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CHAPTER I
INTRODUGTION

A common problem in statistics is that of obtaining a multiple
regression equation from data which have missing values among the
independent variates. Examples of this situation occur in attempting
to get prediction equations in such diverse fields as psychology,
economics, and biochemistry. In psychology, some subjects may have
failed to take all the tests in a series: In economics, production
records of a given commodity may not have been kept consistently over
a long period of tims. In biochemistry, the analysis of some component
of a serological sample may have been vitiated.

Several inves'bigators have been concerned ﬁith the general problem
of missing values in multivariate samples, They have, for the most part,
dealt with maximum likelihood estimators for specific cases and were
not directly concerned with prediction equations. '

Wilks (1932) considered cases where values of x and y are both
missing in samples from a bivariate normal and gave maximum likelihood
estimates for some of the parameters, given others. He also evaluated
the large sample efficiency of some simpler alternative estimates. In
considering an extension of Wilks' work to the trivariate case, Matthai
(1951) derived maximum lﬁcelihc_)‘adhestimators for the three means given
the other six parameters. He s{iggested a .modified form of estimation
for the case in which it is necessary to estimate the variances and
covariances from the data. In addition, he discussed applications of

this work to the design of sample surveys.



Lord (1955) solved maximum likelihood equations to estimate the
parameters for the séecial case of three variables, X5 Xps and x., in
which x5 and X3 are distributed bivari?:be normally, as are X, and x3.
With no loss of generality, the data could be arranged:

11 ¥ v ¥y 1) 0t *y

Xy Xy e Xy
xB(n-l-l) see Xgy
where the primgry subseript denotes the varié.ble, and the secondary, the
individual. He also showed that, although the estimates of some of the
parameters are improved by using all the dats, estimates of the regression
coefficients and errors of estimate, By = ;25-2-]5, By Gg.l’ and 3.1 are
not. In considering this special case, Lord pointed out that "the general
maximum likelihood equations have proved rather intractable and no simple
formulae for the maximum likelihood estimators are available in the
general case, even for a sample from a bivariate population."
Edgett (1956) dealt more directly with the prediction problem in

considering the special case of the trivariate nommal in which

observations are missing from one variate only. Data would have the

form:

1e Fppr e Fy 1) *°° By

X

22, sse X,

*2’ 2n
x31, x32’ ese x3n xs(n.‘.l) see xBN
After some rather tedious algebra, he obtained solutions in closed form

for the maximum likelihood equations to estimate the parameters ul, “'2’



Hgs ai, ag, 02, 909 013, 023. From these, coefficients for the

3
regression of X, on X, and x, were estimated, considering the latter

3

two as independent variates.

~ The problems of Edgett and Lord were also considered by T. W.
Anderson (1957) who indicated an approach which somewhat simplifies
the mathematical manipulation necessary to get the maximum likelihood
solutions. The procedure inwvolves expressing the joint densities of
the variates as the product of a marginal demsity and the remaining
conditional densities. Further reference will be made to the papers
of Edgett and Anderson in the chapter on maximum likelihood.

In a paper dealing particularly with the prediction problem,
Nicholson (1957) discussed the multivariate case for which observations
are missiné in £he dependent variable. He gave maximum likelihood
estimates for the parameters based on the Mincomplete sample" and for
the complete portion of the sample, and coﬁcluded that, for prediction
purposes, no use can be made of data which are incomplete in the dependent
variable.

This thesis will deal primarily with methods for determining
prediction equations when observations amomg the independent variates
are not available. These methods include: ordinary least squares, using
only those observation vectors which are complete in every variate;
maximum likelihood for certain special cases; and two other procedures
which have been proposed on the basis of their intuitive appeal and
general applicability.

One of these methods involves finding the matrix of paired

correlation coefficients for all variables, then solving for the

~ standardized regression coefficients, and finally, converting these
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to the ordinary regression coefficients by making use of the means and
variances calculated from all observations present fdr a given variable.
This will be referred to as the Method of Paired Correlation Coefficients,
or simply, the Paired Correlation Method.

The other approach consists of an iterative computing scheme whereby
missing values of a given variable are successively predicted from the
other variables until the coefficients for the regression of y on the
X; converge simultansously. This is called the Greenmberg Procedure.

The objective of this study is to appraise these methods. An
empirical sampling approach, or what is sometimes referred to as the
Monte Carlo method, is used in this investigation. This approach has
been found useful in problems which seem to defy strictly mathematical
treatment, and has been particularly successful in studies of estimation
procedures for a wide variety of models (Aitchison and Brown, 1957;
Morrison, 1956; Neiswanger and Yancey, 19593 Orcutt and Cochrane, 1949).
Its use here involves application of the estimation procedures described
above to siﬁulated fragmentary multivariate normal samples. Measures of
prediction efficiency are calculated for each sample estimate and are
appropriately summarized. The calculations of estimates and their
efficiencies were carried out om an IBM 650 electronic computer.

In the following chapter, notation, definitions of efficiency, and
the general method of approaching the problem are discussed. Im Chapters
III to VI, respectively, each method and the results of investigation
using that method are deseribed in detail. Chapter VII.illustrates the
use of the different procedures with an example and finally, in Chapter
VIII, comparisons of the methods and their applicability under different

circumstances are considered.



CHAPTER II

METHGDS
2.1 Generation of Multivariate Samples

‘ 411 the estimation procedures to be considered will assume samples
from an underlying multivariate normal pepulation. In order to carry
out empirical studies, it was necessary to generate samples from
multivariate normal populations with given characteristics. For p small,
a convenient way of generating samples from a p-variate nomal population
with glven parameters is given by applying a series of transformations
to.p independent sets of mormal deviates. ‘Finding the transformations
involves getting the conditional»distributien for X5 given X then,
that for xé, given 5 and x,, and so on, finally getting the conditional
distribution for Xy s given the remaining p-l1 variates. The transformation
for the bivariate case is mentioned in the Rand Tables (1955) amd that
for the trivariate case is developed in Appendix A, section 4.l. Actually,
explicit expressions for the transformations are only of academic intersst,
since, for a given population, numerical values of the parameters may be
substituted in the distribution function and the necessary conditional
distributions found directly. This procedure, which has been described
elsewhere by Moonan (1957), i illustrated in detail in Appendix A,
section A.2 in finding the transformations necessary to generate samples
from a four-variate normal popuiation used in succéeding chapters.

Multivariate normal deviates having a mean of zero and variance

equal to one have been generated, since we are not interested in trying
to simulate any special population with regard to these parameters. In



this way, different populations to be considered are characterized
completely by their correlation matrices.

A convenient notation to indicate a given population consists of
writing the correlation matrix for that population in a single line
between brackets, omitting the diagonal and corresponding symmetriocal
elgments, and setting off the rows of the correlation matrix by commas.

For example, a population having the correlation matrix

—

[ 1 Py Py Py
Pra 1 Pp3 Py
Pi3 Po3 1 Py

Py Pay Py 17 |

would be designated [plzpljplh’ _9239%, thJ.
Since the Rand Tables (1955) afforded a ready source of N(0,1)

deviates, they were used in punching & deck of two thousand cards, five
devietes per card for imput in generating the multivariate samples
needed. A description of the way the deviates were selected and a
frequency tabulation of their values is given in Appendix B.

Henceforth, samples of these N(0,1) iﬁdependén‘b deviates will be
referred to as Moriginal samples™. Their transformed counterparts will
be called "geneéa‘bed samples™. ‘

To daﬁonstrate the e:f‘fiéacy of the generation program, the matrix
of sums, sums of squares, and sums of cross products for four hundred.
obgervations of a four-variate population is included in Appendix A,

section A.3.



2.2 Censoring

Patterns of missing values to be considered do not imclude cases
of ebgervations with characters misging from every independent variate,
that is, cases where an observation vector consists of only the dependent
variable. It is clear that such observations can contribute nothing
to a prediction equation for y from the x!s.

A description of the notation used te designate patterns of
missing values in general follows. For the trivariate case, (cy¢,) is
used to denote the number of cha.racters,. Cys missing from % alone,
and ¢y, the mmber of charaofoers missi#g from x, alone. For the four-
variate case (010203, 012613023) indicates ci(i = 1,2,3) as the mumber
of characters missing in X, alone and c:l.j (i#j) as the number of obser-
vation vectors having characters missing from _lgg_t__h X, and x 5 For
example, a sample of fifieen observations designated (303,211) might

appear as followss

% HoMom o o= R == k-
X, LR R R EEE EEEEE KR
x3 R R R R I LR X
vy B oW N % 3ok 3o ox R

where a dash represents a.. m:issing valﬁe' and‘ an é.stei-isk represents an
observed value. The number of missing characters is given by

2"1 + 2231 y= 1L and the number of complete observations is given by

n=N- _% ¢ = 5. The extension to higher variate cases is obvious.
Y j :

In the sampling work which follows, the artificial deletion of
certaln values among the independent variates to simulate missing

measurements will be referred to as censoring.



The censoring schemes considered fall into two classes. One of
these is thehsp‘erciall case where values are missing from one variable
only. The other is the case in which misging values occur with equal
frequency among all the independent variables, with only one value
misging from each observation vector. By the general notation indicated
above, this latter type of censoring would be written ( cchcB, 000) :f‘oi-
the four-variate cage and (°1°233°h’ 000000,0000) for the five-variate
case. For these four- and five-variate cases the general notation has
been abbreviated to (c1c2c3) and (3102030)4) » respectively.

It should be emphasized, however, that except for the method of
maximum likelihood, the estimation procedures discussed are not
restricted in any way by the pattern of missing values.

2.3 Empirical Measures of Efficiency
The usefulness of & regression equation is usually judged by the

magnitude of the bias and the variance of the estimated regression

by - By

coefficients. The t-statistic, t = » has been taken as a
criterion for bias, and in the tables 1 of blases in sucoceeding
chapters, values which exceed the appropriate tabulated values of t at
the five per cent level have been designated with an asterisk. However,
it should be noted that we are interested primarily in prediction, and
that estimates of regression coefficients may be biased in opposite
directions so as to be mutually compensatory in nature as far as

prediction is concerned. For this reason, as well as for general con-

venience, certain single measures of efficiency for a prediction



equation have been proposed and will also be used to evaluate the
methods discussed. One such measure defined by Nicholson (1948) is

:
=.<=
E; X
2

s
.<=1(y.(' 2,

2
1 (7, T

th

where y_ represents the observed value of y for the « observation;

Y 2 the estimate of y based on the least squares regression equation
of ¥y on the x; for the N uncensored observations; and Z » the estimate
of y_ baged on the prediction eguation, Z, whose efficiency is being
tested. Both sums are taken over the N observation vectors which give
rise to Y. Thus 0 < E <1, assuming the maximum value when Y = Z.

Since the parameters are known, another important measure of

efficiency is

N
S 2
s 1 (.- )
Ay = N
p-1
where ? = 8 Bixi is the true regression equation. Z‘( is defined as
i=1

above, and the sum is taken over the same N observation vectors as
indicated above.
The measures Ez and Ag are of interest when we consider Z as a
prediction equation estimated from incomplete data.
_ Although both are measures of M"prediction efficiency" and are
usually referred to throughout the bexct by the word "efficienéy“,

it is understood that they are merely comvenient empirical devices for



10
comparison, and, as such, are to be distinguished from orthodox theoret-
ical efficiency which can be defined for an estimate, ot, ' as

2
A
E, = —
£ 2
gt
where 0,2\ is the variance of 6, the minimum varience unbiased egtimator
e

of 6.

It may be noted that E is an index which measures the goodness of
the equation in question relative to the "best! estimate from the
uncensored sample. It sﬁould be pointed out in this connection that E
may be very high although neither estimate is good in the sense of
giving a prediction eguation close to the true one. On the other hand,
Ag, which is a measure of the average squared deviation of the Z from
values pr'edic'bed by the true regression equation over a given sample,
is dependent on the population from which samples were generated.
Hence, it is not useful in comparing methods applied to samples from
different populations.

In the tables which follow, the values of A2 are considered in
terms of A, since sampling distributions of A appear to be more

symmetrical than those of Az.

2.}y Description of Experiments
As waé indicated in Chapter I, an empirical sampling approach
was used. This approach took the form of a series of eight sampling
experiments which were performed in sequence and were dictated in

large part by successive results. The principal factors considered



1l
were the characteristics of the populations from which samples were
teken and the intensity of censoring. Except for one experiment,
sample size was confined to N = 20. Since we have some knowledge of
how sample size affects estimates, thig does not seem to be a very
ob jectionable restriction. The populations, infensi‘by of censoring,
and nurber of samples on which calculations were made varied from
experiment to experiment. The number of samples considered in a glven
experiment or on which a set of means and variances was based is
denoted by k.

A brief description of the experiments conducted is set forth in
the following paragraphs for the twofold purpose of (1) providing some
perspective before the presentation of detailed results in chapters
concerned with the respective methods of estimation and (2) identifying
the experiments so that they need not be described repeatedly in
various places throughout the text.

Experiment 1 was the most comprehensive experiment undertaken.

It consisted of estimating regression equations for an arrangement in
which twenty original samples were transformed to prbduce samples from
the trivariate populations, [ .25 .50, .25] and [.80 .60, .80], and
the four-variate population [ .25 .50 .75, .25 .50, .25]. Each of
the resulting forty generated samples from the trivariate populations
was censored in ten different ways, (11), (22), (33), (4k), (55), (66),
(ol)s (4o), (08), (80). The twenty generated samples from the four-
variate population were each censored (11l), (222), (333), (Mu.;), and
(555). Estimates of prediction equations were made from the samples



12
at each of these population-censoring combinations using the uncenseored
data, complete observations, the Creenberg Procedure, and the Method of
Paired Correlation Coefficients.

In Experiment 2, samples from thirty-nine different trivariate
populations were censored'(SS) and regression statistics calculated
using the Method of Paired Correlation Coefficients. The main purpose
was to find out how different populations affected the efficiency of
the prediction equations determined by using this method. The experi-
ment can be subdivided into two parts. In Experiment 24, the same ten
original samples were used to provide ten generated samples from each
of the thirty-nine populations. In Experiment 2B, 390 different sets
of original samples were used in generating ten samples from each of
the thirty-nine populations. The rationale dictating the use of this
type of design is based on the premise that the mean efficiencies at
each polnt in the population space, relative to other points, may be
better determined by using the same set of original samples, but that
the entire configuration in the space would be better determined by
using different random samples at each point. This feature of the
sampling plan represents a unique facet of the general empirical
sampling approach. It is also used in Experiment ).

Experiment 3 was performed to determine whether or not conclusions
based on Bxperiment 2 also held in the four-variate case. - Twenty
original samples were used to generate twenty samples from each of six
different four-variate populations. The samples were censored (555)
and regression equations determined using the Method of Paired

Correlation Coefficients.
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) In}Experiment 4, the Greenberg Procedure was used on samples cen-
sored (55) from sixteen different trivariate populations. The popula-
tions selected were dictated by a response surface design in the space
of admissible sets of correlation coefficients. Like Experiment 2,
this experiment consisted of two parts: LA, involving the use of ten
original samples to generate ten samples from each population, and 4B,
making use of different sets of original samples for each population.

Experiment 5 was designed to investigate the convergence of
successive estimates made by the Greenberg Procedure. It was limited
in scope and is described in detall in the chapter dealing with the
Greenberg Procedure.

The Paired Correlation Method is applied to samples from two five-
variate populations in Experiment 6. The populations were chosen +o
generate samples simulating those arising in two ive problem"
situations. The purpose was to demonstrate cases-where the Paired
Correlation Method would or wuld not be appropriate. The method was
used on two hundred samples censored (3333), one hundred from each of
the populations examined.

Experiment 7 involved the use of complete observations, the
Greenberg Procedure, and the Paired Correlation Method to find
regression equations from one hundred four-variate samples censored
(333). The population chosen was one for which the Method of Paired
Correlation Coefficients was not expected to provide efficient results.
The experiment aimed at determining, under such circumstances, the
relative "goodness" of prediction with the use of complete observations,

The Greenberg Procédure, and the Paired Correlation Method.
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~ In Experiment 8, the Greenberg Procedure was used on twenty samples
from the two five-variate populations considered in Experiment 6. The
primary function of this work was to study convergence properties under
the Greenberg Procedure, however, the results in terms of prediction
efficlency were tabulated and discussed.

Values of Ay and Ez, as well as estimates of the regression para-

meters, were computed for each of the cases in the experiments described

above.

2.5 The Computing Programs

There are a few points about the computing programs which merit
discussion. The input for every program consisted of sets of p inde-
pendent N(0,1) deviates which were transformed into multivariate normal
deviates and stored in a data table on the drum. After twenty vectors
had been generated, the computations were carried out and the process
repeated, the transformed values never existing outside the machine.
The transforming coefficients for a glven population were computed
manually and stored on the drum to be used repeatedly for a series of
samples.

Although the data consisted of & complete table of N(N=20)
p~dimensional vectors, they were accompanied by a censoring code com-
prised of Np binary digits, each one denoting the presence or absence
of its corresponding deviate value. Censoring codes, like the trans-
forming coefficients mentioned above, were punched on cards and

stored on the drum to be used repeatedly for a series of samples.



One device used to check the correctness of a program for
different methods of estimation consisted of using a censoring code
which indicated no missing values. All methods of estimation should
then yield identical results.

Symbolic Optimum Assembly Programming (SOAP) was used in writing

all progrems.
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CHAPTER IIT
THE DELETION OF IMCOMPLETE OBSERVATIONS

3.1 Discﬁssion

The most obvious solution to the problem of missing values is
simply to dlscard observation vectors which are not complete in every
variate. We will refer to this procedure as estimation from complete
data. Actually, such treaﬁment hardly can be called a solution, and,
at best, must be considered a trivial one. The main purposes of in-
cluding a section devoted to this procedure are to point out objections
to it, and to include results given by it which will serve as standards
of comparison for results obtained by other methods. »

The objection to such a procedure is that the efficiency of the
prediction equation might be decreased by casting out important infor-
mation. In deciding whether to use only data complete in every
variate or whether to employ some other method meking use of all the
information, the first factor to be considered is the amount and pro-
portion of complete data available. If a large amount of data is
available, one usually would not hesitate to discard a part of it in
order to apply a straightforward analysis.

On the other hand, there might be enough complete observation
vectors available so that the others could be discarded, but by so
doing, the variance of predicted values wou:/Ld be increased or estimates
biased. Many times values missing from incomplete observation vectors
occur near the extremes of the range of the variable in question. The
occurrence of missing values is, in fact, often correlated with their

extreme size for one reason or another. It is likely that observed
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values in an incomplete vector fall at very high or very low levels
also, and by discarding such values the range of the x's is decreased,
resulting in diminished precision of the regression esi::ima.te. For
example, in the field of anthropometry, Minter (1936) and his associates,
in measuring skeletal remains, found that bones of smaller specimens
were often broken and could not be measured. If a prediction equation
for some specific characteristic were to be determined, or if a linear
discriminator were to be established, then discarding all the measure~
ments of the specimens with at least one broken bone would clearly be
undesirable. Another example applicable to the present discussion
arises in trying to .predic'b earnings based on questionnaire information
regarding an employee's experience, education, place of employment, and
other varisbles. Non;response on education is known to be correlated
with low earnings‘.

It follows from the above discussion that consideration should be
given to the levels of the x's at which one expects to apply the pre-
diction equation. In predicéing ¥ for values in the middle range of
the x's, there ‘would be less concern about discaiding incomplete obser-

va.‘bior;s having extreme x values than would otherwise be the case.

3.2 Bias and Variance of Regressgion Coefficients
The data from Experiment 1, computed by using only complete obser-
vation vectors, is summarized in Table 1 which gives the biases and
variances of the regression coefficients for different combinations of
censoring and population. Since the estimates obtained by deleting
incomplete observation vectors are ordinary least squares estimates

based on N - ;ci n observations, they are expected to be unbiased
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with variance increasing as n decreases. Table 1 seems to bear out
these expectations. None of the biases of b1 and b2 are significant
by the t criterion given in Chapter IT. The bias of b, which is in-
dicated significant for most of the three varlate cases here may be
dismissed as a sampling phenomenon on the basis of similar unbiased
statistics calowlated from other sets of original samples censored (55)
in Experiment L. Recall that the data of Table 1 for each censoring
population combination is based on the same set of twenty original
deviate samples. |

Further evidence confirming the expected normal character of the
rggressi.on"coefﬁcisnts based on complete data can be seen in thé histo-
grams of Figures 1 and 2. These data were taken from experiment»sv con-

cerned with higher variate cases. Each figure is based on different
sets of one hundred original ssmples. For the data in Figure 1, the

 values of & for testing bias in by, by, by by, and b, were -.818,

=391y =uli73s .212 and .760, respectively, while the t values for bias

in the data represented by Figure 2 were -.521, %886, -:068, and .90l
for bo, bl’ b2, and b3, respectively.

The mean values and variances of the sgr % from Experiment 1 have
been computed and are tabulated in Table 2. As in Table 1, the

tendency for the variances of the estimates to increase with inereased

‘censoring may be noted. A similar tendency with regard to the bias is

2
, N Feo
one hundred samples censored (333). The shdpe of the histogram is

not evident. Figure 10(B) shows the histogram of values of s 5 from

consistent with the theoretical distribution of such a statistic, which

is proportional to )(2 with seven degrees of freedom.
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As mentioned above, the values in Tables 1 and 2 are included
primarily as standards for comparison with similar tables based on
statistics calculated by methods which utilize incomplete observation
vectors.

The estimated variances of regression coefficients referred to
above are the "between sampleM or external estimates of variances,
denoted G(bi)" Although the estimated variances in succeeding dis-
cussions will be of this type, it seems appropriate to mention that
"within sample" or in Bliss! (1952) terms, the internal variances
ew(bi)’ are available here." The inconsisgtency between estimates of
these two types has long been of concern in biocassay applications, but
as an experimental rather than a statistical problem (Bliss, 1952;
Sheps and Munson, 1957). An examination of the consistency of these
two ways of estimatingthe variance of regression coefficients is of
interest as a by-product of this research. Table 3 gives mean values
of the fr\w(bi). A comparison of these with their counterparts in |
Table 2 reveals no startling discrepancies. |

3.3 Efficiency of Prediction Equations
Table LA gives the means of E and their standard errors for the

censoring schemes of Experiment 1. When estimates are obtained by

‘deleting incomplete observation vectors, E is invariant for samples

repreéenting different populaﬁions, but generated from the same
original samples. |

The means of A and their standard errors are shown in Table L4B.
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Table LA. Values of E and their standard errors estingted by
the deletion of incomplete observations;
Experiment 1, N = 20, k = 20

Trivariate ‘ Four Variate
Censoring - . Censoring -
E S.E.(E) | E S.E.(E)

(11) .965 - .009 (112) | .967 .007
(22) 939 011 (222% .888 .018
533) .885 .018 (333 795 .033
Lhy) 855 .023 (Lhly) 625 L)
(55) . 803 0028 ( 555) '33 5 : ‘O)-"S
(66; 722 039
(oL oLl 011
(Lo) «939 011
(08) .881 020
(80) 859 025

Table 4B. Values of A and their standard errors estimated by
the deletion of incomplete observations;
Experiment 1, N = 20, k = 20

[.25 .50, .25] [.80 .60, .80] [.25 .50 .75, .25 .50, .25]

ansor- Cc?nsor-

ing 2 S.E.(3)| B B8.E.(3)] M8 Y S.E.(3)
(00) .303  .028 211,020 (000) .222 012
(11) 340  .031 237 021 (111) .252 .016
(22) 375 .032 261,022 (222) .301 019
(33) 437 .039 304 027 | (333) +348 W029
(L) | .60  .037 320 026 | (Lbh) .52h 07k

(55) 488  .039 340 027
(66) 607  .07h 423 051
(oL 353 .030 245 021
(ko 385 .039 | .268 .027
(o8 381  .030 266 021

168  .038 326  .,038
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These tables demonstrate an expected relationship, that greater
censoring decreases efficiency of prédiction. By so doing, the results
lend support to the use of EZ and A, as effective measures of efficiency.

The histograms of Figures TA, 114, and 12B indicate distributions
of E and A when using only complete observations for certain cases
considered in Experimsnté 6 and 7.

Chapter VIII includes tables in which mean efficiencies and their
standard errors based on estimates from complete observations, are

compared with their counterparts based on other méthods.
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CHAPTER IV
THE METHCD OF PAIRED CORRELATION COEFFICIENTS

L.1 Definition

Although the procedure described below seems to have been used
widely to deal with the problem at hand, there is no apparent refersnce
to 1t in the literature, either describing it or even referring to it
as a technique employed in analyzing incomplete data. It is not clear
whether this is due to the rather simple nature of the scheme or
whether it is a reflection of its limited usefulness.' At aﬁy rate, it
will be described below aﬁd some of its limitations will be brought out
in comnection with results given later in the chapter.

Suppose we have a set of data such as that schematically
represented on page 6. From this we can form the matrix of paired

correlation coefficients:

1 1 i ]
i
s 00 y C L3
. LTy T2(p-1) Ty (1) (p-1) ' Eay
PXP ) 1 [} r(p_l)y = . -: _
----- i ]
L ! ) i - ! ]

where the rij are correlation coefficients estimated from the existing

. pairs of observations in the sample of N observation vectors. The

J
standardized regression coefficients, bi bz ooe b?p-l)’ are then

n,
i
obtained as

* -1
2 = Cp-1) (p0) By (4.2)

(4.1)
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The b';_e may then be converted to ordinary regression coefficients

by substituting the appropriate statistics for the parameters in the

well=known formulae

o,
By = By =% (4-3)
i
and .
BO o u.y - plp.l - sz.z - 00 = Bp_lp-p_l- (h'h)

The sample values for the mean and variance of a variable are taken

over all existing values of that variable; that is,

By
- xi
% = (4s5)
and
o
5 % n, - L (4.6)

i
Generally, ng > nij' As mentioned in Chapter I, the restriction,
ny = N, will be maintained here.
An estimate of the error variance c'?r'x may also be obtained by
substituting sample values given above for parameters in the formula

2
g .
yoJclxa X J:p-l

where B is the vector of regression coefficients, B! is its transpose,

= o - g (47)

and V is the variance-covariance matrix of the Xy . ”It is clear thab
this method of estimation reduces to ordimary least squares regression

when Ny = N; that is, where no values are missing.
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L4.2 Bias and Variance of Regression Coefficients

The biases, B; - B;, and varisnces, ¥(b,), for the population-
censoring schemes of Experiment 1 are indicated in Table 5. There is
no marked tendency for bias to increase with increased censoring, and
only the biases in bo appear to be significant by the t criterion
adopted to assess this bias. The remarks in Chapter III, pointing out
that the significant bias of bo is due to sampling, are also applicable
here. There were no significant biases among the b, and b, in Table 5.
In the four-variate situation, at higher levels of censoring, the values
of b, - By are very large, although not significantly so by the t tests.
This draws our attention to the large variances at these levels. Tn
certain situations, which will be discussed in succeeding sections,
the biases, b, - B,, become very large as do the variances of the b;.
Consequently, one may be estimating the coefficients very badly in
using this procedure, although the + eriterion for blas would not
indicate this. Examples of these large variances are illustrated in
the results of Experiments 6 and 7, which will be discussed in the
section on efficiencies later in this chapter. The statistics
relating to the blas and variances of regression coefficients computed
by the Paired Correlation Method in Experiment 7 are given in the
second column of Table 16 and serve to point up the statements made

above. Histograms of these regression coefficients may be seen in

Figure 3.

1.3 EBError Variance

» Was predicted for each sample as

The error variance, s?r %

described in section 4.l, equation (L4.7). The mean values and
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variances of these estimates from Experiment 1 are given in Table 6.
Table 6 reveals the negative bias in the estimates attendant with
increased censoring, and suggests that the variance of the estimates
increases as censoring becomes heavy. An examination of the individual

82 _ for the four-variate population of Experiment 7, censored (333),

Sy X
points up this bias in a rather startling manner by revealing negative

estimates of variance. The distribution of s,?r

% at this particular
point is indicated in Figure 10D by a histogram of the estimates from
one hundred samples. Tt becomes apparent that it 1s possible for the
negative estimates to arise when we realize that the correlation
matrix, C(p—l)(p-l)’ris not guaranteed positive definite, since the

rij are based on different nij pairs.

L.l Bfficiency of Prediction Equations

Table TA glves the means of E and their standard errors for the
various population-censoring combinations of Experiment 1. Table 7B
shows the mean values of A and their associated standard errors. There
appears to be a very definite population effect influencing the
efficiencies. It is clearly demonstrated by testing the hypothesis
that geome‘bric mean values of E representing the two populations are
equal, assuming the usual linear model. An analysis of variance of
the logarithms of E for the three variate populations censored (1l) to
(66) appears in Table 8.
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Table TA. Values of E and their standard errors estimated by
the Method of Paired Correlation Coefficients;
Experiment 1, N = 20, k = 20

Gensor~ |[+25 -0, +25] [.80 .60, .80])nc o I[.25 .50 .75, .25 .50, .25]
ing - - - — | ing -
E S.E.(E)| E 8.E.(F) E 8.E.(E)

(1) | .983 .005 962 010 (111) 967 .008
(22) 972 .006 943  .013 (222) .07 021
813 958 009 .501  .025 2333; 870 .028

S48 010 B87h .028 Lk .78L .053
(55) 918  .021 819  ,038 (555) - 606 072

(66) 857  .035 769  .0L6
(ol) 983  .005 931 .012
(Lo) 967 008 939  .019
(08) 936 .024 833  .027
(80) 906  .029 880  .042

Table 7B. Values of A and their standard errors estimated by
the Method of Paired Correlation Coefficients;

Experiment 1, N = 20, k = 20
[.25 .50 .75, .25 .50, .25]

Censor|[+25 50, +25] [.80 .60, 807 0o e ome

ing 3 S.E(MD]| 3 s.E(3)|1ne 2 S.E.(3)
(00) .303  .028 211 .020 | (000) ,222 012
(11) 321,028 246 020 | (111) 262 .016
(22) .329 .028 251 .024 (222) 296 019
(33) 352,029 297 .03k | (333) .330 .02l
(k) 376  .033 317 .036 | (Lhk) .807 L5h
(55 4122 .0Lg 360  .039 | (555) WTTh .202

(66) L8 .084 408 057
(oL) .329  .025 253  .023
(ko) 355  .035 | .270 .030
(08) 360 029 2335 031
(80) B30 .063 338 .057
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Table 8. Analysis of variance of 1n E for the
trivariate populations of Experiment 1

Variation due to ! d.f. S.S. M.S. F
Censoring (C) 5 1.2691 2538 8.29
Population (P) 1 3902 3902 12.75%%
Cx?P 5 1162 0232 NS
Error 228 6.9693 .0306

Total 239 848 | |

In order to define more clearly the regions of differential
efficiency in the three-variate case, Experiment 2 was set up to
evaluate efficlency at a large number of points in the population
space at a fixed level of censoring (55). The aim of the experiment
was to find a response surface ﬁo- deseribe éi‘ficiency for different
typ_es of populations. Thirty-nine populations were chosen to represent
regions in the space of adnissible Py 09 ply, Py ¥ velues for which ply
and 92y were positive. The points chosen are given in thg first
column of Table 9. As mentioned in Chapter II, the experiment was
divided into two parts; part A, in which the same set of ten original
samples was used to generate the samples on which estimates were made
at each point, and part B, in which 390 d:ifferen.t samples were used to
generate ten samples at each of the thirty-nine points. The purpose of
choosing this type of sampling scheme was discussed in Chapter II.
Table 10 shows that the use of the same set of ten original sampleé
at each point in Experiment 2A makes for an expected reduction in the

estimated error variance of the efficiencies.
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Values of E and residuals from the response

equation; §A+B’ of Experiment 2

o) —-— N

Population .5 EA EB B, - Epp EB - ﬁA+B
[ .80 .60, .80] 8047 8046 .8819 - ,0001 0772
[-.70 .30, .40] SL5Y 14835 3218 - 0619 -.2236
[-.60 .30, .20} o7735 7937 -8599 0202 086}
[-.30 .30, .30] 9012 .8387 89149 - 0625 - .0063
[-.30 .30, .60) 7159 | 7884  .7988 -0725 .0829
[ .10 .30, .20] | 1.0164 | .B977  .9612 -.1187 -.0552
[-.10 .30, .70} 7663 .8090 7382 0421 -.0281
[ .50 .30, .60} 9368 <9159 29311 ~.0209 - 0057
[ .70 .30, .701 8776 8057 8220 -.0719 -.0556
[ .30 .30, .80) .8575 8825 8943 0250 0368
[ 50 0303 0201 09219 t9026 09268 - 00193 000)49
[ .70 .50, .20} 7670 7428 8102 -.02}§2 0432
E e& -50, 80} 08556 o869h. 08219 00138 '00337
[-.50 .50, .20} oTh3l 7806 8562 0372 .1128
t - 020 vSO, -L‘,OI o8265 '82b5 081}.03 - 00020 00138
[ .20 .50, .10} 09293 .8863 9332 - 204430 0039
[ .40 .50, .30} 9217 8936 9195 -.0281 -.0022
[ .60 .50, .50} 8883 .8908 918 0025 .0535
[ .60 .70, .801 8030 8734 8342 0704 0312
[ .90 .70, .50} 7006 5468 6907 -.1538 - 0099
[-.50 .70, .10} 6168 | 6998 5719 .0530 - 0749
[ .30 .80, .30} 7400 .8218 LT197 0318 -.0703
E 075 .20, 0301' 08212 98829 08579;. 00617 00367
[ -6 .30, .40 .8753 .9003 8273 0250 -.0480
[ .87 .50, .55] 7841 | .8318 8843 OLT7 .1002
[-.20 .70, .40} 7189 <7499 6603 0310 -.0586
[ .20 .70, .20] 8L426 8160 8L9T 0034 0069
[ 90 .70, .87] 7480 6889 6515 -.0591 - 0965
[ .30 .70, .70) 7995 8377 8007 0382 .0012
[ .60 .70, .10) 692l NN .7153 0070 0229
[ .60 .70, .50] .8208 8431 .9058 0223 .0850
[ .18 .30, .50] 9665 8972 #9359 -.0693 -.0306
[~55 .21, .30] 7804 .80L6 .8332 0242 .0528
[-.32 .31, .50] 7729 .8096 8006 0367 0277
[ .89 .67, .70] J7576 .8062 .T646 0L8lL 0070
[ 030 050, 63] 089)47 08925 08973 '00022 .0025
[=.75 .20, .30] 6186 6533 .7118 0347 0932
t 020 0603 077] 07799 97989 6877 00190 - 09022
[-.60 .30, .40] 5551 5163 LUTL6 -.0388 -.0805




37

Table 10. Analysis of variance of values of B

Variation due to d.f. S.S. M.S.
Experiment 2A
Population (P) 38 Lo2437 .1117
Samples (S) 9 9.3076 1.0342 2
Px S 3L|.2 900269 0026b. SE‘ = 00026
Total 389 - 22.5782

Experiment 2B

Population ‘ 38 6,796l 1789 2
Samples in populations 351 13.4468 0383 85 = 0038
Total 389 20.2452 '

It is necessary to digress briefly at this point to explain what
is meant by admissible sets of the pij and to justify choosing the
points indicated in the first column of Table 9 instead of those given
by some more orderly response surface design. It is obvious that some
gsets of r:)j_j cannot be considered, since they lead to values of the
multiple correlation coefficient outside the range zero to unity. The
region of admissible values is defined by the restriction that any
value of ply must lie in the range p12'°2y (1 - piz - .pgy + pizﬁgy)l/ 2-
Geometrically, this region may be visuelized as the space inside a
circular cylinder with axis Py ¥ which has been pinched closed at each
end and twisted until the ends are at right angles to each other. An
orthodox regponse surface design did not seem to be desirable at this
point, since it would not have fitted into such an irregularly shaped
space so as to provide points falling into extreme regions.

It was mentioned that among the populations considered, there were

no sets having negative values for p,_ or p, . Such a selection was
ly 2y
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based on the symmetry which exists in the relationship of 'pi;j and Rz,
the multiple correlation coefficient. If both ply and ::)2y are negative,
R2 is the same as if they were positive. If ply and 92y are of
opposite sign, the value of R2 is the same as if the sign of Pyp Were
changed and tﬂe slgns of ‘ply and ‘°2y were consldered the same. A
similar sort of symmetry has been assumed to exist for the efficlencies.
Some empirical evidence to indicate the velidity of this assumption is

offered in Table 1l.

Table 11. Values of E and their standard errors
at symetrical points in the trivariate
population space; censoring (55), N = 20, k = 10

Population -
[ ey Py EzyJ E S.E.(E)
f-o20 em, ohO] ¢82h 0090
E 920 050, -oLLOJ 0869 0021
[-.75 .20, .30] -653 2093
[ 075 0203 "030] 0635 0095
[ .18 .30, .50] 897 038
I 918 "cBO, "050} 092.[0 oo:ll
[- 055 021, 0301 0805 0091‘.
[ 055 921’ “’0301 0815 00)4,)_],
[-.55 =.21, =~.30] -85l =05

- Differences in mean efficiency of the magnitude indicated above
can be explained on the basis of differential censoring. Recall that
the dependent variable is not censored; whereas the independent vari-
ables are censored (55).

~ General second degree equations were fitted to the mean values of
E indicated in Table 9 and resulted in the folloﬁing equations to
describe the res'ponse surfaces. For Experiment 24,



»
B

2 2
.A. = 101019 - oOOl‘.?pla"' '3935#1..?, - 0062292y - 0)4637912 - 0017391y

(4.8)
2 .
- .,3608;52y - ,031hplzply+ .Srllplngy + .3h88p1 -yPZy
and for Experiment 2B

2 2
ﬁB = 1.0566 - .2630p, + .22Tlpy + 10L9py. - 596567, - -B3UkeTy

- .72h5p§y + oU691py 0y + 9301y 5Py *+ 15190 Py (92

Although the coefficients of these equations are quite different,
the contours which they represent are very similar in the regions
where the sampling was done. Figures ) and 5 show contours for %A and
ﬁB,_regpectively. The contour levels of E for 75 «8, and .9 are shown
at three levels of ply in each diagram. The subspace of admissible P20
and pay is bounded by heavy lines and the shaded areas near these
borders indicate that the quadratic models, /f: A and %B fit very poorly
in these peripheral regions. For example, an é.dditional population
considered, [.65 .30, .90], gave values of EA = 401 and E'B = LBl
For the thirty-nine points fitted, ﬁ.& explained about eighty-two per |
cent of the variation in the values of EA’ andﬁB explained about '
seventy-eight per cgn‘b of the variation in the values of EB In both
cases the variation accounted for by the model was highly significant.
~ The seventy—eight points of the two experiments were combined to
£it the single general quadratic model

8, =1.0793 - .1338p,, ~ 08320, + .02Llp, - 53012, - .L2586°
'A+B * ° 12~ YRy 2y ° 12 ° 1y

, (4.10)
2
- °5h3192y. + -218891291y + °7506pl.292y + ‘29391y92y-

The analysis of variance for this model is given in Table 12 following.
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Table 12. Analysis of variance for the
nodel &, . of Experiment 2

A
Veriation due to d.f . 5.8, M.S. F
Model B roB 9 .8339 0927 1.2l
Lack of fit 29 .1887 0065 3,10
Error> 39 0813 .0021
Total 77 1.1039

& Pailure of duplicates at the same points in Experiment
LA and 4B to agree.

Note the similarity between the estimates of experimental error
for T given in Table 1l and that determined by duplicates at éaéh point
as given in Table 12. The residuals from the single general quadratic
are given in Table 9 with the velues of E at each point. These data
and the contour diagrams of Figures L and 5 might reasonably be inter-
preted to indicate that this method of estimation is least suitable
when gpplied to populations in which zero order correlation coefficients
are of unlike magnitude or when thelr absolute values are large.

The approach used here to indicate how the type of population
affects efficiency would be very cumbersame in considering more than
three variates. In the four-variate case, six factors are required to
characterize a population, hence, the fitting of a general second
degree surface would require twenty-eight points, plus those needed to
obtain an estimate of error.

An alternative approach to higher variate cases might consist of
an extension of the results obtained for the trivariate case. In the

four-variate case, for example, we could consider all possible subsets



L3
of three correlation coefficients as representing three-variate popu-
lations and could get some appraisal of expected efficiency for each of
these. Then, 1f the results for the trivariate case held for four
variates, some composite measure of these expected efficiencies would
be highly correlated with the efficiency obtained for the four-variate
population.

The simplification of this idea resorted to here consristed of con-
sidering the four-variate population [,012 Pl3 Py Pog Poy p3y] |
in terms of the three trivariate populations made up of all sets of
two (of the three) predictors with the predictand; specifically,

[p12 9, - pzy], [,913 Py ¥ p3y], and [pz3 Poy va.yJ. The contention
ls then that the efficlency of the four-variate population wi_ll be
related to a combined measure of the efficiencies of the three subsets
as determined by the kind of relationship indicated in equation (4.10)
above.

Experiment 3 provided some data which, with this approach, confirms
the extension of the results for the trivariate case to that for four
variates. Table 13 gives the mean efficiencies for six four-va.riafe
populations, each censored (555) with the means based on twenty samples.
The population comelétion matrices for all possible subsets of two
predictors with the predictand are indicated for each four-variate pop-
ulation. For these trivariate subset popula'bions., the predicted
efficiencies based on /E\}

A+B
A A
column of Table 13. The means of these EA+B’ denoted avg (EA+B)’

were computed and are given in the last

and the § for each four-variate population may be seen plotted against

. each other in Figure 6.



Table 13. Values of E estimated by
the Method of Paired Correlation Coefficients;
Experiment 3, censoring (555) N = 20, k = 20

Possible subsets
= of two predictors A a
Population E | and the predictand | “A+B

[Py Pz Py Pag Py "By] [p_j\.] Pyys pjy]'
[ .20 .29 .30, .59 .o, .51]{ .757 .20 .20, .40 | 1.008
29 .30, .51 971
| .59 .o, .51 913
[ 10 .20 .40, .8 .%, .60]} .720] .10 o, .50 .930
. .20 W0, .60 915
} . M8 .50, 60 .906
[ .60 .80 .29, .50 -.20, .20] ) .686|% .60 .29, -.20 | .778
, .80 .29, .20 JThl
A .50 -.20, .20 | 1.026
[ .20 .31 .60, .25 .50, .77]| .%5] .20 .60, .30 | .879
. 031 060, -77 oBlLl.
| .25 .0, LT .827
[ .80 .90 .30, .70 .35, .53] ] .342| .80 .30, .35 .800
v E 090 l30, ‘53, 0788
070 035, '53 0882
[-.70 =.52 .32, .60 .26, k]| .27} =70 .32, .26 | .6uT
-.52 .32, .k Ny
60 .26, ki .923
8 These values were determined by substituting the values of oy i“" Py, 7

ely.

and Psy into equation (L.10) as Prps Pp - and sz, respectiv
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Figure 6. Associated values of E and avg (ﬁA-O-B)
from the data of Table 13. RZ = .78

Although the evidence here is meager, it appears that the Paired
Correlation Method in the four-variate case also yields poor prediction
equations for populations with heterogsneously correlated variables.
This hypothesis is further supported by the data from the five-variate
cases of Experiment 6, which will be discussed presently, and by the
data of Experiment 7, which will be summarized in Chapter VIII.

~ Experiment 6 involved use of the Paired Correlation Method with
data sﬁénula_‘_bed to represent two situations, one for which this method
would be expected to yleld reliable results, and another for which it
would not.

A type of population which often arises in biological situations

involving véxiates governed by feedback mechanisms is exemplified by
[.60 80 .29 4O, .50 =.20 %y .20 .70s .30). Because of the hetero-

geneous character of the correlation coefficients it would not seem



L6
advisable to apply the Paired Correlation Method to incomplete samples
from such a population.

An example of the type of population frequently encountered in pre-
dicting from batteries of tests is [.36 .41l .40 .32, -24 .24 .30, -
2l .25, .22). This correlation matrix is, in fact, based on results
of tests administered to trainees in attempting to predict their
success in pilot training (Du Bois, 1958). Since, in this case,
correlations between pairs of variates are similar, the Paired Correla-
tion Coefficlent Method would seem to be a satigfactory tool to use in
getting a prediction equation where values among the independent
variables are missing.

Two hundred samples, censored (3333), were generated to simulate
one hundred from each of the two populations above. The Paired Correla-
tion Methdd was then applied to each sample to determine a prediction
qué,tion. Histograms of the resulting values of E from these equations
are shown in Flgure 7, along with the efficiencies obtained by the
use of compleﬁe obgervations. The results rather s‘brikingly confirm
the expectations stated above. The mean values of E and A from
Experiment 6 and their respective standard errors are given in Tables
33A and 33B which are included among the summary results of Chapter VIIT.
A In the absence of a priori knowledge of the population from which
a. fragmentary sample is taken, it may be wortlwhile to 'se't confidence
limits on the sample correlation coefficients from all existing pairs.
This may be of help in deciding whetlter or not to use the method of
this chapter in forming a prediction equation.
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4.5 Related Methods
It is well known that r is a biased estimate of p. Accordingly,

one might substitute the approximately unbiased estimate,

Ber [+ ooy @-191,
in the correlation matrix and then proceed to find the prediction
equation as outlined in section ).l.
A type of maximum likelihood estimate of p 1s found by maximizing
m f(r) with respect to p. It is approximately

Ssrfl-m(l-rz)] .

This egstimate of p may also be used in forming the correlation matrix
to be used in estimating the regression equation.

Since nelther of these schemes gives regression equations consis-
‘tent with the least squares estimate of the regression equation when
no observations are missing, they have not been investigated here.
However, it is interesting to note that in two populations where the
method of paragraph L.l proved inefficient, neither of the alternatives
provided a significant improvement. In the populations [-.69 .30, .4O]
and [.90 70, .87) of Experiment 24, the method of section 4.l yielded
mean efficiencies of .47, and .649, respectively. Use of the urbiased
estimates of p gave mean efficiencies of .44l and .636, respectively,
while substitution of the maximum likelihood estimates yielded

efficiencies of .50} and .660, respectively.
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CHAPTER V

THE GREENBERG PROCEDURE

5.1 Definition

The method to be discussed in this chapter was first suggested by
Greenberg (Institute of Statistics, 1957) in commection with data from
a perinatal mortality study in which hospital records were not complete
in the detail desired. In a comprehensive analysis of these data, Wells
(1959) defined and applied the method.

A more specific notation than that used in previous chapters will
facilitate a description of the procedure. Suppose we assuﬁe the p
variates, Xps Xy eoey x(p-l)’ Yy to be distributed mulitivariate normally.
Consider a sample of N independent observation vectors, having a subset
of n observations for which each of the p characteristics is measured;
then (N - n) observations are incomplete for at least one % o The value

W rariate (i=1, oo, p = 1) for the B

of the i observation
(« =1, oo, N) may be denoted as X 40
The method suggested by Greenberg predicts y by the regression

equation

. . 5.1
m! = mbo + mblxl L mb(p-l)x(p-l) ( )

which is determined as follows:
a. Estimate all missing characters by some reasonable initial value
such as the sample mean of the particular variate from which
the character comes. Having done this, one can proceed to find

the ordinary least squares solution for predicting y. It may
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be written

0, _0_.,0,0_ +0_0_ ., ...;0 0 (5.2)

= . + coe
I="bgt by % * "byx, ¥ P(pe1) F(p-1)

where the Oxi indicate that both observed values and ini‘biai

estimates for missing characters were used to find OY by least

squares.

Using the same data, determine

= ot ey o 0x3+ it Ty 1(p- 1)O *(p=1)" lblyy’

(5.3)

the least squares equation obtained by taking X, as the |

dependent variable and the remaining X, and y as independent

variables.

Replace the previous estimates for missing values of x
by those given using equation (5.3); for example, to estimate

‘the value of x5 missing from the Ath observation,

o i .. . |
1& lbw!- b12 2_(+1b13 3.<+“'+lb1yy.,<
With the data now including revised estimates for missing values
of X, determine
1 0 cok 0 . 1
X vee + +
x2 b o* lb 15 lb lb2(p-1) X(p-1)" P2y
(5.4)

by ordinary least squares, where x, has been regarded as the

2
dependent variable and the other variables as independent.
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Replace the previous estimates of X, by those given using

equation 5.4.

Continue to successively re-estimate the missing x < using

J
X, i?jkbjihxio( + Dy,

h

b %1
1 th

xﬁ for the k™" iteration, and hxi indicates either observed

values of the xi or those estimated on the hth

continuing the procedure outlined above (h = k if J > i and

where k represents the coefficient of used in predicting
iteration by

h=%=~114if §J <i). The successive estimating equations are:

L 1 1L 1 - 0. - -1
lx ‘ = lb30+ b31 J{l'l' b32 x2+ 31.!. xb"}' seek bswy

= L A 1 - : 1 3
Xp-1) © Pp-10* Pp-1)1 Tt l"’<p-1) (p-2) "(p-z*.lb@-l)yy.

1 1 1 1, 1

¥ B(p-1)0" P(p-1)1 *1 +""'lt’<p--1) *(p=1)

2 2 2.1 2 1 2 1 2.

L T P i T I T N e D Al P4

2 2. .2 2 .2 1 2 1 2

'XZ = bzof b?l Xif b23 x3 + oot b2(p-1) X(p_1)+ bzyy
m . m

where m is the number of iterations required for convergence;
convergence being defined by'the condition Y = mle,
(equation 5.1).
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If characters are missing from one variate only, say xji’ no
iteration is required. In this case, missing entries among the xb are

initially estimated by

1% ¥ Py
“ "

where thse bji and bjy are determined by ordinary least squares regres-
sion methods using the n gcomplete observations, regarding xﬁ as the |
dependent variate. This condition is made clear by considering that

when x, is the dependent variate, the criterion used for the best fitting

J
hyperplane (in terms of the remaining variates) consists of minimizing

the sums of squares (x, =X )2. Since no x, exist for the N = n
P E R 3

incomplete observation vectors, the hyperplane fitted to all N

observations is identical to that for the n complete observations.

5.2 Bias and Variance of Regression Coefficients

Use of the GreenbergiPrqcedure'in Experiment 1 yielded biases,
bi - pi’ and variances, V(bi), for the various population-censoring
combinations as given in Table 1li. These data illustrate the tendency
for both bias and variance of the regression coefficients to increase
with increased censoring.

The bias in b, which, from Table 1, appears to be significant or
nearly significant in most cases can probably be regarded as a sampling
phenomenon. This statement appears reasonable when we recall that
corresponding values of Table 1, based on complete observations, also
yielded t tests indicating bias. It is known that those coefficients -
are theoretically unbiased. The remarks in Chapter III in regard to

these apparently significant values of bb may be cited as applicable
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here also. In addition, it may be noted that there are no significant

t values for the biases, EB - BO’ in Table 15, which shows the biases
and variances of the regression coefficients from Experiment L where
samples from several different populations were censored (55).

Significant biases in b, and b, are indicated in Table 1 at the

1 2
higher levels of censoring in population [.80 .60, .80]. From Table
15, it can be seen that, although the Greenberg procedure does not
generally produce biaséd regression coefficients, more than the
expected number of coefficients, bl and b2, in Experiment L fail to
meet the criterion for unbiasedness. From the limited amount of data
available, it is not possible to determine the exact nature of the bias.
There does not seem to be a pronounced relationship between bias and
population, as is indicated by the disparity between results obtained
for the same populations in Experiments LA and U4B.

In both Experiment 1 and Experiment L, estimates of the regression
coefficients were made using complete observations as well as by the
Greenberg Procedure. It has been mentioned that coefficients determined
in this way are unbiased and consequently provide a kind of stanaard

with which one can compare the Greenberg Procedure. Except for the

significant values of ib - BO, corresponding to those in Table 1,

none of the biases of regression coefficients calculated from complete
observations were found to be significant. This suggests that the
Greenberg Procedure may produce biased estimates of ﬁl and Bzo
Experiment 7 provides us with still more data which we may examine
in commenting on the bias and variance of regression coefficients
obtained by use of the Greenberg Procedure. The one hundred samples

from the population [=.70 =.52 .32, .60 .26, .Lh], censored (333),
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yielded estimates of regression coefficients, the biases and variances
of which are shown in the third column of Table 16. Histograms of the
coefficients obtained using the Greenberg Procedure are given in Figure
8. For this particular case, with evidence available from a large
number of samples, all the regression coefficients except bO are clearly
shown to be bilased.

The tabulated variances of the regression coefficients call for
only brief comment. In Tables 1l and 15 marked differences may be noted
in the variances for different populations, just as one would expect.
For example, the variances in the regression coefficilents are large for
population [.8728 .2, 2], which has a largs covariance between the
independent variables and large error of estimate. On the other hand,
the variances of regression coefficients are small for population
[-.2 .6, .6], where the covariance between the independent variables
and the error of estimate are both small. The tendency for the'e(bi)
to increase with increased censoring in Table 1L was also noted in
discussing similar data calculated by other methods.

5.3 Estimate of Error

An estimate of error, may be calculated in the usual way after

21
Sy. oX
estimating the missing values and determining the regression equation
by the Greenberg Procedure. Such a statistic grossly underestimates the
true variance, since the degrees of freedom used in its computation are
based on some values estimated from the data.

In similar cases it has been possible to estimate "effective

degrees of freedom" based on the comparison of like moments. This

approach is not applicable here, howsver, since the mathematical form
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Table 16. Statistics of regression coefficients from Experiment 7;
population [-.70 =-.52 .32, .60 .26, .4h],
censoring (333), N = 20, k = 100

Estimated by
Statistic .
Complete Paired Greenberg Uncensored
Observations Corrslation Procedure Data
.:o - ﬁo -o009 oOha ' "aOlJ-I. : —0007
V(bb) .030 242 023 012
b, - B |
o -.521 970 - .940 ~ Bl
b
0
bl - ?1 o022 0177 0132 0001
x“r(bl) 061 .706 .063 035
B, = B,
 — .886 2.109 5,270 050
)
5, - B, -002 212 .08l -.002
7(b,) 049 2,56l .06 028
b, = B
2 2 "‘0068 1-32Ll- 30887 -,100
s=
b
-2,
b3 - BB 018 -.087 063 .010
A
V(b3) 038 1.300 .032 020
by, = B
= 90l - 764 3.565 696
b
3
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of the distribution or its moments is not known. A simple rule of thumb

sufficient to produce reasonable estimates of Gszr - is given by defining

tgffective degrees of freedom" for error as

fe=N[1-W%ETJ‘P=N‘P'§T' (5.5)

where ¢ = the total number of missing variate values among the p-l
independent variates. The resulting "pseudo-variance" then is

23
o (N-p) & o

B ——t
T (5.6)

[
p-1

1

where ss_ < is calculated in the usual way assuming that the estimated
characters were observed values. The rationale for choosing N - p = 5%]-:

as "effective degrees of freedom" is that the proportion of the
. ; . . C
indépendent variate values estimated is m .

To illustrate the effectiveness of equation (5.6) as a measure of
variance, we will consider the "pseudo variances" arising from the use
of the Greenmberg Procedure in Experiment LB, The mean of the "pseudo-

variances® for each of the fifteen populations is plotted against the
: 2
true variance, cy.x
to go through the origin, was fitted to these points and gave
3
2 2
%" 1.05 5y %

although values of s}zr % still appear to be undersstimated for low

2 . 2 *
values of °y.x' Differences between cy.x and Sy.x can be accounted for

to some extent by sampling variation. This is evinced by comparing

Figure 9A with Figure 9B, where the values of s§_ % calculated from the

2

uncensored samples, are plotted against the values of cy <*

, in Figure 9A. A weighted least squares line, assumed

The slope is not significantly different from unity
i
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Additional evidence cqngerning the use of S;.x as a measure of
residual error is given by considering its sampling distribution for
the data from population [-.70 -.52 .32, .60 .26, .lilL] when samples
are censored (333). Figure 10C shows a histogram for values of ssfx
based on one hundred such samples. Figure 10A represents the sampling
distribution for errors of estimate from corresponding uncensored
samples and Figure 10B shows the sampling distribution for errors of
estimate based on complete observations. Since fe = 13 here, the
histogram of Figure 10C would be expected to assume a form intermediate
in shape between that given by Figure 10A (theorstically proportional

2 4ith 16 degrees of freedom) and that shown in Figure 10B

2

to ¥

(theoretically proportional to x“ with 7 degrees of freedom). Thus,

3

it can be seen that s§-x underestimates 05 x here. This observation

supports a statement made in the preceding paragraph; namely, that
3% _

85.2 appears to underestimate qs.

four-variste population from which the one hundred samples were

selected, o2 _ = .20, It must be pointed out that this apparent

VX
2

underestimation may not occur for higher values of c& <*

. . 2
% for low values of o& < For the

5.l Efficiency of Prediction Equations
Table 174 gives the means of E and their standard errors for the
various population-censoring schemes of Experiment 1. Table 17B shows
the corresponding means of A and their standard errors. There does not
appear to be a population effect influencing the efficiencies here, as
was the case with thé Paired Correlation Coefficient Method. A further
evaluation of the Greenberg Procedure was considered desirable, however,

so Experiment L was set up to evaluate the method over a wider range of
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Table 17A. Values of E and their standard errors estimated by
the Greenberg Procedure;
Experiment 1, N = 20, k = 20

[.25 .5, .25] [.80 .60, .80] [.25 .50 .75, .25 .50, .25]

Censor~- Censor=-
ing T sE®| T s.E(D| ne i 8.E.()
(11) 976  .009 978  .007 (111) .9L9 018
( 22; 956 011 960 011 (222) .858 032
(33 939 013 910 .02 (333; 736 129
(L) 89,  .023 836 .030 | (LLk 627 136
5 810  .ohl 764 .0h1 (555) RIS 159

(55)

(66) b1 .07 664 .05
(oL) 967  .009 Sl .01
(4o) 95  .012 953  ,012
(08) 875  .036 845 027
(80) 325  .032 .860  .033

Table 17B. Values of 2 and their standard errors estimated by
the CGreenberg Procedure;
Experiment 1, N = 20, k = 20

[.25 .50, .25] [.80 .60, .80] [.25 .50 .75, .25 .50, .25]

Censor- Censor=-

ing A S.E.(R)| 3 s.E.(p]| e A 5.E.(3)
(00) .303 .028 211,020 (000) .222 012
(12) .330 028 239 020 (111) .32l 017
(22) .351 .028 25 022 (222) .365 019
(33) 386,033 291 024 | (333) 182 097
(L) A7 036 343 024 (llshy) .576 117
(55) 56l 055 | 4ol 029 | (555) 1.1 350
(66) 833  .099 518  .062

ou; 347 027 253  ,019

Lo 379  .036 262 .026

08) A31  .037 332 .021
(80) 30 069 345  .0LL
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populations and a larger set of random samples. Since the Greenberg
Procedure is quite time consuming, only a limited number of popula-
tions could be sampled. And, just as in Chaﬁter IV, the coordinates
of the points were required to be admissible sets of Py y° The
configuration of points chosen was a central composite type of response
surface design selected so that the extreme points would fall within
the region of admissible values. As mentioned in Chapter II, Experiment
L was composed of two parts; part A, based on samplss from different
populations geﬁerated from the same set of original deviates, and part
B, based on different sets of original samples at each point. ) 'i.‘he
points chosen and the means of efficiencies with their standard errors
at these points are shown in Table 18. Mean efficiency at each point

was based on ten samples.
Table 18. Values of E and their standard: errors

estimated by the Greemberg Procedure;
Experiment L, censoring (55), N = 20, k = 10

Population Experiment LA Experiment 4B

. ' E S.E.(E) E 8.E.(B)
[=.2 by b ] .710 O7h. .810 Ol
["'12 06 ) ".2 J 0772 0067 0760 ,0081
[_02 -c2 ’ —02 ] 0716 0083 ¢808 0039
[=.2 T2, b ] 720 - 081 820 . .053
[ .6 b 6] 50 .086 820 . 081
[ 'Aoé 06 . 3 -2 ] .716 oo% 0837 0032
[ 06 "32 3 -02 ] '765 9080 0783 .0).1.2
[ '06 "n2 s 06 ] o7lh- 0069 0769 ao)-(O
[ .8728 2, 2 ] 711 .082 727 .085
[=.4728 2, 2 ] «712 084 - .812 037
[ .2 .8728, 2 ] 692 073 .8L40 039
[ 2 -.4728, 2 ] <774 .06l .830 .035
[ .2 2, .8728] .76l 1,060 .798 059
[ .2 2, -.14728] L7650 L0681 822 ° .035
[ .2 2 2 ] JT7 072 727 .085
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The use of the same set of original sazﬁples at each point in
Experiment LA has the same effect, although not as marked, as that
which was noted in Eb:periment 2. This effect is that the mean square
error for pai"b A becomes smaller than that for part B after differences
among samples have been accounted for in the analysis of variance of
E. This outcome is seen in Table 19 below.

Table 19. Analyses of variance for values of E
from the data of Experiment L,

Variation due to d.f. 5.8. M.S.
Merimént 14_4 l o

Population (P) : i C L1246 0089

Samples - (S) .9 4.1677 | L4631 2

P x5 126 | 3.1720 .0252 s = .0025
Total 19 7.4643
_ Experiment LB

Population 1L ,1886 0135 5

Samples in populations | 135 3.9861 0295 sg-= .0030
Total 149 L. 1747 |

Thé general second degree equation fitted to the data of Experiment
LA yielded the response surface described by

"ﬁ_

: ' - - 2 _ 2
= L7718 + .0658p12 + °02.6‘8p1y ¢0]_'!.3p2y .1h58p12 .O982ply

- .O287p§y - OBy, 0 + 03L5p e, + OL3hpy



66
Experiment LB gave

B, = 7538 - 06680, - -1088p - 060Lp, + 0792, + 223985
) L (5.6)
+ .1687p2y - .1278p1291y - .0716912p2y + .0273p1yp2y

The analyses of variance for these fitted surfaces are given in Table 20.

Table 20. Anslyses of variance for models fitted in Experiment k.

Variation due to d.f. 8.8. - M.S. F
. Experiment LA |
Model EA 9 .0065 .0007 {1l
Error 5 .0059 0012 l
Total ;Zf jg;;g
Experiment LB
Model £ 9 0156 l .0017 2.65 N.S.
Error 5 l .0033 .0007
Total -l-h- 0189

0189

The variation accounted for by the models ﬁA and EB is not significant.
Thus, it does not appsar that, in trivariate cases, the population sampled
affects the efficiency of prediction equations estimated by the Greenberg
Procedure. These analyses confirm the findings from Experiment 1.

Experiment 7, which was mentioned in section 5.2, lends some
additional information on the efficiency of the Greenberg Procedure.

From the four-variate population [~.70 =.52 .32, .60 .26, .Lk], one
hundred samples, censored (333), were selected and regression equations

estimated by various methods. Histograms of the resulting sampling



67
distributions of E and A are shown in Figures 11C and 12C respectively.

This particular case exemplifies the sort of missing data situation to
which the Greenberg Procedure might be advantageously applied if there
were some basis for not wanting to discard the fragmentary observations.
The computing time required in using the Greenberg Procedure for
higher variate cases precluded extensive sampling work in this area.
However, it was .necessary to ascertain that such computations were
possible. In addition to this, the results of the four-variate work
in Experiment 7 wers encouraging enough to warrant applying the Green-
berg Procedure to some of the five-variate samples of Experiment 6.
Consequently, Experiment 8 was carried out with twenty samples, the
results of which gave the efficiencies E and A shown in Table 21. The
values of the statistics given by using the other methods are also
presented for comparison. In population [.60 .80 .29 .40, 50 =.20 .50,
.20 .70,7 .30], the Greenberg Procedure yielded better results than were
obtained with the other two methods. This was true for eight of the
ten samples considered in comparing it with the use of complete
observations, and for nine of the ten samples considered in comparing
it with the Paired Correlation Method. In population [.36 .LO .L1 .32,
.24 .24 .30, .24 .25, .22], there appeared to be little difference
between the Greenberg Procedure and the use of complete observations s
while the Paired Correlation Method yielded significantly better results

than either of these.
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5.5 Convergence

In describing the Greenberg Procedure, convergence was defined by
the condition that the respective bi of the prediction equation be equal
on two successive iterations. Except for differences caused by rounding,
this is tantamount to the requirement that successive estimates of
missing values be équal. In view of the fact that several of these
estimates must converge simultaneously, it is not surprising that a
large nmumber of iterations are required in certain cases.

In Experiment 1, the Greenberg Procedure was applied to twenty
random samples from each of two trivariate populations which were
censored (11), (22), (33), (hh),'(EED, (66), respectively. The mean
number of iterations required for each of these censoring schemes in
the order indicated is 5.0, 6.7, 10.3, 13.6, 17.l, and 24.2, respectively.

An analysis of variance for these data indicated that censoring
was the outstanding factor affecting speed of convergence. |

The same sort of relationship between.intensity of censoring and
number of iterations follows for higher variate cases. For example,
in the four-variate case of Experiment 1 with censoring (222), which
is comparable to (33) above, the mean number of iterations required
for convergence was 11.8. ILikewise, in censoring (Lll), comparable to
(66) above, an average of 28.4 iterations were required.

In Experiment 8, five-variate samplés were generated from each of
two populations. Ten different original samples, censored (3333), were
evaluated for each. The mean number of iterations per sample required
for convergence was 27.6 for one population, and 23.7 for the other.

The stendard errors were 8.9 and 8.2, respectively.
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A reasonable question to ask at this point is whether or not the
number of iterations required for convergence depends more on the number
or the proportion of observations missing. An answer to this question
is indicated by the results from Experiment 5, a 2 x 3 factorial
involving samplés of varying size from the population [.6 =.2, .6].
Estimation using the Greenberg Procedure was carried out, using five
randomly selected samples for each combination, where 6, 10, and 16
values were censored representing proportions of twenty and fifty
percent of the total number of observation vectors. The sample size,
N, and the mean number of iterations, E; required for convergence is
shown in Table 22 below. The time required pér iteration is also given -

for the various sample sizes.

Table 22. Mean number of iterations required for convergencea
in sampling from [.6 =.2, b]; k= 5

Proportion of Observation Vectors Censored
.2 5
- seconds - seconds
m s N per m s N per
Censorin o iteration o iteration

(33) 5.2 [1.30 | 30 37 18.0 | 5.79| 12 22
(55) L | .55 % 5 10.3 | 1.34| 20 31
(88) Loh | .55] 80 79 10.6 | 2.79| 32 L3

& In this experiment the criterion for convergence was taken as
agreement of the respective regression coefficients to three
decimal places on successive iterations.
The most striking feature of Table 22 is that the number of iterations
required seems to depend almost entirely on the proportion of data
missing, rather than the amount. It should be noted, however, that for

both proportions, a trifls more iteration was necessary at the lower
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levels than at the higher levels. Although this phenomenon could
easily be explained by sampling variation (note the sk), one is led
to speculate that a certain amount of complete data is necessary before
the rate of convergence for a given proportion becomes constant.

The data from Experiment 1 indicate that the difference in speed
of convergence between populations is very small. Experiment LB
affords more illuminating data in this connection. In that experiment,
the Greenberg Procedure was applied to 150 samples of independsnt
normal deviates grouped into fifteen sets, each of which was used to
generate ten multivariate normal samples representing a different
population. The number of iterations required for convergence in these
150 cases was used to test the hypothesis that population affects the
mumber of iterations necessary for convergence. The analysis of
variance shown in Table 23 reveals the unimportance of population as

an effect influencing convergence.

Table 23. Analysis of variance for number 6f iterations
required for convergence in Experiment 4B; N = 20, k = 10

Variation.due to d.f. 8.5. ~ M.S, F
Population 1 - 871.L 62.2 1.0
Samples in populations 135 8421.h 62.4

Total W9 9292.8

The initial estimates of missing values also seem to be of
relatively minor importance. In section 5.1, it was stated that missing
characters would initially be estimated by some “reasonable® value.

Iwo kinds of initial estimates were tried in a preliminary investigation
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using trivariate samplgs of size twenty from Carvert!s Anthropometric
Data (1954). In each of seven samples, ten of the forty characters
among the independent variates were censored. The Greenberg Procedure
was carried out, using as initial estimates the sample variate mean;
zero; and a bivariate regression estimate, Xix = g + byk’ where a and
b were estimated by least squares, using all available pairs of X5
and y. The number of iterations required using these lnitial estimates
is given in Table 2L.

Table 2. Iterations required for convergence using
the Greenberg Procedure on Carverts data
with different initial estimates of missing values.

Initial estimates by

Sample Sample Bivariate

Number variate regression Zero

‘ __means
1 11 10 .13
2 W 1 21
3 6 5 22
L 5 5 22
5 5 8 35
6 7 11 2l
7 L L Lo

-

Zero as an initial estimate is clearly inferior. Since the true means
of the variates, x and X,; Were 139 and 282, respectively, the use of
zero as an initial estimate could hardly be regarded as reasonable.

There is little basis for preference between the sample variate mean

and the bivariate regression estimate as initial values, except that

the variaste means ars simpler to calculate.
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In using the Greenberg Procedure with artificially generated

samples, initial estimates were made using the true mean, the true

regression equation, and the random charscter actually designated as
missing. Obviously such estimates could not be used in prac'bide, but
their use shortened convergence time somewhat in the sampling work.
In discussing convergence time, we have talked in terms of the
_pumber of iterations required for convergence. It must also be remem-
bered that the time per iterafion ‘incréases as the number of variates
increase. In adding an additional va.r:.ate , another matrix must be
inverted with each iteration, and the order of the matrices to be
inverted increases by one. Inversion time is roughly proportional to
the square of the dimension of the matrix involved. The time reqﬁired
for one iteration by the IBM 650, with N = 20, is approximately thirty
. ' seconds for the three-variate case, seventy seconds for the four-variate
case, and about one hundred and fifty seconds for the five-variate case.
The distribution of the number of iterations is obviously skewed
and is indicated by the histogram of Figure 13 for the work done using

the Greenberg Procedure in Experiment 7.

ol
2t
0}
. [ 1 [ 1 [ 1 Iterations
56 9-10 13-14 \T-% 22 8334 37-2%
. Figure 13. Histogram of number of iterations required for
convergence; [-.70 -.52 .32, .60 .26, .Lh],

censoring (333), N = 20, k = 100
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The regression coefficients in the three-variate case usually con=-
verge monotonically, almost invariably so after the first two or three

iterations. As the number of variates increase, the pattern of conver-
gence becomes a bit more erratic. Examples of the convergence curves
for two five-variate cases from Experiment 8 can be seen in Figures 14

and 15,
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CHAPIER VI

MAXTMUM LIKELIHOOD

6.1 Disocussion

_ Application of the principle of maximum likelihood to the problem
digc_cuslsed in this thesis is practical for only a few special cases.
For the most part, the mathematics involved in the maximlzing process
becomes extremely urwieldy.

7 One case in the literature which is dealt with in detail is that
in which values are missing from only one of the variables in a sample
from a trivariate normal population (Edgett, 1956 and Anderson, 1957).
_ Using the notation indicated for date of the form given on page 2,
Edgett sets up the likelihood funection

n
. oy, | bpsbplhss 91200055 Py p0Py 390p3)
A=l '
(6.1)

n :
H & ("1”‘3| Hyotigs Hyokss °§’°§3 Py3)
A=t
and differentiates with respect to the i, and the o'J. Then, expressing
the cij in terms of oy 5 he proceeds through some cumbersome algebra
and indicates 'bﬁe solutions for the By and °ij in a series of formulae.
A thorough examination of Edgett's paper is most enlightening in that
it points up the difficulties of‘extending the maximum likelihood method
‘to more general cases for the problem at hand.

The approach used by Anderson in solving the same pfoblem is wér'bhy
of mention here by virtue of its simplicity and the fact that it can
be used to get maximum likelihood estimates easily for certain other
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special cases. Considering the same form of data referred to in the

preceding paragraph, Anderson expressed the likelihood function (6.1)

as

2 2
Hf.( (X]_:XB Il-'-l.»lJ'B; 0'1:0; 913)
A=l
(6.2)

n

2
ﬂ{f* (x, ‘ Bao * Boy.3% * Po3.a%ss %.13)
el

where
Pog = W = Boy.stq ~ Bag gt

: |
%P21.3 * 1%P13P23.1 = %P1z (6.3)

2
0195P1 481,53 * T3Pp3.1 = T39,Pp4

2 > ,2 2 2 2 |
92.13 = % = (Ba1.39 * Bp3,193 * 2 By, 4Pp3,19993P 5

If any other values of the parameters give a higher value to
(6.1), they would give a higher value to (6.2), with the Bg's and
02.13 given by (6.3). ' -

The maximum likelihoqci estimates of by s ‘p.3, 021, og, and P13 are
based on all N ob.erva_.'b.ions, while the estimates of the regression
pa{rame_tershi‘or”xz, given X and x3, are computed from the complete
observations only. The values of i, cg, Py, and Py are then found
from 'bhg relations (6.3). If we consider x3 = y as the dependent
variate, estimates of the coefficients for the predietion of y from x
and : :2 may be calculated by forrmlae similar to 6.3. The results are
ldentical with those of Edgett and, in addition to being more easily
derived, are more simply expressible. Another example of this approach
will be considered in discussing the example of Chapter VII. It should

be noted, however, that this sort of manipulation does not provide a



general solutlon. For example, it is not epplicable to the trivariate
cases we have considered in previous chapters in which censoring was of
the form (clcz) .

The trivariate cases of Experiment 1, in which observations were
migsinig from one variable only, have been considered using the maximum

likelihood estimates described above.

6.2 Bilas and Variance of Regression Coefficients
7 Table 25 indicates the biases and variances of the regressidn
poefficients for the cases of Experiment 1 where maximum likelihood
estimatlon was carried out as described above.
» As was the case in Chapters IIT, IV, and V, only the biases of the
constant coefficlent are significant by the t criterion, and this has .
‘peé;_: explained as a sampling phenomenon. As one would expect, there
is & tendency for the variance of the coefficients to be higher when

elght values are censored than when only fo.ur are absent.

6.3 Esgtimate of Error
It is well known that maximum likelihood estimates of variance
ere blased. In the case of the estimates of "?r.x above, three para-
meters (the Bi) were estimated from twenty (fragmentary) observations,
so that an estimate corrected for this bias would be obtained by using
20/17 6;::.
There will also be some bias due to the fragmentary character of
the data. A rough adjustment for both types of bilas might consist of

multiplying the maximum Likelihood estimete by a factor

N - C
N—p-m
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where ¢ equals the total number of missing characters among the p-1

independent variates.

The mean values and variances of errors of estimate, calculated

from the twenty samples for each case in Experiment 1, are presented

in Table 26.

above are also given.

Table 26. Means and Veriances of ’ésr . estinated

by maximum likelihood

The mean values multiplied by the correction factor, k,

[.25 .50, .27] [.80 .60, .80]
2 2
Oy x = *7333 % ,x = 3596
: AL 2 A2 o AD A2 A A2 v
Censoring cy. x ( cy-x>_‘ k % x ay.x V( cy.x) k cy-x
(oy) 617 .063 STl 296 012 .355
(4o) 622 069 U6 294 012 .353
(08) 605 061 745 .28} .009 350
(80) .562 .080 692 .280 012 345

6.4 Efficiency of Prediction Equations

Means of E and their standard errors are indicated in Table 274

and the means of A and their assoclated standard errors are shown in

Table 27B.

Those tables do not indicate marked differences betwsen ths two

populations and show an expected decrease in efficiency with increased

censoring. A comparison of the efficiencies obtained using maximum

likelihood with those obtained by using other methods is discussed in

Chapter VIII.



Table 27A. Means of E and 'bheir. sbandard errors estimated
by maximum likelihood; Experiment 1, N = 20, k = 20

- [.25 .50, .25] | [.80 .60, .80]
Censoring ' S.E.(E)i E S.E.(E)
(oL) 981 008 970 .008
(4o) 969 008 973 .008
(08) 918 029 .930 0Ll
.017 027 | .927 .02l

(80)

Table 27B. Means of A and their standard errors estimated
by maximum likelihood; Experiment 1, N = 20, k = 20

[.25 .50, .25]

[.80 .60, .80]

Censoring -A- S.E. (Z) K S:E. (-A.)
(oL) .325 .025 237 .020
(40) .35} .03 241 .023
(08) 369 .032 .278 017

L2k .053 .280. 1,035

- (80).

8L



85

CHAPTER VII
AN EXAMPLE

7.1l The Data

Difficulties involved in the determination of muscle potassium
severly limit the physician in prescribing proper therapy for patients
suffering a depletion of this ion. The actual measurement of muscle
potassium requires the use of a rediocactive isotope, which is an expen=
slve, exacting, and time consuming procedure.

Working with laboratory animals, Welt and his associates [1958]
recently carried out studies aimed at developing methods to facilitate
measurement of muscle potassium in hnmahs. Their approachrinvblved
predicting the concentration of muscle potassium from a number of other
more easily obtainable measurements. The ability to determine the con-
centration of serum potassium, serum carbon dioxide, and red cell
potassium from the analyéis of a single blood sample provided such
measurements. Data available for such determinations on a series of
Pifty-four rats is given in Table 28. The animals were sacrificed
to obtain the associated values of mﬁscle potassium.

It will be noted that determinations for serum carbon dioxids,
(XQ), and red cell potassium, (XB)’ are not available for every animal.
Thus the question of methodology in forming an appropriate prediction

equation arises.
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Table 28. Biochemical determinations fromWelt data

Rat ‘ X X L =Y
Number }\1 2 3 L
Serun K Serum CO 2 Red Cell K Muscle K
(. /L) (mM./L.) (mM./L.) (mM/100 gr.)

1 2,61 - - L7

2 3 .61 2)4 '6 - h7 07

3 209)4- 2507 e Ll-? 03

L 3,58 -— -— h5.5

5 .65 19.7 101.L L7.2

3 4,53 23.4 102.0 L7.8

7 3.4 25.6 100.8 L7.2

8 341 22.4 99.6 Lé.9

9 500 2h.7 98.8 L5.7
10 5.38 21.6 101.3 Lk.9
11 3.54 - 106.0 Lh.9
12 L.73 -- 9.3 L7.5
13 5.05 - 96.8 6.0
lh SOOO fnind 100 03 )-l-6 05
15 2.8l 22,8 - 43.5
16 3 o1l - - 38 ol
17 2-87 2501 - )-|-2 09
18 3.32 - 108.0 45.0
19 2.79 17.h 101.5 h2.Jy
20 3.10 254 105.9 h2.3
21 2.61 - 107.3 42.3
22 2.94 19.3 102.5 39.1
23 2 032 — 106 QO 38 01
2 ' 2.74 T 23. 101.2 L41.0
25 2.70 23.6 100.1 3Lh.6
26 2.3 21.5 100.1 41.0
27 2.60 26.9 96,8 3h.3
28 2.60 25,1 96.7 38.6
29 2.85 - 22,0 160.9 38.6
30 1.8L 26,2 100.1 35.5
31 2.05 29.8 10h.2 34.8
32 1.61 25.1 96.9 33.h
33 1.92 30.6 100.3 34.5
35 1.66 33.3 106.3 31.5
36 2,02 31.7 103.2 33,0
37 1.0 33.8 106.8 30.6
38 .1.72 3h.b 96,0 31.3
39 1.73 38.7 111.0 33,1
Lo 1.97 L2.2 98.8 314
L1 1.67 39.4 9%.1 29.5
h—2 1068 - 89 n)-l- 25.2
L3 1.72 274 92. 27.7
iy 1.84 -— 106.3 28.2
L5 1.74 34.3 104.1 30.0
L6 2.20 - 99.3 27.7
L7 1.50 a3 109.6 25.0
18 2.16 L3. 86,5 242
L9 2,81 - 66.5 20.6
20 L.§1 - 103.0 29.6
51 1.62 39.2 105.2 230
52 2.73 - 83.2 30.1
53 2.65 i 98 'O 23 01
Su 2 038 bt 90 u)-l- 29 09

& The symbol-- indicates a missing datum.
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7.2 Solutions
The methods indicated in previous chapters will be applied here
and the results given. A discussion of these results will be given in
section 7.3. _
Equation (7.1) below was determined by ordinary least squares,
uging the thirty-two complete observations.
T, = 23.93 + 3.53x - .U5x, + .16xj (7.1)
It was mentioned in the previous chapter that the approach of
Anderson (1957) would be used in obtaining a maximum likelihood pre-
diction equation from the Welt data. To do so, we delete values of

xé from rats number two, three, fifteen, and seventeen, so that the

- remaining data may be arranged in the form:

}Cj_l xlz }f13 ® . ° & < o L] L E ] k-] ° o xlN

T2l ¥p2 o3 vttt Fom,

X ° L ® x

33 3n;
xhlxu2XA3oooo-ooooooan

where the primary subscript denotes the variable; the secondary sub-

script, the observation; and xh ¥ is the dependent varisble. In our

particular case, there are ny = 32 observations camplete on all vari-

ates, n, = 47 complete on all except X35 and N = 5, complete on X, and

+ ¥. The assumption of multivariate normality is reasonable here and

the likelihood function can be written:

2
Hf(xuo,p)” f(xuo,p)n £ (%;|0s50550,)
il RS n.+1 a4 s a n +n +l 1t % 14

l,JF 1,2,3,4 i, 11’3’)4' i=1 (7.2)
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and may be rewritten
n

N 2
2 2
- el Fomy) Tledmslps.0 * B * By %)
L= ] L= ]l

is= 1:Ll-

n

1
fo(xul Boo.00 * Por.ay® * Bas.u®s * Pay.1s®) (7.3)
L =]

where
Pip.0 = M3 7 Parfy T Byt
= % - (F1.0% * P3u.1% * 2P31.P3,0909,00)) (7.L)
°§531 L A9P1P3,. = G1%5P13
99P1P31.y * °12J33u..1 = 93%P3)

and
P2o.00 = M2 - Bar.3*a - Paz.nf3 - Boy.2sty

Gasy = % - BTR

VB =8 (7.5)
where
“’0_2 C. C W -O' - B
1 "13 "l 12 21.43
. 2
V= O3 %3 9 § = T3 and B = 523«’1&
2
i % % %24 Pay.3)

Thus, maximum likelihood estimates of b 5 uh, c?_,’ oi, and plh are
obtained in the usual way from all N = 5), observations. Estimates of

p.3,_ 02, plj, and 923 are made from these foregoing values combined
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with estimates of the regression statistics from the n2‘observations
using the relationships of (7.4). The remaining parameters are based
on those already calculated plus regression statistics from the ny
complete observations by substituting these in the parametric forms of
(7.5) and solving. The estimates for the regression parameters Bhb’
Bb1-23’ Bh2-13’ ph3-12’ and oi.123 may then be derived from the maximum
likelihood estimates of the ui, og, and pij. The resulting equation

i
is

I,= 21.38 + 2.77% - .58x2 + °25;:3 (7.6)

All the data available were used in obtaining a prediction equation
by the method of paired correlation coefficients. The correlation
matrix, the number of values upon which each coefficient was based,
and the confidence interval for each coefficient is given in Table 29.

Table 29. Sample correlation coefficients and their

confidence limits based on the n, . avail-
able pairs of x; and Xy in Table™” 28

Pid
ij ny 4 Ty 95% confidence interva;_
12 36 -0625 "079 to "031;
13 l].? - 0020 - 029 to 028
23 32 .008 =.36 to .37
ly 5L 672 50 to .79
2y' 36 -0792 -089 to -062
3y L7 342 .06 to .57
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Further reference will be made to this in the discussion section below.
The equation determined by this method is
Yp = 13 011 + 202L]3°l - 067x2+ 037}53 (707)

The Greenberg method also utilized all the data available. The
sample variate means were used as initial estimates for the missing
values and the iteration procedure described in Chapter V was carried
out. Convergence was reached after fourteen iterations, each of which

‘book two minutes and seventeen seconds. Slightly over a half hour of
IBM 650 time was required for all the calculations which yielded the

prediction equation

Yg = 17o9h + thOxl - 069x2 + 032153 (708)

7.3 Discussion of the results

The solutions given in section 7.2 will be discussed briefly here
with the purpose of pointing out the advantages of and objections to
gpplying the various methods to the set of data at hand. The broader
aim of indicating factors, which would be of importance in extending
these methods and selecting the appropriate ones for other practical
gsituations, is implied.

Equation (7.1) was determined by ordinary least squares using only
the thirty-two complete observations. Although a sample of this size
can be expected to give falrly reliable results, it seems more than a

little wasteful to discard data from over forty percent (Eﬁ) of the

animals used; or, on a measurement basis, over one-third (ng) of the

total number of determinations available. A researcher would have
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serious reservations about disregarding so great a portion of data
even when observations are easy to obtain. If the determinations were
from human subjects rather than rats, the research worker would be
less inclined to discard incomplete data. .
~Another point to be considered here is the one discussed generally

in paragraph 3.1. Inspection of Table 28 reveals that the data to be

» discarded would include many of the observations with very high and

very low muscle potassium values. Ignoring such portions of the data
would seem unwise if the equation were to be used to predict muscle
potassium- values which were expected to be at the extremes of the
sample. With only the data of Table 28 it is not possible to test
whether or not one of the other methods might be preferable in this
regard. However, some of the results using each prediction equation
are tabulated in Table 30 below for the three complete observations
having muscle potassium determinations at either end of the muscle
potassium scale (25.03 y> 47.0). The sums of the absolute deviations
and sums of the squared deviations from the true values for these six
observations are given at the foot of the table. From this examination
no dramatic differences in the methods are indicated as far as predic-
tability at the extremes is concerned.

In obtaining prediction equation (7.6) by the me‘bhod of maximum
likelihood, only four values were discarded, two of which were
included in observation vectors having low muscle potassium values.
However, the serum and muscle potassium values (:r:L and xh) in these

vectors were retained so that not all of the information on any one



‘ 92
animal was ignored; and, on a measurement basis, only slightly over two
percent (i%79 of the available information was discarded. Considering
the sample size and known desirable properties of maximum likelihood
estimators, prediction equation (7.6) could be regarded as a reasonabls
first choice. It must be remembered, however, that this is a special
case of maximum likelihood estimation, and that a slightly different
pattern of missing observations would have precluded its use here.

Table 30. Some exireme muscle potassium values
predicted from the Welt data by various

methods
Value predicted by
For rat Actual value
number Yc Y@ Yf yg ¥y
5 47.87  L8.18  L7.61  L7.8% b7.2
6 45.89  L5.90 45,09  L5.21 b7.8
7 40.76  L4l.23  L40.67 40 .63 L7.2
L7 27.11 27.37 27.11 26 .00 25.0
L8 25,95 23.72 20.43 20 .57 2.2
51 29.09 29,53 29.17 28.39 23.4
S |v-y||18.36 17.83 2131 19.43
S (T-yAss.o  83.62 102,20  89.38

Comments on prediction equation (7.7), determined by the Method
of Paired Correlation Coefficients, call for reference to Table 29.
The sample correlation matrix given there with the confidence limits
for each coefficient, indicate that this is a sample from a population
for which this type of estimation is not particularly well sulted;
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‘that is, one in which the correlations between variables are of
different magnitudes. Even though we are dealing with a different type
of censoring and have larger numbers of pairs than were considered in
the empirical sampling work of Chapter IV, the Method of Paired Correla-
tion Coefficients would appeai' to be the least appropriate of the four
methods considered here.

The Greenberg Procedure, which also utilizes all the data avail-
able yields the prediction equation (7.8). There are no a priori
reasons for not applying the Greenberg Procedure to these data, nor
wuld its use be contraindicated on the basis of the empirical sampling
work discussed in previous chapters. One objection to employing it
here might be the rather lengthy computations involved. These would
seem to be of minor importance considering the availability of high
speed computing machinery and the accompanying program. In this
case, the Greenberg Procedure permitted a solution which would
certainly be preferable to that obtained by the Method of Paired

»Goi‘relation Coefficients. If the missing characters had been more

evenly distributed among the independent variables, so that the method
of maximum likelihood could not have been easily applied to the bulk

of the data, it would have presented a still more appealing alternative.
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CHAPTER VIII
SUMMARY AND CONCLUSIONS

8.1 Summary

In the previous chapters, alternative methods have been described
for dealing with the problem of prediction by multiple regression when
values are missing from among the independent variates. The resulis of
empirical studies designed to evaluate the efficiency of tﬁe respective
methods were discussed. The objectives of this chapter are first, to com-
. pare these methods by bringing together results in which all the methods
were used with the same or similar data and secondly, to make suggestions
regarding the use of the methods. Finally, comments will be made on the
need for further research to answer some of the questions arising from
the results of this work.

The eight sampling experiments described in Chapter II were sequen-
tial in nature. Experiment I was the broadest in scope but perhaps the
narrowest in depth. A summary of the statistics of prediction efficiency
for all the sampling done in this experiment is given in Tables 31A and
31B. These tables indicate that estimation by maximum likelihood, where
it can be easily emg;loyed, is superior to the other schemes. For the
three variate cases where maximum likelihood estimation is not easily
carried out, neither the Paired Correlation Method nor the Greenberg
Procedure appear to yleld results overwhelmingly better than those ob-
tained by merely deleting incomplete observations. However, a population
differential was noted in results given by the Paired Correlation Method.
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This population differential led to the second and third experiments
which were designed to investigate it further. In Experiment 2, it was
found that a general quadratic relationship would describe the mean effi-
ciencies of samples from trivariate populations with different correlation
matrices. The fitted quadratic relationship, based on 780 samples from
thirty-nine different populations, revealed that the Method of Paired
Correlation Coefficients was grossly inefficient for samples from popu-
lations in which the variables were highly and heterogeneously correlated.
Likewise, it was eminently satisfactory for cases in which the variables
were not so related.

Experiment 3 indicated in a rather cursory way that the resulis of
Experiment 2 were also applicable to four-variate situations.

Experiment L was planned to confirm the results of Experiment 1 over
a wider range of populations as far as the Greenberg Procedure was con-
cerned. It was also intended to check on whether or not a population
differential of the type indicated in Experiment 2 existed for this method
of estimation. Tables 324 and 32B show that although the efficiency of
the Greenberg Procedure is insensitive to the trivariate population being
sampled, it does not yield results superior to those obtained by deleting
incomplete observations. In Experiment li, the Greenberg Procedure also
yielded more than the expected number of biased regression coefficients
by the t criterion defined in Chapter IL. The blases were compensating
in nature, however, as far as prediction was concerned. These results,

combined with the extensive computations necessary for solutions by the

~ Greenberg Procedure, seem to dictate against using it in trivariate cases.



Table 324, Values of E from Experiment LB
censoring (55), N = 20, k = 10

98

R Complete Paired Greenberg
Population Observations Correlation Procedure

[-02 06 ] 06> J 9778 0558 0810
[-02 .6 N -02 } eBLI-S 0867 0760
[=.2 -2, =2 ] .788 .891 .808
[-02 -c2 » 06 J e812 0961 9820
[ .6 b, 6 1 .87 .876 .820
[ 06 06 > -02 ] 9797 ohéu a837
[ 06 ".2 I} "'02 ] 0756 0866 0783
[ 6 =2 , 6 ] .80k LTk 769
[ .8728 .2 , .2 ] .758 753 727
["'-)-I-728 02 ’ c2 ] 0908 0863 0812
[ .2  .8728, .2 ] 858 854 840
[ .2 -.4728, .2 ] 761 .803 .830
[ .2 2 , .8728] 819 .803 798
[ 02 02 ’ -ou728] a890 0882 9822
[ .2 2, 2 ] 751 .906 727

s% | 002601 025107 001349

Table 32B. Values of A from Experiment LB,
censoring (55), N= 20, k = 10
Complete Paired Greenberg Uncensored
Population Observations Correlation Procedurs Data

[=.2 b, b ] .199 294 .180 095
f"u2 06 9 -02 ] 994.2 o383 0687 0315
[""02 "’02 9 "52 ] ou92 0356 nhss 0287
f"¢2 "'o2 ’ o6 ] oh-?g 0373 OSSO 0322
[ b6 b, b ] 275 346 382 .258
E 96 .6 9 -02 ] 9192 0512 0191 elho
[ .6 -2 , =2 ] 689 510 689 .363
[ 06 "02 » 06 J 02)4-5 ohlé 0224-2 0160
[ 8728 .2 , .2 ] ,600 +523 766 .332
[-.4728 .2 , .2 ] 401 199 532 2315
[ .2 8728, .2 ] 219 .268 .269 172
[ .2 =-.i728, .2 ] .389 458 126 .312
[ .2 02 .8727] .288 .288 .306 196
[ .2 2, =.4728] 320 .3l .28 .238
[ .2 2, W2 ] 722 21152 .831 324




99

Experiment 5 showed that the number of iterations required for
convergence in using the Greenberg Procedure was influenced more by
the proportion than by the amount of missing data.

In Experiment 6, samples censored (3333) were selected from two
different five-variate populations. Prediction squations were computed
by deleting incomplete observations and by applying the Paired Correlation
Method. The five-variate populations were chosen to represent cases in
which the Paired Correlation Method was expected ito yield diverss results
in terms of prediction efficiency. The fesulting means and standard errors
of E eand A are given in Tables 33A and 33B, respectively. These tables
represent further evidence to confirm, that, in higher variate cases, the
Paired Correlation Method is suitable for use with fragmentary samples
from populations with homogeneously correlated variables; but that it is
definitely unsatisfactory for samples from populations with heterogen=-
eously correlated variables. The histograms representing the distri-
bution of E for both methods of estimation in the two populations are
given in Figure 7.

Table 33A. Values of E and their standard errors;

Experiment 6, censoring (3333),
N = 20, k = 100

Complete Paired
‘ Observations Correlation
- [ogo 080 029 OEO, 0% -'020 -%, 020 070’ 030]
E .515 .357
8.E.(E) 020 027
- |[.36 .Lo .1 .32, .24 .24 .30, .24 .25, .22]
E .518 874
8.E.(E) 023 016
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Table 33B. Values of 3 and their standard errors;
Experiment 6, censoring (3333),
N = 20, k = 100

Complete Paired ~ Uncensored
Observations Correlation Data
- ) [o O . O '29 . O, . "020 QR), 020 070, 0301
A .LI.LI.O 300)-1-0 0183
S8.E.(p) 026 . 1.560 006
- [.36 .hOo L1 .32, .24 .24 .30, .24 .25, .22]
3 1.001 63 by
S.E.(4) 059 091 .015

Although Experiments 1 and L did not indicate the Greenberg Pro-
ceduré 1'.0 be worthwhile in any of the trivariate cases considered, it
was not shown to be clearly inferior to the other methods as far as
prediction efficiency was concerned. An examination of the relative
effectiveness of the Greenberg Procedure in higher variate cases seemed
to be warranted and was undertaken in Expeﬁ.ment 7. Complete observa-
tions, the Paired Correlation Method, and the Greenberg Procedurse were
used to obtain prediction equations and measures of their efficiency
for one hundred samples from a population for which the Paired Correla-
tion Method was not thought to be especially well suited. The resﬁl‘bs
Vin terms of the sampling distributions of E and A are shown in Figures
11 and 12, respectively. The mean 'valués of E and A, with their stan-
dard érrors, for the different methods of estimation are given in Table
34. According to these criteria, both the Greenberg Procedure and the
deletion method are better than the Paired Correlation Method; and
results using the Greenberg Procedure appear to be at least slightly

better than those obtained by omitting the incomplete observations.
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It will be recalled from Chapter V, however, that the regression
coefficients obtained by the Greenberg Procedure in this experiment
showed significant bias by the t criterion.

Teble 34. Values of E, A and their standard errors from Experiment Ts

population [.70 =.51 .31, .60 .26, .LhLh], censoring (333)
N = 20, k = 100

Estimation by
Complete Paired Greenberg Uncensored
- [Observations Correlation Procedurs Data
E 790 .603 .837
S.E.(E O 024 .013
A .266 .82 245 .189
8.E.(%) 013 .063 .015 .006

The computing time involwved precluded an extensive amount of sampling
with the Creenberg Procedure for five-variate cases; but the results of
its use with four variates, relative to that with three, suggested some
evaluation at the five-variate level. Also, the need for some convergence
information at higher variate levels demanded investigation with at least
a few samples. Accordingly, ten samples, each censored (3333), were
selected from each of the two populations used in Experiment 63 and the
Greenberg Procedure was used to find prediction equations from them. A
summary of the resulting efficiencies is given by the means and standard
errors of E and A in Tables 35A and 35B, respectively. In population
[.60 .80 .29 .LO, .50 =.20 .50, .20 .70, .30], the Greenberg Procedure
yielded betier results than those obtained by the use of complete obser—
vations. In population [.36 .LO .41 .32, .24 .24 .30, .24 .25, .22],



Table 35A. Values of E and their standard errors;

Experiment 8, censoring (3333),
N =20, k = 10

E -
8.E.()

E
S.E.(E)

Complete Paired Greenberg
Observations Correlation Procedure
[.35 .80 .29 .EO, .50 ~.20 .35, .20 .70, .30]

.58 Lho 648
077 .086 066
[.36 b0 .41 .32, .24 .24 .30, .24 .25, .22]
601 .889 .66l
.089 .028 076

Table 35B. Values of A and their standard errors;

Experiment 8, censoring (3333),

{l’ N =20, k = 10
Complete Paired Greenberg Uncensored
Observations  Correlstion Procedure Data
- L.
3 ".618 2596 1356
S.E.(a) 181 .110 .0h2 .020
- [036 .LI.O o)-l-l 032, o2)-|- 02)4 -30, .Ell. 025, 022]
A 1.066 506 .881 L26
S.E.(A) 261 077 A1 063

102
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there appeared to be little difference between the Greemberg Procedure

and the use of complete observations, while the Paired Correlation

Method yielded significantly better results than either of thesse.

8.2 Conclusions

The findings summarized above support the following conclusions and

suggestions regarding the use of the methods described here:

1.

3.

The use of the Paired Correlation Method is advisable in the
trivariate case only if it is reasonably certain that the

sample has been drawn from a population in which the variables
are homogeneously correlated. This provision also holds in
higher variate cases; and it must be kept in mind that, as more
variates are introducéd, there is less possibility of homogeneity
exilsting among their zero order correlations.

If there are enough complete observations in three-and four-
variate cases, and unless there is some g priori reason for

not discarding incomplete observation vectors, the use of only
the complete observations gives results which usually will not
be much less efficient than those obtained by the Greenberg
Procedure and Paired Correlation Method.

In the trivariate case, the Greenberg Procedure generally is not
worthwhile.

In addition to these conclusions, the research carried out pro-
vides some basis for the two suggestions below:

a) If all or mearly all the data can be used to obtain maximum
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likelihood estimates, similar to the manner indicated
in Chapters VI and VII, that method is to be recom-
mended. This suggestion is based on the limited amount
of sampling done in Experiment 1 and the well-known
desirabls properties of maximum likelihood estimates.

b) The Greenberg Procedure seeﬁs to give best results in
cases of four or more variates where the Paired Corre-
lation Method would not be expected to perform effi-
ciently. The former technique is to be recommended for
higher variate cases in which most of the observations
are incomplete, but in which the total number of missing
vaelues is small and evenly distributed among the differ=-
ent variates. These cases could be described in the
notation of section 2.2 as ones in which the c, are
large and nearly equal, and in which the cij and other
c's with multiple subscripts are small or equal to zero.

The exampleaof Chapter VII illustrates the applicability of some of
these suggestions to a blological problen.

The limited amount of investigation which led to the last two reco-
mmendations (La and Lb) points up the need for further research to confirm
and supplement that done here. Possibly the most obvious need for further
investigation is with the use of the Greenberg Procedure iﬁ higher variate
cases. Further studies appear to be in order to determine its prediction
efficiency as well as the extent and nature of bias arising with its use.

The apparent effectivensss in the four-variate case should be verified
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for similar cases, and the rather cursory examination of the two five-
variate cases carried out here certainly invites further research.
However, the sampling approach in any very large investigation of this
kind would probably require computing facilities of capacity greater
than the IBM 6%0.

Another suggestion for further research is that some sampling
studies be done using maximum likelihood estimates obtained by itera=-
tive methods for the three-variate cases. It is also conceivable that
maximum likelihood estimates could be obtained for soms particular types
of censoring in four-variate cases, either by explicit solutions, as
pointed out in the example of Chapter VIL, or by iterative solutions.
Empirical investigations involving these estimates and comparing them

with the ones digcussed here would bs enlightening.

T
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APPENDIX A
GENERATION OF MULTTIVARIATE NORMAL DEVIATES

A.l Transformations to Generate Trivariate Normal Deviates
Consider a p-variate normal distribution, x_~v N v .
o drr p-veriate norma stri > Xy (-Ep’ pp)’ By
being the vector of means (p dimensional) and V the p x p variance-
covariance matrix. If X, is taken as the vector of any r elements of

5p arranged in the last r positions, and if the remaining p - r = g

elements are denoted ;_gq, then the conditional distribution

Zp| X NN("’r|q rr|q)
where
- n -8 559 (% -
Brlg = Ep” SpS (Eg - k)
' -1 1/2"1
Spp is a lower triangular matrix such that Spp = V"
kT
CN B
s99 o | _ N
a9 T ad PP
L rq rr
v =82
rr|q rr

This theorem is stated and proved by Duncan (1957).

Given independent N(0,1) deviates Xys Xps ) and wishing to :E'ind

the transformations necessary to generate trivariate normal deviates

xl: x*, x with u.i = p.'z p.g = 0,
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1 Py Py
V=qry 1 Py
Pyp Pgp 1

e -

we take xt'L = X5 and, in a manner similar to that described below find

: 2
Xp = Ppp% * Sl =Ry Xy

We want £( %y |:r.lx2)
1 Py Py

V= 19 1 Py

1

Y P13

2 \ o2 y1/2
St =10 1-0p (B3~ pypPy3)(L - £yp)

0 0 k(1 - piz)-l/z

2_._.2 2 2
where k= = 1 = P15 = P13 = Pog + 20503054

p—

1 ' 0 6]

-1/2 2 \1/2

2
ST =1-p,(1 - ppp) 1- 912)

) 2

(Py5Pyy = P14 _ Ppy = Pyp Py3 (1 -ep,)
e 2172 ";“'"é"i7§ TR
k(1 - #7,) k(1 - p35)

2 -1
B3]y, = (- ppp) ™ [ley3 = PypPp3) = + (Pp3 = PyoPy3) x,]

S 2 \-1
Usly,0 78337 K (L-epp)™



111

So

' 2 2
Po, =P Chm ™ Pq 0 l1-p
13 ~ P12P03 23 = P12P13 J [ 12
-1/2 | x, - — - X, :
A S e et = ot s
f(x3 3;_,_::2)=Ce _
therefore
oo PL3TPaPey  Pas T PaPuy L
37T o2, 1t T I TR LA
rl2 12 12

A.2 An Example of the Procedure Used to Generate
 Four-variate Normal Deviates

Given independent N(0,1) deviates Xy Xy Xyo X5 We wish to generate

3 w * : 1 . = = = ™ .
multivariate normal deviates :q_, xz,A x;,’, xL such that u.._'L u-é - u-g, u-L 0

1 25 50 .75

25 1 25 .50

ve S50 .25 1 .25
| 75 50 251

Using computing methods described by Dwyer (1951) we find directly

—

1 .25 So .5
) Lo seeasm azosss 32274861
. 0 0 - .85634884 09731237
K 0o 0 -56909018 |
[ 1 | 0 o o
(§§C)’s‘1' |- -25819589 1.03279556 0 o
- | - .BLkoke26 - .15560978 1.167748l1 0
| -1.@782763& - 5591061y - .19968077 1.75719071;_j

b



Take x}_ =

r
! = - s
Zr Ser

qx'-t-s

Xy and using the relationship

successively for r = 2, 3, L4, q <r, we get

x' = .25x:'|_ + 9682b58b,x
x] = h6666667xi + .13333333x} + 8553h88bx
xz" = .6136363631'1 + 31818181::% + .11363636::' + 56909018

?

rr *r

Y
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)

A.3 Some Results Obtained by Using the Transformations of A.2

Four hundred sets of multivariate deviates were generated using

the transformations above and the first four hundred input cards.

These deviates ylelded the following matrix of sums, sums of squares,

and sums of cross products:

Loo

1

3.70
377.86

Sym.

279 -

1

Sym-

%EﬁEQ % 2m
3% Sxyx, Suxy Sux,
> xzz > ) P> XX, 1
Sym. 2::3 2x3:§h
! 35 |
which reduces to the correlation matrix
[* P2 eig ey
1 Poy Py 3}
Sm. 1 ey
- 1

-26 ’21

109.08

408.86

521
265
1

39 Lk
205 .01
105 .29
L11.46

<748
532
281

L.79
297 .28

219 09 '

116.62
h18.1p

_/ It may be noted that the S 89 are vectors of partial regression

coefficients.

T
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APPENDIX B

THE NORMAL DEVIATES USED IN SAMPLING
_ Ten thousand N(0,1) deviates were selected at random from the one
hundred thousand listed in the Rand Tables (1955). A fuil description
of these deviates, thelr origin, and the tests for randomness which
were applied to them is given with that listing.

It will suffice here to note that the deviates were punched, five
per cérd, in two non-overlapping groups. The starting point for each
group was selected at random, one group being punched serially from
rows, the other from colums. The cards were then shuffled and mumbered
in order. A frequency tsbulation of these N(0,1) deviates is given for

the ten equal intervals from -5.000 to +5.000 in Table B-1 below.

Table B-1. Frequency tabulation of ten thousand N(0,1) deviates

From =4 .GGD] -3.000]-2.000f -1.000 -OGO' -000f 1..000] 2 .000{ 3 .000} 4 .000
To =Ly .999 -3..9?9 -2.999| =1.999| - .999] -999] 1.999|2.999| 3 .999|k .999

Frequency 1 | 13 | 200 | 1335 | 3h1o{3u54] 1368] 22| 7 | o

g:g:iied 3 13 21y | 1359 | 3413|3413| 1359) 214 | 13 | .3




