Tkii)n Prk < Iﬁ"ﬁ’ kfl Prk = Pi%
i.e.,
r [0 = 3™ <p [x0 - x7] | (t0)

for every n = 2, 3, 4; .o .

The inequality above indicates ‘that a bundle is more prone to
strength loss than a filament when their augmented lengths are same,
The changes in probability of strength retention are well reflected in

Eqs. (37) and (39) for the change in relative size of A to m.l

Relaxed Model for Breakage of Bundles
The breakage model introduced at the beginning of this study was
called a 'restricted model' in the sense that the assumptions used in
the model impose certain restrictions in its use. It was assumed that
the bundle load at the kth filament break is exactly (n~-k+l )Yk, or

the load in any surviving filament at the kth break is Yk on the average.
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This assumption is valid when the variation of load among the surviving
filaments is low or the value Yk is always close to the median of the
filament loads at the moment of kth filament break., Therefore, as soon
as the load~extension characteristics of filaments deviate from the above
ideal situation, the validity of the foregoing analysis becomes

questionable,

Distribution of Bundle load

The model té be given in the following is to overcome the deficiency
of the previous one, In this model, the bundle load at any given |
extension point is expressed by the sum of the lodds in the surviving
filaments at that particular point, and the variation of load among
filaments at a given extension is justified by considering the filament
load as a random variable functionally dependent on extension,

Let Xi(y) = load on a filament at extension y

B. a positive random variable representing the hypothetical

e

asymptote of breaking load of a filament
Y = a random variable which defines the breaking extension
of a filament

a positive constant inherent to the material

o =
and
Xi(Y) = Bi(l - gay) 1 s i= 19 2’ seey 1 (’4’1)
: [Y.>y:|
1
where, 1 =0 ifY. <v

>3]

=1 ifY >y.
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Xi(y)
B b ikt
a ~
q
o)
J
Yi y
EXTENSION

Figure 7. Load-extension curve of a filament
with relaxed model
Then, the load-extension curve for a single filament is as given in
Figure 7 based on Eq° (41). The shape of the load-extension curve shown
in Figure 7 is not Qt all an arbitrarily chosen one, Experimental
results with quasi~elastic filaments often indicate the validity of
using an exponential curve as above with an asymptote, Although the
shape of an experimental curve may differ at the portion prior to the
gso called fyield point?!, the inaccuracy there can be ignored simply
because the actual breakage occurs far beyond the yield point,
Now, the strength of a bundle can be defined as the maximum

load attainable in a bundle as before. Since the bundle load at a
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. given extension is the sum of the filament loads at that point,

the bundle strength, Bn’ is given by

n
nax
Bn=05y<ooi§1 Xi(y)

n
mex < si(l-éay)-l

= . b4z
. 05y<°?i=1 [Yi>y] (2)
n

The load-extension curve of a bundle based on .21 };i(y) resembles that
given in Figure 1 except that there exists no i:gularity that governs
the size of the jumps. Under the assumption that Xi(y), i=1l,2, ooy n A
are independently and identically distributed and that Bin'and Y, ave :
statistically independent, the distribution function of & Xi(y) is the
n-fold convolution of the distribution function of X, (y )%gl

. Define H(u) = Pr(si < u)

F(v,y) = P, [(%6) <v]
Gy) =P, (A <v¥)
(m) = [ o™ am(u)
1//B n g ) u
Oy (s) = g eV 4F(v,y)

- Y- \{JB(m) and Gx(y)(x) are the characteristic functions
corresponding to the distribution of 8, and X. (y) respectively,
i it

Then,  F(v,y) =P [% () S V]

L.

]
g v)

-Xi(y) < v/Yi > y] . Pr(Yi >y)

‘ ” + P :Xl(y) <v /Yi SY] . Pr(Yi <)



Note that F(0, y) = G(y), i.e., F(v, y) has a jump at v = 0, but

L

+ P, (0<v) G(y)

i

B (—m) [1- 0] + o)

Po [B0-3%) <v] [2- 6(r)]

P, (8 < :%&3; ) [2 - G(y)] + 6(y)
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(43)

otherwise it has a corresponding continuous density of the following

for v » 0 ¢

(v, ¥)

and therefore, F(v, y) is a mixed-type distribution funetion,

8

=

-2 F(v, ¥)

(

=) b (L) [1-00)] , v>o

18 1-8

where, h(v) = H' (v) ,

Hence, E [&(y)] =0 ° F(0, y) + g vi(v, y) dv

I, h(l,gcw) [1-6G)]av

0 1-a%

letting u = —%
1Lng 1@.2;“5’ 9

=[1-6)] Q- 3"@’)?1@ h(u) du
| 0

=[1-ce@)] @ -) e

(44)
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Similarly, E[Xi(y)] =1-a6(] Q- Z"W)2 E(8°)

Therefore, Var[Xi(y)] = [1 - G(y)j 1 - EW)Z E(Bzr)

-1 -] @ - ™) )
=[1-0] -39 [E(BZ) - - o) E2<s)]
(45)
It is noted in Eq. (45) that
var [1,6)] 2 [2 - 66)] @ - &)° var(s)
The characteristie function ex(y)(s) corresponding to F(v, y) can be

obtained as follows:

Y 4r(v, ¥)

O~ 8

Or(y)(e) =

ig.0 2 3
e 3°VF(0,y) + [ &5V £(v,y) dv
0

2 isv 1 v ,
G h 1-06 d
(v) + £ e (1~3ay) ( _.;ay) L )] av

letting u = 1.;“5' .

© L 1.2y,
G(y) + [1 - G(y)] é‘ els(l”e Ju h(u) du

by the definition of Ws(m),

=6() + [1-cG)] Y, [s@ - 37)] (46)

n
By letting Ln(y) = Z Xi(y), i,e., the bundle load at extension y,
i=1

E[L,0)] =mE[5G)] =n[1-06G)] -s7)E®) (#7)
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Ver [1,0)] = » [1-6()] (87 {E(s% - [1-c(x)] Ezm} (48)

and the characteristic function (I) ( )(w) corresponding to the
L (y -
n

distribution of Ln(y) is given in terms of ex(y)(u>) as;

q)Ln(y){w) ) [GX@)(W)T

= {G(y) + [l«»G(y)] Vg [w(lezw)]} ? ) (49)

Although the distribution of Ln(y) is understood as the n~fold convolution
of F(v,¥), it can be characterized by Eq. (49) as well,
The results given by Egs. (47), (48) and (49) can be obtained by an

alternative approach in whieh the physical meaning of the sum

n
z Xi(y) is more appealing than the previous method, The analysis given
=1 - :

in the Appendix expliecitly defines the bundle load with relation to

the order of breakage extension,

B,
An Estimate of EC;D)

The distribution of bundle strength defined by Eq. (42) is in fact

n
the distribution of L (y*) = & X, (y) , where y* is the point which
i=1
maximizes Ln(y)ﬁ Therefore, all major properties of LnCy*) inherit

that of L (y) if y* can be known, However, nothing is known about y"
other than the fact that y* occurs at one of the breakage points

Yi, ng eoo and Yn. This is so because Ln(y) monotonically inereases
within the intervals Y(kwl) <y < Y(k)’ k=1, 2, ¢00, nwith
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Y(O) = 0 and 0 ,5 Y(l) < Y(Z) < ees < Y(Y}) < w,iogo {Y(i)} are the

ordered set of {:{i} »i=1, 2 .o, n, and hence L (y) achieves its

local maxima at Y(l)” Y(z), seey and 'Y(n), » Therefore,

The distribution of the above random variable is hardly obtainable under

the definition of Xi(y). If the interest is in getting an approximate
B .

estimate of E(EI—"’)Q however, the following criteria is of value:

B L (v,)
EGR) £ E [»%;—9-—] [1-6G)] @- > °) B(8) (50)

where, Vg is determined from

dE [Ln (y )]
——

dG
wth G« o(y)

1- G(Yo) - 1 = ;cxyc (51)
8(3’0) a;fiyo |

= 0 which leads, when G(x) is continuous

to

In order to examine if the y  that satisfies Eq. (51) provides the

maximum for E I:Ln(y):l , observe first that

E [Ln(o)] = E [Ln(co):\ =0,
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Therefore, when the selution vy o is unique it necessarily provides
the maximum for E@H(y)} when Eg, (50) is valid. If thers exist two
solutions Yoy and Yo with Vo1 € Yoo then E [Ln(yol ):l is the maximum
since %; E [Ln(y)] cannot be zero having started from E [Ln(o)] = 0,
In case there exist more than two solutions that satisfy Eq, (51), the
eriteria of selection is reduced to those Yois i=1, 2, ..., k,

say, at which

d2 -
=3 B [Ln(y)J \ < 0 holds, or, equivalently,
dy J=y
Yol
=0y
g'(y ) oi
ol 1l+e d
- < P a e 1 = Je
TG, ) =< s where g'(y) & g(y)
-6

Then, Yo is selected among the Yoi to satisfy

Ln (yo ) :I max E [Ln (yoi ) ]

By e
E(;”)?‘E n a15,:1‘5_}& n

Asymptotic Properties of Ln(y) and B

It was shown in Eqs. (44) and (45) that
E[x6)] =[1-0] -87) E@B) and
Var [ ()] = [1-6@)] -8V {E<sz) - [16(y)] E2<s)} :

Therefore, since Xi are independently and identiecally distributed, by

the central limit theorem,

L) - n[1-66)] -2¥)E(8) o

(1-8%) /n [1:6G)] { - [1-6(r)] F(8)}

> N (0,1)

(52)
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as n ——» o for every y » 0, and the above is also true with y = Ve

at which E [Ln(y)] is maximized,
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SUMMARY AND CONCLUSIONS

In defining the strength of s bundle of n parallel filaments, two
breakage models were constructed based on the tensile properties of the
constituent filaments, Under each model, studies were carried out in
order to examine the statistical nature of the bundle strength.

The restricted model for bundle breakage was based on the postulates
that the load in a filament monotonically inereases along'witﬁ~the
increase in its extension and that the total leoad in a bundle at any
extension point is equally shared by the surviving filaments at the
extension, The distribution funetion of bundle strength, Sn(x), was
derived under the restricted model by employing a probabilistie argument
of events associated with the breakage of a bundle, and it was given in
terms of Snml(x)” Sn_z(x)9 .00 and F(x), the distribution function of
the filament strength as well as in terms of F(%), F(E%I s soss and F(x).
Al though Sn(x) facilitates computation of the moments of the random
variable B » the strength of a bundle of n filaments, the complex

feature of Sn(x) limits its practical usefulness to relatively small n.

B
The asymptotic properties of ;Q'Were derived directly from the

. B
definition of B (Eq. (1)) without utilising S (x), By converting ;ﬂ
to a function of the empirical distribution of the filament strength,

. B ,
it was found that EE converges in probability to a constant determined

from F(x), For a large n, it was shown also that the distribution of

B
EE tends to follow a normal distribution with mean and variance

dependent on F(x) (Eq. (14)). Further, the mean coincides the limiting

constant and the variance approaches zero as n becomes large.
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By defining the wasted fraction of filaments in a bundle as the
ratio of the number of filaments broken before the load in the bundle
reaches its maximum to the total number of filaments in the Eundle, two
different methods were proposed for its estimation, Theoretically, the
strength of a bundle is not affected by eliminating the filaments
that belong to the wasted frazction,

The average contribution of the individual filament teo the strength
of its bundle, ;2 , tends to decrease as n increases. It was proved

for any distribution function F(x) of filament strengths, where the

constituent filament strengths are interchangeable random variables,

B k
that EQEE) decreases monotonically in n for every k =1, 2, 3, ... .

B k
It was shown also that the lower bound of ECEE) coincides its limit

k
x§ [} o= F(Xo)] » where x_ is the mode of the funetion x [l - F(x)]
assuming it is unique, whereas the upper bound can be given by either
E(Xk) or by E(§§)° From above, the upper bounds of Var(EE)'Were
established (Eqs., (26) and (27)) and its 1limit was shown to approach

zero as n becomes large,
B k

In a finite population of filaments, E(;E) was shown to decrease
monotonically in n when the expectation was defined under the scheme

of simple random sampling, A trivial, but useful case of the above was

Bk
that (EE) < iﬁ for any k > 0 if the n filaments were common in the

definitions of B and ih' In any event, the monotonicity of

B k
E(gﬁ) above implies the decrease of bundle efficiency along with the
inerease in its size n, i.e.,, the increase in bundle strength is not

proportional te the increase in n, but always less on the average.
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The effect of filament length on the strength of a bundle was
examined by generalizing the weakest~link theory applicable to the
strength of a filament, As expscted, the probability of breakage in
a bundle of n filaments was shown to increase along with the uniform
inerease of filament length within the bundle at any fixed load level,
i.e. S§f>(x) was shown to inerease monotonically in { for every
positive x, Hence, the expected bundle strength was shown to decrease

for a uniform increase in filament length, The asymptotic mean and

Q@) ~
B @) ey,

variance of nn were found for bundles of length £ by relating F

the strength distribution for filaments of length £, with F(l)(x),
that for the filaments of unit length., The results were such that the
asymﬁtotie mean of ;B‘was shown to decrease for an increaée in
filament length, however the same was not true in general for its
asymptotic variance, No assertion could be made as to whether or not
the wasted fraction is increased along with the increase in filament
length,

In a bundle where the filaments of length { are augmented by
filaments of length m, the probability was obtained for the event that
the strength of the augmented bundle with length (+m is same as the
strength of the original bundle with length / (Eq. (39)). The results
indicate that the probability of strength retentioﬁ is decreased by
either increasing m or decreasing ¢, or by both, Also, such probability
in a bundle was shown to be less than that in a single filament for fixed
£ and m,

The relaxed model for bundle breakage was designed to allow the

variation of loads among the surviving filaments at any particular
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extension of a bundle. Considering the filament loads as random
variables functionally dependent on extension, the model defined the
bundle load at a particular extension to be the sum of n independently,
and identieally distributed random variables repfesenting the filament
loads at the extension, The distribution function of bundle load was
easily defined based on the distribution of filament load at any
extension, The distribution funection of bundle strength, however, was
hardly definable in a closed form., Hence, the mean and variance of
bundle strength were estimated by utilizing the mode of the expected
bundle load. The asymptotic properties of bundle strength were deduced
by using the central limit theorem. Although only a particular load
function was given in the study, the modification will be immediate

with other load funections which are similar to the one given in this

study.



73
LIST OF REFERENCES

Coleman, B. D, 1958, On ths strength of classical fibers and
fiber bundles, J., Mech, Phys. Solids 7:60-70,

Daniels, H, E, 1945, Statistical theory of the strength of
bundles of threads. Proc, Roy. Soc, (London) A183:405-435, .

Doob, J, L. 1953, Stochastic Processes, John Wiley and Sons,
Ine., New York,

Kolmogorov, A, N. 1933. Sulla determinizione empirica di una
legge di distribuzione. Giorn, dell' Inst, Ital. degli
Attuari 4:83-91,

Loéve, M, 1963, Probability Theory, Third Ed, Van Nostrand Co.,
Ine,, Princeton, New Jersey.

Peirce, F, T. 1926, Theorems on the strength of long and of
composite specimens, J, Text. Inst. 17:355-368,



4

APPENDIX

An Alternative Analysis of Ln(y) with Relaxed Model
The bundle load Ln(y) at extension y was previously given by the
sum of the filament loads at that extension, and the definition of

% (y) given by Eq. (37) indicates that the contribution of % (v) is nil
fory > {9 1.8, after the filament is broken. Therefore, Ln(y) is

contributed by 211 n filaments at 0 <y < Y(l ys by (n-1) filaments

at Y(l) <¥Y = Y(z)g soep DY & single filament at Y(n-il) <'y < Y(n)

and finally Ln(y) is zero for Y(n) < y since no filament survives

in that region., Hers, {Y(i)} are the ordered set of {Yi} ’

i=1, 2, «0osy N, the breaking extensions of the n filaments.
Without loss of generality, let the B's corresponding te Y(l)’
Y(z), eoog Y(n) be Bl” BZ"’ ceos Bn" respectively. Then from the

argument above, Ln(y) can be defined as follows:

n n
=0y
Ln(Y) = i.fl Xi(y) = iil 31(1-:-9 ) 9 0 S y 5 Y(l)

n
-
= ifz Bi(l e ) s Y(l) <y S Y(Z)

= B (1-;@) s Y(nul) <y £ Y(n)
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. Therefore,

P [ L) $3]= Pr[Ln(ﬂ <% /0 <y < Y(l)] P.(0O<y < Ty

+P L) <3 / Ty <y < Y(2)] Pp(¥(1) <¥ £ ¥(3))

+ P, :Ln(Y) <3 /Y(n-l) <y = Y(n)] PY(pa) <y < Y(n)),

+ P, ’I.n(y) <% / Ty < y] P. (Y(n) <y)

T n v . n
- =P_| & B (-8 1 - G(y)

. 1 -]l
+p_ [ T 0-89) < g] ™ 6 [1-6m]"
Li=2

+ 7, [8,0-5%) <57 (2 [66)] T [1667]

+ P:; [o <s] oG] n
Let
X)) = g (1-87)

kK .
T.G) = :151 % ()

Fk(g ’y) = PI‘ [Tk(y) .S./;:I
ad s = (M [eo)]F [1eG)] " .
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Note that xi“’(y) are independently and identically distributed since

B, are so, and that the distribution of T, (y) is the k-fold convolution
i k

of the distribution of X;;(y)., Hence,
P, I:Ln(y) 5;] =F (f.5)a +F n1(Z ) a] + ..+ F L (2 ,y)a a1l t 2n°

When the distribution of Bi has a continuous density, so does the
distribution of T, (y). Therefors, P, [Ln(y) = O:] = a_, but otherwise

Ln(y) has a continuous density for 0 < % , of the form;

dPr [Ln(Y) ngl = aoan(g ) + éllan-nl(g WF) e+ a'n—ldFl(E )
n=1

and, E [L (;)] = z ay jngn_,i(E.y) +a, 0

Because Z? dFk(; ,) = E [Tk(y):\ k(l-ea‘y) E(8) ,

n=-1
B [1,(5)] = [ 2 am) | ) B

=n [1-6(x)] @@-s¥) E(8) , (53)

The last equality above is due to the identities

T () ey = T — B [o] [ro]P
n=1 a = ""_"_'—"""-"'
i=0 10i(nil) y:l Y:|
= n[1-6(y)]
Similarly,
n=1 o0

BL0)] = 2 ey [ 3%ar, (5.0) + a0

o k 2
2 _ 2 - +
But, g ; dFk( ;) =E I:Tk(y)] E Lfl xi(y)]
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=k E [x';(y)]z + k(k-1) B2 [x;"(y):]

= k(1-89) E(F%) + k(k-1) (1-%)%E%(8) |

Therefore,
Co n-1 e 2
E [Li(y)] = [150 (n-i)ai} (l-eay) E(Bz)

i=0.

n-1
+{ 2 (n-i)(n-i~1l)a, } (1--3‘757)2 EZ(B)

= n [16G)]  (-8VY2E(E%) + n(n-1) [1-6(r)] (1-s)2E(8)

n-1
since I (n-i)a, =n [1-G(y)] as before
=0
T (ned)(neinl) " L] o)™
n-i)(n-i-1)a, = SN+ 1-G
a 2 n-i a se0 1! (n~i—2) y y

= n(n-1) [1-6()] ¢
Hence,
Var [L,(7)] = E [szl(y)] - B [1,0)]
= n [1-6G)] 15902 [E) - {1-6()> (8)] (54

The characteristic function corresponding to the distribution of Ln(y,)

is obtained as follows:

CPLn(y)W) - [

n=1
= X a,
i=0 *

1wk (y)
]

iwsg )
e an-i(; V) + a e

o= 8
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But, g‘ei“”? dF, (3.,y) = [

O 8

k
eiw§ dFl( ; 9y):}
B Ek [eiw 5(1..3“37)]
k
where Vs(m) = 0; e1M dH(u)
0

and H(u) = Pr(Bi < u) ., Therefors,

n-1 - n-i
(W) = ifo ay {wﬁ [w(l-eay)]} +a

¢

L,(y)

n 1 n-i , n~i
= 2 ) ] [100)]" (Y [wa-sT]}

= {G(y) + [1-G(y)] (2 ,:w (1-5“3')]} . . (55)

- The results given by Eqs. (53), (54) and (55) are same as that given

by Egs. (47), (48) and (49).



