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PEGGY LYNNE SEYMOUR. Parameter Estimation and Model Selection in Image Analysis
using Gibbs-Markov Random Fields (Under the direction of Chuanshu Ji.)

ABSTRACT

Researchers in the field of statistical image analysis are concerned with different issues,
such as image restoration, boundary detection, or even object recognition, which may be used in
such different contexts as images returned by satellite or medical images produced by emission
tomography. There are, of course, many other issues one might address in using statistics to
analyze an image. This particular research focuses on the selection of a model for a digital
image.

Although model selection has been studied extensively in many areas of statistics, very
little has been done within the context of image analysis. Thus this research is restricted to the
most elementary images: those which are of a single texture (i.e., an image which, in its en-
tirety, is nothing but carpet, wood grain, clouds in the sky, or some other single type of “tex-

ture”). The models under consideration are parametric Gibbs-Markov random fields.

Parameter estimation is then a critical matter. The maximum likelihood estimator
(MLE) is quite intractable for such models. This research focuses on two alternatives to the
MLE: a Monte Carlo maximum likelihood estimate (MCMLE), and the maximum pseudo-
likelihood estimate (MPLE). Asymptotic rates for the mean square error and for a moderate
deviation probability are derived for the MPLE.

The main goal of this research is the development of information criteria for choosing a
model, similar to the Bayesian information criteria used in model selection for time series and
for exponential families. We establish criteria based on the MLE, the MCMLE and the MPLE.
We show that the criteria based on the MLE and MCMLE are both approximations to the true

Bayes solution to the model selection problem; and we also show the (weak) consistency of the

criterion based on the MPLE.

A simulation study of the useful parameter estimation techniques and model selection
criteria is presented, using several simple models. Implementation of the model selection criteria

on real textures is also discussed.
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I. Introduction to Statistical Image Analysis and
Gibbs-Markov Random Fields

1.1 Statistics in Image Analysis

Digitized images are very commonplace today with ever-stronger computer technology,
and the need for techniques by which these images are analyzed grows stronger as well. A
wealth of methods for addressing image analysis has already been developed by computer
scientists and engineers; this may be verified simply by browsing through their literature. In
fact, the new literature in image analysis has become so large that, in 1992, the Institute of

Electrical and Electronics Engineers introduced a new journal: IEEE Transactions on Image

Processing.

Some of the current methods in image analysis are based on statistical ideas, but most
are not. However, statisticians have contributed richly to image analysis via filtering tech-
niques, compression schemes, probability models, and estimation techniques for various image
attributes. Since the field of statistical image analysis is still quite young, there are many open
problems needing attention. This presentation is primarily concerned with parameter estimation

and modelling, though a few other aspects are briefly discussed below.

Hassner and Sklansky (1978, 1980) first proposed Markov random fields as a statistical
model for digital images. Both Markov random fields and Gibbs random fields, which are
equivalent under certain conditions, were originally developed in statistical mechanics for
modeling particle interactions on an integer lattice. The roots of these particular models go
back as far as Gibbs (1902) and Ising (1925), but the modern understanding of them was
introduced independently by Dobrushin (1968a, 1968b) and Lanford and Ruelle (1969). This
approach by Hassner and Sklansky (1980) apparently did not fare well at first because of its

computational and mathematical difficulties.

Geman and Geman (1984) gave new life to this approach by making these random field
models more practical for image analysis. In their paper, they re-introduced Gibbs-Markov
random fields as probability models for images. They introduced Bayesian statistical method-
ology to image analysis, using the Gibbs-Markov random field as a prior on the image space.

(Besag, 1989, gives a good overview of Bayesian image analysis and discusses its potential for



development.) In addition, they developed two stochastic relaxation (i.e., site-by-site updating)
algorithms for image analysis: the Gibbs sampler for simulation, and simulated annealing for

optimization. Their framework is as follows.

For a digitized image, particles in the original physics models correspond to pixels
(picture elements on a computer screen), and interactions between particles correspond to
dependence between pixel attributes, such as color, in the image. Using a Bayesian framework,
a Gibbs-Markov random field is treated as a prior probability distribution on the image space.
This prior incorporates knowledge about the global image as well as local pixel interactions.
Inference about the true image is normally made based upon an observed corrupted image, and
then the posterior mode(s) or mean can be taken as an estimate of the true image. As an
example, consider the medical imaging technique of emission tomography. Here, the true image
is the physical distribution of a radioactive isotope in a specific region of the body; the prior
probability model will include relevant information about that region of the body: The emission
of photons from the isotope is recorded, and a degraded image based on these emissions is

observed.

There has been tremendous growth in statistical image analysis since the paper of
Geman and Geman (1984). The following discussion gives a sample of some of the activity in
statistical image analysis today. Along with a short description of the topic at hand, references
are given from which the interested reader may begin further pursuit. The monograph of
Geman (1991) as well as the paper by Karr (1991) give a comprehensive presentation of topics
in statistical image analysis. Also, the brief overview of image modelling by Rosenfeld (1993)

includes a healthy list of references.

Image Restoration. Image restoration involves the recovery of a true image from an
observed corrupted image. In reality, images are nearly always degraded by some sort of noise.
This degradation might be blur due to faulty optics, as seen in the Hubble Space Telescope’s
images; it might be Gaussian noise, due to faulty data transmission; or it might even be
scratches on old movie film. Whatever the case may be, removal of such distortion is the

primary concern.

Geman and Geman (1984) discuss image restoration using Gibbs-Markov random fields
and their simulated annealing algorithm for recovering the true image. Besag (1986) uses
Markov random field models and proposes another algorithm, called iterated conditional modes,

for restoring a degraded image.

Boundary Detection. Boundary detection is the determination of physical discon-
tinuities in an image. Such discontinuities might include actual boundaries between different

regions of pixels in an image, or might include changes in elevation found in an original three-



dimensional scene.

Geman, Geman, and Graffigne (1987) propose locating texture and object boundaries by
using Gibbs-Markov random field models which incorporate both pixel intensities and labels.
(These are the same models which are described below in more detail.) Geman, Geman,
Graffigne, and Dong (1990) use a similar model with built-in constraints which identify

“forbidden” configurations.

Texture Segmentation and Synthesis. The concept of “texture” has so far eluded a

precise mathematical definition. Intuitively, a texture is a region of pixels which exhibits not

only global regularity (including periodicities), but also local variability (e.g., wood grain, sand,
carpet). Texture segmentation is the decomposition of an image into sets of pixels corres-
ponding to different textures in the image. Here, the true image consists of two arrays: an
array of pixel intensities, in which each pixel is assigned a value representing a color, or gray
level, in addition to a corresponding array of texture labels, in which each pixel is assigned a
number representing the texture to which it belongs. The pixel intensities are observed, and the

challenge is to discover the texture labels.

One aspect of segmentation is texture discrimination, in which there are a known
number of textures in the image, and the goal is to classify each pixel according to the type of
texture to which it belongs. Another aspect of segmentation is texture identification, which is
concerned with identifying the textures in the image by comparing them to “training samples,”
each sample consisting of only one of the textures in question. The distinction between dis-
crimination and identification may not be clear, and the following example may be helpful. An
early-warning radar system is performing discrimination when it classifies an object in its sights
as “a possible threat” or “not a possible threat.” This system would be performing identifica-
tion if it could identify a flock of birds as such rather than simply classifying it as “not a pos-

sible threat.”

Geman and Graffigne (1986) use the Gibbs-Markov random field models described
above in the context of texture segmentation, and they employ a parameter estimation scheme
based on the pseudo-likelihood proposed by Besag (1974). Derin and Elliott (1987) use a
hierarchical Gibbs random field model to account for textures as well as additive independent
Gaussian noise, and propose a linear least-squares parameter estimation scheme. Hu and Fahmy
(1992) propose a hierarchical Markov random field, combining the autobinomial and autologistic

models of Besag (1974), to segment an image.

Texture synthesis is the simulation of a real texture based on a given model. Hassner
and Sklansky (1980) generate some synthetic textures using isotropic Markov random field

models and a sampling scheme much like the Metropolis algorithm (Metropolis, et.al., 1953; the



precursor to the Gibbs sampler). Cross and Jain (1983) use the autobinomial model introduced
by Besag (1974) for synthesis. Acuna (1992) uses a modification of the autobinomial model to

generate some synthetic textures.

A review of some current aspects of texture analysis in general - both statistical and

non-statistical - is given in Tuceryan and Jain (1992).

Object Recognition. Object recognition is currently an extremely difficult and un-
yielding area of research. Within the statistical community, a great deal of exciting work is
being done, particularly by D. Geman, S. Geman, and U. Grenander; but little of their work in

object recognition has been published to date.

Clearly, there is significant activity in statistical image analysis. The areas mentioned
here are not all-inclusive; however, we hope that the reader has gained the understanding that
this is a very broad and potentially useful field. A statistician does not have to look very far to
find open problems in this field, and within our own context, we shall point out some such

problems as they arise.

1.2 Goals of This Work

This dissertation is primarily concerned with the selection of Gibbs-Markov random
field texture models, which is motivated by texture synthesis and analysis. Throughout this
work, we will restrict ourselves to an image with no degradation. However, since degradation is
part of reality, future work in model selection will have to address such a difficulty. We will
also restrict ourselves to an image which consists of a single texture, and then concern ourselves
with selecting a model for that one texture. Again due to the nature of reality, future work will

need to address model selection in a multiple-texture setting.

First, Chapter I continues with a discussion of the random field framework within which
criteria for model selection are developed. This will include notation, definitions, intuition, and
pertinent resuits, as well as discussion of complications which are inevitable when working with

Gibbs random fields.

Chapter 1l discusses the important problem of parameter estimation for Gibbs-Markov
random fields. The notion of exponential families for these models is introduced, and maximum
likelihood parameter estimation is presented. Specifically, there are some serious difficulties
with maximum likelihood estimation in this context which cannot be resolved. Two current
alternative methods of parameter estimation are discussed - a Monte Carlo method and a

pseudo-likelihood method — and some useful results are proven.



Chapter III discusses the main point of model selection, of which parameter estimation
will be a crucial component. A thorough motivation is given, and model selection criteria based
on the three parameter estimates discussed in Chapter II are derived. Rigorous justification for

each of the selection criteria is also presented.

Chapter IV presents a numerical comparison of the implementable parameter estimation
techniques from Chapter II, as well as a discussion of some of the difficulties involved in using
these techniques. Chapter IV also presents a numerical comparison of the implementable model
selection criteria, and a further study of the superior criterion. Chapter IV concludes with a

discussion of the implementation of the superior criterion on real textures.

1.3 Introduction to Gibbs-Markov Random Fields.

This section gives a very simple treatment of Markov random fields and Gibbs random
fields, which is enough for our purposes: for a more general treatment, see Ruelle (1978) or
Georgii (1988).

Let A be a finite lattice in Z2, and let X; be a random variable associated with the site
i€ Z2. For intuition on real applications, the region A can be understood as the computer
screen or a region on the computer screen, and X; can be considered a gray level (color or shade

of gray) at pixel i. The following definitions are very basic.

Definition 1.3.1 The random array X = {X,-:i € 12} 1s called a random field.

Definition 1.3.2 The state space S, a finile set with discrete topology, is the collection of all
possible values of X; for each i € y &3

2
Definition 1.3.8 The configuration space Q= SZL° is the collection of all possible realizations of
the random field X. Correspondingly, the sub-configuration space on the region A is given by
Q, = SA.

For notation, write X, = {X.—:i €A}, and (X = {Xi# i}. Write z € Q for a realization of X,
and z; € S for a realization of X;; in the same manner, let z, € 2, and ;z ={z:j # i} denote

realizations of X ,, and ; X, respectively.

Definition 1.3.4 For a site i € 22, a collection N; of sites having the properties i ¢ N;, and
ieEN; if and only if jE N;, is called the neighborhood of the site i. The collection



RN = {N,:i € 2%} of all neighborhoods is called the neighborhood system.

For example, one neighborhood system might designate the neighbors of a site i to be the closest

horizontal and vertical sites to i, thus giving ¢ four neighbors as in Figure 1.3.1. This particular

set of neighbors is conventionally referred to as nearest neighbors. A more complex neighbor-
hood system might be the one which is represented in Figure 1.3.2, composed of six types of
neighbors - twelve neighbors in all. In general, the neighbors of a site i are the sites on which i
is (mathematically) dependent. Different textures may have different neighborhood systems: if
the texture is wood grain, then a pixel will have one kind of neighbor “with the grain” of the
wood, and another kind of neighbor “against the grain” of the wood; if the texture is sand, then

all of the neighbors will be of the same kind.

5
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Figure 1.3.1 Figure 1.3.2
The “Nearest Neighbors™ A More Complex
Neighborhood System Neighborhood System

Definstion 1.3.5 The random field X is called a Markov random field (MRF) with respect to the
neighborhood system RN if its probability distribution P on Q) satisfies

P(X£=Ii|.'x=."5)=P(X,'=Z.-IX_N-',=IN‘,) (1.3.1)

for each i € 2% and z € Q. These single-site conditional probabilities are called the local charac-

leristics of the MRF X.

For convenience, we will write the local characteristics as
Pi2) & P(X;=2;],X = ;z) (1.3.2)

for all sites i € Z2.

Most of the terminology contained in these next definitions is taken directly from
physics, and thus has no intuitive meaning for the statistician even though the terminology is

standard. These notions are, however, central to the definition of a Gibbs random field.



Let k|l for k€Z? be a norm on Z?. Usually, we consider the norm defined by

Nkl =]k, |+|k,| for k= (k;,k;), which is called the Manhattan distance or city-block norm

(Possolo, 1991). But one may also use some other norm on ZZ.

Definition 1.3.6 Let R >0, and define the function U 4:Q—+R by

U,(z;) if A= {i}
Uy(z) = ‘U..-J-(::i,zj) ifA={ij}, 0<}ji-j|I<R (1.3.3)
0 otherwise

for some functions U;:S—+R and symmetric ‘U.'-j:S x S=R, i,j € Z:. Then the collection of such
functions U ={U,:Q-R,AC Z%,|A|< 2} is called a pair-potential of range R, where | Al
denotes the cardinality of the set A.

The pair-potential simply describes in some deterministic way how the values at sites i and j
interact. Note that if |i —j||> R, then sites i and j have no direct interaction together. Note
also that other potentials, not just those involving pairs of sites, may be considered as well. We

restrict our attention to pair-potentials for the sake of both precedent and simplicity.

Definition 1.3.7 For every finite A C Z2 andz € Q,

Ty iJEA ‘e
7

is called the energy associated with z on A.

The energy may be understood as the total amount of interaction taking place in the region A.
In particular, notice that the middle sum in (1.3.4) is halved because this sum alone is counting

all pair-interactions within A twice.

Definition 1.3.8 Write H,(z) = HA(a:A;zAC). The random field X is called a Gibbs random
field (GRF) induced by the pair-potential U if its probability distribution P on 2 satisfies

exp [“HA("')]

(1.3.5)
%(IAc) 1.3.5

P(XA=IA|XAC=IAc)=
for each finite AC 2% and z € Q. The normalizing factor T(-), which is called the partition

function, takes the form

%(zAc) = Z exp [—HA(y;zAc)]. (1.3.6)
yEN,



One problem which will be addressed later in Chapter II is that, in all but the most trivial cases,

the partition function is computationally intractable.

It was mentioned in Section 1.1 that, under certain conditions, a MRF is equivalent to a
GRF. Several researchers proved the equivalence under very specific conditions, inciuding
Spitzer (1971) and Sherman (1973). However, in an unpublished manuscript, Hammersley and
Clifford (see Besag, 1974 and Geman, 1991 for further discussion and references), proved that a
random array on a finite region is a MRF if and only if it is a GRF induced by finite-range
potentials. Thus, such random fields may be described at once locally, using a MRF model
described by the collection of its local characteristics, or globally, using a GRF model described
by its energy (total interactions) over a region. In light of this result, we shall now use the term

Gibbs-Markov random field (GMRF) unless further explanation is needed.

A well-known special case of a GMRF is the two-dimensional Ising model (Ising, 1925),
in which § = { — 1, 1}, R =1 and the pair-potential U satisfies

U;(z;) = he; (1.3.7)
U;(z) = Bz;z, li-il=1,

where h € R is called the external field coefficient, and 8 > 0 is called the coupling coefficient.
Note that R = 1 implies that the neighborhood system is nearest neighbors.

Definition 1.3.9 A potential U is said lo be translation invariant if ‘1].A+j(sz) = U (z) for
each j€Z% and z € Q, where A+ j = {i+j: i€ A} and T; is the shift operator on Q defined by

(re)i=2_j i€l

Definition 1.3.10 A random field X is said to be stationary under the measure P if for each
i€2? z €, and finite A C 22, we have P(Xp =17p) = P(Xp4i = 24)

A translation invariant potential does not necessarily induce a stationary random field, which is
a special case of a phenomenon known as symmetry breaking in statistical mechanics (Georgii,
1988). It is assumed throughout this work that single-texture models are induced by a
translation invariant pair-potential. Clearly, this is an unreasonable assumption for multi-
texture models since, for example, the model for wood grain is different from the model for sand

(see the earlier discussion on neighborhood systems).

A difficult issue related to GRFs is that a potential U may induce more than one prob-

ability distribution on 2 which satisfies the conditional distribution (1.3.5). Such a phenomenon



is called phase transition in statistical mechanics; in statistical terminology, this translates to
spatial long-range dependence (for illustration of the presence or absence of spatial long-range
dependence, see the sample textures in Appendix Two). To illustrate this notion, let A, be an
nxn region centered at the origin o: when phase transitions occur, P(X_ =z,) is not
necessarily equal to lim P(X, =z, | XA% = IAE.)’

As was noted in the introduction, one of our tasks is to specify a GMRF as the prob-
ability model on the configuration space. For our purposes, we need to specify the energy func-
tion, which involves the estimation of unknown parameters. Again, let A, be an nxn square

lattice centered at the origin o, and suppose we observe
), 8 z(n), a realization of the random field XA,, ) X(n). (1.3.8)

We assume that the probability distribution P which generates X is a GMRF induced by the

finite-range potential U of the form

Ui(z;) = hU,(z,) (1.3.9)
q‘l'ij(zhzj) = ﬂ_,'_.'Uz(-"’.'»zJ')

for all sites i, j € Z% and for some known functions U,:S-R and symmetric U,:5S x S—-R. For

all j € Z2, the parameters 8 ; satisfy the conditions

Bj=Pp_;when0<[j|<R (1.3.10)

B; = 0 otherwise,
where R is the range of the GMRF. The energy function for any single site 7 is then
H{i}(z) = —hU,(z,) - Z ﬂj_,-Uz(z"-,J:J-) (1.3.11)
JEN;

for z € 2. Note that this form allows the incorporation of various kinds of pixel (pair) interac-

tions. The local characteristic at 7 is given by

exp [—H('.}(z)]

p,(z) = () (1.3.12)
3
for z € Q, with the partition function given by
5(;z) = Z exp [—H{”(s; .-:r:)]. (1.3.13)

s€ES



The local characteristics on the finite region A C Z? determine all Gibbs measures on A (D.
Geman, 1991). Note that, since the pair-potentials are translation invariant, so are the local

characteristics.

Dobrushin’s condition (Dobrushin, 1968c) on the energy function is one which implies
the uniqueness of the induced GRF. Recall that non-uniqueness of the GRF corresponds to the
presence of phase transitions, or (spatial) long-range dependence. A slightly stronger condition,
that of Simon (1979), implies Dobrushin’s condition, and it seems easier to verify. The fol-
lowing condition, which will be employed only when explicitly indicated, gives Simon’s unique-

ness condition for the GRF in our set-up.
Uniqueness Condition 1.3.1 The pair-potential U satisfies
Y. |8;|T.<2 (1.3.14)
JE N,
where U, =:r§'a:3ch2(zo, z;) —:r(r’l'iarrijz(zo, z;).
Note that l—lz does not depend on the site j. This inequality, although slightly stronger than

that of Dobrushin’s condition, is sharp: For every & >0 there is a pair-potential U with

S = {-1,1} for which
2 |8i|Us<2+e¢ (1.3.15)
jeN,
holds, such that the GRF is not uniquely induced by U, and phase transitions occur (Georgii,
1988, p. 144).

Take the parameters (3 5 together as a column vector 3, and write another column vector
0=(hpf"T€e0= R* to parametrize the entire energy function. To indicate the dependence of
the local characteristics on this parameter 8, write

pi(z:8) & pi(2). (1.3.16)

Definition 1.3.11 A parameter 0 € © is called identifiable if p,(z;0) # p;(z;0") for some z € Q
when § #£0°, 6" € ©.

Now, the task is to estimate the parameter 6 € R* based on the observation z(n).

10



Il. Parameter Estimation for Gibbs-Markov Random Fields

2.1 Parameter Estimation using the Likelihood

Parameter estimation within the context presented in Chapter I bears some interesting
features. One is that a single sample, rather than repeated independent samples, of X(n) must
be used for estimation. The observations contained in that one sample of X(n) are dependent,
and the potential for long-range dependence must be addressed. This sampling also renders
impractical the traditional notions of asymptotics, which must now be taken as the dimension n

of the sample z(n) goes to infinity.

Another feature is that, because of the dependence, it is extremely difficult to use the

usual likelihood function for X(n), which is

Po(X(n)z x(n)) = JQ cPo(X(n) = :t{n)| XA% = IA(':') dPo(IA%). (2.1.1)

An
where P, is written to emphasize the dependence of the distribution P on the parameter §. A
more convenient conditional likelihood is defined as follows. Extend the observation z(n) to a

configuration on Z2 by periodization, or tiling, as illustrated in Figure 2.1.1 below.

zZ(n)| [7(n) [Z(0)
)| [z [En) - -
EQ|ED|ED)

Figure 2.1.1 Tiling

Denote this periodic extension of z(n) by Z € 2. Note that this notation suppresses the depen-
dence on the dimension n, which is done just for convenience. Note also that An = TN With
this periodic configuration, the conditional likelihood function,

exp|—H, (%)
L(z(n),0) a Py(X(m)=%, | XA% = 'EA.’:') = -—LZ?E—C'-‘)——] (2.1.2)
An

may be used. Call any value which maximizes L(z(n), -) a maximum likelihood estimate

(MLE) of the parameter . Within this context, we will need the following condition for nearly



all of our results.

Identifiability Condition 2.1.1 The true parameter 6 is identifiable in accordance with Defi-
nition 1.3.11.

The MLE is not the only parameter estimate available for random fields. Two other
parameter estimation techniques will be discussed in this chapter, but each one bears some
similarities to the MLE. Other available estimates include least-squares and method-of-mo-
ments estimators. The least-squares alternative, proposed by Derin and Elliott (1987), seems to
work best for simple neighborhood systems, and also seems to have some difficulty with long-
range dependence. The method-of-moments estimator, proposed by Possolo (1991), is valid for
stationary random fields. The MLE and the alternatives presented here have some very desir-

able properties not yet established for other estimates.

The following definition will be useful in the upcoming discussion.
Definition 2.1.1 The boundary OA of the region A C Z? is given by OA = {j € N;:ie AN\A.

In plain English, JA is the set of all sites which are neighbors of sites in A but are not contained

in A.

The conditional likelihood in (2.1.2) may be written as an exponential family:
L(zn),6) = exp{| A, |[o7Y,, ~ b,(0)]}: (2.1.3)

Recall that 8 is the column vector (h, 8T)T, as defined in Section 1.3. The forms of both the suf-
ficient statistic Y, and the cumulant generating function b,(f) may now be derived. By ex-

plicitly equating (2.1.2) and (2.1.3), we get

exp{| A, IOTYn} _ exp[—HAn(?f)]

= = (2.1.4)
exp{l An|bn(0)} B(Zc)

If we define
IAn|b"(0) = log%(?:'A%), (2.1.5)

then it follows that

12



|AL|07Y, = =H, (3) . (2.1.6)

Clearly, (2.1.6) implies that Y, is a function of the periodic configuration Z based on the obser-

vation z(n). Hence, Y should be understood to be a function of such a configuration:
Y(EAn;zAg).
First, we will find the components of Y. Toward this goal, we see that the expression

for the energy function (1.3.4) plugged into equation (2.1.5) yields

|AL|07Y, = Z "U.(z)+2 3 wi;ELE)+ E U, (%, F,). (2.1.7)

i€Ap 1,7€An El\
J n

Since we are using the potentials given in (1.3.9), we get

Y =] 2 WLE)+y Y AiLUaEE)+ Y AL UEE)L 2L
| I t€Ap 1,7€An 1€An

JEOA,

Note that N, is the set of neighbors about the origin o. Because of translation invariance of the

potential, we can redefine the index j so that we are summing only on i, and rearrange the

terms in (2.1.8) appropriately:

ﬁi—,\l D Ua(EF )+ Z Uy %) | (2.1.9)
I LI i €%
° i+j € An ‘+J€3An

Hence, the component of Y, corresponding to A is

| > U(F) (2.1.10)

nli€An

and the component of Y, corresponding to 8 j is

t€An 1€Ap
i+7 € Ap i+j € 8 n

|‘+|[ Y OUSEEL ) Y Uy(E ,H)J (2.1.11)

where the first sum accounts for the interactions within the region A, and the second sum

accounts for the interactions involving the boundary of A.

Next, we derive the cumulant generating function. Using the expression for the parti-

13



tion function in (1.3.6) and the notation introduced in (2.1.3), the cumulant generating function

may be written

b,(6) =|A1 log B(%,c )
n

1 o~
2718, 2, oL el %)

1 T ~
lo xpd|A |8 Y (y: T (2.1.12)
A,]'8, 2 (Al %)

Within this framework, we will require the following condition, which indicates that the
covariance matrix of Y, is positive definite (needed for strict convexity of the likelihood func-

tion). This condition is difficult to check, but is not without precedent (Gidas, 1986).

Positivity Condition 2.1.2 For every 0 € R, there ezists a positive definite matriz B(0) such
that

B(9) = minf | Aa | E4(Y o = Eg¥ oY = E¥ )] @119

where Eg( -) is the expectation with respect to Py,

The following discussion gives existence, uniqueness, and consistency properties for the

MLE. Because of the Markov property, we may understand that Y, dependemts on T AS only
n

through EBA,-,: Y(-;':?:'A%)z Y(-;'EaAn). Therefore, for ease of notation later, we will write

Y(-;'i"a,\n) as simply Y(.), with the understanding that Y () is dependent upon the config-

» ~
uration = OAn’

Note that when we wish to use a quantity as a function of the parameter space, we will
use the notation ¥ in place of 8. Then, toward the goals of existence and uniqueness, we will

require the gradient of b, (J) with respect to ¥:

Vb (9) = L. 1 :
n(?) [An] Z exp{lAnloTY(z;'iaAn)}
ZEQAn

Z |A"’ Y(y;'i:'aAn) exp{l Anl JTY(y;'i:'aAn)}
vE QA"

14



exp{| A,,I 19Ty(y§zaA,,)}
Y. exp{|AL| 0TV (510,

ZGQAn

= Y Y(%Zs,):

UGQA"

=EyY,| E’aAn). (2.1.14)
The likelihood equation may now be written as

Y, = Vb (9) (2.1.15)

= Eg(Y | %g4,,)

where the conditional expectation of Y, is over all possible configurations '5:',\'l with Z, A, fixed.
Since Y, is essentially an average, it follows from (2.1.14) and the ergodic theorem given by

Georgii (1988, page 306, Theorem (14.A8)) that

Jim [V, - Vb, (0)] =0, Pga.s. (2.1.16)

Let Vzbn(ﬂ) denote the Hessian matrix of b,() with respect to 9.
Lemma 2.1.1 Under the Uniqueness Condition 1.8.1 and the Positivity Condition 2.1.2,
¢ <vTVh, ()v< C (2.1.17

for some constants ¢,C > 0; uniformly for all unit vectors v € R%; all '.'?:'aAn; all ¥ in a small

neighborhood of 0; and all large n.

Lemma 2.1.1 implies that there exists a small open neighborhood, say O, of # such that Vb, (-)
is a continuous bijection with a continuous inverse map (i.e., a homeomorphism). In particular,
Vb,,(0) is an open region. It follows then from (2.1.16) that the likelihood equation (2.1.15) has
a solution §n. Also by Lemma 2.1.1, the log of the likelihood (2.1.3) is locally strictly concave
(indeed, this log-likelihood is globally concave because of (A.2.12)); hence 5,‘ is the unique MLE.

Finally, the following lemma, due to Cométs (1992), gives the strong consistency of §n.

Lemma 2.1.2 Under the Identifiability Condition 2.1.1, for every £ > 0 there ezist ¢,C > 0 such
that
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Po(|.~0]> )< Cexp(~c|A, ) (2.1.18)
uniformly for all large n, where || - || is the Euclidian norm.

Notice that the uniqueness of the MLE is established only under the Uniqueness Condition 1.3.1
on the GRF (no phase transitions), but that the existence and consistency of the MLE do not

need this condition.

In spite of these existence, uniqueness, and consistency properties, the MLE is useless for
practical purposes because the partition function %(-) of the (conditional) likelihood (2.1.2) is
computationally intractable: even in the simple case of a 100 x 100 random field with each site
taking values in {—1,1}, the partition function is a sum of 2!0:9%0 terms. Hence some alter-
native to the MLE must be pursued. Two alternative approaches are now presented: the first
employs a Monte Carlo approximant to the likelihood; and then the second uses a pseudo-likeli-

hood.

2.2 Parameter Estimation using the Markov Chain Monte Carlo Likelihood

Geyer and Thompson (1992) developed a method of Monte Carlo maximum likelihood
estimation for an exponential family whose likelihood function cannot be calculated nor well-
approximated. In fact, their result may be extended to a likelihood function which is not in the
form of an exponential family. What follows is the development of their method within our

framework.

Fix a sample z(n) and let Pw be the Gibbs distribution with known parameter v € Rk,
Simulate an ergodic Markov chain X(l)(n), X(z)(n), ... of random fields on A, whose equilib-
rium distribution is the conditional distribution P (- [Z5, ) on Q4 . Write the likelihood in

n n
the form

exp{| Al 0TY('EAn)}

<(0) ) (2.2.1)

L(:c( n),l)) =

where ¢(8) = ':B('E:'Ac) is the intractable partition function from (2.1.2). Using the notation intro-
n

duced in (2.1.3), ¢(6) is given by

@)= 3 exp{|A,|07V(v)}. (2.2.2)

yGQAn

Manipulate ¢(f) into an expectation:
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«0)= 3 exp{[An|(0- WY W)} exp{| A, ¥TY (1)}
14

" T
=c(¥) D eXP{IA,.I(9-w)TY(y)}exp{|A:([p'§ Y}

yGQAn

=c(¥) ), exp{l Al (8- ¢)TY(y)} Py(y1Zs,)
v € QAn

= c0) By fexp{| 0] (0= 97V} Zon ] (22,9

We may then define the ratio

r(8) = z—((z—)) = E¢[exp{| A6 ¢)Ty,,}

A An], (2.2.4)
so that the log-likelihood, to within a multiplicative constant, may now be written as
&(z(n),8) = log[c(¥) L(z(n),0)] = | A, | 6TY(F, ) — logr(6). (2.2.5)
Using the simulated Markov chain, define r () as
Ty ;
@ =13 exp{| A (- 9)TY (X )(n))}. (2.2.6)
=1

e . . 1) Nl
Let P denote the probability measure for the entire Markov chain {X( (n)}1= 1. Due to the
ergodicity of the Markov chain, we then have r (6)—r(8) P-a.s. as L—oco. Thus a Monte
Carlo approximation to the log-likelihood (2.2.5) is given by

er(xn),0) =| A, | 0TY (%, ) —logr(6) (2.2.7)

We call the value which maximizes {;(z(n), -) a Monte Carlo MLE (MCMLE), and denote it

8.1

The following lemmas are needed to establish the existence and uniqueness of §n L

Lemma 2.8.1 For every fized 9 € ©, we have
er(z(n)9) — log L(z(n), Y) +|A,] ba(%), (2.2.8)

VZL(z:(n),ﬂ) — Vlog £(z(n),9), (2.2.9)
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and
v2eL(z<n),.9) — Viog L(z(n),¥), (2.2.10)

all P-a.s. as L —co.

Choose 7, to be a small compact neighborhood of the true parameter ¢ such that Lemma 2.1.1
holds for each J € 74 (i.e., 74 is a small compact neighborhood of § in which the log-likelihood is

strictly concave). Let

expi| A, | (9 - 9)TY (X An)
Vj[,(")= I {I I }

lz exp{l An| (9- ¢)TY(X“)(n))}
=1

(2.2.1D)

for j=1,...,L. Then ujL(ﬂ) are probabilities for each j = 1,..., L since they are all positive and

L
> v;(9) = 1. First, we give a technical lemma.
i=1

Lemma 2.2.2 For every uniformly bounded function f on QAn’ the family
L
F:{qujL(-),LeN} (2.2.12)
j=1

has a subsequence which is uniformly convergent on 7,.

This lemma may then be used to establish uniform convergence of the Monte Carlo approx-

imants given in Lemma 2.2.1.

Lemma 2.2.3 Each of the families F) ={¢;(z(n), -),L €N}, Fy ={V{(z(n),-),L €N}, and
Fy= {VZZL(z(n), -)Le€ N} has a subsequence which is uniformly convergent on n,.

Lemma 2.8.4 FEach of the sequences given in Lemma 2.2.1 are uniformly convergent for each

Y € ng, P-a.s. as L — oo.

Now, the MLE 5" exists uniquely in 74, Pg-a.s. as n—oo. Also, €;(z(n), V) is globally concave
since its Hessian matrix, which is given in the derivation of (A.2.22), is positive definite. In
addition, log £(z(n),d) is strictly concave on ny by Lemma 2.1.1. Hence, by Lemma 2.2.4,
¢, (z(n),¥) is strictly concave on ny, P-a.s. as n—oo. Therefore (in a manner analogous to the

argument for the existence and uniqueness of the MLE in Section 2.1) the Monte Carlo likeli-
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hood equation
Ve (2(n),d9) =0 (2.2.13)

has a solution énL € 1 which is the unique MCMLE.

There are some important issues to consider when using the MCMLE as an estimate of
the true parameter. One is that the magnitude of the dimension n requires that L, the number
of Markov chain Monte Carlo samples, must also be large in order to provide a good estimate of
6. Another is that, although ¢ is arbitrary in theory, it must be chosen carefully so that the
number of Markov chain Monte Carlo samples is not prohibitive. These practical considerations

will be discussed in detail in Chapter IV.

2.3 Parameter Estimation using Besag’s Pseudo-Likelihood

The alternative to the MLE developed by Besag (1974) is to maximize a “pseudo-
likelihood” function. The pseudo-likelihood which he proposed is simply the product of the local

characteristics of the sites in A

PL(xn)0) = [] Po(X;=%1,X=3
1€ An

exp [—H { ’»}('5:’)]
i€hn z exp[—H{'.}(s;.-E')]’

s€S

(2.3.1)

where the second expression uses the local characteristics in (1.3.12) and the associated partition
function (1.3.13). Any value which maximizes PL(z(n), - ) is called a maximum pseudo-likeli-

hood estimate (MPLE) of the true parameter §. We denote the MPLE by 5n.

There are several motivating factors for using the MPLE as an estimate of . A
practical one is that these local characteristics, particularly the partition functions for single
sites, are quite easily computed. Another is that, intuitively the local geometry of an image is
reasonably summarized by the local characteristics; in fact, when the ancestors of the pseudo-
likelihood were first proposed, the product in (2.3.1) was over a subset of the data so that the
local characteristics were truly conditionally independent (Besag, 1974). Still another compel-
ling motivation for using the MPLE is that Geman and Graffigne (1986) have established the
existence, uniqueness, and consistency of the MPLE under very general conditions. In this sec-

tion, we reiterate these properties of the MPLE for our own edification, and go on to establish
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some other asymptotic results needed later in Chapter III.

Write the pseudo-likelihood in “exponential family” form, analogous to the likelihood

function in (2.1.3):
PL(z(n),0) = exp {| A 67V, - g,,(o)]}. (2.3.2)

The forms of V 4 V(Z,,) (this notation is analogous to the similar notation for Y, given in

Section 2.1) and g,,(0) are derived below.

Equating (2.3.1) and (2.3.2), we see

exP{l Al GTVn} exp{_i GZA,.H{”(?)}

= . (2.3.3)
o{[aal5n@}  IT T3 exel-HiofssD)]
1€EAR|8ES
Define
|An] 9a(8) = Y log Y exp{~H (s %)} (2.3.4)
H € An s € S
so that
|AL 0TV, == D Hyy(3). (2.3.5)
1€ An

Note here that summing the single-site energy functions in (2.3.4) counts the interactions in A,

twice, so that we see

J€An

ez; Hiy@) = Hy ()45 D B, Us(zz,). (2.3.6)
] n 1,

(Refer to equations (2.1.5) and (2.1.8) of the analogous derivation in Section 2.1).

To find the components of V,, use the energy function (1.3.11) for a single site to get

‘An|0Tvn = Z hU4(3;) + Z ﬂj_.-Uz(E‘,';?:'j) ) (2.3.7)
1€ An JjE _N".

so that
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2 I(Ei)+1\1 Z E ﬂj_gug(zg,:{j)- (2.3.8)
€An I nli€An jE N,

Redefine the index j in the same manner as we did to get (2.1.9) so that the above expression

becomes

0TV, —hIA | Y u,E)+ Y ﬁjl 1 | 3 UyEFiy,) (2.3.9)

1€EAp je_N‘o nli€Ap

Cleatly, then, the components of V , are

Al Z Uy(3) (2.3.10)
I nl i€ An
corresponding to h in @, and
—Al Z Uy(Zi%iy ;) (2.3.11)
€ An

corresponding to 3, in 6.

Now, the form of g,(9) is given by

9.(8) =I 1 | E logZexp[—H{‘-}(s; ) (2.3.12)

nieAn 363

Since the single-site energy function is for a region with n = 1, we may rewrite g, (6) as

9 (®) =) L | > log - exp{67Vi(s)}, (2.3.13)

nlieAn s€S

where the components of V] ( ) are the pair-potentials for the single site i, respective to the com-

ponents of . Note that

_ 1 j
"“T Z; Vi(E). (2.3.14)

We now try to establish the existence of the MPLE. Toward this end, the gradient of

9,(9) with respect to ¥ is given by

1 i ;
|An| i€An exp{ﬂTV;(t)} s;5V1(5) exp{vTvl(s)}

-~
m
[}

exp{t?TV' s)}
lAnlieAnaeS Zexp{ﬂTV'(t)}

tes
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= Al Y Eg(VilEy) (2.3.15)
I "ltEAn '

so that the corresponding “pseudo-likelihood” equation analogous to the likelihood equation

(2.1.15) is
Vo= Vg (9) (2.3.16)

Now, for all ¥ € R¥, using the expressions in (2.3.14) and (2.3.15) gives

Eg[V = Va,(9)] = EgV = Eglle 3 EgVilZy)
I nl i€ Ap s

" IA'lI:GAn
= EzV —E,,[lAl | 3 V;]
n leAn
=0. (2.3.17)

Thus, by the ergodic theorem given by Georgii (1988, page 306, Theorem (14.A8)), we have
Jim [V, - Vg, (8)]=0, Pga.s. (2.3.18)

Geman and Graffigne (1986) establish the existence of 9n. However, the existence may also be
shown, using Lemma 2.3.3 below, in a way similar to the one by which the existence of the MLE

was shown in Section 2.1.

Now, we must look into uniqueness properties for 5,,. For each i€ A, let A; g be the
(2R+1) x (2R+1) square lattice centered at i (recall that R is the range of the Gibbs distri-
bution). In particular, let A, R=Ap41- Let c€S and ne QAo, R\{op © that the combined
configuration is ¢®n € QA, R4’ Let X denote the periodic random field based on the random
field X . Define

l(‘;@") {XA.-R=<$'7}

=1
{x A," R\{i} =n}

forie A, (2.3.19)
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and

Nos®n) =) Lsan)
‘€An (2.3.20)
Nom =Y ()

1€Ap
to aid in denoting empirical probabilities for observing the respective configurations.

Lemma 2.3.1 There ezxist posilive constanis A, C, and a such that

N
Py (—'i(—l:e—i—nl< /\)5 Cexp(—an) (2.3.21)
n

uniformly for all large n and all c®n € QA2R+1'

Define the event

N, (<o
Snz{z(n)e QA,,: __’i(A_I_"_)Z,\ Vc@nGQAzR+1}, (2.3.22)
n

on which the empirical probabilities for all (2R+1)x (2R+1) configurations are bounded away
from 0. The proofs of the following lemmas concentrate on &, since its complement is asymp-

totically negligible according to Lemma 2.3.1.

Lemma 2.3.2 Under the Identifiability Condition 2.1.1 and on the set 8, there exist c,C >0
such that

c <V (Nv<C (2.3.23)
uniformly for all unit vectors v € R all ¥ ina neighborhood of 0, and all large n.

Thus we have strict convexity of g () in a neighborhood of 6, implying uniqueness of the MP-
LE. The next lemma, due to Cométs (1992), gives an exponential consistency rate for the MP-

LE.

Lemma 2.3.8 Under the Identifiability Condition 2.1.1, for every € > 0 there exist ¢,C >0 such
that

Po("@n—0">E)SCexp(—cIAnl) (2.3.24)
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uniformly for all large n, where || - || is the Euclidian norm.

These next two lemmas provide restricted mean square errors and moderate deviation

probabilities for the MPLE.

Lemma 2.3.4 Under the Identifiability Condition 2.1.1,

E,,{" 6,-off 18n} = o(l A I) (2.3.25)

as n—0o0.

Lemma 2.3.5 Under the Identifiability Condition 2.1.1, for every € > 0 there ezists a > 0 such
that

Po([Anl J3.— 0] > € 10gn) = O( L) (2.3.26)

n

as n— 0o,

It seems clear that using the pseudo-likelihood function allows the exploitation of the
mathematical advantages of independence. However, the collection of local characteristics does
contain a great deal of information about the behavior of the distribution. Thus the product of
these local characteristics may be viewed as a sufficient statistic in the sense that it seems to
make the best use of the information available in the sample. In addition, the MPLE has some
practical advantages over the MCMLE - mainly, the conditions for the practicality of the MP-
LE are much weaker than those of the MCMLE. These practical advantages, as well as num-

erical comparisons of the two estimators, will be discussed in Chapter IV.

24



lHl. Model Selection Criteria for Gibbs-Markov Random Fields

3.1 Perspective on Relevant Model Selection Criteria

Given a sample from a particular statistical model, one would ideally like to be able to
determine the original model. Of course, such a determination is not always possible in this sim-
plistic sense, though selection of the underlying model is possible under certain conditions. Two
examples of such a process for selection which motivate our studies are: for time series models,
several methods for selecting the order of an autoregression; and for exponential families, pro-

cedures for determining the dimension of the parameter space.

Very little has been done to address model selection for random fields. Kashyap and
Chellappa (1983) have addressed selection of neighborhoods for random fields in which a gray
level at a particular site is a linear combination of neighboring gray levels plus Gaussian noise.
More recently, Smith and Miller (1990) have proposed a model selection criterion for MRFs
based on the stochastic complexity of Rissanen (1984). Their criterion turns out to be quite

similar to the criterion presented in Section 3.5, but they did not discuss any of its properties.

The task at hand is to choose a model for an observed texture from a collection of
GMRF models. Since a GMRF is specified by its energy function, the model selection problem
is then one of selecting an energy function based on a sample texture. The energy functions
which we consider are induced by the finite-range, translation invariant pair-potential U given in
(1.3.9), for which we assume that the deterministic pair-interactions U, and U, are known and
that the parameter § = (h,3T)T is unknown - see Chapter I for details. Thus the model selec-

tion problem for GMRFs is one of concurrently selecting the dimension of  and the neighbor-

hood system .

It is important to point out that the choice of functions which make up the potential is
still largely ad hoc. Modestino and Zhang (1992) have proposed a method for the design of

these functions, but the problem still needs a great deal of attention.

The model selection problem for GMRFs is related to model selection for both time
series and exponential families. It is kin to model selection for times series because the chosen
model should generate spatially dependent data, like an autoregressive and/or moving average

model generates temporally dependent data. It is related to model selection for exponential



families because of that form for the GMRF developed in Chapter II. There are then several

model selection criteria in the statistical literature which are relevant to the GMRF model selec-

tion problem.

Among the first of the model selection criteria for autoregressive (AR) time series is the
final prediction error (FPE) of Akaike (1969). The FPE is an estimate of the one-step predic-
tion mean squared error for a realization of the candidate AR process (not the observation
itself). The procedure, which does tend to over-parametrize, is to choose the order p of the AR
process which minimizes the FPE. Another criterion for the estimation of the order of an AR
model is the criterion AR transfer (CAT) function, due to Parzen (1974). Neither the FPE nor
the CAT seem to generalize to our context. Yet another criterion from time series is that of
Hannan and Quinn (1979). This criterion provided a strongly consistent procedure to estimate
the order of an AR model based on the law of the iterated logarithm for partial autocorrelations.
Hannan (1980) gave a similar criterion for choosing an autoregressive moving average model. It
is not clear, however, that such criteria can be extended to GMRFs, especially under phase tran-

sitions (long-range dependence).

A more popular criterion, which is useful not only for time series but also for exponen-
tial families, is the information criterion of Akaike (1973, 1974), which is called AIC. The assoc-

iated procedure says to choose the model which maximizes a quantity of the general form

AIC = log(maximum likelihood) — C x (number of free parameters), (3.1.1D

where C > 0. Intuitively, this criterion first fits a candidate model, and then subtracts a penalty
for over-parametrization. The AIC, however, tends to over-parametrize, and it does not give a
consistent estimate of the model (Woodroofe, 1982) when the dimension of the true parameter is
fixed and finite. Shibata (1980) has shown that the AIC is asymptotically optimal for modelling

linear stationary processes of an order which varies along with the sample size.

Bayesian modifications of Akaike’s information criterion, called BIC, have proven to be
successful in estimating a true model of fixed and finite order. The form of the BIC is similar to
that of the AIC: the BIC procedure chooses the model which maximizes a quantity of the gen-

eral form

BIC = log(maximum likelihood) (3.1.2)

- C x (number of free parameters) x log(sample size),

for some constant C > 0. Akaike (1978) developed a BIC in which he imposed a non-infor-
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mative prior on the parameter space. Concurrently, Schwarz (1978) derived a BIC specifically
for selecting the dimension of the parameter in an exponential family, using a very general prior
on the parameter space. With a larger penalty term, the BIC is not as prone to over-paramet-
rization as the AIC. In fact, Woodroofe (1982) has shown that, for i.i.d. data, Schwarz’ BIC is
consistent. Haughton (1988) has also proven consistency for an extension of Schwarz’ BIC (with
more terms in the criterion itself) for i.i.d. data. In view of these consistency results, we pursue

Schwarz’ ideas within our own context.

Clearly in this situation, there is an intimate connection between parameter estimation
and model selection since the selection criteria are dependent upon a likelihood function eval-
uated at its maximum. Indeed, as the parameter estimate becomes more accurate, the model
selection becomes better because the fit for the true model is more accurate. In addition, consis-
tency of a model selection procedure requires not only the consistency of the employed param-
eter estimate, but also appropriate consistency rates. Parameter estimation and model selection
are also fundamentally different: parameter estimation is an inference problem involving one

model, whereas model selection is a multiple decision problem involving several models.

3.2 Framework for Gibbs-Markov Model Selection

As stated in the previous section, the development of a GMRF model selection pro-
cedure follows Schwarz’ approach for exponential families. Recall that we consider a finite collec-
tion of possible energy functions, all with the same pair-interactions. Assume that only one of
these energy functions in the collection induces the GMRF P4 which generates X(n). The goal

then is to discover the true energy function.

] 6
6 i o 0, i 6,
6 0,
Figure 3.2.1 Figure 3.2.2
Four Nearest Neighbors, 6 € R! Four Nearest Neighbors, 6 € R?

Specification of an energy function in the current context consists of two inter-connected
parts: determination of both the dimension k of the parameter § as well as the neighborhood
system R. Denote the set of all candidate models by M = {0,1,...,M}, and let R, be the neigh-
borhood system for the model m € M. Notice that two models m; # m, are distinct if their
parameter spaces have different dimensions, as shown in Figure 3.2.1 and Figure 3.2.2; or they

are associated with different neighborhood systems, as in Figure 3.2.2 and Figure 3.2.3; or per-
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haps even both, illustrated by Figure 3.2.1 and Figure 3.2.3.

62
62 6 6
6, 6, i 6; 6,
62 61 6
62
Figure 3.2.3
Twelve Nearest Neighbors, 8 € R?

Let © = RK be the parameter space of interest, which is decomposed as a disjoint union

of several subspaces:

Cx

=

m

9, @"'1 ne,, = 0 YV m, #m,, (3.2.1)
0

where each ©,, is the parameter space corresponding to the model m € M. Assume that the
closure ém is a k_ -dimensional linear subspace of RX for all m € M. In particular, ©, corres-
ponds to the fully specified model with no unknown parameter, while ©,, corresponds to the

“largest” model (i.e., the model which may be reduced to any of the others).

To characterize the original belief on the candidate models, define a prior ¥ on © as a

mixture of mutually singular probability measures:

M
= apm, (3.2.2)
m=0

where a,, > 0, m € M, are constants such that Zx = 0%y, = 1, which reflect any prior notions
about the true model; and 7, is a probability measure supported on the closure ©, with a
smooth density u,, >0, m € M. This is analogous to the prior which Schwarz (1978) imposed
to derive his BIC.

The posterior distribution on © given the observation z(n) is then given by

L(z(n),0)dn(6)
(3.2.3)

M, (A) = A
J 2(z(n),8)dr(0)

S

for all measurable A C ©, where L(z(n),0) is the likelihood (2.1.2). Let 0:Q) — M be the

decision function such that the selection of a model m € M based on the observation z(n) is de-
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noted by g(z(n)) = m. Impose 0-1 loss so that the posterior Bayes risk for the decision g( )
based on z(n) is

R(z(n)o)= | 1 dll_, (8
(z(n),0) '[(-3 {6€0,2ny} an)(?)

= 1= (€, ) (3.2.4)

Hence the Bayesian solution to the model selection problem - i.e., that solution which minimizes
the risk in (3.2.4) - is to choose a model m which maximizes the posterior probability (3.2.3)

evaluated at the appropriate linear subspace: II_, )(6 &) 2 M \(0,,) for all m € M.

3.3 Model Selection Based on the MLE

Because it is very difficult to work with the posterior distribution, we must find an
approximation to the Bayesian solution to the model selection problem. For each m € A, let

5? denote a MLE restricted to ém, and let £  denote the minimal form of the exponential

family given by
L,(2(m),0) = exp{| A, | [TV - 7(6)]}, (3.3.1)

where Y7 and b7'( - ) are the sufficient statistic and cumulant generating function, respectively,

associated with the model m. Define the information criterion

su k
Q(n11)= ﬂegm lOng(T(n),")"_QrEloSlAn]w 3.3.2)

which is derived in the proof of Theorem 3.3.1 below.

Procedure 1 Choose the model m, € M which marimizes the criterion Q("l‘)

The decision function associated with Procedure 1 is given by g,(z(n)) = m,. The following res-

ult establishes that the criterion (3.3.2) is indeed a BIC.

Theorem 3.3.1 Under the Uniqueness Condition 1.8.1, the Identifiability Condition 2.1.1, the
Positivity Condition 2.1.2, and with Pg-probability one, Procedure 1 chooses the same model

that the Bayesian procedure chooses as n— oo.
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Proof: The primary concern is with showing that the model i, is, asymptotically, equal to the
model which maximizes the posterior probability n,(,,)(em) Write the collection of candidate

models as
M= M(w)U {m} U My(w) (3.3.3

where @ € b is the true model, § € ©, is the true parameter, Moy(w) = {m € M:0 ¢ @m}, and
Myw)={me MO, CO,,}). Notice that b (@) corresponds to an under-parametrized choice
of model or incorrect specification of neighborhood system (different neighborhoods will corres-
pond to different subspaces which may have the same dimension), while Mb,(w) corresponds to
an over-parametrized choice. Note particularly that @w is a proper subset of the spaces corres-

ponding to models in My(w).

Also, let M denote the “largest” model (i.e., the model which can be reduced to any of
the other candidate models), so that §m c §M for all m € M. Note here that §M =0 = RK.

and that we may write 5'1:" = gn since 5":" is a “global” MLE over the set Ab.

This proof will proceed in tlfae steps. In Step 1, for a model m € Moy (@) where the MLE

exists and converges Pga.s. to the true parameter 6, we shall show that the posterior proba-
w

bility n,(,,)(em) is asymptotically equivalent to Q("l') as n—oo. In Step 2, we ill show that the

Bayesian procedure will not choose any model m € M,(w) as n—oo. Finally, in Step 3, we will

show that Procedure 1 will not choose any model m € M, (w) as n— 0.

Step 1: We seek to choose the model m € Mby(w) which maximizes n,(n)(em); equi-

valently, we may maximize the logarithm of the posterior probability (3.2.3), given by
log n,(")(em) = log'[e L(z(n),9)dn(I) - logjel(z(n),ﬂ)dw(ﬂ). (3.3.4)
m

Obviously, the second term is not a function of m, and therefore does not affect the maximiza-

tion problem in m.

Concentrating on the first term, write the likelihood as a function of m via reduction of
the exponential family to its minimal form: L(-,9) =L, (-,9) for 9€O,,. Thus, since

Tn(Om) =0 for m’ # m (because the probability measures *_, m € M, are mutually singular),

m

it suffices to show that the asymptotic expansion

logje a, L (z(ny, 9)dr, (9) = @1+ 0(1) (3.3.5)

m

holds uniformly on {z(n): " 5:," —0" < 6} for some 6 > 0. This will imply that asymptotically,
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Procedure 1 and the Bayesian procedure choose the same model in fby(@).

Choose § > 0 so that Lemma 2.1.1 (which guarantees the uniqueness of the MLE) holds
for all ¥ with |9 — 81| < 36. Next, on the left-hand side of (3.3.5), factor out the maximum likeli-

hood and split the remaining integral:

L (a(n),9)

a, —m 2 drx(9)
"L (zn), 8T ™

logje a, L, (z(n),d)dr, () = log L, (z(n),8™) + logJe

m m

= log £, (z(n),8™) (3.3.6)

L (zn), ) J £ (zn), )
' '°“{ J [oanf<s “"Enamim ™ Do _an 5 s “'"z,,,mmﬁ:.")""'"(")}

Notice that, using the minimal exponential family version of the likelihood (2.1.3), we may write

pr = eo{nl (Mo -[Evr @)} e

Now, 9TY " — b7*(¥) is concave in ¥ for all ¥ € ©,,; by Lemma 2.1.1, it is strictly concave in a

small neighborhood of 6 for z(n) € 8,. By Taylor expansion about the MLE, we have
STY T — 89 = [ TY T - b (@) = (3.3.8)
(08T [y - vomEm] - 40 - By TV (9 - 07

for some ¥’ € ©,, satisfying " ¥ — 5? “ < "19 - 5? " Because 5:," is an MLE, the first term on the

right-hand side of (3.3.8) is zero. Then

Y - 67(9) = [ @)Y b @m)] -0 - 7) VAT )9 - BT

= y (3.3.9)
TR Jo-az’
so that, by Lemma 2.1.1 and for "19 - 52‘ " < 6, we have
Y - b -[@RTY R - 6@ 310

nale

_C
e -1’
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In particular, for "19 - 5""‘ " = §, we have
YT — b)Y T ~ b7 (Em) | < - 56 (3.3.11)
Then by concavity of 9TV — b(9), for "19 - 5:"' " > é we have
ITY - bm(9) (@) TY - b < € (3.3.12)

2
where ¢ = %— > 0. Hence, using (3.3.7) along with the fact that =, is a probability measure,

the last integral term in (3.3.6) is

L, (z(n),Y)

) —e| A, |V (9
'["19—5”"'">6 O a0 J||0—§Hm||>5a’"exp{ | An [}, (9)

Sapexp{~| A [} 7n( {9 €8] 9-87]2})

Samexp{-—elAnI} (3.3.13)

We must now investigate logarithm of the first integral term in (3.3.6). Recall that =,

has a density u,, > 0. Hence, by (3.3.7) and (3.3.10),

L, (z(n),¥)

o Lol D
e [s-om|<s L@, B )

m(

=08, _gu oIl (772 s (@2 annco)

~ 12
< logjllﬂ _m]< 6amexp{—%|An|u19—0': I }pm(a)w (3.3.14)

km

Integrate by substitution using u=\|c|Au|(19—§,':‘), which implies du=(c|An|)Tdt9, and

continue:

k"l

= _1 2 ] -7
_logj lul Sé\lz-lA_nlamexp{ 3 llull }“m<0:+$c-|yx:|>(c|l\"|) 2 du
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k
= —T"‘log|An| (3.3.15

+ log c’J a,, exp -1 ||u||2;4 §nm+ “ du
[ lull < \e[An] {h el Nl An]

for some ¢’ > 0. Now, as n— o0,

pm( o + \J_“__) — 1, (6) > 0. (3.3.16)
c|An]

In addition,

km
exp{—% [l ul z}du —(2m) 2 (3.3.17)

J llull < 64c[A,]

as n— o0, which is simply a property of the multivariate standard normal density. Therefore

L, (2(n),9) k

logj -~ (44 = drw (1’)5-——"‘ Iog A +O(1). (3.3.18)
Jo-m|<s T EmEmE T 7 log|A,|

By the same token,

L (a(n),9)

g | ZmlZMD) 4 (9
“oam)<s " Lammim ™

) I||'9—5"'||<50""”“’{“%“»!||""71."|12}#,,.(z9)dz9
* _%mloglA"|+O(l)' (3319

Thus (3.3.5) follows from (3.3.6), (3.3.13), (3.3.18), and (3.3.19).

Step 2: We now show that as n — oo, the Bayesian procedure will not choose any model
m € Moy (w). Since § ¢ O, we have |9 - 811> 36 for all J € ©,, and some § > 0. Note that with
large probability and for large n, " §n -6 " < 6 so that "19 - 5,, " > § for all ¥ € ©,, (recall that 5,.
denotes the MLE found using the largest model £(z(n), - ) on O).

Now, for m € b (w),

su su
5 e B OB Ln(=m9) = 8, log L(atn),?)
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=|An| 28, [TV n—ba(9)]. (3.3.20)

From the same argument made in deriving (3.3.12), it follows that

ses [TV, 5,9 <[OLY, - b,8,)]-¢ (3.3.21)

for some ¢ > 0. Therefore

Ie L(z(n),d)dw(J) = Je a, exp{l Anl[dTY"‘ —-bn(ﬂ)]}dwm(ﬂ)

m m

= I@ & exp{| A, [0 = b, (9)] a7, (9)

m

< «[5 a,. exp {| A, ”:QYR - b,,(?,,) - 5]}d7rm(19)

m

<a,, L(x(n),d,) exp{—el A,,|} (3.3.22)
By (3.3.5),
logIeML(r(n).ﬂ)dr(ﬂ) =|A,|[0%Y - ,(6,)]- kTM log| A, |+ O(1)
= log L(z(n),8,,) -'f?M log|A,, |+ O(1) (3.3.23)
Hence

k
logI L(z(n),ﬁ)dw(ﬂ)slogj L(z(n),t9)d7r(t9)—(€|An|—-—£"-log|An|)+O(l)
em eM

< IogJ L(z(n),9)dw () (3.3.29)
Om

for large n.

Step 3: Finally, we show that as n-—oco, Procedure 1 will not choose any model

m € Mo (). Using the index (3.3.2) for m and the largest model M, it follows from (3.3.12) that
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su k
QL= Mgm log £,,,(z(n),9) — 5 log| A, |

R - k
<A |[B)TY = ba(B,) - €]~ 52 log| A,

ky, K
= Q()c’) _[EI An’—(—éw__Tm') IOgI Anl]
<Y (3.3.25)

for large n. Hence, Procedure 1 will not choose a model m € M (w)as n—oc. 0

Still, Procedure 1 is impractical because the MLE is impossible to calculate. However,
the work in this section provides a firm theoretical base from which we may construct similar

procedures based on both the MCMLE and the MPLE.

3.4 Model Selection Based on the MCMLE

For each m € b, let 5:‘L be the MCMLE restricted to ém, and based on both z(n) and
a sample X(”(n),...,X(L)(n) from an ergodic Markov chain whose equilibrium distribution is
Py(- |Z4,,) for known ¥ € ©,,. Let €7'(-, -) denote the Monte Carlo approximant in (2.2.7)
and its dependence upon the model m € M. Define the information criterion

su k
QD= 0€gmez"(z(n),0)——2ﬂlog|An]. (3.4.1)

Procedure 2 Choose the model iy € Mo of largest Q(,z ),

The decision function associated with Procedure 2 is g,(z(n)) = M,.

Let 9 denote the joint probability measure of Py, the GMRF, and P, the probability
measure for the entire Markov chain {X“)(n)};m= 1. Note, however, that ? is not the product of

P4 and P. The following result establishes that the criterion (3.4.1) is asymptotically a BIC.

Theorem 3.4.1 Under the Uniqueness Condition 1.3.1, the Identifiability Condition 2.1.1, and
the Positivity Condition 2.1.2, there erists a sequence L, going to infinity as n—oco such that
with P-probability one, Procedure 2 chooses the same model that the Bayesian procedure does as

n—oo.
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Proof: As in the proof of Theorem 3.3.1, let M denote the largest model, so that 5% = §nL isa
“global” MCMLE over the set M. Recall that gnL exists and is unique (see Section 2.2).

Decompose M as in (3.3.3), and suppose that m € b,(w). In the same spirit used to

get (3.3.20), we may write

.,seugm el (x(n),9) = oseugm ¢ (z(n), ) (3.4.2)

via reparametrization of the exponential family forms. Note that the “global” supremum point

~

6,1 converges to the true parameter § P-a.s. as n—oo and as L —oo.

Clearly for m € Moy(w), 6 ¢ §m and thus 6 is some positive distance from ém. Simi-
larly there is some positive distance between the MLE (7,, and the set @m, as well as between
5,. ; and 'ém because of their existence and uniqueness properties. Then (3.3.20) and (3.3.21), in

addition to Lemma 2.2.4, imply that there exists some é > 0 such that

sup
JEO,

ep(z(n)9) < Up(zn)8,) - 6| A,| (3.4.5)

for large n and for large L = L, P-a.s. Therefore,

su k
QP =58 (P(an),9) - log|A,|

- k
S (@nnbaL)— 6| A, |~ log A,
k k
= QY+~ 1og | A | 6] A |- =5 log | A, |

k k
= ;&’—[ﬂ'\nl-(TM -Tm)nog|A,,|]

<Q¥ (3.4.7)

for large n and large L = L. Hence Procedure 2 will not choose a model m € M, (@) as n— o0

and L —oo0.

Now, suppose m € {@w} U My(w). Then for such m, there exists a unique MCMLE 5;&
in the set noﬂém. For every large n, Pga.s., Theorem 3.3.1 holds; i.e., Procedure 1 chooses
the same model that the Bayes procedure chooses. Fix such a large n, and let /i denote the cho-

sen model, so that Q(ﬁ!l )is the largest index.

By Lemma 2.2.1 and Lemma 2.2.4, P-a.s. as L = L,, — oo,
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e (2(n), BTy) —log L, (2(n), 8) +| A, | BT (%). (3.4.8)

Hence, P-a.s. for large L = L, the index Q("z') is close to the index Q("ll) plus some constant for
each m € {@w} U My(w). The index Q(’%) is thus sifted out as the largest index among the indices
{Q(,ﬁ):m € {w} U./fla?(w)}. Therefore, Procedure 2 chooses the same model as Procedure 1, P-
a.s. as L =L —oo; and in addition, Procedure 2 chooses the same model as the Bayes

procedure P-a.s. as n—oo and L, —co. O

Although Procedure 2 is an approximation to the Bayes solution and is tractable, there
are complications involved in its usage. Primarily, these complications arise from using the MC-
MLE, whose inherent difficulties are mentioned in Section 2.2 and discussed in Chapter IV. In
addition, the applicability of Procedure 2 is restricted by the Uniqueness Condition 1.3.1 and the
Positivity Condition 2.1.2.

3.5 Model Selection Based on the MPLE

For each m € M, let 5,'," be the MPLE restricted to -ém. Let PL, (-, ) denote the

pseudo-likelihood for model m € A in “minimal” form:
PL,,(2n,6) = exp{| A, | [TV - g(6)] (35.1)

where V' and g77'( - ) denote functions analogous to the sufficient statistic and cumulant gener-

ating function given in (3.3.1), respectively. Define the information criterion

su k
;= de gm log DL, (x(n),9) — =" log AL} (3.5.2)

Procedure 3 Choose the model m; € M of largest indez Q(,S)

Although Procedure 3 does not give an approximation to the Bayesian solution, it does have
tremendous computational advantages which are discussed and demonstrated in Chapter IV. It

is also consistent in the following (weak) sense.

Definition 3.5.1 Assume z(n) is a sample from Py with § € O, w € Sb. A selection procedure

o(-) is said to be consistent if nangoPa(g(z(n)) =w)=1
The decision function associated with Procedure 3 is given by gs(z(n)) = M. Recall the decom-
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position of M = M, (@) U {w} U My(w), as given in (3.3.3).

Lemma 3.5.1 Under the Identifiability Condition 2.1.1, there exists a constant ¢ > 0 such that
Py(Mmz € Moy(w)) < exp(—n°) (3.5.3)

uniformly for all large n.

In addition, this next result provides an estimate for the error probability associated with

Jﬂ’g(w)-
Lemma 3.5.2 Under the Identifiability Condition 2.1.1, there erists o > 0 such that
= oL
Py(Mjy € Moy(w)) = O(n")' (3.5.4)
These two lemmas are the very heart of the proof of the following theorem.
Theorem 3.5.1 Under the Identifiability Condition 2.1.1, Procedure 3 is consistent.

Proof: Let Case 1 correspond to iz € Mb,(w); and Case 2 correspond to iz € My(w). Then it

must be shown that the respective probabilities go to zero at appropriate rates as n — oco.

The result for Case 1 follows immediately from Lemma 3.5.1. The result for Case 2 is

immediate from Lemma 3.5.2. O

Recall that the consistency given in Definition 3.5.1 is in the weak sense. A selection
procedure ( - ) is said to be strongly consistent if for a true model @ € M and every 6 € ©_, we
have g(z(n))—»w Pga.s. as n—oo. However, Procedure 3 does not seem to be strongly
consistent. This can be roughly understood in the following way. The moderate deviation prob-
abilities in Lemma 2.3.5 are not summable in n, and thus the Borel-Cantelli lemma does not
apply. This notion is supported by the exact asymptotic order (as opposed to the bounds on the
order derived here) for moderate deviation probabilities in the i.i.d. case derived in Rubin and

Sethuraman (1965).

The validity of Theorem 3.5.1 without the Uniqueness Condition 1.3.1 and the Posi-
tivity Condition 2.1.2 is a major advantage for Procedure 3. Since the dependence involved in

texture modelling may vary from short-range to long-range, Procedure 3 should have more exten-
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sive applications. Once again, the information summarized in the pseudo-likelihood seems to

provide a powerful tool for inference results.
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IV. Simulations and Numerical Comparisons

4.1 Practical Considerations

There are several issues which need to be considered upon implementing the parameter
estimators and the model selection criteria. One primary issue involves the observed random
field. The theory developed to this point is dependent upon the boundary A, of the nxn
region A, (see Definition 2.1.1). In practice, this boundary must be taken to be those sites in
A,, which do not have a complete set of neighbors contained in A,. Thus the theory applies to
the (n—R) x (n—R) region nested in A,, where R is the range of the GMRF under consideration.
Of course, when R is small compared to n, this has no effect on the asymptotics developed in

Chapter II and Chapter III.

A computational issue for any statistical simulation is the generation of pseudo-random
numbers. Since we used the computer programming language FORTRAN for all of our prog-
ramming needs, we used its random number generator RAN(-). When this function is initial-
ized with an integer seed, it is supposed to return numbers which behave as if they are indepen-
dent and uniformly distributed on the interval (0,1). Indeed, before actually using this function
for our own purposes, we generated several samples and performed a xz-goodness-of-ﬁt test on
each one: the samples did behave very significantly like i.i.d. uniform random numbers. All of
our computer programs, which appear in Appendix Three, are written so that the seed is initial-
ized externally. The user may then duplicate results by using the same initial seed, or study

different results by using different initial seeds.

Implementation of the MCMLE presents a few important issues by itself. The choice of
the Monte Carlo parameter % turns out to be critical: this issue is discussed in detail in Section
4.4. Also of critical importance is the dimension of the square region n versus the number of
Monte Carlo samples L. We believe that L should be much larger than n, and we discuss this
along with the simulation results for both parameter estimation and model selection in Section
4.4 and Section 4.5. Of less importance is a Monte Carlo sampling scheme for the reduction of
variance in the parameter estimates; however, we do address this issue and give our simulation

results which show the performance of selected variance-reduction schemes.

For computational purposes, our simulations have been performed on binary (% 1) ran-



dom fields. There are two factors influencing this choice. One is storage: images take up enor-
mous amounts of storage space, and we were able to store the binary random fields rather effici-
ently. The other is speed: more gray-levels would naturally slow the programs (which are

already quite slow in processing large images).

The most difficult issue is the choice of pair-interactions U, and U,. As was mentioned
in Section 3.1, little has been done to address this choice. In our simulations, we used very
simple multiplicative pair-interactions. Clearly, however, the model selection problem for GM-

RFs will remain incomplete until the problem of selecting neighborhood interactions is solved.

4.2 The Gibbs Sampler

Upon contemplating a simulation study of parameter estimation and model selection
techniques for GMRFs, the first question that arises is: how does one simulate a random field?
Fortunately, there is an easy answer. Geman and Geman (1984) proposed a simulation scheme,
called the Gibbs sampler, which generates an ergodic Markov chain whose equilibrium distri-
bution is the GMRF of interest. Its predecessor, the Metropolis algorithm (Metropolis, et. al.,
1953), was first proposed to study the equilibrium properties of large systems of molecules or
atoms. The Gibbs sampler, a variation of the Metropolis algorithm, seems to be quite versatile

and has found great popularity among statisticians who are interested in simulating dependent

data.

There is an extensive literature in various Markov chain simulation algorithms,
including the Gibbs sampler. Most recently, the papers of Aldous (1993) and Bertsimas and
Tsitsiklis (1993) appeared as part of the Report from the Committee on Applied and Theoretical
Statistics of the National Research Council on Probability and Algorithms in Statistical Science;
while the papers of Besag and Green (1993), Smith and Roberts (1993), and Gilks, et.al. (1993)
were issued from the Royal Statistical Society’s Meeting on the Gibbs Sampler and other
Markov Chain Monte Carlo Methods. Each of these papers gives an understanding of the cur-
rent state of the art of Markov chain simulation, as well as insights into future directions. QOur
attention is restricted to the Gibbs sampler for simulating textures (as it was originally devel-
oped), as well as the Markov chain Monte Carlo parameter estimation technique of Geyer and

Thompson (1992), described in Chapter 1I.

Given here is a brief discussion of what the Gibbs Sampler actually does. The Markov
chain construction which follows is taken from Geman and Geman (1984). The goal of the cons-
truction is to sample from the distribution Py(- | z5, ) whose local characteristics are given by

pi(- | -’C_N-',), i € A,,, where n is fixed.
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Let X(O)(n) be an arbitrary random field on A, and let i},1,,... be the schedule by
which sites in A will be visited. Sample z; from the distribution p.-l( . |J:_N-l_l), and replace the
value X(‘?)(n) (i.e., the value of X% n) at site i) with ;5 call this new random field X''n).
Proceed similarly for each site in the visiting sequence i,,1,,..., such that the random field
X("Xn) differs from the random field X{"~1Xn) only at site i, r=12,.... Thus {X(')(n)}:o=1
is a Markov chain; in fact, Geman and Geman (1984) have shown that, if each site is visited
infinitely often, it is an aperiodic and irreducible (though nonstationary) Markov chain with equi-

librium distribution Py(- |z, )-

As we have stated, our goal is to simulate an n x n random field. Towards that goal, we
begin with an i.i.d. binary random field (each site is & 1). This random field is large enough so
that it will contain the desired n x n random field, and so that each site at the edge of the des-
ired random field has a complete set of neighbors. We systematically update each site in the em-
bedded n xn random field according to the scheme just described, and in our work, we call a
complete pass over the entire random field one jteration. (The Gibbs sampler has been used in
this way by Besag, York, and Mollié (1991), as well as in Smith and Roberts (1993), and Besag
and Green (1993). Such an implementation yields a Markov chain with stationary transition
probabilities.) For our simulated random fields, we perform one thousand iterations. All of the
500 x 500 realizations which we have generated may be seen in Appendix Two. The FORTRAN
program which generated them is named RFGEN and is the first program in Appendix Three.

4.3 Models Used for the Simulation Studies

In all of our simulation studies, we have used the three types of models which have been
mentioned previously in Chapter III (specifically, Figure 3.2.1, Figure 3.2.2, and Figure 3.2.3)
when illustrating the potential for subtle differences among the candidate models. We discuss
here our three Candidate Models and their associated version of the Uniqueness Condition 1.3.1,
which gives conditions sufficient to guarantee no phase transitions (i.e., the absence of long-
range dependence). Note that the Uniqueness Condition 1.3.1 is sufficient for no phase transi-
tions, meaning that not only is there no long-range dependence, but the random field is also far
away from exhibiting long-range dependence. See Chapter 1 for more discussion on the Unique-
ness Condition. For convenience, we drop the numerical reference for the Uniqueness Condition

from here on.

Model 1 is the simple Ising model, whose neighborhood system is depicted in Figure
4.3.1: four nearest neighbors with parameter space R. The Ising model is the only one for

which there are necessary and sufficient conditions for phase transitions. Let 8. = Llog{1 +¥2).
c =308
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Ellis (1985), PI5S3
4
Then there are no phase transitions if and only if | 8| < 8, (Georgi 1988

s 8,
B B,
Figure 4.3.1 Figure 4.3.2
Neighborhood System and Neighborhood System and
Parameter for Model 1 Parameters for Mode] 2

Model 2 is an anisotropic variation of the Ising model, with four nearest neighbors and
parameter space R?, as shown in Figure 4.3.2. This model clearly allows prominent or subtle
directional features. Since Uz(::,-,a:j) =zz; it follows that Uz =2, and it is easily verified that

the Uniqueness Condition to guarantee no long-range dependence is given by |3,| + |8, < %

~
Yy B

¥y B8 i B =

v B8 7
¥
Figure 4.3.3

Neighborhood System and
Parameters for Model 3

Model 3, in Figure 4.3.3, is an isotropic extension of the Ising model, with twelve
nearest neighbors and parameter space R2.  Again, U2 =2, and it follows quite easily the

Uniqueness Condition to guarantee no long-range dependence is given by 4|3| + 8|v| < 1.

We have denoted the parameters in these models differently so that there will not be
any confusion about the parameters from one model or another. In Model 2, the chosen nota-
tion emphasizes both the similarities to Model 1 as well as the directional variations that this
model exhibits: [, governs the vertical direction, whose sites would have the same first coor-
dinate in the traditional Cartesian system; 3, governs the horizontal direction, whose sites
would have the same second coordinate. In Model 3, again the notation emphasizes the simi-
larity to and differences from Model 1: [ is the inner parameter, governing the four nearest

neighbors, while 4 governs the remaining neighbors.
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4.4 Simulation Study of the Parameter Estimates

In this study, we first generated a random field from a particular Candidate Model.
Then, we ran a parameter estimation program (FORTRAN program DRIVER, the second prog-
ram in Appendix Three) on the simulated random field, and by inspection, compared the esti-

mates to the true parameter.

As was mentioned in Chapter II, there are some issues to be addressed when using the
MCMLE. First, recall how the MCMLE is implemented: For an arbitrary, fixed parameter 1,
generate a Markov chain of random fields whose equilibrium distribution is P (- |z, ). Using
this Markov chain and its ergodicity properties, create an approximation to the true likelihood
function (to within a multiplicative constant). Any parameter value which maximizes this ap-
proximant is a MCMLE, and it converges P-a.s. to the MLE, where P is the probability measure

for the entire Markov chain.

To begin implementation of the MCMLE, the Monte Carlo parameter ¥ must be
chosen. Although v is arbitrary, the choice does affect the number of Markov chain Monte
Carlo (MCMC) samples needed to get a good approximation to the likelihood. (To sample from
the Markov chain, we run the Gibbs sampler for 200 iterations and then take the 201st iteration
as the first sample.) Our numerical experiments have shown, and it was indicated by Geyer and
Thompson (1992), that ¥ must be chosen close to the MLE in order to get a good estimate for
true parameter § with a reasonable number of MCMC samples. In fact, we discovered that on a
100 x 100 realization, a ¥ which is off by ten percent from 8 is not close enough, since more than
500 MCMC samples was required to get an MCMLE. Geyer and Thompson (1992) proposed an
iterative method to get ¥ close enough to # for a good estimate, but in our set-up, we could not
seem to get enough MCMC samples (and we used up to 500 samples) to make this method
work. We chose to use no more than 500 MCMC samples because of the time involved in the
execution of the program, and also because we had no way of determining how many samples it
would actually take to produce a satisfactory estimate. So it seems that we need a good param-
eter estimate just to implement the MCMLE. For its convenience, we have chosen the MPLE as
our Monte Carlo parameter . Hence, we shall investigate the performance of the MPLE before

we go further with the investigation of the MCMLE.
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In Table 4.4.1, we investigate not only the performance of the MPLE for the lsing
model (Model 1) with and without the Uniqueness Condition, but also what happens when n,
the dimension of the random field, is small. Clearly, when n = 10, the MPLE performs very
poorly; hence we shall not look at this case for any other model. However, the MPLE does quite
well for n = 100, and even better for n = 500. Note that 100 x 100 or even 500 x 500 regions are

not unreasonably sized regions, particularly with computer resolutions becoming more and more

fine.

dimension B8 ﬁ
10x 10 0.1 0.24789
1.0  3.75827
100 x 100 0.1 0.09470
1.0 1.02434
500 x 500 0.1  0.09880
1.0 1.01763

Table 4.4.1 MPLE for Model 1

We investigate Model 2 in Table 4.4.2. All of the parameter estimates seem perfectly
acceptable for both n = 100 and n = 500. However, in some of the cases, there seems to be a
trade-off in improvement as the dimension increases: as the accuracy of one parameter in-
creases, the accuracy of the other decreases. We believe that this trade-off is due to the nature
of the function maximization problem. We also believe that the accuracy of the MPLE will im-

prove as the dimension increases, in spite of the apparent trade-off in accuracy.

dimension B, ﬁl B, ﬁ2
100 x 100 .01  0.00790 0.1  0.09977
0.1  0.09609 .01 0.01160

0.1 0.10903 1.0 0.95636
1.0 0.99652 0.1  0.10542
500 x 500 .01 0.01175 0.1  0.09568
0.1 0.10343 .01  0.00675
0.1  0.09975 1.0 1.00741
1.0  1.00103 0.1  0.10000

Table 4.4.2 MPLE for Model 2
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Finally, Table 4.4.3 shows the results for Model 3. Again, the MPLE is doing quite
well, and the trade-off in accuracy just discussed does not seem to be as apparent. Notice the
case where n =100, # =1.0, and vy =0.1. Clearly, this estimate is no good, but whatever
caused such an anomaly is repaired when n is increased to 500. We believe this is just the

nature of statistics.

-~

dimension B B8 ¥ y
100 x 100 .01 0.00651 0.1 0.09991
0.1 0.09240 01 0.00878

0.1  0.05876 1.0 0.80365
1.0 1.59903 0.1 —0.14331
500 x 500 .01  0.00949 0.1  0.10080
0.1  0.09835 .01  0.00944
0.1  0.07987 1.0 1.03620
1.0 0.93730 0.1  0.13724

Table 4.4.3 MPLE for Model 3

Thus we have demonstrated that, for our Candidate Models, the MPLE is as good a
parameter estimate as the theory says it should be. It was mentioned earlier that we have
chosen the MPLE to be our Monte Carlo parameter ¥, to be used in implementation of the MC-
MLE. The natural question is: Will the MCMLE procedure improve upon the MPLE? Below,
Table 4.4.4, Table 4.4.5, and Table 4.4.6 provide comparisons of the MCMLE with the MPLE.

A computational issue in using the MCMLE is the CPU time required by the program.
The vast majority of the CPU time will be taken by the Gibbs Sampler to create the MCMC
samples needed to compute the MCMLE. There is a significant difference in the time required
to generate a 100 x 100 random field versus that required for a 500 x 500 random field - seconds
versus minutes, or even minutes versus hours, depending on the number of iterations taken in
the Gibbs Sampler. The results presented for this comparison were done with 100 x 100 random
fields, and MCMC sampling was begun only after 200 iterations of the Gibbs Sampler. For the
sake of comparison, we computed the MCMLE for 5, 100, and 500 MCMC samples, as indicated
in the column MC(-). An entry of NC means that the estimate was not computable (because
there were not enough MCMC samples). Approximate CPU times for each parameter estimate

are given in the accompanying discussions.

Table 4.4.4 gives a thorough comparison of the parameter estimates for Model 1. For

selected values, more than one random field realization was generated; for the two cases of an
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extreme value of 3, only two of the estimates were attempted (those being the MPLE and the
MCMLE with 500 MCMC samples). We also investigated the behavior of the parameter
estimates when [ is close to ﬂcr.%log(l+\]7)z .44, the critical value for the presence or
absence of phase transitions (long-range dependence). For the simulations involving Model 1,
the MPLE took approximately 1 second of CPU time to complete; the MCMLE with 5 MCMC
samples took about 20 CPU-seconds; the MCMLE with 100 MCMC samples took 30 CPU-sec-
onds; and the MCMLE with 500 samples took 75 CPU-seconds.

In some cases, the MCMLE offers an improvement over the MPLE, but we feel that the
improvement is not enough to justify the expenditure in CPU time. In addition, the MCMLE,
for small numbers of MCMC samples, has a little bit of difficulty around and past the value 3,
where the MPLE is not affected. In general, we feel that the number of MCMC samples L
should be much larger than the dimension n of the random field. Both parameter estimates had
difficulty with the extreme value of 3 =2. The problem was corrected for the MPLE when n
was increased to 500, implying that such long-range dependence does have an adverse effect on

the MPLE, but such an effect may be overcome with a larger n (if available).

B MPLE MC(5) MC(100) [ MC(500)
.10 ] .094700 .090453 094263 093712
.10 | .108884 .106533 .109537 .109433
.10 | .109613 .089351 .105396 .105459
.30 | .291658 .265816 .288035 .287200
.40 | .404876 .340168 .395253 .398213
.40 | .396936 391755 .394829 .395899
41 | .417348 .400621 .408147 413911

42 | .420699 NC .420003 .419800
43 | .427675 NC .425048 .424298
44 | .433144 NC .434090 433187
.45 | .442555 NC .450788 .442547
.50 | .500563 NC NC .509732
.50 | .495683 NC NC .502587
1.0 | .955562 NC NC NC

1.0 | 1.02434 NC NC 1.02788
2.0 | 7.48787 7.47967
2.0 | 7.23350 7.22983

Table 4.4.4 MPLE vs. MCMLE for Model 1
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The investigations for Model 2 were not so thorough, as this model is a slightly more
complex version of Model 1. For the comparison using Model 2, we see familiar phenomena:
the MCMLE does not offer much improvement over the MPLE. The MCMLE with only 5 MC-
MC samples is preforming quite poorly even in the first two cases, which satisfy the Uniqueness
Condition. More difficulties arise as the Uniqueness Condition is no longer satisfied. For the
simulations involving Model 2, the CPU times required are comparable to those required using

Model 1.

! MPLE MC(5) | MC(100) | MC(500)
B, | 01| .007899 |-.338189 | .005851 | .005171
B, | 0.1| 099767 |-.571546 | .099162 | .099127
B, [0.1] 096094 |-.506890 | .096130 | .096169
B, | 01| .o11600 |-1.10292 | .000396 | .009783
8, | 1.0] .996524 NC 1.00293 | .997085
B8, | 0.1] .105420 NC 091354 | .095746
8, [01] 100033 NC NC 1086748
8, | 1.0| .956369 NC NC 1.01163

Table 4.4.5 MPLE vs. MCMLE for Model 2
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Our investigation of Model 3 is'similar to that of Model 2. Here, the MCMLE seems to
have quite a struggle improving on the MPLE; of course, the model itself is even more complex
than the previous two. Again, the MCMLE has much more difficulty with the last two cases,
which do not satisfy the Uniqueness Condition. Also, when the MPLE fails, the MCMLE has no
hope of producing a good estimate with a reasonable number of MCMC samples. For the sim-
ulations involving Model 3, the CPU times were about five seconds more than the CPU times

for the previous models ~ except the MPLE, whose CPU time remained at approximately one

second.
MPLE MC(5) MC(100) MC(500)

g |.01 .006511 .005347 .004463 .004601
v | 0.1 .099907 .095799 .097638 .097288
B |0.1 .092401 .086311 .089247 .089133
v | .01 008777 .009382 .010331 .010222
g {0.1 .058756 NC -.157837 .031916

1.0 .803648 NC .895044 .798601
8|10 1.569903 NC NC NC

0.1 | -.143314 NC NC NC

Table 4.4.6 MPLE vs. MCMLE for Model 3

Geyer and Thompson (1992) proposed a method for variance-reduction in the MCMLE:
rather than sampling the Markov chain sequentially, sample at intervals so that there is not so
much dependence between samples. This method appears to use the definition of Geman and
Geman (1984), that each realization from the Markov chain differs from the previous one by
only one site. However, since we consider one iteration of the Gibbs sampler to be one complete
pass over the entire random field, it would seem that we are inherently using a variance-reduc-
tion scheme. Nevertheless, we tried three variance-reduction schemes, the results of which are in
Table 4.4.7, in the hope that the MCMLE would give a better performance. Scheme 1 took 100
MCMC samples, each being the fifth sample generated; Scheme 2 took 500 samples, each being
every second one generated; and Scheme 3 also took 500 samples with each being every third one
generated. Note that for Model 1 and Model 3, 8, in the table corresponds to 4, while B,
corresponds to 4. Even with the variance reduction schemes, the MCMLE experienced the same

problems as before.
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model | scheme B, 8, 8, B,
1 1 0.1 | .09355 -- --
2 .09363 -
3 09393 -
1 1.0 | 1.0281 -- --
2 1.0225 -
3 1.0208 -
2 1 .01 | .00601 | 0.1 | .09813
2 .00505 09901
3 .00502 09943
1 0.1 | .09618 | .01 | .00890
2 09554 00935
3 .09582 00938
1 0.1 NC 1.0 NC
2 .09980 98798
3 09790 98537
1 1.0 | 1.0004 | 0.1 | .09261
2 .99335 09586
3 99736 09687
3 1 .01 | .00387 | 0.1 | .09713
2 .00412 09811
3 .00398 09801
1 0.1 | .08986 | .01 | .00988
2 .09012 00993
3 .09058 00993
1 0.1 NC 1.0 NC
2 NC NC
3 NC NC
1 1.0 NC 0.1 NC
2 NC NC
3 NC NC

Table 4.4.7 Variance Reduction Schemes
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Thus, numerically and in our current set-up, it would seem that the MPLE is superior
to the MCMLE. This is not true in all situations, and Geyer and Thompson (1992) give an ex-
ample in which the MCMLE is superior to the MPLE. However, it seems clear to us that in
situations such as ours in which the configuration space is of high dimensionality, the MPLE

will almost always out-perform the MCMLE.

4.5 Simulation Study of the Model Selection Procedures

Here we study the model selection procedures derived in Chapter III. To conduct this
study, we first generated a sample from one of the Candidate Models with known parameter
values. Then, pretending we did not know the true model, we evaluated the appropriate index
Q(m ) for each of the Candidate Models (depending on which procedure we were studying). The
chosen model was then the model with the largest index. The FORTRAN program which con-
ducted the model selection procedures is MODSEL, in Appendix Three.

Of course, Procedure 1, based on the MLE, cannot be implemented due to the intrac-
tability of the MLE itself. In spite of the results in Section 4.4, we studied the performance of
Procedure 2, based on the MCMLE, specifically with the true model being Model 2 and for two
different MCMC sample sizes. We chose Model 2 as the true model for its more complex direc-
tional features; we rejected Model 1 because of its simplicity, and we rejected Model 3 because
the MCMLE seems to have more difficulty with it (see Table 4.4.4, Table 4.4.5, and Table
4.4.6). We did not employ any variance-reduction scheme since such a scheme requires more
time and offers little (if any) improvement in the parameter estimates. Again, all of the MC-
MLE results were obtained using 100 x 100 random fields; and for Model 1 and Model 3, B, in
the table corresponds to 8, while 3, corresponds to y. The symbol ** indicates the chosen

model.
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Table 4.5.1 displays the results of using Procedure 2 when the Uniqueness Condition is
satisfied by the realization. Obviously, the performance of Procedure 2 is acceptable, and the

choice of model is quite clear in the sense that there are no other values close to the maximum

index.
By=.01 B,=.1
MCMC ~ -~
sample size model B, B, Q(,f‘)
100 1 05197 -- 52
%2 .00483 .09988 90
3 .05300 .00037 47
500 1 .05181 -- 52
**2 .00493 .09955 90
3 05224 -.00041 47
B,=.1 p,=.01
MCMC ~ -~
sample size model B8, By Q(,,;‘:)
100 1 .05243 - 52
%2 .09620 .00976 83
3 .05236 00187 46
500 1 05222 -- 52
**2 .09568 .00967 83
3 .05236 .00082 46

Table 4.5.1 MCMLE-Based Model Selection with the
Uniqueness Condition
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The results in Table 4.5.2, using Procedure 2 for model selection in which the true
model does not satisfy the Uniqueness Condition, are not nearly so pleasant. In all cases, the
procedure had difficulty evaluating the MCMLE under Model 3. Even though the correct choice
was made in all but one case, the choice was not quite “fair” since each index could not be eval-

uated. In any case, the difficulties in using Procedure 2 have been clearly illustrated.

By=11 By=1
sa.%gllz[gze model ﬁl Bz Q(,,z.)
100 *x] .49334 -- 6342
2 NC NC NC
3 NC NC NC
500 1 .49338 - 6343
*%2 09718 .98382 7869
3 NC NC NC
By=1 By=.1
samglygze model B 1 B 2 Q2
100 1 .49715 - 6473
*%2 1.0017 09577 8237
3 NC NC NC
500 1 .49723 - 6474
**2 95175 .06875 8239
3 NC NC NC

Table 4.5.2 MCMLE-Based Model Selection without the
Uniqueness Condition

We explore model selection using Procedure 3 much more extensively. The notation in
the tables is the same as that used in the investigation of Procedure 2 above. We study Proce-
dure 3 both for 100 x 100 and 500 x 500 random fields; there are special cases, which we call
“extreme cases,” displayed separately and studied for their strong neighborhood interactions.

These are conducted for 500 x 500 random fields only.

53



Upon first glance at the results in Table 4.5.3 and Table 4.5.4, it would seem that
Procedure 3 tends to over-parametrize. However, upon further inspection. two very interesting
things may be observed. The first thing is the parameter estimates. Model 1 may be considered
a special case of both Model 2 and Model 3, which is confirmed by the parameter estimates.
Indeed, in all cases, the chosen model is very close to the true model. The second thing is the
indexes. None of the maximum indexes are decisive in the sense that the maxima are not much
greater than the indexes with which they were compared. Again, this is probably due to the fact
that all models may be reduced to Model 1. Procedure 3 becomes understandably “confused,”

and therefore chooses the most all-inclusive model.

g=.1
dimension model E 1 Ez Q(":t)
100 x 100 1 .09470 -- -6488
2 .09382 09571 —6492
*%3 .09397 .00160 —6231
500 x 500 1 .09880 - —167024
2 .10120 .09651 -167028
*%J 09921 ~.00108 -165694

Table 4.5.3 MPLE-Based Model Selection with the
Uniqueness Condition when the

True Model is Model 1

g=1

dimension model E 1 Ez Q(,ﬁ)
100 x 100 *x] 1.0243 -- -128
2 1.0039 1.0444 —132
3 1.0663 | —.02860 -129
500 x 500 1 1.0176 - —2523
2 1.0325 1.0027 —2529
**3 1.0676 | —.02667 —~2485

Table 4.5.4 MPLE-Based Model Selection without the
Uniqueness Condition when the

True Model is Model 1
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The extreme cases for Procedure 3, in Table 4.5.5, tell the same story as was told just
above. Notice how, for =2, the MPLE has improved for Model 1 as n grew from 100 to 500
(see Table 4.4.4), but it also is doing quite badly when Model 2 is assumed. Also notice the
failure of the MPLE for 8 = 10, which may be attributed to too much long-range dependence

and too small of a sample random field.

g=-1
model B, B, Q3
1 |-1.0242 - —2702
2 |-1.0053 |-1.0425 | —2708
«+3 | -97953 |-.02614 | -2678
=2
model B, B, Q3
1 1.9805 - ~1206
2 6.3686 1.7551 | —1210
%3 1.9371 04030 | -1201
B=10
model El Ez Q(,g)
1 2.1456 - -1151
2 6.5413 1.9286 | -1156
%3 2.1077 03576 | —1144

Table 4.5.5 Extreme Cases: True Model is
Model 1
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In Table 4.5.6, Procedure 3 is still trying to over-parametrize the fitted model, even
though now, the true model is Model 2. However, if one looks at the sample random field upon
which this selection procedure was conducted, it is nearly indistinguishable from the sample
taken from Model 1. This phenomenon will show up again, and once we have displayed all of

our results, we shall comment on it.

By=.01 B,=.1
dimension model 5, Ez Q(,g )
100 x 100 1 05423 - —6605
2 .00790 .09770 —6569
**3 .06390 | ~.00123 —6343
500 x 500 1 .05414 - -170461
2 01175 .09568 | —169606
**3 .05403 —.00153 | —169099
By=.1 B,=.01
dimension model E 1 ﬁ 2 Q(":f )
100 x 100 1 05414 -- —6606
2 .09609 .01160 —6575
**3 .05269 .00013 —6345
500 x 500 1 .05557 - —170388
2 .10343 00657 —169255
*+3 .05554 —.00229 —169032

Table 4.5.6 MPLE-Based Model Selection with the

Uniqueness Condition when the
True Model is Model 2
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The results in Table 4.5.7 are very surprising at first glance: Procedure 3 is selecting
the correct model quite “confidently” when any long-range dependence may be present. If one
looks at the sample on which the model selection was performed, one sees clear directional struc-
tures. We believe that the selection procedure is able to discern these structures as well, via the

local characteristics, and is thus able to make the correct choice.

By=.1 B,=1
dimension model E 1 E 2 Q(,z )
100 x 100 1 .53636 - —2692
**2 .10903 95636 —1908
3 .74123 —.12976 —2437
500 x 500 1 .54126 - —64924
%2 .09975 1.0074 —44670
3 .74073 -.12326 —60873
Bi=1 B,=11
dimension model E 1 ﬁz Q(,g )
100 x 100 1 53967 - -2610
%2 99652 .10542 -1796
3 72550 | —.11968 ~2388
500 x 500 1 54077 - -65320
*%2 1.0010 .10003 -45135
3 73140 —.11896 —61489

Table 4.5.7 MPLE-Based Model Selection without the
Uniqueness Condition when the

True Model is Model 2
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The results in Table 4.5.8 seem to confirm our previous comments. The structure exhib-
ited by the associated realizations is again obvious, and the model selection procedure seems to

find this information extremely useful in estimating the true model.

'Bl =1 ﬂ2 = -1
model El 52 Q(,g)
1 —.01349 -- -171907
%2 .97933 -1.0521 —2379
3 —.01865 —.18243 —169900
'Bl = -1 ﬂ2 =1
model B, B, Q¥
1 —.02736 - -171902
%2 —.98039 1.0469 —2398
3 -.03704 —.19437 —169833

Table 4.5.8 Extreme Cases: True Model is

Model 2
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We see displayed in Table 4.5.9 several things which we have discussed already. In the
first case, notice that there is a much stronger interaction with the outermost neighbors than
with the four nearest neighbors. This seemns to make the selection more clear since this type of
interaction is unique among the candidates. In the second case, the interaction is strongest
among the four nearest neighbors, and weak with the outer neighbors, making the true model
behave more like Model 1. In this case, the choice was not quite so clear ~ similar to what hap-

pened in Table 4.5.3.

f=.01 y=.1
dimension model E 1 E 2 Q(n:i )
100 x 100 1 .00810 - —6659
2 .00726 .00951 —6664
3 .00651 .09991 —5893
500 x 500 1 .01641 -- -171703
2 01742 .01590 -171709
**3 .00949 .10080 | -156204
f=.1 v=.01
dimension model E 1 E 2 Q(,?l )
100 x 100 1 .09439 - —6484
2 .09382 .09513 —6489
**J .09240 .00878 —-6222
500 x 500 1 10111 -- —166622
2 .10312 .09924 -166626
**3 .09835 .00944 -165187

Table 4.5.9 MPLE-Based Model Selection with the
Uniqueness Condition when the

True Model is Model 3
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We see phenomena in Table 4.5.10 similar to what we saw in Table 4.5.9. In the first
case, the outer interaction is much stronger than the inner interaction, and the choice seems to
be more clear than in the second case, where the interactions are more like those of Model 1.
Notice the choice of Model 1 in the second case, when n = 100: this was the particular reali-

zation where the MPLE failed to give a good estimate of the true parameters.

g=.1 v=1
dimension model ﬁ 1 52 Q("::)
100 x 100 1 72542 -- —257
2 1.4017 .26369 ~218
**3 .05876 .80365 -58
500 x 500 1 .88311 - —2741
2 .68253 1.1027 —2752
**3 .07987 1.0362 =727
=1 v=.1
dimension model E 1 E 2 Q('g )
100 x 100 **x] 1.3717 - -37
2 1.2683 6.6690 —41
3 1.5990 | —.14331 —40
500 x 500 1 1.1482 - —1656
2 1.0998 1.2038 —1661
**3 .93730 13724 —-1606

Table 4.5.10 MPLE-Based Model Selection without the
Uniqueness Condition when the

True Model is Model 3
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The results shown in Table 4.5.11 again seem to indicate that the choice is reasonably

clear when the distinguishing structure of Model 3 is emphasized.

B=1 v=-1
model B, B, Q>
1 .78420 - —164212
2 .75423 .81592 | —-164212
**3 1.0274 —-1.0221 —6381
B=-1 =1
model El 52 Q(,g)
1 —1.4425 -- -1922
2 —1.3205 —4.6991 —1924
3 —.95181 96529 —1040

Table 4.5.11 Extreme Cases: True Model is

Model 3
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In conclusion, several things seem clear in the simulation study of the model selection
procedures. For Procedure 2, the MCMLE-based model selection procedure, although adequate
when there are no phase transitions, does not seem to be able to evaluate the index for all can-
didate models when there may be phase transitions (partially because there are not enough MC-
MC samples to provide a good evaluation). This is supported by the theory, which says that
Procedure 2 is asymptotically a Bayes solution only under the Uniqueness Condition (i.e., no

phase transitions).

Procedure 3 seems to work well in all cases, given allowances for the similarity of the
Candidate Models. When there are no phase transitions and an identifying structure cannot be
discerned, Procedure 3 tends to over-parametrize. In such cases, the sample from the true model
was practically indistinguishable from a sample from Model 1 with no phase transitions. On the
other hand, when phase transitions were possible and structures unique to the true model were
given strong interactions, Procedure 3 worked extremely well, making a clear and correct choice

over all other candidates.

4.6 Remarks on Application to Real Textures

We attempted model selection via Procedure 3 on real textures - taken primarily from
the album of Brodatz (1966) - using these Candidate Models. Of course, since the Candidate
Models are so simple, the attempts on complex textures such as wood grain were largely unsuc-
cessful. Several things may be done to improve on the performance of this model selection
procedure. A larger pool of candidate models is an obvious first step. Next, one may inves-
tigate using other, more complex, sets of deterministic interactions than the one we assumed; as
we have mentioned a couple of times already, there is still no efficient systematic way of esti-
mating these interactions. Clearly, there is a significant amount of work to be done before Pro-

cedure 3 can be easily implemented for modelling real textures.
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Appendix One
Proofs of Lemmas

A.1 Notation Reminder plus Two Supporting Lemmas

b,(6)
B(Y)
oA
Eq

3

n

9.(9)

1.(§)

v

Cumulant generating function for the likelihood £(x(n),8).
Covariance matrix of Y, given in the Positivity Condition 2.1.2.
Boundary of the region A C Z2.

Expectation with respect to P,.

Set of configurations on A, on which the empirical probabilities for seeing all

configurations £ € ArR4r B strictly positive.
“Cumulant generating function” for the pseudo-likelihood PL(z(n),8).

Indicator function, indicating if a sub-configuration of A, is identical to the con-

figuration £ € QA2R+1'
Conditional likelihood function.
n xn region in Z2.

Model chosen by Procedure 1.
Model chosen by Procedure 2.
Model chosen by Procedure 3.
True model.

Set of candidate models.

by (@) Set of candidate models whose subspaces do not contain O,

Jbo(w) Set of candidate models whose subspaces properly contain ©

N, (§) Number of sub-configurations of A, identical to the configuration £ € QA2R+1'

N.

Q

Neighborhood of site i € Z2.

Configuration space for (or, set of all possible realizations on) Z2.



2,  Configuration space for the region A C 22

P; Local characteristic at the site i € Z2.

P, Gibbs-Markov random field with parameter 6.
PL  Pseudo-likelihood function.

9 MLE of 4 based on the observation z(n).

)

MCMLE of ¢ based on the observation z(n) and the simulated Markov chain
{X(‘)(n)}lL= 1

8, MPLE of 6 based on the observation z(n).
©,, Parameter space for the model m.
Va “Sufficient statistic” for the pseudo-likelihood PL(z(n),9).

z(n) Observed random field on A,,.

7 Periodic configuration constructed from z(n).
EN That part of the periodic configuration, constructed from z(n), which is in the

region A C 2?
X  Random field on Z°.
X, Random field on the region A C y &

Y Sufficient statistic for the likelihood L(z(n),8).

Lemma A.1.1 Let B,,..., B be bounded regions in 22, TeN, and C= 12\( U;T= lth) be the
corridor between these regions. If the distances between B, and B, are greater than R for all

t#£t', then for any collection of bounded measurable functions fl:Q?B,_'R’ t=1,...,T, we have

T T
Eo{ I r(xq) zc} =11 Eo[f,(XG_B‘)| zc] (A.1.D
t=1 t=1

uniformly for all corridor configurations ze € QC' where Eg - |xc) 1s the conditional ezpec-

tation with respect to Py(- | z¢).

Proof: Recall that R is the range of the potentials which induce the GRF P4. Because of the
Markov property of order R for the Gibbs distribution, the collection of random fields X%,
t

t=1,...,T, are conditionally independent given the corridor C. The result then follows easily.

O
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Lemma A.1.2 Under the Uniqueness Condition 1.9.1,
| Po(Xp =& Xpa=0)=Pg(Xy = EPy(Xp=()|<ClAlexp[—cd(A,8)]  (A.12)

for some ¢,C >0, and uniformly for all configurations £ € Q,, ¢ € Q, and all bounded regions
A, A € 22, where d(A, Q) is the Euclidian distance (or an equivalent metric) between A and A.

Proof: This lemma is a result of several statements found in Georgii (1988). First, Georgii’s
Proposition 8.8 says that our Uniqueness Condition 1.3.1 implies Dobrushin’s uniqueness condi-
tion (we have discussed this equivalence in Chapter I). Georgii’s Example 8.28 (1) gives an ine-
quality involving the right-hand side of (A.1.2), which holds under Dobrushin’s condition as well
as under finite-range potentials. Finally, Georgii’s Corollary 8.32, also under Dobrushin’s condi-
tion, provides an inequality which, in combination with the inequality from his Example 8.28

(1), gives the desired inequality (A.1.2). O
A.2 Proofs of Lemmas from Chapter II.
Lemma 2.1.1 Under the Uniqueness Condition 1.3.1 and the Positivity Condition 2.1.2,

c< vV (< C (2.1.17)

for some constants ¢,C > 0; uniformly for all unit vectors v € R¥; all ?d/\n; all 9 in a small

neighborhood of 0; and all large n.

Proof: Express Y, whose components are given in (2.1.10) and (2.1.11) as:

Y= Y Z, (A.2.1)
|Anl i €5,

where each Z_ is a vector in R* — whose components are given by (Z.,,Z.,,...2Z.)T - which is
i g 11" “ 32 ik

dependent only upon Z; and ?':.N'-' For i€ A, write
H

and note that Ey(Z,) = 0.

In order to complete this proof, we need to show
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4|2)= o(|Anl} (A2.3)

Towards this goal, we may write

of| 520 )= 2 5.7

i€ Ap

SCi|Aal+ Z Z Eo(7im-z—jm) (A.2.4)

for some C, > 0, because of the translation invariance and the boundedness of the components
of Z;. Define A; =({i}JUN;)fori€ 72, and note that |A;| < oo because of the MRF property.
Also, recall that EG(Z) =0. Then, for the expectation in (A.2.4), we see

EoZ:mZ jm) = Eg(Z;mZ jm) = Eg(Z i) Eo(Z jm)
= Y Y ZinlOZmO P, =6 Xa,=0)
EEﬂAi€€ﬂAJ_

€ A; € Aj

=2 2 ZinOZ;m(0) (A.25)
[PG(XA,- = &XA]- =() = Po(Xy, = E)Po(XAJ- = C)]
so that

|EoZimZ;m) < Z E Izm.mllz,m ot

'PG(XA', =§6X,,=0)- Po(Xp, =) Po(Xp, = g)l . (A.2.6)
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Since the components of 7,- are bounded, by Lemma A.1.2 and for positive constants C, and ¢,

we have

$Cp D X |PolXa,=6Xa =)= Po(Xs, = O Py(Xa =()

EGQA.-(EQAJ.

<Cy exp{—cld(Ai,Aj)} (A.2.7)
for some C3 > 0. Hence, as we return to (A.2.4), we see that (A.2.7) implies

Ee<

2 Zi

1€ An

k
2)501|An|+03 Yo D exp{—d(A;,4))}

m=13,3€ A,
k]

SCAL]+Cy Y exp{—c,d(4;4))) (A.2.8)

w3 €An
t ¥

for some C, > 0. Taking a look at the exponential sum, we find that for distances fixed at 1,

> exp{-g}< Y exp{-¢}

5 € An i1 € An
d(8;,8,) =1 Iizill =1
=e %4n(n-1)
= 0(|A,|) (A.2.9)

Indeed, it should be clear not only that such a sum over any other fixed distance will have fewer
terms than the above sum for fixed distance 1, but also that the additive terms will have expon-

ential decay rates as the distance increases. Hence,

g

Getting back to the business at hand, we must find Vzbn(ﬂ). Begin with the expression
for Vb, (9) given in the first line of (2.1.14):

> Z

1€ Ap

2>= o(|A) (A2.10)
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Vv2,(9) = V(Vb,(9))

= Y Y. (v

UEQA"

[, GZQIA eXP{IAnIWY,,(z)}}-lA,.|Y:(y) exp{| A, [97Y o (v) }
[ ) exp{‘An|19TY"(w)}:|2

wEQAn

n

exp{IAnlﬂryn(y)}-[ Z |A,,|Y,T,(z) exp{|An|a"yn(z)}]
T
[wenAnexp{|A n|?Yn (w)}:l

exp{| A, |19TYn(y)}

=|A, Y Y?
' I( Z n(y) (y) Z exp{lAnlﬂTYn(w)}

vEN
n weﬂAn

exp{|A [9TY, (y)} exp{l AnlﬂTYn(z)}

-l D> Y. Z Y(2)

vEMy, zenA"exp{| ATV ()} | €T, ngnexp{|An|van(w)}
=|A,,|[E,,(Y HENRE E.s(YnliaA,.)Eo(YﬁlfaA,.)]‘ (A2.1D)

Write (A.2.11) in terms of 75’s:

| A, [Eo(YnYZ | 53,\,.) - Ea(yn | '5aA,,)E.9(Y§ | EaA,.)]

[ T
Al E.lf-] z.\( - Z-) £
I nl( t’(lll\nlign '>(lAn|ieAn ' 81\,{'

- Eg| L Z;
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T~
Z5An

' n

~E( 32 ) E{(iEX;HZ,-)T

~ -
T
+Ey Eo[( > Z.') zaA,.]( ) Z.’) Zonn
i €hn i€hn

_E.,(E,,[(‘Ez;nz,.) zaA,.] E.,[(iez;nz,.)’ saA,,J zm)

—E,,['Z {Z:—EelZ;1%54,1} EaA,.] Ea[( 2 {Z.“Eolzil'fa/\,,]})

1€ Anp :

s s ) 5 s

T~
ZoA,

ZoAn

“Eo[ >z, za,\,.q E,,[(.Z E.s[Z.'|53A,,])T

t€Ap t€Ap

J

—Eor Y Eglz;1%5,)|Z0a, E.J(,Z Zi)T

leAn

~ -

T
+Ey ZA EylZ;1%54,)|Zon, | Es (Z E.s[Z.'llaA,,]>
t€Ap ]

53/\,.} : (A.2.12)

“mol (B2 (52

Hence, for some unit vector v € R* and using the expressions in (A.2.9) and (A.2.12),

xaAn}

2

UZE-"

VTV2(9) v = L E‘,I:

E I >
_ 1
arw o(|A,))
<C (A.2.13)

for some C > 0 when n is large.
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On the left-hand side, under the Uniqueness Condition 1.3.1, the family of continuous
functions (in ¥) given by {Vzb"(ﬂ): 33An€QBAn,n€Z+}, whose form is given in (A.2.11)
above, converges to B(d), given in (2.1.13), as n—oc uniformly for ¥ in a neighborhood of 6.

Hence the Positivity Condition 2.1.2 implies that vrvzb"(ﬂ)v > c forsomec>0. O

Lemma 2.1.2 Under the Identifiability Condition 2.1.1, for every € > 0 there exist some ¢,C > 0
such that
Po(| 3, -6]> ) < Cexp(~c|A4]) (2.1.18)

uniformly for all large n, where || - || is the Euclidian norm.

Proof: See Comets (1992). O

Lemma 2.2.1 For every fized 9 € ©, we have

e, (zn)¥) — log L(z(n), ) +|A,| ba(w), (2.2.8)
Ve, (z(m)d) — Viog L(z(n),9), (2.2.9)

and
V2, (z(n))9) — Viog L(z(n), ), (2.2.10)

all P-a.s. as L —oo.

Proof: It has already been noted that for fixed ¥ € ©, rp(J)—r(J) P-a.s. as L — oo, because of
the ergodicity of the Markov chain. Using this fact on (2.2.7), we get

¢ (z(n),v) = | Anl z?TY(':Z"An) ~logr(J)
—|A,|ITY(Z, ) — logr(¥) (A.2.14)
P-a.s. as L —oo. From (2.2.1) and (2.2.4),

= log £(z(n),¥) + log c(¥), (A.2.15)
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and by (2.1.4) plus (2.2.1), we have
=log £(z(n),¥) +| A, |b,(¥). (A.2.16)

Thus the convergence in (2.2.8) is established.

As in Section 2.1, let V denote the gradient operator with respect to ¥, and V2 denote

the Hessian operator with respect to J. Now,

Viog L(z(n),¥) = v{| A [9TY (3,,) - logc(t?)}

~ Ve(d)
=|A, Y (E,,) — <) (A.2.17)
where, using the same sort of manipulations as were used to get (2.2.3),
ve@)=v| 3 exp{| A, 19TY(y)}
yeE QAn
= 2 Al YW exp{|A,] 97 ()}
ve QAn

= ¢(¥) E,,,[| AlY, exp{] A (9- w)TY"} EBA,.]' (A.2.18)

Using the ergodicity of the Markov chain, we have

Ve (z(n),¥) = v{| Ay |9TY (3,,) — log rL(ﬂ)}

~ Vr(9)
=|An| y(z/\n)——;L(T)—
L
v[% Zexp{'An| (9 — dz)TY(X“)(n))}:I
~ =1
=|An| Y(-'L'An)" TL(!,)
L
1 3|4, Y(x P exp{|An| (9 - ¢)TY(X”’(n))}
=|A, | Y(3F,,) - =

r(9)

Ew[] A Y exp{|A,] (9~ VY,
' r(9)

‘aA,.]

Ve(9)

=IAHIY(EAn)—'}—(§T
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= Vlog L(x(n), ¥). (A.2.19)

Thus the convergence in (2.2.9) is established.
Finally, we begin verifying the convergence in (2.2.10):
V2log L(z(n), ) = V2{|An| OTY(%,,) - logc(ﬂ)}

. 9
- v{| ALY (Ep,) - YCE(T))}

_ (9 V2e(9) —[Ve(®)][Ve(®)]”

[c(9)]? ' (A.2.20)
where, using the same sort of manipulations as were used to get (2.2.3),
y€ ﬂAn
=Vl Y |AlY() exp{| Ayl ﬂTY(y)}}
y€My,
= ¥ AL YO YT exp{|A| 7Y ()}
y€ QAn
= c(¥) Eu;[l A Y, YT exp{l Ayl (9 - w)TYn} 3:'31\"]. (A.2.21)

Using the ergodicity of the Markov chain, we have

V2, (2(n),9) = v2{| Ag|9TY (F,,) — log rL(ﬂ)}

~ Vr, (¥
- v{|A,,| Y(Z,) -TL?ET))}

ri(9) Vi (9) = [Vr ,(9)] [Vr . (9)]T
[rL(®)}®

L
ri(¥) VZ[% ,Z exp{|An| (7 - w)’Y(X‘“(m)}]
=1
[ro)’
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L L B
[V(% l;exp{l Al (8= 9)TY(Xn)) })}[ (% ;exp{lAnl w-w)TY(x‘”(m)})]

Ol

L
ww[% ,Z| A Y(X D)) exp{| A, | (9 - w)TY(X‘”m»}}
— = 1

[rL(9)]?
L
[% 2 1A V(X expf| A, (9~ w)TY(x“%m)}]
=1
)
L T
[% Z A Y (X W) exp{]An|(19—w)TY(X“)(n))}}
[z
L -
rL(ﬂ)l:% ZIA,,F Y (X)) YT(xWn)y) exp{l Al (!9—¢)TY(X(”(n))}
- =1 ]
- [rL(®)?
L -
[% Z An| Y (X)) exp{]An|(t9—¢)TY(X“)(n))}
[r ) )
L T
[‘}j oA Y(XWny) exp{l A,,I(ﬂ—:/:)TY(X(”(n))}J
=1
[rL)? |

r(o)E,,,[M,,F Y, Y7 exp{|A,] (9 -9)7Y .} ’fa/\,.]

Fo

Fona ) (Eu]| Anl Vo exp a0 - 0077}

)

—_—

T
IaA"])

(E,,,[| Al Yo exp{|A,|(9-9)Y,}

_ <9 Vie(9) = [Ve(9)] [Ve(I)]"
<)

73



= V2log £(z(n), ). (A.2.22)

Thus the convergence in (2.2.10) is established. O

Lemma 2.2.2 For every uniformly bounded function f on QAn, the family

L
Fz{qujL(-),LeN} (2.2.12)

1=1

has a subsequence which is uniformly convergent on 7n,.

Proof: Note first that F is a uniformly bounded sequence.

The gradient of v;; with respect to 9 is

. L
Vv (¥) =|An[ujL(z9)[Y(X(’)(n))-— ) v(xthny) u,L(a)], (A.2.23)

=1

so that

L
V[Z fujL(d)]z (A.2.24)

1=1

L ) L L ‘
|A,.|{ 3 FY (XX v, (9) —[ > fujL(ﬂ):”: > ¥(xUin)) V].Lw)}}.

1=1 1=1 1=1

(A.2.24) is uniformly bounded in norm since Y(-) is uniformly bounded in norm (since, in fact,
the pair-potentials which make up Y(-) are so). F is thus equicontinuous (Royden, 1988, p.
167), and the desired result follows from the Ascoli-Arzela Theorem (Royden, 1988, p. 169). O

Lemma 2.2.8 Each of the families F) = {¢;(z(n), -),L €N}, Fy ={VE (z(n),-),L € N}, and
Fy= {VzeL(:c(n), ‘) L€ N} has a subsequence which is uniformly convergent on 7n,.
Proof: Note first that

L .
Ve (zn),9) =AY = YA, V(X hn)v i (9) (A.2.25)
i=1
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and

L . .
V2 (zn)9) = Y |A, P V(XU An) YTI(XUkn) v (9) (A.2.26)
1=1

L . L , !
—[ Y 1A, Y(xUkn)) ujL(a)J [ZIAnl Y(X(J)(n))ujL(ﬂ)J :
J=1 ]

1=1

Hence, by Lemma 2.2.2, both F, and F; have uniformly convergent subsequences. In addition,
F, is uniformly bounded, and it is equicontinuous since F, is uniformly bounded. By the Ascoli-

Arzeld Theorem, F, also has a uniformly convergent subsequence (Royden, 1988). O

Lemma 2.2.4 Each of the sequences given in Lemma 2.2.1 are uniformly convergent for each

¥ € 0y, P-a.s. as L —o0.

Proof: Since a countable union of P-null sets is still a P-null set, each of (2.2.8), (2.2.9), and
(2.2.10) from Lemma 2.2.1 hold (pointwise but not uniformly) for ¥ in a countable dense subset
of ny, P-a.s. as L—oo. Also, since each of the limits in (2.2.8), (2.2.9), and (2.2.10) are
continuous functions on 1y, it follows from Lemma 2.2.3 that these convergences hold uniformly

for each J € ng, P-a.s. as L—o0. O

Lemma 2.8.1 There erist posilive constants A, C, and ¢ such that

N
PO(T(Tcojn')< '\)S Cexp(—cn) (2.3.21)
n

uniformly for all large n and all c®n € LIV INE

Proof: Assume without loss of generality that (3R+1) divides n. Partition A, as a union of

disjoint tiles: A_= | JT_D,, so that each tile D, is a (3R+1) x (3R+1) square lattice. Then
n t=1"¢ ¢

T=(w)

. . 3R
Also, write the decomposition A, = U(k 17

=1
pixels with the same relative positions in the disjoint tiles D,t=1,..,T. For instance, one G

G, where every G, contains exactly T

may consist of the centers of the T tiles, while another G; may consist of all upper-left corners

of the T tiles. In the spirit of (2.3.19) and (2.3.20), we may write
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(3R+1)?
Nosem= > > Ison) (A.2.27)
k=1 i€Gy
so that

N (3R+1)?
Po(_'i_(lzg_nl < ,\) = PO(I—AI— Z Z l{s®n)< /\)

"l k= 1€Gy

(3R+1)% |
< P 1. <A} (A.2.28)
- kz—:l a(l‘\nliez; e @) ) ’
= k
Note that |An | = n?%. Using the Markov inequality, for every c®n € QAzR we may further write
(3R+1)?
= Z Pyl exp --,17 Z L(c®n)| >exp(=An)
k=1 1€Gy
(3R+1)
< exp(—2An) Z Ey| exp -—% Z Licdn) (A.2.29)
k=1 1€Gp

Recall that A; p is the (2R+1)x (2R+1) region centered at site i. For a fixed index k, let
Cr = 22\(i ELJGkA‘vR) be the corridor dividing the regions A; g, i € G;. Hence Lemma A.l1.1
may be applied to the expectations in (A.2.29):

E‘{e"p{_']ﬁ Z '.‘(<®7))}:|= Eo(Eo[exP{—ili Z 'i(‘?@’l)} XCk \
V€Gk i€Gy
= Eo(, 1 Eo[exp{—%l.-(c@n)H XCJ . (A.2.30)
1€ k

Furthermore, for every zck, we have the Taylor expansion

Eo[exp{_}i Lo n)} zck} =1-4 Eo[l,-(c ®n)] zck] + o(%)

3.0

<1- tA.2.31)

for some c; > 0 and all large n. Therefore, resuming the train of thought in (A.2.29),

(3R+l)2
Po(ﬁ"—(ign—)<z\)§exp(z\n) Z H (1—%‘)
|An| k=1 i€ Gy
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2
(3R+1)2 .

<expOin) Y (1 __‘%1)(3R+1)2
k=1

< exp(An) (3R+1)? ey’
X n ex _——————
= exp P\ TrGRT1)

< Cexp[—(c, = M)n] (A.2.32)
for some C' >0 and 0 < A < ¢,. Hence for some ¢ > 0,

P9<N—'I€%n) < A) < Cexp(—cn). (A.2.33)

Lemma £.3.2 Under the Identifiability Condition 2.1.1 and on the set 8, there ezist ¢,.C >0
such that

c< vV ()v<C (2.3.23)
uniformly for all unit vectors v R*, all 9 in a neighborhood of 6, and all large n.

Proof: In this proof, we employ some of the notions presented in the lemmas of Geman and

Graffigne (1986).

Define K(9,n) = 0TVn-—gn(t9), which is part of the “exponential family” form of the
pseudo-likelihood (2.3.2), written as a function of the parameter space. Intuitively, K(J,n) may
be viewed as an accounting of local characteristics in two different ways. The first is derived

from the definition of pseudo-likelihood (2.3.1):

K(9,n) =|Al log PL(z(n), ¥) (A.2.34)
n

], 27,8

where p,(z;]z ) ;J) is written to denote Py(X, =z, | X ). =z) ) The second view of K(d,n)
1 13 )

may be given in terms of the actual configuration. For a configuration c®n € QA2R+1 (where

¢ € S is the value, or configuration, at the origin o, and n € QA2R+1\{0} is the configuration on

the remainder of Ayp . ), recall that N (¢®n) as given in (2.3.20) counts the number of such

configurations in the region A,. Let p (s |n;9) be the local characteristic at the origin. Then,
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via translation invariance, write

K(¥,n) = Al

|Anl

N,(n) N (s®n)
= n X))
E,, A, Z N () log p,(s|mY)

Z ZN,,(c@n) log p,(< | n:9) (A.2.35)
n 3

for all configurations ¢ ®n € 2 . Write the local characteristic at the origin in exponential
g ME3 AR 41 g

family form:

exp{874(s ®n)} (A.2.36)
Zexp 19T¢(s @ 'I)}

Po(s|m?d

where ¥ € R* and #( - ) is an appropriate vector-valued function.

Clearly, V3g,(9) = —V2K(9,n), so we begin the task of finding this expression by first
finding VK (9, n):

n n(n) Nos®n) exp{97¢(c ® )}

= Na) = No(com (_exp{sTocon)} |\
=2 TA >N (Zexp{l’T¢(s$ﬂ)})

Y exp{vTo(s @ n)} 6(s ® n) exp{9T4(c &)}

( Z exp{dTo(r & n)})2

exp{976(s ®n)} D 4(t®n) exp{9Te(t & )}
t

( Zexp{t’Tcﬁ(r @ n)})2

r3

B N (c@n) . exp{976(t &)}
_Z E N ) (a&(cen) Z:¢(ten) Zexp{!’T‘ﬁ(T'?ﬂ)})

s Nn(n) > N (< 6:’3 n) (¢(c ®n) - EJ6(X, @) ,,]) (A.2.37)
n < n
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where Ey(- | n) is the conditional expectation with respect to p (- | 7;9). Hence

VK@) = 3 IX('i)ZN als ©7),

Y exp{9To(s @ n)} T(t D7) exp{vTS(td )}

=Y ¢(ton)| =2 3
t (Zexp{ﬂch(r@n)})

exp{dTd(t@n)} D ¢T(udn) exp{9T6(u®n)}

( Z:exp{ﬂrd’(r ® 17)})2

e Np) N s@n)
==L TA] %N

ey ep{0Ten)] \ _exp{o7etam)
{Z¢(t®’7)( (ten) Z¢ (uddn) Zexp{0T¢(r®n)}) Zexp{0T¢(r®n)}

NN Nason)
2 TA] ="V

i B Ty exp{d7o(t & n)}
{E‘:d)(z@n) (¢ (ton) ~ Eyl67(X, @) D xp{l?Td’(T‘@'?)}}

_ ns®n)
B Zn:IA Z N.(n)

(Eole(X, @) 67(X, @) 0]~ E5[8(X, & 1) 0] Eg[6T(X, @) 7))

= ‘ZTK(TI)ZN"“GM)' (A.2.38)
E"[(d’(XO@”) —E',[¢(Xo®n)|n])(¢(Xo@1’) —Ed[¢(xo®r;)|r,])r’7’}

finally, since the expectation does not depend on ¢, plus the fact that z N (s®n)=N_(n) for
<
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fixed n, we have

-ViK(¥,n) = (A.2.39)
ZNn(U)E [ X E X x E ¥ T
T o|(6(Xo@n) - Eyls(X,@n)|n])(#(X, @) — Eg[8(X,@n)]n]) ,,}

Now we may investigate the quantity of interest. For v € R*, we have
vTV2gn(t9)v = —v"VIK(d,n)v

_ o N,(n)
=2 TA E"{l

vT(¢(Xo®n)—E.9[¢(Xo®n)|ﬂ])"zln} (A.2.40)

The work leading up to (A.2.10) in Lemma 2.1.1 is just as valid for a single site, specifically the
origin 0. Therefore the expectation in (A.2.40) is O(1), and
N, (n)
Tyr2 —
v Vg, (Y)v = z |Xn| o)

n

<om_ 1
n

<C (A.2.41)

for some C > 0 since there are only finitely many 5 € QA2R+1\{0}'

On the other hand, the Identifiability Condition 2.1.1 guarantees that the “outside”
expectation in (A.2.40) is strictly positive for at least one of the 7-configurations. Also, for fixed
¢€S and ne€ QA2R+1\{0}’ it should be clear that N, () > N, (< ®n) (because there are more
configurations with any value in S at the origin than there are with fixed ¢ at the origin).

Then, on the event & given by (2.3.22),

No(n) | No(s @)
[Aa] = (Al

>A>0 (A.2.42)
for all n-configurations. Therefore, ¢ < vTVZgn(ﬂ)v for some ¢ > 0. O

Lemma 2.3.8 Under the Identifiability Condition 2.1.1, for every € > 0 there exist c,C > 0 such
that

Po("(;n—0">e)_<_Cexp(—c|An|) (2.3.24)
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uniformly for all large n, where || - || is the Euclidian norm.

Proof: See Cométs (1992). O

Lemma 2.3.4 Under the Identifiability Condition 2.1.1,

E,,{[l 60| 1Sn} = o(lAl ) (2.3.25)

nl

as n— 00,

Proof: Here, we go through several steps to find a simple condition to guarantee the desired res-

ult. We begin by working with the “exponential family” form K(J,n) = z’TVH - g.(Y).

The Taylor expansion of K(¥,n) about 9,1 is given by
K(¥9,n)— K(8,,n) = (9 - 9,,)T[v,, - Vgn(én)]- %(0 AR RCS CEN
= _%(19 —6,)"v3g, (9")(9-8,) (A.2.43)
for some ¥’ satisfying " v -4, " < " -6, " Then, taking the gradient of (A.2.43), we get
VK(9,n) = -V (9')(9-46,) (A.2.44)
Evaluating (A.2.44) at the true parameter 0, gives
VK(8,n) = Vg (9)0~8,) (A.2.45)
for some ¥’ in a neighborhood of 6, so that
|vE@©,m)|* = (8- é")T[Vzg"(ﬂ')]z(G -d.). (A.2.46)

For a symmetric matrix A with generic eigenvalue A,, for all unit vectors v of compatible

dimension, and some constant ¢, > 0, we have

v'rAch1 &  min v Av >c¢, & minly>c, &

viijvl] =1
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min)} > ¢} ¢ min) ;> & llmliln 1”TA2U >t e vTA% > 2 (A.2.47)
: vif|vj} =

for all v such that ||v|| = 1. Therefore, by the result in (A.2.47) and Lemma 2.3.2, we have

IVE@»)|* > c|o-3,|° (A.2.48)
on & for some ¢ > 0, so that
13, -¢|" < c|vK@®»|* (A.2.49)
on 8, for some C > 0. Thus
. 2 2
E,,{|| 6,-6| 18,.} < CE’a{ [VK@©.n)| 18,,}’ (A.2.50)
and it is enough to show
. 2 1
E(,{"lem(ﬁ, n)| 18,,} = O(IAnI) (A.2.51)

on 8. In the same spirit used to write (A.2.35), we may rewrite K(J,n) as

IA"Il'GAn <®Dn

K@nm) =1 ¥ ( S (s @n) log p,(s | n;o)). (A.2.52)

Then, using the notions in (A.2.36) and (A.2.37), we obtain

VK@,n) == Y W, (A.2.53)
IS
where W is the vector
W, = Zl,.(n)(qs(x,.@q) —Edé(X;@n)| n])- (A.2.54)
n

Notice that for each i € A, all of the components of W are bounded because the pair-interac-

tions U, and U, in (1.3.10) which make up ¢ are bounded. Now, since

, 2
Eg{"VIs(O,n)" 18,,} =|A1 ; Eo{
n

2 W,

2
18 } (A.2.55)
. n
1€An

it is enough to show that
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W,
i €Rn

Ee{ : 18n} =] Anl) (A.2.56)

Let w; denote a particular, arbitrary component of W;. Then because the squared norm is the

sum of a finite number of squared components, it is sufficient to show

E,{(i g_‘xnw,.y 18n] = o(| Anl). (A.2.57)

Using the decompositions of A, from the proof of Lemma 2.3.1, we have

Ee{( D wi)zlsn]=5 (<3RZ+:1)2 2 "’i)zls,,

1€ Ap k=1 1€G

(3R+1)? (3R+1)?
= kzl IZI Eg[( ) wi)(.z w,.)lsn] (A.2.58)

i €Cy

and, by the Cauchy-Schwarz inequality,

BT

IA

(3R+1) -
< Ed( > w)1g (A.2.59)
k=1 1€EG, n
Then it is enough to show
5 2
(3R+1) >
> JE{(Z w,.) 1,3"] = (| A, ) (A.2.60)
k=1 i€ Gk

and thus it is sufficient to show

(3R+1)

k=1

JE{(.‘ EZkai)z 1Sn] = o(\[A.]) (A.2.61)

in which case we must establish

\JE{({ z;ékw,.)2 18"] = o(\JA&.)) (A.2.62)

for each G, so that finally, it is enough to show
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E{(i %’”‘)2 18"] = 0(|An|) (A.2.63)

for each G,. Let C, be a corridor as constructed in the proof of Lemma 2.3.1. Then

s

Xck:|+E‘ ( > % w,.wj)lgn Xe,

EoW,| ::Ck) = 0 for every configuration e, Hence,

e

= E, E‘,{(. Ezékw?)lsn

i€GE 1EG,
i#g

i€eG 1€GL JeG,
1#EJ

= Eo{‘zkl‘]{w? lsnl Xck]+ z Z E{wiwj lgnl XCk]}’

so that, by Lemma A.l.1, we have

i€Gy, i€G, 7€G;
i#J

=E9{ ) E,,{w? 18,.|XC;¢]+.Z 3 Eg[w,. 18n|XCk] E,{w,- lg |Xck]}~

By the remark after (A.2.63),

= E,{i é\:C:;kE,{w? 1g, | Xc,,]}

=3 E,,[w? 18"]

1€ Gy
<C|Gy| (A.2.64)

| Anl

for some C >0 since the elements w, are bounded. Since lel:(_3R+l)2

follows. O

, (A.2.63) clearly

Lemma 2.8.5 Under the Identifiability Condition 2.1.1, for every € > 0 there ezists a > 0 such
that
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Po(|Anl |5, —0]" > clogn) = 0(L:) (2.3.26)

as n—+00.

Proof: Note first that we restrict ourselves to the set &, since its complement is negligible (see

the remark at the beginning of the proof of Theorem 3.5.1).

We will use the same notions here as we used in Lemma 2.3.4 above. By (A.2.49)on 8,

we have
Pd| A8, -8 > clogn) < Py A || VE(6,m)|" > &logn) (A.2.65)

for every £ > 0 and for some C > 0. Let ¢, < %— Then by equation (A.2.53), we see that the
right-hand side of (A.2.65) is

2
=P0<|An| IAl_nl 62; W, >ellogn)
' n
= P,,( 3 W,-"2 > )| A, logn). (A.2.66)
1€ Ap

As in the proof of Lemma 2.3.4 above, let w; be a generic component of the vector W, Hence

Z“’-‘

<C,Py
t€An

: >62'An|logn) (A.2.67)

. - . . 3
where C'| is some positive constant greater than the dimension of the vector W, and ¢, < CTI
1

Thus,

Z"’i

Sclpo( <
1€ Ap

> 63\" A logn), (A.2.68)

where €3 < |€;. Again, decompose A as in the proof of Lemma 2.3.1. Then from the triangle

inequality, we have

(3R+1)
<C,Py4 Z Z w; >53\||An|logn
k=1 iGGk
SCgPo( Y w >e\"An|logn) (A.2.69)
1€G,
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for C, > (3R+1)2C1 and £ < €2/(3R+l)2. Therefore it is enough to show that for every € > 0,

P0<
where 7, = \|| A, |logn.

Consider the two cases for the absolute value, studying first the positive case. Upon re-

2

iGGk n

w;|> er,,) =0(s ) (A.2.70)

arranging and using the Markov inequality, we have for p > 0

Po( ) wi>57n)=Po(ﬁ 2 wi>€‘JT_n)

1€Gy 1€,
S exp(—peT,) Eo[exp( ZG %)} (A.2.71)
1€G,

Now, using Lemma A.l.1 and the and the construction of the corridor €, in the proof of Lemma

2.3.1,

= ex —pET ex bt ]
= exp(—pETy) Ea{Eo[i eI-Z[:‘k p(qr_n) Xe, }

= exp(— per { H E(,I:exp(%) Xcl;}. (A.2.72)

€Gy

Recall that Ey (W, | zck) = 0 for every corridor configuration xck. By Taylor expansion of the

rightmost exponential (the one within the expectations), we then get

2
=exp(~-pey™y) [] (1 +£—"0(1))
k

1i€G

|Gl
< exp(—peyT,,) (1 +é0(l)>

1.2
< exp(—-ps\[F;) exp(ﬂrl_c_k_l).
n

(SIR "ll and 7, = \" A, |logn,

for some o’ > 0. Let o’ (3R° 7 Then since |G}, l =
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", 2
< exp(—pe\jr_n) exp(a_irl_l_\_ll)

n

", 2
A
=exp(—pe,|rn)exp(a P VLF"')
logn

Set p = e:n"1/2(logn)‘”"(?c‘x”)-l for v > 0, and note that |A | = n?. Then

—e2logn a’’e?logn
= exp T exp W)z—

2
—c°logn
= exp( 58"
=;1a (A.2.73)

. €2
with a = m

For the negative case,

Po(“_ Z w, > ern) = O(nl—a) (A.2.74)

lEGk

can be derived in the same way. Hence the result follows. O

A.3 Proofs of Lemmas from Chapter III

Lemma 3.5.1 Under the Identifiability Condition 2.1.1, there exists a constant ¢ > 0 such thal
Py (i3 € Moy(w)) < exp(—n€) (3.5.3)

uniformly for all large n.

Proof: Recall that Mb(w)={m € M:0 ¢©,,}. Then there exists €, > 0 such that |6 - 9] > 3¢,
for all ¥ € @m and all m € M (w).

As in the proofs of Theorem 3.3.1 and Theorem 3.4.1, let M € M be the “largest”
model; i.e., 8y, = ©. Also, since §M is the “global” MPLE, write 8™ =4 . In addition, let

%n={x(n)e QAn:||é,,—0||gel}, (A.3.D)

87



where ¢, is given above. Then,
Po({8,ND,J) = Py(ELU D)
< Po(85)+ Py(3E)
so that, applying Lemma 2.3.1 to P,(&%) and Lemma 2.3.3 to Py(95,), we have
< C,exp(—cyn) + Czexp(—c2] Anl)
for some ¢;,¢y,C,Cy > 0 and for all large n. Indeed,
< exp(—n"1) (A.3.2)

for some a, > 0 and for all large n. Hence we now restrict our attention to §, N,

Let m € Mby(m). Recall that K(9,n) =97V, —g,(9) =0TV - gM(¥). By Lemma
2.3.2, K(V,n) is globally concave, and locally strictly concave so that én is the unique MPLE.
Then, since the true parameter 0 is away from ©,, (analogous to (3.3.20) in the proof of
Theorem 3.3.1), there exists § > 0 such that

sup

seo, K@) < K(@,n)-6 (A.3.3)

for all large n, Pga.s. Then

. k s k
Q(I?l) _ Q‘,ﬁ) = [log PL(x(n),0,)— TM log| An|:|_[', eu_eEm logPL  (z(n),J)— -2ﬂ log| An|]

i ky &
=| A, | K (Bn) = | A |,‘°;“§mk(z9,n)-(—2”1-—5ﬂ) log| A, |
ky k
26 |An|_<_£i__2m) loglA"|
> ag|A,| (A.3.4)

for some a, > 0 and for all m € Ab,(w). Hence, by the Markov inequality,

Py(ifg € Moy@)) < Po( Q3) - QY > 0)
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= Po{@) - @ > 0}n(en3,} )+
Po{Q3)- &> 0}nfe,na,))

so that, Pga.s. as n— o0,

Po( {oxe{@3) - &7} > 1} (8,09,

< By[exp {4 - A} (g g )

< exp{—as| A, }

< exp(—n°) (A.3.5)

for some ¢ > 0. O

Lemma 3.5.2 Under the Identifiability Condition 2.1.1, there ezists a > 0 such that

Py(miz € My(w)) = O(;la) (3.5.4)

Proof: Again, we restrict our attention to the set § , whose complement is negligible.

Recall that Moy(w)={m € M#:0,C H,,}, and let
“-’fn={|“ni||én"'—9"2>f'°8n}’ (A.3.6)

so that by Lemma 2.3.5, Py(F¢) = O(%) for some a > 0.

On &, for a chosen model m € Mby(w), we have
Q(3) Q(S) @ kw am kv?l
= — @5 =|logPLo(z(n),67) ~ 7 log| A, || —|log PL 5 (z(n) 0}, - log| A,,|
=|An | K 5B, n) ~| A, |K (87, n) -k, logn + k4 logn
= | An|[K 0BT 1) = K 487, n)] - (kg — k 5)logn. (A37)
Using the “minimal” form of the pseudo-likelihood (3.5.1), the expression exactly analogous to
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the Taylor expansion (3.3.7) for the MPLE, and Lemma 2.3.2 (guaranteeing the uniqueness of

the MPLE), we now have

»fQ)
IA

for some ¢,C >0 and for ¥ € @;;l in a neighborhood of 9"'?'. Now, because —éw C @—;ﬁ
definition of Mby(w)), we know 6% € ©, and we may thus evaluate (A.3.8)at ¥ = =

- <=L
s = 7
||0°° o7 II
Via the minimal form of the exponential family, we then get
o GEyve - gzm) -[@HTVE-gReR)
-5 < < -3

oz - 53]
By (A.3.10) plus the triangle inequality,
02~ gz || -§(125 - oF o - o )| - (ko - ks
for some C > 0, 5o that, on on the set F,,
> —2Celogn — (ko — k5 )logn

2 a, logn

(A.3.8)

(from the

(A3.9)

(A.3.10)

(A3.11)

where alzkﬁ—kw—2CE>0, provided ¢ is sufficiently small. Hence, by the Markov

inequality,

Py(fiy € Moy(@) S Po( @2 - Q2> 0)
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= Po({exp{Q(,%)—Q(g)} > 1}n{snﬂ?n})+
Pa({exp{Q(,é,”—Q(g’} > 1}0{8,,06_;"}4:)

<m0 02} e g, |

< exp{—a, logn}

=O(La) (A.3.12)

for some a > 0. O
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Appendix Two
Simulated Textures

For all of the following models, U,(z;) =0 and Uy(z,, z;) = z;z; for all sites i and all
J € N, (see Section 1.3 for more details). The format for display is as follows.

First, the number identifying the Candidate Model is given (see Section 4.3 for a
detailed description). Then, the reader is given a reminder of the neighborhood system as well
as of the Uniqueness Condition 1.3.1 (see Chapter I). Next, we give a parameter value, and
then we indicate whether the Uniqueness Condition 1.3.1 is satisfied by indicating if there is def-
initely no long-range dependence (recall that if the Uniqueness Condition 1.3.1 is satisfied, then
not only is there no long-range dependence, but the random field will look very much like an

i.i.d. field). Finally, a realization from the described model is shown.

For reasons of practicality, the presentation begins on the next page.



Candidate Model: 1 (Ising Model)

. B .
Neighborhood: 8 i g
. ﬂ .

Uniqueness Condition 1.3.1:

Necessary and sufficient condition for no phase transitions (see Section 4.3):

|8|< B, = }log(1 +42)
Parameter value: 8 =.1
Long-range dependence: No.
Realization: ApFaenatsy },;;;xsfé;';;‘,}.rv;"ifgﬂi;’g"; &
oF SRS AAT ]
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<
e
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Candidate Model: 1 (Ising Model)
B8
Neighborthood: 8 i &8

B8

Uniqueness Condition 1.3.1:

Necessary and sufficient condition for no phase transitions (see Section 4.3):
|B]< B, =%log(l +42)
Parameter value: f=1
Long-range dependence: Yes.

Realization:
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Candidate Model: 1 (Ising Model)
Je)
Neighborhood: 8 i g

B

Uniqueness Condition 1.3.1:

Necessary and sufficient condition for no phase transitions (see Section 4.3):
|8]< B, =Llog(1+12)
Parameter value: g = -1
Long-range dependence: Yes.’

Realization:
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Candidate Model: 1 (Ising Model)
8
Neighborhood: 8 i &

B

Uniqueness Condition 1.3.1:

Necessary and sufficient condition for no phase transitions (see Section 4.3):
18] < B, =Llog(1 +2)
Parameter value: 8 =2
Long-range dependence: Yes.

Realization:
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Candidate Model: 2

. ﬂl .
Neighborhood: By i By
. Bl .

Uniqueness Condition 1.3.1:

Sufficient condition for no phase transitions (see Section 4.3):

EAREARS:

Parameter value: Z: = (.i)ll)

Long-range dependence: No.
Realization:
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Candidate Model: 2

By
Neighborhood: By i By
By

Uniqueness Condition 1.3.1:

Sufficient condition for no phase transitions (see Section 4.3):

|B1]+|82]< 3

Parameter value: (g;) = (11)

Long-range dependence: ?

Realization:




Candidate Model: 2

. pl

Neighborhood: 3,

i By

Uniqueness Condition 1.3.1:

):

Sufficient condition for no phase transitions (see Section 4.3

|<3

|81+| 8,

Parameter value:

Long-range dependence: ?

m
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Q
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Candidate Model: 2

A
Neighborhood: 8, i 8,
A

Uniqueness Condition 1.3.1:

Necessary and sufficient condition for no phase transitions (see Section 4.3):
1
EALIEARS ;

(B _(-1
Parameter value: ( ﬁz)—( 1 )

Long-range dependence: ?

Realization:
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Candidate Model: 2

. ﬁl .
Neighborhood: By i By
. ﬂl .

Uniqueness Condition 1.3.1:

Sufficient condition for no phase transitions (see Section 4.3):

|81]+]6a] < 3

(B (1
Parameter value: ( ﬂ;) = (_ 1)

Long-range dependence: ?

Realization:
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Candidate Model: 3

Neighborhood: ~ 8 i 8 =+«
0y B v
e 4 e

Uniqueness Condition 1.3.1:

Sufficient condition for no phase transitions (see Section 4.3):
4|8|+817|< 1
. (B) (.01
Parameter value: " _( 1 )
Long-range dependence: No.

Realization:
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48|+ 8|7i< 1

for no phase transitions (see Section 4.3)

1
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Sufficient condition
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idate Model
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128

Uniqueness Condition 1
Long-range dependence: No.
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Parameter value
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Candidate Model: 3

-
8 =
Neighborhood: + 8 i B «
¥ B ¥
¥

Uniqueness Condition 1.3.1:

Sufficient condition for no phase transitions (see Section 4.3):
48]+ 8)7|< 1
. (P)=(1
Parameter value: (7 = ( 1 )
Long-range dependence: ?

Realization:
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Candidate Model: 3

v B8 ~
Neighborhood: + 8 i 8 +
¥ B =
¥

Uniqueness Condition 1.3.1:

Sufficient condition for no phase transitions (see Section 4.3):
4|8|+8|7|< 1
(BY_(1
Parameter value: ( v)= ( .l)
Long-range dependence: 7

Realization:
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Candidate Model: 3

~
~ B
Neighborhood: + 8 i 8 +«
T B 7
v

Uniqueness Condition 1.3.1:

Sufficient condition for no phase transitions (see Section 4.3):
48]|+8)7|<1
AT ES
Parameter value: (7)-—( 1 )
Long-range dependence: ?

Realization:
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Candidate Model: 3

-
vy B 7
Neighborhood: + 8 i 8 +
v B =
¥

Uniqueness Condition 1.3.1:

Sufficient condition for no phase transitions (see Section 4.3):
48|+ 8|7|<1
[(BY_(1
Parameter value: (7 _(_1)
Long-range dependence: ?

Realization:
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Appendix Three
Computer Programs

program rfgen
This program employs the Gibbs sampler to generate a random field
with certain local characteristics, as given in the subroutine
LOCHAR.
LOCHAR should be the only model-specific subroutine.

For convenience in changing program parameters, the required input
is read from the file RFGEN.IN in the subroutine INITIAL.

Mnemonic: Random Field GENerator
Subroutines called: INITIAL, BERGEN, GIBSAM
integerx1l rf
characterx80 outfile
common/dims/ nx,ny,layer
common/rfld/ rf(900,900)
Initialize the program by reading the necessary input from the
file RFGEN.IN. If the dimensions or choice of model is

inappropriate, as indicated by IFLAG, the the program terminates.

call initial(outfile,iflag)
if (iflag.eq.1) stop

The Gibbs Sampler says that we can start with any random field we
like, so just begin with an iid Bernoulli-like random field.

call bergen
With a place to start, we now go through the Gibbs Sampler.

call gibsam
Now write out the random field, and end. Note: The random field is
treated as if it is sitting on an inverted Cartesian plane, with the

origin at the upper left-hand corner (just like a graphics screen!).

open(unit=10,file=outfile,status="new’)



do 10 iy=z=1l+layer,ny+layer
write(10,x) (rf(ix.ly).ix=1+layer,nx+layer)
10 continue

close(unit=10)

stop
end
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subroutine initial(outfile,iflag)

This subroutine reads the file RFGEN.IN, which contains all of the
parameters required to initialize this program.

The variable GARBAGE is for reading in meaningful titles from the
input file (so that the user knows what is what in that file).

000006000

Mnemonic: INITIALize the program
character*80 outfile,garbage
logical outrnge
common/misc/ nit,p,iseed
common/dims/ nx,ny,layer
common/modl/ beta,gamma,model

¢ Fix the probability for the Bernoulli random field.
data p/.5/

c Set the flag for bad input to O, which means that all is OK.
iflag=0

c Open the input file.
open(unit=11,file="rfgen.in’,status="o0ld’)

c Read in a seed for the random number generator.

read(11.°(A)’) garbage
read(11,x) iseed

c Read in the dimensions of the random field.

read(11,’(A)’) garbage
read(11,=) nx,ny
outrnge=nx.le.0.or.nx.gt.900.or.ny.le.0.or.ny.gt.900
if(outrnge) then

write(*,*) "Dimensions are less than O or greater than 900"

iflag=1
goto 10
end if
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a0 000

Read in the choice of model.

read(11,’(A)’) garbage
read(11,*) model

If MODEL=1, then there is only one LAYER of neighbors.
If MODEL=2, then there is also only one LAYER of neighbors.
If MODEL=3, then there are two LAYERs of neighbors.

if(model.eq.1) then
layer=1

else if(model.eq.2) then
layer=1

else if(model.eq.3) then
layer=2

else
write(*,=) “Bad choice of model.™
iflag=1
goto 10

end if

Read in the appropriate parameters. If MODEL=1, then GAMMA should
be 0. If MODEL=2, then BETA covers the vertical direction and
GAMMA covers the horizontal direction.

read(11,’(A)’) garbage

read(11,x) beta

read(11,’(A)’) garbage

read(11,*) gamma

Read in the maximum number of iterations for the Gibbs Sampler.

read(11,’(A)’) garbage
read(11,*) nit

Read in the name of the output file.

read(11,’(A)’) garbage
read(11,’(A)’) outfile

close(unit=11)

return
end
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subroutine bergen

This subroutine generates an iid random field that is "sort of”

Bernoulli in that each site takes on 1 with probability P and

-1 with probability 1-P.

Mnemonic: BERnoulli GENerator
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integerxl rf
common/misc/ nit,p,iseed
common/dims/ nx,ny, layer

common/rfld/ rf(900,900)

We put an extra LAYER on top, bottom, and on each side so that the
random field we want is sitting smack in the middle. The extra
around the edges is so that we can evaluate the local
characteristics at the edges of the random field (the one in the
middle).

do 20 iy=1,ny+2xlayer
do 10 ix=1,nx+2xlayer
unif=ran(iseed)
if(unif.le.p) then
rf(ix,iy)=1
else
rf(ix,iy)=-1
end if
continue
continue

return
end
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subroutine gibsam

This subroutine performs the Gibbs Sampler on each site in RF except
for the edges (where there are not complete neighborhoods).

Note: The subroutine LOCHAR may be written however you need to
evaluate the local characteristics at the site (IX,IY).

Mnemonic: GIBbs SAMpler

Subroutines called: LOCHAR

common/misc/ nit,p,iseed
common/dims/ nx,ny,layer

One iteration consists of one pass over the entire random field.

do 30 kit=1,nit
do 20 iy=1+layer,ny+layer
do 10 ix=l1+layer,ny+layer
call lochar(ix.iy)

10 continue
20 continue
30 continue

return
end

112



€ 2k 4 e ke o 3k ke e e ke ok ok ok ok o3 ok ok sk e 3 ok 3k o 3K ok ok 3 ok ok i 2k 3 3 3k 3 ok ok s ok ol 3k ok i ok ok 3k 3 ok 3K 3 K oK 6 3 ok 3 ke 3 3K 3 e ke ok ok ok ok
subroutine lochar(ix,iy)

c This subroutine evaluates the local characteristics at the specific
c site IX,IY. Pl is the probability that the site is 1.

c

¢ Mnemonic: LOCal CHARacteristics

integerx1l rf

common/misc/ nit,p,iseed
common/modl/ beta,gamma,model
common/rfld/ rf(900,900)

Depending on the model., calculate the appropriate neighborhood
sum and exponent.

00

if(model.eq.1) then
isum=rf(ix-1,iy)+rf(ix+1,iy)+rf(ix,iy-1)+rf(ix,iy+1)
expnt=betaxisum
else if(model.eq.2) then
isuml=rf(ix,iy-1)+rf(ix,iy+1)
isum2=rf(ix-1,iy)+rf(ix+1,1iy)
expnt=betaxisuml+gammaxisum2
else
isuml=rf(ix,iy-1)+rf(ix,iy+1)+rf(ix-1,iy)+rf(ix+l,iy)
isum2=rf(ix,iy-2)+rf(ix-1,iy-1)+rf(ix-2,iy)+rf(ix-1,iy+1)+
& rf(ix,iy+2)+rf(ix+1,iy+1)+rf(ix+2,iy)+rf(ix+1,iy-1)
expnt=betaxisuml+gammaxisum2
end if

c P1 is the probability that the site is 1 given the neighbors.

pl=exp(expnt)/(exp(expnt)+exp(-expnt))
unif=ran(iseed)
if(unif.le.pl) then
rf(ix,iy)=1
else
rf(ix,iy)=-1
end if

return
end
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program driver

c
c Markov chain Monte Carlo or pseudo-likelihood parameter
c estimation.
C .
c The subroutine PRAMEST and all of the subroutines it requires may be
¢ found in the program MODSEL.
c
c Mnemonic: DRIVER for the subroutine PRAMEST
c
c Subroutines called: INITIAL, PRAMEST
implicit double precision (a-h,o0-2)
character*80 outfile
dimension theta(5)
common/dims/ nx,ny,npram
common/mcar/ mcopt,mcsam,ithone
common/modl/ model, layer
common/pram/ psi(5)
c Initialize the program. This includes reading in the observed
c random field.

call initial(outfile)

¢ Do the parameter estimation.

This program simply executes the subroutine PRAMEST for either

call pramest(theta,fncmin,ifail)

c Write it all out.

if(ifail.eq.0) then

00

answers.

If everything is 0K, then print out the relevant parameters and the

open(unit=12,file=outfile,status="new’)
write(12,*) “dims = ",nx,ny

write(12,*) "model
write(12,*) “theta
if(mcopt.eq.1) then

o

” ,model
”,(theta(n),n=1,npram)

write(12,=) ”psi = ",(psi(n),n=1,npram)
write(12,*) ”"Monte Carlo samples = ”,mcsam

write(12,x) "Skip factor
endif
close(unit=12)
else

c Othervise, give an error message.

”,ithone

File 13 is always the error file.

open(unit=13,file="error.out’,status="unknown’)
write(13,%) “output file”,outfile

if(ifail.eq.1) then

write(13,+) ”Number of parameters is out of range:”
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write(13,*) npram

else if(ifail.eq.2) then
write(13,*) "Too many function evaluations.’
write(13,%) "theta=",(theta(i).i=1.npram)
write(13.%) "fncmin=",fncmin

else if(ifail.eq.3) then
write(13,*) "Initial point too big.”
write(13,*) fncmin

endif

close(unit=13)

endif

)

stop
end
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subroutine initial(outfile)
This subroutine reads the file PRAMEST.IN, which contains all of the
input required to initialize the driver program for the subroutine
PRAMEST.

The variable GARBAGE is for reading in meaningful titles from the
input file (so that the user knows what is what in that file).

Note: file unit 13 is always the error file.
Mnemonic: INITIALize the program
Called from: MAIN
characterx80 garbage,infile,outfile
integer rf
logical outrnge
common/dims/ nx,ny,npram
common/mcar/ mcopt,mcsam,ithone
common/misc/ nit,iseed
common/modl/ model.layer
common/rfld/ rf(900,900)
Set the warning flag. If IFLAG is O, then everything is OK.
iflag=0
Open the input file.
open(unit=10,file="pramest.in’,status=’0ld’)

Read in the seed for the random number generator.

read(10,’(A)’) garbage
read(10,x) iseed

Read in the dimensions of the random field.
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read(10,’(A)?) garbage

read(10,%x) nx,ny
outrnge=nx.le.0.or.nx.gt.900.or.ny.le.0.or.ny.gt.900
if(outrnge) then

iflag=1
goto 20
endif

c Read in the model specifics. LAYER is the number of layers in the
c neighborhood system for the particular MODEL. NPRAM is the number
c of parameters for the particular MODEL.

0600000

read(10,’(A)’) garbage

read(10,*) model,layer,npram
outrnge=model.le.0.or.model.gt.3.0or.layer.le.0.or.layer.gt.2
outrnge=outrnge.or.npram.le.0.or.npram.gt.5

if(outrnge) then

iflag=2
goto 20
endif

Read in the Monte Carlo option. If MCOPT=0., then we’re doing MPLE.
If MCOPT=1, we’re doing MCMLE.

read(10,’(A)’) garbage
read(10,%) mcopt
if(mcopt.lt.0.or.mcopt.gt.1) then

iflag=3
goto 20
endif

Read in the Monte Carlo specifics. If you’re not doing the Monte
Carlo thing, then these quantities will be ignored in the program.
The variable ITHONE should be 1 if you are not using a variance-
reducing scheme. Otherwise, the program will skip every ITHONE-1
realizations in the Monte Carlo Markov chain and sample the ITHONE
(get it? . . . ith one!!).

read(10,'(A)’) garbage

read(10,*) mcsam,ithone
outrnge=mcsamxithone.lt.0.or.mcsam.gt.500
if(outrnge) then

iflag=4
goto 20
endif

Read in the name of the input file for the observed rf.

read(10,’(A)’) garbage
read(10,'(A)’) infile

Read in the name of the output file.

read(10,’(A)’) garbage

116



read(10,’(A)’) outfile
close(unit=10)

¢ Now read in that observed rf. Initialize it first so it won’t choke
c on the input!!

open(unit=11,file=zinfile,status="old’)
do 15 iy=1,ny
do 10 ix=1,nx
rf(ix,iy)=0

10 continue
read(11,*) (rf(ix,1y),ix=1,nx)
15 continue

close(unit=11)
return
c Deal with the errors, if there are any.

20 open(unit=13,file=’error.out’ ,status="new’)

if(iflag.eq.1) then
write(13,+) "Something is wrong with the dimensions:”
write(13,*) nx,ny

else if(iflag.eq.2) then
write(13,*) "Something is wrong with the model specifics:”
write(13,*) model,layer,npram

else if(iflag.eq.3) then
write(13,=) "MCOPT is wrong:”,mcopt

else if(iflag.eq.4) then
write(13,*) "Monte Carlo specifics are wrong:”
write(13,%) mcsam,ithone

else
write(13,*) "IFLAG is wrong:”,iflag

endif

close(unit=13)

stop

end
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program modsel

This program performs model selection on the input random field from
a given pool of candidate models. The selection criterion is based
on either the pseudo-likelihood (Besag, 1974, 1986) or the Monte
Carlo approximant to the likelihood (Geyer and Thompson. 1992).

Subroutines called:
Main Routines: INITIAL. PRAMEST
Pseudo-Likelihood Routines: MPLE, PLKHD
Monte Carlo Routines: MCMLE, SUFSTAT, MCSTAT, MCLKHD
Gibbs Sampler Routines: BERGEN, GIBSAM, LOCHAR
Minimizer Routines: {QNMIN, LKHD, GRAD

The routines PLKHD, SUFSTAT, MCLKHD, and LOCHAR are model-dependent.
The rest are, hopefully, very general.

000000000060 00060

implicit double precision(a-h,o0-2)
characterx80 outfile

dimension theta(20),thetamax(20)
common/dims/ nx,ny.npram
common/mcar/ mcopt,mcsam,ithone
common/modl/ model,layer

c Initialize the program.
call initial(outfile)
c Open the output file.
open(unit=12,filezoutfile.status="new’)
¢ Write out some informative headers.

write(12,x) "dims = ”,nx,ny
if(mcopt.eq.0) then
write(12,x) "Using pseudo-likelihood criterion”
else
write(12,x) ”Using Monte Carlo criterion”
write(12,») “Sampling”,mcsam,”at intervals of”,ithone

end if
c Initialize the selection process.

npram=1
model=1
layer=1
do 15 i=1l,npram
theta(i)=.5d0
15 continue

c Start with the first model, and store its results in the MAX
c holding places.

call pramest(theta.fncmin,ifail)
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if(ifail.ne.0) goto 50
modmax=model
nprammax=npram
do 20 i=1,npram
thetamax(i)=theta(i)
20 continue
bicmax=(-fncmin)-.5d0*npram=dlog(1.d0O*nx*ny)
write(12,x) model,(theta(i),i=1,npram),bicmax

c Begin looping in search of the model which maximizes the BIC

30 model=model+1
if(model.eq.2) npram=2
if(model.eq.3) layer=2
do 35 i=1,npram
theta(i)=.5d0
35 continue
call pramest(theta,fncmin,ifail)
if(ifail.ne.0) goto 50
bic=(-fncmin)-.5xnpramxlog(1.*nx*ny)
if(bic.gt.bicmax) then
modmax=model
npramax=npram
do 40 i=1,npram
thetamax(i)=theta(i)
40 continue
bicmax=bic
end if
write(12,=) model.(theta(i),i=1.npram),bic

if(model.eq.3) goto 60
goto 30

50 write(12,%) model,” ifail=",ifail

¢ This file won’t have a name, but unit number 13 is always my error
c file.

write(13,%) “model=",model

if(ifail.eq.1) then
write(13,*) ”"Number of parameters is out of range:”
write(13,x) npram

else if(ifail.eq.2) then
write(13.%) "Too many function evaluations.”
write(13,*) "theta=",(theta(i),i=1,npram)
write(13,*) "fncmin=",fncmin

else if(ifail.eq.3) then
write(13,*) “"Initial point too big.”
write(13,*) fncmin

endif

if(model.ne.3) goto 30

close(unit=13)

60 write(12,x*)
write(12,%) "Model chosen:”
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write(12,=) modmax,(thetamax(i),i=1,npramax),bicmax
close(unit=12)

stop
end
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subroutine pramest(theta,fncmin,ifail)

This subroutine performs parameter estimation on the input random
field according to the indicated Gibbs-Markov model. There is a
choice of parameter estimates: one, based on the pseudo-likelihood
of Besag, and the other, a Monte Carlo estimate of Geyer and
Thompson.

Mnemonic: PaRAMeter ESTimator
Called from: MAIN
Subroutines called: MPLE, MCMLE

implicit double precision (a-h,o0-z)
dimension theta(3)
common/mcar/ mcopt,mcsam,ithone

if(mcopt.eq.0) then

call mple(theta,fncmin,ifail)
else

call mcmle(theta,fncmin,ifail)
endif

return
end
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subroutine initial(outfile)

This subroutine reads the file MODSEL.IN, which contains all of the
input required to initialize this program.

The variable GARBAGE is for reading in meaningful titles from the
input file (so that the user knows what is what in that file).

Note: file unit 13 is always the error file.
Mnemonic: INITIALize the program
Called from: MAIN

character=80 garbage,infile,outfile
integer rf
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¢ Set

0

logical outrnge

common/dims/ nx,ny,npram
common/mcar/ mcopt,mcsam,ithone
common/misc/ nit,iseed
common/modl/ model, layer
common/rfld/ rf(900,900)

the warning flag. If IFLAG is O, then everything is OK.

iflag=0

Open the input file.

open(unit=10,file="modsel.in’,status=’0ld’)

c Read in the seed for the random number generator.

read(10,'(A)’) garbage
read(10,*) iseed

¢ Read in the dimensions of the random field.

read(10,'(A)’) garbage

read(10,x*) nx,ny
outrnge=nx.le.0.or.nx.gt.900.0or.ny.le.0.or.ny.gt.900
if(outrnge) then

iflag=1
goto 30
endif

c Read in the Monte Carlo option.

Read(10,'(A)’) garbage
read(10,*) mcopt
if(mcopt.lt.0.or.mcopt.gt.1) then

iflag=2
goto 30
endif

c Read in the Monte Carlo specifics. If you’re not doing the Monte
c Carlo thing, then these quantities will be ignored.

read(10,’(A)’) garbage

read(10,*) mcsam,ithone
outrnge=mcsam*ithone.lt.0.or.mcsam.gt.1000
if(outrnge) then

iflag=3
goto 30
endif

c Read in the name of the input file for the observed rf.

read(10,’(A)’) garbage
read(10,’(A)’) infile
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c Read in the name of the output file.

read(10,’(A)’) garbage
read(10,’(A)’) outfile

close(unit=10)

c Now read in that observed rf. Initialize the rf to keep the program
c from choking on the input.

10

20

open(unit=11,file=infile,status="old’)
do 20 iy=1,ny

do 10 ix=1,nx

rf(ix,iy)=0

continue

read(11,x) (rf(ix,iy),ix=1,nx)
continue
close(unit=11)

return

c Deal with the errors.

30

open(unit=13,file="error.out’,status="nevw’)
if(iflag.eq.1) then
write(13,*) "Something is wrong with the dimensions:”
write(13,*) nx,ny
else if(iflag.eq.2) then
write(13,*) "MCOPT is wrong:”,mcopt
else if(iflag.eq.3) then
write(13,*) “Monte Carlo specifics are wrong:”
write(13,*) mcsam,ithone
else
write(13,x) “IFLAG is wrong:”,iflag
endif
close(unit=13)
stop

end

C*********************************************************************

C

PSEUDO-LIKELIHOGD ROUTINES

C*********************************************************************

aon6oo0006a0a:06a0

subroutine mple(theta,fncmin,ifail)

This subroutine calculates the maximum pseudo-likelihood estimate of
the parameter using the assumed model.

Mnemonic: Maximum Pseudo-Likelihood Estimator
Called from: PRAMEST, MCMLE

Subroutines called: (QNMIN
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implicit double precision (a-h,o0-z)
dimension theta(5)
common/dims/ nx,ny,npram

c Initialize the parameter THETA. Gotta start somewhere!

10

(e e}

0o n0n

do 10 i=1,npram
theta(1i)=.5d0

continue

Find the maximum pseudo-likelihood estimate of THETA by minimizing
-LN(PLKHD).

call gqnmin(npram,theta,fncmin,200,ifail)

If anything is wrong (IFAIL is not 0), the error message is given
upon the return from PRAMEST.

return
end
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subroutine plkhd(n,b,p)

c This subroutine calculates the negative log of the pseudo-likelihood

C
C
C
C
C
C
C

function for a given parameter B.
Note: This routine is very model-specific.
Mnemonic: (negative log) Pseudo-LiKeliHooD function

Called from: LKHD

implicit double precision (a-h,o-2z)
dimension b(5)

double precision lnnum,lnden
integer rf

common/dims/ nx,ny,npram
common/modl/ model,layer
common/rfld/ rf(900,900)

sum=0.d0

c Recall that we start one LAYER into the observed random field so
c that each site taken has a complete set of neighbors.

do 20 iy=1+layer,ny-layer
do 10 ix=l+layer,nx-layer
if(model.eq.1) then
nbrsum=rf(ix-1,iy)+rf(ix,iy+1)+rf(ix+1,1y)+rf(ix,iy-1)
factor=b(n)*nbrsum
else if(model.eq.2) then
nbrsuml=rf(ix,iy-1)+rf(ix,iy+1)
nbrsum2=rf(ix-1,iy)+rf(ix+1l,iy)
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factor=b(1)*nbrsumi+b(2)*nbrsum2

else
nbrsuml=rf(ix-1,iy)+rf(ix,iy+1)+rf(ix+1,iy)+rf(ix,iy-1)
nbrsum2=rf(ix-2,iy)+rf(ix-1,iy-1)+rf(ix,iy-2)+

& rf(ix+1,iy-1)+rf(ix+2,1y)+rf(ix+1,iy+1)+
& rf(ix,iy+2)+rf(ix-1,iy+1)
factor=b(1)*nbrsuml+b(2)*nbrsum2
end if

lnnum=rf(ix,iy)*factor
Inden=dlog(dexp(factor)+dexp(-factor))
sum=sum-lnnum+Inden

10 continue
20 continue
p=sum
return
end
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subroutine mcmle(theta,fncmin,ifail)

This subroutine performs the Monte Carlo maximum likelihood
estimation as outlined in the paper of Geyer and Thompson (1991).

Mnemonic: Monte Carlo Maximum Likelihood Esimator

Called from: PRAMEST

000 0000~0

Subroutines called: SUFSTAT, MPLE, BERGEN, MCSTAT, QNMIN

dimension theta(5)

double precision psi,theta,fncmin
integer rf

common/dims/ nx,ny,npram
common/mcar/ mcopt,mcsam,ithone
common/sfst/ obst(5).samt(5,1000)
common/pram/ psi(5)

common/rfld/ rf(900,900)

Calculate the statistic on the observed random field. Load the
result into OBST. Set the option so that SUFSTAT knows where the
random field is, and also so that LKHD knows to call PLKHD to
calculate the MPLE.

0000

mcopt=0
call sufstat(obst,rf)

¢ Calculate the PSI (i.e., the Monte Carlo parameter) we use, which is
c the MPLE for the observed random field.

call mple(psi,fncmin,ifail)
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c If something is wrong, then return. Otherwise, reset the option so
c that the program will know to do Monte Carlo stuff now!

if(ifail.ne.0) return
mcopt=1

Since the Gibbs Sampler can start anywhere, just start with a
Bernoulli-like random field.

Note: we use the same space for the observed random field as we do
for the Monte Carlo samples, so this will wipe out the observed
random field!

o000 000

call bergen
c Get the Monte Carlo stats for the PSI we use, which is the MPLE.
call mcstat
c Initialize the parameter THETA. Gotta start somewhere!
do 10 n=1,npram
theta(n)=.5d0

10 continue

c Find the Monte Carlo maximum likelihood estimate of THETA by
c minimizing -LN({MCLKHD).

call gnmin(npram,theta,fncmin,200,ifail)

c If everything is not 0K (IFAIL is not 0), the error message will be
c given upon return from PRAMEST.

return

end
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subroutine mclkhd(npram,theta,val)

c This subroutine calculates the negative log of the Monte Carlo
c approximant to the likelihood function for a given parameter THETA.
C
¢ Mnemonic: (negative log) Monte Carlo LiKeliHooD function
c
c Called from: LKHD

dimension theta(5),expnt(1000)

double precision psi.theta,val

double precision sum.expnt,exmax,exmin,esum,exfac

common/mcar/ mcopt,mcsam,ithone

common/misc/ nit,iseed

common/pram/ psi(5)

common/sfst/ obst(5),samt(5,1000)
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40

sum=0.d0
exmax=0.d0

do 20 i=1.mcsam
esum=0.d0
do 10 n=1,npram
esum=esum+(theta(n)-psi(n) )*samt(n,i)
continue
expnt(i)=esum
if(expnt(i).gt.exmax) then
exmax=expnt(i)
endif
continue

do 30 i=1,mcsam
sum=sum+dexp(expnt(i)-exmax)

continue

esum=0.d0

do 40 n=1,npram
esum=esum+theta(n)xobst(n)

continue

val=-esum+exmax+dlog(sum/(1.d0O*mcsam))

return

end
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subroutine sufstat(stat.,rf)

c This function calculates the "sufficient statistic” for the finite
c random field RF.

(o}

c Note: This subroutine is very model-specific.

[od
C
C
C

10

Mnemonic: SUFficient STATistic

Called from: MCMLE, MCSTAT

dimension isum(5),stat(5),rf(900,900)
integer rf

common/dims/ nx,ny,npram
common/mcar/ mcopt,mcsam,ithone
common/modl/ model,layer

do 10 n=1,npram
isum(n)=0
continue

1shift=0
if(mcopt.eq.1) lshift=layer

¢ For this calculation, we don’t need to worry about the LAYER of
c neighbors - we’re just using all available pair-cliques.

¢ Sum over vertical 1-step pairs.
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do 20 i=1+lshift,nx+1lshift
do 15 j=1+lshift.ny-1+lshift
isum(1)=isum(1)+rf(i,j)*rf(i,j+1)
15 continue
20 continue

if(model.eq.1 .or. model.eq.3) then
¢ Sum over horizontal 1-step pairs.

do 30 i=1+lshift.nx-1+lshift
do 25 j=1+41lshift,ny+lshift
isum(1l)=isum(1)+rf(i, j)*rf(i+1,j)
25 continue
30 continue
if(model.eq.3) then

c Sum over horizontal 2-step pairs.

do 40 i=1+lshift,nx-2+1lshift
do 35 j=1+1shift,ny+lshift
isum(2)=isum(2)+rf(i, j)*rf(i, j+2)
35 continue
40 continue

¢ Sum over vertical 2-step pairs.

do 50 i=1+lshift.nx+1lshift
do 45 j=1+lshift,ny-2+1shift
isum(2)=isum(2)+rf(i, j)*rf(i+2, j)
45 continue
50 continue

¢ Sum over right-diagonal pairs.

do 60 i=1+lshift,nx-1+lshift
do 55 j=1+lshift,ny-1+1shift
isum(2)=isum(2)+rf(i, j)*rf(i+l, j+1)
55 continue
60 continue

¢ Sum over left-diagonal pairs.
do 70 i=1+1+lshift,nx+lshift

do 65 j=1+lshift,ny-1+1shift
isum(2)=isum(2)+rf(i, j)*rf(i-1.j+1)

65 continue
70 continue
endif

else if(model.eq.2) then
¢ Sum over horizontal l-step pairs.

do 80 i=1+4lshift,nx-1+lshift
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do 75 j=1+lshift,ny+lshift
isum(2)=isum(2)+rf(i, j)*rf(i+1,))

75 continue
80 continue
endif

do 85 n=1,npram
stat(n)=float(isum(n))
85 continue

return
end
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subroutine mcstat

c This subroutine calculates the “suffecient statistics™ for each of
c the Monte Carlo samples it takes and dumps them into the array SAMT.

c
Mnemonic: Monte Carlo STATistics

c
c

c Called from: MCMLE

c

¢ Subroutines called: GIBSAM, SUFSTAT

dimension stat(5)

integer rf

common/dims/ nx,ny,npram
common/mcar/ mcopt,.mcsam, ithone
common/misc/ nit,iseed
common/mcrf/ rf(900,900)
common/sfst/ obst(5),samt(5,1000)

c A Bernoulli field has already been loaded into RF, so just start:

¢ run into the Markov chain for a little ways

nit=200
call gibsam

c Calculate the first sample statistic.

call sufstat(stat,rf)
do 10 n=1,npram
samt(n,1)=stat(n)
10 continue

c Now do the same thing. sampling MCSAM times.

nit=ithone
do 30 m=2,mcsam
call gibsam
call sufstat(stat,rf)
do 20 n=1,npram
samt(n,m)=stat(n)
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continue
continue

return
end
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G1BBS SAMPLER ROUTINES
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subroutine bergen

This subroutine generates an iid random field that is "sort of”
Bernoulli in that each site takes on 1 with probability P and -1
with probability 1-P.

Mnemonic: BERnoulli GENerator
Called by: MCMLE

integer rf

common/dims/ nx,ny,npram
common/misc/ nit,iseed
common/modl/ model, layer
common/mcrf/ rf(900,900)
data p/.5/

We put an extra LAYER on top, bottom, and on each side so that the
random field we want is sitting smack in the middle. The extra
around the edges is so that we can evaluate the local
characteristics at the edges of the random field (the one in the
middle).

do 20 iy=1,ny+2xlayer
do 10 ix=1,nx+2xlayer
unif=ran(iseed)
if(unif.le.p) then
rf(ix,iy)=1

else
rf(ix,iy)=-1
end if
10 continue
20 continue
return
end

Cx
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subroutine gibsam

This subroutine performs the Gibbs Sampler on each site in RF except
for the edges (where there are not complete neighborhoods).

Note: The subroutine LOCHAR may be written however you need to
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c evaluate the local characteristics at the site (IX,IY).
'z Mnemonic: GIBbs SAMpler

2 Called from: MCSTAT

z Subroutines called: LOCHAR

common/dims/ nx,ny,npram
common/misc/ nit,iseed
common/modl/ model,layer

¢ Dne iteration consists of one pass over the entire random field.

do 30 kit=1l,nit
do 20 iy=l+layer,ny+layer
do 10 ix=1+layer,nx+layer
call lochar(ix,iy)

10 continue
20 continue
30 continue
return
end
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subroutine lochar(ix,iy)

This subroutine evaluates the local characteristics at the specific
site IX,IY. P1 is the probability that the site is 1.

Note: This routine is very model-specific.
Mnemonic: L0Cal CHARacteristics
Called from: GIBSAM

double precision psi
integer rf

common/dims/ nx,ny.npram
common/misc/ nit,iseed
common/modl/ model,layer

common/pram/ psi(5)
common/mcrf/ rf(900,900)

c Depending on the model, calculate the appropriate neighborhood
c sum and exponent.

if(model.eq.1) then
isum=rf(ix-1,iy)+rf(ix+1l,iy)+rf(ix,iy-1)+rf(ix,iy+l)
expnt=psi(1l)*xisum

else if(model.eq.2) then
isuml=rf(ix,iy-1)+rf(ix,iy+1)
isum2=rf(ix-1,iy)+rf(ix+l,iy)
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expnt=psi(1)*isuml+psi(2)*isum2
else
isuml=rf(ix,iy-1)+rf(ix,iy+1)+rf(ix-1,1y)+rf(ix+1,iy)
isum2=rf(ix,iy-2)+rf(ix-1,iy-1)+rf(ix-2,iy)+rf(ix-1,iy+1)+
& rf(ix,iy+2)+rf(ix+1,iy+1)+rf(ix+2,iy)+rf(ix+1,iy-1)
expnt=psi(1)*xisuml+psi(2)*isum?2
endif

Pl is the probability that the site is 1 given the neighbors.

pl=exp(expnt)/(exp(expnt)+exp(-expnt))
unif=ran(iseed)
if(unif.le.pl) then
rf(ix,iy)=1
else
rf(ix,iy)=-1
end if

return
end
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MINIMIZER ROUTINES
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subroutine lkhd(n,b,p)

This subroutine accesses the required negative log-likelihood
functions according to the option MCOPT. All we want from outside
of this program is MCOPT. In order to leave the "parent” subroutine
QNMIN reasonably intact and generalized, this routine is constructed
differently from the others.

Mnemonic: (negative log) LiKeliHooD function
Called from: (QNMIN, GRAD
Subroutines called: PLKHD, MCLKHD

implicit double precision (a-h,o0-2)
dimension b(5)
common/mcar/ mcopt,mcsam,ithone

If MCOPT=0, then we are doing maximum pseudo-likelihood estimation.
Otherwise, MCOPT should be 1, and we are doing the Monte Carlo
thing.

if(mcopt.eq.0) then
call plkhd(n,b,p)
else
call mclkhd(n,b,p)
endif

return
end
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subroutine grad(n,b,g,f)

This subroutine approximates a gradient vector for the function
computed in the subroutine LKHD.

Mnemonic: GRADient
Called from: QNMIN
Subroutines called: LKHD

implicit double precision (a-h,o0-2z)
dimension b(5),x(5),g(5)

data h/.001d0/

do 10 i=1,n
x(i)=b(i)

continue

do 20 i=1,n
x(1)=x(1)+h
call lkhd(n,x,fh)
g(i)=(fh-f)/h
x(i)=b(i)

continue

return
end
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subroutine qnmin(n,b,p0,nevals,ifail)

This subroutine is a quasi-newton minimizer from Nash, "Compact
Numerical Algorithms for Computers” (1979), alg 21.

Modifications:

B.D. Ripley, 5/1980
R.L. Smith, 4/1988
P.L. Seymour 10/1991

N Dimension of parameter B.
B Parameter to be returned which minimizes the function in LKkHD.
PO Value of pseudo-likelihood at B.

NEVALS Maximum number of function evaluations.
IFAIL Failure indicator (0 = 0K)

Mnemonic: Quasi-Newton MINimizer.

Called from: MPLE, MCMLE
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¢ Subroutines called: LKHD, GRAD

implicit double precision(a-h,0-2)
dimension b(5),h(5,5)

dimension x(5),c(5),g(5),t(5)
double precision k

integer count

data w/.2d0/,tol/1.d-4/,eps/1.d-6/

c If N is out of range, exit.
if(n.1t.0.0or.n.gt.5) goto 160

¢ Is this an infeasible point? If so, exit.

call lkhd(n,b,p0)
if(p0.gt.1.d9) goto 180

¢ Otherwise, calculate the gradient and increment IFN, the number of
¢ function evaluations, and IG, the number of gradient calculations.

call grad(n,b,g,p0)
ifn=n+1
ig=1

c Reset Hessian.

10 do 30 i=1,n
do 20 j=1,n
h(i, j)=0.d0
20 continue
h(i,i)=1.d0
30 continue
ilast=ig

c Top of iteration.
¢ Store parameter and gradient.

40  do 50 i=1,n
x(i)=b(i)
c(i)=g(i)

50 continue
¢ Find search direction t

d1=0.d0
sn=0.d0
do 70 i=1,n
s=0.d0
do 60 j=1,n
s=s-h(i, j)*g(J)
60 continue
t(i)=s
SN=SN+S*S
di=dl-sxg(i)
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70 continue
¢ Check if downhill.

if(d1.le.0.d0.and.ilast.eq.ig) goto 150
if(dl.1le.0.d0) goto 10

c Search along T.

sn=.5d0/dsqrt(sn)
k=dmin1(1.d0,sn)
80 count=0
do 90 i=1,n
b(i)=x(i)+k=*t(i)
if(dabs(b(i)-x(i)).1lt.eps) count=count+1
90 continue

c Check if converged. If they are all “close”, exit.
if(count.eq.n) goto 150
c Otherwise .

call lkhd(n,b,p)

ifn=ifn+1

if(ifn.ge.nevals) goto 170
if(p.1t.p0-d1xkxtol) goto 100
k=wxk

goto 80

¢ New lowest value.

100 pO=p
ig=ig+l
call grad(n,b,g,p)
ifn=ifn+n

c update hessian

d1=0.d0
do 110 i=1,n
t(i)=k=t(1)
c(i)=g(i)-c(i)
di=dl+t(i)*c(i)
110 continue

¢ check if +ve def addition

if(di.le.0.d0) goto 10
d2=0.d0
do 130 i=1,n
s=0.d0
do 120 j=1,n
s=s+h(i, j)*c(J)
120 continue
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x(i)=s
d2=d2+s*c(i)
130 continue
d2=1+d2/d1
do 140 i=1,n
do 140 j=1,n
h(i,j)=h(i,j)-(t(i)*x(j)+t(j)*x(i)-d2*t(i)*t(j))/d1
140 continue

¢ Top of iteration.
goto 40
¢ Successful conclusion.

150 ifail=0
return

¢ N out of range.

160 ifail=1
return

¢ Too many function evaluations.

170 ifail=2
return

c Initial point infeasible.
180 ifail=3

return
end
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