A NOTE ON THE FIELD OF VALUES OF NON-NORMAL
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Abstract. It is shown that the distance from zero of the field of values of a matrix A depends
on how large the departure from normality is compared to the distance from the zero of the field of
values of the normal part of A. A connection is made to the convergence of Krylov methods for the
solution of linear systems.
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1. Introduction. The field of values (or numerical range) of a square matrix A
is the set of all complex numbers'

F(4) = {%, x # 0 is a vector}.

The field of values is used in the convergence analysis of iterative methods for the
solution of systems of linear equations, such as, for instance, asymptotically stationary
k-step methods [2], ADI methods [15], and the Krylov methods GMRES and FOM
[16], and Orthomin [5, §2.2]. Take Orthomin(1), for instance. Applied to the linear
system Az = bit produces approximate solutions x whose residuals ry = b— Ax, have
strictly decreasing two-norms if and only if 0 ¢ F(A*) [5, Theorem 2.2.1]. Moreover,
let

dist(F(A),0) = min{|z|, z € F(A4)}

be the distance from zero of the field of values of A. Then [5, Theorem 2.2.2] the
residual norms produced by Orthomin(1) decrease fast if the distance from zero of
F(A*) is large,

dist(F(A*),0)2
el < \/ 1 - S el

Although existing work on Krylov methods deals with non-normal matrices, no
explicit use appears to be made of the departure from normality. Here we express the
numerical radius and the distance from zero of the field of in terms of the departure
from normality. In particular we show that the distance from zero of F(A) depends
on how large the departure of A from normality is compared to the distance from zero
of the field of values of the normal part of A.

The only other work that connects field of values and departure from normality
seems to Henrici’s [7]. Henrici used the departure from normality to bound the dis-
tance from the convex hull of the eigenvalues to the boundary of the field of values
boundary [7, §5].
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1 The superscript * represents the congugate transpose.
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1.1. Notation. The norm ||-|| is the Euclidean two-norm, or spectral norm. The
identity matrix of order nis I = (e; ... e, ) with columns e;. The transpose of
a matrix A is AT, and the conjugate transpose is A*. The eigenvalues of a square
matrix A are A\;(A) and the numerical radius is

_ |z* Az

A) = .
©(4) ) |z* ]

2. A Single Jordan Block. The numerical radius and distance from zero of
the field of values of a single Jordan block are determined.
Let

(2.1) A=
Ui
A
be a matrix of order n. The two-norm departure of A from normality [7, §1.2] is |n].

When 5 = 0 then A = Al is normal. When 7 # 0 then A is diagonally similar to a
Jordan block, A = XJX ! where

Al 1

Hence the single eigenvalue A is maximally defective for 5 # 0.

Below it is shown that the numerical radius of A and the distance from zero of
the field of values of A depend on the departure from normality.

THEOREM 2.1. Let A be as in (2.1). Then F(A) is a disk centered at \ with

r(A) = [n| cos

m
n+1
If [A| > |n| cos ;i then

T
dist(F'(A =\ -
ist(P(4),0) = Al = cos —— ],
otherwise 0 € F(A).
Proof. Write A = Al + nZ, where
01
Z = 0
1
0

is a shift. F(Z) is a disk centered at the origin with radius

r(Z) = cos

n+1
[11, Lemma 3], [6, Example in §1.3].
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The scalar multiplication property [8, §1.2.4] of the field of values implies that
F(nZ) = nF(Z). Hence F(nZ) is a disk centered at zero with radius || r(Z). The
translation property [8, §1.2.3] implies that F(A) is a disk centered at A with the same
radius, i.e.

r(4) = [n|x(2).

The expression for the radius also follows from [12, p 107] and [2, Corollary 4].
To determine dist(F(A),0) first derive the lower bound

*A *Z *Z
dist(F(A),0) = min " Az| = min )\+77aj x‘2|)\|—|n| max | 222
e£0 |z*z| 2#0 T z£0 | T*T
T
= M- Z) = |\ = .
N =l £(2) = X = In] cos "~

Now show that equality is attained if [A| > |y t(Z). Write A = eY=17 |)| for
some 0 < 0 < 27. Since F(Z) is a disk there is a vector v such that

VY _ oV 0y(z),
vTv

Hence

dist(F(A),0) < [eV™1 (I\| = [n] £(2))| = [\ = |n] £(2).

Otherwise, if |A| < |n| £(Z), select a vector w such that

'I,U**ZU) e e\/__l o I'(Z)
wrw
Hence both
WAY _ TN+ 1(2)  and LAY = VT — | 1(2))
wrw n vty n

are in F(A), where
Al=Inl2(Z2) <0  and  [A|+[n| x(Z) > 0.

Convexity of the field of values [8, §1.2.2] implies that also V=10 =0 € F(A). O

Theorem 2.1 says that the numerical radius of the matrix in (2.1) is proportional
to its departure from normality, and that the distance from zero of the field of values
depends on how large the departure from normality is compared to the magnitude
of the eigenvalue. In particular, the field of values contains 0 if the deaprture from
normality is too large compared to the magnitude of the eigenvalue. A large departure
from normality can make things only worse: it can only move the field of values closer
to zero but it cannot push it further away. For fixed A and 7, cos a1 — lasn — oo,
Hence the field of values increases with growing matrix size.

3. Connection to Krylov Methods. It is shown that GMRES applied to a
linear system with coefficient matrix (2.1) converges fast if the field of values of A is
far away from zero.



In [9, §3] we consider the linear system

(31) Az=0b  where A = AL, a0, b= e
\ 1

which has the coefficient matrix from (2.1). If this linear system is solved by the Krylov
method GMRES, the relative residual norms depend on how large the departure from
normality is compared to the magnitude of the eigenvalue. In particular, the relative
residual norm in iteration ¢ of GMRES can be estimated as follows [9, Corollary 3.4].
If || > |A| then

—A 1
min b dl >

kBl T VitT

and if |n| < |A| then

%
min .

. ||b—Az||z‘ﬂ
zeks bl A

This means the minimal residual norm decreases fast if the departure from nor-
mality is much smaller than the magnitude of the eigenvalue. From Theorem 2.1
follows that GMRES applied to the linear system (3.1) converges fast if the field of
values of A is far away from zero.

In [9, §3] the matrix A in (3.1) is called weakly non-normal in the context of
Krylov methods if the magnitude of the eigenvalue is larger than the departure from
normality, |A| > |n|. Hence the field of values of A in is far away from zero if A is
weakly non-normal.

4. Jordan Blocks of Different Sizes. Theorem 2.1 is extended to a matrix
consisting of Jordan blocks of different sizes.
Let

Ji
(4.1) A= , where J; =

J e
k A

is a Jordan block of order n; > 1. As before, |n| is the departure of A from normality.
Let nmaz = maxi<i<x n; be the order of the largest Jordan block, i.e. the index of A.
Since A is a direct sum of Jordan blocks, the numerical radius and distance to zero
of the field of values now depend on the index.

THEOREM 4.1. Let A be as in (4.1). Then F(A) is a disk centered at \ with

r(4) = cos ————.
(4) = n] cos "

If [Al > |n| cos ;"7 then

dist(F(A),0) = |A| - cos I,

Nmaz + 1



otherwise 0 € F(A).
Proof. The expression for r(A) follows from [11, Theorem], [6, Theorem 5.3-1]
and [17, Example 1]. The rest of the proof is analogous to that of Theorem 2.1. O
The remarks immediately after Theorem 2.1 also apply here. In addition, the field
of values of A in (4.1) is further away from zero if A consists of only small Jordan
blocks than if A contains a huge Jordan block.

5. A More General Jordan Block. The results in the previous sections are
extended to Jordan blocks with different off-diagonal elements.
Let

(5.1) A= A

be a matrix of order n. The departure of A from normality is maxi<j<p—1 [7;|. In
contrast to Theorems 2.1 and 4.1, we are only able to derive bounds rather than
equalities.

THEOREM 5.1. Let A be as in (5.1). Then

s 1
< mi ; — = ; ;
r(4) < min {151;?31{Iml} cos 5 max {|ni1+ nzl}} ;

where ng = np, = 0, and

s 1 .
T g (s il < Qs(E(),0 <A

|A] — min {1Srz;1ga5c_1{|m|} cos
Proof. As in the proof of Theorem 2.1 write A = A\I + Z, where
0 m

7 0

Tin—1
0

is a weighted shift. Since F(Z) is a disk centered at the origin with radius bounded
by [1, Theorem 3],

T L e e + ml}
n+ 15 2 1I£zaéx’n 77:—1 nl 3

r(Z) < min {1Srznsa;(_l{|m|} cos
where g = 1, =0, F(4) is a disk of the same radius centered at A.

The lower bound on dist(F(A), 0) follows from the fact that dist(F(A),0) > || —
r(Z), and for the upper bound use the fact that z* Zz = 0 when z is the first column
of the identity. O

The first term in the bound on r(A) is as in Theorems 2.1 and 4.1. This means the
numerical radius of A is bounded above by the departure from normality. When all
off-diagonal elements are the same, i.e. n; = n, then Theorem 5.1 reduces to Theorem
2.1. However it is not clear how tight the bound in Theorem 5.1 is.



ExAMPLE 1. Let A in (5.1) have

7715\/57 "72:"':77n71:1-

Since A has non-negative elements, its numerical radius is the spectral radius of the
real part of A [3, Theorem 2.1],

1
r(A) = - max |M\(A+ A7),

2 1<i<n
and the spectral radius of A+ AT is [13, §2.6.2], [17, page 3585]

. Ty = il
lrg%xnp\t(A%-A )| = cos ST 1)

Thus the numerical radius of A equals

1
r(A) = - cos
However Theorem 5.1 gives the bound

r(A)gmin{\/icosnLH, %(\/54— 1)}=%(\/§+1) for n>5.

1

For large n, r(A) ~ %, while the bound in Theorem 5.1 is § + 7

6. Jordanblocks of Order One and Two. The results from §2 are extended
to a matrix that is similar to a Jordan matrix consisting of Jordanblocks of order one
or two,

1

A=X J; X where J,-:(’\ N

) orJi=/\.

Suppose there are k£ Jordanblocks of order 2 and n — 2k Jordanblocks of order 1. Then
A has a Schur decomposition [4, §10], [10], [14]
(6.1) A=QTQ*, where T = My N ,

A,

N is (n— k) x k, and @ is unitary.
THEOREM 6.1. Let A be as in (6.1). Then F(A) is a disk centered at A with

1
(4) = SN
IFIAl > § V] then
. 1
dist(F(4),0) = |\| = SV,

otherwise 0 € F(A).



Proof. Since @ is unitary F(A) = F(T) [8, §1.2.8]. Write

T = Al + N, where NOE(g ](\)7)

Since F(No) is a disk centered at the origin with radius [8, Problem 1.2.25(a)],
1
H(No) = IV,

F(T) is a disk of the same radius centered at .
The expression for dist(F'(A),0) is derived as in the proof of Theorem 2.1. O
The remarks made after Theorem 2.1 also apply here. Theorems 2.1 and 6.1 are
identical in the case n = 2, where A has a Schur decomposition

o D)o

7. General Matrices. The previous results for matrices with a single eigenvalue
are extended to general matrices. Unfortunately the conclusions are not as strong.

Let A= Q(A+ N)Q* be a Schur decomposition of A, where the diagonal matrix
A contains the eigenvalues of A, and N is strictly upper triangular. As in Theorem
5.1 we were only able to derive bounds.

We show that the distance from zero of the field of values of A is bounded below
by the distance from zero of the field of values of the normal part minus the numerical
radius of the non-normal part.

THEOREM 7.1.

dist(F(A),0) (V) < dist(F(4),0) < min|Ai.

Proof. Since @ is unitary, F(A) = F(A + N), and

T* Az

r*T

z*Ax  2x2*Nzx
T*T T*T
= dist(F(A),0) —r(N).

T*Nzx
T*T

> min
z#0

dist(F(4),0) = mig

T

ax
z#0

Regarding the upper bound, if  is the ith column of the identity matrix then z*Nx =
0 since N is strictly upper triangular. Hence dist(F(A),0) < |A;|. O

When A is as in (2.1), (4.1) or (6.1) then the lower bound for dist(F(4),0) in
Theorem 7.1 is the same as the expressions in Theorems 2.1, 4.1 and 6.1, respectively.

To illustrate the harmful effect of the departure from normality we consider a
situation where the field of values of the normal part of A does not contain zero. This
is the case, for instance, when all eigenvalues of A lie on a ray in the complex plane
emanating from the origin (i.e. all eigenvalues are positive, or all eigenvalues lie on
the upper half of the imaginary axis). Then it can be shown that the departure from
normality can make things only worse, i.e. move the field of values closer to zero but
not push it further away.

COROLLARY 7.2. If \; = evV—1¢ |A;| for some 0 < 0 < 27 then

min |A;| — r(N) < dist(F(A),0) < min |A;|.



Proof. Since A = eV~1? |A|, where |A| is Hermitian positive semi-definite,

z*Azx

T*x

= min

dist(F(A),0) = min min —=

x*|Alz
T#0 T

= min ||
2
d
Since the numerical radius is close to the two-norm [3, Theorem 1.2], [6, Theorem
1.3-1]
1
SINY < x() < IV,

one does not lose very much by replacing r(N) by ||N||.
COROLLARY 7.3.

dist(F(A),0) — |NV]| < dist(F(A),0) < min [A;].

This means, if the departure from normality is small then the field of values of A
is not much farther away from zero than the field of values of its normal part.
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