
ABSTRACT

LI, XIAOSHAN. Tensor Based Statistical Models with Applications in Neuroimaging
Data Analysis. (Under the direction of Dr. Lexin Li and Dr. Hua Zhou.)

In the last few years there has been growing interest in neuroimaging data analysis.

Large-scale neuroimaging studies have been collecting images of study individuals, which

take the form of two-dimensional, three-dimensional, or higher dimensional arrays, also

known as tensors. Addressing scientific questions arising from such data demands new

statistical models that take multidimensional arrays as covariates, which further add

complications to dimension reduction problems. In this dissertation, we study methods

of statistical modeling when covariates are multidimensional arrays. There are three parts

in this dissertation.

In the first part (Chapter 2), we propose a family of generalized linear tensor re-

gression models based upon the Tucker decomposition of regression coefficient arrays.

Effectively exploiting the low rank structure of tensor covariates brings the ultra-high

dimensionality to a manageable level that leads to efficient estimation. We demonstrate

the new model could both numerically provide a sound recovery of even high rank sig-

nals and asymptotically estimate the best Tucker structure approximation to the full

array model. Simulation studies and real data analysis show that the proposed Tucker

model outperforms a recently proposed CANDECOMP/PARAFAC (CP) tensor regres-

sion model.

In the second part of this dissertation (Chapter 3), we consider situations where in-

dividuals have multiple measurements from the same image modality. We develop tensor

based linear and logistic regression model under measurement error model framework.

We implement the estimation procedure based on conditional score equation, which is a



classical method to handle measurement error model.

In the last part (Chapter 4), we investigate classification problem for neuroimaging

data. We focus on support vector machine (SVM) classifier when features come from

multidimensional arrays. Efficient algorithm is developed to build separating hyperplane.

Simulation studies and real data analysis show our proposed method outperforms vec-

torized feature based SVM or tensor logistic regression model for binary data.
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Chapter 1

Introduction

1.1 Overview of Brain Imaging Analysis

Advancing technologies are constantly producing large scale scientific data with complex

structures. An important class arises from medical imaging, where the data takes the

form of multidimensional array, also known as tensor. Notable examples include elec-

troencephalography (EEG, 2D matrix), positron emission tomography (PET, 3D array),

anatomical magnetic resonance images (MRI, 3D array), functional magnetic resonance

images (fMRI, 4D array), among other image modalities. EEG is the recording of electri-

cal activity along the scalp. It measures voltage fluctuations resulting from ionic current

flows within the neurons of the brain (Niedermeyer and da Silva, 2005). EEG data have

two dimensions, which consist of electrodes (channels) and time. PET is a functional

imaging technique which produces a three-dimensional image of functional processes in

the body (Valk, 2003). In neuroimaging application, PET measures indirectly the flow

of blood to different parts of the brain by tracking the emissions from radioactively la-

beled metabolically active chemicals that have been injected into the bloodstream. MRI
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of the brain uses magnetic fields and radio waves to create high quality images of brain

structures. MRI scan is produced with the signals of hydrogen atoms realigned by the

magnetic field and radio waves. MRI is used to visualize the brain, but it does not

check the function of the brain. FMRI is a functional neuroimaging procedure using MRI

technology that measures brain activity by detecting associated changes in blood flow

(Huettel et al., 2004). It learns how a normal, diseased or injured brain is working when

a subject alternates between periods of doing a particular task and a control state.

In medical imaging data analysis, a primary goal is to better understand associations

between brains and clinical outcomes. Applications include using brain images to diagnose

neurodegenerative disorders, to predict onset of neuropsychiatric diseases, and to identify

disease relevant brain regions or activity patterns. This family of problems can collec-

tively be formulated as statistical models with clinical outcome as response, and image,

or tensor, as predictor. Either regression or classification analyses have been applied to

patients with neurological or psychiatric disorders for diagnosis including Alzheimer’s dis-

ease (AD), mild cognitive impairment (MCI), major depression (MD), and schizophrenia

(SCP) (Davatzikos et al., 2005; Klöppel et al., 2008; Costafreda et al., 2009; Stonning-

ton et al., 2010; Zhang et al., 2011; Zhang and Shen, 2012; Dukart et al., 2013; Zhou

et al., 2013). Typical data sets employed for the analyses include the Attention Deficit

Hyperactivity Disorder Sample Initiative (ADHD, 2013) and the the Alzheimer’s Disease

Neuroimaging Initiative (ADNI, 2013) database. ADHD consists of over 900 participants

from eight imaging centers with both MRI and fMRI images, as well as their clinical

information. ADNI accumulates over 3,000 participants with MRI, PET and fMRI to

help measure the progression of MCI and early AD.

A common challenge for analyzing these data is the ultra-high dimensionality and

complex structure of the image modalities. Most classical statistical models take vector

2



as covariate. Simply turning an image array into a long vector causes extremely high

dimensionality. For instance, a typical MRI of size 128-by-128-by-128 results in a covariate

vector of length 1283 = 2097152. Both computability and theoretical guarantee of the

classical regression models are severely compromised by this ultra-high dimensionality.

More seriously, vectorizing an array destroys the inherent spatial structure of the image

array that usually possesses abundant information. To handle this challenge, voxel-based

methods are usually visited in the literature. Voxel-based methods take the image data

at each voxel as response and the clinical outcomes as well as some clinical variables such

as age and gender as predictors, and then generate a statistical parametric map (SPM)

of test statistics or p-values across all voxels (Friston et al., 1994). A major limitation

of these methods is that they treat each voxel independently, since statistical model is

performed at each individual voxel, and thus ignore the inherent spatial structure of array

data.

Another typical method is the feature extraction, which extracts a vector of features

from images, and then feeds the feature vector into a classical statistical model. The

method to extract the feature vector can be subject to priori knowledge (Mckeown et al.,

1998; Blankertz et al., 2001; Haxby et al., 2001; Kontos et al., 2003; Cox and Savoy,

2003; Mitchell et al., 2004; LaConte et al., 2005; Shinkareva et al., 2006). Alternatively

one first applies unsupervised dimension reduction, often some variant of principal com-

ponents analysis, to the image array, and then fits a classical statistical model in the

reduced dimensional vector space (Martino et al., 2007; Caffo et al., 2010). Both solu-

tions are intuitive and popular, and have enjoyed varying degrees of success. At heart,

both transform the problem to a classical vector covariate statistical model. However,

there is no consensus on what choice best summarizes a brain image even for a single

modality, whereas unsupervised dimension reduction like principal components could re-

3



sult in information loss since the extracted principal components can be irrelevant to the

response.

In this dissertation, we propose a new class of statistical models for array-valued co-

variate. Specifically, we adopt tensor decomposition to the coefficient array. Using this

technique, we are able to fit substantially low dimensional models but utilize the infor-

mation of the whole array covariate. In our work, tensor decomposition is embedded in a

variety of statistical models including generalized linear model, measurement error model

and support vector machine.

1.2 Tensor Decomposition Preliminaries

Multidimensional array, also called tensor, plays a central role in this dissertation. In this

section we briefly summarize a few results for matrix/array operations. We use the terms

multidimensional array and tensor interchangeably.

First we review two matrix products frequently used in this dissertation.

� Kronecker product

Given two matrices A = [a1 . . .an] ∈ IRm×n and B = [b1 . . . bq] ∈ IRp×q , the

Kronecker product is the mp-by-nq matrix

A⊗B =



a11B a12B · · · a1nB

a21B a22B · · · a2nB

...
. . . . . .

...

am1B am2B · · · amnB


.

� Khatri-Rao product

4



If A and B have the same number of columns n = q, then the Khatri-Rao product

(Rao and Mitra, 1971) is defined as the mp-by-n columnwise Kronecker product

A�B = [a1 ⊗ b1 a1 ⊗ b2 . . . an ⊗ bn]. If n = q = 1, then A�B = A⊗B.

We next review some important operators that transform a tensor into a vector/matrix.

The vec operator stacks the entries of a D-dimensional tensor B ∈ IRp1×···×pD into a

column vector. Specifically, an entry bi1...iD maps to the j-th entry of vec(B) where

j = 1 +
∑D

d=1(id− 1)
∏d−1

d′=1 pd′ . For instance, when D = 2, the matrix entry at cell (i1, i2)

maps to position j = 1 + i1− 1 + (i2− 1)p1 = i1 + (i2− 1)p1, which is consistent with the

more familiar vec operator on a matrix. The mode-d matricization, B(d), maps a tensor

B into a pd×
∏

d′ 6=d pd′ matrix such that the (i1, . . . , iD) element of the array B maps to

the (id, j) element of the matrix B(d), where j = 1 +
∑

d′ 6=d(id′−1)
∏

d′′<d′,d′′ 6=d pd′′ . When

D = 1, we observe that vec(B) is the same as vectorizing the mode-1 matricization

B(1). The mode-(d, d′) matricization B(dd′) ∈ IRpdpd′×
∏

d′′ 6=d,d′ pd′′ is defined in a similar

fashion (Kolda, 2006). We also introduce an operator that turns vectors into an array.

Specifically, an outer product, b1 ◦ b2 ◦ · · · ◦ bD, of D vectors bd ∈ IRpd , d = 1, . . . , D, is a

p1 × · · · × pD array with entries (b1 ◦ b2 ◦ · · · ◦ bD)i1···iD =
∏D

d=1 bdid (Zhou et al., 2013).

We then introduce a concept that plays a key role in this dissertation. We say an

array B ∈ IRp1×···×pD admits a rank-R CANDECOMP/PARAFAC (CP) decomposition

if

B =
R∑
r=1

β
(r)
1 ◦ · · · ◦ β

(r)
D , (1.1)

where β
(r)
d ∈ IRpd , d = 1, . . . , D, r = 1, . . . , R, are all column vectors, and B cannot

be written as a sum of less than R outer products. For convenience, the decomposition

is often represented by a shorthand, B = JB1, . . . ,BDK, where Bd = [β
(1)
d , . . . ,β

(R)
d ] ∈
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IRpd×R, d = 1, . . . , D (Kolda, 2006; Kolda and Bader, 2009). The use of CP decomposition

is often accompanied with the following result to relate the mode-d matricization and

the vec operator of an array to its rank-R decomposition.

Lemma 1. If a tensor B ∈ IRp1×···×pD admits a rank-R decomposition (1.1), then

B(d) = Bd(BD � · · · �Bd+1 �Bd−1 � · · · �B1)T and vecB = (BD � · · · �B1)1R.

Based on CP decomposition (1.1) and Lemma 1, Zhou et al. (2013) proposed a class

of generalized linear tensor regression model. With a low rank CP decomposition, ultra-

high dimensionality of generalized linear model (GLM) is reduced to a manageable level

under the setup in Zhou et al. (2013).

1.3 Thesis Organization

In the last ten years, interest in tensor decompositions has expanded to many fields in-

cluding signal processing, numerical linear algebra, computer vision and more. Extensive

references can be found in the review paper (Kolda and Bader, 2009). In this dissertation,

a comprehensive collection of works are presented that integrate tensor decomposition

within different supervised statistical learning paradigms. The rest of this dissertation

is divided into three chapters. In Chapter 2, we introduce Tucker tensor decomposition,

or higher-order singular value decomposition (HOSVD) (Kolda and Bader, 2009) under

GLM framework. Compared with CP tensor regression model (Zhou et al., 2013), the

proposed Tucker tensor regression model enjoys two major advantages. On one hand, the

Tucker tensor regression model shares the advantages of the CP tensor regression model,

in that it effectively exploits the special structure of the tensor data, it substantially
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reduces the dimensionality to enable efficient model estimation, and it provides a sound

low rank approximation to a potentially high rank signal. On the other hand, Tucker

tensor regression offers a much more flexible modeling framework than CP regression,

as it allows distinct order along each dimension. When the orders are all identical, it

includes the CP model as a special case. This flexibility leads to several improvements

that are particularly useful for neuroimaging analysis. Both simulation studies and real

data analysis demonstrate the flexibility of the proposed Tucker tensor regression model

over CP tensor regression model.

In Chapter 3, we consider situations where measurement error is present for multiple

measurements of tensor covariate. In many areas of statistical analysis, some covariates

are not directly observable for some reason. Instead, they can only be measured indirectly

and imprecisely, which results in data with measurement error. These situations are not

rare in image data analysis, either. Although there are a variety of methods to solve

measurement error models (Carroll et al., 2006), they treat covariate as vector and the

dimensionality is low. In this chapter we review advantages and disadvantages of the

methods and focus on implementing conditional score method (Stefanski and Carroll,

1987) in high dimensional tensor covariate setting. Specifically, we mainly focus on using

CP tensor decomposition in the linear and logistic models with measurement error. The

proposed method leads to reduced bias of estimates of the linear coefficients. Numerical

studies demonstrate that the proposed method outperforms the CP tensor regression

model (Zhou et al., 2013) as if there is no measurement error in terms of reducing bias

of estimates.

In Chapter 4, we focus on classification problem based on neuroimaing data. In the

last few years there has been growing interest in using machine learning classifiers for ana-

lyzing neuroimaging data. Typical problems include pattern recognition such as decoding
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stimuli, mental states, or behaviors, and discriminating healthy individuals and patients

with a wide range of neurological and psychiatric disorders. Support vector machine

(SVM) is usually employed as the classifier in the literature for its stable performance

in high dimensional data space (Vapnik, 1996; Pereira et al., 2009). To be consistent

with the literature in neuroimage analysis, we use ‘features’ as independent variables or

predictors in this chapter. Classical studies for neuroimaging data always turn an image

into a long vector at first (Pereira et al., 2009), and then feature selection is used to

extract the most discriminant features. Most feature selection methods in the literature

are either voxel-based method or region of interest (ROI) based method. In voxel based

method, voxels, or features are treated individually and ranked according to their dis-

criminant power, and then top ranked voxels are selected for training classifier. In ROI

based method, priori information is present to help identify the ROIs. Then features in

the ROIs are selected for training classifier. In this chapter, we propose a tensor linear

SVM method, which not only keeps the spatial structure of an image instead of turning

it into a vector, but also uses all voxels to train classifier. Simulation studies and real

data analysis are presented to show the usefulness of the proposed method.
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Chapter 2

Tucker Tensor Regression and

Neuroimaging Analysis

2.1 Introduction

In Chapter 1 we have introduced that many brain imaging applications can be formu-

lated as a statistical model with image, or tensor, as predictor. In a recent work, Zhou

et al. (2013) proposed a class of generalized linear tensor regression models with tensor

predictor. Specifically, for a response variable Y , a vector predictor Z ∈ IRp0 and a D-

dimensional tensor predictor X ∈ IRp1×...×pD , the response is assumed to belong to an

exponential family where the linear systematic part is of the form,

g(µ) = γTZ + 〈B,X〉. (2.1)

Here g(·) is a strictly increasing link function, µ = E(Y |X,Z), γ ∈ IRp0 is the reg-

ular regression coefficient vector, B ∈ IRp1×···×pD is the coefficient array that captures
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the effects of tensor covariate X, and the inner product between two arrays is defined

as 〈B,X〉 = vec(B)Tvec(X) =
∑

i1,...,iD
βi1...iDxi1...iD . This model, without further sim-

plification, is prohibitive given its gigantic dimensionality: p0 +
∏D

d=1 pd. Motivated by

CP tensor decomposition, Zhou et al. (2013) introduced a low rank structure on the

coefficient array B. That is, B is assumed to follow a rank-R CP decomposition (1.1).

Combining (2.1) and (1.1) yields generalized linear tensor regression models of Zhou

et al. (2013), where the dimensionality decreases to the scale of p0 +R×
∑D

d=1 pd. Under

this setup, ultra-high dimensionality of (2.1) is reduced to a manageable level, which

in turn results in efficient estimation and prediction. For instance, for a regression with

128-by-128-by-128 MRI image and 5 usual covariates, the dimensionality is reduced from

the order of 2, 097, 157 = 5 + 1283 to 389 = 5 + 128 × 3 for a rank-1 model, and to

1, 157 = 5 + 3× 128× 3 for a rank-3 model. Zhou et al. (2013) showed that this low rank

tensor model could provide a sound recovery of even high rank signals.

In the tensor literature, there has been an important development parallel to CP

decomposition, which is called Tucker decomposition, or higher-order singular value de-

composition (HOSVD) (Kolda and Bader, 2009). In this chapter, we propose a class

of Tucker tensor regression models. To differentiate, we call the models of Zhou et al.

(2013) CP tensor regression models. Specifically, we continue to adopt the model (2.1),

but assume that the coefficient array B follows a Tucker decomposition,

B =

R1∑
r1=1

· · ·
RD∑
rD=1

gr1,...,rDβ
(r1)
1 ◦ · · · ◦ β(rD)

D , (2.2)

where β
(rd)
d ∈ IRpd are all column vectors, d = 1, . . . , D, rd = 1, . . . , Rd, and gr1,...,rD are

constants. It is often abbreviated asB = JG;B1, . . . ,BDK, whereG ∈ IRR1×···×RD is a D-

dimensional core tensor with entries (G)r1...rD = gr1,...,rD , andBd ∈ IRpd×Rd are the factor

10



matrices. Bd’s are usually orthogonal and can be thought of as the principal components

in each dimension (and thus the name, HOSVD). The number of parameters of a Tucker

tensor model is in the order of p0+
∑D

d=1Rd×pd. Comparing the two decompositions (1.1)

and (2.2), the key difference is that CP fixes the number of basis vectors R along each

dimension of B so that all Bd’s have the same number of columns (ranks). In contrast,

Tucker allows the number Rd to differ along different dimensions and Bd’s could have

different ranks.

This difference between the two decompositions seems minor; however, in the context

of tensor regression modeling and neuroimging analysis, it has profound implications,

and such implications essentially motivate the work in this chapter. On one hand, the

Tucker tensor regression model shares the advantages of the CP tensor regression model,

in that it effectively exploits the special structure of the tensor data, it substantially

reduces the dimensionality to enable efficient model estimation, and it provides a sound

low rank approximation to a potentially high rank signal. On the other hand, Tucker

tensor regression offers a much more flexible modeling framework than CP regression,

as it allows distinct order along each dimension. When the orders are all identical, it

includes the CP model as a special case. This flexibility leads to several improvements

that are particularly useful for neuroimaging analysis. First, a Tucker model could be

more parsimonious than a CP model thanks to the flexibility of different orders. For

instance, suppose a 3D signal B ∈ IR16×16×16 admits a Tucker decomposition (2.2)

with R1 = R2 = 2 and R3 = 5. It can only be recovered by a CP decomposition with

R = 5, costing 230 parameters. In contrast, the Tucker model is more parsimonious with

only 131 parameters. This reduction of free parameters is valuable for medical imaging

studies, as the number of subjects is often limited. Second, the freedom in the choice of

different orders is useful when the tensor data is skewed in dimensions, which is common
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in neuroimaging data. For instance, in EEG, the two dimensions consist of electrodes

(channels) and time, and the number of sampling time points usually far exceeds the

number of channels. Third, even when all tensor modes have comparable sizes, the Tucker

formulation explicitly models the interactions between factor matrices Bd’s, and as such

allows a finer grid search within a larger model space, which in turn may explain more

trait variance. Finally, as we will show in Section 2.3, there exists a duality regarding the

Tucker tensor model. Thanks to this duality, a Tucker tensor decomposition naturally

lends itself to a principled way of imaging data downsizing, which, given the often limited

sample size, again plays a practically very useful role in neuroimaging analysis.

For these reasons, we feel it important to develop a complete methodology of Tucker

tensor regression and its associated theory. The resulting Tucker tensor model carries

a number of useful features. It performs dimension reduction through low rank tensor

decomposition but in a supervised fashion, and as such avoids potential information loss

in regression. It works for general array-valued image modalities and/or any combination

of them, and for various types of responses, including continuous, binary, and count data.

Besides, an efficient and highly scalable algorithm has been developed for the associated

maximum likelihood estimation. This scalability is important considering the massive

scale of imaging data. In addition, regularization has been studied in conjunction with

the proposed model, yielding a collection of regularized Tucker tensor models, and partic-

ularly one that encourages sparsity of the core tensor to facilitate model selection among

the defined Tucker model space.

Recently there have been some increasing interests in matrix/tensor decomposition

and their applications in brain imaging studies (Crainiceanu et al., 2011; Allen et al.,

2011; Hoff, 2011; Aston and Kirch, 2012). Nevertheless, this work is distinct in that we

concentrate on a regression framework with scalar response and tensor valued covariates.
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In contrast, Crainiceanu et al. (2011) and Allen et al. (2011) studied unsupervised decom-

position, Hoff (2011) considered model-based decomposition, whereas Aston and Kirch

(2012) focused on change point distribution estimation. The most closely related work

to the proposed method is Zhou et al. (2013); however, we feel our work is not a simple

extension of theirs. First of all, considering the complex nature of tensor, the development

of the Tucker model estimation as well as its asymptotics is far from a trivial extension

of the CP model of Zhou et al. (2013). Moreover, we offer a detailed comparison, both

analytically (in Section 2.4.4) and numerically (in Sections 2.8.4 and 2.8.5), of the CP

and Tucker decompositions in the context of regression with imaging/tensor covariates.

We believe this comparison is crucial for an adequate comprehension of tensor regression

models and supervised tensor decomposition in general.

2.2 Overview

In this chapter, we present a generalized linear model framework with tensor covariate.

We impose a Tucker structure on the array coefficient, which not only substantially re-

duces the dimensionality, but also helps utilize information of the tensor covariate as

a whole. We develop a highly scalable and efficient algorithm for maximum likelihood

estimation. We also study statistical theory for the proposed model including score and

information, identifiability, consistency and asymptotic normality. In addition, regular-

ized Tucker tensor regression is investigated for stabilizing the estimate. As a competitor

to a recent work (Zhou et al., 2013) based on CP decomposition, our proposed model

offers a much more flexible modeling framework than CP regression, as it allows a distinct

order along each dimension. We use both analytical arguments and numerical study to

demonstrate this property.
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The rest of the chapter is organized as follows. Section 2.3 begins with a brief review

of applications of Tucker decomposition. Section 2.4 reviews of some results on Tucker

tensor decomposition, and then presents the Tucker tensor regression model. Section 2.5

develops an efficient algorithm for maximum likelihood estimation. Section 2.6 derives

inferential tools such as score, Fisher information, identifiability, consistency, and asymp-

totic normality. Section 2.7 investigates regularization method for the Tucker regression.

Section 2.8 presents extensive numerical results. Section 2.9 concludes with some discus-

sions and points to future extensions. All technical proofs are delegated to the Appendix

A.

2.3 Literature Review – Application of Tucker

Tucker decomposition, or HOSVD, can be considered as an extension of the matrix singu-

lar value decomposition to multidimensional array. Applications of Tucker decomposition

are extensive. De Lathauwer and Vandewalle (2004) and Muti and Bourennane (2005)

considered the Tucker decomposition for signal processing. Tucker decomposition is also

widely used to construct image approximations and compression in image processing

studies (Vasilescu, 2002; Vasilescu and Terzopoulos, 2002; Wang and Ahuja, 2003; Vlasic

et al., 2005). In data mining, Savas and Eldén (2007) applied Tucker decomposition to

the problem of identifying handwriting digits. Sun et al. (2005) utilized Tucker decom-

position for web site click-through data analysis. Liu et al. (2005) and Sun et al. (2006)

conducted text mining based on Tucker decomposition.
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2.4 Model

2.4.1 Tucker Tensor Decomposition Preliminaries

A tensor is a multidimensional array. Fibers of a tensor are the higher order analogue of

matrix rows and columns. A fiber is defined by fixing every index but one. For instance,

a matrix column is a mode-1 fiber and a matrix row is a mode-2 fiber; third-order tensors

have column, row, and tube fibers, respectively. We then define the mode-d multiplication

of the tensor B with a matrix U ∈ IRpd×q , denoted by B ×dU ∈ IRp1×···×q×···×pD , as the

multiplication of the mode-d fibers of B by U . In other words, the mode-d matricization

of B ×d U is UB(d).

We also review two properties of a tensor B that admits a Tucker decomposition

(2.2). The mode-d matricization of B can be expresses as

B(d) = BdG(d)(BD ⊗ · · · ⊗Bd+1 ⊗Bd−1 ⊗ · · · ⊗B1)T,

where ⊗ denotes the Kronecker product of matrices. If applying the vec operator to B,

then

vec(B) = vec(B(1)) = vec(B1G(1)(BD ⊗ · · · ⊗B2)T) = (BD ⊗ · · · ⊗B1)vec(G).

These two properties are useful for our subsequent Tucker regression development.

2.4.2 Tucker Regression Model

We elaborate on the Tucker tensor regression model introduced in Section 2.1. We as-

sume that Y belongs to an exponential family with probability mass function or density

15



(McCullagh and Nelder, 1983),

p(yi|θi, φ) = exp

{
yiθi − b(θi)

a(φ)
+ c(yi, φ)

}
(2.3)

with the first two moments E(Yi) = µi = b′(θi) and Var(Yi) = σ2
i = b′′(θi)ai(φ). θ and

φ > 0 are, respectively, called the natural and dispersion parameters. We assume the

systematic part of GLM is of the form

g(µ) = η = γTZ + 〈
R1∑
r1=1

· · ·
RD∑
rD=1

gr1,...,rDβ
(r1)
1 ◦ · · · ◦ β(rD)

D ,X〉. (2.4)

That is, we impose a Tucker structure on the array coefficientB. We make a few remarks.

First, we consider the problem of estimating the core tensor G and factor matrices Bd

simultaneously given the response Y and covariates X and Z. This can be viewed as

a supervised version of the classical unsupervised Tucker decomposition. It is also a

supervised version of principal components analysis for higher-order multidimensional

array. Unlike a two-stage solution that first performs principal components analysis and

then fits a regression model, the basis (principal components) Bd in our models are

estimated under the guidance (supervision) of the response variable. Second, the CP

model of Zhou et al. (2013) corresponds to a special case of the Tucker model (2.4) with

gr1,...,rD = 1{r1=···=rD} and R1 = . . . = RD = R. In other words, the CP model is a specific

Tucker model with a super-diagonal core tensor G. The CP model has a rank at most R

while the general Tucker model can have a rank as high as RD. We will further compare

the two model sizes in Section 2.4.4.
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2.4.3 Duality and Tensor Basis Pursuit

Next we investigate a duality regarding the inner product between a general tensor and

a tensor that admits a Tucker decomposition.

Lemma 2 (Duality). Suppose a tensor B ∈ IRp1×···×pD admits Tucker decomposition

B = JG;B1, . . . ,BDK. Then, for any tensor X ∈ IRp1×···×pD , 〈B,X〉 = 〈G, X̃〉, where

X̃ admits a Tucker decomposition X̃ = JX;BT
1 , . . . ,B

T
DK.

This duality gives some important insights to the Tucker tensor regression model. First,

if we consider Bd ∈ IRpd×Rd as fixed and known basis matrices, then Lemma 2 says

fitting the Tucker tensor regression model (2.4) is equivalent to fitting a tensor regression

model in G with the transformed data X̃ = JX;BT
1 , . . . ,B

T
DK ∈ IRR1×···×RD . When

Rd � pd, the transformed data X̃ effectively downsize the original data. We will further

illustrate this downsizing feature in the real data analysis in Section 2.8.5. Second, in

applications where the numbers of basis vectors Rd are unknown, we can utilize possibly

over-complete basis matrices Bd such that Rd ≥ pd, and then estimate G with sparsity

regularizations. This leads to a tensor version of the classical basis pursuit problem (Chen

et al., 2001). Take fMRI data as an example. We can adopt the wavelet basis for the

three image dimensions and the Fourier basis for the time dimension. Regularization on

G can be achieved by either imposing a low rank decomposition (CP or Tucker) on G

(hard thresholding) or penalized regression (soft thresholding). We will investigate Tucker

regression regularization in details in Section 2.7.

2.4.4 Model Size: Tucker vs CP

In this section we investigate the size of the Tucker tensor model. Comparison with the

size of the CP tensor model helps gain better understanding of both models. In addition,
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it provides a base for data adaptive selection of appropriate orders in a Tucker model.

First we quickly review the number of free parameters pC for a CP model B =

JB1, . . . ,BdK, with Bd ∈ IRpd×R. For D = 2, pC = R(p1 + p2)−R2, and for D > 2, pC =

R(
∑D

d=1 pd−D+1). For D = 2, the term −R2 adjusts for the nonsingular transformation

indeterminancy for model indenfiability; for D > 2, the term R(−D + 1) adjusts for the

scaling indeterminancy in the CP decomposition. See Zhou et al. (2013) for more details.

Following similar arguments, we obtain that the number of free parameters pT in a Tucker

model B = JG;B1, . . . ,BdK, with G ∈ IRR1×···×Rd and Bd ∈ IRpd×Rd , is

pT =
D∑
d=1

pdRd +
D∏
d=1

Rd −
D∑
d=1

R2
d,

for any D. Here the term -
∑D

d=1 R
2
d adjusts for the non-singular transformation indeter-

minancy in the Tucker decomposition. We summarize these results in Table 2.1.

Next we compare the two model sizes (degrees of freedom) under an additional as-

sumption that R1 = · · · = Rd = R. The difference becomes:

pT − pC =



0 when D = 2,

R(R− 1)(R− 2) when D = 3,

R(R3 − 4R + 3) when D = 4,

R(RD−1 −DR +D − 1) when D > 4.

Based on this formula, when D = 2, the Tucker model is essentially the same as the CP

model. When D = 3, Tucker has the same number of parameters as CP for R = 1 or

R = 2, but costs R(R− 1)(R− 2) more parameters for R > 2. When D > 3, Tucker and

CP are the same for R = 1, but Tucker costs substantially more parameters than CP for
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Table 2.1: Number of free parameters in Tucker and CP models.

CP Tucker
D = 2 R(p1 + p2)−R2 p1R1 + p2R2 +R1R2 −R2

1 −R2
2

D > 2 R(
∑

d pd −D + 1)
∑

d pdRd +
∏

dRd −
∑

dR
2
d

R > 2. For instance, when D = 4 and R = 3, Tucker model takes 54 more parameters

than the CP model. However, one should bear in mind that the above discussion assumes

R1 = · · · = Rd = R. In reality, Tucker could require less free parameters than CP, as

shown in the illustrative example given in Section 1, since Tucker is more flexible and

allows different order Rd along each dimension.

Figure 2.1 shows an example with D = 3 dimensional array covariates. Half of the true

signal (brain activity map) B is displayed in the left panel, which is by no means a low

rank signal. Suppose 3D images Xi are taken on n = 1, 000 subjects. We simulate image

traitsXi from independent standard normals and quantitative traits Yi from independent

normals with mean 〈Xi,B〉 and unit variance. Given the limited sample size, the hope

is to infer a reasonable low rank approximation to the activity map from the 3D image

covariates. The right panel displays the model deviance versus the degrees of freedom

of a series of CP and Tucker model estimates. The CP model is estimated at ranks

R = 1, . . . , 5. The Tucker model is fitted at orders (R1, R2, R3) = (1, 1, 1), (2, 2, 2),

(3, 3, 3), (4, 4, 3), (4, 4, 4), (5, 4, 4), (5, 5, 4), and (5, 5, 5). We see from the plot that, under

the same number of free parameters, the Tucker model could generally achieve a better

model fit with a smaller deviance. (Note that the deviance is in the log scale, so a small

discrepancy between the two lines translates to a large value of difference in deviance.)

The explicit model size formula of the Tucker model is also useful for choosing ap-

propriate orders Rd’s along each direction given data. This can be treated as a model
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Figure 2.1: Left: half of the true signal array B. Right: Deviances of CP regression
estimates at R = 1, . . . , 5, and Tucker regression estimates at orders (R1, R2, R3) =
(1, 1, 1), (2, 2, 2), (3, 3, 3), (4, 4, 3), (4, 4, 4), (5, 4, 4), (5, 5, 4), and (5, 5, 5). The sample
size is n = 1000.

selection problem, and we can employ a typical model selection criterion, e.g., Bayesian

information criterion (BIC). It is of the form: −2 log ` + log(n)pe, where ` is the log-

likelihood, and pe = pT is the effective number of parameters of the Tucker model as

given in Table 2.1. We will illustrate this BIC criterion in the numerical Section 2.8.1,

and will discuss some heuristic guidelines of selecting orders in Section 2.8.5.

2.5 Estimation

We pursue the maximum likelihood estimation (MLE) for the Tucker tensor regression

model and develop a scalable estimation algorithm in this section. The key observation

is that, although the systematic part (2.4) is not linear in G and Bd jointly, it is linear

in them separately. This naturally suggests a block relaxation algorithm, which updates
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each factor matrix Bd and the core tensor G alternately.

The algorithm consists of two core steps. First, when updating Bd ∈ IRpd×Rd with

the rest Bd′ ’s and G fixed , we rewrite the array inner product in (2.4) as

〈B,X〉 = 〈B(d),X(d)〉

= 〈BdG(d)(BD ⊗ · · · ⊗Bd+1 ⊗Bd−1 ⊗ · · · ⊗B1)T,X(d)〉

= 〈Bd,X(d)(BD ⊗ · · · ⊗Bd+1 ⊗Bd−1 ⊗ · · · ⊗B1)GT

(d)〉.

Then the problem turns into a GLM regression with Bd as the “parameter” and the

term X(d)(BD ⊗ · · · ⊗ Bd+1 ⊗ Bd−1 ⊗ · · · ⊗ B1)GT

(d) as the “predictor”. It is a low

dimensional GLM with only pdRd parameters and thus is easy to solve. Second, when

updating G ∈ IRR1×···×RD with all Bd’s fixed,

〈B,X〉 = 〈vec(B), vec(X)〉

= 〈(BD ⊗ · · · ⊗B1)vec(G), vec(X)〉

= 〈vec(G), (BD ⊗ · · · ⊗B1)Tvec(X)〉.

This implies a GLM regression with vec(G) as the “parameter” and the term (BD⊗· · ·⊗

B1)Tvec(X) as the ”predictor”. Again this is a low dimensional regression problem with∏
dRd parameters. For completeness, we summarize the above alternating estimation

procedure in Algorithm 1. The orthogonality between the columns of factor matrices

Bd is not enforced as in unsupervised HOSVD (Kilmer and Martin, 2004), because our

primary goal is approximating tensor signal instead of finding the principal components

along each mode.

Next we study the convergence properties of the proposed algorithm. As the block
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Algorithm 1 Block relaxation algorithm for fitting the Tucker tensor regression.

Initialize: γ(0) = argmaxγ `(γ,0, . . . ,0), B
(0)
d ∈ IRpd×Rd a random matrix for d =

1, . . . , D, and G(0) ∈ IRR1×···×RD a random matrix.
repeat

for d = 1, . . . , D do
B

(t+1)
d = argmaxBd

`(γ(t),B
(t+1)
1 , . . . ,B

(t+1)
d−1 ,Bd,B

(t)
d+1, . . . ,B

(t)
D ,G

(t))
end for
G(t+1) = argmaxG `(γ

(t),B
(t+1)
1 , . . . ,B

(t+1)
D ,G)

γ(t+1) = argmaxγ `(γ,B
(t+1)
1 , . . . ,B

(t+1)
D ,G(t+1))

until `(θ(t+1))− `(θ(t)) < ε

relaxation algorithm monotonically increases the objective value, the stopping criterion

is well-defined and the convergence properties of iterates follow from the standard theory

for monotone algorithms (de Leeuw, 1994; Lange, 2010). The proof of next result is given

in the Appendix.

Proposition 1. Assume (i) the log-likelihood function ` is continuous, coercive, i.e.,

the set {θ : `(θ) ≥ `(θ(0))} is compact, and bounded above, (ii) the objective function

in each block update of Algorithm 1 is strictly concave, and (iii) the set of stationary

points (modulo nonsingular transformation indeterminancy) of `(γ,G,B1, . . . ,BD) are

isolated. We have the following results.

1. (Global Convergence) The sequence θ(t) = (γ(t),G(t),B
(t)
1 , . . . ,B

(t)
D ) generated by

Algorithm 1 converges to a stationary point of `(γ,G,B1, . . . ,BD).

2. (Local Convergence) Let θ(∞) = (γ(∞),G(∞),B
(∞)
1 , . . . ,B

(∞)
D ) be a strict local max-

imum of `. The iterates generated by Algorithm 1 are locally attracted to θ(∞) for

θ(0) sufficiently close to θ(∞).
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2.6 Statistical Theory

In this section we study the usual large n asymptotics of the proposed Tucker tensor

regression. Regularization is treated in the next section for the small or moderate n cases.

For simplicity, we drop the classical covariate Z in this section, but all the results can

be straightforwardly extended to include Z. We also remark that, although the usually

limited sample size of neuroimging studies makes the large n asymptotics seem irrelevant,

we still believe such an asymptotic investigation important, for several reasons. First,

when the sample size n is considerably larger than the effective number of parameters

pT, the asymptotic study tells us that the model is consistently estimating the best Tucker

structure approximation to the full array model in the sense of Kullback-Liebler distance.

Second, the explicit formula for score and information are not only useful for asymptotic

theory but also for computation, while the identifiability issue has to be properly dealt

with for the given model. Finally, the regular asymptotics can be of practical relevance,

for instance, can be useful in a likelihood ratio type test in a replication study.

2.6.1 Score and Information

We first derive the score and information for the tensor regression model, which are es-

sential for statistical estimation and inference. The following standard calculus notations

are used. For a scalar function f , ∇f is the (column) gradient vector, df = [∇f ]T is the

differential, and d2f is the Hessian matrix. For a multivariate function g : IRp 7→ IRq ,

Dg ∈ IRp×q denotes the Jacobian matrix holding partial derivatives
∂gj
∂xi

. We start from

the Jacobian and Hessian of the systematic part η ≡ g(µ) in (2.4).
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Lemma 3. 1. The gradient ∇η(B1, . . . ,BD) ∈ IR
∏

d Rd+
∑D

d=1 pdRd is

∇η(G,B1, . . . ,BD) = [BD ⊗ · · · ⊗B1 J1 J2 · · · JD]Tvec(X),

where Jd ∈ IR
∏D

d=1 pd×pdRd is the Jacobian

Jd = DB(Bd) = Πd{[(BD ⊗ · · · ⊗Bd+1 ⊗Bd−1 ⊗ · · · ⊗B1)GT

(d)]⊗ Ipd} (2.5)

and Πd is the (
∏D

d=1 pd)-by-(
∏D

d=1 pd) permutation matrix that reorders vec(B(d))

to obtain vec(B), i.e., vec(B) = Πd vec(B(d)).

2. Let the Hessian d2η(G,B1, . . . ,BD) ∈ IR(
∏

d Rd+
∑

d pdRd )×(
∏

d Rd+
∑

d pdRd ) be parti-

tioned into four blocks HG,G ∈ IR
∏

d Rd×
∏

d Rd , HG,B = HT
B,G ∈ IR

∏
d Rd×

∑
d pdRd

and HB,B ∈ IR
∑

d pdRd×
∑

d pdRd . Then HG,G = 0, HG,B has entries

h(r1,...,rD),(id,sd) = 1{rd=sd}
∑
jd=id

xj1,...,jD
∏
d′ 6=d

β
(rd′ )
jd′

,

and HB,B has entries

h(id,rd),(id′ ,rd′ )
= 1{d 6=d′}

∑
jd=id,jd′=id′

xj1,...,jD
∑

sd=rd,sd′=rd′

gs1,...,sD
∏

d′′ 6=d,d′
β

(sd′′ )
jd′′

.

Furthermore, HB,B can be partitioned in D2 sub-blocks as



0 ∗ ∗ ∗

H21 0 ∗ ∗
...

...
. . . ∗

HD1 HD2 · · · 0


.
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The elements of sub-block Hdd′ ∈ IRpdRd×pd′Rd′ can be retrieved from the matrix

X(dd′)(BD ⊗ · · · ⊗Bd+1 ⊗Bd−1 ⊗ · · · ⊗Bd′+1 ⊗Bd′−1 ⊗ · · · ⊗B1)GT

(dd′).

HG,B can be partitioned into D sub-blocks as (H1, . . . ,HD). The sub-block Hd ∈

IR
∏

d Rd×pdRd has at most pd
∏

dRd nonzero entries which can be retrieved from the

matrix

X(d)(BD ⊗ · · · ⊗Bd+1 ⊗Bd−1 ⊗ · · · ⊗B1).

Let `(B1, . . . ,BD|y,x) = ln p(y|x,B1, . . . ,BD) be the log-density of GLM. Next

result derives the score function, Hessian, and Fisher information of the Tucker tensor

regression model.

Proposition 2. Consider the tensor regression model defined by (2.3) and (2.4).

1. The score function (or score vector) is

∇`(G,B1, . . . ,BD) =
(y − µ)µ′(η)

σ2
∇η(G,B1, . . . ,BD) (2.6)

with ∇η(G,B1, . . . ,BD) given in Lemma 3.

2. The Hessian of the log-density ` is

H(G,B1, . . . ,BD)

= −
[

[µ′(η)]2

σ2
− (y − µ)θ′′(η)

σ2

]
∇η(G,B1, . . . ,BD)dη(G,B1, . . . ,BD)

+
(y − µ)θ′(η)

σ2
d2η(G,B1, . . . ,BD), (2.7)
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with d2η defined in Lemma 3.

3. The Fisher information matrix is

I(G,B1, . . . ,BD)

= E[−H(G,B1, . . . ,BD)]

= Var[∇`(G,B1, . . . ,BD)d`(G,B1, . . . ,BD)]

=
[µ′(η)]2

σ2
[BD ⊗ · · · ⊗B1 J1 . . .JD]Tvec(X)vec(X)T[BD ⊗ · · · ⊗B1 J1 . . .JD].

(2.8)

Remark: For canonical link, θ = η, θ′(η) = 1, θ′′(η) = 0, and the second term of Hessian

vanishes. For the classical GLM with linear systematic part (D = 1), d2η(G,B1, . . . ,BD)

is zero and thus the third term of Hessian vanishes. For the classical GLM (D = 1) with

canonical link, both second and third terms of the Hessian vanish and thus the Hessian

is non-stochastic, coinciding with the information matrix.

2.6.2 Identifiability

The Tucker decomposition (2.2) is unidentifiable due to the nonsingular transformation

indeterminancy. That is

JG;B1, . . . ,BDK = JG×1 O
−1
1 × · · · ×D O−1

D ;B1O1, . . . ,BDODK

for any nonsingular matrices Od ∈ IRRd×Rd . This implies that the number of free param-

eters for a Tucker model is
∑

d pdRd +
∏

dRd −
∑

dR
2
d, with the last term adjusting for

nonsingular indeterminancy. Therefore the Tucker model is identifiable only in terms of
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the equivalency classes.

For asymptotic consistency and normality, it is necessary to adopt a specific con-

strained parameterization. It is common to impose the orthonormality constraint on the

factor matrices BT
dBd = IRd

, d = 1, . . . , D. However the resulting parameter space is a

manifold and much harder to deal with. We adopt an alternative parameterization that

fixes the entries of the first Rd rows of Bd to be ones

B = {JG;B1, . . . ,BDK : β
(r)
id

= 1, id = 1, . . . , Rd, d = 1, . . . , D}.

The formulae for score, Hessian and information in Proposition 2 require changes accord-

ingly. The entries in the first Rd rows of Bd are fixed at ones and their corresponding

entries, rows and columns in score, Hessian and information need to be deleted. Choice of

the restricted space B is obviously arbitrary, and excludes arrays with any entries in the

first rows of Bd equal to zeros. However the set of such exceptional arrays has Lebesgue

measure zero. In specific applications, subject knowledge may suggest alternative restric-

tions on the parameters.

Given a finite sample size, conditions for global identifiability of parameters are

in general hard to obtain except in the linear case (D = 1). Local identifiability es-

sentially requires linear independence between the “collapsed” vectors: [BD ⊗ · · · ⊗

B1 J1 . . .JD]Tvec(xi) ∈ IR
∑

d pdRd+
∏

d Rd−
∑

d R2
d .

Proposition 3 (Identifiability). Given iid data points {(yi,xi), i = 1, . . . , n} from the

Tucker tensor regression model. Let B0 ∈ B be a parameter point and assume there exists

an open neighborhood of B0 in which the information matrix has a constant rank. Then
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B0 is locally identifiable if and only if

I(B0) =[BD ⊗ · · · ⊗B1 J1 . . .JD]T

[
n∑
i=1

µ′(ηi)
2

σ2
i

vec(xi)vec(xi)
T

]
·

[BD ⊗ · · · ⊗B1 J1 . . .JD]

is nonsingular.

2.6.3 Asymptotics

The asymptotics for tensor regression follow from those for MLE or M-estimation. The

key observation is that the nonlinear part of tensor model (2.4) is a degree-D polyno-

mial of parameters and the collection of polynomials {〈B,X〉,B ∈ B} form a Vapnik-

C̆ervonenkis (VC) class. Then the classical uniform convergence theory applies (van der

Vaart, 1998). For asymptotic normality, we need to establish that the log-likelihood func-

tion of tensor regression model is quadratic mean differentiable (Lehmann and Romano,

2005). A sketch of the proof is given in the Appendix.

Theorem 1. Assume B0 ∈ B is (globally) identifiable up to permutation and the array

covariates Xi are iid from a bounded underlying distribution.

1. (Consistency) The MLE is consistent, i.e., B̂n converges to B0 in probability, in

following models. (1) Normal tensor regression with a compact parameter space

B0 ⊂ B. (2) Binary tensor regression. (3) Poisson tensor regression with a compact

parameter space B0 ⊂ B.

2. (Asymptotic Normality) For an interior point B0 ∈ B with nonsingular informa-

tion matrix I(B0) (2.8) and B̂n is consistent,
√
n[vec(B̂n)− vec(B0)] converges in

distribution to a normal with mean zero and covariance matrix I−1(B0).
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In practice it is rare that the true regression coefficient Btrue ∈ IRp1×···×pD is exactly a

low rank tensor. However the MLE of the rank-R tensor model converges to the maximizer

of function M(B) = PBtrue ln pB or equivalently PBtrue ln(pB/pBtrue). In other words, the

MLE consistently estimates the best approximation (among models in B) of Btrue in the

sense of Kullback-Leibler distance.

2.7 Regularized Estimation

Regularization plays a crucial role in neuroimaging analysis for several reasons. First,

even after substantial dimension reduction by imposing a Tucker structure, the number of

parameters pT can still exceed the number of observations n. Second, even when n > pT,

regularization could potentially be useful for stabilizing the estimates and improving

the risk property. Finally, regularization is an effective way to incorporate prior scientific

knowledge about brain structures. For instance, it may sometimes be reasonable to impose

symmetry on the parameters along the coronal plane for MRI images.

In our context of Tucker regularized regression, there are two possible types of regular-

izations, one on the core tensor G only, and the other on both G and Bd simultaneously.

Which regularization to use depends on the practical purpose of a scientific study. In this

section, we illustrate the regularization on the core tensor, which simultaneously achieves

sparsity in the number of outer products in Tucker decomposition (2.2) and shrinkage.

Toward that purpose, we propose to maximize the regularized log-likelihood

`(γ,G,B1, . . . ,BD)−
∑

r1,...,rD

Pη(|gr1,...,rD |, λ),

where Pη(|x|, λ) is a scalar penalty function, λ is the penalty tuning parameter, and

29



η is an index for the penalty family. Note that the penalty term above only involves

elements of the core tensor, and thus regularization on G only. This formulation in-

cludes a large class of penalty functions, including power family (Frank and Friedman,

1993), where Pη(|x|, λ) = λ|x|η, η ∈ (0, 2], and in particular lasso (Tibshirani, 1996)

(η = 1) and ridge (η = 2); elastic net (Zou and Hastie, 2005), where Pη(|x|, λ) =

λ[(η−1)x2/2 + (2−η)|x|], η ∈ [1, 2]; SCAD (Fan and Li, 2001), where ∂/∂|x|Pη(|x|, λ) =

λ
{

1{|x|≤λ} + (ηλ− |x|)+/(η − 1)λ1{|x|>λ}
}

, η > 2; and MC+ penalty (Zhang, 2010),

where Pη(|x|, λ) = {λ|x| − x2/(2η)} 1{|x|<ηλ} + 0.5λ2η1{|x|≥ηλ}, among many others.

Two aspects of the proposed regularized Tucker regression, parameter estimation and

tuning, deserve some discussion. For regularized estimation, it incurs only slight changes

in Algorithm 1. That is, when updating G, we simply fit a penalized GLM regression

problem,

G(t+1) = argmaxG `(γ
(t),B

(t+1)
1 , . . . ,B

(t+1)
D ,G)−

∑
r1,...,rD

Pη(|gr1,...,rD |, λ),

for which many software packages exist. Our implementation utilizes an efficient Matlab

toolbox for sparse regression (Zhou et al., 2011). Other steps of Algorithm 1 remain

unchanged. For the regularization to remain legitimate, we constrain the column norms

of Bd to be one when updating factor matrices Bd. For parameter tuning, one can either

use the general cross validation approach, or employ Bayesian information criterion to

tune the penalty parameter λ.
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2.8 Numerical Study

We have carried out intensive numerical experiments to study the finite sample perfor-

mance of the Tucker regression. Our simulations focus on four aspects: first, we demon-

strate the capacity of the Tucker regression in identifying various shapes of signals; second,

we compare the performance of the regularized Tucker regression with other standard sta-

tistical learning techniques on vectorized images; third, we study the consistency property

of the method by gradually increasing the sample size; fourth, we compare the perfor-

mance of the Tucker regression with the CP regression of Zhou et al. (2013). We also

examine a real MRI imaging data to illustrate the Tucker downsizing and to further

compare the two tensor models.

2.8.1 Identification of Various Shapes of Signals

In our first example, we demonstrate that the proposed Tucker regression model, though

with substantial reduction in dimension, can manage to identify a range of two dimen-

sional signal shapes with varying ranks. In Figure 2.2, we list the 2D signals B ∈ IR64×64

in the first row, along with the estimates by Tucker tensor models in the second to fourth

rows with orders (1, 1), (2, 2) and (3, 3), respectively. Note that, since the orders along

both dimensions are made equal, the Tucker model is to perform essentially the same as

a CP model in this example, and the results are presented here for completeness. We will

examine differences of the two models in later examples. The regular covariate vector

Z ∈ IR5 and image covariate X ∈ IR64×64 are randomly generated with all elements

being independent standard normals. The response Y is generated from a normal model

with mean µ = γTZ + 〈B,X〉 and variance var(µ)/10. The vector coefficient γ = 15,

and the coefficient array B is binary, with the signal region equal to one and the rest
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zero. Note that this problem differs from the usual edge detection or object recognition

in imaging processing (Qiu, 2005, 2007). In our setup, all elements of the image X fol-

low the same distribution. The signal region is defined through the coefficient matrix B

and needs to be inferred from the relation between Y and X after adjusting for Z. It

is clear to see in Figure 2.2 that, the Tucker model yields a sound recovery of the true

signals, even for those of high rank or natural shape, e.g., “disk” and “butterfly”. We

also illustrate in the plot the BIC criterion in Section 2.4.4.

2.8.2 Comparison of the Regularized Tucker and Standard Sta-

tistical Models

In our second example, we demonstrate the comparison of regularized Tucker model with

LASSO penalty (R-Tucker), vectorized ν-SVM regression model (V-ν-SVM) and vec-

torized regularized linear regression model with LASSO penalty (V-GLM). The regular

covariate vector Z ∈ IR5 and image covariate X ∈ IR64×64 are randomly generated with

all elements being independent standard normals. The response Y is generated from a

normal model with mean µ = γTZ + 〈B,X〉 and variance var(µ)/10. The vector co-

efficient γ = 15, and the coefficient array B is binary, with the signal region equal to

one and the rest zero. Regularization parameter λ is tuned for the three models above.

For V-ν-SVM, parameter ν is tuned in {0.2, 0.4, 0.6, 0.8}. For Tucker model, ranks are

also tuned in {1, 1, 1}, {2, 2, 2}, {3, 3, 3}. We fix the sample size for both training set and

tuning set to be 1000. Parameters are tuned by minimizing the mean squared error of

prediction in the tuning set. The results shown in Table 2.2 are based on 100 data repli-

cates. In addition, we also give the recovered shapes of B in Figure 2.3. The results in

both number and figure show that the proposed R-Tucker yields a more sound recovery
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Figure 2.2: True and recovered image signals by Tucker regression. The regression co-
efficient for each entry is either 0 (white) or 1 (black). TR(r) means estimate from the
Tucker regression with an r-by-r core tensor.
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of the true signals.

Table 2.2: Comparison of regularized Tucker model with LASSO penalty (R-Tucker),
vectorized ν-SVM regression model (V-ν-SVM) and vectorized regularized linear regres-
sion model with LASSO penalty (V-GLM) in terms of root mean squared error (RMSE)
of B Estimate. Results are averaged over 100 replications. Numbers in parentheses are
standard errors

Rectangular ‘T’ Shape Cross Triangle Disk Butterfly

R-Tucker 0.041(0.003) 0.049(0.003) 0.046(0.003) 0.108(0.005) 0.121(0.008) 0.223(0.009)
V-ν-SVM 0.299(0.002) 0.233(0.001) 0.215(0.001) 0.207(0.001) 0.280(0.002) 0.284(0.002)
V-GLM 0.313(0.005) 0.210(0.006) 0.179(0.006) 0.162(0.008) 0.285(0.006) 0.290(0.005)

2.8.3 Performance with Increasing Sample Size

In our third example, we continue to employ a similar model as in Figure 2.2 but with

a three dimensional image covariate. The dimension of X is set as p1 × p2 × p3, with

p1 = p2 = p3 = 16 and 32, respectively. The signal array B is generated from a Tucker

structure, with the elements of core tensor G and the factor matrices B’s all coming from

independent standard normals. The dimension of the core tensorG is set as R1×R2×R3,

with R1 = R2 = R3 = 2, 5 and 8, respectively. We gradually increase the sample size,

starting with an n that is in hundreds and no smaller than the degrees of freedom of

the generating model. We aim to achieve two purposes with this example: first, we verify

the consistency property of the proposed estimator, and second, we gain some practical

knowledge about the estimation accuracy with different values of the sample size. Figure

2.4 summarizes the results. It is clearly seen that the estimation improves with the

increasing sample size. Meanwhile, we observe that, unless the core tensor dimension

is small, one would require a relatively large sample size to achieve a good estimation
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Figure 2.3: True and recovered image signals by different models. The matrix variate
has size 64 by 64 with entries generated as independent standard normals. The regression
coefficient for each entry is either 0 (white) or 1 (black). The sample size is 1000.
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accuracy. This is not surprising though, considering the number of parameters of the

model and that regularization is not employed here. The proposed tensor regression

approach has been primarily designed for imaging studies with a reasonably large number

of subjects. Recently, a number of such large-scale brain imaging studies are emerging. For

instance, the Attention Deficit Hyperactivity Disorder Sample Initiative (ADHD, 2013)

consists of over 900 participants and the Alzheimer’s Disease Neuroimaging Initiative

(ADNI, 2013) database accumulates over 3,000 participants. In addition, regularization

discussed in Section 2.7 and the Tucker downsizing in Section 2.4.3 can both help improve

estimation given a limited sample size.

2.8.4 Comparison of the Tucker and CP Models

In our fourth example, we focus on comparison between the Tucker tensor model with the

CP tensor model of Zhou et al. (2013). We generate a normal response, and the 3D signal

array B with dimensions p1, p2, p3 and the d-ranks r1, r2, r3. Here, the d-rank is defined

as the column rank of the mode-d matricization B(d) of B. We set p1 = p2 = p3 = 16

and 32, and (r1, r2, r3) = (5, 3, 3), (8, 4, 4) and (10, 5, 5), respectively. The sample size is

2000. We fit a Tucker model with Rd = rd, and a CP model with R = max rd, d = 1, 2, 3.

We report in Table 2.3 the degrees of freedom of the two models under different setup,

as well as the root mean squared error (RMSE) out of 100 data replications. It is seen

that the Tucker model requires a smaller number of free parameters, while it achieves a

more accurate estimation compared to the CP model. Such advantages come from the

flexibility of the Tucker decomposition that permits different orders Rd along directions.
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Figure 2.4: Root mean squared error (RMSE) of the tensor parameter estimate versus
the sample size. Reported are the average and standard deviation of RMSE based on
100 data replications. Top: R1 = R2 = R3 = 2; Middle: R1 = R2 = R3 = 5; Bottome:
R1 = R2 = R3 = 8.
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Table 2.3: Comparison of the Tucker and CP models. Reported are the average and
standard deviation (in the parenthesis) of the root mean squared error, all based on 100
data replications.

Dimension Criterion Model (5, 3, 3) (8, 4, 4) (10, 5, 5)
16× 16× 16 Df Tucker 178 288 420

CP 230 368 460
RMSE Tucker 0.202 (0.013) 0.379 (0.017) 0.728 (0.030)

CP 0.287 (0.033) 1.030 (0.081) 2.858 (0.133)
32× 32× 32 Df Tucker 354 544 740

CP 470 752 940
RMSE Tucker 0.288 (0.013) 0.570 (0.023) 1.236 (0.045)

CP 0.392 (0.046) 1.927 (0.172) 16.238 (3.867)

2.8.5 Attention Deficit Hyperactivity Disorder Data Analysis

We analyze the attention deficit hyperactivity disorder (ADHD) data from the ADHD-200

Sample Initiative (ADHD, 2013) to illustrate our proposed method as well as the Tucker

downsizing. ADHD is a common childhood disorder and can continue through adolescence

and adulthood. Symptoms include difficulty in staying focused and paying attention,

difficulty in controlling behavior, and over-activity. The data set that we analyzed is part

of the ADHD-200 Global Competition data sets. It was pre-partitioned into a training

data of 770 subjects and a testing data of 197 subjects. We removed those subjects

with missing observations or poor image quality, resulting in 762 training subjects and

169 testing subjects. In the training set, there were 280 combined ADHD subjects, 482

normal controls, and the case-control ratio is about 3:5. In the testing set, there were 76

combined ADHD subjects, 93 normal controls, and the case-control ratio is about 4:5.

T1-weighted images were acquired for each subject, and were preprocessed by standard

steps. The data we used is obtained from the Neuro Bureau after preprocessing (the
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Burner data, http://neurobureau.projects.nitrc.org/ADHD200/Data.html). In addition to

the MRI image predictor, we also include the subjects’ age, gender and handiness as

regular covariates. The response is the binary diagnosis status.

The original image size was p1×p2×p3 = 121×145×121. We employ the Tucker down-

sizing in Section 2.4.3. More specifically, we first choose a wavelet basis for Bd ∈ IRpd×p̃d ,

then transform the image predictor fromX to X̃ = JX;BT
1 , . . . ,B

T
DK. We pre-specify the

values of p̃d’s that are about tenth of the original dimensions pd, and equivalently, we fit

a Tucker tensor regression with the image predictor dimension downsized to p̃1× p̃2× p̃3.

In our example, we have experimented with a set of values of p̃d’s, and the results are

qualitatively similar. We report two sets, p̃1 = 12, p̃2 = 14, p̃3 = 12, and p̃1 = 10, p̃2 = 12,

p̃3 = 10. We have also experimented with the Haar wavelet basis (Daubechies D2) and

the Daubechies D4 wavelet basis, which again show similar qualitative patterns.

For p̃1 = 12, p̃2 = 14, p̃3 = 12, we fit a Tucker tensor model with R1 = R2 = R3 = 3,

resulting in 114 free parameters, and fit a CP tensor model with R = 4, resulting in

144 free parameters. For p̃1 = 10, p̃2 = 12, p̃3 = 10, we fit a Tucker tensor model with

R1 = R2 = 2 and R3 = 3, resulting in 71 free parameters, and fit a CP tensor model

with R = 4, resulting in 120 free parameters. We have chosen those orders based on

the following considerations. First, the number of free parameters of the Tucker and CP

models are comparable. Second, at each step of GLM model fit, we ensure that the ratio

between the sample size n and the number of parameters under estimation in that step

p̃d × Rd satisfies a heuristic rule of greater than two in normal models and greater than

five in logistic models. In the Tucker model, we also ensure the ratio between n and the

number of parameters in the core tensor estimation
∏

dRd satisfies this rule. We note

that this selection of Tucker orders is heuristic; however, it seems to be a useful guideline

especially when the data is noisy. We also fit a regularized Tucker model and a regularized
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Table 2.4: ADHD testing data misclassification error.

Basis Reduced dimension Reg-Tucker Reg-CP Tucker CP
Haar (D2) 12× 14× 12 0.361 0.367 0.379 0.438

10× 12× 10 0.343 0.390 0.379 0.408
Daubechies (D4) 12× 14× 12 0.337 0.385 0.385 0.414

10× 12× 10 0.320 0.396 0.367 0.373

CP model with the same orders, while the penalty parameter is tuned based on 5-fold

cross validation of the training data. Figure 2.5 shows that we select λ with the smallest

number of misclassifications in regularized Tucker model.

We evaluate each model by comparing the misclassification error rate on the inde-

pendent testing set. The results are shown in Table 2.4. We see from the table that, the

regularized Tucker model performs the best, which echoes the findings in our simulations

above. We also remark that, considering the fact that the ratio of case-control is about 4:5

in the testing data, the misclassification rate from 0.32 to 0.36 achieved by the regularized

Tucker model indicates a fairly sound classification accuracy. On the other hand, we note

that, a key advantage of our proposed approach is its capability of suggesting a useful

model rather than the classification accuracy per se. This is different from black-box type

machine learning based imaging classifiers.

It is also of interest to compare the run times of the two tensor model fittings. We

record the run times of fitting the Tucker and CP models with the ADHD training data

in Table 2.5. They are comparable.
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Figure 2.5: Grid search for regularization parameter, λ, in regularized Tucker model. λ
with smallest number of misclassifications in the cross validation is selected. Different
settings for resizing are reported.
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Table 2.5: ADHD model fitting run time (in seconds).

Basis Reduced dimension Reg-Tucker Reg-CP Tucker CP
Haar (D2) 12× 14× 12 3.68 4.39 31.25 22.43

10× 12× 10 1.36 2.79 9.08 25.10
Daubechies (D4) 12× 14× 12 3.30 2.18 16.87 26.34

10× 12× 10 1.92 1.90 9.96 17.10

2.9 Discussion

2.9.1 Summary

We have proposed a tensor regression model based on the Tucker decomposition. In-

cluding the CP tensor regression (Zhou et al., 2013) as a special case, Tucker model

provides a more flexible framework for regression with imaging covariates. We develop a

fast estimation algorithm, a general regularization procedure, and the associated asymp-

totic properties. In addition, we provide a detailed comparison, both analytically and

numerically, of the Tucker and CP tensor models.

In real imaging analysis, the signal hardly has an exact low rank. On the other hand,

given the limited sample size, a low rank estimate often provides a reasonable approxi-

mation to the true signal. This is why the low rank models such as the Tucker and CP

could offer a sound recovery of even a complex signal.

The tensor regression framework established in this chapter is general enough to

encompass a large number of potential extensions, including but not limited to imaging

multi-modality analysis, imaging classification, and longitudinal imaging analysis. These

extensions consist of our future research.
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Table 2.6: Fitting run time for recovering ‘triangle’ shape (in seconds) at rank 1, 2, 3
and 4. Reported are the median time of 100 runs.

r = 1 r = 2 r = 3 r = 4
Triangle 0.30 1.21 4.22 9.62

Table 2.7: Computing time comparison of the Tucker and CP models in Section 2.8.4.
Reported are median time (in seconds) over 100 runs.

Dimension Model (5, 3, 3) (8, 4, 4) (10, 5, 5)
16× 16× 16 Tucker 1.03 1.71 3.03

CP 7.47 11.51 15.64
32× 32× 32 Tucker 9.93 21.51 50.52

CP 28.36 59.82 89.81

2.9.2 Computation Time

We conduct a numerical experiment to study the computing time of proposed Tucker

model. We adopt the setting in Section 2.8.1 and use the ‘triangle’ shape. We test the

computing time by running the algorithm on one data set from 100 random starting

points. Table 2.6 displays the median wall clock run times.

In addition, we compare the computing time for Tucker and CP under the simulation

setup in Section 2.8.4. We test the computing time by running the algorithms on one

data set from 100 random starting points. Table 2.7 displays the results.

Our proposed Tucker tensor regression model aims to address the computational and

modeling challenges of large-scale data set, which has been considered in Section 2.8.5.

Table 2.5 has shown that the run times of Tucker and CP model are comparable for the

ADHD data, while Tucker model leads to higher classification accuracy. Meanwhile, our

approach is equally applicable to smaller scale imaging dataset under the regularization
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strategy given in Section 2.7.

All run times were recorded on a standard laptop computer with a 3.4 GHz Intel i7

CPU.

2.9.3 Limitation

In addition, there are also limitations with the Tucker tensor regression framework in

this chapter. The first one is the computability. Although the presence of the core tensor

offers Tucker model the flexibility over CP model, it adds more parameters. Especially

when all tensor modes have comparable sizes, Tucker model tends to assign identical

order for each dimension and results in substantially more parameters compared to CP

model. It can be seen in Table 2.1 that when the Tucker ranks go up, the number of

parameters for Tucker far exceeds that for CP model. For example a rank 5 model for a

3D signal, Tucker has 5× 4× 3 = 60 more parameters than CP; a rank 5 model for a 4D

signal such as fMRI, Tucker has 5× (53− 4× 5 + 4− 1) = 540 more parameters than CP.

Another difficulty with Tucker model is that we need to specify the model rank along

each tensor mode. While it offers the model more flexibility, it causes a combinatorial

problem especially for three or higher order tensors. In practice, we only provided some

heuristic guidelines of selecting ranks.
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Chapter 3

Tensor Regression with

Measurement Error

3.1 Introduction

In many areas of statistical analysis, covariate is not directly observable for some reason.

Instead, it can only be measured indirectly and imprecisely, which results in data with

measurement error. Suppose we have covariate X that for some reason is not directly

observable and a substitute measurement W that can be observed instead. Ignoring

measurement error and treating W as X in estimation may result in substantial bias

(Stefanski and Carroll, 1985). During the past few decades, many studies have been

focused on obtaining strategies to correct bias of estimate due to the measurement error.

Gleser (1981) proposed a functional model which treats X as nonrandom parameter

that needs to be estimated. Based on functional model method, establishing unbiased

estimation equation is the strategy in many studies (Stefanski and Carroll, 1985, 1987;

Nakamura, 1990). Buzas and Stefanski (1996) proposed estimation equation approach as
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an extension of Stefanski and Carroll (1987) at the presence of instrumental variables. In

addition, other typical methods include using surrogate variables for X and then fitting

models (Carroll and Stefanski, 1990; Gleser et al., 1990), and simulation based method

for reducing bias (Cook and Stefanski, 1994; Stefanski and Cook, 1995).

Measurement error problem is prevalent in neuroimaging data as well. In neuroimag-

ing data analysis, a primary goal is to better understand associations between brains and

clinical outcomes. Since directly obtaining the brain image of a subject is impossible,

neuroimages such as EEG, MRI, PET and fMRI are obtained as measurements for the

brain. In many studies multiple brain measurements are available for analysis (Wang

et al., 2003; Mitchell et al., 2004; Kamitani and Tong, 2005; Hung and Wang, 2013).

For measurement error problem, most studies so far have investigated the setting that

covariates with measurement error are often scalars or very low dimensional vectors. In

this chapter we propose a method to deal with multidimensional array covariate with

measurement error. The proposed method is an extension of conditional score method

(Stefanski and Carroll, 1987) based on CP tensor decomposition. In Section 3.4 we review

several typical techniques to handle measurement error model and discuss the possibility

of extending these methods to tensor setup. We list advantages and disadvantages for a

variety of methods and find it more natural to extend conditional score method.

3.2 Overview

In this chapter, we still focus on generalized linear model (GLM) with tensor covariate.

However, we assume the tensor covariate is not directly observable and a substitute

measurement can be observed. We adopt a classical measurement error model (ME) where

the error of the observable measurement is normally distributed with mean zero. Under
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the assumptions of GLM and ME, conditional score method derives unbiased estimation

equation of which the solution corrects the bias due to measurement error. However, in

the tensor setup, it is formidable to find the root for the estimation equation. Motivated

by the conditional score method, we create a loss function and turn the problem to an

optimization problem. We impose a CP structure on the array coefficient and develop an

efficient algorithm for minimizing the loss. Simulation study demonstrates that estimate

obtained by the proposed method successfully corrects the bias.

Section 3.5 reviews the case that X is a vector and extends conditional score equa-

tion when covariates with no measurement error are present. We exploit the conditional

score method in tensor setup and develop algorithms under linear and logistic regression

framework in Section 3.6. In Section 3.7 we show the proposed method outperforms naive

estimate obtained by tensor regression (Zhou et al., 2013) in simulation studies.

3.3 Notations

In this section we list the notations throughout this chapter. We introduce models in

both tensor setup and classical setup, where covariates are vectors.

3.3.1 Classical Setup

Let Y be the response random variable, Z be the conventional p0 × 1 vector-valued

covariate with no measurement error and X be a p×1 covariate with measurement error.

We denote the observed values of Y , Z and X by yi, zi and xi, i = 1, . . . , n where n is

the sample size. The classical measurement error model states that

W = X + U (3.1)
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where W is an unbiased measurement and U is the error term. As is assumed in most

literature, U is distributed as Normal(0p,Ω0), where Ω0 is called error variance matrix.

Assume there are m observed measurements for each xi, i = 1, . . . , n and we let wij, i =

1, . . . , n, j = 1, . . . ,m be the observed values of these measurements. Also, we denote the

sample mean of the m measurements by W̄ , and the observed values by w̄i, i = 1, . . . , n.

We adopt the generalized linear model (GLM) on Y given Z and X, which has the

form

fY |(Z,X)(y|z, x) = exp

{
yη − b(η)

a(φ)
+ c(y, φ)

}
η = α + γTz + βTx, (3.2)

where a(·), b(·) and c(·) are some known functions and α, γ, β and φ are parameters.

3.3.2 Tensor Setup

In our setup, the covariateX with measurement error becomes a general multidimensional

array (tensor). Assume X ∈ IRp1×...×pD , where D is the dimension. Accordingly, we can

extend the distribution of U in model (3.1) to an array normal distribution: MN(0p1×...×pD ,

Σ1, . . . ,ΣD); Σd is a positive definite pd × pd matrix, d = 1, . . . , D (Hoff, 2011). Also

we would use the equivalent vectorized distribution of W , vec(W )∼Normal (vec(X),Ω0),

where Ω0 = ΣD ⊗ · · · ⊗Σ1, a
∏D

d=1 pd ×
∏D

d=1 pd matrix.

In the model of Y given Z and X, we change the notation of the coefficient, β, to

B. Note that B has the same size of x, i.e. B ∈ IRp1×...×pD . And correspondingly, model
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(3.2) turns to be

fY |(Z,X)(y|z, x) = exp

{
yη − b(η)

a(φ)
+ c(y, φ)

}
η = α + γTz + 〈B, x〉, (3.3)

where 〈B, x〉 means vec(B)Tvec(x).

3.4 Literature Review

In this section we review some classical methods to deal with parametric measurement

error models.

3.4.1 Functional Model

� Classical Setup:

Let us consider the classical setup first. In functional model, the unknown xi, i =

1, . . . , n, are modeled as nonrandom constants, or parameters to be estimated.

Consider the joint log likelihood below:

L =
n∑
i=1

log

{
fY |ZX(yi|zi, xi) ·

m∏
j=1

(2π)−
p
2

|Ω0|
1
2

exp
[
− 1

2
(wij − xi)TΩ−1

0 (wij − xi)
]}

.

(3.4)

The estimate are obtained by maximizing L. When Y given Z and X is normally

distributed, Normal(η, σ2), η given in (3.2), the first order condition with respect
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to (α, β, γ, σ2, x1, . . . , xn) is

∂L

∂xi
=

1

σ2

{
(y − ηi)β −Ω∗−1

0 (xi − w̄i)
}

= 0, i = 1, . . . , n

∂L

∂α
=

1

σ2

n∑
i=1

(y − ηi) = 0

∂L

∂β
=

1

σ2

n∑
i=1

(y − ηi)xi = 0

∂L

∂γ
=

1

σ2

n∑
i=1

(y − ηi)zi = 0

∂L

∂σ2
=

∑n
i=1(y − ηi)2

2σ4
− n

2σ2
= 0 (3.5)

where Ω∗0 = Ω0

mσ2 is regarded as known following the assumptions in Stefanski and

Carroll (1987). One could find that xi = (Ip+Ω∗0ββ
T)−1[w̄i+Ω∗0(yi−α−γTzi)β] from

∂L
∂xi

= 0, and further get explicit equations with respect to (α, β, γ, σ2) by canceling

xi. Also it is known that (3.5) results in a consistent estimator of β (Gleser, 1981).

– Advantages:

It bundles the measurement error model (3.1) into the regression model (3.2),

and results in explicit estimation equations for the parameters of interests.

– Limitations:

The trouble with functional model is that xi, i = 1, . . . , n along with the

parameters of interest in the GLM are estimated via the maximum likelihood

approach. Then the number of parameters to be estimated would be 1 + p0 +

n × p, n × p out of which are due to xi, i = 1, . . . , n. When p is large, this

method would suffer computational problems. Moreover, for models other than

the linear regression, consistency may not generally hold for the maximum
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likelihood estimate of β. Stefanski and Carroll (1985) gave the example of

logistic regression where the consistency fails. The problem is due to the large

number of nuisance parameters, xi, i = 1, . . . , n (Stefanski and Carroll, 1987).

� Tensor Setup:

Although this method can be extended to our tensor setup naturally, the compu-

tational problem would be much more severe as n ×
∏D

d=1 pd ×
∏D

d=1 pd nuisance

parameters due to xi, i = 1, . . . , n, are counted in now. In addition, the application

is still narrow since consistency for the estimate does not generally hold in models

other than linear regression.

Structural Model

� Classical Setup:

In structural measurement error model, xi, i = 1, . . . , n, are regarded as random,

which is different from the functional model where xi are modeled as fixed. So mod-

els, usually parametric, are placed on the distribution of the random xis. Suppose

there are q parameters in xi’s distribution, where q is a moderate number. Then

compared with the functional model, structural model substantially reduces the

number of parameters to 1 + p0 + p+ q.

– Advantages:

Compared with functional model, it significantly reduces the number of pa-

rameters.

– Limitations:

One concern is the robustness of inference to assumptions made about xi’s
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distribution. Full specification of a structural measurement error model is not

trivial, since we have to impose an appropriate distribution on x, and thus

suffer a risk of misspecification.

� Tensor Setup:

Assigning an appropriate distribution on x is even harder under our high dimen-

sional circumstance, as there are much fewer formalized distribution candidates for

a tensor variable x. This issue would consequently cause a higher misspecification

risk than the classical setup. Moreover, this method would cause computational

burden in our setup.

3.4.2 Regression Calibration

� Classical Setup:

Applying regression calibration to measurement error models was initially devel-

oped by Carroll and Stefanski (1990) and Gleser et al. (1990). This method involves

two steps: first obtain an approximation of X, denoted by C, and then replace X

by C and perform a model as if there is no measurement error. To get C under

model (3.1), Carroll et al. (2006) summarized the best linear approximation using

multiple measurements. This approximation was used by Liu and Liang (1992) and

Wang et al. (1996) for quasilikelihood models, which include GLM as special cases.

The resulting estimated calibration function, C, is

Ci = µ̂w + ( Σ̂xx Σ̂zz )

 Σ̂xx + Ω̂
∗
0/m Σ̂xz

Σ̂T
xz Σ̂zz


−1 w̄i − µ̂w

zi − µ̂z

 , i = 1, . . . , n,

(3.6)
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where

Ω̂
∗
0 =

∑n
i=1

∑m
j=1(wij − w̄i)(wij − w̄i)T

n(m− 1)
;

µ̂w =
n∑
i=1

m∑
j=1

wij/(mn); µ̂z =
n∑
i=1

zi/n;

Σ̂zz =
n∑
i=1

(zi − µ̂z)(zi − µ̂z)T/(n− 1);

Σ̂xz =

∑n
i=1m(w̄i − µ̂w)(zi − µ̂z)T

(n− 1)m
;

Σ̂xx =

[
{
∑n

i=1m(w̄i − µ̂w)(w̄i − µ̂w)T} − (n− 1)Ω̂
∗
0

]
(n− 1)m

.

– Advantages:

It is very convenient that (once Cs are made) the regression model (3.2) can be

employed as if X were observed. Compared with functional model and struc-

tural model, only the parameters of interests are considered and no nuisance

parameter due to X is involved.

– Limitations:

The approximation Ci given above involves inverting a (p0 + p) × (p0 + p)

matrix, then a heavy computational burden will be accompanied with when

p is large. In addition, as Carroll et al. (2006, Chapter 4.7, pp 79-80) stated,

regression calibration “is often not appropriate for highly nonlinear problems.”

� Tensor Setup:

Computational issue could be more severe in our setup, because the size of the

matrix that needs to be inverted becomes (p0 +
∏D

d=1 pd) × (p0 +
∏D

d=1 pd). Note
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that Σ̂xx + Ω̂
∗
0/m, the upper left

∏D
d=1 pd ×

∏D
d=1 pd block of the matrix in (3.6),

does not have low dimensional structure as Ω̂
∗
0 has, therefore inverting such a huge

matrix is a formidable task.

3.4.3 SIMEX

� Classical Setup:

SIMEX is a simulation-based method of estimating and reducing bias due to mea-

surement error. The technique was proposed by Cook and Stefanski (1994) and

further developed by Stefanski and Cook (1995). Let us take simple linear regres-

sion (p0 = 0, p = 1) as an example to demonstrate this method.

Assume there is only one observed measurement (m = 1) denoted by wi1, i =

1, . . . , n. We follow the steps below

1. Fix a series of K + 1 numbers: 0 = λ0 < λ1 < · · · < λK ≤ 2.

2. For each λk, generate S error inflated data sets (yi, wi1 +
√
λkΩ

∗ 1
2

0 vis)
n
i=1, s =

1, . . . , S, where vis are independently generated from Normal(0,1). Fit linear

regression as if there is no measurement error for each data set and obtain

β̂s(λk). Let β̂(λk) = 1
S

∑S
s=1 β̂s(λk).

3. Fit a curve for (λk, β̂(λk))
K
k=1.

4. Extrapolate the curve back to λ = −1. The corresponding β̂(−1) is the esti-

mate we need.

The logic of SIMEX is adding a small quantity to the measurement and thus adjust

the error variance. Then an adjusted estimator corresponding to the small quantity

is obtained. Repeat this procedure many times for different small quantity. One can
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establish a trend of the small quantities versus the corresponding estimators and

extrapolate the trend to the estimator with zero error variance.

– Advantages:

This method is completely general, which means it has no restrictions on the

regression model of Y given X and Z. It is useful in applications since GLM

in (3.2) is not required.

– Limitations:

First, this method is simulation based and there is no uniform criterion or

theory suggesting the choice of “small quantity”. Second is about the extrap-

olant function. It follows from the results in Stefanski and Cook (1995) that,

asymptotically there is a function of λ that, when extrapolated to λ = −1,

the true parameter β is obtained. However, this extrapolant function is seldom

known. This is what makes SIMEX an approximate method in practice (Car-

roll et al., 2006). This problem could be more severe when β’s dimension p is

large. Third, in order to achieve acceptable Monte Carlo estimation precision,

the number of remeasured data sets, S, is required to be large compared to

β’s dimension p. Therefore in the context of high dimensionality of β, SIMEX

requires tremendous computational effort for comparable levels of precision.

� Tensor Setup

Actually limitations discussed above also exist in our tensor setup. In our context of

ultra-high dimensionality, identifying the extrapolant function becomes much more

difficult. Also, S and K in step 1, 2 are required to be very large due to B’s high

dimension. This makes the computation extremely expensive.

55



3.4.4 Conditional Score

� Classical Setup:

Stefanski and Carroll (1987) proposed the conditional score method, which gives

explicit estimation equations. Similar to the functional model, conditional score

method models xi as nonrandom constants. But instead of estimating xi by max-

imizing the full log likelihood, it derives ‘sufficient’ statistics for xi supposing the

other parameters are fixed. Conditioning on the ‘sufficient’ statistics, Stefanski and

Carroll (1987) provided explicit unbiased estimation equations and established a

firm theoretical support for GLM models. Conditional score method given by Ste-

fanski and Carroll (1987) is only for one measurement case (m = 1). We consider the

log likelihood given in (3.4). If m = 1, we use wi1, i = 1, . . . , n as the only observed

measurement for xi to keep the notation consistent. Treating other parameters as

fixed, one can derive the ‘sufficient’ statistics ∆ for X, where ∆ = W + YΩ0β
a(φ)

.

Stefanski and Carroll (1987) assumed the ratio Ω0/a(φ) to be known. Then the

observed value of ∆, denoted by δi, has the relation δi = wi1 + yiΩ0β
a(φ)

, i = 1, . . . , n.

Consequently the distribution of Y given ∆ is free of X. From the conditional dis-

tribution of Y given ∆, one can derive score equations with respect to β, which

leads to the unbiased estimation equations.

When there are multiple measurements (m > 1), Stefanski and Carroll (1987)

suggested to use the sample mean, W̄ , to be the one measurement and turn it

to m = 1 case. Note that W̄ is Normal(X,Ω0/m). Thus L in (3.4) turns to be∑n
i=1 log

{
fY |ZX(yi|zi, xi) · (2π)−

p
2

|Ω0/m|
1
2

exp
[
− 1

2
(w̄i − xi)T(Ω0/m)−1(w̄i − xi)

]}
. Cor-

respondingly, ∆ should be modified to W̄ + YΩ0β
ma(φ)

. Then we use the score equations

derived from the conditional distribution Y given ∆.
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Conditional score estimator aims to reduce the bias and applies generally to para-

metric measurement error models. When it comes to the linear model, conditional

score estimation equations are the same as the score equations to maximize the full

log likelihood given in (3.4).

– Advantages:

Compared with other methods, conditional score method has both firm the-

oretical support and explicit estimation equations. More importantly, only

parameters of interest (α, β, γ, φ) in regression model (3.2) are involved in the

estimation equations and no nuisance parameter due to xi exists. This feature

not only leads to consistent estimators of β but makes computation feasible

as well.

� Tensor Setup

Conditional score method can be extended to our setup easily. Although B is very

high dimensional, the computation can be moderate if tensor structure is applied.

3.4.5 Instrumental Variables

� Classical Setup:

Sometimes data contain an instrumental variable T , in addition to the unbiased

measurement, W = X+U . Instrumental variables serve as complement variables in

the absence of information about the measurement error variance Ω0 (Carroll et al.,

2006). Carroll et al. (2006) stated an instrument variable T must possesses three key

properties: (i) T must not be independent of X; (ii) T must be uncorrelated with

the measurement error U ; (iii) T must be uncorrelated with Y - E(Y |X,Z). Falsely
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assuming a variable is an instrument can lead to erroneous inferences even in the

case of large sample size and small measurement error (Carroll et al., 2006). Note

that the assumption that a variable is an instrument is weaker than the assumption

that it is a replicate measurement.

Instrumental variables are supposed to be taken into account when they are avail-

able. Stefanski and Buzas (1995) and Buzas and Stefanski (1996) investigated the

instrumental variable estimation method for generalized linear models. For one ob-

served measurement case (m = 1), they assumed a q × 1 instrumental variable T ,

that is related to (Z,X) via the distribution,

T |(Z,X) ∼ Normal(ζ,Σζ),

where ζ = γzz+ γxx. Note that γz and γx are q× p0 and q× p matrices. Then they

essentially used similar technique to conditional score method. They obtained the

joint distribution of (Y,W, T ) given Z and X and constructed ‘sufficient’ statistics

Υ for X supposing all other parameters are fixed and known, where Υ = W +

YΩ0β/a(φ)+Ω0γ
T
xΣ−1

ζ T . The conditional distribution of Y given Υ does not depend

on X. As in work of Stefanski and Carroll (1987), this conditional distribution can

be used to establish explicit unbiased estimation equations for (α, γ, β, φ) that are

free of X.

The context where there are multiple independent measurements is stronger than

the assumptions for general instrumental variables or those given in Stefanski and

Buzas (1995) and Buzas and Stefanski (1996). Therefore it is safer to use the

replicate measurements as the source of instrumental variables and find out the

‘sufficient’ statistics for xi. Hence, we can see the only difference from conditional
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score method is that instrumental variable method uses all measurements while

conditional score method only uses the sample mean of the measurements. After

some algebra, the ‘sufficient’ statistics obtained from instrumental variable method

is W̄+ YΩ0β
ma(φ)

, which is the same as ∆, the ‘sufficient’ statistics from conditional score

method. This result is not surprising because that measurements follow a normal

distribution, and thus sample mean is the complete sufficient statistic for xi in the

joint likelihood of wij, j = 1, . . . ,m. Therefore, essentially instrumental variable

method that uses all the measurements obtains the same results as the conditional

score method where only the sample mean of the measurements is used.

– Advantages:

Similar to the conditional score method, instrumental variable method leads to

explicit estimation equations and no nuisance parameter due to X is involved.

– Limitations:

As we can see, the condition for an eligible instrumental variable is strict.

Sometimes instrumental variables may not be available in applications.

� Tensor Setup:

Since we assume multiple measurements (m > 1) throughout the paper, instru-

mental variable method is equivalent to the conditional score method either in the

classical setup or our tensor setup. The analysis in the classical setup also applies

in tensor setup.
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3.5 Model – Vector X

We first consider the case that X is a vector, which lays a foundation for tensor setup.

Section 3.5.1 reviews conditional score method proposed in Stefanski and Carroll (1987),

which considered the case that only covariates with measurement error were present. In

the situations where covariates with no measurement error such as age and gender are

involved in the model, Section 3.5.2 extends the conditional score equation in Stefanski

and Carroll (1987).

3.5.1 Review of Conditional Score Method

We first work on the conditional score method given by Stefanski and Carroll (1987) in

the classical setup where X is a p × 1 vector. They mainly discussed one measurement

case (m = 1). If m > 1, we use the sample mean of the m measurements, W̄ as if it

is the only measurement. The distribution of W̄ is Normal(X,Ω0/m). We follow the

assumption in Stefanski and Carroll (1987) that the ratio of Ω0/m and a(φ) is known,

denoted by Ω∗0. This assumption ensures identifiability of the parameters in the model

(3.1) and (3.2) (Stefanski and Carroll, 1987).

When p0 = 0, which means there is no Z or γ in the model, the problem is the same

as that given in Stefanski and Carroll (1987). If X is regarded as an unknown parameter

and all other parameters are supposed to be known, then

∆ = W̄ + YΩ∗0β (3.7)

is a sufficient statistic for X (Stefanski and Carroll, 1987). Furthermore, the conditional

distribution of Y given ∆, fY |∆, can be found and the score function ψs is defined as the
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first derivative of log fY |∆ with respect to (α, β, φ) evaluated at δ = w̄ + yΩ∗0β. Noticing

that δ is treated as a fixed conditioning argument until (3.5.1), wherein δ is set equal to

δ = w̄ + yΩ∗0β, we have ψs expressed as

ψs(y, w̄, α, β, φ) =

(
∂ log fY |∆

∂α
,
∂ log fY |∆

∂β
,
∂ log fY |∆

∂φ

)T

δ=w̄+yΩ∗0β

=


{y − E(Y |∆ = δ)}/a(φ)

{y − E(Y |∆ = δ)}δ/a(φ)− {y2 − E(Y 2|∆ = δ)}Ω∗0β/a(φ)

r(y, w̄, α, β, φ)− E{r(Y, W̄ , α, β, φ)|∆ = δ}


δ=w̄+yΩ∗0β

,

(3.8)

where

r(y, w̄, α, β, φ) =
∂c(y, φ)

∂φ
− yα + βTδ

a2(φ)
a′(φ) + y2β

TΩ∗0β

2a2(φ)
a′(φ).

We can see X is no longer involved in ψs. Also ψs is unbiased for (α, β, φ) (Stefanski and

Carroll, 1987). The estimates of (α, β, φ) are obtained by solving

n∑
i=1

ψs(yi, w̄i, α, β, φ) = 0. (3.9)

Dealing with (3.9) is illustrated by studying it in some particular GLM such as linear,

logistic and Poisson regression in Stefanski and Carroll (1987). We only review the cases

of linear and logistic regression in this chapter.

Suppose first that Y given X has a normal distribution with mean α + βTX and

variance σ2. Then in model (3.2) we have φ = σ2, a(φ) = φ. According to Stefanski and
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Carroll (1987), the distribution of Y given ∆ = δ is also normal with mean (α+βTδ)/(1+

βTΩ∗0β) and variance σ2/(1 + βTΩ∗0β). Based on the conditional distribution of Y given

∆ = δ, E(Y |∆ = δ) and E(Y 2|∆ = δ) can be easily found and plugged into (3.5.1),

which leads the estimation equations (3.9) to

n∑
i=1

(yi − α− βTδ∗i )

 1

δ∗i

 = 0

σ2 =
1 + βTΩ∗0β

n

n∑
i=1

(yi −
α + βTδi

1 + βTΩ∗0β
)2,

where δ∗i = (I + Ω∗0ββ
T)−1{δi − αΩ∗0β}.

Now consider logistic regression in which P(Y = 1|X) = F (α + βTX), where F (t) =

1/(1+e−t). For this model a(φ) ≡ 1, and thus φ does not need to be estimated and the last

term in (3.5.1) disappears. According to Stefanski and Carroll (1987), the distribution of

Y given ∆ = δ is P(Y = 1|∆ = δ) = F (α + βT(δ − 1
2
Ω∗0β)). After plugging E(Y |∆ = δ)

and E(Y 2|∆ = δ), one could figure out the equivalent equations corresponding to (3.9)

n∑
i=1

(yi − F{α + βT[δi −
1

2
Ω∗0β]})

 1

δi − 1
2
Ω∗0β

 = 0.

3.5.2 Extension of Conditional Score Equation

In this subsection, we are considering a more complicated case where p0 > 0. We still

use ∆ given in (3.7) as the ‘sufficient’ statistic for X if (α, β, γ, φ) are viewed as known.

Then one can find the conditional distribution of Y given ∆ and Z

fY |(Z,∆)(y|z, δ) = exp

{
yµ− log[S(µ, β, φ)] + c(y, φ)− 1

2
y2β

TΩ∗0β

a(φ)

}
, (3.10)
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where µ = (α + γTz + βTδ)/a(φ) and S(·, ·, ·) is

S(µ, β, φ) =

∫
exp

{
yµ+ c(y, φ)− 1

2
y2β

TΩ∗0β

a(φ)

}
dy.

The derivation of (3.10) can be find in Appendix B.1. We still use ψs to denote the score

function, which is the first derivative of log fY |(Z,∆) with respect to (α, β, γ, φ) evaluated

at δ = w̄ + yΩ∗0β. Then we have

ψs(y, z, w̄, α, β, γ, φ) =

(
∂ log fY |(Z,∆)

∂α
,
∂ log fY |(Z,∆)

∂γ
,
∂ log fY |(Z,∆)

∂β
,
∂ log fY |(Z,∆)

∂φ

)T

δ=w̄+yΩ∗0β

=



{y − E(Y |Z = z,∆ = δ)}/a(φ)

{y − E(Y |Z = z,∆ = δ)} · z/a(φ)

{y − E(Y |Z = z,∆ = δ)}δ/a(φ)− {y2 − E(Y 2|Z = z,∆ = δ)}Ω∗0β/a(φ)

r(y, z, w̄, α, β, γ, φ)− E{r(Y, Z, W̄ , α, β, γ, φ)|Z = z,∆ = δ}


,

(3.11)

where

r(y, z, w̄, α, β, γ, φ) =
∂c(y, φ)

∂φ
− yα + γTz + βTδ

a2(φ)
a′(φ) + y2β

TΩ∗0β

2a2(φ)
a′(φ).

Note that (3.10) is an exponential family and thus E(Y |Z = z,∆ = δ) and E(Y 2|Z =

z,∆ = δ) can be obtained based on (3.10). Carroll et al. (2006) gave another but essen-

tially equivalent form of (3.5.2). Furthermore, the resulting estimation equation is

n∑
i=1

ψs(yi, zi, w̄i, α, β, γ, φ) = 0. (3.12)
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We also use linear and logistic regression to illustrate (3.5.2) and (3.12).

First suppose the distribution of Y given X and Z is normal with mean α+βTX+γTZ

and variance σ2. Then in model (3.2) we have φ = σ2, a(φ) = φ. Then from (3.10) one

can find that Y given ∆ and Z, where ∆ is given in (3.7), is normal distributed with

mean α+γTz+βTδ

1+βTΩ∗0β
and variance σ2

1+βTΩ∗0β
. From (3.5.2), we obtain the score functions

ψs(y, z, w̄, α, β, γ, σ
2) =



(y − ξ)/σ2

(y − ξ) · z/σ2

Ω∗0β
s
− (y−ξ)2Ω∗0β−(y−ξ)(δ−2ξΩ∗0β)

σ2

−1
2σ2 + (y−ξ)2s

2σ4


δ=w̄+yΩ∗0β

, (3.13)

where ξ = α+γTz+βTδ

1+βTΩ∗0β
and s = 1 +βTΩ∗0β. Define δ∗ = (I + Ω∗0ββ

T)−1{δ− (α+ γTz)Ω∗0β},

where δ = w̄ + yΩ∗0β, and consider the equations

n∑
i=1

(yi − α− γTzi − βTδ∗i )


1

zi

δ∗i

 = 0

σ2 − s

n

n∑
i=1

(yi − ξi)2 = 0 (3.14)

Every solution to (3.14) is also a solution to
∑n

i=1 ψs(yi, zi, w̄i, α, β, γ, σ
2) = 0, where ψs

is given by (3.13).

We let M1Z be the n× (p0 +1) design matrix for the intercept and the covariate with

no measurement error, Z, and MW̄ be the n × p design matrix for the W̄ . Then (3.14)
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results in the following equations

(M T

1ZM1Z)(α γT)T = M T

1Z(y −MW̄β),y = (y1, . . . , yn)T (3.15)

−βT

n∑
i=1

{(w̄i − w̃i)yi}Ω∗0β +

n∑
i=1

{(yi − ỹi)yiΩ∗0 − w̄i(w̄T

i − w̃T

i )} β +
n∑
i=1

{(yi − ỹi)w̄i} = 0 (3.16)

σ2 − s

n

n∑
i=1

(yi − ξi)2 = 0, (3.17)

where ỹi = (1 zT
i )(M

T
1ZM1Z)−1M T

1Zy; w̃i = ((1 zT
i )(M

T
1ZM1Z)−1M T

1ZMW̄ )T is a p × 1

vector. Derivations from (3.13) to (3.14)-(3.17) can be found in Appendix B.2. To solve

equations (3.15)-(3.17), one could first solve β in (3.16), which is free of α, γ and σ2, and

then solve α, γ in (3.15) and σ2 in (3.17).

Now consider logistic regression in which

P (Y = 1|X,Z) =
exp(α + γTz + βTx)

1 + exp(α + γTz + βTx)
.

Then in model (3.2) we have a(φ) ≡ 1. From (3.10) one can find out the probability mass

of Y given ∆ = δ, where ∆ is given in (3.5.1), is

P (Y = 1|∆ = δ) =
exp[α + γTz + βT(δ −Ω∗0β/2)]

1 + exp[α + γTz + βT(δ −Ω∗0β/2)]
.
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Therefore the conditional score can be obtained from (3.5.2)

ψs(y, z, w̄, α, β, γ) = {y − F ([α + γTz + βT(δ −Ω∗0β/2)])}


1

z

δ −Ω∗0β


δ=w̄+yβΩ∗0

(3.18)

where F (t) = 1/(1 + e−t). Therefore the estimation equations corresponding to (3.12) is

n∑
i=1

{yi − F ([α + γTzi + βT(δi −Ω∗0β/2)])}


1

zi

δi −Ω∗0β

 = 0 (3.19)

3.5.3 Conversion to Optimization Problem

Conditional score method typically estimates (α, β, γ, φ) by solving (3.12). Note that the

left hand side of (3.12) is a (2 + p0 + p)× 1 vector. Thus when p is large, finding roots for

(3.12) could be difficult. Instead, we turn to consider a one step generalized method of

moments estimate (GMM) (Hansen, 1982), that is, we estimate (α, β, γ, φ) by minimizing

h(α, β, γ, φ) = ‖
n∑
i=1

ψs(yi, zi, w̄i, α, β, γ, φ)‖2. (3.20)

Problem (3.20) could still be formidable under the general GLM setup (3.2). Following

the context above, we illustrate this optimization strategy in linear regression and logistic

regression.

For linear regression, the estimate of α, β, γ, σ2 can be obtained by solving (3.15) -

(3.17). Note that β can be solved in (3.16), which is free of α, γ and σ2. Hence, we can
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just consider the following optimization problem corresponding to (3.16)

h1(β) = ‖ − βT

n∑
i=1

{(w̄i − w̃i)yi}Ω∗0β +

n∑
i=1

{(yi − ỹi)yiΩ∗0 − w̄i(w̄T

i − w̃T

i )} β +
n∑
i=1

{(yi − ỹi)w̄i} ‖2. (3.21)

After β is solved, α, γ and φ can be solved in (3.15) and (3.17).

For logistic regression, α, β, γ have to be solved together. The corresponding problem

to (3.19) is minimizing

h2(α, β, γ) = ‖
n∑
i=1

ψs(yi, zi, w̄i, α, β, γ)‖2,

where ψs is given in (3.18).

3.6 Model – Tensor X

We only consider the case that p0 > 0. In this Section, X, W and the corresponding

coefficient B are p1× . . .× pD tensors. We use the notations and assumptions in Section

3.3.2 and consider GLM (3.3). In tensor setup, we follow the optimization strategy devel-

oped in Section 3.5.3. To accommodate tensor setup, one can simply turn W and B into

vectors and replace W and β in (3.20) respectively. The resulting problem is minimizing

h(α, vec(B), γ, φ) = ‖
n∑
i=1

ψs(yi, zi, vec(w̄i), α, vec(B), γ, φ)‖2 (3.22)

The biggest issue of optimizing (3.22) is the ultra high dimensionality of B, which has∏D
d=1 pd parameters. This number usually far exceeds the usual sample size and makes
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Algorithm 2 Block relaxation algorithm for minimizing h(α, vec(B), γ, φ).

Initialize: B
(0)
d ∈ IRpd×R a random matrix for d = 1, . . . , D; (α(0), γ(0)) is the linear

estimate given generated B(0).
repeat

for d = 1, . . . , D do
B

(t+1)
d = argminBd

h(α(t), vec(Bd), γ
(t), φ(t)|B(t+1)

1 , . . . , B
(t+1)
d−1 , B

(t)
d+1, . . . , B

(t)
D )

end for
(α(t+1), γ(t+1)) = argminα,γ h(α, vec(JB

(t+1)
1 , . . . , B

(t+1)
D K), γ, φ(t))

φ(t+1) = argminφ h(α(t+1), vec(JB
(t+1)
1 , . . . , B

(t+1)
D K), γ(t+1), φ)

until
h(α(t), vec(JB

(t)
1 , . . . , B

(t)
D K), γ(t), φ(t))−

h(α(t+1), vec(JB
(t+1)
1 , . . . , B

(t+1)
D K), γ(t+1), φ(t+1)) < ε.

the estimation inefficient.

To address this issue, we impose a rank-R CP decomposition on B ∈ IRp1×···×pD :

B =
R∑
r=1

β
(r)
1 ◦ · · · ◦ β

(r)
D ,

where β
(r)
d ∈ IRpd , d = 1, . . . , D, r = 1, . . . , R, and the shorthand B = JB1, . . . , BDK where

Bd = [β
(1)
d , . . . , β

(R)
d ] ∈ IRpd×R, d = 1, . . . , D. We adopt a block relaxation algorithm for

minimizing h(α, vec(B), γ, φ) in (3.22). Algorithm 2 gives the general framework. Again,

we provide estimation procedures for linear regression and logistic regression.

3.6.1 Optimization – Linear Regression

When X, W and the corresponding coefficient B are p1 × · · · × pD tensors, we convert

them into (
∏D

d=1 pd)× 1 vectors. The size of MW̄ becomes n× (
∏D

d=1 pd) and the length

of w̃i becomes
∏D

d=1 pd. Then (3.15) becomes

(M T

1ZM1Z)(α γT)T = M T

1Z(y −MW̄vec(B)), (3.23)
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and h1(·) in (3.21) becomes

h1(B) = ‖ − vec(B)T

n∑
i=1

{(vec(w̄i)− vec(w̃i))yi}Ω∗0vec(B) +

n∑
i=1

{(yi − ỹi)yiΩ∗0 − vec(w̄i)(vec(w̄i)
T − vec(w̃i)

T)} vec(B) +

n∑
i=1

{(yi − ỹi)vec(w̄i)} ‖2. (3.24)

Define

a1 =
n∑
i=1

{(vec(w̄i)− vec(w̃i))yi}

a2 = Ω∗0

a3 =
n∑
i=1

{(yi − ỹi)yiΩ∗0 − vec(w̄i)(vec(w̄i)
T − vec(w̃i)

T)}

a4 =
n∑
i=1

{(yi − ỹi)vec(w̄i)} .

Note that a1, a4 are known
∏D

d=1 pd × 1 vectors and a2, a3 are known
∏D

d=1 pd ×
∏D

d=1 pd

matrices. Minimizing (3.24) is simplified to minimizing

h1(B|a1, a2, a3, a4) = ‖ − vec(B)Ta1a2vec(B) + a3vec(B) + a4‖2. (3.25)

Recall that a CP decomposition has been applied to B. We utilize Algorithm 3 to mini-

mize (3.25) and update Bd, d = 1, . . . , D cyclically.

Define B(d), d = 1, . . . D as the mode-d matricization of tensor B (Kolda and Bader,

2009). Let Πd be the ΠD
d=1pd × ΠD

d=1pd permutation matrix that reorders vec(B(d)) to
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Algorithm 3 Block relaxation algorithm for minimizing h1(B) in (3.24)

Initialize: B
(0)
d ∈ IRpd×R a random matrix for d = 1, . . . , D;

repeat
for d = 1, . . . , D do
B

(t+1)
d = argminBd

h1(Bd|B(t+1)
1 , . . . , B

(t+1)
d−1 , B

(t)
d+1, . . . , B

(t)
D )

end for
until h1(B(t))− h1(B(t+1)) < ε.

obtain vec(B), i.e., vec(B) = Πdvec(B(d)). Then

vec(B) = Πdvec(B(d))

= Πdvec [Bd(BD � · · · �Bd+1 �Bd−1 � · · · �B1)T]

= Πd [(BD � · · · �Bd+1 �Bd−1 � · · · �B1)⊗ Ipd ] vec(Bd),

and thus Bd can be updated by BD, . . . , Bd+1, Bd−1, . . . , B1. In addition, for any ΠD
d=1pd×

ΠD
d=1pd matrix H ,

H · vec(B) = HΠd [(BD � · · · �Bd+1 �Bd−1 � · · · �B1)⊗ Ipd ] vec(Bd)

= Hπd [(BD � · · · �Bd+1 �Bd−1 � · · · �B1)⊗ Ipd ] vec(Bd),

where Hπd = HΠd should be pre-computed and stored for each d before block relaxation

loop if computer memory capacity permits. Note Hπd is just a column-permuted version

of H .

Therefore in Algorithm 3, for updating Bd, the optimization problem given Bt
d solves

B
(t+1)
d by minimizing

h1(Bd|a∗1, a∗2, a∗3, a∗4) = ‖ − vec(Bd)
Ta∗1a

∗
2vec(Bd) + a∗3vec(Bd) + a∗4‖2.
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where a∗1, a
∗
2, a
∗
3 and a∗4 are updated at each Bd step in each iteration

a∗1 = [(B
(t)
D � · · · �B

(t)
d+1 �B

(t+1)
d−1 � · · · �B

(t+1)
1 )⊗ Ipd ]TΠT

d · a1,

a∗2 = a2 ·Πd[(B
(t)
D � · · · �B

(t)
d+1 �B

(t+1)
d−1 � · · · �B

(t+1)
1 )⊗ Ipd ],

a∗3 = a3 ·Πd[(B
(t)
D � · · · �B

(t)
d+1 �B

(t+1)
d−1 � · · · �B

(t+1)
1 )⊗ Ipd ],

a∗4 = a4.

After solving B iteratively, one can find α and γ from (3.23).

3.6.2 Optimization – Logistic Regression

When X, W and B are tensors, we convert them into vectors and follow (3.22). Then

the resulting problem is solving (α,B, γ) by minimizing

h2(α, vec(B), γ) = ‖
n∑
i=1

ψs(yi, zi, vec(w̄i), α, vec(B), γ)‖2 (3.26)

We directly apply Algorithm 2 to minimize (3.26). Also note that φ = 1 and need not to

be estimated under a logistic regression model.

3.7 Numerical Study

The conditional score is regarded as a method of estimating equations. Then the common

issue of multiple roots come up with estimating equation method. Stefanski and Carroll

(1987) stated the conditional score method yields multiple roots and not all of them are

consistent. Also Heyde and Morton (1998) proved that there exists inconsistent roots for

linear measurement error model. In the presence of multiple roots, Stefanski and Carroll
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(1987) suggested using the one closest to the naive estimate, which is obtained after

ignoring the measurement error. To implement this idea, they used the naive estimate

as the starting point to solve the score equations iteratively. Although this is a heuristic

idea, it performs well when the dimension of parameter space is very low. However, in

our case of ultra-high dimensionality, it is difficult or usually impossible to find the naive

estimate under a limited sample size. Zhou et al. (2013) developed the tensor regression

to solve generalized linear model under a low-dimensional structure in high-dimensional

systems. In this simulation study we use the estimate obtained by tensor regression as

the naive estimate and apply Algorithm 2. We set the naive estimate as the starting point

in Algorithm 2.

3.7.1 Simulation Setup

Linear Regression

Simulation is designed for linear models with measurement errors. We use 4 dimensional

regular covariate Z (p0 = 4). For array covariate X, we consider 2D image signal, or

matrix signal with dimension 32×32. For each unobserved xi, we assign m measurements

wij, j = 1, . . . ,m, and we set m at three levels: 2, 5 and 20. Considering that the number

of parameters is 1 + 4 + 32 × 32 = 1029, we let the sample size n in this study have

three levels: 800, 1000 and 1500. We set the true intercept α be 1 and the true regular

coefficient γ be (1 1 1 1)T. For the 2D tensor coefficient B, we consider four shapes: ‘T’,

‘cross’, ‘disk’, and ‘pentagon’, which are all 32× 32 square matrices and consist of zeros

and ones. Each element of the observed regular covariate zi is independently drawn from

standard normal distribution, and so is the element of unobserved tensor covariate xi.

The measurement error U is independently generated from 2D tensor normal distribution,
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or matrix normal distribution, with mean 0p1×p2 , and variance Ω0 = Σ2 ⊗ Σ1, where

Σ1 = 2Ip1 and Σ2 = Ip2 , p1 = 32, p2 = 32. In addition, we set the model error to be

normal with mean zero and variance σ2 = 1.

In the simulation study, we first estimate the error covariance matrix Ω0. Note that

Ω0 has a separable structure that Ω0 = Σ2⊗Σ1. Hoff (2011) gave a maximum likelihood

estimate for Ω0 under this separable structure. We follow this method and obtain the

estimate Ω̂0.

Since the estimations of tensor coefficient B and the regular coefficient α, γ are

separated in the case of linear regression, we obtain estimate of α and γ in (3.15) after

solving B by minimizing (3.24). The simulation results are presented in tables (3.1)-(3.4),

where the tensor regression estimates (Naive) and the conditional score estimates (CS)

are compared in terms of mean absolute error (MAE). The results are based on 100 data

replicates.

Logistic Regression

The setup of α, B, γ as well as Z, X, W is the same as the linear regression above. Y

follows a Bernulli distribution with probability exp(α+γTz+〈B,x〉)
1+exp(α+γTz+〈B,x〉) . Ω̂0 will also be obtained

by the method given in Hoff (2011). Noting a(φ) ≡ 1 in logistic regression, we assume

the ratio Ω̂0/a(φ) = Ω̂0 is known when minimizing (3.26). The simulation results are

also presented in tables (3.1)-(3.4). The results are based on 100 data replicates.

3.7.2 Simulation Results

According to Stefanski and Carroll (1987); Stefanski (2000); Carroll et al. (2006), condi-

tional score method for measurement error model aims to reduce estimate bias. In this
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simulation study, we evaluate our method’s performance by looking at the MAE of the

estimate. Our proposed method (CS) is compared with tensor regression method in Zhou

et al. (2013) (Naive) in Table 3.1-3.4. It is shown that CS consistently outperforms Naive

along all the settings in the context of linear regression. While in the context of logis-

tic regression, CS sometimes performs equally to Naive, especially when the number of

replicate measurements m is large. This is not surprising since we are using the mean of

all measurements in the model as if there is only one measurement. So as the number of

measurements goes up, the mean of measurements, W̄ , approximates to the true value

X and the Naive gives a good estimate. Also the performances of both CS and Naive

are improved as m goes up, which agrees with the fact that W̄ approximates to the true

value X as m increases.

3.8 Discussion

3.8.1 Summary

In this chapter we have proposed a tensor measurement error model based on the CP de-

composition. We extend the classical conditional score method to tensor setup. Especially

for linear measurement error model, we develop a simpler estimation equation than that

in Carroll et al. (2006). We transform the original roots finding problem to a optimiza-

tion problem and thus successfully integrate the CP decomposition to achieve a stable

solution. We also integrate the method in Hoff (2011) to estimate the error covariance

matrix, which is treated as known in classical conditional score method.
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Table 3.1: Mean Absolute Error (MAE) of B estimate for ‘T’ shape in linear and logistic
regression. The true regression coefficient for each entry is either 0 or 1. The matrix variate
has size 32 by 32 with entries generated as standard normals. The estimate is averaged
over 100 data replicates.

Linear regression Logistic regression
(m n) r = 2 r = 3 r = 4 r = 2 r = 3 r = 4
(2 800) Naive 0.145 0.149 0.152 Naive 0.252 0.238 0.108

CS 0.101 0.054 0.082 CS 0.214 0.221 0.108
(2 1000) Naive 0.143 0.146 0.148 Naive 0.253 0.247 0.226

CS 0.044 0.068 0.086 CS 0.204 0.215 0.217
(2 1500) Naive 0.142 0.145 0.146 Naive 0.253 0.251 0.248

CS 0.026 0.045 0.059 CS 0.191 0.203 0.210
(5 800) Naive 0.084 0.088 0.091 Naive 0.222 0.074 0.078

CS 0.021 0.037 0.050 CS 0.153 0.074 0.078
(5 1000) Naive 0.084 0.086 0.088 Naive 0.227 0.198 0.047

CS 0.018 0.029 0.039 CS 0.141 0.156 0.047
(5 1500) Naive 0.082 0.085 0.086 Naive 0.231 0.224 0.209

CS 0.012 0.019 0.026 CS 0.126 0.144 0.154
(20 800) Naive 0.050 0.053 0.056 Naive 0.039 0.027 0.088

CS 0.012 0.022 0.029 CS 0.033 0.027 0.083
(20 1000) Naive 0.048 0.051 0.053 Naive 0.123 0.078 0.039

CS 0.009 0.016 0.021 CS 0.032 0.078 0.038
(20 1500) Naive 0.048 0.050 0.051 Naive 0.163 0.085 0.079

CS 0.007 0.011 0.014 CS 0.048 0.035 0.079
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Table 3.2: Mean Absolute Error (MAE) of B estimate for ‘cross’ shape in linear and
logistic regression. The true regression coefficient for each entry is either 0 or 1. The
matrix variate has size 32 by 32 with entries generated as independent standard normals.
The estimate is averaged over 100 data replicates.

Linear regression Logistic regression
(m n) r = 2 r = 3 r = 4 r = 2 r = 3 r = 4
(2 800) Naive 0.126 0.130 0.133 Naive 0.215 0.203 0.092

CS 0.049 0.074 0.091 CS 0.180 0.189 0.092
(2 1000) Naive 0.123 0.126 0.128 Naive 0.215 0.210 0.193

CS 0.037 0.059 0.073 CS 0.169 0.181 0.184
(2 1500) Naive 0.122 0.124 0.125 Naive 0.216 0.213 0.211

CS 0.025 0.041 0.052 CS 0.156 0.168 0.175
(5 800) Naive 0.072 0.075 0.078 Naive 0.188 0.065 0.055

CS 0.018 0.033 0.043 CS 0.121 0.065 0.055
(5 1000) Naive 0.072 0.075 0.077 Naive 0.193 0.167 0.061

CS 0.015 0.026 0.035 CS 0.113 0.128 0.061
(5 1500) Naive 0.071 0.073 0.075 Naive 0.196 0.189 0.175

CS 0.011 0.018 0.023 CS 0.098 0.115 0.125
(20 800) Naive 0.042 0.045 0.048 Naive 0.030 0.041 0.066

CS 0.010 0.018 0.025 CS 0.050 0.041 0.061
(20 1000) Naive 0.042 0.045 0.046 Naive 0.099 0.097 0.026

CS 0.008 0.014 0.019 CS 0.048 0.097 0.026
(20 1500) Naive 0.042 0.044 0.045 Naive 0.136 0.066 0.093

CS 0.006 0.010 0.013 CS 0.065 0.052 0.093
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Table 3.3: Mean Absolute Error (MAE) of B estimate for ‘disk’ shape in linear and
logistic regression. The true regression coefficient for each entry is either 0 or 1.The
matrix variate has size 32 by 32 with entries generated as independent standard normals.
The estimate is averaged over 100 data replicates.

Linear regression Logistic regression
(m n) r = 2 r = 3 r = 4 r = 2 r = 3 r = 4
(2 800) Naive 0.234 0.232 0.231 Naive 0.371 0.349 0.189

CS 0.115 0.139 0.158 CS 0.329 0.334 0.189
(2 1000) Naive 0.230 0.228 0.226 Naive 0.374 0.366 0.337

CS 0.099 0.117 0.135 CS 0.323 0.331 0.329
(2 1500) Naive 0.226 0.224 0.222 Naive 0.376 0.372 0.368

CS 0.088 0.088 0.101 CS 0.310 0.318 0.325
(5 800) Naive 0.150 0.147 0.144 Naive 0.339 0.155 0.167

CS 0.071 0.076 0.086 CS 0.270 0.155 0.167
(5 1000) Naive 0.150 0.144 0.142 Naive 0.347 0.309 0.099

CS 0.067 0.064 0.075 CS 0.259 0.267 0.099
(5 1500) Naive 0.148 0.138 0.136 Naive 0.353 0.344 0.326

CS 0.067 0.052 0.052 CS 0.236 0.252 0.261
(20 800) Naive 0.104 0.095 0.094 Naive 0.161 0.103 0.187

CS 0.064 0.052 0.055 CS 0.101 0.103 0.184
(20 1000) Naive 0.103 0.092 0.090 Naive 0.259 0.076 0.119

CS 0.067 0.046 0.045 CS 0.091 0.076 0.119
(20 1500) Naive 0.103 0.089 0.085 Naive 0.297 0.228 0.052

CS 0.067 0.040 0.035 CS 0.066 0.079 0.051
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Table 3.4: Mean Absolute Error (MAE) of B estimate for ‘pentagon’ shape in linear
and logistic regression. The true regression coefficient for each entry is either 0 or 1. The
matrix variate has size 32 by 32 with entries generated as independent standard normals.
The estimate is averaged over 100 data replicates.

Linear regression Logistic regression
(m n) r = 2 r = 3 r = 4 r = 2 r = 3 r = 4
(2 800) Naive 0.199 0.198 0.197 Naive 0.307 0.289 0.150

CS 0.106 0.126 0.140 CS 0.270 0.274 0.150
(2 1000) Naive 0.195 0.194 0.193 Naive 0.309 0.302 0.280

CS 0.091 0.108 0.121 CS 0.262 0.272 0.270
(2 1500) Naive 0.194 0.190 0.188 Naive 0.310 0.307 0.303

CS 0.101 0.080 0.089 CS 0.255 0.260 0.265
(5 800) Naive 0.134 0.130 0.128 Naive 0.281 0.132 0.130

CS 0.070 0.073 0.081 CS 0.219 0.132 0.130
(5 1000) Naive 0.133 0.128 0.125 Naive 0.287 0.255 0.082

CS 0.068 0.064 0.069 CS 0.208 0.215 0.082
(5 1500) Naive 0.130 0.123 0.118 Naive 0.292 0.284 0.269

CS 0.072 0.054 0.052 CS 0.190 0.203 0.211
(20 800) Naive 0.099 0.091 0.087 Naive 0.150 0.079 0.142

CS 0.070 0.056 0.056 CS 0.080 0.079 0.139
(20 1000) Naive 0.096 0.087 0.082 Naive 0.222 0.099 0.076

CS 0.069 0.051 0.047 CS 0.072 0.099 0.076
(20 1500) Naive 0.096 0.085 0.080 Naive 0.248 0.197 0.052

CS 0.070 0.050 0.041 CS 0.091 0.056 0.052
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Table 3.5: Fitting run time for ‘cross’ shape (in seconds) at rank 2, 3 and 4 in linear
regression setup (Section 3.7).

Linear regression
(m n) r = 2 r = 3 r = 4
(2 800) CS 14.36 23.98 54.48
(2 1000) CS 15.81 28.91 57.90
(2 1500) CS 15.45 21.13 59.32
(5 800) CS 21.18 36.81 77.92
(5 1000) CS 16.36 26.61 86.05
(5 1500) CS 15.51 23.99 66.39
(20 800) CS 20.77 32.53 71.60
(20 1000) CS 19.45 25.82 80.15
(20 1500) CS 15.92 22.72 66.39

3.8.2 Computation Time

We conduct a numerical experiment to study the computing time of the proposed method.

We adopt the linear regression setting in Section 3.7 and use the ‘cross’ shape. Note that

we use the tensor regression estimate as the starting point. Table 3.5 displays the run

times for single data replicate under different setups.

3.8.3 Limitation

Multiple roots is a common issue in solving the estimation equation derived from the

classical conditional score method, and when the dimension is large, the problem be-

comes more severe. We have done an experiment in classical setup to show conditional

score method may fail when p is large. In Table 3.6, we investigate the performance

of conditional score method in classical setup. We set five replicate measurements and

500 sample size. Elements of the p × 1 covariate with measurement error, X, are inde-

pendently simulated from Uniform(-1,1). We let the error covariance matrix Ω0 be an

identity matrix. Elements of the true coefficient for X are independently simulated from

79



Table 3.6: MAE of β estimate in classical setup (vector case). Sample size is 500. The
estimate is averaged over 100 data replicates.

p = 1 p = 5 p = 10 p = 20 p = 50
Linear Regression Naive 0.312 0.219 0.178 0.169 0.197

CS 0.003 0.011 0.007 0.012 0.020
Logistic Regression Naive 0.016 0.169 0.207 0.208 0.228

CS 0.007 0.019 0.054 0.479 0.457

Uniform(-1,1). We also set the model error of linear regression to be σ2 = 1. Simulation

is based 100 data replicates. The results show conditional score method fails when p is

relatively large in logistic regression, although it performs well in linear regression.

We follow the suggestion in Stefanski and Carroll (1987) to use the naive estimate as

the starting point to iteratively solve the optimization problem. The results we obtained

seem optimistic. In fact, the problem of local minimum may also be present in our high

dimensional array setup and it should be addressed in future research.

Another drawback of our proposed estimate is its large variance. This is also noticed in

Stefanski and Carroll (1987) and Carroll et al. (2006). Although the proposed estimate

corrects bias, it can result in larger variance and mean squared error than the naive

estimate.

For application, our method can give an unbiased estimate of the image coefficient.

However it suffers the limitation in prediction which is common for all measurement error

models. Since the estimate obtained through measurement error model is a correction

based on naive estimate obtained from (yi,Wi), i = 1, . . . , n, directly, it may not be

suitable for prediction based on new observed W .
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Chapter 4

Tensor Linear Support Vector

Machines

4.1 Introduction

With advances in the medical imaging technologies, a growing number of neuroimage

data have become accessible for statistical analysis. In the last few years there has been

increasing interest in applying statistical learning classifiers to neuroimage data analysis.

Some problems of interest can be identifying voxels that are more active in the task

condition than in the control condition, or classifying disease group and control group by

examining subjects’ neuroimages.

To be consistent with literature in image analysis, we use features as independent

variables or predictors in this chapter. In a neuroimaging setting, the features could

be voxels and the response could be the clinical outcome of patients. In some papers

identifying regions of active voxels, the response could be the type of visual stimulus

the subject received when the voxel values were recorded. Based on the summary of
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Pereira et al. (2009), classical studies for neuroimage data always turn an image into a

long vector at first. In image data analysis, there are generally many more features than

subjects. Thus reducing the number of features that a classifier has to consider could

be very crucial. In neuroimaging setting, studies solving this problem can be divided in

two groups. The first group uses feature selection methods based on prior hypotheses,

including regions of interest (ROIs) or key biological concerns. The other group adopts

dimension reduction path to reduce the number of features fed into a classifier. Typical

methods include singular value decomposition/principal component analysis (SVD/PCA)

or independent component analysis (ICA). Other methods such as wavelet basis transform

or autoregressive model can also be applied to transform the original feature space into

a new, low-dimensional feature space.

After reducing the number of features, one trains classifier on the selected features.

Commonly used methods in neuroimaging data include Gaussian Naive Bayes (GNB), lin-

ear discriminant analysis (LDA), logistic regression, and support vector machine (SVM).

In this chapter we mainly focus on SVM and propose a new tensor linear SVM method,

which utilizes information of the whole neuroimaging data without reducing the number

of features. Unlike most studies in the literature that extract features from the original

image data, we keep the array structure of the original images and use information from

all the voxels in the proposed method. The new proposed classifier is more general since

it can be trained without knowing much a priori information that varies case by case.

4.2 Overview

In this chapter we propose an SVM classifier with features in the form of tensor. SVM

can be formulated as an optimization problem minimizing the ‘hinge loss + penalty’ cri-
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terion. Motivated by this formulation, we impose a CP structure on the array coefficient

of the linear term in the hinge loss and L2 penalty on the factor matrices of the CP

decomposition. We develop a highly efficient algorithm for the optimization. The pro-

posed method performs well and stably with the original array covariate being upsized

to ultra-high dimensionality by different basis functions. This demonstrates flexibility for

ultra-high dimensional data. Both simulation study and real data analysis show that the

proposed method outperforms other competitors such as tensor regression model (Zhou

et al., 2013) and standard SVM.

The rest of this chapter is organized as follows. Section 4.3 reviews classification

problems in neuroimage data based on SVM. We first review works in the two groups

for reducing the number of features in Section 4.3.1 and 4.3.2. All of these works are

based on SVM classifier. In Section 4.3.3, we simply review some classification methods.

In Section 4.4.1 we introduce the basic principle of classical linear SVM. In Section 4.4.2

we propose the new tensor linear SVM method. We demonstrate its usefulness based on

the numerical examples in Section 4.5.

4.3 Literature Review

4.3.1 Feature Selection

In neuroimaging setting, because of the high dimensionality of the feature (voxel) vectors,

many studies focused on finding a subset of voxels, not only for reducing the number of

features considered, but also for biological interest. We review three categories of fea-

ture selection methods here: voxel-based method, ROI-based method, and key biological

feature selection. All these works embrace SVM for classification.
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� Voxel-based selection: Cox and Savoy (2003); Mitchell et al. (2004); Hanson and

Halchenko (2008); Costafreda et al. (2009)

� ROI-based selection: Cox and Savoy (2003); Mitchell et al. (2004); Davatzikos et al.

(2005); Fan et al. (2005); Kamitani and Tong (2005); Dukart et al. (2013); Zhang

et al. (2011); Klöppel et al. (2008); Magnin et al. (2009); Shen et al. (2010); Ecker

et al. (2010)

� Key biological feature selection: Kamitani and Tong (2005); Dukart et al. (2013);

Klöppel et al. (2008); Gerardin et al. (2009); Oliveira Jr et al. (2010); Ecker et al.

(2010)

Cox and Savoy (2003) classified patterns of fMRI activation evoked by the visual

presentation of various categories of objects. In the study, four subjects participated in

21 sessions of experiments. In each session, they were shown 10 categories of gray scale

images and MRI activations evoked by the 10 stimuli were recorded. The size of the fMRI

was 64× 64× 21 (21 slices). The study used a univariate one-way ANOVA to do feature

selection. Voxels that varied significantly across at least one of the categories of stimuli

(p-value < 0.05, Bonferroni corrected for multiple comparisons) were selected. Various

number of voxels from 50 to 200 were selected as input for classifiers. Linear SVM, cubic

polynomial SVM and LDA were compared. SVM performed much better than LDA along

different numbers of voxels used. However, the nonlinear (cubic polynomial) SVM did

not significantly outperform linear SVM.

In the work of Mitchell et al. (2004), three experiments were conducted on fMRI

image data. Classifiers were trained to distinguish cognitive states such as (1) whether

the human subject was looking at a picture or a sentence, (2) whether the subject was

reading an ambiguous or non-ambiguous sentence, and (3) whether the word the subject
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was viewing is a word describing food, people, buildings, etc. They considered voxels

within anatomically defined brain regions (e.g., dorsolateral prefrontal cortex), or ROI.

Numbers of ROIs considered in the three experiments above were 7, 4 and 30. The

numbers of voxels for the three experiments above were approximately 160000, 20000

and 10000. Numbers of subjects in the three experiments were 13, 10 and 10. For each

subject, the numbers of examples were 80, 20 and 384 in the three experiments. A separate

classifier for each subject was trained. Since in the experiments there was rest time

between two presenting stimuli, the study considered subjects’ condition in this time as

the third class. Voxels were selected based on their ability to distinguish either target class

from the fixation condition. The paper experimented with three classification learning

methods: Gaussian Naive Bayes (GNB) classifier, k-nearest neighbor (kNN) and linear

SVM. The GNB and SVM classifiers outperformed kNN. Their work focused mainly on

training a different classifier for each human subject. Based on this work, Wang et al.

(2003) trained classifiers that can be used across multiple human subjects in the first

two case studies in Mitchell et al. (2004). They used the mean fMRI activity in each of

several predefined ROIs as input to classifiers.

Davatzikos et al. (2005) performed lie detection on fMRI image data using high-

dimensional nonlinear SVM. The fMRI images were 64× 64× 33 and they were obtained

from 22 right handed male students. The original data were preprocessed using statisti-

cal parametric mapping (SPM2, Wellcome Department of Cognitive Neurology, London,

UK)(Friston et al., 1994). Then they calculated the hemodynamic response function

(HRF) regressor absorbing the work in Friston et al. (1998). Afterwards, they divided

regression coefficients of the HRF regressor into 560 cubes and used average for each cube

as feature input in the SVM, so that the number of features was reduced to 560.
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Costafreda et al. (2009) applied linear SVM to discriminate between patients with

depressive disorder and healthy individuals based on their MRI data. They studied 37

patients with major depressive disorder (MD) and 37 healthy individuals. The size of

the MRI was 256 × 256 × 124. For feature selection, voxel-based morphometry (VBM)

was first applied to the structural MRI images using SPM5 (Wellcome Trust Centre for

Neuroimaging, UCL, London, UK). Then whole-brain ANOVA filtering was used to select

the areas that differed significantly between patients and controls. Voxels in those areas

were used as feature inputs in linear SVM.

Kamitani and Tong (2005) investigated classifying the perception of edge orientation

using fMRI data. The size of the image was 256 × 256 × 25. The responses were eight

stimulus orientations. Four subjects participated in the experiment and they viewed a

total of 20-24 trials for each orientation, so the sample size was 160-192 for each subject.

Voxels used as feature inputs were selected on the cortical surface of 5 particular key

biological areas, each of which had 200. They found voxels that might not be significant

under univariate contrast test may still play an role in improving classification perfor-

mance. They demonstrated that the line orientation of a grating was classifiable with a

linear SVM using only voxels from one area. This was surprising since the microscopic

organization of orientation-selective neurons in the cortical columns of that area was not

significant with a mass univariate GLM. They argued that this might be because tiny

orientation-selective biases in individual voxel can become informative when many such

voxels get aggregated. Also, they found orientation decoding performance progressively

improved with increasing number of voxels, as long as voxels were selected from the

retinotopic region corresponding to the stimulated visual field.

Dukart et al. (2013) applied SVM to classify Alzheimers disease (AD) patients and

healthy control subjects using MRI and PET data. SVM was trained on 28 AD patients
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and 28 healthy control subjects and tested on 21 patients with AD and 13 control subjects.

In the study, the sizes of MRI and PET were 128 × 128 × 128 and 128 × 128 × 63.

Voxels of interest (VOIs) were selected to represent the maxima of atrophy or reductions

in glucose utilization in AD. Six VOIs were extracted from each of the modalities by

drawing a sphere with a radius of 5 mm around the reported coordinate and restricting

the VOI to non-zero intensities within the sphere. The mean value of each VOI was used

for classification.

Zhang et al. (2011) applied linear SVM to discriminate between Alzheimer’s dis-

ease (or mild cognitive impairment) and healthy controls combining three modalities of

biomarkers: MRI, FDG-PET, and CSF. The experiment of classifying AD and healthy

controls was conducted in the data consisting of 51 AD patients and 52 healthy controls.

The experiment of classifying MCI and healthy controls was conducted in the data con-

sisting of 99 MCI patients and the same control group. For each MR or FDG-PET image,

93 ROIs were labeled and the volume of GM tissue was computed as feature input in

each ROI. For CSF biomarkers, their original values are directly used as features. Then,

a linear support vector machine (SVM) was adopted for classification.

Klöppel et al. (2008) applied linear SVM to classify the grey matter segment of MR

scans from AD patients and normal elderly individuals obtained from two centers with

different scanning equipment. Size of the scan was 256× 192. Four groups of human sub-

jects participated in the study. Three were used to discriminate between AD patients and

normal individuals and the other was used to differentiate AD patients and frontotem-

poral lobar degeneration (FTLD) patients. Group I consisted of 20 AD patients and 20

normal controls. Group II consisted of 14 AD patients and 14 cognitively normal con-

trols. Group III consisted of 33 patients with probable mild AD and 57 normal controls.

Group IV consisted of 18 AD patients and 19 FTLD patients. The study used two kinds
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of feature inputs for SVM classifier. The first kind was grey matter from the whole brain,

and the second was only grey matter of antero-medial lobe volume of interest. Linear

SVM was applied to data from different centers that used different scanners. The results

showed that linear SVM generalized well.

Magnin et al. (2009) applied SVM classification of whole-brain MRI to discriminate

between patients with Alzheimers disease (AD) and elderly control subjects. The database

consisted of 38 samples: 22 elderly control and 16 AD patients. ROIs based feature

selection method was used in this study. Specifically, the brain image was split into 90

ROIs. For each ROI, a histogram analysis of the distribution of the intensity in the voxels

was performed, which identifies the respective contributions of gray matter (GM), white

matter (WM), and cerebrospinal fluid (CSF) in the region. Afterwards, radial kernel

SVM was performed based on the 90 dimensional feature vector.

Shen et al. (2010) applied RBF kernel SVM to classify patients with schizophrenia

(SCH) and health controls based on fMRI data. Participants in the experiment included

32 schizophrenic patients and 20 healthy controls. The fMRI data size was 64× 64× 20

with 180 volumes. They first obtained 6670 dimensional feature vectors based on their

region partition of the fMRI data. They ranked the features according to their predefined

discriminative power and the top 150 features were selected. Then features’ dimension was

further reduced by projecting feature space onto low-dimensional manifold. Afterwards,

RBF kernel SVM was applied to the dimensionality-reduced feature inputs.

Gerardin et al. (2009) discriminated Alzheimer’s disease (AD) patients and mild cog-

nitive impairment (MCI) patients from normal aging subjects. They studied 23 patients

with AD, 23 patients with MCI and compared them to 25 elderly healthy controls. MRI

for each subjects had the size of 256× 192× 128. Spherical harmonics (SPHARM) coeffi-

cients were used to model the shape of the hippocampi, which are segmented from MRI
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(Chupin et al., 2007, 2009). These coefficients were used as feature inputs in the SVM

classifier. RBF kernel SVM was used in this study.

Oliveira Jr et al. (2010) applied RBF kernel SVM to classify Alzheimers disease (AD)

patients and healthy control subjects using MRI data. The database consisted of 14 AD

patients and 20 healthy controls. Size of the MR scan was 256× 256. Representations of

cortical thickness were measured using MRI cortical surface-based analysis. Volumetric

measurements of subcortical and cortical structures were used as feature inputs for the

RBF kernel SVM classifier.

Ecker et al. (2010) applied linear SVM to discriminate between people with Autism

spectrum disorder (ASD) and healthy controls based on their MRI data. Participants in

the experiment included 20 individuals with ASD and 20 healthy controls. The MRI data

size was 256×192×124. In the study, cortical reconstruction and volumetric segmentation

were performed on the MRI, then the cerebral cortex was parcellated into units based

on gyral and sulcal structure (Fischl et al., 2004). For each parcellation unit, a set of

five morphometric measurements that accounted for geometric characteristics of each

parcellation were obtained. All of the morphometric measurements were taken as feature

inputs and linear SVM classifier was built on them.

First, we can see that feature selection algorithms do not use the whole fMRI spatial

information but only selected information. Second, the prior information for feature se-

lection depends on the user, and is usually based on some a prior hypotheses, e.g. wishing

to test whether voxels in a particular region of interest have information. However, in

practice, a priori knowledge is not always available. Even if the regions of interest are able

to be figured out, it is not guaranteed that classifier based on the regions of interest can

lead to a good prediction. Third, these feature selection methods are accompanied with

different and complex data preprocessing due to different experiment scenarios (Pereira
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et al., 2009).

Recursive feature elimination (RFE) is a different way to do feature selection. This

method begins with all features and removes features while performance increases. The

essential idea of RFE is recursively training the classifier, computing the ranking criterion

for input features, and removing the feature with the smallest ranking criterion. Guyon

et al. (2002) used this method to select a small subset of genes from broad patterns of gene

expression data and used the selected genes to build an SVM classifier. The study used

the L2 norm of the linear coefficient of the hyperplane as the feature ranking criterion,

that is, in each recursion, the feature whose corresponding linear coefficient has smallest

L2 norm was eliminated. Through this procedure, the top ranked features were selected

for the final SVM model. Different sizes of the selected features were considered in this

study.

RFE can be combined with other feature selection techniques. Fan et al. (2005) ap-

plied SVM-RFE to a group of previously rank-ordered features that are computed from

the extracted regions. The problem was classifying 61 MR T1 brain images of normal

controls and schizophrenia patients. They actually performed 4 steps for feature selection.

First, they segmented images into three tissues: GM, WM and CSF using the approach

in Davatzikos et al. (2001). Then a high dimensional image warping method given in

Shen and Davatzikos (2002) was used to transform the segmented images into a template

space. This resulted in three tissue density maps, f0(u), f1(u), f2(u), in the template

space, with 0, 1, 2 corresponding to GM, WM and CSF respectively at location u. Sec-

ond, for each feature fi(u), i = 0, 1, 2, a single score si(u) was generated to reflect the

classification power of this feature, which included discriminative power and reliability.

Then a watershed segmentation method proposed in Vincent and Soille (1991) was em-

ployed to partition a brain into different regions according to the score si(u). Third, For
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each region generated above, the corresponding volumetric measure was computed by

summing up all tissue density values (fi(u), i = 0, 1, 2) in this region. Then the volumet-

ric measures from all regions constituted an attribute vector to represent morphological

information of the brain. Last, SVM-RFE given in Guyon et al. (2002) was employed to

do further feature selection. After the 4 steps above, a final feature vector was obtained

for each observation, then Gaussian kernel SVM was applied to do classification.

However, there are limitations using RFE in neuroimaging setting. First, given the

often prohibitive computational expense, this is in general infeasible (Pereira et al., 2009),

although there were heuristic techniques that have been successfully used with fMRI data

with only approximately 40000 voxels (Hanson and Halchenko, 2008). One should also

notice that the work in Fan et al. (2005) applied SVM-RFE only after a few steps of

preprocessing and feature extraction. However in many other neuroimaging settings, the

length of the vectorized images can reach up to millions. Then searching exhaustively the

whole feature set would require a large number of iteration. Second, deciding how many of

the top-ranked voxels to use becomes much harder due to the ultra-high dimensionality.

Third, RFE aims to finding or ranking all potentially relevant features, which contrasts

with the problem of selecting subsets of features that are useful to build a good classifier

(Guyon and Elisseeff, 2003). Selecting the most relevant features is usually suboptimal

for building a predictor (Guyon and Elisseeff, 2003). And this drawback also exists in

other feature selection methods relative to regions of interest.

4.3.2 Dimension Reduction Methods

Dimension reduction methods build new features based on the original features and

transform the original feature space into a new, low-dimensional feature space. Typical
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algorithms like singular value decomposition/principal component analysis, or indepen-

dent component analysis generate basis vectors in the directions of maximum variance

(SVD/PCA) or which are close to independence (ICA). These methods generate linear

uncorrelated combinations of the original features. Other than that, wavelet decompo-

sition has also been used in applications for dimension reduction. In addition for EEG

data, sometimes autoregressive (AR) models are performed for each channel and the AR

coefficients are used as feature inputs to classifiers. We review several dimension reduction

methods here

� PCA/SVD: LaConte et al. (2003); Mouro-Miranda et al. (2005); Álvarez et al.

(2009)

� ICA: Martino et al. (2007)

� Wavelet decomposition: Chaplot et al. (2006); Lao et al. (2004)

� Autoregressive model based method: Garrett et al. (2003); Schlögl et al. (2005)

� Signal cross-correlation based method: Chandaka et al. (2009)

PCA or SVD is widely used for dimension reduction in fMRI data analysis. Many

studies applied the classifier on PCA/SVD basis without prior selection of spatial features.

LaConte et al. (2003) examined performance of SVM in terms of misclassification error

by using PCA inputs. Mouro-Miranda et al. (2005) demonstrated SVM outperforms LDA

in classification performance as well as in the robustness of the spatial maps obtained.

LaConte et al. (2003) compared SVM and canonical variates analysis (CVA) in terms

of misclassification error based on fMRI data. In the study, eight right-handed volunteers

performed finger task using right or left hand. Linear SVM was applied to classify left-
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hand vs. right-hand tasks. The size of the fMRI was 64×64×30, with 135 volumes. PCA

was used to reduce the number of feature inputs to 364 (the number of PCs used).

Mouro-Miranda et al. (2005) studied classification of brain states from whole fMRI

volumes. In their work, SVM and LDA methods were applied to distinguish two brain

states by looking at the fMRI. Two multisubject attention experiments were considered:

a face matching and a location matching task. The fMRI data were from 16 human

subjects. Sliced images of 64× 64 and 69 functional volumes were acquired. Each fMRI

volume was treated as a feature vector in a high-dimensional space. PCA was applied

for dimension reduction. For each subject, the corresponding fMRI data matrix DM×T ,

where M was the number of voxels and T was the number of time points (M � T ),

was projected to a much smaller matrix Dp
T×T using principal components of SVD. The

superscript p indicated matrix after projection. Using the principal components as input

features, the study compared SVM and LDA in terms of prediction accuracy and SVM

outperformed LDA in the experiment.

Álvarez et al. (2009) applied linear SVM to classify Alzheimers disease (AD) pa-

tients and healthy control subjects using Single Photon Emission Computed Tomogra-

phy (SPECT) images. The database consists of 79 samples: 41 healthy control subjects

and 38 AD patients. The image size was 79 × 95 × 69. Images of the brain were recon-

structed from the projection data using the filtered back-projection (FBP) algorithm in

combination with a Butter-worth noise removal filter. The SPECT images were spatially

normalized using the SPM software. Afterwards, PCA was used for dimension reduction

in this study.

Martino et al. (2007) performed SVM classification of independent components (ICs)

extracted from fMRI data sets. In the experiment, seven human subjects participated in

the study and each subject conducted two fMRI runs (14 obervations in total). Original
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image’s size was 256 × 256 × 192. Then 60 ICs were extracted from fMRI data using

cortex based ICA (Formisano et al., 2004), so dimension was reduced from 256× 256 to

60. Afterwards, for each IC, values of eleven descriptive measures (IC-fingerprints) were

derived from the IC’s voxel values’ distribution (kurtosis, skewness, entropy), spatial

layout (degree of clustering in the anatomical space) as well as their temporal (one-lag

autocorrelation, entropy) and spectral (power contribution in five different frequency

bands) properties. Dimension was further reduced to 11 from 60. They then proceeded

to classify the eleven-length IC-fingerprints with SVM classifier.

However, PCA decomposition is nontrivial in the high dimensionality framework,

since one still has to convert images into vectors at first. For instance, 1024× 256 images

would be turned into vectors of length 1024 × 256 = 262144. Performing PCA based

on such feature vectors could still be quite computationally intensive. Second, linear

transformation such as PCA is not effective in capturing complex relationships in high-

dimensional spaces (Fan et al., 2005).

Other than PCA or ICA based methods, there were methods using wavelet transform

to extract features from images. In the work of classifying 52 MR brain images of normal

controls and Alzheimer patients (Chaplot et al., 2006), wavelet transform (Mallat, 1989)

was used to extract features from the original 256 × 256 images. Daubechies-4 (DB4)

wavelet (Daubechies et al., 1992) was chosen to extract wavelet approximation coefficients

of MR brain images. These coefficients were used as feature vector for classification.

The original 256 × 256 images were downsized to 69 × 69, which further resulted in

a 69 × 69 = 4761 dimensional feature vector. SVM and neural network methods were

compared and SVM performed better than neural network in the experiment.

Lao et al. (2004) applied SVM to differentiate images from different groups (e.g.

older/younger, male/female). Total number of subjects was 153. Regional analysis of
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volumes examined in normalized space (RAVENS) maps were obtained from the original

MRIs. The original size of the RAVENS maps was 256× 256× 124. Daubechies wavelet

decomposition was applied to the RAVENS maps and then the wavelet features were

ranked according to their discrimination measures. The top 2000 features were selected

as feature inputs for the SVM classifier. Classification of younger and older, or male and

female was considered in the study.

Garrett et al. (2003) examined the application of SVM to the problem of EEG classifi-

cation and compared the results to those obtained using neural networks and LDA. They

performed the analysis on two data sets. In the first study, subjects were asked to perform

four different activities including mentally composing a letter, doing math, counting num-

bers and rotating a solid. EEG data were recorded with size 125 samples × 6 channels.

Sixth-order autoregressive (AR) models were performed for each channel independently

and the data were reduced to 36 dimensions (6 AR coefficients × 6 channels). Twenty

five responses were obtained with five for each activity and five for the fixation time.

SVM were tested with polynomial kernels and RBF kernels. The results showed SVM

outperformed neural networks and LDA. In the second study, a subject performed a

typewriting task. A total of 516 keystrokes were done. EEG data were recorded to clas-

sify the laterality of the left/right hand signal. Six channels were considered and, for

each channel, 11 features were selected using genetic algorithms (Goldberg et al., 1989;

Mitchell, 1998; Whitley et al., 1997; Yang and Honavar, 1998); so there were 66 feature

inputs. Afterwards, SVM was used and it gave a good accuracy.

Schlögl et al. (2005) compared the performance of different classifiers applied to four-

class EEG data. In the study, EEG data were recorded with 60 electrodes from five

subjects performing four different motor-imagery tasks. Number of observations for each

subject was 240-360. Classifiers were applied individually for each subject and the per-
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formance of classifiers was compared using t-test along five subjects. Three adaptive

autoregressive (AAR) parameters were calculated in this study for each of the 60 chan-

nels, resulting in a feature input of 180 dimensions. Linear SVM, LDA and k-NN were

compared and SVM performed the best.

Chandaka et al. (2009) used SVM to classify healthy volunteers and epileptic pa-

tients based on their EEG data. Cross-correlation based method was applied to reduce

the number of feature inputs. In correlation, a cross-correlation sequence between two

energy signals measures the extent of similarity between these two signals (Proakis and

Manolakis, 2007). In the case study, the original data set consisted of 100 healthy vol-

unteers and 100 epileptic patients. The dimension of the EEG data was 4096. They first

selected one healthy volunteers as reference. The reference data were cross-correlated with

the data of the rest of healthy volunteers and all the epilepsy patients. So sample sizes for

healthy volunteers and epilepsy patients were 99 and 100. Based on the cross-correlation

sequence, five features were selected: peak value, instant at which peak occurs, equivalent

width, centroid and mean square abscissa. Linear SVM was performed based on the five

dimensional feature inputs.

One common drawback of these dimension reduction methods is that they ignore class

labels and do not consider classification performance but rather how well the original

data can be reconstructed from the basis and the low-dimensional representation (Müller

et al., 2004); there is no guarantee that a classifier based on reduced dimensionality data

produced by these algorithms will work well (Pereira, 2007; Pereira et al., 2009).
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4.3.3 Classification Models

In general setting, images are first turned into feature vectors. Let the feature vector be

X = (X1, . . . , Xp)
T, where p is the number of voxels, and the response variable Y be

binary, i.e. Y ∈ {−1, 1}. Let the observed value be x1, . . . ,xn and y1, . . . , yn, where n is

the number of observations.

Gaussian Naive Bayes

Bayes rule tells how to predict Y from an example X

P (Y = k|X) =
P (X|Y = k)P (Y = k)

P (X)

in terms of the distribution P (X|Y = k), k = ±1. The predicted Y is labeled by the

class with the highest posterior distribution P (Y = k|X).

If conditional distribution of each feature is normal and independent of the others,

i.e. P (X|Y = k) =
∏p

j=1 P (Xj|Y = k), k = ±1, then we have a Gaussian Naive Bayes

(GNB) classifier (Mitchell, 1997).

Linear Discriminant Analysis

Using the Bayes rule above, LDA considers a ratio

R =
P (Y = 1|X)

P (Y = −1|X)
=

P (X|Y = 1)P (Y = 1)

P (X|Y = −1)P (Y = −1)
,

where P (X|Y = k), k = ±1, are normal distributed with equal variance. Then the

decision rule becomes “Y = 1 if R > 1 or Y = −1 if R < 1”. We can see that GNB is

equivalent to LDA if the covariance matrix of distribution X given Y = k is diagonal.
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Logistic Regression

Logistic regression models P (Y = k|X) as

P (Y = 1|X) =
exp (α +XTβ)

1 + exp (α +XTβ)
;

P (Y = −1|X) =
1

1 + exp (α +XTβ)
.

The parameters α and β are estimated by maximizing the log likelihood
∑n

i=1 log(P (Y =

yi|xi)).

Linear Support Vector Machine

A linear Support Vector Machine (SVM) estimate parameters α and β by minimizing

n∑
i=1

[1− yi(α + xT

iβ)]+ +
λ

2

(
‖α‖2 + ‖β‖2

)
,

where λ is the penalization parameter. The decision rule is “Y = 1 if α +XTβ > 0 or

Y = −1 if α +XTβ < 0”.

Classifier Choice

According to Pereira (2007); Pereira et al. (2009), logistic regression and linear SVM

tend to be roughly equivalent in terms of performance. In cases where there are a large

number of features, some other classifiers such as Gaussian Naive Bayes (GNB) and

Fisher’s Linear Discriminant Analysis (LDA) are inferior to logistic regression and linear

SVM. For some other more complex classifiers such as nonlinear SVM or neural networks,

it is not clear that they always provide a significant advantage in practical performance
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relative to linear classifiers (in existing studies or the multi-study comparison in Pereira

(2007)). In addition, the relationship between features and the prediction can become

harder to interpret when these classifiers are used (Pereira et al., 2009). In this chapter

we mainly discuss linear SVM and logistic regression.

4.4 Model and Optimization

4.4.1 Introduction to Support Vector Machine (SVM)

We describe the principle of linear SVM here. The SVM methodology uses separating

hyperplanes for binary classification problem. It adjusts a discriminating function to es-

tablish the optimal separating hyperplane, which separates the two classes and maximizes

the distance to the closest point from either class (Vapnik, 1996; Cortes and Vapnik, 1995;

Hastie et al., 2009). Suppose we have a set of n training samples (x1, y1), . . . , (xn, yn),

where xi ∈ IRp , i = 1, . . . , n are feature vectors or inputs and yi ∈ {−1, 1}, i = 1, . . . , n,

are the class label that xis belong to. The linear discriminating function is f(x) = xTβ+α

and the classification rule is

G(x) = sign(xTβ + α).

One can normalize f(x) such that |f(xi)| ≥ 1, i = 1, . . . , n, and the distance from the

hyperplane f(x) = 0 to the closest training point is 1/‖β‖2. The optimal separating

hyperplane algorithm selects the hyperplane that maximize the distance, which leads to
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the following optimization problem

min
α,β
‖β‖2

subject to yif(xi) ≥ 1, i = 1, . . . , n.

When the training data are not linearly separable, a set of slack variables ξi, i =

1, . . . , n are introduced. The corresponding optimization problem is

min
α,β
‖β‖2

subject to yif(xi) ≥ 1− ξi, i = 1, . . . , n;

ξi ≥ 0,
n∑
i=1

ξi ≤ constant.

The problem above can be expressed in the equivalent form below, which is also the usual

form for support vector classifier in non-separable case

min
α,β

1

2
‖β‖2

2 + C
n∑
i=1

ξi

subject to ξi ≥ 0, yif(xi) ≥ 1− ξi, i = 1, . . . , n, (4.1)

where the parameter C represents the trade-off between the misclassification rate and

the separation of two classes. Furthermore, one could use Karush-Kuhn-Tucker (KKT)

conditions (Kuhn and Tucker, 1951) to formulate another equivalent problem of (4.1)

based on hinge loss

min
α,β

n∑
i=1

[1− yi(α + βTxi)]+ +
λ

2
‖β‖2

2, (4.2)

with λ = 1/C. The subscript “+” means the positive part. The solution of β has a
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representation

β =
n∑
i=1

uiyixi,

where ui, i = 1, . . . , n are non-negative Lagrange multipliers associated with the con-

straints in (4.1). They can be obtained by solving a constrained quadratic programming

problem

max
ui

n∑
i=1

ui −
1

2

n∑
i=1

n∑
j=1

uiujyiyjx
T

ixj

subject to 0 ≤ ui ≤ C and
n∑
i=1

uiyi = 0.

4.4.2 Tensor Linear SVM

The optimization problem (4.2) has the representation of “loss + penalty”. The first piece

is in the form of “hinge” loss, which is reasonable for two-class classification, when com-

pared to other more traditional loss function (Hastie et al., 2009). In multi-dimensional

array setting, we follow this idea of using hinge loss function for the classification problem.

Let X be the tensor covariate, X ∈ IRp1×...×pD , where D is the dimension. Let Y be

the class label, Y ∈ {−1, 1}, and Z be the conventional p0 × 1 vector-valued covariate.

We denote the observed values of Y , Z and X by yi, Zi and Xi, i = 1, . . . , n, where n

is the sample size. To handle this problem, we consider the following hinge loss function

`0 =
n∑
i=1

[1− yi {α + γTZi + 〈B,X〉}]+ , (4.3)

where 〈B,X〉 = vec(X)Tvec(B).
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We impose a CP decomposition introduced in (1.1) on B:

B =
R∑
r=1

β
(r)
1 ◦ · · · ◦ β

(r)
D

where β
(r)
d ∈ IRpd , d = 1, . . . , D, r = 1, . . . , R, and the shorthand B = JB1, . . . ,BDK,

where Bd = [β
(1)
d , . . . ,β

(R)
d ] ∈ IRpd×R, d = 1, . . . , D.

Under the CP decomposition, `0 given in (4.3) can be expressed as

`0(α,γ,B1, . . . ,BD) =
n∑
i=1

[1− yi {α + γTZi + 〈JB1, . . . ,BDK,Xi〉}]+ .

The standard SVM uses L2 penalty as shown in (4.2). Although there are many other

widely used penalties with extension to SVM application such as L1 penalty (Bradley

and Mangasarian, 1998; Zhu et al., 2003), L0 penalty (Weston et al., 2003), F∞ penalty

(Zou and Yuan, 2008), and SCAD penalty (Zhang et al., 2006), they mainly focused on

variable selection. In our context, the application of tensor decomposition facilitates to

reduce number of features and thus we focus on applying L2 penalty on the coefficients.

Specifically we solve the problem by minimizing the following hinge loss based objective

function

`(α,γ,B1, . . . ,BD) =
n∑
i=1

[1− yi {α + γTZi + 〈JB1, . . . ,BDK,Xi〉}]+ + (4.4)

λ

2

(
‖γ‖2 +

R∑
r=1

D∑
d=1

‖β(r)
d ‖

2

)
.

We impose penalization only on parameters of the CP decomposition, i.e. B1, . . . ,BD,

although it is conceptually possible to apply penalization to the full coefficient array

B ∈ IR
∏D

d=1 pd without considering the CP decomposition structure. However for neu-
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Algorithm 4 Block relaxation algorithm for minimizing (4.4).

Initialize: B
(0)
d ∈ IRpd×R a random matrix for d = 1, . . . , D, (α(0),γ(0)) =

argminα,γ `(α,γ,B
(0)
1 , . . . ,B

(0)
D ).

repeat
for d = 1, . . . , D do

B
(t+1)
d =argminBd

[
`0(α(t),γ(t),B

(t+1)
1 , . . . ,B

(t+1)
d−1 ,Bd,B

(t)
d+1, . . . ,B

(t)
D )+

λ

2

R∑
r=1

‖β(r)
d ‖

2
]

end for
(α(t+1),γ(t+1)) = argminα,γ

[
`0(α,γ,B

(t+1)
1 , . . . ,B

(t+1)
D ) + λ

2
‖γ‖2

]
until `(θ(t+1))− `(θ(t)) < ε

roimaging data, we should bear in mind the dimensionality of the imaging arrays and

ultrahigh dimensionality in penalization corrupts the statistical properties of the penal-

ized estimates (Zhou et al., 2013).

We adopt an efficient algorithm for minimizing `(α,γ,B1, . . . ,BD). Notice that al-

though the inner product in (4.4) is not linear in (B1, . . . ,BD) jointly, it is linear in

Bd individually. We then alternately update (α,γ) and Bd, d = 1, . . . , D, while keeping

other components fixed. This was so-called block relaxation algorithm (de Leeuw, 1994)

and recently applied to maximum likelihood estimation of the tensor regression model

(Zhou et al., 2013).

Algorithm 4 outlines the optimization procedure. At initialization, we first generate

random B
(0)
d , d = 1, . . . , D. Specifically, each element of B

(0)
d is independently generated

from uniform(-1,1); (α(0),γ(0)) can be obtained by fitting a low dimension SVM. Then

the loss function (4.4) is iteratively minimized. In each iteration, we alternately update

Bd ∈ IRpd×R, d = 1, . . . , D, and (α,γ). When updating Bd ∈ IRpd×R, we transform the
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inner product in (4.4) to

〈
R∑
r=1

β
(r)
1 ◦ β

(r)
2 ◦ · · · ◦ β

(r)
D ,X〉 = 〈Bd,X(d)(BD � · · · �Bd+1 �Bd−1 � · · · �B1)〉.

Then updating eachBd turns into an SVM model in a manageable dimension of Rpd. The

whole estimation procedure breaks into a sequence of optimizations that can be easily

implemented using ready SVM package LIBSVM (Chang and Lin, 2011) in MATLAB.

4.5 Numerical Study

4.5.1 Example 1

We generate the data in the linear discriminant analysis (LDA) setup. LDA is often used

in simulation studies on various types of SVM (Koo et al., 2008; Wang et al., 2008).

Throughout this example, the sample sizes for training, tuning and testing data sets are

200, 100 and 100. Response Y ∈ {1,−1} is generated with equal probability 0.5. We let

X have size 16× 16 or 32× 32. If Y = 1, vec(X) is generated from Normal(c1,Σ2⊗Σ1),

and if Y = −1, vec(X) is generated from Normal(−c1,Σ2⊗Σ1). Let c = 0.16, 0.17, 0.18

if X is 16× 16, c = 0.05, 0.06, 0.07 if X is 32× 32. Also, we set Σ1 = Σ2, and both have

first-order autoregressive structure with homogenous variances. We denote the correlation

between two adjacent elements by ρ, and set ρ = 0.6 if X is 16 × 16, ρ = 0.4 if X is

32 × 32. Bayes rule is used to control the optimal misclassification rate. In this study,

we compare classical linear and radial kernel SVM after vectorizing X and our proposed

tensor SVM. We also include regularized tensor logistic regression (Zhou et al., 2013)

as a reference in this study. We use grid-search method for tuning the regularization

parameter λ, the kernel width for radial kernel SVM and the fitted tensor rank R for
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Table 4.1: Comparison of tensor SVM (tsvm), linear SVM (lsvm), radial kernel SVM
(rsvm), and tensor logistic regression with L1 and L2 regularization (glm(L1),glm(L1))
in terms of misclassification rate in linear learning setup. Results are averaged over 100
replications. Numbers in parentheses are standard errors.

c = 0.16 c = 0.17 c = 0.18
Bayes rule 0.224 0.210 0.196

16× 16 lsvm 0.258(0.005) 0.243(0.005) 0.228(0.005)
rsvm 0.253(0.005) 0.238(0.004) 0.221(0.004)

glm(L1) 0.292(0.005) 0.273(0.006) 0.257(0.005)
glm(L2) 0.263(0.005) 0.244(0.005) 0.233(0.004)

tsvm 0.246(0.005) 0.233(0.005) 0.217(0.005)
c = 0.05 c = 0.06 c = 0.07

Bayes rule 0.238 0.196 0.159
32× 32 lsvm 0.327(0.005) 0.281(0.005) 0.228(0.004)

rsvm 0.320(0.005) 0.268(0.005) 0.220(0.005)
glm(L1) 0.383(0.005) 0.321(0.005) 0.270(0.005)
glm(L2) 0.331(0.005) 0.281(0.005) 0.226(0.005)

tsvm 0.299(0.005) 0.245(0.005) 0.200(0.005)

tensor SVM. Specifically for tensor SVM, various pairs of (λ,R) values are tried and the

one with the best validation accuracy is picked. For vectorized linear SVM, only λ is

tuned. We search λ from values suggested by Chang and Lin (2011). The fitted tensor

rank R is searched from 2, 3 and 4. Table 4.1 shows the results. Averaged misclassification

error over 100 data replicates is reported, with standard error in the parentheses. ‘lsvm’

and ‘rsvm’ refer to linear and radial kernel SVM after vectorizing X. ‘tsvm’ denotes our

proposed tensor SVM method. ‘glm(L1)’ and ‘glm(L2)’ denote tensor logistic regression

method with L1 and L2 regularization. It is clear to see that tensor SVM significantly

outperforms other competitors.
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4.5.2 Example 2

We set up another simulation study for the classification problem here. We generate Y

from a Bernoulli distribution with probability p(B,X). We consider logit and probit

link for p. Specifically, p = exp{〈B,X〉}/(1 + exp{〈B,X〉}) under logit link, and p =

Φ(〈B,X〉), where Φ is the cumulative distribution function of standard normal, under

probit link. We let the true signal of B be rectangle, ‘T’ shape, cross, triangle, pentagon

and disk. Each element of X is independently generated from standard normal. Three

types of dimension on X are considered: 16× 16, 32× 32 and 64× 64. Sample sizes for

training, tuning and testing data sets are (100, 100, 100) for 16×16X, (150, 150, 150) for

32× 32 X and (300, 300, 300) for 64× 64 X. The ratio of 0/1 response is approximately

1:1 in all three data sets. The grid-search is used for tuning parameters.
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Table 4.2: Comparison of tensor SVM (tsvm), linear SVM (lsvm), radial kernel SVM (rsvm), and tensor
logistic regression with L1 and L2 regularization (glm(L1),glm(L2)) in terms of misclassification rate in logit
link setup. Results are averaged over 100 replications. Numbers in parentheses are standard errors.

Rectangle T Cross Triangle Pentagon Disk
lsvm 0.354(0.005) 0.366(0.005) 0.374(0.006) 0.366(0.006) 0.368(0.005) 0.363(0.005)

16× 16 rsvm 0.369(0.005) 0.369(0.005) 0.375(0.005) 0.369(0.005) 0.380(0.006) 0.377(0.005)
glm(L1) 0.239(0.006) 0.318(0.005) 0.319(0.006) 0.322(0.007) 0.294(0.005) 0.296(0.006)
glm(L2) 0.207(0.005) 0.285(0.005) 0.292(0.006) 0.302(0.006) 0.266(0.005) 0.259(0.005)

tsvm 0.217(0.005) 0.287(0.005) 0.302(0.006) 0.304(0.006) 0.268(0.005) 0.262(0.005)
lsvm 0.410(0.004) 0.411(0.004) 0.410(0.004) 0.414(0.004) 0.405(0.004) 0.412(0.004)

32× 32 rsvm 0.426(0.004) 0.426(0.004) 0.421(0.005) 0.426(0.004) 0.424(0.004) 0.428(0.004)
glm(L1) 0.333(0.006) 0.378(0.006) 0.393(0.005) 0.376(0.005) 0.368(0.006) 0.363(0.005)
glm(L2) 0.265(0.005) 0.334(0.005) 0.340(0.005) 0.329(0.005) 0.301(0.005) 0.297(0.005)

tsvm 0.273(0.004) 0.343(0.005) 0.344(0.005) 0.339(0.005) 0.313(0.005) 0.308(0.005)
lsvm 0.439(0.003) 0.438(0.003) 0.437(0.003) 0.435(0.003) 0.436(0.003) 0.439(0.003)

64× 64 rsvm 0.446(0.003) 0.440(0.003) 0.445(0.003) 0.444(0.003) 0.446(0.003) 0.447(0.003)
glm(L1) 0.370(0.005) 0.417(0.004) 0.431(0.004) 0.420(0.004) 0.393(0.004) 0.395(0.003)
glm(L2) 0.262(0.004) 0.347(0.004) 0.355(0.004) 0.347(0.004) 0.311(0.004) 0.310(0.004)

tsvm 0.276(0.003) 0.351(0.004) 0.360(0.004) 0.355(0.004) 0.316(0.004) 0.319(0.004)
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Table 4.3: Comparison of tensor SVM (tsvm), linear SVM (lsvm), radial kernel SVM (rsvm), and tensor
logistic regression with L1 and L2 regularization (glm(L1),glm(L2)) in terms of misclassification rate in
probit link setup. Results are averaged over 100 replications. Numbers in parentheses are standard errors.

Rectangle T Cross Triangle Pentagon Disk
lsvm 0.351(0.005) 0.366(0.005) 0.362(0.006) 0.354(0.005) 0.362(0.005) 0.361(0.005)

16× 16 rsvm 0.365(0.005) 0.366(0.006) 0.370(0.005) 0.364(0.005) 0.367(0.006) 0.375(0.005)
glm(L1) 0.225(0.006) 0.298(0.006) 0.293(0.006) 0.294(0.005) 0.292(0.006) 0.290(0.006)
glm(L2) 0.213(0.005) 0.294(0.006) 0.287(0.005) 0.296(0.005) 0.272(0.006) 0.270(0.006)

tsvm 0.213(0.005) 0.277(0.005) 0.287(0.005) 0.282(0.005) 0.261(0.005) 0.254(0.005)
lsvm 0.405(0.005) 0.410(0.004) 0.410(0.004) 0.408(0.004) 0.406(0.004) 0.411(0.004)

32× 32 rsvm 0.421(0.005) 0.426(0.004) 0.420(0.005) 0.428(0.004) 0.425(0.005) 0.425(0.004)
glm(L1) 0.334(0.006) 0.379(0.005) 0.390(0.006) 0.373(0.005) 0.357(0.006) 0.370(0.006)
glm(L2) 0.284(0.005) 0.347(0.005) 0.360(0.005) 0.347(0.005) 0.321(0.006) 0.318(0.005)

tsvm 0.270(0.004) 0.338(0.005) 0.338(0.005) 0.338(0.005) 0.310(0.005) 0.308(0.004)
lsvm 0.440(0.003) 0.435(0.003) 0.435(0.004) 0.432(0.003) 0.437(0.003) 0.438(0.003)

64× 64 rsvm 0.444(0.003) 0.441(0.003) 0.444(0.004) 0.438(0.003) 0.445(0.003) 0.444(0.003)
glm(L1) 0.372(0.005) 0.417(0.004) 0.424(0.004) 0.420(0.005) 0.401(0.004) 0.401(0.005)
glm(L2) 0.272(0.004) 0.353(0.004) 0.359(0.004) 0.353(0.004) 0.324(0.004) 0.319(0.004)

tsvm 0.272(0.003) 0.351(0.004) 0.357(0.003) 0.351(0.004) 0.323(0.005) 0.319(0.004)
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Table 4.2 and 4.3 show results under logit and probit models. Mean misclassification

error over 100 data replicates is reported, with standard error in the parentheses. We

can see that tensor SVM and tensor logistic regression with L2 regularization perform

the best. But these two methods do not have significantly different performance. The

fact that tensor logistic regression performs well is not surprising since the true signal is

generated in tensor regression framework.

4.5.3 EEG Data Analysis

We analyze EEG data and compare a number of SVM methods. The data set consists of

77 individuals with alcoholism and 45 healthy controls. For each subject, 64 channels of

electrodes were placed at different locations of scalp and the voltage values are recorded

at 256 time points. So the image covariates Xi are 256× 64 matrices, and the responses

yi are binary whether the ith subject is alcoholic (yi = 1) or not (yi = 0), i = 1, . . . 122.

We applied classical SVM with linear and radial kernels, and our proposed tensor SVM

to the data. We evaluate each solution via cross-validation based misclassification rate.

More specifically, we divided the full data into a training and a testing sample using 3-fold

cross-validation. Then for the training data, we further employ a 5-fold cross-validation

to tune the shrinkage parameter and tensor rank. We then apply the tuned model that is

fully based on the training data now to the testing data and evaluate the misclassification

rate for the testing data.

We also employ the Tucker tensor decomposition to upsize the image predictor. More

specifically, we transformX to X̃ = JX;BT
1 , . . . ,B

T
DK, whereBd ∈ IRpd×p̃d are functional

basis. One could refer to the duality in Section 2.4.3 for more details. We experiment

with the Daubechies’ extremal phase wavelets, and discrete cosine transform (DCT). For
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Daubechies wavelets, we apply Haar wavelet basis (Daubechies D2) and the Daubechies

D4 wavelet basis. We upsize X to several settings and fit SVM with image predictor X̃.

The computation scheme for Bd ∈ IRpd×p̃d is not difficult when using an orthogonal

wavelet, for example Daubechies wavelet and symlet wavelet. We start with the two filters

of length 2L, denoted h(l) and g(l), l = 1, . . . , 2L. For example, if we have Haar wavelet

then L = 1, h(0) = h(1) = 1/
√

2 and g(0) = −g(1) = 1/
√

2. The following sequence of

functions fm(x),m = 0, 1, . . . are computed recursively:

f2m(x) =
√

2
∑

k=0,...,2L−1

h(k)fm(2x− k) (4.5)

f2m+1(x) =
√

2
∑

k=0,...,2L−1

g(k)fm(2x− k), (4.6)

where f0(x) = φ(x) is the scaling function and f1(x) = ψ(x) is the wavelet function. For

example for Haar wavelet:

f2m(x) = fm(2x) + fm(2x− 1)

f2m+1(x) = fm(2x)− fm(2x− 1),

and f0(x) is the haar scaling function

f0(x) =


1, if 0 ≤ x < 1

0, otherwise

;
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f1(x) is the haar wavelet function

f1(x) =


1, if 0 ≤ x < 1/2

−1, if 1/2 ≤ x < 1

0, otherwise

.

Then for BT
d ∈ IRp̃d×pd , we take a row vector v containing pd points linearly spaced

from 0 to 2L− 1, rows of BT
d are evaluated by fk(v), k = 0, . . . , p̃d − 1.

In addition, the DCT is also often used in signal and image processing, especially for

image data resizing (Ahmed et al., 1974; Rao et al., 1990). For Bd ∈ IRpd×p̃d , we specify

Bd to be DCT basis functions. We apply multi-dimensional DCT (Lee et al., 1999) in

our setup.

Bd(t, s) = cos
π(2t+ 1)s

2pd
, t = 1, . . . , pd; s = 1, . . . , p̃d, (4.7)

where Bd(t, s) denotes the element at tth row and sth column.

Table 4.4 shows the results for different sizes of image. It is clear that the proposed

tensor SVM performs the best on the original image. Also as the image size goes up,

tensor SVM shows very stable performance. This feature is present for a variety methods

of resizing image, which indicates the flexibility of proposed method.
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Table 4.4: Misclassification rate for the electroencephalography data in different resizing
setup.

lsvm rsvm tsvm glm(L1) glm(L2)
256× 64 Original 0.304 0.368 0.279 0.418 0.418

lsvm rsvm tsvm glm(L1) glm(L2)
Haar (D2) 0.246 0.368 0.229 0.351 0.343

256× 256 Daubechies (D4) 0.246 0.279 0.221 0.385 0.401
DCT 0.304 0.368 0.287 0.368 0.351

lsvm rsvm tsvm glm(L1) glm(L2)
Haar (D2) 0.229 0.279 0.172 0.392 0.376

512× 512 Daubechies (D4) 0.295 0.303 0.254 0.319 0.418
DCT 0.246 0.368 0.238 0.368 0.368

lsvm rsvm tsvm glm(L1) glm(L2)
Haar (D2) 0.188 0.368 0.181 0.327 0.327

512× 128 Daubechies (D4) 0.279 0.287 0.271 0.352 0.377
DCT 0.197 0.369 0.189 0.352 0.327

lsvm rsvm tsvm glm(L1) glm(L2)
Haar (D2) 0.222 0.339 0.221 0.319 0.327

1024× 256 Daubechies (D4) 0.295 0.311 0.286 0.377 0.360
DCT 0.254 0.368 0.237 0.319 0.310
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4.6 Discussion

4.6.1 Summary

We have proposed a tensor linear SVM model based on CP decomposition. We develop

a fast algorithm to optimize the hinge loss function in tensor setup. We provide a com-

prehensive comparison in terms of prediction among tensor regression model in Zhou

et al. (2013), classical SVM, and the proposed tensor linear SVM under a variety of en-

vironments. Both simulations and real data analysis show the usefulness and flexibility

of the proposed model. In addition, the proposed model enjoys an advantage over other

classifiers for neuroimaging data in the literature, which is the generality. In our new

method, we keep the array structure of the original images and use information from all

the voxels. The new method does not need prior information or feature selection, which

is complicated and varies case by case in many studies.

4.6.2 Computation Time

The optimization problem in this chapter is solved by a highly scalable algorithm and

implemented with an efficient Matlab toolbox, LIBSVM (Chang and Lin, 2011). We

conduct a numerical experiment to study the computing time of proposed tensor SVM.

We adopt the logit link setting in Section 4.5.2 and use the ‘cross’ shape. We test tsvm’s

computing time by running the algorithm on one data set from 100 random starting

points. Table 4.5 displays the median wall clock run times for lsvm, rsvm, and tsvm.

We can see that the computing of tsvm is slower than rsvm or lsvm in Table 4.5.

However, the run time is remarkably fast for high dimensional data. For instance, fitting

a rank-3 tensor SVM to upsized 512× 512 EEG data in Section 4.5.3 cost 1 sec, however

113



Table 4.5: Run time comparison (in seconds) of lsvm, rsvm, and tsvm at rank 2, 3, and
4 for ‘cross’ signal. Reported are the median time of 100 runs.

Dimension tsvm lsvm rsvm
Rank 2 Rank 3 Rank 4

16× 16 0.28 0.03 0.12 0.01 0.01
32× 32 0.12 0.06 0.09 0.03 0.03
64× 64 10.43 2.40 2.59 0.58 0.52

standard linear SVM took 2.5 sec and standard radial kernel SVM took 3 sec.

4.6.3 Limitation

In the real data analysis in Section 4.5.3, EEG data are upsized within a Tucker decompo-

sition framework. But when building tensor SVM classifier, we impose CP decomposition

on the array coefficient. Although combining CP decomposition and SVM already gives

decent results in prediction accuracy, we can expect a better performance if Tucker de-

composition is applied for the optimization of hinge loss.

The optimization problem considered in this chapter is within a ‘loss + penalty’

framework. Using L2 penalty, we achieve decent classification accuracy in both simulation

studies and real data analysis. However, L2 SVM generally does not select variables

(Bradley and Mangasarian, 1998). Other penalties such as L1 and SCAD (Bradley and

Mangasarian, 1998; Zhu et al., 2003; Zhang et al., 2006) should receive more emphasis

in scenarios where the interest is identifying the discriminant regions of the images.
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Stonnington, C. M., Chu, C., Klöppel, S., Jack Jr, C. R., Ashburner, J., and Frackowiak,

R. S. (2010). Predicting clinical scores from magnetic resonance scans in alzheimer’s

disease. Neuroimage, 51(4):1405–1413.

Sun, J., Tao, D., and Faloutsos, C. (2006). Beyond streams and graphs: dynamic ten-

126



sor analysis. In Proceedings of the 12th ACM SIGKDD international conference on

Knowledge discovery and data mining, pages 374–383. ACM.

Sun, J.-T., Zeng, H.-J., Liu, H., Lu, Y., and Chen, Z. (2005). Cubesvd: a novel approach

to personalized web search. In Proceedings of the 14th international conference on

World Wide Web, pages 382–390. ACM.

Tibshirani, R. (1996). Regression shrinkage and selection via the lasso. J. Roy. Statist.

Soc. Ser. B, 58(1):267–288.

Valk, P. E. (2003). Positron emission tomography: basic sciences. Springer.

van der Vaart, A. W. (1998). Asymptotic Statistics, volume 3 of Cambridge Series in

Statistical and Probabilistic Mathematics. Cambridge University Press, Cambridge.

Vapnik, V. (1996). The nature of statistical learning theory. springer.

Vasilescu, M. A. O. (2002). Human motion signatures: Analysis, synthesis, recognition.

In Pattern Recognition, 2002. Proceedings. 16th International Conference on, volume 3,

pages 456–460. IEEE.

Vasilescu, M. A. O. and Terzopoulos, D. (2002). Multilinear analysis of image ensembles:

Tensorfaces. In Computer VisionECCV 2002, pages 447–460. Springer.

Vincent, L. and Soille, P. (1991). Watersheds in digital spaces: an efficient algorithm

based on immersion simulations. IEEE transactions on pattern analysis and machine

intelligence, 13(6):583–598.

Vlasic, D., Brand, M., Pfister, H., and Popović, J. (2005). Face transfer with multilinear
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Appendix A

Proofs in Chapter 2

A.1 Proof of Lemma 2

We rewrite the array inner product

〈B,X〉

= 〈B(d),X(d)〉

= 〈BdG(d)(BD ⊗ · · · ⊗Bd+1 ⊗Bd−1 ⊗ · · · ⊗B1)T,X(d)〉

= 〈G(d),B
T

dX(d)(BD ⊗ · · · ⊗Bd+1 ⊗Bd−1 ⊗ · · · ⊗B1)〉

= 〈G(d), X̃(d)〉

= 〈G, X̃〉,

where the second and fourth equalities follow from (2.3) and the third follows from the

invariance of trace function under cyclic permutation.
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A.2 Proof of Proposition 1

It is easy to see that the block relaxation algorithm monotonically increases the objective

values, i.e., `(θ(t+1)) ≥ `(θ(t)) for all t ≥ 0. Therefore its global convergence property

follows from the standard theory for monotone algorithms (de Leeuw, 1994; Lange, 2004,

2010). Specifically global convergence is guaranteed under the following conditions: (i) `

is coercive, (ii) the stationary points of ` are isolated, (iii) the algorithmic mapping is

continuous, (iv) θ is a fixed point of the algorithm if and only if it is a stationarity point

of `, and (v) `(θ(t+1)) ≥ `(θ(t)) with equality if and only if θ(t) is a fixed point of the

algorithm. Condition (i) is guaranteed by the compactness of the set {θ : `(θ) ≥ `(θ(0)).

Condition (ii) is assumed. Condition (iii) follows from the strict concavity assumption

and implicit function theorem. By Fermat’s principle, θ = (G,B1, . . . ,BD) is a fixed

point of the block relaxation algorithm if D`(G) = 0 and D`(Bd) = 0 for all d. Thus θ

is a fixed point if and only if it is a stationarity point of `, i.e., condition (iv) is satisfied.

Condition (v) follows from the monotonicity of the block relaxation algorithm. See (Zhou

et al., 2013) for more details.

Local convergence follows from the classical Ostrowski theorem, which states that the

algorithmic sequence θ(t) is local attracted to strictly local minimum θ(∞) if the spectral

radius of the differential of the algorithmic map ρ[dM(θ(∞))] is strictly less than one.

This follows from the strict concavity assumption of the block updates. See (Zhou et al.,

2013) for more details.
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A.3 Proof of Lemma 3

Assume B admits the Tucker decomposition (2.2). By (2.3),

B(d) = BdG(d)(BD ⊗ · · · ⊗Bd+1 ⊗Bd−1 ⊗ · · · ⊗B1)T.

Using the well-known fact that vec(XY Z) = (ZT ⊗X)vec(Y ),

vec(B(d)) = [(BD ⊗ · · · ⊗Bd+1 ⊗Bd−1 ⊗ · · · ⊗B1)GT

(d) ⊗ Ipd ]vec(Bd).

Thus by the chain rule we have

Jd = DB(Bd)

= DB(B(d)) ·DB(d)(Bd)

= Πd

∂vec(B(d))

∂vec(Bd)T

= Πd{[BD ⊗ · · · ⊗Bd+1 ⊗Bd−1 ⊗ · · · ⊗B1)GT

(d)]⊗ Ipd}.

Again by chain rule, Dη(Bd) = Dη(B) · DB(Bd) = vec(X)TJd. For the derivative in

G, the duality lemma 2 implies 〈B,X〉 = 〈G, X̃〉 for X̃ = JX;BT
1 , . . . ,B

T
DK. Then, by

(2.3),

Dη(G) = vec(X̃)T = vec(X)T(BD ⊗ · · · ⊗B1).

Combining gives the gradient displayed in Lemma 3.

Next we consider the Hessian d2η. Because B is linear in G, the block HG,G vanishes.
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For the block HB,B, the (id, rd, id′ , rd′)-entry is

h(id,rd),(id′ ,rd′ )
=
∑

j1,...,jD

xj1,...,jD
∂2bj1,...,jD

∂β
(r)
id
∂β

(r′)
id′

=
∑

j1,...,jD

xj1,...,jD
∑

s1,...,sD

gs1,...,sD
∂2β

(s1)
j1
· · · β(sD)

jD

∂β
(r)
id
∂β

(r′)
id′

.

The second derivative in the summand is nonzero only if jd = id, jd′ = id′ , sd = rd,

sd′ = rd′ , and d 6= d′. Therefore

h(id,rd),(id′ ,rd′ )
= 1{d6=d′}

∑
jd=id,jd′=id′

xj1,...,jD
∑

sd=rd,sd′=rd′

gs1,...,sD
∏

d′′ 6=d,d′
β

(sd′′ )
jd′′

.

The first sum is over
∏

d′′ 6=d,d′ pd′′ terms and the second term is over
∏

d′′ 6=d,d′ Rd′′ terms. A

careful inspection reveals that the sub-block Hdd′ shares the same entries as the matrix

X(dd′)(BD ⊗ · · · ⊗Bd+1 ⊗Bd−1 ⊗ · · · ⊗Bd′+1 ⊗Bd′−1 ⊗ · · · ⊗B1)GT

(dd′).

Finally, for the HG,B block, the {(r1, . . . , rD), (id, rd)}-entry is

h(r1,...,rD),(id,sd) =
∑

j1,...,jD

xj1,...,jD
∂2bj1,...,jD

∂gr1,...,rD∂β
(sd)
id

=
∑

j1,...,jD

xj1,...,jD
∑

t1,...,tD

∂2gt1,...,tDβ
(t1)
j1
· · · β(tD)

jD

∂gr1,...,rD∂β
(sd)
id

=
∑

j1,...,jD

xj1,...,jD
∂β

(r1)
j1
· · · β(rD)

jD

∂β
(sd)
id

= 1{rd=sd}
∑
jd=id

xj1,...,jD
∏
d′ 6=d

β
(rd′ )
jd′

,

where the sum is over
∏

d′ 6=d pd′ terms. The sub-block Hd ∈ IR
∏

d Rd×pdRd has at most

pd
∏

dRd nonzero entries. A close inspection suggests that the nonzero entries coincide
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with those in the matrix

X(d)(BD ⊗ · · · ⊗Bd+1 ⊗Bd−1 ⊗ · · · ⊗B1).

A.4 Proof of Proposition 2

Since µ = b′(θ), dµ/dθ = b′′(θ) = σ2/a(φ) and

∇`(G,B1, . . . ,BD) =
y − b′(θ)
a(φ)

dθ

dµ

dµ

dη
∇η(G,B1, . . . ,BD)

=
(y − µ)µ′(η)

σ2
[BD ⊗ · · · ⊗B1 J1 . . .JD]Tvec(X)

by Lemma 3. Further differentiating shows

d2`(G,B1, . . . ,BD)

= − 1

σ2
∇µ(G,B1, . . . ,BD)dµ(G,B1, . . . ,BD) +

y − µ
σ2

d2µ(G,B1, . . . ,BD)

= − [µ′(η)]2

σ2
([BD ⊗ · · · ⊗B1 J1 . . .JD]Tvec(X))([BD ⊗ · · · ⊗B1 J1 . . .JD]Tvec(X))T

+
(y − µ)θ′′(η)

σ2
([BD ⊗ · · · ⊗B1 J1 . . .JD]Tvec(X))·

([BD ⊗ · · · ⊗B1 J1 . . .JD]Tvec(X))T +
(y − µ)θ′(η)

σ2
d2η(B).

It is easy to see that

E[∇`(G,B1, . . . ,BD)] = 0

E[−d2`(G,B1, . . . ,BD)] = I(G,B1, . . . ,BD),

thus (2.8) follows.
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A.5 Proof of Proposition 3

The proof follows from a classical result (Rothenberg, 1971) that states that, if θ0 be a

regular point of the information matrix I(θ), then θ0 is locally identifiable if and only if

I(θ0) is nonsingular. The regularity assumptions are satisfied by Tucker regression model:

(1) the parameter space B is open, (2) the density p(y,x|B) is proper for all B ∈ B,

(3) the support of the density p(y,x|B) is same for all B ∈ B, (4) the log density

`(B|y,x) = ln p(y,x|B) is continuously differentiable, and (5) the information matrix

I(B) =[BD ⊗ · · · ⊗B1 J1 . . .JD]T

[
n∑
i=1

µ′(ηi)
2

σ2
i

vec(xi)vec(xi)
T

]
·

[BD ⊗ · · · ⊗B1 J1 . . .JD]

is continuous in B by Proposition 2. Therefore B ∈ B is locally identifiable if and only

if I(B) is nonsingular.

A.6 Proof of Theorem 1

The asymptotics for tensor regression follow from the standard theory of M-estimation.

The key observation is that the nonlinear part of tensor model (2.4) is a degree-(D + 1)

polynomial of parameters G and Bd and the collection of polynomials {〈B,X〉,B ∈ B}

form a Vapnik-C̆ervonenkis (VC) class. Then the classical uniform convergence theory

applies (van der Vaart, 1998). The arguments in (Zhou et al., 2013) extends the classical

argument for GLM (van der Vaart, 1998, Example 5.40) to the CP tensor regression

model. The same proof also applies to Tucker model with little changes and omitted

here.
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For asymptotic normality, we need to establish that the log-likelihood function of

Tucker regression model is quadratic mean differentiable (q.m.d.) (Lehmann and Romano,

2005). By a well-known result (Lehmann and Romano, 2005, Theorem 12.2.2) or (van der

Vaart, 1998, Lemma 7.6), it suffices to verify that the density is continuously differentiable

in parameter for µ-almost all x and that the Fisher information matrix exists and is

continuous. The derivative of density is

∇p(B1, . . . ,BD) = ∇e`(B1,...,BD) = p(B1, . . . ,BD)∇`(B1, . . . ,BD),

which is well-defined and continuous by Proposition 2. The same proposition shows that

the information matrix exists and is continuous. Therefore the Tucker regression model is

q.m.d. and the asymptotic normality follows from the classical result for q.m.d. families

(van der Vaart, 1998, Theorem 5.39).
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Appendix B

Proofs in Chapter 3

B.1 Derivation of (3.10)

We start by looking at the distribution of Y, W̄ given X and Z

f(Y,W̄ )|(X,Z)(y, w̄|x, z) ∝ exp

{
yη − b(η)

a(φ)
+ c(y, φ)− 1

2
(w̄ − x)T(Ω0/m)−1(w̄ − x)

}
,

where a(·), b(·), c(·) and η can be found in (3.2). Plugging η = α + γTz + βTx, one can

find

f(Y,W̄ )|(X,Z)(y, w̄|x, z) ∝ exp

{
c(y, φ)− 1

2
w̄T(Ω0/m)−1w̄ +

y(α + γTz)

a(φ)
− b(η)

a(φ)

}
· exp

{
−1

2
xT(Ω0/m)−1x+ xT(Ω0/m)−1(w̄ +

y(Ω0/m)β

a(φ)
)

}
.

As is defined, we let Ω∗0 = Ω0

ma(φ)
. Then let δ = w̄ + yΩ∗0β and µ = α+γTz+δTβ

a(φ)
. According

to the argument in Stefanski and Carroll (1987), we treat ∆ as a sufficient statistic for
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X assuming other model parameters are known. Therefore we have

f(Y,∆)|Z(y, δ|z) ∝ exp

{
c(y, φ)− 1

2
(δ − yΩ∗0β)T(Ω0/m)−1(δ − yΩ∗0β)+

y(α + γTz)

a(φ)
− b(η)

a(φ)

}
∝ exp

{
c(y, φ)− 1

2
δT

(Ω∗0)−1

a(φ)
δ − 1

2
y2βTΩ∗0β/a(φ) + yµ

}
.

Therefore the conditional distribution of Y given (∆, Z) is given

fY |(∆,Z)(y|(δ, z)) =
f(Y,∆)|Z(y, δ|z)∫
f(Y,∆)|Z(y, δ|z)dy

= exp

{
yµ− log[S(µ, β, φ)] + c(y, φ)− 1

2
y2β

TΩ∗0β

a(φ)

}
,

where S(µ, β, φ) =
∫

exp
{
yµ+ c(y, φ)− 1

2
y2 β

TΩ∗0β
a(φ)

}
dy. Then (3.10) is obtained.

B.2 Derivations from (3.13) to (3.14)-(3.17)

Here we derive that every solution to (3.14) is also a solution to

n∑
i=1

ψs(yi, zi, w̄i, α, β, γ, σ
2) = 0,
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where ψs is given by (3.13). First we use a substitution that ν = α+ γTz. Notice the fact

that (I + Ω∗0ββ
T)−1 = I − Ω∗0ββT

1+βTΩ∗0β
. Then

y − α− γTz − βTδ∗ = y − ν − βTδ∗

=y − ν − βT(I + Ω∗0ββ
T)−1{δ − (α + γTz)Ω∗0β}

=y − ν − βT

(
I − Ω∗0ββ

T

1 + βTΩ∗0β

)
(δ − νΩ∗0β)

=y −
(
ν +

βT

1 + βTΩ∗0β
(δ − νΩ∗0β)

)
=y − ν + βTδ

1 + βTΩ∗0β
.

Therefore the upper two equations in
∑n

i=1 ψs(yi, zi, w̄i, α, β, γ, σ
2) = 0 just corresponds

to the first two equations of (3.14). Also in (3.13), the third term can be simplified to

(y−ξ)(δ−2ξΩ∗0β)
σ2 if we plug the fourth term in. Then we would like to show that the solution

to (3.14) is also a solution to
∑n

i=1
(yi−ξi)(δi−2ξiΩ

∗
0β)

σ2 = 0. First we simplify δ∗ by

δ∗ = (I + Ω∗0ββ
T)−1(δ − νΩ∗0β)

=

(
I − Ω∗0ββ

T

1 + βTΩ∗0β

)
(δ − νΩ∗0β)

= δ − νΩ∗0β −
Ω∗0ββ

Tδ

1 + βTΩ∗0β
+
νΩ∗0ββ

TΩ∗0β

1 + βTΩ∗0β

= δ −
(
νΩ∗0β +

Ω∗0ββ
Tδ

1 + βTΩ∗0β
− νΩ∗0ββ

TΩ∗0β

1 + βTΩ∗0β

)
= δ − νΩ∗0β + Ω∗0ββ

Tδ

1 + βTΩ∗0β

= δ − (ν + βTδ)Ω∗0β

1 + βTΩ∗0β

= δ − ξΩ∗0β.
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Also δ∗ = (I + Ω∗0ββ
T)−1(δ − νΩ∗0β), then δ = (I + Ω∗0ββ

T)δ∗ + νΩ∗0β. Hence

n∑
i=1

(yi − ξi)(δi − 2ξiΩ
∗
0β) =

n∑
i=1

(yi − ξi)(δi − 2(δi − δ∗i ))

=
n∑
i=1

(yi − ξi)(2δ∗i − δi)

=
n∑
i=1

(yi − ξi) [2δ∗i − (I + Ω∗0ββ
T) δ∗i − νiΩ∗0β]

=
n∑
i=1

(yi − ξi) (I −Ω∗0ββ
T) δ∗i −

n∑
i=1

(yi − ξi)νiΩ∗0β.

One should notice y− ξ = y− α− γTz − βTδ∗ and ν = α+ γTz, therefore if (3.14) holds,∑n
i=1(yi − ξi)(δi − 2ξiΩ

∗
0β) = 0 holds.

We next would like to show that (3.14) is equivalent to (3.15)-(3.17). First follow

what is shown above

y − α− γTz − βTδ∗ = y − ν + βTδ

1 + βTΩ∗0β

= y − ν + βT(w̄ + yΩ∗0β)

1 + βTΩ∗0β

=
y − ν − βTw̄

1 + βTΩ∗0β

=
y − α− γTz − βTw̄

1 + βTΩ∗0β
.

Then the first two equations of (3.14) can be simplified to

1

1 + βTΩ∗0β

n∑
i=1

(yi − α− γTzi − βTw̄i)

 1

zi

 = 0,
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which is equivalent to (3.15). We turn to the third messy equation:

n∑
i=1

(yi − α− γTzi − βTδ∗i )δ
∗
i

=
n∑
i=1

(yi − νi − βTδ∗i )δ
∗
i

=(I + Ω∗0ββ
T)−1

n∑
i=1

(yi − νi − βTδ∗i )[w̄i + (yi − νi)Ω∗0β].

Noticing
∑n

i=1(yi − νi − βTδ∗i )νi = 0, we have

n∑
i=1

(yi − α− γTzi − βTδ∗i )δ
∗
i

=(I + Ω∗0ββ
T)−1

n∑
i=1

(yi − νi − βTδ∗i )[w̄i + yiΩ
∗
0β]

=
(I + Ω∗0ββ

T)−1

1 + βTΩ∗0β

n∑
i=1

(yi − νi − βTw̄i)(w̄i + yiΩ
∗
0β).

From (3.15), we can express νi by νi = (1 zT
i )(M

T
1ZM1Z)−1M T

1Z(y−MW̄β), i = 1, . . . , n.

Therefore

n∑
i=1

(yi − α− γTzi − βTδ∗i )δ
∗
i

=
(I + Ω∗0ββ

T)−1

1 + βTΩ∗0β

n∑
i=1

[yi − (1 zT

i )(M
T

1ZM1Z)−1M T

1Z(y −MW̄β)− βTw̄i](w̄i + yiΩ
∗
0β)

=
(I + Ω∗0ββ

T)−1

1 + βTΩ∗0β

n∑
i=1

[yi − ỹi − (w̄T

i − w̃T

i )β](w̄i + yiΩ
∗
0β),

where ỹi = (1 zT
i )(M

T
1ZM1Z)−1M T

1Zy; w̃i = ((1 zT
i )(M

T
1ZM1Z)−1M T

1ZMW̄ )T is a p × 1

vector. Then (3.16) can be obtained by expanding the algebraic expression above.
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