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I. INTRODUCTION

The basic assumption in priority queueing - in addition to those ordinarily
made in queueing theory - is the following: It is possible to categorize the
stream of incoming customers into a (usually finite) number of substreams by means
of some criterion¥*; a customer waiting or being served at the station is subject to
preferences and discriminations (as compared with the simple "first come, first
served" queue discipline) and these depend on the category to which he belongs.

The pioneering studies on priority queueing (Cobham (1954), Kesten and
Runnenburg (1957), White and Christie (1958), Miller (1960)) concern themselves
with the evaluation of some representative quantities the values of which come
about as a consequence of applying a priority discipline. Thus, for instance,
quantities of interest to the investigater are moments of queue sizes, moments of

waiting times, etc. From the viewpoint of menagement science these quantities are

1This author's research - while at the University of North Carolina - has been sup-
ported by 0.N,R. Contract No. Nonr-855(09). Reproduction in whole or in part is
rermitted for any purpose of the United States Government.,

*Most of the published studies on priority queueing deal with extermal criteria of
of categorization, that is the newly-arriving customer wears a label, as it were,
stating his category (substream)° In this case the number of categories is indeed
finite. However an early paper by Phipps (1956) introduced an internal criterion,
to wit, the estimated duration of service time to be rendered to the newly arrived
customer; the shorter the estimated duration, the higher the priority category.
This criterion is obviously associated with an infinity (and continuity) of
priority indices.
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no more than figures of merit (and demerit). A subsequent detailed economic
analysis is, of course, not ruled out; however, the cost structure assumed
( or rather superimppsed on the queueing model), the choice of an objective
function and the optimization procedure come as afterthoughts, as it were.

In a great many industrial and other situations the above approach is
not only a convenient one for the statistician (who does not have to "soil" his
argument with economic considerations) but it is also the only practical one: the

' and "econcmics™ arises

necessity of dichotomizing an analysis into "statistics'
whenever either the complexity or the arbitrariness of one of these components
exceeds certain limits. However, it is sometimes possible to diagnose a given
(priority) gueueing situation as belonging to a relatively simple class charac-
terized by two features: a) customers arrive in stationary Poisson streams at

a single service station; b) total cost is linear in the expected queue sizes of
all categories and no other contributaries to cost exist¥. If indeed a queueing
model under investigation belongs to this class it may be amenable to a unified
treatment, that is one in which the statistical aspects and the cost structure are
bound up together. Suprisingly little has been published on this dual aspect of
priority queueing theory. Cox and Smith (1961) pay serious attention to this
problem and indeed (for head-of-the-line priorities) derive a key result of prime
importance.

The purpose of this communication is to present some analyses of priority

queuveing models and draw general conclusions concerning criteria of optimality.

*
Thus, for instance, no "switch-over" costs - liable to arise when the station

changes the category in service - are assumed to exist.



IT. SOME CONCEPTS AND RELATIONS IN PRIORITY QUEUEING
We consider a queueing situation, where P categories of customers arrive at
a single service station in stationary Poisson streams. The arrival intensity and
the service time density of the i-th category are hi and fi(t), respectively,
and the existence of (at least) the first two moments Ei(t) and Ei(te) will
be assumed. The fraction of time, bi’ during which the station is busy with

customers of the i-th class equals

b,
i

N By (%) (1)

and the total busy fraction, b of the service station is given by

P
'21 b, (2)
i=

o’
n

Non-saturation - expressed by inequality (3) - is necessary and sufficient
for stationary conditions to prevail but no attempt to present a formal proof will

be made here.

3
5 A E(t) = b < 1 (3)
1=1 i1

Tf the service discipline is of the "first come, first served" character
( in the absence of a priority discipline) it is convenient to lump together para-

meters, densities, and moments

A= ? N (h‘)
i=1 * '
, ¥
£(t) = 3 121 n £, (%) (5)
, P
B(t) = 5 Z N By (%) (6)
B(t%)= & .g A, B (t7) (1)

i=



L
Let the average waiting line, w, be defined as the expected number of
customers in the queue exclusive of the one in service. Starting, for instance,
from the famous Khintchine-Pollaczek relation

b2

W o= —-(-—7—2 Toh (l + '\(2) (8)

where v is the coefficient of variation of the service times, it is not difficult

to derive the expected waiting line of a given class - the j-th, say - as

: A E (+2)
N 5 117 o A E(12) (9)
J J P 3 2(1-b}
2(1 - = bi)
i=1

Equation (9) presents the expected partial waiting lines under the indifference
discipline "first come, first served". We shall now consider the effect of two
priority disciplines (ordinarily encountered in practical work and in the litera-
ture on priority problems) on the partial waiting lines; the two altermative dis-
ciplines are: a) head-of-the-line priorities, and b) preemptive priorities. The
rule pertaining to a) is that the service rendered to a customer of low priority
standing is never interrupted if a higher priority customer arrives; rather, the
new customer is placed at the head of the waiting line and is dealt with only after
the departure of the customer in service. In other words, the newly arriving
high priority customer does not take precedence over the low priority customer in
service, The rule pertaining to b) is that a newly arriving customer of high
priority standing always displaces a low priority customer from the station. In
the present study we shall assume that a "resume" regime exists in the system:

service renewed to a low priority customer starts at the point of interruption.
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The head~of-the~line priority discipline was first investigated by Cobham

(1954). It is of notational advantage to introduce the following definition
b = 5L b, 1<p<P 10
(p) ( SP S ) ( )

where the summation is carried out in the order of the priority indices: the
lover the index, the higher the priority. The expected waiting line of the p-th
category is simply derived from Cobham'!s results as

P 2
z }\.]._Ei(t)

i=1
T e T ) .

Alternative proofs of (11) were given by Miller (1960) and Cox and Smith (1961).
The preemptive priority discipline was studied in some detail by Miller (1960)
and many results can be found there. The quantities of interest for the present
study are the expected waiting lines of the priority classes and Miller presents
the results required. A more recent study by Avi-Itzhek and Naor (1963) derived
the same formulas in a completely different fashion. Since it appears to be
instructive we propose to present a third avenue of approach to these results.
Consider a queueing system with a single server, P priority classes, and
a preemptive discipline. At any random instant P queues are to be found at the
service station. A queue « of average size 9 - includes all customers of
class 1 present at the station. Hence it is composed (on the average) of three
components:
a) Customers in the waiting line whose service has not started yet; the
expected value of this camponent will be denoted by vy
b) Customers in the waiting line whose service was interrupted at some prior
time and who were displaced from the station. The letter di is reserved
for the expectation of this random variable; clearly, this is a positive

fraction smaller than 1 exgept for d1 which equals zero.
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c) Customers being served at the station; their average number is egqual
to b,.
i

Thus the following holds

g = v;td +Dy (12)

We notc that in any given realization the queue of a class is made up of
two components at most since a customer in service and a displaced customer (of
the same class) cannot coexist. However, relation (12) refers to the expected
values of these components.

Scme additional notation is now introduced. We define

P
- <p< 13)
x(p) 121 Ay (L<p<P) (
£ )(t) =X}— 5 A, £,(t) (1<p<P) (14)
P (p) 1=1 * *

The parameter k(p) in (13) is the pooled arrival intensity of the p
highest priority classes; on the left hand side of (1l4) the properly combined
service time density of these p pooled classes 1s found. Clearly the expected
service time equals

1
E(P)(t) - k(

g N E (%) (15)
p) {21 L

and this 1is obviously identicai with the following

M) E(p)(t) = P(p) g (16)

A newly arriving customer who belongs to priority class p can disregard

(for the purposes of his own waiting time) the (P-p) low priority queues present
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. at the station. His waiting time - for the beginning of service - will be made
up of two temms:
1) The service times of customers who are in the p queues of
of equal and higher priority at the time of the new arrival.,
2) The service times of customers belonging to the (p—l) classes
of higher priority who will arrive before the inception of
service to the present newcomer.
Both of these terms are random variables and, in the last analysis, their
expected values only are of interest. However, it is convenientrto start out with
an arbitrary realization, to say, of the first term. The second term may be

thought as consisting of: waiting time, t., due to a "first generation" of higher

1
priority customers arriving while customers originally (i.e., at the time of
arrival of the customer whose waiting time is under study) present at the station

. are being served; waiting time, t due to a "second generation" of higher

2)
priority customers arriving while customers of the first generation are being
served; etc.

The total waiting time, tv say, of the customer for the beginning of service

is equal to

t, = £ % (17)

and each tk (k > 0) depends on all its predecessors through the agency of its
immediate antecedent only. In particular the conditional expectation E(tkltk_l)
can be evaluated by the following considerations: The number, n, of higﬁer
priority customers arriving during tk-l is a Poisson-distributed random variable
with parameter (x(p_l) tk_l); each of these customers obtains service for an

average period E(p—l)(t) .



Hence we obtain

E(tkitk_l) = nzo p(n[tk_l)n B(p-1){t) = o1y b1 B (po1) ()P (o1 ) Bee1

(18)
where p(nltk_l) represents the Poisson frequency function with parameter

(h(p-l)tk-l)' Further immediate results are

k

E(tk[-bo) = b(p_l)to (19)
5 ok %o
Ep(tv[to) = %, kio b(p_l) = T_'_b—(;_l-i (20)
and . E (t)
Elt,) =—F—= (21)

1= B(pa1)

where the subscript p in (20) and (21) relates to the fact that the custamer
under study belongs to the p-th priority class.

‘ Eﬁ(ﬁé) ié gognected with the average queues which the p-customer encounters
on his arrival. All customers in the i-th queue (l'f i< p) will contribute to
the average waiting time of the new p-customer: The average contribution of each

of the v, customers in the average waiting line equals Ei(t), but the (di+bi)

i
displaced ' and in-service customers are "in the midst", as it were, of their

service time. The remaining service time of such a customer is the forward delay
(Cox and Smith (1954)) and its density is the random modification (Naor (1957)) of
the original service time density. The expected value of the forward delay, Ty s

bears a simple relationship to the first two moments of original random variable

ty (service time)



Ei(te)
E,(r) = (22)
2 Ei(t)
This is the average contribution of each displayed and of each in-service
i=customer to the expected walting time of a newly arrived p-customer.
Hence the expected value of the waiting time is given by
P E,(t2)
z [viEi(t) + (di + bi) —_—
i=1 2 Ei(t)
E () = , (23)

1= Pp1)

A further connection between the average waiting line of customers and the

average waiting time of a singlé customer is the following
vyo= N Ei(tv) (24)

It is intuitively clear - and heuristic arguments are easily presented -
that this type of relationship exists (if steady state conditions prevail) between

averages possessing the physical dimension of time and corresponding dimensionless

averages. However a rigorous argument justifying such "obvious” identities has
been given only recently by Little (1961).
Finally the value of d.i has to be established. This can be done by the

following line of reasoning: We define a (3)-type train of customers as a series

of successive customers - all of priority J or higher - who engage the uninter-
rupted attention of the service station. Consider now a (i-1)-type train; at

its formation & customer of the i~-th class may‘have been displaced from the station;
alternatively, no customer of the i-th class may have been displaced from service
at the inception of the train. These two events are mutually exclusive and they

exhaust the modes of train formation. The ratio of their associated probabilities
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is clearly equal %o bi/(l-b(i)). Hence we obtain the result that a fraction
bi/(l-b(i_l)) of (i-1)-type trains starts out with an i-customer displacement

and a fraction (1-b,,y)/(1~b ) of these trains does not start in this fashion.
(1) )

(i-1
Consider now the system at a random moment, For a displaced i-customer to be pre-
sent a  (i-1)-type train has to engage the station's attention; this event is
assoclated with probability b(i-l)' Hovever, only a fraction bi/(l—b(i_l)) of

these trains displaced an i-customer; hence we obtain

4 o by, el (25)
1 (1-171 - 55 1)
and b
. + b, = e—mm— (26)
i i 1 - b(i_l)

Ccmbination of (23), (2L4), and (26) yields

D p b B, (+7)
iil hy By (0 By () - 121 2(1-bry qy) B5(E)
Ep(tv) = (27)

b= Ppa1)

The recursive set of relations (27) leads to

» 2
I N Ei(t )

E(t,) =—spoe— (28)
P 2(1-b(p)) (L= B(py)

The combined waiting line wb (inclusive of displaced customers) is then

given by
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t
R (pl) IE::)L + A, E(ty) =
: ‘ z A E (t )
[, o 7(29)
) S S e

This result is equivalent to those obtained by Miller (1960) and Avi-Itzhak
and Naor (1963). |

The line of reasoning employed in the derivation of (29) emphasizes an im=
portaﬁt feature of priority queueing with either of the above disciplines (as well
as with other conceivable and reasonable disciplines): Let the priority order be
given and fix attention on two arbltrary classes 12 and Py (Pi < pg); an inter-
change of the priority standing of these two classes leaves invariant the partial
waiting lines of the upper classes (p < pl) and of the lower classes (p > pa) -
the reshuffle* affects the middle classes (pl_s p < PQ) cnly. In particular, if
p, 8and p, are "neighbors" (that is, Py + 1= PQ) an interchange brings about

shifts in the values of the two waiting lines only.

III; GENERAL CRITERIA FOR OPTIMAL PRIORITY ORDERING
The results of the previous Section (which, of course, depend on the assump~
tion of Poisson arrivals) and the assumption that total cost is linear in the
expected queue sizes permit the development of criteria - possessing some generality-

for optimally ordering (that is, ascribing priority indices to) the different

*A reshuffle in the present context means an interchange of priority orders of the
two categories delineating the boundaries of the middle classes. But even a more
general reshuffle - some permutation in priority order of the (p.=p +1) niddle
classes = in asseciated wibh dnvariance of both lower and upper glass waiting lines.
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categories of customers.

Let L zf(p)rs} denote the loss function of the system given that p pre=
seribed class;é (0 €« p<P - 2) already in scme definite priority order are
followed (in order) by classes r and s and the remaining low classes, too,
possess some definite priority arrangement. In other words, we consider a system
with p definitely ordered high priority classes, two middle classes (named r
and s) and P -(p + 2) definitely ordered low priority classes. If two alterna-
tives only are compared, to wit, either class r +taking precedence over class s
or the reverse order, we shall prefer that priority ordering which is associated
with the minimum of (Lo {(p) rs} s L, 4 (p) sr} ). If we define the following

L, = m L +K_ (30)

as an equivalent loss function and generalize to

L = m, L, +K (v =0, 1, g, cee ) (31)

where m is positive (but otherwise arbitrary) and Kv is arbitrary, the above
minimum criterion for priority ordering may be replaced by some other (possibly
more convenient) minimum criterion. Less formally,v on comparing the two loss func-
tions we may wish to cancel common terms, multiply by the same (positive) factors
etc., until a computationally convenient form - an equivalent loss function - is
reached. If we wish to use negative multipliers, B say, we arrive at G\) 417

an equivalent gain function

G, = 8, L + K (32)
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which obviously gives rise to a maximum criterion for priority ordering.
Let c; be the loss incurred in unit time by each i-customer present (that
is, in the queue) at the station. The loss function to be minimized is I c, q v
but frequently it is more convenient to start out with another (equivalent) formu-

lation of the loss function in terms of the average waiting lines.

We have then

Croved) - o
Lo-f(p)rs§ = Zew = I cW +CW {kp)rsj + e W S(p)ré& (33)

L 5 i=1 Tt ifr,s

and
(p)or} = ( e} (

L{psr = I cw, = I cw +cw{p)srs{+ c W {P)Sl‘ir 34)
0 ¥ i=1 it i%r,s 58 % “

with obvious notation.
Since the first term on the right hand side of (33) and (34) is common the

most convenient choice for Ll is the following
Iy {rws] = o, L {@hr} -, {@1or] 7 (35)
L {@er] = o, Lo {@)er] = v, f(o)es} 7 (36)

In scme queueing systems the expression in square brackets can be trans-

and analogously

formed into a function of a class index only. Thus, we may be able to obtain a

(terminal) equivalent loss function L of the type

L {(p) rs} | | (57)

( 3 ‘
L\Z(p) Srj o Vs (38)

L}
Q

and

]
Q
-
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where &r and the analogous ¢S depend only on the parameters of their respec-
tive classes; e.g. the function Y, depends (at most) on A, and on the moments
of fr(t). If such wr and ¢s can be constructed the overall priority ordering
procedure is extremely simple: The set {Fi wi} is computed and the P numbers
are arranged in ascending order, The class ordering thus obtained is optimal
(1.e., associated with the lowest possible value of the loss function) and the
proof of this statement is, of course, rather straightforward,

The following two Sections deal with two different queueing situations in
which a function of type (37) may be established. Further models - apparently of

a less simple type - are touched upon in later Sections,

IV. OPTIMAL PRIORITY ORDERING: HEAD-OF-THE-LINE DISCIPLINE

Tn this Section we shall develop a criterion for the establishment of the
optimal class order when the discipline studied is of the head-of-the-line type;
service times are arbitrarily distributed, but the first two moments (of each of
the P distributions) are assumed to exist and to be known. This model was inves=~
tigated in some detall by Cox and Smith (1961).

Utilization of result (11) leads to two loss functions envisaged, in principle,

in (33) and (34):

2 Cc )\. (o] h
p(rs) = & egn + 2B/ T T 5 7
b (M < ot e T T ) TR f
(39)
’ 3 2 c A C }\
L W= & A E(t7) rr
o RNy = e BTy R T

(ko)
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Equivalent loss functions Ll are then given by

- A

L '(p)rs; = e AN, /- 1 - - e
l{‘ } rYy~ (l-b(P))(l—b(P) br) (l—b(p)-bs)(l-b(p) b]’.‘ bS)

(k1)

B g(p)sr}'= csxs-[—(l-b(p))%l-b(P)-bs) - (l-b(p)-br)%l-b(p)-br-bs) -/
(k2)
We shall continue our analysis on the arrangement {ﬂp)ré} only, but the
coefficients m s n, and Kv vhich we shall employ will be either independent
of r and s or symmetric in them, This will ensure complete correspondence
between the two loss functions in the sense that each can be generated from the
other by interchanging the indices r and s.

Clearly, a convenient function L2 is the following

(o)

crxr['(l-b(p)-bs)(1-b(p)-br-bs)-(1-b(P))(1-b(p)-br);7 =

crkr!"(l-b(p)—bs)2-(l-b(p))2+br(l-b(p))-br(l-b(p)-bs);7=

crxr['(-bs)(e-Eb(p)-bs) + brbs;7 "

) (43)

-c. M, bs(2-2b(p) -b, - b,

Next we obtain an equivalent gain function G3
 (p)rs) i
G3 iﬂp)rsj = cA b (4h)

vhich after dividing by br bs is transformed into our terminal equivalent gain

function G.

G {(p)rs} = --——:b = -:ET;(-'%)' (l*5)
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This is Cox?! and Smith's result. It is of the type envisaged in (37) and vy
applying (a very slight modification of) the procedure outlined in the previous
Section we arrive at the optimal arzangement: The set {;i/ﬁi(t?} is numerically
evaluated and the classes are arranged in descending order of the numbers obtained.
This order of classes in "priority index space” is optimal for the queueing system
under study.

The physical interpretation of the above doctrine is straightforward, but the
precise form of (45) could hardly have been anticipated on intuitive grounds .
Clearly the higher the unit time cost of a customer the higher should his class be
placed in terms of priority; indeed this is assumed at the outset of the analysis
in linear terms. Hence it is rather obvicus that cy should linearly exert in-
fluence on the priority standing of the i-th class (that is the class which is
nemed 1 and not i as an ordinal number). It is also appealing to onels
common sense that a class of customers possessing & rather leng expected service
time should be low on the 1list of priorities., However, it is not at all intuitively
obvious a) that the reciprocal (and not, possibly, some other monotonically de-
creasing function) of the expected service time is (linearly) important in the
determination of priority standing, and ) that the other characteristics of the
service time distribution, such as its functional form and/or its higher moments
play no role whatscever in considerations of priority standing. Indeed the merk
was overshot when both existence and knowledge of the first two mements of the
service time distributions were assumed. The existence of both mcments (of all
P distributions) is, of course, necessary but the value of the second moment does

not contribute to priority order determination; however, the value of the proper
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loss function LO depends on the second moments.

What is probably most surprising (on Phwst sight, at least) is the fact that
arrival intensities do not affect the priority standing of the various classes.
While, of course, only a certain limited range of xi-s is feasible (see
inequality (3)) so as to ensure non-saturation and stationary conditions, once
stability prevails a certain class of customers does not acquire higher priority
standing by a high arrival intensity as one would possibly be inclined to conjec-
ture. Again the actuael value of the proper loss function Lo does depend on the

values of all ki-s.

V. OPTIMAL PRIORITY ORDERING: PREEMPTIVE DISCIPLINE, EXPONENTIAL

SERVICE TIME DISTRIBUTION

We turn now to the problem of optimal ordering when the discipline under which
the service station operater is of preemptive character. In contradistinetion to
the generality of the argument in the previous Section we shall now impose a rew

striction on the model under study: Service times are assumed to be exponentially

distributed. The parameters By may differ from each other and the first two

moments are expressed by

1
E,(t) = - (46)
i
2 2
Ei(t ) = - (57)
My
On inserting these values in (29) we obtain the expected waiting line as
p b
i
b L ==
v = bli :(9-1) . Pb1=1 'i:%lbp) (48)
- 1w -
P (3-1)  Pp-1)"YH(p)



18

and we are now in a position to construct the loss function Lo'

o) b)) P e B G
{ pJrs j " f,, eyt by (T5 o)) (b, P, *
( 2 ’r b
+ . cb b(p)+br)(1’b(p)‘br'bs)+NS iil.ﬁ- " E; ' (49)
- B8 8 (l-b(p)-br)(l"b(p)"br-bs)

This, in turn, is followed by an equivalent loss function, Ll, after the pattern

of equation (35) (and multiplication by the common denominator)

b
Ly {(p)m} = ¢cb, (l-b(p)-bs)(l-b(P -br-bs)[ b(p)(l-b(P)-br)+ur >I:) T br-7 -

1=1 ¥4
P bi b
- (1-b(p))(1-b(p)-br)[(b(P)+bs)(1—b(P)-br-bs)+u 121_1- + By, Tf; + D 7
(50)
Some lengthy algebraic manipulations on (50) result in
b,

g(p)rs/( = ~cu (b b)) {121 ™ (2-20( )b, b,) + (l-b(P)Q(l—-b(p)-br)(ps)'l +
# (100 ) 2By b M) (51)

The expression in braces on the right hamd side of (51) is positive and symmetric
in r and s, and the same holds for the factor (brbs)‘ Hence they can be re~

moved and multiplication by negative unity generates our terminal equivalent gain

funetion.

¢ (plrs = c u (52)
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This function is again of the desired type {37). In fact the two criteria (L5)
and (52) are formally identical though they apply, of course, to two different
gueueing models; the procedure for the generation of an overall optimal arrange-
ment is the same as that given in the preceding Section.

It is important to re-emphasize that for the preemptive discipline the simple
criterion (52) holds only¥* if all P service times are exponentially distributed.
If this assumption does not describe reality and alternative assumptions regarding
the form (or the moments) of the service time distribution are introduced, ordinarily
no simpde solution of type (37) is forthcoming, We shall exemplify this in the
next Section on discussing the case of (P=)2 priority categories and constant

service times.

VI, OPTIMAL PRIORITY ORDERING OF TWO CUSTCMER CLASSES:
PREEMPTIVE DISCIPLINE, CONSTANT SERVICE TIMES
Consider a service station at which customers of two different classes, A
and B, arrive in stationary Polsson streams with parameters AA and AB; service
times are constant within each class, T, and T,, say; and unit waiting time

A B

costs of customers, ¢, and @B’ are known.

A
It is desired to assign priority order to the two classes when the discipline
under consideration is of the preemptive type.

The loss function Lo is given by

*
Tn fact we have shown a little more: Criterion (52) holds whenever the first and
second moments are functionally connected as expressed in (46) and (L47)

lFEi(tz),= 2E§(t1;7 or, in other words, whenever the P coefficients of variation

equal 1. However, it will be argued in the Discussion that for the non-exponential
distributions of this class even better strategies of priority assignment can be
developed if so called discretionary priority disciplines are admitted.
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"

. o
LO{AB} ¢, Wy iABg_ + cg W iABS .
bi b, by %y bA + bB
= ¢ + e/ ;7 (53)
A 2(1-bA) B~ 1-b, ¥ 3(I-b ) (1D -bB)

and the equivalent loss function Ll is easily derived as

A
_A 2 2
2 by + b,
b b, b B
\B A AP Mg

Further development of (54) yields a terminal equivalent gain function

G gAB} = ¢ /"(1-b )(1-b ~bp + ) + (1—b ) 7 (55)

This criterion is definitely not of the desired form.

It is important to realize at this juncture that the preemptive discipline
("a newly arriving customer of high priority standing always displaces a low
priority customer from the station") is not an optimal doctrine for the queueing
system under consideration. It is shown elsewhere (Avi-Itzhak, Brosh and Naor
(1964)) that the best strategy of assigning priorities is a mixed one in the
following sense: If a high priority customer arrives shortly after initiation of
service to a low priority customer the latter is immediately displaced; if, on the
other hand, the high priority customer makes his appearance shortly before termina-
tion of service to the low priority customer the latter's service is completed and
the new customer is placed at the head of the waiting line, When this rule is ex-
pressed in quantitative terms the criterion for optimal priority ordering acquires

the general form of (37); moreover it is functionally identical with (45) and (52).
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A quantitative statement of the optimal doctrine is the following: When a highe
priority A-custcmer¥* arrives at the station while service is rendered to a low
priority B-customer a known fraction € (0 < @ < 1) of his service time TB is
still ocutstanding. If cAﬁgA exceeds cB/b TB the A-custamer displaces the
Becustomer in service; otherwise the A-customer is placed at the head of the
waiting line.

It will be argued in the Discussion that the identity of three criteria of
optimel priority ordering (relating to thyee different queueing situations) is no

mere coincidence.

VII. DISCUSSION AND CONCLUSION

There is a basic difference « other than the mere technical one of the re-
spective operatiomal definitions - between the head-ofethe-line and the preemptive
priority queueing discipliges. It appears worthwhile to elaborate on this in a
rather detailed fashion,

It is useful to view a head-ofethe~line system as one in which a customer in
service seizes the station and an implementation of priority considerations (if
this is called for) is possible only at his departure after completion of service.
Hence the state of the system - the complete information on hand - at such epochs
only is of importance in meking a priority judgment. We note that the necessity
to make a decision arises only if two or more different customers are present at
the station. If we were to sequence the finite number of customers present at the
station without regard to potential future arrivals we would use the criterion
%:ci/Ei(t{} faor priority ordering as can be established by simple algebraical
menipulation. But this is precisely the result of Cox and Smith (1961) (proved in

—

¥®
There is, of course, no loss of generality in associating the letters A and B

“with highepriority and low-priority customers, respectively.
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Section IV of this paper in a somewhat different manner by employing the notion
of the equivalent loss function) where potential future arrivals are anticipated
in a Poisson stream. We can restate this result in a form immediately amenable
to further genmeralization: Review epochs (i.e., the instants in time immediately
after completion of service) are discretely dispersed in time; at any given review
epoch the customer possessing the largest value of ci/Ei(t) should be preferred
and placed in service, In summary: at a moment of decision the information on
hand is fully used but arrival rates and higher moments of the service time dis-
tributions are not relevant.

Now in systems with preemptive disciplines the implicit assumption is made
that review is continuous rather than discrete and implementation of a priority
judgment is instantaneous. However, if the new high priority customer displaces
the low priority customer in service under all circumstances an important piece

of available information on the state of the system is disregarded. This infor-
mation consists of the value of the time elapsed since initiation of service to the
low priority customer and - as a result of this - his expected remaining service
time. Indiscriminate preferential treatment (which discards this information) of
a high priority customer cannot be optimal. An obvious extension of last para-
graph's principle for the case of continuous review would be the following: At
any given review epoch (i.e; at any glven time in the present context) the custo-
mer with a maximal ci/Ei(TﬁP) should be served, where Ei(T[T) is the expected
remaining service time given that time T has elapsed sincevinitiation* of

service. Hence, if genuinely continuous review exists, no discipline which is

*
Obviously for a new or a waiting customer vhose service has not started yet
Ei(«rlT) = Ei(Tlo) = Ei(t).
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purely preemptive can be optimal with the one excepticnal case of P exponentially
distributed service times. Since in this latter case the remalning service times
are identically distributed with the original service times {or, in harsher words,
past information is useless for predicting the future in the case of an exponen-
tial distribution) an optimal ordering rule of classes can be formulated in purely
preemptive priority terms. In the general case the optimal strategy would be to
rank the clssses by the criterion..{ci/Ei(t{} 3 but on arrival of a high priority
customer while service is rendered to a low priority customer at the station, it
should be ascertained if the latter has not progressed far enough to become "immune"
against displacement by a high priority customer. In the paper by Avi-Itzhak,
Brosh and Naor (1964) this discipline has been termed discretionary and that it is
indeed optimal can be clarified by reflecting on its quintessence: At aﬁy given
time the sequencing of the finite number of custcmers present at the station:is
optimally planned. The future input is predictable only in general terms of
average Poisson arrival rates. As soon as a change occurs in the situation (that
is, a customer arrives) it is immediately integrated - without losses - into the
planned seguence.

It can be argued that purely preemptive disciplines are comvenient from an
administrative wiewpoint; also in scme queueing systems the displacement mechanism
is unable to take into account past history of the low priority customer at the
station. In other words, genuinely continuous review does not exist in such
situations. While this may well be the case in some systems it must be realized
that for the absence of genuinely continuous review a dual price has to be paid:
a) greater losses (calculable, in principie) are incurred by the application of

the optimal preemptive discipline instead of the opbimal diseretionayxy discipline,
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b) the eriterion of priority ordering may become rather complicated as isreven
exemplified in the rather simple model discussed in Section VI,

The head-of-the-line disciplineg tog may be associated with administrative
convenience rather than with seizure of the station by the customer in service.

In this case only one penalty has to be paid - the greater losses incurred by the
application of the optimal head-of-the-line discipline instead of the optimal
discretionary discipline. The criterion of priority ordering remains simple since
the total information is utilized at review epochs.

It was implicitly assumed in this study that the value of a realization of the
random variable "service time" beccmes completely known only at its termination.
This is indeed the case in many applications, but in quite a number of queueing
systems the value of a service time realization - while still sampled frdmrsome
population -~ becomes kndwn at its initiation. The proper modification for the
formulation of an optimal discretionary discipline is rather obvious - the phrase
"expected remaining service time" in the rule is replaced by "remaining service
time" everyvwhere and the average losses are actually reduced since more information
has been made available for the priority judgment, In a sense, the number of
categories has become infinite by this modification since an intermal criterion
(remaining service time) has become operative and the external criterion - unit
waiting time cost -~ plays the role of a weighting factor. The next logical step
would be the complete disappearance of this external common characteristic of a
category and each arriving customer is then considered to be endowed with an
individual Cye It is not difficult to formulate the optimal Qiscipline under the
ciréumstances - in fact no change in wording is required, but one has to rémember

that ¢, is now a property of a given customer at the station rather than a

i
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property of a category. The afore-mentioned paper by Phipps (1956) and a study
by van der Zee and Theil (1961) touch upon aspects of these problems.

A final word has to be said about the assumed cost contributions. The thesis
of this paper - {éi/Ei(t}} as an optimality criterion - is invalidated if the
queueing system under study possesses a repeat regime, that is one in which inter-
rupted service is lost. This "setting the clock back" introduces additional cost
components and our previous argument no longer holds. The study by Avi-Itzhak,
Brosh and Naor (196l4) obtains average waiting lines for a (not necessarily optimal)
discretionary discipline applied to the model of Section VI with a repeat regime.
Optimization by numerical computation on a simple desk calculating machine 1s
possible for any given set (XA, TA, Cp XB’ TB’ cB) but no compact and simple
criterion is available, Generally speaking, it 1s rather cobvious that a repeat
regime favors head-of-the-line priorities. A further potential cost component is
interruption cost which, of course, has a similar effect to that of a repeat
regime. Moreover, there may be switch-over costs, e.g. due to retooling when
service to different categories of customers requires this, If this contribution
is appreciable the optimal discipline may not even be of the head-of-the-line
variety; rather the decision to change fhe category of customers~in-service may
depend on additional information which was of no importancé in previous priority
judgments, to wit, the actual length of the waiting lines at the review epoch.

If many low priority customers are in the waiting line it may be optimal under
the circumstances not to switch over to a high priority customer present at the
station even at the termination of service to a low priority customer.

Scme further study on these problems is in progress.
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