
ABSTRACT

ELLISON, VICTORIA MARIE. Using Linear Programming based Exploratory Techniques in
Gene Expression Consensus Clustering. (Under the direction of Yahya Fathi.)

There exist many options when it comes to clustering data including: what clustering algo-

rithm to use, what preselected parameters of certain clustering algorithms to use, and which

results of certain clustering algorithms to use. Consensus clustering is useful in generating a

clustering which has the most consensus with multiple differing clusterings of the same data

set. However, most consensus clustering algorithms do not provide an exact optimal solution,

provide the user with options as to how many clusters are in the returned consensus clustering,

or reflect the nested nature of the clusters, which is a feature inherent to many data sets. These

features are especially important in the analysis of gene expression profile data.

To meet the needs of these features we propose a divisive hierarchical consensus clustering

algorithm, which we call CCA-β. This consensus clustering algorithm makes use of a special

type of cut, which we also propose, called a β-ratio cut. We demonstrate how this β-ratio cut

is a natural extension of the cluster ratio cut that incorporates finding the nested nature of a

graph.

We also propose a heuristic for CCA-β, which we call CCA-ROPPPA. This heuristic applies

a proposed parametric programming algorithm to a proposed parametric linear programming

formulation. We create this proposed parametric linear programming formulation by modifying

the BILP formulation of the Median Partition Problem (MPP) proposed by Grotschel and

Wakabayashi. We create this proposed parametric programming algorithm by modifying the

optimal partition parametric programming algorithm (OPPPA) proposed by Berkelaar et al.

We prove that under certain conditions a.) our CCA-ROPPPA heuristic returns a consensus

clustering that is equivalent to a solution to the minimum cluster ratio problem and b.) our

CCA-ROPPPA heuristic returns a set of consensus clusterings that could have been returned

by our CCA-β algorithm. Using real gene expression profile data sets and artificial data sets

we create sets of clusterings for which we would like to find a consensus clustering(s). We then

apply CCA-ROPPPA to these sets of clusterings and assess the frequency with which these

aforementioned conditions were met.

We also compare CCA-ROPPPA to two other consensus clustering algorithms. We use

the same real gene expression profile data sets and artificial data sets and the same sets of

clusterings created from these data sets. We then apply CCA-ROPPPA and the two other

consensus clustering algorithms to these sets of clusterings and compare a.) the nature and

quality of the consensus clusterings returned and b.) the execution times of the algorithms.

Finally, we use an argument that is based on linear programming duality and similar to



the argument that Yeh et al. use to demonstrate the rationale of their cluster ratio cut to: a.)

show that the β-ratio cut is a natural extension of the cluster ratio cut and b.) demonstrate

the rationale of our β-ratio cut.
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Chapter 1

INTRODUCTION

1.1 Gene Expression Analysis

With the advent of new technology, physicians and researchers have increasingly been able to

extract and gain access to a great plentitude of gene related data. Analyzing such data has

proven to be extremely useful to researchers in diagnosing various diseases and in discovering

gene targeted disease therapies.

The most common type of data analyzed for these purposes is gene expression profile data.

Gene expression is the process by which a gene expresses itself in protein synthesis. In genetics,

it is how a genotype gives rise to an organism’s phenotype. The expression of a gene within a

certain cell is typically analyzed by first measuring the amount of mRNA corresponding to that

gene in the cell, and then using these mRNA levels to infer the expression of the gene. Gene

expression analysis has become a very important tool in the study of diseases. For example, the

expression levels of certain genes in a diseased patient may be higher or lower than the gene

expression levels of a patient without this disease. The amount of pertinent genetic data in an

organism or sample can range from 30,000 to 3 billion. Therefore data mining techniques are

essential in decoding this overabundance of data.

In selecting the appropriate data mining technique to analyze gene expression data, specific

properties about the data must be taken into consideration. First as goes the curse of dimension-

ality with all large data sets, the ideal data mining algorithm will maintain a fast computation

time while providing meaningful results to the user. Since disease related research is not usually

needed for real time analysis, some allowances can be made in the way of computation time

to allow for better and more meaningful results. Furthermore, as is the case with a lot of data

mining applications the researcher does not often know ahead of time what their exact goal
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for analysis is. That is why exploratory techniques which convey different facets of information

about the data are ideal as well.

More specifically the underlying structure of gene expression data has been shown to exhibit

a high level of clusterability. In a broad sense clusterability means that similar objects tend to

group together in relatively homogenous groups called clusters. In terms of samples, this means

that similar samples will group together in clusters displaying relatively similar gene expression

data profiles. In terms of genes, this means that similar genes will group together in clusters

having similar sample data. Because of this, cluster analysis is one of the most often used

methods in extracting information about samples and genes.

Gene expression profiles are typically arranged in a real-valued expression matrix Φ =

[φia]
n,F
i=1,a=1 where φia is the expression level of the ath gene of sample i. The expression matrix

can be used to either cluster the samples, using the F genes as features, or cluster the genes

using the n samples as features. Clustering the samples, for instance, can assist in the diagnosis

of disease and may even reveal disease subtypes, as studies have shown that clustering gene ex-

pression profiles of patients with the same disease can often reveal two or more sub-types of this

disease [Tam99]. Here it is assumed, that each patient has only one of these disease sub-types.

Being able to identify and study the gene expression profiles of these disease sub-types can be

helpful in the development of drugs or therapies aimed at eradicating these diseases. Alterna-

tively, clustering the genes can help determine which genes are responsible for the development

and progression of certain diseases and thus also play a pivotal role in the development of more

intelligent drugs or therapies. Since the number of genes often greatly outnumbers the number

of samples, we choose to focus on clustering the samples because our proposed methods, while

useful for extracting pertinent additional information, are not as well equipped for handling

data sets with a large number of objects as other methods are.

There have been many different clustering methods proposed to classify gene expression

data. Due to the nature of gene expression data, there are special features that a good gene

expression clustering algorithm must consider. Jiang et al. [Jia04] describe these as the fol-

lowing. First, there is much about gene expression patterns that is still unknown to scientists.

Therefore, a good gene expression clustering algorithm will require as little prior knowledge

about the data set as possible. Second, a good gene clustering algorithm should be able to

handle highly connected graphs and embedded (nested) clusters. Next, gene expression data is

often wrought with an excessive amount of noise, thus a good clustering algorithm will be well

equipped at cleaning out any unnecessary information from the data. Finally, a good gene clus-

tering algorithm will reveal other information about the clusters, such as how close clusters are

to one another. We aim to especially satisfy the first two of these requirements in our research.

2



1.2 Gene Expression Clustering

There have been many suggested clustering algorithms that try to satisfy these gene expression

related requirements. The k-means clustering algorithm [Llo82] has often been used due to its

computational efficiency and simplicity. However, the initial placement of the centroids of the

k-means algorithm will often produce different clustering results each time the algorithm is run.

In addition, the user must preselect the number of clusters he or she wants in advance, which

would thus require a preexisting knowledge of the data set. Finally, the k-means algorithm may

be sensitive to noise [Sme02] [She01].

Self Organizing Map (SOM) [Koh84] approaches to clustering are also commonly used.

SOM methods are beneficial in that they can provide insightful 2-d and 3-d visualizations

of clustering results of a high dimensional data set. Herrero et al. [Her01] and Tamayo et

al. [Tam99] suggest that SOM clustering methods are less sensitive to noise, however they are

more sensitive to irrelevant data points. If there are too many irrelevant data points, such as

genes with invariant patterns, then these data points will pervade many of the clusters.

Hierarchical clustering methods are also used very frequently in gene expression analysis.

These methods are well adapted for data sets with nested clusters and can provide a dendrogram

or tree graph that visually displays the results. Eisen et al. [Eis98] proposed an agglomera-

tive hierarchical clustering algorithm known as UPGMA (Unweighted Pair Group Method with

Arithmetic Mean) and used a particularly effective way of graphically displaying the clustering

results. The drawbacks of hierarchical clustering methods are their high compuational complex-

ity [Tam99] and their sensitivity to small perturbations [Tam99].

Graph-theoretic clustering algorithms are also commonly used. In respect to gene expression

profile sample clustering, which is what we discuss in this paper, each sample is represented as a

node in a graph. In some methods, a weighted edge is placed between each pair of samples. The

weight between the samples is determined by a similarity metric. One such similarity metric

would be the Euclidean distance between the gene expression levels of two samples. That is,

the weight of the edge between samples i and j would be the Euclidean distance between Φi∗

and Φj∗ [SS00] [XK01]. Other methods, simply place a 0 or a 1 weight on each edge based on

whether the selected similarity metric surpasses a specified threshold [BD99] [HS00]. Shamir and

Sharan [SS00] propose their graph-theoretic clustering algorithm known as CLICK (CLuster

Identification via Connectivity Kernels), which is based on finding the minimum edge weight

cut in a graph representation of the weighted adjacency matrix. The down side of using graph-

theoretic clustering algorithms is that information is lost in converting the gene expression

profile data into a weighted adjacency matrix.
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Although using a clustering algorithm to cluster gene expression data has proven to be very

useful in unlocking hidden connections and information about disease and biological functions,

there is no single algorithm which has proven to work best for all data sets as evidenced

by the abundance of new clustering algorithms proposed each year. As shown above, each

algorithm has its own strengths and weaknesses in their ability to meet the specialized needs of

a comprehensive gene expression data analysis. Furthermore the exact goal of cluster analysis is

at best a fuzzily defined notion. As there are a great number of clustering algorithms proposed

in the literature, there are almost an equal amount of proposed objective functions aimed at

optimizing and assessing the results of a clustering algorithm. However, defining the goal of

clustering as one fixed objective function to optimize may in and of itself leave out a facet of

information about the data that may also prove useful.

To further complicate the matter, many clustering algorithms like the k-means algorithm

result in only a local optimal solution to the objective function they are trying to optimize. Many

of these algorithms are initialized with random starting points and will thus produce different

results because of this. Again, to say one local optimal solution is better than another is not

necessarily the right mindset to take on in clustering as one local optimal result may provide

some useful information that the other may not, and vice versa. Furthermore the question of

how many clusters to consider is also a confounding factor in choosing the ’right’ clustering

algorithm for gene expression analysis. While some algorithms require the user to preselect the

resulting number of clusters in the clustering returned by the algorithm, other algorithms will

return a clustering with a number of clusters chosen by the model. In either case, the question

arises as to whether a resultant clustering with k clusters is the most informative. Would a

resultant clustering with k− 1 or k+ 1 clusters also provide useful information? In many cases

the answer may be yes.

Because of all these confounding factors in conducting gene expression cluster analysis it is

prudent for a researcher to consult the results of several different clustering algorithms run with

different initializations and input parameters (if the algorithm allows it). However, the question

of how to best amalgamate the results of all these algorithms is a difficult problem in and of

itself.

1.3 Consensus Clustering

Consensus clustering is a recently proposed approach to answering this question. Also called

cluster aggregation or ensemble clustering, it takes as input the clustering results of several

clustering algorithms and/or different clustering results of the same clustering algorithm. We
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will call these differing clustering results the input clusterings of a consensus clustering algo-

rithm. Typically all the input clusterings are attained by clustering the same initial data set.

Using the input clusterings as input, a consensus clustering algorithm returns a consensus

clustering which achieves the most amount of consensus amongst the input clusterings.

Consensus clustering can be particularly beneficial in analyzing gene expression data as it

has the power to create a consensus clustering result which may emphasize the strong input

clustering results while downplaying weak or unwanted input clustering results. For instance,

as we discussed in section 1.2, gene expression profile data is often noisy and the k-means

algorithm is often sensitive to noise. Executing the k-means algorithm multiple times and using

a consensus clustering algorithm to combine the results has the power to minimize the effect of

this noise.

One of the drawbacks of using a consensus clustering algorithm, particularly for gene ex-

pression analysis, is that it adds even more computational time to the analysis. Furthermore,

since most consensus clustering algorithms only make use of the input clusterings and not the

original data (used to create the input clusterings), information is inevitably lost in further

processing. Useful information is also inevitably lost as most consensus clustering algorithms

return only a single consensus clustering with no additional information such as the nested

nature of the clusters.

In general, consensus clustering methods are comprised of two steps: 1. the generation step

and 2. the consensus function step [VPRS11]. The generation step generates a set of input

clusterings {π1, ..., πT } by executing one or more clustering algorithms a total of T times.

Important questions to consider in this step are listed below.

1. Which clustering algorithms should be used?

2. If a clustering algorithm can produce different results, how many times should this algo-

rithm be run?

3. If a clustering algorithm requires a preselected number of clusters k, how many clusters

should be preselected?

4. Which subset of objects should be included in a given clustering algorithm (if not all)?

5. Which subset of object features should be used in the given clustering algorithm (if not

all)?

These considerations are important as the consensus clustering returned by a consensus clus-

tering algorithm is influenced by the quality and diversity of the input clusterings.
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The second step of a typical consensus clustering method uses a consensus function to find

a consensus clustering that achieves the most consensus among the input clusterings. In the

literature there are two main types of consensus function approaches: object co-occurrence and

median partition [VPRS11].

1.3.1 Co-Occurence Consensus Clustering

The object co-occurrence approach is based on assigning an object to a cluster using a voting

method which considers a.) the number of times a given object is assigned to a given cluster

over all the input clusterings or b.) the number of times two given objects are assigned to the

same (and different) clusters over all the input clusterings.

A common co-occurence consensus clustering approach first creates an n× n coassociation

matrix S = [sij ] where:

sij =
1

T

T∑
t=1

δ(πt(oi), π
t(oj)), (1.1)

where Π = {π1, ..., πT } is the set of input clusterings, δ(πt(oi), π
t(oj)) = 1 if oi and oj are

assigned to the same cluster in the input clustering πt, and δ(πt(oi), π
t(oj)) = 0 if oi and oj are

assigned to different clusters in πt. After forming this matrix, typically an additional clustering

algorithm is performed upon S, where sij represents the similarity between oi and oj .

While there exists a great deal of literature surrounding co-occurence consensus clustering

algorithms, we highlight the two following works in particular because a.) they use co-occurence

consensus clustering algorithms for gene expression profile data and b.) they use a hierarchical

clustering algorithm to recluster the co-association matrix. This is important for the purpose

of comparison as the consensus clustering algorithm that we propose in this thesis is also a

co-association consensus clustering algorithm, also uses hierarchical clustering algorithms, and

also used on gene expression profile data.

In the first work, by Monti et al. [Mon03], a consensus based clustering algorithm is proposed

for gene expression analysis that uses both hierarchical clustering and SOM clustering as the

primary algorithms and perturbs the input data to create differing clustering results. They

create a normalized weighted adjacency S = [sij ] matrix between the samples, where sij is

created using equation 1.1. They define their consensus score as
∑

i

∑
j sijxij where xij = 1 if

samples oi and oj are placed in the same cluster in the consensus clustering algorithm xij = 0

otherwise. They then perform a hierarchical clustering algorithm on the S to recluster the data.

They use the adjusted Rand score [Ran71] [HA85] (which we will define in chapter 2) to assess
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the quality of their algorithm. This consensus clustering algorithm is more so for the purpose of

assessing clustering quality of the original clustering algorithm and whether the correct number

of clusters were picked by this original algorithm. Furthermore, the results are subject to the

the sampling method and the clustering algorithm used to recluster S.

In the second work, by Kashef and Kamel [KK08], the researchers combine gene expression

clustering results from both the k-means algorithm and the bisecting k-means algorithm to pro-

duce a hierarchical clustering dendogram. Their proposed algorithm generates input clusterings

as part of the consensus clustering algorithm so no time or information is lost and greater de-

gree of consensus is reached. However, this consensus clustering algorithm only uses clustering

results from the k-means and the bisecting k-means algorithms. It is not flexible in being able

to provide a way to combine input clusterings generated from different clustering algorithms.

They also do not provide a metric for assessing the consensus reached by the returned consensus

clustering.

Other common consensus clustering methods that use object co-occurence consensus func-

tions include relabeling and voting methods, coassociation matrix methods, graph and hyper-

graph methods, information theory methods, finite mixture models, LAC algorithms, and fuzzy

methods [VPRS11]. As with clustering algorithms, each consensus clustering algorithm has its

merits. The benefit of object co-occurence methods is that they typically have a low compu-

tational complexity, thereby allowing for the consensus clustering of larger data sets. However,

they are lacking in mathematical rigor as they are not attempting to find an exact solution to

an optimization problem. An exact optimization problem can give a quantitative score to assess

how much overall consensus the consensus clustering had with the input clusterings, thereby

yielding extra information about the data. Furthermore, its rich mathematical structure has

the capability of being further exploited to yield extra information such as the nature of nested

clusters and cluster closeness.

1.3.2 Median Partition Problem

The second main consensus clustering function is more mathematically rigorous as it selects a

consensus clustering by solving an optimization problem which we define below.

Definition Let O = {o1, ..., on} be a set of objects and let {πt}Tt=1 be a set of partitions (input

clusterings) of O. Let Π(O) be the set of all possible partitions (input clusterings) that can be

made from O. Let Γ : Π(O)×Π(O) 7→ R be a similarity function. Then the Median Partition

Problem (MPP) [Lec94] returns a partition π∗ ∈ Π(O) such that:
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π∗ = argmin︸ ︷︷ ︸
π∈Π(O)

T∑
t=1

Γ(π, πt) (1.2)

Researchers have proposed many functions for Γ, however one of the most widely used

and studied functions is the symmetric difference distance function (or the Mirkin distance

function) [Mir96].

Definition Let O = {o1, ..., on} be a set of objects and let π and π′ be two partitions (input

clusterings) of O. The Mirkin distance between π and π′ is defined as:

Γ(π, π′) = N01 +N10, (1.3)

where N01 is the number of object pairs (oi, oj) for which oi and oj are clustered together in

partition π′, but not in partition π and similarly N10 is the number of object pairs (oi, oj) for

which oi and oj are clustered together in partition π, but not in partition π′.

In other words, the Median Partition Problem that uses the Mirkin distance seeks to min-

imize the total disagreements between the each input clustering and the consensus clustering.

Wakabayashi [Wak86] and Krivanek and Moravek [KM86] both proved in different ways that

the Median Partition Problem with the Mirkin distance is NP-hard.

Filkov and Skiena [FS03] use heuristics of the Median Partition Problem to consensus-

cluster gene expression profile data. They are able to consensus-cluster up to 1000 objects

using their algorithms. They use the Rand index [Ran71] and proposed p-value to assess the

agreement of the consensus clustering and all input clusterings. However, their algorithms are

limited in providing only one clustering solution to the user.

Other common consensus clustering approaches which use the Median Partition Problem

include Non-negative Matrix Factorization (NMF) methods, genetic algorithms, and kernel

methods [VPRS11]. Unfortunately these methods rely upon a heuristic to solve the problem.

Thus the theoretical rigor of the Median Partition Problem is lost to make way for higher data

crunching capabilities.

1.4 IP Formulation of the Median Partition Problem with Mirkin

Distance

Grotschel and Wakabyashi [GW89] introduced the IP formulation shown below. They prove

that it yields the exact optimal solution to the Median Partition Problem with Mirkin distance
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function.

min
∑

1≤i<j≤nwijxij

st xij + xjk − xik ≤ 1 for 1 ≤ i < j < k ≤ n
xij − xjk + xik ≤ 1 for 1 ≤ i < j < k ≤ n
−xij + xjk + xik ≤ 1 for 1 ≤ i < j < k ≤ n
xij ∈ {0, 1} for 1 ≤ i < j ≤ n

xij =

{
1 if oi and oj are clustered together in the consensus clustering

0 otherwise

The objective function coefficients are defined as wij = w−ij − w
+
ij where w+

ij is the number

of input clusterings that place oi and oj in the same cluster and w−ij is the number of input

clusterings that place oi and oj in different clusters.

Note, another way to define wij is as follows:

wij =
T∑
t=1

ε(πt(oi), π
t(oj)), (1.4)

where ε(πt(oi), π
t(oj)) = −1 if oi and oj are assigned to the same cluster in πt and ε(πt(oi), π

t(oj)) =

1 if oi and oj are assigned to different clusters in πt.

We call this the Grotschel Wakabayashi IP formulation (GWIP). We refer to the

Grotschel Wakabayashi LP formulation (GWLP) as GWIP with relaxed binary con-

straints.

The benefit of using the GWIP for consensus clustering is that it solves for an exact solution

to the Median Partition Problem. The model has a rigorous mathematical structure, which in

chapter 8 allowed us to discover a theoretical relationship to another existing problem in the

literature in which there exist several fast heuristics.

However, to the best of our knowledge no researchers have attempted to extract additional

information about the data using the mathematical structure of the model. Instead they choose

to either solve the IP to optimality or accept a heuristic solution to the IP and conduct no

further analysis.

A drawback of using the GWIP for the purpose of consensus clustering is that it has a

relatively large number of variables and constraints, specifically 3
(
n
3

)
constraints and

(
n
2

)
decision

variables. Furthermore there is no guarantee that GWLP will yield a binary optimal solution.

Thus without using any specialized IP solving techniques for this problem (such as cutting

plane methods or branch and bound techniques), instances of this problem for n > 50 becomes
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intractable.

Because of this, several researchers have proposed various techniques to increase problem

tractability for larger n. Tushaus [Tüs83] introduces a branch and bound method that only

works for small values of n. Wakabayashi and Grotschel [GW89] give a cutting plane method

which is able to solve GWIP for n in the hundreds. These methods only discuss ways in which

to make cuts or the branching schema more effective in the sense that as few LPs as possible

have to be solved in order to get a binary optimal solution. However, what these methods do not

take into account is that GWLP itself has a large number of constraints without any additional

cuts or branch and bound restrictions and thus solving GWLP even once may prove to be an

overly costly operation in and of itself.

Downing et al. [Dow10] propose a variety of constraint reduction techniques which increase

efficiency in solving GWLP. Because the consensus clustering heuristic we propose in chapter

3 involves solving multiple linear programming formulations that are only slight modifications

of GWLP, we employ some of these techniques in our proposed consensus clustering heuristic

as well (chapter 3). These techniques are summarized below.

� Solving the linear relaxation using a relaxed feasible region and then iteratively adding

all of the constraints violated by the current optimal solution to the problem. An optimal

solution to the original linear relaxation is reached when there are no more constraints

violated by the current optimal solution to the problem.

� Solving the linear relaxation using a relaxed feasible region and then iteratively adding a

random sample of the constraints violated by the current optimal solution to the problem.

An optimal solution to the original linear relaxation is reached when there are no more

constraints violated by the current optimal solution to the problem.

� Iteratively deleting constraints that correspond to basic variables in the dual of the cur-

rent relaxed feasible region, provided that the optimal objective function value at the

current iteration increased from the value of the optimal objective function in the previ-

ous iteration. They explain why this method works in the literature.

In their numerical tests, the majority of the objective function coefficients vectors [wij ] they

use in GWLP do not produce an optimal solution to the GWLP. We note here that we also

conduct numerical tests using the GWLP in chapter 7, however the majority of the objective

function coefficients vectors [wij ] they use in GWLP do produce an optimal solution to the

GWLP. Although it is not within the scope of this dissertation to explore why this discrepancy

occurred, this could be due to the fact that the input clusterings we use to create [wij ] are
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the results of clustering the same original data set multiple times whereas the input clusterings

Downing et al. to create [wij ] are independent sets of categorical data. Thus our input clustering

sets may have had an overall higher degree of consensus with one another than those used by

Downing et al.

In addition, these researchers choose to focus less on producing an exact optimal solution

and instead introduce a rounding schema which approximates the binary optimal solution in

the event that the optimal solution to the linear relaxation is fractional. This rounding schema

greatly reduces execution time in comparison to solving the GWIP by using branch and bound

or cutting plane techniques. By using these efficiency improvements and approximate rounding

techniques, Downing et al. [Dow10] were able to solve a consensus clustering data set of size

n = 2048 within a reasonable amount of time. However, due to the fact that a rounding schema

had to be introduced, this method is now only a heuristic to the MPP.

As discussed earlier, all of the research regarding the GWIP is concentrated at improving

efficiency and reducing computational time in producing an optimal or near optimal solution

to the GWIP. That is, the researchers produce one consensus clustering from GWIP and no

further analysis is conducted on the data. This singular result can be a drawback to the purpose

of gene expression analysis for the following reasons.

1. Not the Desired Number of Clusters First, the number of clusters obtained via the

GWIP cannot be specified. Depending on the purpose of the analysis, researchers may

have a predefined idea as to how many clusters they desire in the consensus clusterings.

For instance, a data set we use in our numerical tests in chapter 7 consists of gene ex-

pression profiles of four well established types of central nervous system tumors as well

as gene expression profiles of normal cerebella tissue. For the purpose of diagnosis and

classification it befits the researcher to desire each of the input clusterings as well as

the consensus clustering to have five clusters. However, a set of input clusterings (each

clustering having five clusters) was generated and GWLP returned a consensus clustering

with eight clusters. While for the purpose of research and development this may actually

provide useful information about further divisions of disease subtypes, for the purpose

of quick disease classification this clustering with an excess of clusters may prove to be

confusing. Thus it befits the researcher to have more consensus clustering result options,

specifically consensus clustering results which yield fewer or greater than the number of

clusters returned by GWIP.

2. No Reflection of Nested Clusters As discussed as a special consideration for gene

expression analysis, the clusters formed by gene expression profiles are often nested in
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nature. A singular clustering result returned by the GWIP does not reflect this nested

nature. A hierarchical model which could convey how and when certain objects split

away from other objects based on some metric of consensus cluster similarity would be

beneficial in reflecting this, however no such models exist for this which use the GWIP.

1.5 Thesis Summary

In this thesis we slightly modify GWIP such that it still maintains the rich mathematical

structure and reduced computation time techniques discussed in 1.4, but also allows for the

discovery of nested consensus clusterings. In doing so, this thesis has five main contributions.

1. First we introduce a new cut, which we call a β-ratio cut. Using linear programming

duality theory, we demonstrate a.) how our β-ratio cut is a natural extension of the

cluster ratio cut [Yeh95] and b.) the rationale for why this cut is useful for the purpose

of hierarchical consensus clustering.

2. Next we introduce a divisive hierarchical consensus clustering algorithm, which we call

CCA-β that uses this β-ratio cut. Instead of one consensus clustering, this algorithm

produces a set of nested consensus clusterings.

3. Then we introduce two heuristics for CCA-β, which we call CCA-OPPPA and CCA-

ROPPPA. We call our methods CCA-OPPPA and CCA-ROPPPA heuristics of CCA-β

because they will not always produce a set of nested consensus clusterings solutions that

would have been a possible output of CCA-β. However, we show that when certain condi-

tions are satisfied by the results of our CCA-OPPPA and CCA-ROPPPA heuristics, they

will produce a set of solutions that would have been a possible output of CCA-β. Our

CCA-OPPPA and CCA-ROPPPA heuristics apply a parametric programming algorithm

to a parametric LP formulation Pλ that we introduce (which is a slight modification of

GWIP). While CCA-OPPPA uses an existing parametric programming algorithm [Ber96],

CCA-ROPPPA uses a proposed parametric programming algorithm that is a slight mod-

ification of this existing parametric programming algorithm.

4. Because our CCA-ROPPPA heuristic does not always return a set of nested consensus

clusterings that could have been returned by CCA-β, our fourth contribution is to test

how often they do, using sets of input clusterings generated from real gene expression

profile data sets and artificial data sets.
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5. Also using these sets of input clusterings generated from real gene expression profile data

sets and artificial data sets, our fifth contribution will be to compare the CCA-ROPPPA

heuristic to two other consensus clustering algorithms.

In chapter 2 we give some background needed in order to discuss our proposed consensus

clustering algorithm. We define existing graph theoretic terms such as partitions, cuts, and a

specialized type of cut, known as the minimum cluster ratio cut [Yeh95]. We also introduce

and define our proposed cut, the β-ratio cut. We formally define the clustering and consensus

clustering problem. We also discuss a widely used class of clustering algorithms, namely divisive

hierarchical clustering algorithms. We discuss a specific type of divisive hierarchical clustering

algorithm (DHCA) which uses our β-ratio cut. We call this DHCA-β and use it in our consensus

clustering algorithm that we introduce in chapter 3. Finally in chapter 2 we define the Uniform

Multicommodity Flow Problem [LR99], which we will use to show the rationale for β-cuts in

chapter 8.

In chapter 3 we introduce our proposed consensus clustering algorithm CCA-β and its

proposed heuristics, CCA-OPPPA and CCA-ROPPPA. Section 3.1 details how our proposed

divisive hierarchical consensus clustering algorithm (CCA−β), uses DHCA-β (discussed in 2.3).

In section 3.2 we introduce CCA-OPPPA and CCA-ROPPPA, our proposed heuristics for CCA-

β.

CCA-OPPPA and CCA-ROPPPA apply a parametric programming algorithm to a para-

metric LP formulation. In chapter 4 we introduce this parametric LP formulation, which we call

Pλ, and discuss various properties of it. In chapter 5 we introduce the parametric programming

algorithms we apply to Pλ in CCA-OPPPA and CCA-ROPPPA. In section 5.1 we introduce

notation and show various properties regarding Pλ. This terminology, which includes finding

the dual of Pλ, is needed in explaining the parametric programming algorithms that we discuss

in 5.2 and 5.3. In section 5.2 we discuss a parametric programming algorithm found in the lit-

erature [Ber96], which we call OPPPA in this paper. Although the proof for why the algorithm

works is too long to place in this dissertation, we briefly summarize how OPPPA works and

give a few results related to the algorithm. The way that we present OPPPPA in 5.2 is made

specific to our particular LP Pλ over the range [0,
(
n
2

)
], however OPPPPA as described in the

literature can be applied to any parametric LP formulation.

In 5.3 we introduce another parametric programming algorithm, which we call ROPPPA,

that is a modification of OPPPA. In each iteration of OPPPA two LPs are solved. In 5.3.3

we discuss that when using our specific parametric LP Pλ, the second LP in each iteration has

many more constraints than variables and the first LP in each iteration has many more variables
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than constraints. Thus we explain how we can use row generation techniques to more quickly

solve the second LP in each iteration of OPPPA and use column generation techniques to solve

the first LP in each iteration. By using the row generation techniques we introduce ROPPPA

in 5.3.2 (using the column generation techniques are outside the scope of this dissertation, but

are available for future research). Section 5.3.1 discusses the specific row generation techniques

that we apply to the first LP in every iteration of ROPPPA. Section 5.4 discusses important

proofs regarding OPPPA and ROPPPA.

In chapter 6 we show how our the results of our CCA-OPPPA and CCA-ROPPPA heuristics

will produce CCA-β solutions if and only if the results satisfy certain conditions. The proofs

we show in chapter 6 will be useful in chapter 8 when we demonstrate a.) how our β-ratio cut

is a natural extension of the cluster ratio cut [Yeh95] and b.) the rationale for why this cut is

useful for the purpose of hierarchical clustering.

In chapter 7, using real gene expression profile data sets and artificial data sets we create

sets of clusterings for which we would like to find a consensus clustering(s). We then apply

CCA-ROPPPA to these sets of clusterings and assess the frequency with which CCA-ROPPPA

returns a set of consensus clusterings that could have been a result of CCA-β. Also in chapter 7,

we compare CCA-ROPPPA to two other consensus clustering algorithms. We use the same real

gene expression profile data sets and artificial data sets and the same sets of input clusterings

created from these data sets. We then apply CCA-ROPPPA and the two other consensus

clustering algorithms to these sets of clusterings and compare a.) the nature and quality of the

consensus clusterings returned and b.) the execution times of the algorithms.

Specifically, in section 7.1 we discuss the two consensus clustering algorithms we will compare

to CCA-ROPPPA. In section 7.2 we will discuss how we create input clustering sets that will

be used as input for CCA-ROPPPA and the two other consensus clustering algorithms we

test. In section 7.3 we give the specific computer, software, and LP solving options we used to

execute all algorithms. In the appendix, for each of the input clustering sets that we created,

we graphically display the results of the three consensus clusterings algorithms that used these

input clustering sets as input. In section 7.4, we discuss how to interpret these graphs in the

appendix. In section 7.5 we discuss the frequency with which CCA-ROPPPA returned a set of

consensus clusterings that could have been a result of CCA-β. Finally in section 7.6 we compare

CCA-ROPPPA to the two other consensus clustering algorithms we tested.

Finally, in chapter 8 we use an argument that is based on linear programming duality and

similar to the argument that Yeh et al. [Yeh95] use to demonstrate the rationale of their cluster

ratio cut to: a.) show that the β-ratio cut is a natural extension of the cluster ratio cut and b.)

demonstrate the rationale of our β-ratio cut.
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Chapter 2

BACKGROUND

In this chapter we introduce some important background to the problem which we intend to

solve.

2.1 Graph Theory

2.1.1 Existing Graph Theoretic Terms

We first define some well-established graph theory terms. A graph G = (V,E) is defined by a

set of vertices (nodes) V and a set E of pairs of distinct vertices called edges. We say that a set

of disjoint subsets {V1, ..., Vr} of V is a partition (clustering) of a graph G = (V,E) if and

only if V1 ∪ ... ∪ Vr = V and Vs ∩ Vt = φ for all s 6= t. We use the term cluster to refer to a

disjoint subset Vs in a given partition (clustering) {V1, ..., Vr}.
A complete graph is a graph in which all pairs of nodes are linked by an edge. We denote

a complete graph with n nodes as Kn. For a graph G = (V,E) where U ⊂ V , F ⊂ E, and the

vertices of each edge in F are also in U , then we say that H = (U,F ) is a subgraph of G. A

clique of a graph G = (V,E) is a subgraph of G that is a complete graph.

Given a graph G = (V,E) we call a subset of edges E(V1, ..., Vr) ∈ E a clique partition

if there is a partition {V1, ..., Vr} of V such that E(V1, ..., Vr) = ∪rs=1{(i, j) ∈ E|i, j ∈ Vs}
and the subgraph induced by Vs is a clique for s = 1, ..., r. We say that the clique partition

E(V1, ..., Vr) defines the partition {V1, ..., Vr}. We denote a clique partition that defines the

partition {V1, ..., Vr} as E(V1, ..., Vr).

We define a cut C of the graph G = (V,E) as the set of edges in E whose removal would
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divide G into disjoint subgraphs G1(V1, E1), ..., Gr(Vr, Er). We denote such a cut C as follows:

C(V1, ..., Vr) = {(i, j) ∈ E|i ∈ Vs, j ∈ Vt, s 6= t} (2.1)

where {V1, ..., Vr} is a partition of V , for r ≥ 2.

Note that a clique partition defines a cut C(V1..., Vr) = E/E(V1, ..., Vr).

If the graph G = (V,E) has edge weights c : E → R, then we denote the value of the cut

C(V1, ..., Vr) as the following (for r ≥ 2):

|C(V1, ..., Vr)| =
∑

(i,j)∈C(V1,...,Vr)

cij (2.2)

For notation purposes of this dissertation, we say that when r = 1, C(V1) = C(V ) and |C(V1)| =
|C(V )| = 0.

Yeh et al. [Yeh95] define the cluster ratio of a cut C(V1, ..., Vr) as:

RC(V1, ..., Vr) =
|C(V1, ..., Vr)|∑
1≤s<t≤r |Vs||̇Vt|

(2.3)

for r ≥ 2.

They define the minimum cluster ratio among all possible cuts C(V1, ..., Vr) of G(V,E)

for all r ≥ 2 as:

R∗C = minr≥2{RC(V1, ..., Vr)}. (2.4)

A cut C∗(V1, ..., Vr) is a minimum cluster ratio cut of the graph G(V,E) if the cluster ratio

of C∗(V1, ..., Vr) is equal to the minimum cluster ratio of G(V,E).

Yeh et al. [Yeh95] [SM90] also define the weighted cluster ratio of a cut C(V1, ..., Vr) as:

WC(V1, ..., Vr) =

∑
1≤s<t≤r

wst|C(Vs, Vt)|∑
1≤s<t≤r

wst|Vs||̇Vt|
(2.5)

for r ≥ 2, where w is a symmetric distance function. That is, wst > 0 for all 1 ≤ s < t ≤ r and

wst + wtu ≥ wsu for all 1 ≤ s < t < u ≤ r.
They define the minimum weighted cluster ratio among all possible cuts C(V1, ..., Vr)

of G(V,E) for all r ≥ 2 as:

W ∗C = minr≥2{WC(V1, ..., Vr)}. (2.6)
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A cut C∗(V1, ..., Vr) is a minimum weighted cluster ratio cut of the graph G(V,E) if

the weighted cluster ratio of C∗(V1, ..., Vr) is equal to the minimum weighted cluster ratio of

G(V,E).

2.1.2 Proposed Graph Theoretic Terms

We say that a partition (clustering) {V1, ..., Vr} of a graph G(V,E) is nested in a parti-

tion (clustering) {U1, ..., Us} if {V1, ..., Vr} is the result of splitting one or more clusters in

{U1, ..., Us} into two or more clusters.

Given a graph G(V,E), a partition {U1, ..., Us}, and a partition {V1, ..., Vr} that is nested

in {U1, ..., Us}, we define the cut difference of {V1, ..., Vr} and {U1, ..., Us} as

|C(V1, ..., Vr|U1, ..., Us)| = |C(V1, ..., Vr)| − |C(U1, ..., Us)| (2.7)

We propose the following terms which we can think of as an extension of the cluster ratio

terms defined in 2.1.1. We discuss further in chapter 8 the rationale for why these terms can

be thought of as extensions of the cluster ratio terms.

Definition Given a graph G(V,E), a partition {U1, ..., Us} of G, the cut C(U1, ..., Us), a par-

tition {V1, ..., Vr} of G that is nested in {U1, ..., Us}, and the cut C(V1, ..., Vr) we define the

β-ratio of C(V1, ..., Vr) given C(U1, ..., Us) as:

βC(V1, ..., Vr|U1, ..., Us) =
|C(V1, ..., Vr)| − |C(U1, ..., Us)|∑

1≤t<t′≤r |Vt||̇Vt′ | −
∑

1≤w<w′≤s |Uw||̇Uw′ |
. (2.8)

for r > s ≥ 2.

Note that for s = 1, |C(U1, ..., Us)| = 0. The denominator of the ratio which is (the sum of the

the multiplied cardinality of all pairs of clusters in {V1, ..., Vr}) - (the sum of the the multiplied

cardinality of all pairs of clusters in {U1, ..., Us}). To remain consistent with this structure,

when s = 1 we say that
∑

1≤w<w′≤s |Uw||̇Uw′ | = |U1||̇φ| = |U ||̇φ| = 0.

Therefore when s = 1, the β-ratio of C(V1, ..., Vr) given C(U1, ..., Us) is

βC(V1, ..., Vr|U1, ..., Us) =
|C(V1, ..., Vr)|∑
1≤t<t′≤r |Vt||̇V ′t |

. (2.9)

Thus this shows that when s = 1, the β-ratio of C(V1, ..., Vr) given C(U1, ..., Us) is the

cluster ratio of C(V1, ..., Vr), and vice versa.
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We define the minimum β-ratio given C(U1, ..., Ur) among all possible cuts C(V1, ..., Vr)

where {V1, ..., Vr} is nested in {U1, ..., Ur} as:

β∗C = minr≥s{βC(V1, ..., Vr|U1, ..., Us)}. (2.10)

We say that a cut C∗(V1, ..., Vr) is a minimum β-ratio cut given C(U1, ..., Us) of a graph

G = (V,E) if and only if

1. {V1, ..., Vr} is nested in {U1, ..., Us} and

2. the β-ratio of C∗(V1, ..., Vr) given C(U1, ..., Us) is equal to the minimum β-ratio cut given

C(U1, ..., Us).

Note it also follows that when s = 1, a minimum β-ratio cut given C(U1, ..., Ur) is a minimum

cluster ratio cut, and vice versa.

2.2 Clustering and Consensus Clustering

As summarized in the introduction, a the goal of a clustering problem is to find structure in

an unlabeled set of objects. There are many different types of clustering algorithms which yield

a variety of different output structures. A partition of objects can be one such type of output

from a clustering algorithm. We use the phrase a partition-based clustering algorithm to

refer to a clustering algorithm which yields a partition of the unlabeled set of objects. Our

research deals with the question of how to best combine the partitions that are yielded as a

result of executing one or more partition based clustering algorithms on the same set of objects

O = {o1, ..., on}. With this in mind, we define the following notation.

We define an input partition (or input clustering) π of a set of objects O = {o1, ..., on} as

a partition yielded by performing a partition-based clustering algorithm on O = {o1, ..., on}. We

define a partition-based consensus clustering algorithm as an algorithm which takes as

input a set of input partitions (clusterings) {πt}Tt=1 (each created from the same set of unlabeled

objects V = O = {o1, ..., on}) and outputs a new partition (clustering) π∗ = {V1, ..., Vr}. We

refer to π∗ as a consensus clustering of the set of input partitions (clusterings) {πt}Tt=1. We

use the term consensus cluster to refer to a disjoint set Vs in π∗ = {V1, ..., Vr}.
Finally we can measure the similarity between two clusterings π, π′ in a variety of different

ways. One such way used by the literature is the RAND Index (RAND Score) [Ran71].

Definition Let π and π′ be two partitions of a set of objects O = {o1, ..., on}. We define the
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RAND Index (RAND Score) of π and π′ as

RAND(π, π′) =
N11 +N00(

n
2

) (2.11)

where N11 is the number of object pairs in O that are in the same cluster in both π and π′ and

N00 is the number of object pairs in O that are in different clusters in both π and π′.

2.3 Divisive Hierarchical Clustering Algorithm

In our research we introduce a consensus clustering algorithm which uses a class of clustering

algorithms known as divisive hierarchical clustering algorithms (DHCA) [Man08]. A

DHCA takes a set of objects O = {o1, ..., on} and begins with a partition (clustering) p1 = O

with all n objects in the same cluster. In each iteration at least one cluster in the current

partition (clustering) pr−1 is selected and cut into at least two clusters creating a new partition

(clustering) pr. This process is repeated until all objects are partitioned into singleton clusters.

The result of a DHCA is a set of partitions (clusterings) {p1, ..., pR} where p1 is the set of all

objects and where pr is nested in pr−1 for r = 2, ..., R.

Which clusters are split and how they are split is dependent on the type of DHCA. A special

type of DHCA is described as follows.

Divisive Hierarchical Clustering Algorithm with β-ratio cuts (DHCA-β)

Input: Set of objects O = V = {o1, ..., on} and S = [sij ] where sij represents the similarity

between objects oi and oj . Here we assume that as sij increases, similarity between oi and oj

increases.

Output: A set of nested partitions of V , {p1, ..., pR}.

1. Create a complete graph G = (V,E) with edge weights s : E → R.

2. Begin with a partition p1 = V .

3. For each iteration r = 2, ..., R create a partition pr such that C(pr) is a minimum β-ratio

cut given C(pr−1).

We call this algorithm DHCA-β. There could be different ways to calculate a minimum

β-ratio cut in this algorithm, thus there exist different implementations of the DHCA-β. For

instance, one way to find a minimum β-ratio cut would be to use a brute force method in each

iteration. However, our goal is to find more efficient ways at determining a minimum β-ratio

cut, thus we would like to utilize a more efficient implementation of DHCA-β. Note that if
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for a given graph G = (V,E) and similarity matrix S it is the case that there exists only one

minimum β-ratio cut in each iteration, then all implementations of DHCA-β will return the

same result for this G = (V,E) and similarity matrix S.

2.4 Relevant Optimization Problems

Finally we introduce the following optimization problems found in the literature. They will be

used in chapter 8 to a.) show how our β-ratio cut is a natural extension of the cluster-ratio cut

and b.) demonstrate the rationale for our β-ratio cut.

Definition Let G = (V,E) be a graph, ρ be a set of commodities, C : E 7→ R+ be a capacity

function on the edges, S : V ×ρ 7→ R+ be a supply function, and D : V ×ρ 7→ R+ be a demand

function. The multicommodity flow problem (MFP) [LR99] tries to construct flows for

the commodities that satisfy the demand for each commodity at each vertex without violating

the constraints imposed by the supply function and the capacity function.

Definition A uniform multicommodity flow problem (UMFP) [LR99] is a MFP where:

1. there is a separate commodity for each ordered pair of vertices (ρ = V × V );

2. f half-units of commodity (i, j) must flow from i to j and f half-units of commodity (i, j)

must flow from j to i for each (i, j) ∈ E; and

3. f is maximized

We give two linear programming (LP) formulations for the UMFP in chapter 8. Finally we

restate the Median Partition Problem with Mirkin distance here.

Definition Let O = {o1, ..., on} be a set of objects and let {πt}Tt=1 be a set of partitions (input

clusterings) of O. Let Π(O) be the set of all possible partitions (input clusterings) that can be

made from O. Let Γ : Π(O)×Π(O) 7→ R be a similarity function. Then the Median Partition

Problem (MPP) [Lec94] returns a partition π∗ ∈ Π(O) such that:

π∗ = argmin︸ ︷︷ ︸
π∈Π(O)

T∑
t=1

Γ(π, πt) (2.12)

Researchers have proposed many functions for Γ, however one of the most widely used

and studied functions is the symmetric difference distance function (or the Mirkin distance

function) [Mir96].
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Definition Let O = {o1, ..., on} be a set of objects and let π and π′ be two partitions (input

clusterings) of O. The Mirkin distance between π and π′ is defined as:

Γ(π, π′) = N01 +N10, (2.13)

where N01 is the number of object pairs (oi, oj) for which oi and oj are clustered together in

partition π′, but not in partition π and similarly N10 is the number of object pairs (oi, oj) for

which oi and oj are clustered together in partition π, but not in partition π′.
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Chapter 3

PROPOSED CONSENSUS

CLUSTERING ALGORITHM AND

HEURISTICS

3.1 CCA-β

In this dissertation we introduce a co-occurence type of consensus clustering algorithm which

uses DHCA-β. We call this proposed consensus clustering algorithm Divisive Hierarchical

Consensus Clustering Algorithm with minimum β-ratio cut (CCA-β). The algorithm

is as follows:

Divisive Hierarchical Consensus Clustering Algorithm with a minimum β-ratio

cut (CCA-β)

Input: Let Π = {π1, ..., πT } be a set of input clusterings of the set of objects O = {o1, ..., on}.
Output: A set of nested consensus clusterings {p1, ..., pR}.

1. Create a n× n co-association matrix C = [cij ], where

cij =

T∑
t=1

δ(πt(oi), π
t(oj)) (3.1)

δ(πt(oi), π
t(oj)) = 1 if oi and oj are assigned to the same cluster in πt and δ(πt(oi), π

t(oj)) =

0 if oi and oj are assigned to different clusters in πt.

2. Run DHCA-β, using V = O = {o1, ..., on} and S = C as the similarity matrix.
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There are different implementations of DHCA-β, thus there are different implementations

of CCA-β.

Definition Let O = {o1, ..., on}. We say that a set of nested consensus clusterings Π =

{p1, ..., pR} is a CCA-β solution for {π1, ..., πT } if {p1, ..., pR} could have been returned

by CCA-β where {π1, ..., πT } was the input.

In other words, p1 = O and C(pr) is a β-ratio cut given C(pr−1) for r = 2, ..., R.

Note that if in each iteration of CCA-β given an input {π1, ..., πT } there exists only one

β−cut, then all implementations of CCA-β will return the same result. In other words, there

exists only one CCA-β solution for {π1, ..., πT }.
Clearly the most computationally taxing part of CCA-β is finding the β-ratio cut in each

iteration. Our goal is to find efficient ways to determine a minimum β-ratio cut in each iteration.

In section 3.2 we propose two heuristics for CCA-β that use a parametric linear program

model (PLP) that we introduce in chapter 4 and parametric programming algorithms which we

introduce in chapter 5.

3.2 Heuristics for CCA-β

In this thesis we introduce two heuristics for CCA-β, given below. Both heuristics involve

using a parametric LP formulation, Pλ, which we introduce in chapter 4 and one of two linear

parametric programming algorithms (which we call OPPPA and ROPPPA) which we introduce

in sections 5.2 and 5.3 respectively.

CCA-OPPPA Heuristic

Input: Let Π = {π1, ..., πT } be a set of input clusterings of the set of objects O = {o1, ..., on}.
Output: A set of vectors {x∗(λ1), ...,x∗(λR)} where x∗(λr) is an optimal solution of Pλr for

r = 1, ..., R.

1. Create a co-association matrix C = [cij ] , where

cij =

T∑
t=1

δ(πt(oi), π
t(oj)) (3.2)

δ(πt(oi), π
t(oj)) = 1 if oi and oj are assigned to the same cluster in πt and δ(πt(oi), π

t(oj)) =

0 if oi and oj are assigned to different clusters in πt.

2. Use C = [cij ] in the objective function of the proposed parametric LP Pλ (chapter 4) and
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apply the parametric linear programming algorithm OPPPA (chapter 5.2) to Pλ over the

range [0,
(
n
2

)
].

CCA-ROPPPA Heuristic

Input: Let Π = {π1, ..., πT } be a set of input clusterings of the set of objects O = {o1, ..., on}.
Output: A set of vectors {x∗(λ1), ...,x∗(λR)} where x∗(λr) is an optimal solution of Pλr for

r = 1, ..., R.

1. Create a co-association matrix C = [cij ], where

cij =

T∑
t=1

δ(πt(oi), π
t(oj)) (3.3)

δ(πt(oi), π
t(oj)) = 1 if oi and oj are assigned to the same cluster in πt and δ(πt(oi), π

t(oj)) =

0 if oi and oj are assigned to different clusters in πt.

2. Use C = [cij ] in the objective function of the proposed parametric LP Pλ (chapter 4) and

apply the parametric linear programming algorithm ROPPPA (chapter 5.3) to Pλ over

the range [0,
(
n
2

)
].

One thing to note is that the output of CCA-OPPPA and CCA-ROPPPA is a set of vectors

{x∗(λ1), ...,x∗(λR)}, not a set of nested consensus clusterings {p1, ..., pR} like the output of

CCA-β. We will discuss in chapter 4 that when the set of vectors {x∗(λ1), ...,x∗(λR)} satisfy

certain conditions, they define a set of nested consensus clusterings {p1, ..., pR}. However, when

they do not meet these conditions they do not define a set of nested consensus clusterings. Thus

this is the reason why we call CCA-OPPPA and CCA-ROPPPA heuristics for CCA-β in that

they will not always return CCA-β solutions. We will discuss this more in chapters 4, 6, and 7.

24



Chapter 4

PARAMETRIC LP MODEL

In this chapter we present our proposed parametric LP formulation Pλ that is used in our CCA-

OPPPA and CCA-ROPPPA heuristics. In section 4.1 we present the parametric LP formulation.

In section 4.3 we discuss how to interpret Pλ.

Because the feasible region of the GWLP (discussed in 1.4) is closely related to the feasible

region of Pλ, many our results in section 4.3 rely upon results proven by Grotschel and Wak-

abayashi [GW89] about the GWLP. Thus in section 4.2 we rewrite the GWLP, discuss how it

is related to Pλ, and give these results.

4.1 Parametric LP Model Pλ

The proposed parametric LP formulation that is used in our CCA-OPPPA and CCA-ROPPPA

heuristics is given below. Because the formulation is very similar to GWLP, we call it the

Modified Grotschel Wakabayashi Linear Program (Pλ). We will denote this parametric

LP formulation as Pλ for the remainder of this dissertation. In addition, we will denote the

feasible region of Pλ as (Pλ). We note that this parametric LP formulation came as a result

of a research collaboration with Yoshitsugu Yamamoto at the University of Tsukuba and Amy

Langville at the College of Charleston.
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Modified Grotschel Wakabayashi Linear Program Pλ

Model
max

∑
1≤i<j≤n cijxij

st xij + xjk − xik ≤ 1 for 1 ≤ i < j < k ≤ n
xij − xjk + xik ≤ 1 for 1 ≤ i < j < k ≤ n
−xij + xjk + xik ≤ 1 for 1 ≤ i < j < k ≤ n∑

1≤i<j≤n xij = M(λ)

xij ≥ 0 for 1 ≤ i < j ≤ n

Variables xij =

{
1 if oi and oj are clustered together in the consensus clustering

0 otherwise

Objective Function Coefficients

cij =
T∑
t=1

δ(πt(oi), π
t(oj)), (4.1)

where Π = {π1, ..., πT } is a set of consensus clusterings, δ(πt(oi), π
t(oj)) = 1 if oi and oj

are assigned to the same cluster in πt and δ(πt(oi), π
t(oj)) = 0 if oi and oj are assigned

to different clusters in πt.

Parametric RHS M(λ) :=
(
n
2

)
− λ

Furthermore we will use the notation x(λ) to denote a feasible solution of (Pλ).
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4.2 Related GWLP Model P

Our proposed Pλ is related to the GWLP. We give the GWLP again in section 4.2.1. In section

4.2.2 we discuss how the GWLP is related to our Pλ. In section 4.2.3 we give several results

that Grotschel and Wakabayashi prove about the GWLP which will help us in proving results

about Pλ in section 4.3.

4.2.1 GWLP Model P

The GWLP (also in section 1.4) is shown again below.

Grotschel Wakabayashi Linear Program P (GWLP)

Model
min

∑
1≤i<j≤nwijxij

st xij + xjk − xik ≤ 1 for 1 ≤ i < j < k ≤ n
xij − xjk + xik ≤ 1 for 1 ≤ i < j < k ≤ n
−xij + xjk + xik ≤ 1 for 1 ≤ i < j < k ≤ n
xij ≥ 0 for 1 ≤ i < j ≤ n

Variables xij =

{
1 if oi and oj are clustered together in the consensus clustering

0 otherwise

Objective Function Coefficients

wij =
T∑
t=1

ε(πt(oi), π
t(oj)), (4.2)

where Π = {π1, ..., πT } is a set of consensus clusterings, ε(πt(oi), π
t(oj)) = −1 if oi and oj

are assigned to the same cluster in πt and ε(πt(oi), π
t(oj)) = 1 if oi and oj are assigned

to different clusters in πt.

For the remainder of this thesis we denote the GWLP as P . We denote the feasible region

of P as (P ).

4.2.2 How (P ) Relates to (Pλ)

The two formulations are similar in that (Pλ) = (P ) ∩ {x|
∑

i<j xij = M(λ)}.
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4.2.3 Properties and Interpreting Solutions of P

The following are properties and lemmas about (P ) proven by Grotschel and Wakabayashi

[GW89].

Lemma 4.2.1 There is a one to one correspondence between the set of all clique partitions of

Kn = (V,E) and the set of all binary solutions of (P ).

We can use this lemma to interpret binary solutions of (P ).

Interpreting Binary Solutions of (P )

� Specifically, a binary x ∈ (P ) defines a clique partition E(V1, ..., Vr) of Kn = (V,E) (or

equivalently a cut C(V1, ..., Vr) of Kn = (V,E) as follows:

C(V1, ..., Vr) = {(i, j) ∈ E|xij = 0} (4.3)

E(V1, ..., Vr) = {(i, j) ∈ E|xij = 1} (4.4)

� Specifically, a binary x ∈ (P ) defines a partition (consensus clustering) {V1, ..., Vr} of

Kn = (V,E) as follows:

– By removing the edges in C(V1, ..., Vr) from E, we are left with a set of disjoint

cliques H1(V1, E1), ...,Hr(Vr, Er) of Kn.

– The partition (consensus clustering) is the set {V1, ..., Vr}.

� Therefore, we say that a x ∈ (P ) defines a (partition) consensus clustering p if and

only if x is binary.

4.3 Properties and Interpreting Solutions of Pλ

Using the properties of P we can make a similar statement to that of lemma 4.2.1

Lemma 4.3.1 There is a one to one correspondence between the set of all clique partitions of

Kn = (V,E) and the set of all binary solutions of (Pλ) for λ ∈ [0,
(
n
2

)
].

Proof Suppose there exists a clique partition E(V1, ..., Vr) (or cut C(V1, ..., Vr)) of

Kn = (V,E). By lemma 4.2.1, there exists a binary solution x ∈ (P ) that corresponds
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to C(V1, ..., Vr). Specifically xij = 0 if (i, j) ∈ C(V1, ..., Vr) and xij = 1 otherwise.

Because Kn is a complete graph, then |E| =
(
n
2

)
and

|{(i, j) ∈ E|(i, j) /∈ C(V1, ..., Vr)}| =
(
n
2

)
− |C(V1, ..., Vr)|

If we let λ = |C(V1, ..., Vr)|, then it follows that∑
1≤i<j≤n xij =

∑
(i,j)∈C(V1,...,Vr)

xij +
∑

(i,j)/∈C(V1,...,Vr)
xij

=
∑

(i,j)/∈C(V1,...,Vr)
xij

=
(
n
2

)
− |C(V1, ..., Vr)|

=
(
n
2

)
− λ

Thus there exists a λ ∈ [0,
(
n
2

)
] such that x ∈ (Pλ). Thus C(V1, ..., Vr) corresponds to a

binary solution in (Pλ).

Now suppose there exists a binary x ∈ (Pλ). Because

(Pλ) = (P ) ∩ {x|
∑

i<j xij = M(λ)}, then it must be the case that x ∈ (P ). Thus by

lemma 4.2.1, there exists a clique partition that corresponds to x.

Because of lemma 4.3.1 we can interpret binary solutions of Pλ the same way as we did for

binary solutions of P .

Interpreting Binary Solutions of (Pλ)

� Specifically, a binary x(λ) ∈ (Pλ) defines a clique partition E(V1, ..., Vr) of Kn = (V,E)

(or equivalently a cut C(V1, ..., Vr) of Kn = (V,E)) as follows:

C(V1, ..., Vr) = {(i, j) ∈ E|x(λ)ij = 0} (4.5)

E(V1, ..., Vr) = {(i, j) ∈ E|x(λ)ij = 1} (4.6)

� Specifically, a binary x(λ) ∈ (Pλ) defines a partition (consensus clustering) {V1, ..., Vr} of

Kn = (V,E) as follows:

– By removing the edges in C(V1, ..., Vr) from E, we are left with a set of disjoint

cliques H1(V1, E1), ...,Hr(Vr, Er) of Kn.

– The partition (consensus clustering) is the set {V1, ..., Vr}.

� Therefore, we say that a x(λ) ∈ (Pλ) defines a (partition) consensus clustering p if

and only if x(λ) is binary.
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� Furthermore if x(λ1) ∈ (Pλ1), ...,x(λR) ∈ (PλR), then we can also say that a set

{x(λ1), ...,x(λR)} defines a set of (partitions) consensus clusterings {p1, ..., pR} if

and only if each vector in the set is binary.

� Next, (using the definition in 3.1) if x(λ1) ∈ (Pλ1), ...,x(λR) ∈ (PλR), then say that a set

{x(λ1), ...,x(λR)} defines a CCA-β solution for {π1, ..., πT } if and only if

– {x(λ1), ...,x(λR)} defines a set of consensus clusterings {p1, ..., pR} and

– {p1, ..., pR} is a CCA-β solution for {π1, ..., πT }

� Finally, if CCA-OPPPA (CCA-ROPPPA) is applied to an input clustering set {π1, ..., πT }
and returns the set of vectors {x(λ1), ...,x(λR)}, then we say that CCA-OPPPA (CCA-

ROPPPA) returned a CCA-β solution for {π1, ..., πT } if and only if {x(λ1), ...,x(λR)}
defined a CCA-β solution for {π1, ..., πT }.

Note however, that not all optimal solutions of Pλ are binary. Because of this CCA-OPPPA

and CCA-ROPPPA is not guaranteed to return a set of {x∗(λ1), ...,x∗(λR)} that define a CCA-

β solution. Thus this is why we call CCA-OPPPA and CCA-ROPPPA a heuristic of CCA-β.
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Chapter 5

Parametric Programming

Algorithms

In this chapter, we present and discuss the parametric linear programming algorithms that are

used in our CCA-OPPPA and CCA-ROPPPA heuristics. In general, the goal of a parametric

linear programming algorithm is to determine how the optimal solution and the optimal objec-

tive function value of a given parametric LP LP (θ) change as θ is perturbed over some interval

where LP (θ) is feasible. A typical result that can be returned from a parametric programming

algorithm is a continuous set of solutions {x∗(θ)} that are optimal in LP (θ).

For the purpose of this thesis, the goal of applying a parametric linear programming al-

gorithm specifically to Pλ over λ ∈ [0,
(
n
2

)
] is to return a discrete set of vector solutions

{x∗(λ1), ...,x∗(λR)} (that are optimal in Pλ1 , ..., PλR respectively) that defines a CCA-β so-

lution. Thus the two parametric programming algorithms we present in this chapter will only

return a finite set of solutions. Sections 5.2 and 5.3 will discuss in further detail which solutions

are chosen in the algorithms.

In section 5.2 we discuss the parametric programming algorithm that we use in our CCA-

OPPPA heuristic. This parametric programming algorithm is found in the literature [Ber96]

and we call it OPPPA in this dissertation. In section 5.3 we propose the parametric programming

algorithm that we use in our CCA-ROPPPA heuristic. This parametric programming algorithm

is a modification of OPPPA and we call it ROPPPA.

In order to introduce these parametric programming algorithms, we must first introduce

some notation and lemmas regarding Pλ in section 5.1. Finally, although CCA-OPPPA and

CCA-ROPPPA are not guaranteed to return CCA-β solutions, in section 5.4 we are able to

prove some properties about the set of vector returned CCA-OPPPA and CCA-ROPPPA that
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are necessary conditions for a set of vectors to define a CCA-β solution.

5.1 Parametric Programming Algorithm Notation and Proper-

ties

5.1.1 Parametric Programming Algorithm Notation

First, in section 5.1.1 we introduce some notation that we will use in explaining the parametric

programming algorithms that we introduce in sections 5.2 and 5.3. In order to use these para-

metric programming algorithms we must have Pλ satisfy some properties. In section 5.1.2 we

show and prove these properties.

5.1.1.1 Primal Formulations

� Parametric Primal Problem: We define Pλ = {maxc′x|Ax ≤ b, e′x =
(
n
2

)
−λ,x ≥ 0}

as the primal of Pλ (matrix notation) with parameter λ for all λ ∈ [0,
(
n
2

)
]. In this formula-

tion we have c′ = [c12, c13, ..., c1n, c23, c24, ..., cn−1,n],

x′ = [x12, x13, ..., x1n, x23, x24, ..., xn−1,n], e′ = [1, 1, ..., 1], and b = [1, 1, ..., 1]. Written

another way, we write Pλ as:

max
∑

i<j cijxij

st a
(h)
ijk
′x ≤ b(h)

ijk ∀1 ≤ i < j < k ≤ n, h = 1, 2, 3∑
i<j xij =

(
n
2

)
− λ

xij ≥ 0 ∀1 ≤ i < j ≤ n

where b
(h)
ijk = 1 for all 1 ≤ i < j < k ≤ n and h = 1, 2, 3; and a

(h)
ijk
′ is a row vector of length(

n
2

)
where

– a
(1)
ijk
′x ≤ b(1)

ijk represents the constraint xij + xik − xjk ≤ 1

– a
(2)
ijk
′x ≤ b(2)

ijk represents the constraint xij − xik + xjk ≤ 1

– a
(3)
ijk
′x ≤ b(3)

ijk represents the constraint −xij + xik + xjk ≤ 1.

� Parametric Primal Problem (Standard Form): We define P̄λ = {maxc′x|Ax+z =

b, e′x =
(
n
2

)
−λ,x, z ≥ 0} = {max c̄′x̄|Āx̄ = b(λ), x̄ ≥ 0} as the primal of Pλ in standard

form (matrix notation) with parameter λ for all λ ∈ [0,
(
n
2

)
]. In this formulation we have
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c̄′ = [c′|0, ..., 0], x̄′ = [x′|z′], z′ = [z
(1)
123, z

(2)
123, z

(3)
123, ..., z

(1)
n−2,n−1,n, z

(2)
n−2,n−1,n, z

(3)
n−2,n−1,n], and

Ā =

[
A I

e′ 0′

]

Also in this formulation we define the right-hand-side (RHS) vector of P̄λ as the function

b(λ) = b− λ∆b where b = [b′|
(
n
2

)
]′ and ∆b = [0, 0, ..., 0, 1]′.

Written another way, we write P̄λ as:

max
∑

i<j cijxij

st a
(h)
ijk
′x + z

(h)
ijk = b

(h)
ijk ∀1 ≤ i < j < k ≤ n, h = 1, 2, 3∑

i<j xij =
(
n
2

)
− λ

xij ≥ 0 ∀1 ≤ i < j ≤ n
z

(h)
ijk ≥ 0 ∀1 ≤ i < j < k ≤ n, h = 1, 2, 3

where a
(h)
ijk
′ is a row vector of length

(
n
2

)
where

– a
(1)
ijk
′x+z

(1)
ijk = b

(1)
ijk represents the standard form constraint xij +xik−xjk +z

(1)
ijk = 1,

– a
(2)
ijk
′x+z

(2)
ijk = b

(2)
ijk represents the standard form constraint xij−xik +xjk +z

(2)
ijk = 1,

and

– a
(3)
ijk
′x + z

(3)
ijk = b

(3)
ijk represents the constraint −xij + xik + xjk + z

(3)
ijk = 1.

� Parametric Primal Feasible Region: We define (Pλ) and (P̄λ) as the feasible regions

of Pλ and P̄λ respectively for all λ ∈ [0,
(
n
2

)
].

� Parametric Primal Solutions: We use the notation x(λ) or x̄(λ) := [x(λ)′|z(λ)′]′ to

represent a solution of Pλ and P̄λ respectively.

� Parametric Primal Optimal Solutions: We define P ∗λ and P̄ ∗λ as the set of optimal

solutions of Pλ and P̄λ for λ ∈ [0,
(
n
2

)
].

5.1.1.2 Dual Formulations

� Parametric Dual Problem: We define D̄λ = {min y′b(λ)|y′Ā ≥ c̄} as the dual of P̄λ

for all λ ∈ [0,
(
n
2

)
]. Written another way, we write D̄λ as:
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min (
(
n
2

)
− λ)ym +

∑3
h=1

∑
i<j<k b

(h)
ijky

(h)
ijk

st y′Āij ≥ cij ∀1 ≤ i < j ≤ n
y

(h)
ijk ≥ 0 ∀1 ≤ i < j < k ≤ n, h = 1, 2, 3

Here we have Aij as the column vector that corresponds to variable xij in A. Also we

define y′ = [y
(1)
123, y

(1)
123, ...y

(3)
n−2,n−1,n, ym] as a row vector of length 3

(
n
3

)
+ 1 where:

– y
(1)
ijk is the dual variable that corresponds to the standard form primal constraint

a
(1)
ijk
′x + z

(1)
ijk = b

(1)
ijk (or xij + xik − xjk + z

(1)
ijk = 1)

– y
(2)
ijk is the dual variable that corresponds to the standard form primal constraint

a
(2)
ijk
′x + z

(2)
ijk = b

(2)
ijk (or xij − xik + xjk + z

(2)
ijk = 2)

– y
(3)
ijk is the dual variable that corresponds to the standard form primal constraint

a
(3)
ijk
′x + z

(3)
ijk = b

(3)
ijk (or −xij + xik + xjk + z

(3)
ijk = 1)

– ym is the dual variable that corresponds to the standard form primal constraint∑
i<j xij =

(
n
2

)
− λ

� Parametric Dual Problem (Standard Form): We define ¯̄Dλ = {miny′b(λ)|Ā′y−s =

c̄, y, s ≥ 0} as D̄ in standard form. Written another way, we write ¯̄Dλ as:

min (
(
n
2

)
− λ)ym +

∑3
h=1

∑
i<j<k b

(h)
ijky

(h)
ijk

st y′Āij − sij = cij ∀1 ≤ i < j ≤ n
y

(h)
ijk − s

(h)
ijk = 0 ∀1 ≤ i < j < k ≤ n, h = 1, 2, 3

s
(h)
ijk ≥ 0 ∀1 ≤ i < j < k ≤ n, h = 1, 2, 3

sij ≥ 0 ∀1 ≤ i < j ≤ n
ymURS

Thus we have introduced new slack variables where sij is the slack variable for the con-

straint y′Aij ≥ cij and s
(h)
ijk is the slack variable for the constraint y

(h)
ijk ≥ 0.

� Parametric Dual Feasible Region: We define ( ¯̄D) and (D̄) as the feasible regions

of ¯̄Dλ and D̄λ respectively for all λ ∈ [0,
(
n
2

)
]. Note that since the λ is in the objective

function of the dual problem, the dual feasible region is the same for all λ ∈ [0,
(
n
2

)
]. Thus

we do not use λ when denoting the feasible regions of the dual formulations.

� Parametric Dual Solutions: We use the notation y or y(λ) to represent a solution of

D̄λ. We use the notation (y, s) or (y(λ), s(λ)) to represent a solution of ¯̄Dλ

34



� Parametric Dual Optimal Solutions: We define D̄∗λ and ¯̄D∗λ as the set of optimal

solutions of D̄λ and ¯̄Dλ respectively for all λ ∈ [0,
(
n
2

)
].

5.1.1.3 Other Notation

� Parametric Optimal Objective Function Value:

Definition We define the function f(λ) to be the optimal objective function value of Pλ

(and also P̄λ, D̄λ, and ¯̄Dλ) over the domain [0,
(
n
2

)
]. Thus we can also write

f(λ) = c′x∗(λ) (x ∈ P ∗λ )

= c̄′x̄∗(λ) (x̄ ∈ P̄ ∗λ )

= [y∗]′b(λ) (y∗ ∈ D̄∗λ)

= [y∗]′b(λ) ((y∗, s∗) ∈ ¯̄D∗λ)

� GWLP Feasible Region We define (P ) as the feasible region for the GWLP.

5.1.2 Parametric Programming Algorithm Properties

In order to use the parametric programming algorithm presented in section 5.2, we must have

Pλ satisfy the following properties shown and proved in the lemmas below.

Lemma 5.1.1 (P̄λ) is bounded and nonempty for all λ ∈ [0,
(
n
2

)
].

Proof Let [x′|z′] ∈ (P̄λ).

For all xij where [x′|z′] ∈ (P̄λ), a linear combination of the constraints

xij + xik − xjk + z
(1)
ijk = 1 and xij − xik + xjk + z

(2)
ijk = 1 gives us 2xij + z

(1)
ijk + z

(2)
ijk = 2 or

xij = 1− z
(1)
ijk+z

(2)
ijk

2 . Because z
(h)
ijk ≥ 0 for all 1 ≤ i < j < k ≤ n and h = 1, 2, 3, xij ≤ 1.

Thus 0 ≤ x ≤ 1.

Furthermore because 0 ≤ x ≤ 1 it follows that

−1 ≤ xij + xik − xjk ≤ 1

2 ≥ 1− (xij + xik − xjk) ≥ 0

2 ≥ z(1)
ijk ≥ 0

Similar arguments show that 2 ≥ z(2)
ijk ≥ 0 and 2 ≥ z(3)

ijk ≥ 0. Thus 0 ≤ z ≤ 2. Since

0 ≤ x ≤ 1 and 0 ≤ z ≤ 2 for [x′|z′] ∈ (P̄λ), (P̄λ) is bounded for all λ ∈ [0,
(
n
2

)
].

Furthermore the solution where xij =
(n2)−λ
(n2)

for all 1 ≤ i < j ≤ n and z
(h)
ijk = 1− (n2)−λ

(n2)
for all i < j < k and h = 1, 2, 3 is feasible in (P̄λ) for all λ ∈ [0,

(
n
2

)
]. Thus (P̄λ) is

nonempty for all λ ∈ [0,
(
n
2

)
].
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Lemma 5.1.2 (D̄) and ( ¯̄D) are nonempty.

Proof Since (P̄λ) is bounded and nonempty for all λ ∈ [0,
(
n
2

)
] (by lemma 5.1.1), then P̄λ

will have an optimal solution for all λ ∈ [0,
(
n
2

)
]. Therefore the dual of P̄λ, D̄λ will have

an optimal solution. Thus (D̄) is nonempty. Thus ( ¯̄D) is also nonempty.

We also discuss some properties of the function f(λ) for λ ∈ [0,
(
n
2

)
]. The following lemmas

about the nature of f(λ) follows from Tsiktsiklis [BT97] and Berkelaar et al. [Ber96].

Lemma 5.1.3 The function f : [0,
(
n
2

)
] → R defined by Pλ (or equivalently P̄λ) is concave,

continuous, piecewise linear.

Proof First we define f(λ) via the dual D̄λ. Since f(λ) is the optimal objective function

value of P̄λ and thus D̄λ we can say f(λ) = [y∗]′b(λ) where y∗ is an optimal dual

solution to D̄λ. Since D̄λ is an LP, the optimal objective function value of D̄λ is reached

by at least one extreme point of (D̄) for all λ ∈ [0,
(
n
2

)
]. If we define y1, ...,yL as the

extreme points of (D̄), then we can say that

f(λ) = minl=1,...,L(yl)′b(λ)

= minl=1,...,L((yl)′b + λ(yl)′∆b)
.

This shows that f is equal to the minimum of a finite collection of linear functions which

implies that f is a piecewise linear concave function. Because f is concave, this it must

be continuous on (0,
(
n
2

)
).

We only need to prove that f is right-continuous and left-continuous on the domain end

points λ = 0 and λ =
(
n
2

)
respectively. We will show right-continuity of 0, or

limλ→0+f(λ) = f(0) (an analogous argument can be shown for
(
n
2

)
.)

limλ→0+f(λ) = limλ→0+c′x̄∗(λ) where x̄∗(λ) ∈ P̄ ∗λ for λ→ 0+

= c′(limλ→0+x̄∗(λ))

= f(0)

The last two lines in the equation follow from the following reasoning. Since (D̄) and (P̄ ) are

closed, limλ→0+x̄∗(λ) and limλ→0+y∗(λ) are feasible solutions in (P̄0) and (D̄) respectively.

Since x∗(λ) and y∗(λ) are optimal in P̄λ and D̄λ as λ→ 0+, they satisfy the complementary

slackness equations. It follows that limλ→0+x̄∗(λ) and limλ→0+y∗(λ) also satisfy the

complementary slackness equations. Thus by complementary slackness, limλ→0+x̄∗(λ) and

36



limλ→0+y∗(λ) are optimal and feasible in P̄0 and D̄0 respectively. Thus

c′(limλ→0+x̄∗(λ)) = f(0). Hence f is continuous.

Definition We call intervals of λ for which f(λ) is linear the linearity intervals of f(λ). We

call a point λ between two linearity intervals a transition point of f(λ).

5.2 Optimal Partition Parametric Programming Algorithm

The first parametric programming algorithm we propose to use on P̄λ on the interval [0,
(
n
2

)
] is

one first proposed by Berkelaar et al. [Ber96]. It iteratively determines the linearity intervals

{[λr−1, λr]}Rr=2 (and subsequently the transition points λ1, ..., λR) in the domain of f . It also

determines optimal solutions at these transition points (ie. {x̄∗(λ1), ..., x̄∗(λR)} where x̄∗(λ1) ∈
P̄λ1 , ..., x̄

∗(λR) ∈ P̄λR . We note that this parametric programming algorithm is not the most

common one used in the literature [GG97]. We chose to use OPPPA and create a parametric

programming algorithm that is a modification of OPPPA (which we call ROPPPA in section

5.3) for the following reasons.

1. First we use FICO Xpress-IVE, an optimization solver for linear programming and mixed

integer programming, to code all LP formulations and parametric programming algo-

rithms. Due to the way that the FICO Xpress-IVE software is designed, as far as we

know, there does not exist a way to implement the classical approach to parametric pro-

gramming in the software. However, because OPPPA involves solving a series of LPs we

were able to implement OPPPA in FICO Xpress-IVE (and the parametric programming

algorithm we propose in 5.3 which is based on OPPPA).

2. Additionally, the first part in executing the classical parametric programming algorithm

in literature involves finding an optimal solution of P̄λ1 for a given λ1 using the Simplex

algorithm. However, numerical tests show that solving P̄λ1 becomes computationally bur-

densome as n becomes large. This is because P̄λ has 3
(
n
3

)
+ 1 constraints. We choose to

use OPPPA because we can make modifications to the algorithm (as shown in ROPPPA

presented in chapter 5.3) such that not all of these 3
(
n
3

)
+ 1 constraints are needed. The

classical parametric programming algorithm in the literature [GG97], however needs to

use all of the constraints in order for the algorithm to work appropriately.

We describe the algorithm below. In each step we provide a summary of the step and then

provide the necessary mathematical notation.
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Optimal Partition Parametric Programming Algorithm (OPPPA)

Input: Parametric LP P̄λ = {max c̄′x̄|Āx̄ = b̄(λ), x̄ ≥ 0} and range [0,
(
n
2

)
] (or equivalently

putting Pλ = {max c′x|Ax ≤ b, e′x =
(
n
2

)
− λ,x ≥ 0} in standard form).

Output: Set of transition points {λ1, .., λR} of the function f(λ) := maxx̄(λ)∈P̄λ c
′x̄∗(λ) and

the set of optimal solutions {x̄∗(λ1), ..., x̄∗(λR)} at these transition points (and subsequently

{x∗(λ1), ...,x∗(λR)}).

� Step 1:

– Summary: Solve P̄λ1 = P̄0. Note that this will always result in an optimal solution

x̄∗(λ1) for which x∗(λ1)ij = 1 for all (i, j) pairs and z∗ = 0. Thus this first step always

results in a binary solution which defines a consensus clustering with all objects in

the same one cluster.

1a Set r = 1.

1b Set λr = 0.

1c Solve P̄λr , define x̄∗(λr) = (x̄∗(λr), z
∗(λr)) as the optimal solution.

� Step 2:

– Summary: Find a dual optimal solution (y∗, s∗) of ¯̄Dλr that yields the most negative

slope of f(λ) at the transition point λr.

2a Solve {maxym|(y, s) ∈ ( ¯̄D), s′x̄∗(λr) = 0}, where ym is the dual variable in (y, s)

that corresponds to the primal constraint
∑

i<j x̄ij = M(λ). Define the optimal

solution as (y∗, s∗).

� Step 3:

– Summary: Find the maximum value of λ such that (y∗, s∗) is still optimal in ¯̄Dλ.

3a Solve {max λ|x̄(λ) ∈ (P̄λ), x̄(λ)′s∗ = 0}. Define the optimal value of λ as λr+1

and the optimal value of x̄(λ) as x̄∗(λr+1) = (x∗(λr+1), z∗(λr+1)).

3b If x̄(λr+1) = x̄(λr), then the algorithm terminates. Otherwise, let r = r+ 1 and

go to step 2.

Note that this algorithm in the literature can be used to find the transition points and

corresponding optimal solutions at these transition points for any RHS parametric LP. However,

the way we describe it above is specifically written for our parametric model P̄λ.
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We now discuss some properties of the Optimal Partition Parametric Programming algo-

rithm (OPPPA) to assist us in explaining why this algorithm is better equipped to meet the

goals of gene expression consensus clustering than the classical approach to parametric pro-

gramming (section 5.4).

Theorem 5.2.1 If {λ1, λ2, ..., λR} is the set of transition points in the domain of f(λ) (in the

case of the P̄λ this is [0,
(
n
2

)
]) where λ1 < λ2 < ... < λR, then the OPPPA will return the distinct

pairs (λr, x̄
∗(λr)) in iteration r where x̄∗(λr) ∈ P ∗λr for r = 1, ..., R respectively.

Proof Berkelaar et al. [Ber96] prove the theorem above. The proof for this is quite

extensive but we will briefly summarize each step of the algorithm and why it works.

Step (1) Since λ1 = 0 is an end point of the domain of f(λ), it is a transition point.

Steps (2) and (3)

Slope of the Linearity Intervals (Interior) The proof of lemma 5.1.3 defined

f(λ) := min︸︷︷︸
l=1,...,L

(
[(yl)′b]− λ[(yl)′∆b

]
), a continous concave piecewise linear

function where {y1, ...,yL} is the set of extreme point of D̄. The linear

intervals of this function are the linearity intervals and the points λ in between

two linearity intervals are the transition points. It is easy to see that for any λ

in the interior of a linearity interval, that

f ′(λ) = −(yl)′∆b = −(yl)′[0, 0, ..., 0, 1] = −ylm where yl ∈ ¯̄D∗λ and ym is the

dual variable that corresponds to the parametric constraint in P̄λ.

Local Linearity and Differentiability of the Interior of Linearity Intervals

Formulating the ’slope’ at a transition point of f first requires the following

lemma.

Lemma 5.2.1 If a nondegenerate primal optimal basic feasible solution exists

for P̄λ, then λ is in the interior of one of the linearity intervals of f(λ) and

hence f(λ) is differentiable at λ.

Proof Let B be the basis matrix for an optimal nondegenerate basic feasible

solution x̄ of P̄λ̄. Since x̄ is nondegenerate, this means the basic variables

x̄BV of x̄ have the property x̄BV = B−1b(λ̄) > 0 and thus

x̄BV = B−1b(λ̄± δ) > 0 for some δ > 0. And since the primal reduced

costs of x̄ are not changed by perturbing λ, B is an optimal feasible basis

for a local interval (λ̄− δ, λ̄+ δ). Thus we can say f(λ) = c′BB
−1b(λ) for

λ ∈ (λ̄− δ, λ̄+ δ) where y = c′BB
−1 is the corresponding dual optimal
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solution of D̄λ for λ ∈ (λ̄− δ, λ̄+ δ). Hence f(λ) is linear for

λ ∈ (λ̄− δ, λ̄+ δ), thus it is in the interior of one of the linearity intervals.

And since λ̄ is locally linear, this implies f is differentiable at λ̄.

Multiple Dual Optimal Solutions at Transition Points The contrapositive

of lemma 5.2.1 states that if f is not in the interior of one of the linearity

intervals of f(λ) at λ, then any optimal basic feasible solution x̄(λ) of P̄λ is

degenerate. A transition point λ∗ of f(λ) is not in the interior of a linearity

interval and non-differentiable and hence any optimal basic feasible solution

x̄∗(λ∗) is primal degenerate. Primal degeneracy of an optimal basic feasible

solution of P̄λ∗ implies there exists multiple optimal dual solutions y of D̄λ∗

(and hence multiple optimal dual solutions (y, s)of ¯̄Dλr).

The Set of all Dual Optimal solutions of ¯̄Dλr Step (2) of the OPPPA solves

the linear programming formulation {max ym|(y, s) ∈ ( ¯̄D), s′x̄∗(λr) = 0}. We

show that the feasible region (DCS) of this LP is the set of all dual optimal

solutions of ¯̄Dλr . Let (y, s) ∈ (DCS). Then (y, s) is feasible in the ¯̄Dλr . Since

s′x̄∗(λr) = 0, (y, s) and x̄∗(λr) satisfy the complementary slackness equations.

Since x̄∗(λr) is feasible and optimal (from step (1) or (3)) in P̄λr this implies

that (y, s) is optimal in ¯̄Dλr .

The Set of all (λ, x̄∗(λ)) for which(y∗, s∗) is still Optimal in ¯̄Dλ Step (3) of

the OPPPA solves the linear program {max λ|x̄(λ) ∈ (P̄λ), x̄(λ)′s∗ = 0}, where

(y∗, s∗) is the dual optimal solution of the ¯̄Dλr selected in step (2). We show

that the feasible region of this LP from step (3), which we call (PCS(s∗)), is

the set of all optimal solution pairs (λ, x̄∗(λ)) of P̄λ for which (y∗, s∗) is still

optimal in ¯̄Dλ. Let (λ, x̄(λ)) ∈ (PCS(s∗)). Then x̄(λ) is feasible in P̄λ. Since

(y∗, s∗) was a dual optimal solution of ¯̄Dλr (found in step (2)), it was feasible

in ( ¯̄Dλr). Since ( ¯̄Dλr) = ( ¯̄D) = ( ¯̄Dλ), (y∗, s∗) is feasible in ¯̄Dλ. Since

x̄(λ)′s∗ = 0, x̄(λ) and (y∗, s∗) satisfy the complementary slackness equations.

Thus by complementary slackness, x̄(λ) and (y∗, s∗) are optimal in P̄λ and ¯̄Dλ

respectively.

Selecting a (y∗, s∗) in (2) that will Yield a Unique Transition Point λr+1

Since the goal of the OPPPA is to find the unique transition points of f(λ),

{λ1, λ2, ..., λR}, the goal of the rth iteration of the OPPPA is to find λr+1

where λr < λr+1. We discussed how at a transition point λr, there are multiple

dual optimal solutions in the set ¯̄D∗λr . The optimal value of λ found in step (3)
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with {max λ|x̄(λ) ∈ (P̄λ), x̄(λ)′s∗ = 0} depends upon what dual optimal

solution (y∗, s∗) ∈ ¯̄D∗λr was selected in step (2). Let us define ¯̄D∗
λ+
r

to be the set

of dual optimal solutions of the interior of the linearity interval to the right of

λr. Berkelaar et al. [Ber96] prove that ¯̄D∗
λ+
r
⊂ ¯̄D∗λr . Suppose that in the LP

{max λ|x̄(λ) ∈ (P̄λ), x̄(λ)′s∗ = 0}, we use (y∗, s∗) ∈ ¯̄D∗λr/
¯̄D∗
λ+
r

. Thus (y∗, s∗) is

not optimal in ¯̄Dλ for λ > λr, and by complementary slackness x̄(λ)′s∗ 6= 0 for

λ > λr. Thus the maximum value of λ is λr when (y∗, s∗) ∈ ¯̄D∗λr/
¯̄D∗
λ+
r

. In other

words, we have not increased the value of λ, so it is still the same transition

point as before. Thus in order to find a λr+1 > λr in step (3), we must select a

(y∗, s∗) ∈ ¯̄Dλ+
r

step (2).

It follows from Berkelaar et al. [Ber96] that if f is concave continuous

piecewise linear and if (y∗, s∗) ∈ ¯̄D∗λr , then −∆b′y∗ lies between the slopes of

the linearity intervals to the left and the right of λr (or

−∆b′y+ ≤ −∆b′y∗ ≤ −∆b′y−, where y− ∈ ¯̄D∗
λ−r

and y+ ∈ ¯̄D∗
λ+
r

). They also

show that ∆b′y∗ = ∆b′y+ if and only if y∗ ∈ ¯̄D∗
λ+
r

. Since ¯̄D∗
λ+
r
⊆ ¯̄D∗λr and

∆b′y∗ = ∆b′y+ if and only if y∗ ∈ ¯̄D∗λ+ , solving

{min −∆b′y|(y, s) ∈ ( ¯̄D), s′x̄∗(λr) = 0} will yield a dual solution

(y∗, s∗) ∈ ¯̄Dλ+
r

. This LP is equivalent to solving

{max∆b′y|(y, s) ∈ ( ¯̄D), s′x̄∗(λr) = 0} which is what we have in step (2).

Step (3) Finds the Next Transition Point λr+1 Since the transition point

λr+1 is the endpoint of the linearity interval to the right of λr, and a linearity

interval is the range of λ for which (y∗, s∗) is optimal, then solving

{max λ|x̄(λ) ∈ (P̄λ), x̄(λ)′s∗ = 0} will yield λr+1.

5.3 Relaxed Optimal Partition Parametric Programming Algo-

rithm

As discussed in the introduction, numerical tests in the literature have shown that the problem

of finding an optimal solution to the GWLP (or P ) becomes intractable as n becomes large. This

is due largely to the fact that there are 3
(
n
3

)
constraints in the GWLP. Our numerical tests in

chapter 7 likewise show that the task of running the OPPPA to completion becomes intractable

as n becomes large. Because the feasible regions of Pλ and the GWLP are so similar, when

employing a parametric programming algorithm on Pλ we would like to maintain a computation

41



time that is comparable to other fast solving methods applied to the GWLP like those employed

by Downing et al. [Dow10] (discussed in section 1.4). These methods involve iteratively adding

constraints from the feasible region of (P ) to produce a relaxed feasible region (R) for which

the optimal solution x∗ of R is also in P , (and thus optimal for P .)

We present a modifed version of the OPPPA which we call the Relaxed Optimal Partition

Parametric Programming Algorithm (ROPPPA) which makes use of these methods. First, in

section 5.3.1 we define these methods, which consist of a constraint addition routine (ie. row

generation technique) to be performed on the certain LP formulations that are solved when

executing OPPPA. In section 5.3.2 we show ROPPPA. Finally, in section 5.3.3 we discuss how

we modified OPPPA to get ROPPPA.

5.3.1 Constraint Addition Routine

Constraint Addition Routine (CAR) This routine starts with an LP formulation that is a

relaxation of the LP formulation PCS(s∗) := {maxλ|x(λ) ∈ (Pλ), [x(λ)′|(b(h)
ijk−a

(h)
ijkx(λ))′]′s∗ =

0}. We call this relaxation RCS(s∗), (note (PCS(s∗)) ⊆ (RCS(s∗))). The routine iteratively

adds to RCS(s∗) all constraints in PCS(s∗) which are violated by the current optimal solution

of RCS(s∗). The routine terminates when no more constraints in PCS(s∗) are violated by the

current optimal solution of RCS(s∗).

Input: An LP formulation PCS(s∗) := {max λ|x(λ) ∈ (Pλ), [x(λ)′|(b(h)
ijk − a

(h)
ijkx(λ))′]′s∗ =

0}
Output: An optimal solution (λ∗,x∗(λ∗)) of PCS(s∗).

Step 1 � Summary: Solve an initial relaxed LP of PCS(s∗).

1a DefineRCS(s∗) := {maxλ|
∑

1≤i<j≤n x(λ)ij = M(λ), [x(λ)′|(b(h)
ijk−a

(h)
ijkx(λ))′]′s∗ =

0,x(λ) ≥ 0 and find an optimal solution.

1b Define this optimal solution as (λ,x∗(λ)).

Step 2 � Summary: Add all constraints in (PCS(s∗)) that are violated by (x∗(λ)).

2a For all constraints a′ijk
(h)x∗(λ) ≤ b

(h)
ijk in (PCS(s∗))\(RCS(s∗)) for which

a′ijk
(h)x∗(λ) > b

(h)
ijk, add a′ijk

(h)x∗(λ) ≤ b(h)
ijk to (RCS(s∗)).

2b If a′ijk
(h)x∗(λ) ≤ b

(h)
ijk for all constraints in (PCS(s∗))\(RCS(s∗)), then the al-

gorithm terminates.

Step 3 � Solve RCS(s∗) and define the optimal solution as (λ,x∗(λ)). Return to step (2).
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5.3.2 Algorithm

Now we introduce the ROPPPA which makes use of the constraint addition routine (row gen-

eration technique) shown in section 5.3.1. One thing to note is that OPPPA uses P̄λ as input,

while ROPPPA uses Pλ as input. We will explain why we did this in section 5.3.3.
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Relaxed Optimal Partition Parametric Programing Algorithm (ROPPPA)

Input: Parametric LP Pλ = {max c′x|Ax ≤ b, e′x =
(
n
2

)
− λ,x ≥ 0} and range [0,

(
n
2

)
].

Output: Set of transition points {λ1, .., λR} of the function f(λ) := maxx(λ)∈Pλ c
′x∗(λ) and

the set of optimal solutions {x∗(λ1), ...,x∗(λR)} at these transition points.

Step 1 � Summary: Start with the optimal solution to Pλ1 = P0, which we already know.

1a Set r = 1.

1b Set λr = 0.

1c Set x̄(λr) = (x(λr), z(λr)), where x∗(λr)ij = 1 for all i < j and z∗(λr)
(h)
ijk = 0

for all i < j < k and h = 1, 2, 3.

Step 2 � Summary: Using a feasible region that is a simplified equivalent version of that in

step (2) of OPPPA, find a dual optimal solution (y∗, s∗) of ¯̄Dλr that yields the most

negative slope of f(λ) at the transition point λr.

2a Solve

max ym

st y′Āij ≥ cij ∀i < j

y ≥ 0∑
i<j(y

′Āij − cij)x∗(λr)ij +
∑3

h=1

∑
i<j<k(y

(h)
ijk)z∗(λr)

(h)
ijk = 0

, where ym is the dual variable in (y, s) that corresponds to the primal constraint∑
i<j xij = M(λ). Define y∗ as the optimal solution.

2b If y∗ is the optimal solution, define s∗ijk
(h) := y∗ijk

(h) for all 1 ≤ i < j < k ≤ n

and h = 1, 2, 3; and s∗ij := (y∗′Āij − cij) for all 1 ≤ i < j ≤ n.

Step 3 � Summary: Find the maximum value of λ such that (y∗, s∗) is still optimal in D̄λr

using CAR.

3a Find an optimal solution of PCS(s∗) := {max λ|x(λ) ∈ (Pλ), [x(λ)′|(b(h)
ijk −

a
(h)
ijkx(λ))′]′s∗ = 0} using CAR.

3b Define the optimal solution as (λr+1,x
∗(λr+1)).

3c Define z∗(λr+1)
(h)
ijk := (b

(h)
ijk−a

(h)
ijkx

∗(λ)) for all 1 ≤ i < j < k ≤ n and h = 1, 2, 3.

3d If x∗(λr+1) = x∗(λr), then the algorithm terminates. Otherwise, set r := r + 1

and go to step 2.
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5.3.3 Discussion

In practice, the algorithm ROPPPA executes the OPPPA on Pλ for λ ∈ [0,
(
n
2

)
] using a

significantly reduced set of constraints in the LP solved in step (2). Note that steps (1)-(3) of

OPPPA each have an LP that needs to be solved. We discuss the inefficiencies in solving these

LPs stated in steps (1), (2), and (3) of the OPPPA. We then explain the improved techniques

used in the ROPPPA which (for steps (1) and (3)) greatly reduced the computation time when

compared to the OPPPA. Although we do not apply any improved techniques to the LP solved

in step (2) in ROPPPA, we discuss some suggested techniques that could be applied in future

work.

Step (1) of the OPPPA This step (executed only once) solves the primal problem P̄λ1 = P̄0.

However, we know that the only optimal solution of P̄0 is x∗(0)ij = 1 for all i < j and

z(0)
∗(h)
ijk = 0 for all i < j < k and h = 1, 2, 3, because P̄0 contains only this one solution.

Since all we need to proceed to step (2) is the optimal solution x̄∗(0) = (x∗(0), z∗(0)), we

do not need to actually solve P̄0.

Step (2) of the OPPPA This step (executed in each iteration) solves {max ym|(y, s) ∈
( ¯̄D), s′x̄∗(λr) = 0}. Written out another way this is:

max ym

st y′Āij − sij = cij ∀1 ≤ i < j ≤ n
y

(h)
ijk − s

(h)
ijk = 0 ∀1≤i<j<k≤n,

h=1,2,3

s
(h)
ijk ≥ 0 ∀1≤i<j<k≤n,

h=1,2,3

sij ≥ 0 ∀1 ≤ i < j ≤ n
ymURS∑

i<j sijx
∗(λr)ij +

∑3
h=1

∑
i<j<k s

(h)
ijkijkz

∗(λr)
(h)
ijk = 0

This formulation has 2 ·3
(
n
3

)
+
(
n
2

)
+1 variables and

(
n
2

)
+3
(
n
3

)
+1 main constraints. It was

written in this format because s∗ = (s∗12, ..., s
∗
n−1,n, s

∗(1)
123 , ..., s

∗(3)
n−2,n−1,n) is needed in order

to solve the LP in step (3). However, we can greatly reduce the number of constraints
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and variables needed in order to solve the LP in step (2) by rewriting it as:

max ym

st y′Āij ≥ cij ∀1 ≤ i < j ≤ n
y

(h)
ijk ≥ 0 ∀1≤i<j<k≤n,

h=1,2,3

ymURS∑
i<j(y

′Aij − cij)x∗(λr)ij +
∑3

h=1

∑
i<j<k y

(h)
ijkz

∗(λr)
(h)
ijk = 0

Here we deleted the sij and s
(h)
ijk variables and the simplified y

(h)
ijk − s

(h)
ijk = 0 constraints.

After solving the given equivalent simplified LP formulation, we can calculate the extra

optimal variables needed in step (3) by setting s
∗(h)
ijk := y

∗(h)
ijk and s∗ij := y ∗′ Aij − cij .

The simplified LP formulation now has
(
n
2

)
+ 1 main constraints and 3

(
n
3

)
+ 1 variables.

This LP formulation has a great many more variables than constraints. For future work, a

possible way to make ROPPPA execute faster could involve applying column generation

techniques to this simplified LP formulation in step (2).

Step (3) of the OPPPA This step (executed in each iteration) solves the primal problem

{max λ|x̄(λ) ∈ (P̄λ), x̄(λ)′s∗ = 0} which has 3
(
n
3

)
+ 2 constraints and

(
n
2

)
+ 3
(
n
3

)
+ 1

variables. We can first simplify this LP formulation to the equivalent LP formulation

{maxλ|x(λ) ∈ (Pλ), [x(λ)′|(b(h)
ijk−a

(h)
ijkx(λ))′]′s∗ = 0} which now has

(
n
2

)
+1 variables and

3
(
n
3

)
+ 2 constraints. This LP formulation has many more constraints than variables. We

can employ the CAR methods (from section 5.3.1) to the problem to reduce the number

of constraints needed to find an optimal solution to this LP formulation.

In these methods we start with an initial problem of

RCS(s∗) = {max λ|
∑

i<j x(λ)ij = M(λ), [x(λ)′|(b(h)
ijk − a

(h)
ijkx(λ))′]′s∗ = 0,x ≥ 0}

Here we initialized with the nonnegativity constraints, the summation constraint, and the

complementary slackness constraint, but we substituted (b
(h)
ijk − a

(h)
ijk
′x(λ)) in for z

(h)
ijk in

the complementary slackness constraint.

Numerical tests showed that by using CAR in this fashion greatly reduced the com-

putational time needed to execute step (3) in the ROPPPA as opposed to step (3) in

OPPPPA.
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5.4 Discussion

OPPPA and ROPPPA described above return a finite set of optimal solutions {x∗(λ1), ...,x∗(λR)}
of Pλ1 , ..., PλR̄ respectively when applied to P̄λ (Pλ) for λ ∈ [0,

(
n
2

)
]. Unfortunately, we cannot

guarantee the set of solutions {x∗(λ1), ...,x∗(λR)} returned by OPPPA or ROPPPA define a

CCA-β solution. However, we can show that the set of solutions {x∗(λ1), ...,x∗(λR)} returned by

OPPPA or ROPPPA will always satisfy the following necessary (but not sufficient) conditions

for a set of solutions {x(λ1), ...,x(λR)} defining a CCA-β solution.

Necessary Conditions of a Vector Set Defining a CCA-β Solution

Lemma 5.4.1 Let {x(λ1), ...,x(λR)} be a set of vector solutions (x(λ1) ∈ Pλ1 , ...,x(λR) ∈
PλR) that define a CCA-β solution {p1, ..., pR}. The following necessary conditions must hold.

1. x(λ1) defines a consensus clustering p1 with all objects in the same cluster (p1 = O).

2. x(λR) defines a consensus clustering pR with all objects in singleton clusters (pr =

{{o1}, ..., {on}}).

3. x(λr) 6= x(λr′) for all 1 ≤ r < r′ ≤ R.

Proof

1. Because {x(λ1), ...,x(λR)} defines a CCA-β solution {p1, ..., pR} and the first

consensus clustering in a CCA-β solution is the one with all objects in the same

cluster, x(λ1) defines a consensus clustering with all objects in the same cluster.

2. Because {x(λ1), ...,x(λR)} defines a CCA-β solution {p1, ..., pR} and the last

consensus clustering in a CCA-β solution is the one with all objects in the singleton

clusters, x(λ1) defines a consensus clustering with all objects in singleton clusters.

3. Because {x(λ1), ...,x(λR)} defines a CCA-β solution {p1, ..., pR} and a CCA-β

solution does not return any duplicate consensus clusterings (ie pr 6= pr
′
), then

x(λr) 6= x(λr′) for all 1 ≤ r < r′ ≤ R.

In the lemmas below, we show that the results of CCA-OPPPA and CCA-ROPPPA always

satisfy these necessary conditions.

CCA-OPPPA and CCA-ROPPPA Results Satisfy These Necessary Conditions
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Lemma 5.4.2 Let {x∗(λ1), ...,x∗(λR)} be a set of vector solutions returned by CCA-OPPPA

or CCA-ROPPPA. The following conditions must hold.

1. x∗(λ1) defines a consensus clustering p1 with all objects in the same cluster (p1 = O).

2. x∗(λ1) defines a consensus clustering pR with all objects in singleton clusters (pr =

{{o1}, ..., {on}}).

3. x∗(λr) 6= x∗(λr′) for all 1 ≤ r < r′ ≤ R.

Proof

1. Step (1) of OPPPA and ROPPPA always return x∗(λ1) ∈ Pλ1 where λ1 = 0.

Because the only solution in Pλ1 is the one in which x∗(0) = [1, 1, ..., 1] and this

defines a consensus clustering with all objects in the same cluster, the first vector

solution returned by CCA-OPPPA and CCA-ROPPPA will always define the

consensus clustering with all objects in the same cluster.

2. Berkelaar et al. show that when the range λ (over which the parametric program

algorithm is applied to P̄λ) is as large as possible (with (P̄λ) still being nonempty)

the final transition point λR returned by OPPPA will be the right end point of this

range.

For λ ∈ [0,
(
n
2

)
] if we define xij =

(n2)−λ
(n2)

(1 ≤ i < j ≤ n) and z
(h)
ijk = 1− (n2)−λ

(n2)
(1 ≤ i < j < k ≤ n, h = 1, 2, 3), then x̄ ∈ P̄λ.

If λ >
(
n
2

)
, then

∑
i<j xij < 0. But because xij ≥ 0 for all i > j, then this implies

that (P̄λ) is empty for λ >
(
n
2

)
. Thus λ =

(
n
2

)
is the right endpoint of the largest

range over which the parametric program algorithm can be applied to P̄λ (with

(P̄λ) still being nonempty). Thus the final transition point returned by OPPPA will

be λR =
(
n
2

)
.

Because the only solution in P(n2)
is the one in which x∗(

(
n
2

)
) = [0, 0, ..., 0] and this

defines a consensus clustering with all objects in singleton clusters, the last vector

solution returned by CCA-OPPPA and CCA-ROPPPA will always define the

consensus clustering with all objects in singleton clusters.

3. Berkelaar et al. [Ber96] prove how the OPPPA yields {λ1, λ2, ..., λR} which are all

of the distinct transition points of f(λ) for λ ∈ [0,
(
n
2

)
] in order from smallest to

largest. Because λr 6= λs for all r 6= s, it follows that x∗(λr) 6= x∗(λr′) for all

1 ≤ r < r′ ≤ R.

48



The third result of the lemma above is important as the classical approach to parametric

programming often returns duplicate solutions.

Although the first and last results returned by CCA-OPPPA and CCA-ROPPPA (x∗(λ1)

and x∗(λR)) define the first and last results of a CCA-β solution (p1 and pR), we have no

guarantee that the remaining results returned by CCA-OPPPA or CCA-ROPPPA will make

it so that {x∗(λ1), ...,x∗(λR)} defines a CCA-β solution. In chapter 6 we give two additional

conditions, that if met, will guarantee that {x∗(λ1), ...,x∗(λR)} defines a CCA-β solution.
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Chapter 6

Structural Proofs

Because our CCA-OPPPA and CCA-ROPPPA heuristics are not guaranteed to return a CCA-

β solutions for all input clustering sets {π1, ..., πT }, we apply CCA-ROPPPA on a series of

input clusterings sets {π1, ..., πT } to assess the frequency with which CCA-ROPPPA returned

a CCA-β solution.

The task of assessing whether a set of nested consensus clusterings {p1, ..., pR} defines a

CCA-β solution for a given input clustering set {π1, ..., πT } or not can be in and of itself a com-

putationally burdensome. However, we show in this chapter that if the vector results returned

by CCA-OPPPA or CCA-ROPPPA defines a set of nested consensus clusterings {p1, ..., pR},
then this nested set of consensus clusterings defines a CCA-β solution. Thus in our numerical

tests in chapter 7, we need only to test if the set of vectors returned by CCA-ROPPPA define

a set of nested consensus clusterings.

6.1 Lemmas

In order to prove this in theorem 7.5.1, we first must prove the following two lemmas.

Lemma 6.1.1 Let G(V,E) be a complete graph with edge weights c : E → R. Let x̂(λr−1) ∈
(Pλr−1) and x̄(λr) ∈ (Pλr) define the partitions pr−1 = {U1, ..., Us} and pr = {V1, ..., Vt} of V

respectively where pr is nested in pr−1.

Then the following equation holds:

βC(pr|pr−1) =
c′x̂(λr−1)− c′x̄(λr)

e′x̂(λr−1)− e′x̄(λr)
(6.1)

Proof
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βC(pr|pr−1) = βC(V1, ..., Vt|U1, ..., Us)

= |C(V1,...,Vt)|−|C(U1,...,Us)|∑
1≤q<q′≤t

|Vq ||̇Vq′ |−
∑

1≤w<w′≤s
|Uw||̇Uw′ |

=

( ∑
(i,j)∈C(V1,...,Vt)

cij

)
−
( ∑

(i,j)∈C(U1,...,Us)

cij

)
( ∑

(ij)∈C(V1,...,Vt)

1

)
−
( ∑

(i,j)∈C(U1,...,Us)

1

) (1)

=

( ∑
(i,j)∈E:x̄ij(λr)=0

cij

)
−
( ∑

(i,j)∈E:x̂ij(λr−1)=0

cij

)
( ∑

(i,j)∈E:x̄ij(λr)=0

1

)
−
( ∑

(i,j)∈E:x̂ij(λr−1)=0

1

) (2)

=

( ∑
(i,j)∈E

ci,j(1−x̄ij(λr))
)
−
( ∑

(i,j)∈E
ci,j(1−x̂ij(λr−1))

)
( ∑

(i,j)∈E
(1−x̄ij(λr))

)
−
( ∑

(i,j)∈E
(1−x̂ij(λr−1))

) (3)

= c′x̂(λr−1)−c′x̄(λr)
e′x̂(λr−1)−e′x̄(λr)

(4)

In line 1, the numerator follows from the definition of a cut. The denominator of line 1

follows from the following argument.

Because G(V,E) is a complete graph, the graph induced by Vq ∪ Vq′ is also a complete

graph. Because Vq ∩ Vq′ = φ and Vq ∪ Vq′ is a complete graph, the graph induced by the

the edges in E between Vq and Vq′ (or {(i, j) ∈ E|i ∈ Vq, j ∈ Vq′}) is a complete bipartite

graph. And the number of edges in a complete bipartite graph (defined by the Vq and

Vq′) is |Vq||̇Vq′ |. Thus the following gives us the denominator of line 1:∑
1≤q<q′≤t

|Vq||Vq′ | =
∑

1≤q<q′≤t
|{(i, j) ∈ E|i ∈ Vq, j ∈ Vq′}|

= |{(i, j) ∈ E|∃q 6= q′, i ∈ Vq, j ∈ Vq′}|
= |{(i, j) ∈ C(V1, ..., Vt)|
=

∑
(i,j)∈C(V1,...,Vt)

1

Lemma 6.1.2 Let f be a continuous concave function. If λ1, λ2, λ3 is in the domain of f and

λ1 < λ2 < λ3, then
f(λ2)− f(λ1)

λ2 − λ1
≥ f(λ3)− f(λ1)

λ3 − λ1
(6.2)

Proof Since λ1 < λ2 < λ3, there exists an α ∈ (0, 1) such that λ2 = αλ1 + (1− α)λ3. Since f

is concave, it follows that
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f(λ2)−f(λ1)
λ2−λ1

= f(αλ1+(1−α)λ3)−f(λ1)
αλ1+(1−α)λ3−λ1

≥ αf(λ1)+(1−α)f(λ3)−f(λ1)
αλ1+(1−α)λ3−λ1

= (1−α)f(λ3)−(1−α)f(λ1)
(1−α)λ3−(1−α)fλ1

= f(λ3)−f(λ1)
λ3−λ1

6.2 Theorem

Now we will prove that if the vector results returned by CCA-OPPPA or CCA-ROPPPA defines

a set of nested consensus clusterings {p1, ..., pR}, then this nested set of consensus clusterings

defines a CCA-β solution.

Theorem 6.2.1 Let {x∗(λ1), ...,x∗(λR)} be returned by CCA-OPPPA or CCA-ROPPPA, given

the input clusterings {π1, ..., πT }. If {x∗(λ1), ...,x∗(λR)} defines a set of nested consensus clus-

terings {p1, ..., pR}, then {p1, ..., pR} is a CCA-β solution for {π1, ..., πT }.

Proof

(⇒)

Let {x∗(λ1), ...,x∗(λR)} be returned by CCA-OPPPA or CCA-ROPPPA, given the

input clusterings {π1, ..., πT }. Suppose that {x∗(λ1), ...,x∗(λR)} defines a set of nested

consensus clusterings {p1, ..., pR} For r = 2, ..., R, we can define pr−1 = {U1, ..., Us} and

pr = {V1, ..., Vt} respectively, where pr is nested in pr−1. Thus the β-ratio of C(pr) given

C(pr−1) is:

βC(pr|pr−1) = βC(V1, ..., Vt|U1, ..., Us) =
|C(V1, ..., Vt)| − |C(U1, ..., Us)|∑

1≤q<q′≤t |Vq||̇Vq′ | −
∑

1≤w<w′≤s |Uw||̇Uw′ |
.

(6.3)

.

We can then say:
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βC(pr|pr−1) = βC(V1, ..., Vt|U1, ..., Us)

= |C(V1,...,Vt)|−|C(U1,...,Us)|∑
1≤q<q′≤t |Vq ||̇Vq′ |−

∑
1≤w<w′≤s |Uw||̇Uw′ |

= c′x∗(λr−1)−c′x∗(λr)
e′x∗(λr−1)−e′x∗(λr)

(by lemma 6.1.1)

= c′x∗(λr−1)−c′x∗(λr)
(M−λr−1)−(M−λr)

= −c′x∗(λr−1)−c′x∗(λr)
λr−1−λr

= −f(λr−1)−f(λr)
λr−1−λr (definition of f)

= −f(λr−1)−f(λ)
λr−1−λ ∀λ ∈ (λr−1, λr]

≤ −f(λr−1)−f(λ)
λr−1−λ ∀λ > λr−1 (by lemma 6.1.2)

= −
c′x∗(λr−1)− max

x(λ)∈(Pλ)
c′x(λ)

λr−1−λ (definition of f)

= −
c′x∗(λr−1)+ min

x(λ)∈(Pλ)
−c′x(λ)

λr−1−λ

= −
min

x(λ)∈(Pλ)
c′x∗(λr−1)+−c′x(λ)

λr−1−λ
= − max

x(λ)∈(Pλ)

c′x∗(λr−1)+−c′x(λ)
λr−1−λ (because λr−1 − λ < 0)

= min
x(λ)∈(Pλ)

c′x∗(λr−1)−c′x(λ)
−(λr−1−λ)

= min
x(λ)∈(Pλ)

c′x∗(λr−1)−c′x(λ)
(M−λr−1)−(M−λ)

= min
x(λ)∈(Pλ)

c′x∗(λr−1)−c′x(λ)
e′x∗(λr−1)−e′x(λ)

≤ c′x∗(λr−1)−c′x(λ)
e′x∗(λr−1)−e′x(λ) ∀x(λ) ∈ (Pλ), λ > λr−1

≤ c′x∗(λr−1)−c′x(λ)
e′x∗(λr−1)−e′x(λ)

∀x(λ)∈(Pλ),λ>λr−1, where
x(λ) defines a partition p̂r nested in pr−1

= βC(p̂r|pr−1) for all p̂r nested in pr−1

Thus βC(pr|pr−1) is the minimum β-ratio given C(pr−1) for r = 2, ..., R. Thus if

{x∗(λ1), ...,x∗(λR)} is returned by CCA-OPPPA or CCA-ROPPPA for some input

clustering set {π1, ..., πT } and defines a set of nested consensus clusterings {p1, ..., pR},
then {p1, ..., pR} is a CCA-β solution for {π1, ..., πT }.
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Chapter 7

Numerical Testing

In this chapter we use numerical tests to a.) assess CCA-ROPPPAs ability to find a CCA-β

solution and b.) compare CCA-ROPPPA to two other consensus clustering algorithms, which we

call CCA-GWLP and CCA-UPGMA and describe in section 7.1. Specifically, we compare

1.) the average execution time of each of the three consensus clustering algorithms, 2.) the

quality of the consensus clusterings returned by each of the consensus clustering algorithms,

and 3.) the nature of the consensus clusterings returned by each of the consensus clustering

algorithms.

Our numerical tests that we discuss in this chapter suggest that CCA-ROPPPA has the

following benefits.

1. CCA-ROPPPA returned a CCA-β solution for 78.40% of the test input clustering sets.

2. In our numerical tests, on average 92.04% of the consecutive vectors pairs returned by

CCA-ROPPPA (x∗(λr−1), x∗(λr)) defined two consensus clusterings (pr−1, pr) such that

βC(pr|pr−1) was the minimum β-ratio given C(pr−1).

3. CCA-ROPPPA yields more options for consensus clustering solutions than CCA-GWLP

and CCA-UPGMA.

4. CCA-ROPPPA outperforms CCA-GWLP in returning a consensus clustering with the

desired or expected number of clusters.

5. CCA-ROPPPA outperforms CCA-UPGMA (especially when using real data sets) and

CCA-GWLP when the researcher

(a) first desires a consensus clustering where the number of clusters is as close as possible

to the ’inherent’ number of clusters and
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(b) secondly desires the RAND score of the consensus clustering and the ’correct clus-

tering’ as large as possible.

Our numerical tests in this chapter suggest that CCA-ROPPPA has the following drawbacks.

1. CCA-UPGMA and CCA-GWLP on average have faster execution times than CCA-

ROPPPA.

2. Unlike CCA-UPGMA, CCA-ROPPPA does not always return solutions that define con-

sensus clusterings.

3. Unlike CCA-UPGMA, CCA-ROPPPA does not always return consensus clusterings that

are nested in the preceding consensus clustering.

4. CCA-ROPPPA does not always return a CCA-β solution.

The input of each of these three consensus clustering algorithms is a set of input clusterings.

There are several different input clustering set characteristics (or factors) that could affect a.)

the likelihood that CCA-ROPPPA returns a CCA-β solution, b.) the average execution time

of each of the three consensus clustering algorithms, c.) the quality of the consensus clusterings

returned by each of the consensus clustering algorithms, and d.) the nature of the consensus

clusterings returned by each of the consensus clustering algorithms. We list six of these factors

in the box below.

In section 7.2 we show how we construct 648 sets of input clusterings that take into account

these factors. We use each of these 648 sets of input clusterings as input for CCA-ROPPPA,

CCA-GWLP, and CCA-UPGMA. The results returned by CCA-ROPPPA, CCA-GWLP, and

CCA-UPGMA for each of these 648 sets of input clusterings are graphically displayed in the

appendix.

In section 7.3 we discuss computer and software specifications used to a.) create each of these

648 sets of input clusterings and b.) execute CCA-ROPPPA, CCA-GWLP, and CCA-UPGMA.

In section 7.4 we discuss how to interpret the graphical displays of the results returned by

CCA-ROPPPA, CCA-GWLP, and CCA-UPGMA that are located in the appendix. In section

7.5 we test the effectiveness of our CCA-ROPPPA heuristic, that is, we discuss CCA-ROPPPAs

ability to return CCA-β solutions. Finally, in section 7.6 we compare the execution time, con-

sensus clustering quality, and consensus clustering nature of CCA-ROPPPA, CCA-GWLP, and

CCA-UPGMA.

The list of factors we wish to incorporate into our numerical tests are below.
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Factor 1 The number of objects in O = {o1, ..., on}.

Factor 2 The number of input clusterings in Π = {π1, ..., πT }.

Factor 3 The average pairwise RAND score (ARS) of the input clusterings in Π =

{π1, ..., πT }, or [Ran71].

ARS =
1(
T
2

) ∑
1≤t<t′≤T

RAND(πt, πt
′
) (7.1)

(Note RAND is defined in section 2.2).

Factor 4 The number of ’inherent’ clusters in the set O = {o1, ..., on}. (We will discuss what

is meant by ’inherent’ clusters in section 7.2.1).

Factor 5 How many input clusterings in Π = {π1, ..., πT } have the ’inherent’ number of clusters

observed in the set O = {o1, ..., on}.

Factor 6 The order of the objects in the coassociation matrices (further explained in section

7.2.3).

7.1 Algorithms Compared to CCA-ROPPPA

In this section we discuss the two consensus clustering algorithms which we compare to CCA-

ROPPPA. We also discuss the motivation as to why we chose these consensus clustering algo-

rithms.

Co-occurrence vs. Median Partition Problem Consensus Clustering In section 1.3 we

describe that there are two main types of consensus clustering algorithms: 1). co-occurrence

consensus clustering algorithms and 2.) consensus clustering algorithms which use the

Median Partition Problem (MPP). The consensus clustering algorithm that we propose,

CCA-β, is a co-occurrence consensus clustering algorithm. Therefore the first algorithm

that we will compare CCA-β (and CCA-ROPPPA) to is a MPP consensus clustering al-

gorithm. Specifically we will use the Mirkin distance to measure similarity between two

partitions in the MPP, because that is the most commonly used metric in the literature.

Additionally we will use the Grotschel-Wakabayashi BILP formulation of the MPP with

Mirkin distance, which we call GWIP in this dissertation (section 1.4), to implement

this algorithm because it will provide the optimal answer. We will also relax the binary

constraint in GWIP. We call this LP formulation, GWLP (section 4.2).
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Median Partition Problem Consensus Clustering Method (using Mirkin Dis-

tance) (CCA-GWLP)

Input: Let {π1, ..., πT } be a set of input clusterings(partitions) created from the same set

of objects O = {o1, ..., on} objects.

Output: A vector solution x∗ that is the optimal solution of GWLP.

1. Create a n× n co-association matrix W = [wij ], where

wij =
T∑
t=1

ε(πt(oi), π
t(oj)) (7.2)

ε(πt(oi), π
t(oj)) = −1 if oi and oj are assigned to the same cluster in πt and

ε(πt(oi), π
t(oj)) = 1 if oi and oj are assigned to different clusters in πt.

2. Using W = [wij ], as the objective function in GWLP (section 1.4), solve for the

optimal solution x∗ of GWLP using the Newton Barrier Method and the constraint

addition routine described in 5.3.1.

Note that because CCA-GWLP uses GWLP, instead of GWIP, the optimal vector solu-

tion x∗ that is returned is not necessarily binary, and thus does not necessarily define a

consensus clustering. If x∗ is binary, it does define a consensus clustering.

Agglomerative vs. Divisive Hierarchical Co-occurrence Consensus Clustering In sec-

tion 2.3 we define divisive hierarchical clustering algorithms as clustering algorithms that

begin with all objects in a clustering, then in each iteration at least one cluster is split

into at least two clusters until all objects are in singleton clusters. An agglomerative

hierarchical clustering algorithm is a clustering algorithm that begins with all ob-

jects in singleton clusters, then in each iteration exactly two clusters are joined into one

cluster until all objects are in one cluster. CCA-β uses a divisive hierarchical clustering

algorithm, where all objects begin in one cluster in the first partition p1, then in each

iteration a new partition pr is formed by having at least one cluster from pr−1 split into

at least two clusters. Specifically, the clusters in pr−1 are split in such a way that C(pr)

is a minimum β-ratio cut given C(pr−1).

Monti et al. (2003) [Mon03] use an agglomerative hierarchical clustering algorithm as

the second step of a co-occurrence consensus clustering algorithm. Specifically they use

average-linkage criteria (or the UPGMA algorithm) [SM58] to decide which two clus-

ters to join in each iteration. Therefore we compare the use of their agglomerative average-
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linkage hierarchical clustering algorithm in the second step of a co-occurrence consensus

clustering algorithm to CCA-β (CCA-ROPPPA).

Agglomerative Average-Linkage Co-Occurence Consensus Clustering Method

(CCA-UPGMA) [Mon03]

Input: Let {π1, ..., πT } be a set of input clusterings(partitions) created from the same set

of objects O = {o1, ..., on} objects.

Output: A set of nested consensus clusterings(partitions) {p1, ..., pR} of O = {o1, ..., on}.

1. Create a n× n co-association matrix C = [cij ], where

cij =

T∑
t=1

δ(πt(oi), π
t(oj)) (7.3)

δ(πt(oi), π
t(oj)) = 1 if oi and oj are assigned to the same cluster in πt and

δ(πt(oi), π
t(oj)) = 0 if oi and oj are assigned to different clusters in πt.

2. Use the agglomerative hierarchical clustering, using average-linkage criteria (or UP-

GMA), on the similarity matrix S = T − [cij ] to recluster the objects.

Note that CCA-UPGMA will automatically return a set of nested consensus clusterings

{p1, ..., pR}. CCA-ROPPPA (which is a heuristic for CCA-β) and CCA-GWLP (which is a

heuristic for CCA-GWIP) do not have this guarantee because they are not guaranteed to

return binary vector solutions which define consensus clustering solutions.

7.2 Creating Input for CCA-UPGMA, CCA-GWLP, and CCA-

ROPPPA

In this section we describe the design of our experiment and the way we generate data for the

experiment. In order to assess the effects that the six factors listed in the beginning of this

chapter have on a.) CCA-ROPPPAs ability to find a CCA-β solution and b.) the execution

time, consensus clustering nature, and consensus clustering quality of CCA-ROPPPA, CCA-

GWLP, and CCA-UPGMA we must incorporate these six factors into our experimental design.

In this chapter we describe each step of our experimental design process and indicate which of

the six factors are taken into account in that step.
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7.2.1 Data Sets

CCA-UPGMA, CCA-GWLP, and CCA-ROPPPA each use a set of input clusterings as input.

To create a set of input clusterings we take a set n objects O = {o1, ..., on} and apply a clustering

algorithm to this set of objects T times. Each execution of the clustering algorithm produces

an input clustering πt. The set of input clusterings is thus Π = {π1, ..., πT }. Because the main

application of this thesis is focused on gene expression clustering, four of our sets of objects

O (to be clustered) are gene expression data sets from the Broad Institute [Pro15] described

in table 7.1. For each of these data sets, an object defines a tissue sample. Each tissue sample

has F expression levels corresponding to F genes, thus the gene expression level of the f th

gene is the f th attribute value of the gene/object. The gene expression data sets are also useful

because they have a known ’inherent’ number of clusters. For instance, the Acute Leukemia

Tissue Sample data set is known to contain tissue samples of patients with three different types

of Leukemia: Acute Myloid Leukemia (AML), Acute Lymphoblastic Leukemia B-cell (ALL-B),

and Acute Lymphoblastic Leukemia T-call (ALL-T). Therefore, for the sake of this experiment

we know before clustering that clustering the n = 38 objects into three clusters will produce the

most useful clustering result. Each of the datasets have a known ’inherent’ number of clusters

which we denote with ξ.

The tissuemulti and dlbcl data sets each had more than 100 objects, and thus would be

beyond the capabilities of CCA-ROPPPA to solve in a reasonable amount of time without

employing techniques from the literature referenced in section 1.4. Because the purpose of this

dissertation is to explore a.) the quality and nature of the results of CCA-ROPPPA and b.) the

theoretical connection of between CCA-ROPPPA and the cluster-ratio cut we created smaller

datasets by randomly sampling 50 objects from each data set.

Artifical data was also used. This artificial data attempted to control for a.) the number

of objects in the data set b.) the number of ’inherent’ clusters in the data set and c.) the

’clusterability’ of the dataset.

We chose from a collection of artificial 2D clustering datasets on a github repository,

Clustering-Benchmark [Bar15]. Most of the datasets come from clustering papers which we cite

and show in figure 7.1 and are designed to test various components of clustering algorithms. The

datasets we use from this project are all 2D (ie. each object only has two attributes) so we can

visualize how close the inherent clusters are and how clusterable the data is. All of the artificial

clustering data sets have more than 200 objects, a, so we create smaller artificial datasets by

randomly sampling 50 objects from each data set we used in the Clustering-Benchmark repos-

itory. The five original artificial data sets and citations of their original sources are in the left
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column of figure 7.1. To the right of each of these plotted artificial data sets in table 7.1 is the

50 sampled objects we used in our analysis.

Note that we are not choosing our artificial clustering data sets to assess the ability of a

clustering algorithm. Instead we are choosing our artificial clustering data sets in their ability to

create different types of input clustering sets. These varying types of input clustering sets will

then be used to assess the ability our consensus clustering algorithm. For instance, the clusters

in 2d-4c-no4-50sample0 are more separated than the clusters in spiral-50sample0. Because of

this, we predict that the k-means algorithm will produce more input clusterings that are the

same when the original data set is 2d-4c-no4-50sample0, and thus the average pairwise RAND

score (ARS) of a set of input clusterings created from 2d-4c-no4-50sample0 will be higher than

that of the average pairwise RAND score (ARS) of a set of input clusterings created from

spiral-50sample0 (factor 3). Another way of saying this is that 2d-4c-no4-50sample0 is more

’clusterable’ than spiral-50sample0.

This part of our data generation process varies the following factors discussed in the begin-

ning of this chapter.

Factor 1 First the data sets have a different number of objects n.

Factor 4 Second the data sets have a different number of ’inherent’ clusters. That is, variations

in ξ are accounted for.

7.2.2 Create Partition Sets (Set of Input Clusterings)

Definition The inputs of CCA-UPGMA, CCA-GWLP, and CCA-ROPPPA are a set of T

input clusterings created by clustering the set of objects O = {o1, ..., on} T times. We call this

set of input clusterings {π1, ..., πT } a partition set of size T of the data set O in our numerical

tests.

In this section we discuss how we create 36 partition sets for each of the 9 data sets O

described in table 7.1.

For each of the 9 data sets, we used the k-means algorithm to cluster the data 156 times.

Thus, we create 156 input clusterings for each data set O. The k-means algorithm allows for the

user to preselect K, the desired number of clusters in the resulting clustering. For each of the

9 data sets O, we preselected the number of clusters to ask for, K, in the 156 input clusterings

using the following procedure.

Input Clustering Trial 1 (K = ξ − 1) We create 39 input clusterings by executing the k-

means algorithm 39 times on O, each time requesting K = ξ − 1 clusters (where ξ is
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2d-3c-no123 [Han] 2d-3c-no123-50sample0

2d-4c-no4 [Han] 2d-4c-no4-50sample0

banana [Bar15] banana-50sample0

elliptical-10-2 [Ban] [BP10] [BM04] [BM01] elliptical-10-2-50sample0

spiral [HK04] spiral-50sample0

Figure 7.1 Artificial data sets and their random samples of 50 objects
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Table 7.1 Real and artificial data sets

Data (O) Number
of Tissue
Samples
(Objects)
in Data Set
(n)

Number of
Inherent
Clusters in
the Data
Set (ξ)

Cluster Categories

Acute Leukemia Tissue
Samples (leukemia)

38 3 Acute Myloid Leukemia (AML),
Acute Lymphoblastic Leukemia B-
Cell (ALL-B), Acute Lymphoblastic
Leukemia T-Cell (ALL-T)

Brain Tumor Tissue
Samples (brain)

42 5 Medulloblastoma tumor, Malignant
Glioma tumor, Normal Cerebella,
supratentorial primitive neuroecto-
dermal tumor (PNET), atypical ter-
atoid/rhabdoid tumor

Normal Tissue Samples
(tissuemulti-50sample0)

50 4 Breast, Colon, Prostate, Lung

Diffuse Large B Cell
Lymphoma Tissue Sam-
ples (dlbcl-50sample0)

50 3 (Subtypes: oxidative phosphory-
lation (OxPhos), B-cell response
(BCR), and host response (HR))

2d-3c-no123-50sample0 50 3 (artificial data)

2d-4c-no4-50sample0 50 4 (artificial data)

banana-50sample0 50 2 (artificial data)

elliptical-10-2-
50sample0

50 10 (artificial data)

spiral-50sample0 50 2 (artificial data)
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the number of inherent clusters in O). These 39 input clusterings are placed in Input

Clustering Trial Set 1.

Input Clustering Trial 2 (K = ξ) We then create 39 more input clusterings by executing

the k-means algorithm 39 times on O, each time requesting K = ξ clusters. These 39

input clusterings are placed in Input Clustering Trial Set 2.

Input Clustering Trial 3 (K = ξ + 1) We then create 39 more input clusterings by execut-

ing the k-means algorithm on O, each time requesting K = ξ+ 1 clusters. These 39 input

clusterings are placed in Input Clustering Trial Set 3.

Input Clustering Trial 4 (K ∈ {ξ − 1, ξ, ξ + 1}) Finally we create 39 more input clusterings

by executing the k-means algorithm on O, each time randomly selecting K from the set

{ξ − 1, ξ, ξ + 1}, where P (K = ξ − 1) = P (K = ξ) = P (K = ξ + 1) = 1
3 . Keeping the

resulting input clusterings created in the order in which they were created, these 39 input

clusterings are placed in Input Clustering Trial Set 4.

Then, from each input clustering trial set for each data set O, we create 9 partition sets as

follows:

Partition Set Size (T=1) Create three partition sets with T = 1 input clustering each. We

call them partition sets 1-A, 1-B, and 1-C.

Partition Set Size (T=4) Create three partition sets with T = 4 input clusterings each. We

call them partition sets 4-A, 4-B, and 4-C.

Partition Set Size (T=8) Create three partition sets with 8 input clusterings each. We call

them partition sets 8-A, 8-B, and 8-C.

Note that 39 input clusterings = (input clusterings of size 1) · 3 + (input clusterings of size 4) ·
3 + (input clusterings of size 8) · 3.

Finally, to assess how similar the input clusterings in a given partition set are to one another,

we use the average pairwise RAND index of the input clusterings in the partition set [Ran71].

That is, for each partition set Π = {π1, ..., πT } we calculate:

ARS =
1(
T
2

) ∑
1≤t<t′≤T

RAND(πt, πt
′
) (7.4)

This part of our data generation process varies the following factors discussed in the begin-

ning of this chapter.
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Factor 2 First we use different numbers of input clusterings in the partition sets.

Factor 5 Second the partitions sets created from each of the four Input Clustering Trial Sets

vary in the number of clusters in the input clusterings. Therefore the factor of how many

input clusterings have the ’inherent’ number of clusters is accounted for.

Factor 3 Finally, the average pairwise RAND index of the input clusterings in the partition

set is calculated and accounted for.

7.2.3 Create Permutation Sets and Coassociation Matrices

In step (1) of CCA-UPGMA and CCA-ROPPPA we create a coassociation matrix C = [cij ]

where

cij =

T∑
t=1

δ(πt(oi), π
t(oj)) (7.5)

δ(πt(oi), π
t(oj)) = 1 if oi and oj are assigned to the same cluster in πt and δ(πt(oi), π

t(oj)) = 0

if oi and oj are assigned to different clusters in πt. In step (1) of CCA-GWLP we create a

coassociation matrix W = [wij ] where

wij =

T∑
t=1

ε(πt(oi), π
t(oj)) (7.6)

δ(πt(oi), π
t(oj)) = −1 if oi and oj are assigned to the same cluster in πt and ε(πt(oi), π

t(oj)) = 1

if oi and oj are assigned to different clusters in πt.

Thus, the next step in our experimental design is for each partition set Π = {π1, ..., πT } cre-

ated, we create two coassociation matricies, which we call the ordered coassocation matrix

and the unordered coassociation matrix.

Ordered Coassociation Matrix of Π

1. Let O(1) be the set of objects in O ordered according to their inherent clusters. That

is, the first inherent cluster of objects in O are listed as objects o
(1)
1 , o

(1)
2 , ..., o

(1)
r′ , the

second inherent cluster of objects in O are listed as objects o
(1)
r′+1, o

(1)
r′+2, ..., o

(1)
r′′ , and

so on.

2. Let C(1) = [cij ], where i and j are the ith and jth objects listed in O(1).

3. Let W (1) = [wij ], where i and j are the ith and jth objects listed in O(1).
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Thus we call C(1) our ’ordered coassociation matrix’ for CCA-UPGMA and CCA-ROPPPA

and W (1) is our ’ordered coassociation matrix’ for CCA-GWLP.

Unordered Coassociation Matrix of Π

1. Let O(2) be the set of objects in O in a randomly permuted order.

2. Let C(2) = [cij ], where i and j are the ith and jth objects listed in O(2).

3. Let W (2) = [wij ], where i and j are the ith and jth objects listed in O(2).

Thus we call C(2) our ’unordered coassociation matrix’ for CCA-UPGMA and CCA-

ROPPPA and W (2) is our ’unordered coassociation matrix’ for CCA-GWLP.

Definition To help us clarify which ordering of objects in O was used to create the coassocia-

tion matrices in the three consensus clustering algorithms, we define a permutation set Π(i)

of the partition set Π = {π1, ..., πT } as the pairing of Π and O(i).

This part of our data generation process varies the following factors discussed in the begin-

ning of this chapter.

Factor 6 The order of the objects in which the coassociation matrices were created from.

7.2.4 Use Each Coassociation Matrix as Input for the Three Consensus Clus-

tering Algorithms

The procedure above described a methodology for creating input and executing step (1) of

CCA-UPGMA, CCA-GWLP, and CCA-ROPPPA. That is, we created 648 different inputs (ie.

648 permutation sets) for each of these consensus clustering algorithms and specifically detailed

two ways of constructing the co-association matrices listed in step (1) of each of these consensus

clustering algorithms. To summarize, we have

648 permutation sets = (9 data sets)

×(4 input clustering trials)

×(9 partition sets)

×(2 permutation set types)

Finally, we use these 648 permutation sets to execute step (2) of CCA-UPGMA, CCA-

GWLP, and CCA-ROPPPA 648 times.

CCA-UPGMA will produce a series of nested consensus clusterings displayed in a dendro-

gram.
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CCA-GWLP takes the coassocation matrix W (i) from step (1) and translates this to a cost

vector for the GWLP as w(i) = [w
(i)
12 , w

(i)
13 , ..., w

(i)
n−1,n]. CCA-GWLP will produce an optimal

solution x∗ of the GWLP that uses this cost vector. Again, if x∗ is binary, it defines a consensus

clustering p∗ that is the optimal solution to the Median Partition Problem given the partition

set Π.

CCA-ROPPPA takes the coassocation matrix C(i) from step (1) and translates this to a cost

vector for the Pλ as c(i) = [c
(i)
12 , c

(i)
13 , ..., c

(i)
n−1,n]. CCA-ROPPPA will produce a series of vector

solutions {x∗(λ1), ...,x∗(λR)} that are optimal solutions of Pλ1 ,...,PλR respectively. Again, if a

solution x∗(λr) is binary, it defines a consensus clustering. From theorem , if CCA-ROPPPA

returns a set of nested consensus clusterings {p1, ..., pR}, then {p1, ..., pR} is a CCA-β solution

of {π1, ..., πR}.
We graphically display the results of CCA-UPGMA, CCA-GWLP, and CCA-ROPPPA for

each of the 648 permutation sets in the appendix. Section 7.4 discusses how to interpret these

graphical displays.

7.3 Computer, Software, and LP Solving

CCA-GWLP and CCA-ROPPPA were solved and coded in FICO Xpress-IVE. CCA-UPGMA

was solved and coded using the scipy.cluster.hierarchy module in Python 2.7. All permutation

sets and coassociation matrices were also generated using Python 2.7. All FICO Xpress-IVE

and Python 2.7 code was run on an Intel Core 2 Duo CPU with 2.20 GHz with 4.0 Gbytes of

RAM.

CCA-ROPPPA and CCA-GWLP involve solving one or more LPs. The Newton Barrier

method in FICO Xpress-IVE was used to solve all LPs in CCA-ROPPPA and CCA-GWLP.

Furthermore, the presolve option in FICO Xpress-IVE was used to solve all LPs in CCA-

ROPPPA and CCA-GWLP. In section 7.5.2 we solve CCA-ROPPPA without using the FICO

Xpress-IVE presolve option to see if this made a difference in our results.

7.4 Interpreting Consensus Clustering Results

In the appendix, we graphically summarized the results of CCA-UPGMA, CCA-GWLP, and

CCA-ROPPPA for each of the 648 permutation sets that we created and used as input. Each

page of the appendix shows the results of CCA-UPGMA, CCA-GWLP, and CCA-ROPPPA

using one of the permutation sets as input. Obviously this makes for too many pages of results
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to include in the body of this dissertation, so we refer the reader to the appendix located online

for the visual summary of each test.

In this section, we describe how to interpret the graphical results of each of the three

consensus clustering algorithms located in the appendix.

7.4.1 Permutation Set Names

For example, figure 7.2 visually summarizes the results of CCA-UPGMA, CCA-GWLP, and

CCA-ROPPPA for the permutation set labeled as dlbcl-50sample0-trial-2-partition8A-perm1.

The first part of the permutation set name (dlbcl-50sample0) indicates the original set of objects

that was clustered one or more times with the k-means algorithm. The second part of the

permutation set name (trial-2) indicates that the way the input clusterings (partitions) in

the permutation set were generated. For instance, the input clusterings (partitions) in dlbcl-

50sample0-trial-2-partition8A-perm1 were made using input clustering trial set 2 described in

section 7.2.2. That is, because the dlbcl-50sample0 data set had ξ = 3 inherent clusters, each of

the input clusterings in permutation set dlbcl-50sample0-trial-2-partition8A-perm1 was created

by clustering the dlbcl-50sample0 data set with k-means and specifically requesting ξ = 3

clusters. The third part of the permutation set name (8A) means that there are 8 partitions in

the permutation set. Finally the fourth part of the permutation set name (perm1) means that

the coassociation matrices created from this permutation set were C(1) and W (1) (or were the

’ordered coassociation matrices) described in section 7.2.3.

7.4.2 Interpreting CCA-UPGMA Results

The first graph in figure 7.2 shows the results of CCA-UPGMA using permutation set dlbcl-

50sample0-trial-2-partition8A-perm1. The consensus clustering results are displayed in a den-

drogram, which is the most common way of displaying the results of the UPGMA algorithm.

The labels of the n objects in O and the ’correct cluster label’ of each object are shown on

the horizontal axis of the dendrogram. The number on the horizontal axis refers to the object

number, and the letter refers to the label of the correct cluster the object belongs to.

We note that in each iteration of UPGMA exactly two clusters are combined into one cluster

until all objects are in the same cluster. Thus technically CCA-UPGMA will have n iterations

and thus result in n partitions. However, consider the dendrogram in figure 7.2. In this case

n = 50, however the dendrogram shown visibly shows only 11 distinct levels (interpreted as 11

distinct consensus clusterings). In this algorithm, all n = 50 objects began in singleton clusters

(at the first level). Then, in the first iteration object b − 0 and b − 4 were joined to form a
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cluster (second level). In the next iteration (also at the second level) (b − 0, b − 4) was joined

with b− 7 to form a cluster. In total, 39 iterations of cluster joins happen at this second level

creating a consensus clustering with 11 clusters shown at the second level.

For the purpose of our analyses, we will only interpret consensus clusterings from the den-

drogram that result from joinings at distinct levels in the dendrogram. Thus we interpret CCA-

UPGMA as returning 11 consensus clusterings for dlbcl-50sample0-trial-2-partition8A-perm1,

instead of 50.

7.4.3 Interpreting CCA-GWLP Results

The second graph in figure 7.2 shows the results of CCA-GWLP using permutation set dlbcl-

50sample0-trial-2-partition8A-perm1. CCA-GWLP returns one vector solution x∗ which can

either be fractional or binary. We represent this vector solution in the following way.

The labels of the n objects in O and the ’correct cluster label’ of each object are shown on

the horizontal axis of the box. The number on the horizontal axis refers to the object number,

and the letter refers to the label of the correct cluster the object belongs to.

If the vector solution x∗ is fractional, we draw a horizontal line of x’s on the graph. If

the vector solution x∗ is binary, it defines a consensus clustering. Therefore we draw a solid

horizontal line for each cluster in the consensus clustering defined by x∗. All objects on the

horizontal axis that share the same horizontal line are in the same cluster in the consensus

clustering defined by x∗. For instance, the second graph in figure 7.2 shows that CCA-GWLP

returned a consensus clustering with 4 clusters. The first horizontal line represents the first

cluster, where object 15 is the only object in the first cluster. The third horizontal line represents

the third cluster which is comprised of objects 2, 5, 6, 13, 17, 19, 21, 29, 30, 31, 39, and 45.

7.4.4 Interpreting CCA-ROPPPA Results

The third graph in figure 7.2 shows the results of CCA-ROPPPA using permutation set

dlbcl-50sample0-trial-2-partition8A-perm1. CCA-ROPPPA returns a set of vector solutions

{x∗(λ1), ...,x∗(λR)} which can either be fractional or binary. We represent these vector solu-

tions in the following way.

The labels of the n objects in O and the ’correct cluster label’ of each object are shown

on the horizontal axis’s of the boxes. The number on the horizontal axis refers to the object

number, and the letter refers to the label of the correct cluster the object belongs to.

The vertical axis’s of the boxes indicates which solution in the returned set of vector solutions

68



{x∗(λ1), ...,x∗(λR)} that we are referring to. That is, ’Iter r’ on the vertical axis of the graph

refers to the vector solution x∗(λr). If the vector solution x∗(λr) is fractional, we draw a hor-

izontal line of x’s at ’Iter r’ on the graph. If the vector solution x∗(λr) is binary, it defines a

consensus clustering. Therefore at ’Iter r we draw a solid horizontal line for each cluster in the

consensus clustering defined by x∗(λr). All objects on the horizontal axis that share the same

horizontal line in ’Iter r’ are in the same cluster in the consensus clustering defined by x∗(λr).

For r = 2, ..., R, if a.) x∗(λr) defines a consensus clustering, b.) x∗(λr−1) defines a consensus

clustering, and c.) the consensus clustering defined by x∗(λr) is nested in the consensus cluster-

ing defined by x∗(λr−1), then the vector solutions x∗(λr) and x∗(λr−1) will be represented in

the same box. Note that the third graph in figure 7.2 has only one box. Thus these conditions

are met for all r = 2, ..., R. Given our results from chapter 6, this means that if the results

displayed in the third graph are all in the same box, then CCA-ROPPPA returned a CCA-β

solution.

However, for each vector solution x∗(λr) in which one of the following situations happens,

a new box is formed beginning at ’Iter r’ along with a new set of horizontal axis labels that

correspond to this box: a.) x∗(λr) is fractional, b.) x∗(λr−1) is fractional, or c.) the consensus

clustering defined by x∗(λr) is not nested in the consensus clustering defined by x∗(λr−1).

Finally, the network graph in figure 7.2 displays the nested nature of any consensus clus-

terings returned by CCA-ROPPPA using permutation set dlbcl-50sample0-trial-2-partition8A-

perm1. All vector solutions x∗(λr) in {x∗(λ1), ...,x∗(λR)} that define a consensus clustering are

drawn as node ’Iter r’ in the graph. The number of clusters in the consensus clustering defined

by x∗(λr) is also shown in node ’Iter r’. The nodes are placed in numerical order in a circle,

beginning with node 1 and going counterclockwise. The arrows are drawn as follows.

In Flow Arrows For each node s (except for the first) an arrow is drawn to node s from

another node tmax where tmax is the largest value of t in which a.) 1 ≤ t < s and b.) the

CCA-ROPPPA returned a consensus clustering corresponding to Iter s is nested in the

consensus clustering corresponding to Iter t. If tmax+1 = s, this means that the consensus

clustering defined by x∗(λs) is nested in the consensus clustering defined by x∗(λs−1). In

the third graph in figure 7.2, this would be shown by the consensus clusterings represented

by x∗(λs−1) and x∗(λs) being drawn in the same box. In the network graph, we draw a

bold arrow if this is the case.

Out Flow Arrows For each node s (except for the last) an arrow is drawn from node s to

another node tmin where tmin is the smallest value of t in which a.) s < t ≤ R and

b.) the consensus clustering corresponding to Iter t is nested in the consensus clustering
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corresponding to Iter s. If s+ 1 = tmin, this means that the consensus clustering defined

by x∗(λs) is nested in the consensus clustering defined by x∗(λs+1). In the third graph

in figure 7.2, this would be shown by the consensus clusterings represented by x∗(λs+1)

and x∗(λs) being drawn in the same box. In the network graph, we draw a bold arrow if

this is the case.

7.4.5 Examples

For instance, the third graph in figure 7.2 shows that CCA-ROPPPA (using permutation set

dlbcl-50sample0-trial-2-partition8A-perm1) returned a set of 11 vector solutions

{x∗(λ1), ...,x∗(λ11)}. Since each row of the graph is not a row of x’s, this means that each

vector in {x∗(λ1), ...,x∗(λ11)} is binary, which means that each vector defines a consensus

clustering which we demonstrate with 11 rows of solid horizontal lines in the graph. Further-

more, because each row of the graph is in the same box, this indicates that for r = 2, ..., 11

the consensus clustering defined by x∗(λr) is nested in the consensus clustering defined by

x∗(λr−1). Therefore, the third graph in figure 7.2 shows us that CCA-ROPPPA when applied

to dlbcl-50sample0-trial-2-partition8A-perm1 returned a CCA-β solution. Also the fact that all

the arrows in the network graph are bold in figure 7.2 shows us that CCA-ROPPPA when

applied to dlbcl-50sample0-trial-2-partition8A-perm1 returned a CCA-β-solution.

For another example, the third graph in figure 7.3 shows that CCA-ROPPPA (using another

permutation set dlbcl-50sample0-trial-2-partition8C-perm1) returned a set of 18 vector solutions

{x∗(λ1), ...,x∗(λ18)}. The row of x’s in iter 3 shows that x∗(λ3) was a fractional solution and

therefore did not define a consensus clustering. Therefore, the third graph in figure 7.3 shows us

that CCA-ROPPPA when applied to dlbcl-50sample0-trial-2-partition8C-perm1 did not return

a CCA-β solution. The fact that not all the arrows in the network graph in figure 7.3 are bold

also shows us that CCA-ROPPPA when applied to dlbcl-50sample0-trial-2-partition8C-perm1

did not return a CCA-β solution.

For one final example, the third graph in figure 7.4 shows that CCA-ROPPPA (using

another permutation set dlbcl-50sample0-trial-2-partition8B-perm2) returned a set of 11 vector

solutions {x∗(λ1), ...,x∗(λ11)}. Since each row of the graph is not a row of x’s, this means that

each vector in {x∗(λ1), ...,x∗(λ11)} is binary, which means that each vector defines a consensus

clustering which we demonstrate with 11 rows of solid horizontal lines in the graph. However,

because a new box is created at ’iter 8’, this tells us that the consensus clustering defined by

x∗(λ8) is not nested in the consensus clustering defined by x∗(λ7). Therefore, the third graph in

figure 7.4 shows us that CCA-ROPPPA when applied to dlbcl-50sample0-trial-2-partition8B-
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perm2 did not return a CCA-β solution. The fact that not all the arrows in the network graph

in figure 7.4 are bold also shows us that CCA-ROPPPA when applied to dlbcl-50sample0-trial-

2-partition8B-perm2 did not return a CCA-β solution.
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Figure 7.2 Results for dlbcl50sample0-trial-2-partition8A
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Figure 7.3 Results for dlbcl50sample0-trial-2-partition8A-perm1

73



Figure 7.4 Results for dlbcl50sample0-trial-2-partition8-perm2
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7.5 Testing when CCA-ROPPPA returns a CCA-β Solution

In section 7.5.1 we will summarize the frequency with which the 648 vector sets returned by

CCA-ROPPPA defined a CCA-β solution when using the presolve option in the Xpress-IVE

LP solver. We will also run CCA-ROPPPA in the Xpress-IVE software package without using

presolve capabilties to test if this affects the results of CCA-ROPPPA, specifically whether

CCA-ROPPPA returns a CCA-β solution or not. We summarize these results in section 7.5.2.

As shown in theorem , when CCA-ROPPPA returns a set of nested consensus clusterings,

this set of nested consensus clusterings is a CCA-β solution for the given {π1, ..., πT }. To help

us test and discuss how often this happens in our numerical tests, we defining the following

conditions.

Definition Let {x∗(λ1), ...,x∗(λR)} be the set of vector solutions returned by CCA-ROPPPA.

We define the following conditions below:

Condition A x∗(λr) defines a consensus clustering pr (is binary) for r = 1, ..., R.

Condition B x∗(λr) defines a consensus clustering pr (is binary) for r = 1, ..., R AND pr is

nested in pr−1 for r = 2, ..., R.

Note that if condition B is satisfied, then condition A is satisfied. Also note that if condition B

is satisfied, then CCA-ROPPPA returned a CCA-β solution.

7.5.1 CCA-ROPPPA using Presolve in Xpress-IVE

In this section we examine the 648 vectors sets returned by CCA-ROPPPA when presolve was

used in Xpress-IVE. Specifically, we examine the following metrics:

� the percent of the 648 vector sets {x∗(λ1), ...,x∗(λR)} returned by CCA-ROPPPA that

defined CCA-β solutions (or satisfied conditions A and B)

� the percent of the 648 vector sets {x∗(λ1), ...,x∗(λR)} returned by CCA-ROPPPA that

had EACH vector in the set define a consensus clustering (or satisfied condition A)

� average percent of vectors x∗(λr) in each of the the 648 vector sets

{x∗(λ1), ...,x∗(λR)} returned by CCA-ROPPPA that defined a consensus clustering
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� the average percent of consecutive vector pairs in each of the the 648 vector sets

{x∗(λ1), ...,x∗(λR)} returned by CCA-ROPPPA in which both vectors in the pair define

a consensus clustering where the second is nested in the first.

Finally, in this section we examine if any of the 6 factors listed in the beginning of chapter

7 affected the four metrics described above.

Table 7.2 shows that when presolve was used in Xpress-IVE, CCA-ROPPPA returned a

set of vector solutions that satisfied conditions A and B for 78.40% of the 648 permutation

sets that were used as input for CCA-ROPPPA. By theorem , this is equivalent to saying that

CCA-ROPPPA returned a CCA-β solution for 78.40% of the 648 permutation sets that were

used as input for CCA-ROPPPA. Table 7.2 also shows that when presolve was used in Xpress-

IVE, CCA-ROPPPA returned a set of vector solutions that satisfied condition A for 89.20%

of the 648 permutation sets that were used as input for CCA-ROPPPA. This is equivalent to

saying that CCA-ROPPPA returned a set of vectors in which each vector defined a consensus

clustering for 89.20% of the 648 permutation sets that were used as input for CCA-ROPPPA.

Despite the fact that CCA-ROPPPA returned a CCA-β solution for only 78.40% of the 648

permutation sets, table 7.2 also shows that on average a high percent (98.37%) of the vector

solutions x∗(λr) in the returned set of vector solutions {x∗(λ1), ...,x∗(λR)} defined consen-

sus clusterings. Furthermore, table 7.2 also shows that on average a high percent (92.04%) of

the consecutive pairs of vector solutions (x∗(λr),x
∗(λr+1)) in the returned set of vector so-

lutions {x∗(λ1), ...,x∗(λR)} defined two consensus clusterings in which the second was nested

in the first. Thus by theorem , on average 92.04% of the consecutive pairs of vector solutions

(x∗(λr),x
∗(λr+1)) in the returned set of vector solutions {x∗(λ1), ...,x∗(λR)} defined two con-

sensus clusterings pr and pr+1 in which C(pr) was a β-cut given C(pr+1).

Table 7.3 shows that CCA-ROPPPA always returned a CCA-β solution when the per-

mutation sets were generated from three of the five artificial data sets: 2d-4c-no4-50sample0,

elliptical-10-2-50sample0, and spiral-50sample0. The other two artificial data sets, 2d-3c-no123-

50sample0 and banana-50sample0, had CCA-ROPPPA return a CCA-β solution when applied

to 94.44% and 98.61% of the permutation sets generated from them respectively. When permu-

tation sets were generated from the real data sets, CCA-ROPPPA returned CCA-β solutions

with lower frequency.

This shows that CCA-ROPPPAs ability to return CCA-β solutions may be affected by the

original data set that is used to create the permutation set that CCA-ROPPPA uses as input

(factors 1 and 4).

Table 7.4 shows that CCA-ROPPPA always returned a CCA-β solution when the permu-
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Table 7.2 CCA-ROPPPA using Presolve in Xpress-IVE: Summary Statistics Total

Mean (Std)
ARS of
the Per-
mutation
Set

Percent
of Vector
Sets that
Defined
CCA-β
Solutions
(Satisfied
Conditions
A and B)

Percent
of Vector
Sets that
Satisfied
Condition
A

Mean (Std)
Percent of
Vectors in
Each Vec-
tor Set that
Defined
Consensus
Clusterings

Mean (Std)
Percent of
Consecu-
tive Pairs in
Each Vec-
tor Set that
Defined
Consensus
Clusterings
with the
Second
Nested in
the First

All Permutation
Sets

0.9396
(0.0988)

78.40% 89.20% 98.37%
(5.46%)

92.04%
(17.17%)

tation set had only one partition (input clustering). In addition, CCA-ROPPPA returned a

CCA-β solution in 70.37% and 64.81% of permutation sets that had 4 and 8 partitions respec-

tively. This show that the number partitions in the permutation may affect CCA-ROPPPAs

ability to return a CCA-β solution (factor 2).

Table 7.5 shows that CCA-ROPPPA returned CCA-β solution most often when the permu-

tation set was generated in input clustering trial set 1, followed by input clustering trial set 2,

and finally by those generated in input clustering trial sets 3 and 4 (factor 5).

Table 7.6 shows that CCA-ROPPPA returned a CCA-β solution in 78.70% when the per-

mutation set was ordered vs. 78.09% when the permutation set was unordered. This indicates

that the order of the permutation set did not seem to affect CCA-ROPPPAs ability to return

CCA-β solutions (factor 6).

Finally, figure 7.5 shows that, in general, as the minimum ARS of a set of permutation sets

increased, the percent of vector sets that CCA-ROPPPA returned (using these permutation

sets as input) that defined CCA-β solutions increased (factor 3).

7.5.2 CCA-ROPPPA without using Presolve in Xpress-IVE

In this section we compare the 648 vector sets returned by CCA-ROPPPA when presolve was

used in Xpress-IVE and the 648 vector sets returned by CCA-ROPPPA when presolve was

NOT used in Xpress-IVE. Specifically, we use the following metrics.
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Table 7.3 CCA-ROPPPA using Presolve in Xpress-IVE: Summary Statistics by Original Data

Data Set the
Permutation Set
Originated From

Mean (Std)
ARS of
the Per-
mutation
Set

Percent
of Vector
Sets that
Defined
CCA-β
Solutions
(Satisfied
Conditions
A and B)

Percent
of Vector
Sets that
Satisfied
Condition
A

Mean (Std)
Percent of
Vectors in
Each Vec-
tor Set that
Defined
Consensus
Clusterings

Mean (Std)
Percent of
Consecu-
tive Pairs in
Each Vec-
tor Set that
Defined
Consensus
Clusterings
with the
Second
Nested in
the First

2d-3c-no123-
50sample0

0.9774
(0.0523)

94.44% 100.00% 100.00%
(0.00%)

98.41%
(6.59%)

2d-4c-no4-
50sample0

0.9866
(0.0239)

100.00% 100.00% 100.00%
(0.00%)

100.00%
(0.00%)

banana-
50sample0

0.9364
(0.1395)

98.61% 98.61% 99.65%
(2.95%)

99.54%
(3.93%)

brain 0.8843
(0.0874)

33.33% 56.94% 92.77%
(10.67%)

68.76%
(25.45%)

dlbcl-50sample0 0.8658
(0.1054)

48.61% 66.67% 95.80%
(7.46%)

78.92%
(23.98%)

elliptical-10-2-
50sample0

0.9982
(0.0031)

100.00% 100.00% 100.00%
(0.00%)

100.00%
(0.00%)

leukemia 0.9118
(0.1049)

75.00% 90.28% 98.16%
(5.67%)

92.33%
(15.17%)

spiral-50sample0 0.934
(0.1342)

100.00% 100.00% 100.00%
(0.00%)

100.00%
(0.00%)

tissuemulti-
50sample0

0.9623
(0.0373)

55.56% 90.28% 98.97%
(3.21%)

90.38%
(12.69%)
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Table 7.4 CCA-ROPPPA using Presolve in Xpress-IVE: Summary Statistics by Permutation Set Size

Number of Parti-
tions in the Per-
mutation Set

Mean (Std)
ARS of
the Per-
mutation
Set

Percent
of Vector
Sets that
Defined
CCA-β
Solutions
(Satisfied
Conditions
A and B)

Percent
of Vector
Sets that
Satisfied
Condition
A

Mean (Std)
Percent of
Vectors in
Each Vec-
tor Set that
Defined
Consensus
Clusterings

Mean (Std)
Percent of
Consecu-
tive Pairs in
Each Vec-
tor Set that
Defined
Consensus
Clusterings
with the
Second
Nested in
the First

1 1 (0) 100.00% 100.00% 100.00%
(0.00%)

100.00%
(0.00%)

4 0.9057
(0.1141)

70.37% 88.89% 97.91%
(6.79%)

89.57%
(19.13%)

8 0.9132
(0.1044)

64.81% 78.70% 97.21%
(6.28%)

86.54%
(20.55%)

Figure 7.5 Percent of vector sets that defined CCA-β solutions by ARS.
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Table 7.5 CCA-ROPPPA using Presolve in Xpress-IVE: Summary Statistics by Input Clustering Set
Trial

Input Clustering
Trial Set the Per-
mutation Set was
Made With

Mean (Std)
ARS of
the Per-
mutation
Set

Percent
of Vector
Sets that
Defined
CCA-β
Solutions
(Satisfied
Conditions
A and B)

Percent
of Vector
Sets that
Satisfied
Condition
A

Mean (Std)
Percent of
Vectors in
Each Vec-
tor Set that
Defined
Consensus
Clusterings

Mean (Std)
Percent of
Consecu-
tive Pairs in
Each Vec-
tor Set that
Defined
Consensus
Clusterings
with the
Second
Nested in
the First

1 0.9706
(0.0616)

87.04% 91.98% 98.88%
(4.17%)

93.85%
(16.79%)

2 0.9631
(0.0715)

82.10% 89.51% 98.03%
(7.03%)

92.95%
(17.23%)

3 0.9516
(0.0746)

72.22% 89.51% 98.81%
(3.90%)

91.65%
(15.41%)

4 0.8733
(0.1368)

72.22% 85.80% 97.77%
(6.08%)

89.70%
(18.99%)
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Table 7.6 CCA-ROPPPA using Presolve in Xpress-IVE: Summary Statistics by Permutation Set
Type

Permutation Set
Type

Mean (Std)
ARS of
the Per-
mutation
Set

Percent
of Vector
Sets that
Defined
CCA-β
Solutions
(Satisfied
Conditions
A and B)

Percent
of Vector
Sets that
Satisfied
Condition
A

Mean (Std)
Percent of
Vectors in
Each Vec-
tor Set that
Defined
Consensus
Clusterings

Mean (Std)
Percent of
Consecu-
tive Pairs in
Each Vec-
tor Set that
Defined
Consensus
Clusterings
with the
Second
Nested in
the First

Ordered 0.9396
(0.0989)

78.70% 89.51% 98.46%
(5.37%)

92.17%
(17.13%)

Unordered 0.9396
(0.0989)

78.09% 88.89% 98.29%
(5.56%)

91.90%
(17.26%)

� We examine the percent of permutation sets that had different resulting vector sets re-

turned by CCA-ROPPPA when presolve was and was not used.

� For each of these permutation sets that had different resulting vectors sets returned

by CCA-ROPPPA when presolve was and was not used, we examine the average per-

cent of vector pairs (x∗(λr), x̄
∗(λr)) that were different (where {x∗(λ1), ...,x∗(λR)} and

{x̄∗(λ1), ..., x̄∗(λR)} were returned by CCA-ROPPPA using the same permutation set

and with and without using presolve respectively).

� We also examine heuristic performance of CCA-ROPPPA with and without presolve by

examining the following metrics (also used in 7.5.1):

– the percent of the 648 vector sets {x∗(λ1), ...,x∗(λR)} returned by CCA-ROPPPA

(with and without using presolve) that defined CCA-β solutions (or satisfied condi-

tions A and B)

– the percent of the 648 vector sets {x∗(λ1), ...,x∗(λR)} returned by CCA-ROPPPA

(with and without using presolve) that had EACH vector in the set define a consensus

clustering (or satisfied condition A)
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Table 7.7 CCA-ROPPPA Using and Not Using Presolve in Xpress-IVE: Summary Statistics

Mean (Std)
ARS of
the Per-
mutation
Set

Percent of Permutation
Sets that had Differ-
ent Resulting Vector
Sets Returned by CCA-
ROPPPA when Pre-
solve was and was not
Used

All Permutation Sets 0.9396
(0.0988)

17.90%

– average percent of vectors x∗(λr) in each of the the 648 vector sets {x∗(λ1), ...,x∗(λR)}
returned by CCA-ROPPPA (with and without using presolve) that defined a con-

sensus clustering

– the average percent of consecutive vector pairs in each of the the 648 vector sets

{x∗(λ1), ...,x∗(λR)} returned by CCA-ROPPPA (with and without using presolve)

in which both vectors in the pair define a consensus clustering where the second is

nested in the first.

Table 7.7 shows us that 17.90% of the 648 permutation sets had CCA-ROPPPA return a

different set of results when presolve was and was not used. Of these 17.90% of permutation

sets, it was the case that each of the two vector sets returned for by CCA-ROPPPA for the

same permutation set had the same number of vectors (or R = R̄). In addition, table 7.8

shows us that of these 17.90% of permutation sets, on average 14.41% of the vectors in the two

vector sets returned were different (or 14.41% of the vectors x∗(λr) in {x∗(λ1), ,x∗(λR)} had

x∗(λr) 6= x̄∗(λr)).

Table 7.9 summarizes CCA-ROPPPAs heuristic performance when presolve was and was

not used in Xpress-IVE. All four metrics shows that CCA-ROPPPA performed slightly better

when presolve was used in Xpress-IVE.

In addition, tables 7.10-7.13 suggest that the original data set the permutation set was gen-

erated from, the size of the permutation set, and the input clustering trial set the permutation

set was generated from may affect the chance that CCA-ROPPPA returns different solutions

with and without presolve.
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Table 7.8 Different resulting vectors sets returned by CCA-ROPPPA when presolve was and was not
used: Summary Statistics

Mean (Std)
ARS of
the Per-
mutation
Set

Average Percent of
the vectors x∗(λr) in
{x∗(λ1), ,x∗(λR)} had
x∗(λr) 6= x̄∗(λr)

Permutation Sets that
had Different Resulting
Vector Sets Returned
by CCA-ROPPPA
when Presolve was and
was not Used

0.8299
(0.0700)

14.41%

Table 7.9 CCA-ROPPPA Using and Not Using Presolve in Xpress-IVE: Heuristic Performance Sum-
mary Statistics

Mean (Std)
ARS of
the Per-
mutation
Set

Percent
of Vector
Sets that
Defined
CCA-β
Solutions
(Satisfied
Conditions
A and B)

Percent
of Vector
Sets that
Satisfied
Condition
A

Mean (Std)
Percent of
Vectors in
Each Vec-
tor Set that
Defined
Consensus
Clusterings

Mean (Std)
Percent of
Consecu-
tive Pairs in
Each Vec-
tor Set that
Defined
Consensus
Clusterings
with the
Second
Nested in
the First

All Permutation
Sets (CCA-
ROPPPA with
Presolve)

0.9396
(0.0988)

78.40% 89.20% 98.37%
(5.46%)

92.04%
(17.17%)

All Permu-
tation Sets
(CCA-ROPPPA
without Presolve)

0.9396
(0.0988)

77.16% 81.17% 96.57%
(8.30%)

90.29%
(19.59%)
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Table 7.10 CCA-ROPPPA Using and Not Using Presolve in Xpress-IVE: Summary Statistics by
Data

Data Set the Permu-
tation Set Originated
From

Mean (Std)
ARS of
the Per-
mutation
Set

Percent of Permutation
Sets that had Differ-
ent Resulting Vector
Sets Returned by CCA-
ROPPPA when Pre-
solve was and was not
Used

2d-3c-no123-50sample0 0.9774
(0.0523)

5.56%

2d-4c-no4-50sample0 0.9866
(0.0239)

0.00%

banana-50sample0 0.9364
(0.1395)

1.39%

brain 0.8843
(0.0874)

55.56%

dlbcl-50sample0 0.8658
(0.1054)

48.61%

elliptical-10-2-
50sample0

0.9982
(0.0031)

0.00%

leukemia 0.9118
(0.1049)

15.28%

spiral-50sample0 0.934
(0.1342)

0.00%

tissuemulti-50sample0 0.9623
(0.0373)

34.72%
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Table 7.11 CCA-ROPPPA Using and Not Using Presolve in Xpress-IVE: Summary Statistics by Par-
tition Set Size

Number of Permuta-
tions in the Permuta-
tion Set

Mean (Std)
ARS of
the Per-
mutation
Set

Percent of Permutation
Sets that had Differ-
ent Resulting Vector
Sets Returned by CCA-
ROPPPA when Pre-
solve was and was not
Used

1 1 (0) 0.00%
4 0.9057

(0.1141)
26.85%

8 0.9132
(0.1044)

26.85%

Table 7.12 CCA-ROPPPA Using and Not Using Presolve in Xpress-IVE: Summary Statistics by In-
put Clustering Trial Set

Input Clustering Trial
Set the Permutation Set
was Made With

Mean (Std)
ARS of
the Per-
mutation
Set

Percent of Permutation
Sets that had Differ-
ent Resulting Vector
Sets Returned by CCA-
ROPPPA when Pre-
solve was and was not
Used

1 0.9706
(0.0616)

11.11%

2 0.9631
(0.0715)

12.96%

3 0.9516
(0.0746)

23.46%

4 0.8733
(0.1368)

24.07%
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Table 7.13 CCA-ROPPPA Using and Not Using Presolve in Xpress-IVE: Summary Statistics by Per-
mutation Set Type

Permutation Set Type Mean (Std)
ARS of
the Per-
mutation
Set

Percent of Permutation
Sets that had Differ-
ent Resulting Vector
Sets Returned by CCA-
ROPPPA when Pre-
solve was and was not
Used

Ordered 0.9396
(0.0989)

17.90%

Unordered 0.9396
(0.0989)

17.90%

7.6 Comparing CCA-ROPPPA to CCA-GWLP and

CCA-UPGMA

In this section we will compare CCA-ROPPPA to CCA-GWLP and CCA-UPGMA. In section

7.6.1 we will compare the execution time of the three consensus clustering algorithms. In section

7.6.2 we will compare the consensus clustering nature and quality of CCA-ROPPPA to CCA-

GWLP. In section 7.6.3 we will compare the consensus clustering nature and quality of CCA-

ROPPPA to CCA-UPGMA.

7.6.1 Execution Times

Table 7.14 summarizes the computation time of CCA-UPGMA, CCA-GWLP (with presolve),

CCA-ROPPPA (with presolve) when using the 648 permutation sets as input. It shows that on

average CCA-GWLP had the fastest computation time, followed by CCA-UPGMA, followed

by CCA-ROPPPA.

7.6.2 Consensus Clustering Nature and Quality: CCA-ROPPPA and CCA-

GWLP

In this section we compare the nature and quality of the consensus clusterings returned by CCA-

ROPPPA to the nature and quality of the consensus clusterings returned by CCA-GWLP.

Specifically we assess the following:
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Table 7.14 Summary statistics of CCA-UPGMA, CCA-GWLP, and CCA-ROPPPA computation
times on the 648 permutation sets.

Mean (Std)
ARS of
the Per-
mutation
Set

Mean (Std)
CCA-
UPGMA
Time (s)

Mean (Std)
CCA-
GWLP
Time (s)

Mean (Std)
CCA-
ROPPPA
Time (s)

All Permu-
tation Sets

0.9396
(0.0988)

0.2400
(0.3000)

0.1030
(0.0829)

11.7966
(14.3188)

Quality

� whether CCA-ROPPPA and CCA-GWLP returned a consensus clustering with the

’desired or expected’ number of clusters

� the RAND score of the ’most desirable’ consensus clustering returned by CCA-

ROPPPA and the ’correct clustering’; and the RAND score of the ’most desirable’

consensus clustering returned by CCA-GWLP and the ’correct clustering’

Nature

� the number of consensus clusterings returned by CCA-ROPPPA and CCA-GWLP

� the PERCENT of permutation sets in which CCA-GWLP returned a consensus

clustering that was ONE of the consensus clusterings returned by CCA-ROPPPA

� the DIFFERENCES between the permutation sets in which CCA-GWLP did and

did not return a consensus clustering that was ONE of the consensus clusterings

returned by CCA-ROPPPA

First we discuss the number of consensus clusterings returned by CCA-ROPPPA and CCA-

GWLP. Because CCA-GWLP is not guaranteed to return a binary vector solution, it is not

guaranteed to return any consensus clusterings solutions. In addition, because CCA-GWLP

involves solving only one LP formulation, at most one consensus clustering can be returned by

CCA-GWLP. Our tests shows that all 648 vectors returned by CCA-GWLP were binary and

thus defined a consensus clustering.

It is also the case that because CCA-ROPPPA is not guaranteed to return all binary vector

solutions, it is not guaranteed to return results that all define consensus clusterings. However,

unlike CCA-GWLP, CCA-ROPPPA can return multiple vectors, and thus its results can define
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Table 7.15 Percent of Permutation Sets in which CCA-GWLP Returned a Consensus Clustering that
was One of the Consensus Clusterings Returned by CCA-ROPPPA

Permutation Sets in which
CCA-GWLP Returned a
Consensus Clustering that
was ONE of the Consen-
sus Clusterings returned by
CCA-ROPPPA

All Permutation
Sets

98.92%

more than one consensus clustering. Our results show that all 648 vectors sets returned by

CCA-ROPPPA defined at least two consensus clustering solutions, specifically a.) the consensus

clustering with all objects in the same cluster, and b.) the consensus clustering with all objects

in singleton clusters. A table in the appendix gives the average number of consensus clusterings

returned by CCA-ROPPPA, aggregated by the original data set, input clustering trial set, and

partition set size.

Next, table 7.15 shows that 98.92% of the 648 permutation sets had CCA-GWLP return a

consensus clustering that was ONE of the consensus clusterings returned by CCA-ROPPPA.

Next we compare CCA-GWLP to CCA-ROPPPA in its ability to produce useful consensus

clustering results. Specifically, we discuss whether CCA-ROPPPA and CCA-GWLP returned

a consensus clustering with the ’desired or expected’ number of clusters. Because CCA-GWLP

will always produce at most one consensus clustering, while CCA-ROPPPA can produce more

than one consensus clustering, CCA-ROPPPA inherently has the ability to provide more options

when it comes to choosing one or more consensus clusterings. One scenario in which this may be

beneficial is when the consensus clustering returned by CCA-GWLP does not have the desired

number of clusters, where ξ is the desired or ’inherent’ number of clusters in the original data

set. This may happen because CCA-GWLP does not allow the user to preselect the number of

clusters that he or she wants in the resulting consensus clustering. One could also expect that

the number of clusters in each input clustering in the partition set would affect the number

clusters returned by CCA-GWLP. For instance, if each input clustering in the partition set had

ξ+ 1 clusters, then we would expect a consensus clustering of the partitions in the partition set

to have ξ + 1 clusters.

For instance figure 7.6 shows the results of CCA-UPGMA, CCA-GWLP, and CCA-ROPPPA

for the permutation set dlbcl-50sample0-trial-3-partition4C-perm1. The dataset dlbcl-50sample0
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has ξ = 3 inherent (or desired) clusters, however because this permutation set is of trial 3, all

of the input clusterings in the permutation set have ξ + 1 = 4 clusters. Therefore a consensus

clustering partition with 3 or 4 clusters would be the desired or expected number of clusters

respectively. However, figure 7.6 shows that CCA-GWLP returns a consensus clustering with

8 clusters for the permutation set dlbcl-50sample0-trial-3-partition4C-perm1. CCA-ROPPPA,

on the other hand returns a consensus clustering with 3 clusters in iteration (3) and consensus

clusterings with 4 clusters in iterations (4-8).

For CCA-GWLP, CCA-ROPPPA, and CCA-UPGMA we say that the consensus clustering

algorithm returned a consensus clustering with ’desired’ or ’expected’ number of cluster if one

of the following is true for at least one of the consensus clusterings returned by the consensus

clustering algorithm.

� If the permutation set is of input clustering trial 1, and the consensus clustering algorithm

returns a consensus clustering with ξ − 1 clusters or ξ clusters.

� If the permutation set is of input clustering trial 2, the consensus clustering algorithm

returns a consensus clustering with ξ clusters.

� If the permutation set is of input clustering trial 3, the consensus clustering algorithm

returns a consensus clustering with ξ + 1 clusters or ξ clusters.

� If the permutation set is of input clustering trial 4, the consensus clustering algorithm

returns a consensus clustering with ξ − 1, ξ, or ξ + 1 clusters.

Table 7.16 shows that CCA-GWLP returned a consensus clustering with the desired or

expected number of clusters for 566 (87.35%) of the 648 permutation sets, whereas CCA-

ROPPPA returned a consensus clustering with the desired or expected number of clusterings

for 647 (99.85%) of the 648 permutation sets. In addition, of the 82 permutation sets in which

CCA-GWLP did not return a consensus clustering with the desired or expected number of

clusters, 81 had CCA-ROPPPA return a consensus clsutering with the desired or expected

number of clusters.

Therefore, this suggests that because CCA-ROPPPA may be more effective than CCA-

GWLP at returning a consensus clustering with the desired or expected number of clusters.

These results makes sense as CCA-ROPPPA has the opportunity to return more than one

consensus clustering results, as opposed to CCA-GWLP which can only return at most one.

In addition, all of the permutation sets in which CCA-GWLP did not return the desired or

expected number of clusters specifically returned MORE than the desired or expected number of
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Table 7.16 Whether CCA-ROPPPA and CCA-GWLP Returned a Consensus Clustering with the
Desired or Expected Number of Clusters

CCA-GWLP Did
Not Return a Par-
tition with the
Desired or Ex-
pected Number of
Clusters

CCA-GWLP Re-
turned a Parti-
tion with the De-
sired or Expected
Number of Clus-
ters

Total

CCA-ROPPPA
Did Not Return a
Partition with the
Desired or Ex-
pected Number of
Clusters

1 0 1

CCA-ROPPPA
REtruned a Par-
tition with the
Desired or Ex-
pected Number of
Clusters

81 566 647

Total 82 566 648

clusters. Table 7.17 shows what percentage of permutation sets returned more than the desired

or expected number of clusters by the original data set the permutation set was generated from.
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Figure 7.6 Results for dlbcl50sample0-trial-3-partition4C-perm1
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Table 7.17 Percent of Permutation Sets from this Data Set in which CCA-GWLP Returned More
than the Expected or Desired Number of Clusters

Data Set Percent of Permutation
Sets from this Data Set
in which CCA-GWLP
Returned More than
the Expected or Desired
Number of Clusters

2d-3c-no123-
50sample0

2.78%

2d-4c-no4-
50sample0

0%

banana-
50sample0

0%

brain 55.56%
dlbcl-50sample0 25.00%
elliptical-10-2-
50sample0

0%

leukemia 5.56%
spiral-50sample0 0%
tissuemulti-
50sample0

25.00%

Next we assess the RAND score of the ’most desirable’ consensus clustering returned by

CCA-ROPPPA and the ’correct clustering’ of O; and the RAND score of the ’most desirable’

consensus clustering returned by CCA-GWLP and the ’correct clustering’ of O. We first note

that each of the original data sets O used in our analyses came with a correct clustering, which

we will call pcorrect. Because CCA-ROPPPA can return more than one consensus clustering, we

assume that the researcher using CCA-ROPPPA would most desire a consensus clustering in

which the number of clusters is closest to ξ (the number of clusters in pcorrect). We denote ξclose

as a number of clusters in a consensus clustering returned by CCA-ROPPPA that is closest to

ξ. Note, the ideal consensus clustering would have ξclose = ξ. It follows that if there are multiple

consensus clusterings with ξclose clusters, the consensus clustering that has the highest RAND

score with pcorrect would be most desirable to the researcher. We denote RANDclose as the

highest RAND score of a consensus clustering returned by CCA-ROPPPA with ξclose clusters.

Note, the ideal consensus clustering would have ξclose = ξ and RANDclose = 1.

With this in mind, we used the following method to select the most desirable returned
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consensus clustering from CCA-ROPPPA (CCA-UPGMA), which we call pclose.

Method for Selecting pclose in CCA-ROPPPA (CCA-UPGMA)

Input: Set of consensus clusterings ofO returned by CCA-ROPPPA (CCA-UPGMA), {p1, ..., pR},
and the correct clustering of O, pcorrect, which has ξ clusters.

Output: One of the consensus clusterings from {p1, ..., pR}, which we call pclose.

1. Set pclose = p1, ξclose = 1, and RANDclose = RAND(p1, pcorrect).

2. For r = 2, ..., R

(a) Let ξr be the number of clusters in pr.

(b) If |ξ − ξr| < |ξ − ξclose| or (|ξ − ξr| = |ξ − ξclose| and

RAND(pr, pcorrect) > RAND(pclose, pcorrect)), then:

� pclose = pr

� ξclose = ξr

� RANDclose = RAND(pr, pcorrect)

Becase CCA-GWLP returns at most one consensus clustering p, for CCA-GWLP we define

the pclose = p. It follows that for CCA-GWLP we define RANDclose = RAND(pclose, pcorrect)

and ξclose as the number of clusters in p.

Table 7.18 shows that 449 of the 648 permutation sets had (ξclose, RANDclose) of CCA-

GWLP and (ξclose, RANDclose) of CCA-ROPPPA as the same. It shows that 168 of the 648

permutation sets had CCA-ROPPPA have a better ξclose than that of CCA-GWLP, whereas

only 1 of the 648 permutation sets had CCA-GWLP have a better ξclose than that of CCA-

ROPPPA.

Table 7.18 also shows that of the 479 permutation sets that had ξclose of CCA-GWLP and

ξclose of CCA-ROPPPA as the same, 30 had RANDclose of CCA-ROPPPA better than CCA-

GWLP whereas 0 had RANDclose of CCA-GWLP better than CCA-ROPPPA. Therefore, this

shows that if the researcher first desires a ξclose that is as close as possible to ξ and secondly

desires RANDclose as large as possible, then CCA-ROPPPA outperforms CCA-GWLP.

Finally, to further compare the nature of CCA-ROPPPA results to CCA-GWLP results, we

look for differences in:

� the sets of permutation sets where CCA-GWLP returned a consensus clustering solution

that was one of the consensus clusterings returned by CCA-ROPPPA

� the sets of permutation sets where CCA-GWLP did not return a consensus clustering

solution that was one of the consensus clusterings returned by CCA-ROPPPA
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Table 7.18 The RAND Score of the Most Desirable Consensus Clustering Returned by CCA-
ROPPPA (CCA-GWLP) and the Correct Clustering

Permutation Sets ξclose of CCA-
ROPPPA is Bet-
ter Than That of
CCA-GWLP

ξclose of CCA-
ROPPPA is
Equal to That of
CCA-GWLP

ξclose of CCA-
ROPPPA is
Worse Than That
of CCA-GWLP

Total

RANDclose of
CCA-ROPPPA is
Better Than That
of CCA-GWLP

59 30 0 89

RANDclose of
CCA-ROPPPA is
Equal to That of
CCA-GWLP

10 449 0 459

RANDclose of
CCA-ROPPPA is
Worse Than That
of CCA-GWLP

99 0 1 100

Total 168 479 1 648

Specifically we looked for differences in ARS, the original data set, permutation set sizes,

permutation set type (1 or 2), input clustering set type.

Table 7.15 shows that only 1.08% (or 7) of the 648 permutation sets had CCA-GWLP not

return a consensus clustering solution that was one of the consensus clusterings returned by

CCA-ROPPPA. They were the following:

� dlbcl-50sample0-trial-4-partition4B-perm1

� dlbcl-50sample0-trial-4-partition4B-perm2

� brain-trial-1-partition8C-perm1

� brain-trial-1-partition8C-perm2

� tissuemulti-50sample0-trial-3-partition4C-perm1

� tissuemulti-50sample0-trial-3-partition4C-perm2

� banana-50sample0-trial-4-partition8B-perm2
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Table 7.19 ARS Difference Between the Permutation Sets in which CCA-GWLP Did and Did
Not Return a Consensus Clustering that was One of the Consensus Clusterings Returned by CCA-
ROPPPA

Permutation Sets Mean (Std)
ARS of Per-
mutation
Sets

Number
of Per-
mutation
Sets

That had CCA-GWLP not re-
turn a consensus clustering so-
lution that was one of the con-
sensus clusterings returned by
CCA-ROPPPA

0.7752
(0.0903)

7

That had CCA-GWLP return
a consensus clustering solu-
tion that was one of the con-
sensus clusterings returned by
CCA-ROPPPA

0.9414
(0.0975)

641

Because there are so few permutation sets that had CCA-GWLP not return a consensus

clustering solution that was one of the consensus clusterings returned by CCA-ROPPPA, it is

difficult to assess whether the original data set, the input clustering trial set, and the partition

set size affected the likelihood of this result. We can note that all permutation sets containing

exactly one input clustering had CCA-GWLP return a consensus clustering solution that was

one of the consensus clusterings returned by CCA-ROPPPA. Also notice that 7 of these per-

mutation sets corresponded to just 4 partition sets. Finally table 7.19 doesn’t seem to indicate

significant differences in ARS between the two sets of permutation sets.

7.6.3 Consensus Clustering Nature and Quality: CCA-ROPPPA and CCA-

UPGMA

In this section we compare the nature and quality of the consensus clusterings returned by CCA-

ROPPPA to the nature and quality of the consensus clusterings returned by CCA-UPGMA.

Specifically we assess the following:

Quality

� the number of consensus clusterings returned by CCA-ROPPPA and CCA-UPGMA
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that are nested in the preceding consensus clustering

� whether CCA-ROPPPA and CCA-UPGMA returned a consensus clustering with the

’desired or expected’ number of clusters

� the RAND score of the ’most desirable’ consensus clustering returned by CCA-

ROPPPA and the ’correct clustering’; and the RAND score of the ’most desirable’

consensus clustering returned by CCA-UPGMA and the ’correct clustering’

Nature

� the number of consensus clusterings returned by CCA-ROPPPA and CCA-UPGMA

� the PERCENT of permutation sets in which the results of CCA-UPGMA were dif-

ferent than those of CCA-ROPPPA

� the DIFFERENCES between the permutation sets in which the results of CCA-

UPGMA were different than those of CCA-ROPPPA

First we discuss the number of consensus clusterings returned by CCA-ROPPPA and CCA-

UPGMA.

Because CCA-UPGMA uses UPGMA (as opposed to solving LPs that need to return binary

optimal solutions in order to represent a partition), CCA-UPGMA will return at least two

consensus clusterings, specifically a.) one with all objects in the same cluster and b.) one with

all objects in singleton clusters. Although CCA-ROPPPA is not guaranteed to return any

consensus clusterings solutions, our results from section 7.6.2 show that all 648 vector sets

returned by CCA-ROPPPA also defined at least two consensus clustering solutions, specifically

a.) the consensus clustering with all objects in the same cluster, and b.) the consensus clustering

with all objects in singleton clusters.

From our discussions in section 7.4 on how to interpret the results of CCA-UPGMA, CCA-

UPGMA will return at most n consensus clusterings. Although, it is possible for CCA-ROPPPA

to return more than n consensus clusterings, our results show that all 648 vector sets returned

by CCA-ROPPPA also defined no more than n consensus clusterings.

Table 7.20 shows the average number of consensus clusterings returned by CCA-ROPPPA

and CCA-UPGMA. It does not show a significant difference. However, the table in the appendix

finds the average number of input clusterings returned by CCA-UPGMA and CCA-ROPPPA

grouped by the original data set, the number of partitions in the partition set, and the in-

put clustering trial set. It shows that CCA-ROPPPA returned the same number of consensus

clusterings as CCA-UPGMA when the permutation set had exactly one partition. Because one

third of our permutation sets have exactly one partition, we examined the data even more.
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Table 7.20 The Number of Consensus Clusterings Returned by CCA-ROPPPA and CCA-UPGMA

Mean (Std) Number
of Consensus Clus-
terings Returned by
CCA-ROPPPA

Mean (Std) Number
of Consensus Clus-
terings Returned by
CCA-UPGMA

All Permu-
tation Sets

5.59 (4.66) 5.06 (3.48)

Figure 7.7 Difference in the Number of Consensus Clusterings Returned by CCA-ROPPPA and
CCA-UPGMA

Figure 7.7 shows that most of the 648 permutation sets had CCA-ROPPPA and CCA-

UPGMA returned the same number of consensus clusterings and that CCA-ROPPPA was

more likely than CCA-UPGMA to return a higher number of consensus clusterings. Thus this

indicates that CCA-ROPPPA may provide more consensus clustering options for the researcher

than CCA-UPGMA.

Next we look at the PERCENT of permutation sets in which the results of CCA-UPGMA

were different than those of CCA-ROPPPA. Table 7.21 shows that 77.01% of the 648 permuta-

tion sets had CCA-ROPPPA and CCA-UPGMA return the same set of consensus clusterings.

It shows that 2.78% of permutation sets had the CCA-UPGMA consensus clusterings returned

being a strict subset of CCA-ROPPPA consensus clusterings returned, whereas only 0.77% of
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Figure 7.8 Percent of CCA-ROPPPA Consensus Clusterings Also Returned by CCA-UPGMA

permutation sets had the CCA-ROPPPA consensus clusterings returned being a strict subset

of CCA-UPGMA consensus clusterings returned. Finally, it shows that 19.44% of permutation

sets had at least one consensus clustering returned by CCA-UPGMA that was not returned by

CCA-ROPPPA, and vice versa. Thus this shows that while CCA-ROPPPA is able to give more

consensus clustering options than CCA-UPGMA, there are many cases where there is not an

overlap (or subset) in results.

In addition, figures 7.8 and 7.9 show the histogram of the percent of returned consensus

clusterings returned by CCA-ROPPPA that are also returned by CCA-UPGMA and the his-

togram of the percent of returned consensus clusterings returned by CCA-UPGMA that are also

returned by CCA-ROPPPA. They show that the results of most permutation sets have high

overlap in both consensus clustering algorithms, while some permutation sets had low overlap

in both consensus clustering algorithms. Furthermore, figure 7.10 shows a positive correlation

between the percent of CCA-ROPPPA consensus clusterings that were also CCA-UPGMA clus-

terings and the percent of CCA-UPGMA consensus clusterings that were also CCA-ROPPPA

clusterings.

We will discuss differences in permutation sets that did and did not have high overlapping

results at the end of this section.

Next we will discuss the number of consensus clusterings returned by CCA-ROPPPA and
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Table 7.21 Percent of Permutation Sets in which the Results of CCA-UPGMA were Different than
those of CCA-ROPPPA

Permutation Sets Where: Number Percent

Returned CCA-UPGMA
Consensus Clusterings =
Returned CCA-ROPPPA
Consensus Clusterings

499 77.01%

Returned CCA-UPGMA
Consensus Clusterings ⊂
Returned CCA-ROPPPA
Consensus Clustering

18 2.78%

CCA-ROPPPA Consensus
Clusterings ⊂ Returned
CCA-UPGMA Consensus
Clustering

5 0.77%

(CCA-ROPPPA Consensus
Clusterings 6⊂ Returned CCA-
UPGMA Consensus Clus-
tering) and (CCA-UPGMA
Consensus Clusterings 6⊂
Returned CCA-ROPPPA
Consensus Clustering)

126 19.44%

Total 648 100.00%

Figure 7.9 Percent of CCA-UPGMA Consensus Clusterings Also Returned by CCA-ROPPPA
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Figure 7.10 Percent of CCA-ROPPPA Consensus Clusterings Also Returned by CCA-UPGMA and
Percent of CCA-UPGMA Consensus Clusterings Also Returned by CCA-ROPPPA

CCA-UPGMA that are nested in the preceding consensus clustering. Because CCA-UPGMA

uses UPGMA, all consensus clusterings returned by CCA-UPGMA will be nested in the preced-

ing consensus clustering. The consensus clustering algorithm CCA-β is also designed to return

a set of consensus clusterings in which each consensus clustering is nested in the previous con-

sensus clustering. However, because CCA-ROPPPA is a heuristic of CCA-β, this property is

not guaranteed. As we discussed in section 7.5.1, table 7.2 shows that 78.40% of permutation

sets had all vectors returned define a consensus clustering that was nested in the preceding con-

sensus clustering and that the average permutation set had 92.04% of it’s returned consecutive

vector pairs define consensus clusterings in which the second was nested in the first. If it is the

case that researcher requires all consensus clusterings to be nested in the previous one, then

CCA-UPGMA is clearly more suitable.

Next we compare the percent of permutation sets in which CCA-ROPPPA and CCA-

UPGMA returned a consensus clustering with the number of ’desired’ or ’expected’ clusters,

using the definition of ’desired’ and ’expected’ number of clusters given in section 7.6.2. Table

7.22 shows that CCA-ROPPPA returned a consensus clustering with the desired or expected

number of clusters in 647/648 of the permutation sets, while CCA-UPGMA returned a consen-

sus clustering with the desired or expected number of clusters in 646/648 of the permutation
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Table 7.22 Whether CCA-ROPPPA and CCA-UPGMA Returned a Consensus Clustering with the
Desired or Expected Number of Clusters

CCA-UPGMA
Did Not Return a
Partition with the
Desired or Ex-
pected Number of
Clusters

CCA-UPGMA
Returned a Par-
tition with the
Desired or Ex-
pected Number of
Clusters

Total

CCA-ROPPPA
Did Not Return a
Partition with the
Desired or Ex-
pected Number of
Clusters

1 0 1

CCA-ROPPPA
Returned a Par-
tition with the
Desired or Ex-
pected Number of
Clusters

1 646 647

Total 2 646 648

sets. Thus, this does not give any evidence that either consensus clustering algorithm is better

at returning a consensus clustering with the the desired or expected number of clusters.

Now we compare RANDclose of CCA-ROPPPA and CCA-UPGMA. We use the definitions

of RANDclose and pclose for CCA-ROPPPA and CCA-UPGMA given in section 7.6.2.

Table 7.23 shows that 564 of the 648 permutation sets had (ξclose, RANDclose) of CCA-

UPGMA and (ξclose, RANDclose) of CCA-ROPPPA as the same. It shows that 4 of the 648

permutation sets had CCA-UPGMA have a better ξclose than that of CCA-ROPPPA, whereas

only 1 of the 648 permutation sets had CCA-ROPPPA have a better ξclose than that of CCA-

UPGMA. Because these numbers (4 and 1) are very small, we do not assume that CCA-

ROPPPA or CCA-UPGMA is better at returning a better ξclose.

Table 7.23 also shows that of the 643 permutation sets that had ξclose of CCA-UPGMA and

ξclose of CCA-ROPPPA as the same, 55 had RANDclose of CCA-ROPPPA better than CCA-

UPGMA whereas 24 had RANDclose of CCA-UPGMA better than CCA-ROPPPA. Therefore,

this shows that if the researcher first desires a ξclose that is as close as possible to ξ and secondly

desires RANDclose as large as possible, then CCA-ROPPPA outperforms CCA-UPGMA in the
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Table 7.23 The RAND Score of the Most Desirable Consensus Clustering Returned by CCA-
ROPPPA (CCA-UPGMA) and the Correct Clustering

Permutation Sets ξclose of CCA-
ROPPPA is Bet-
ter Than That of
CCA-UPGMA

ξclose of CCA-
ROPPPA is
Equal to That of
CCA-UPGMA

ξclose of CCA-
ROPPPA is
Worse Than That
of CCA-UPGMA

Total

RANDclose of
CCA-ROPPPA is
Better Than That
of CCA-UPGMA

0 55 3 58

RANDclose of
CCA-ROPPPA is
Equal to That of
CCA-UPGMA

0 564 0 564

RANDclose of
CCA-ROPPPA is
Worse Than That
of CCA-UPGMA

1 24 1 26

Total 1 643 4 648

datasets that we tested.

Finally, we will discuss the differences between the permutation sets in which the results of

CCA-UPGMA were different than those of CCA-ROPPPA. For those that were different, we

will assess whether CCA-ROPPPA or CCA-UPGMA provided better results. We will, again,

use the RANDclose of CCA-UPGMA and CCA-ROPPPA to assess which consensus clustering

algorithm performed better. Tables 7.24, 7.25, 7.26, and 7.27 below show the average percent

of CCA-UPGMA (CCA-ROPPPA) consensus clusterings that are also CCA-ROPPPA (CCA-

UPGMA) consensus clusterings aggregated by the original data set, the input clustering trial,

the partition set size, and the permutation type respectively.

Table 7.24 shows that three of the artificial data sets (2d-4c-no45sample0,

elliptical-10-2-50sample0, and spiral-50sample0) had all permutations sets have CCA-ROPPPA

and CCA-UPGMA return the exact same set of consensus clusterings. In addition, we can see

that all of artificial data sets had higher average match percentages than all of the real data

sets. All the real data sets had a lot more differences in the consensus clustering results returned

by CCA-ROPPPA and CCA-UPGMA. Furthermore, three of the four real data sets had more

permutation sets in which CCA-ROPPPA had a higher RANDclose than CCA-UPGMA.

Table 7.25 shows that input clustering trial 1 had the least disagreement between CCA-
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ROPPPA and CCA-UPGMA results and input clustering trial 3 had the most disagreement

between CCA-ROPPPA and CCA-UPGMA results. Input clustering trial sets 2-4 had more

permutation sets in which CCA-ROPPPA had a higher RANDclose than CCA-UPGMA.

Table 7.26 shows that all permutation sets with only partition had CCA-ROPPPA and

CCA-UPGMA return the exact same set of consensus clusterings. There is not enough evidence

to suggest that permutation sets with four and eight partitions had different average match

percentages between CCA-ROPPPA and CCA-UPGMA. However, both permutation sets of

size four and eight were more likely to have CCA-ROPPPA have a higher RANDclose than

CCA-UPGMA.

Finally table 7.27 did not show enough evidence to suggest that ordered and unordered

permutation sets had different average match percentages between CCA-ROPPPA and CCA-

UPGMA. However, both ordered and unordered permutation sets were more likely to have

CCA-ROPPPA have a higher RANDclose than CCA-UPGMA.
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Table 7.24 The Differences Between the Permutation Sets in Which the Results of CCA-UPGMA
were Different than those of CCA-ROPPPA: by Original Data

Original
Data

Mean (Std)
ARS of
the Per-
mutation
Set

Mean (Std)
Percent
of CCA-
UPGMA
that are
Also Re-
turned
by CCA-
ROPPPA

Mean (Std)
Percent
of CCA-
ROPPPA
that are
Also Re-
turned
by CCA-
UPGMA

Number
of Per-
mutation
Sets where
RANDclose

of CCA-
UPGMA
was Higher

Number
of Per-
mutation
Sets where
RANDclose

of CCA-
ROPPPA
was Higher

2d-3c-
no123-
50sample0

0.9774
(0.0523)

98.81%
(7.09%)

98.26%
(8.47%)

0 4

2d-4c-no4-
50sample0

0.9866
(0.0239)

100.00%
(0.00%)

100.00%
(0.00%)

0 0

banana-
50sample0

0.9364
(0.1395)

99.38%
(3.75%)

99.72%
(2.36%)

1 0

brain 0.8843
(0.0874)

76.33%
(23.44%)

67.61%
(27.14%)

8 25

dlbcl-
50sample0

0.8658
(0.1054)

79.12%
(24.89%)

72.92%
(29.13%)

14 14

elliptical-
10-2-
50sample0

0.9982
(0.0031)

100.00%
(0.00%)

100.00%
(0.00%)

0 0

leukemia 0.9118
(0.1049)

95.68%
(8.32%)

93.70%
(11.75%)

0 7

spiral-
50sample0

0.934
(0.1342)

100.00%
(0.00%)

100.00%
(0.00%)

0 0

tissuemulti-
50sample0

0.9623
(0.0373)

92.89%
(11.44%)

88.76%
(14.99%)

3 8
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Table 7.25 The Differences Between the Permutation Sets in Which the Results of CCA-UPGMA
were Different than those of CCA-ROPPPA: by Input Clustering Trial

Input clus-
tering Trial
Set the Per-
mutation
Set was
Made With

Mean (Std)
ARS of
the Per-
mutation
Set

Mean (Std)
Percent
of CCA-
UPGMA
that are
Also Re-
turned
by CCA-
ROPPPA

Mean (Std)
Percent
of CCA-
ROPPPA
that are
Also Re-
turned
by CCA-
UPGMA

Number
of Per-
mutation
Sets where
RANDclose

of CCA-
UPGMA
was Higher

Number
of Per-
mutation
Sets where
RANDclose

of CCA-
ROPPPA
was Higher

1 0.9706
(0.0616)

95.71%
(12.94%)

93.81%
(17.50%)

9 5

2 0.9631
(0.0715)

94.15%
(15.47%)

92.43%
(17.93%)

5 14

3 0.9516
(0.0746)

91.41%
(16.73%)

88.53%
(20.86%)

7 14

4 0.8733
(0.1368)

93.04%
(15.71%)

90.11%
(19.40%)

5 25

Table 7.26 The Differences Between the Permutation Sets in Which the Results of CCA-UPGMA
were Different than those of CCA-ROPPPA: by Partition Set Size

Number of
Partitions
in the Per-
mutation
Set

Mean (Std)
ARS of
the Per-
mutation
Set

Mean (Std)
Percent
of CCA-
UPGMA
that are
Also Re-
turned
by CCA-
ROPPPA

Mean (Std)
Percent
of CCA-
ROPPPA
that are
Also Re-
turned
by CCA-
UPGMA

Number
of Per-
mutation
Sets where
RANDclose

of CCA-
UPGMA
was Higher

Number
of Per-
mutation
Sets where
RANDclose

of CCA-
ROPPPA
was Higher

1 1 (0) 100.00%
(0.00%)

100.00%
(0.00%)

0 0

4 0.9057
(0.1141)

90.86%
(17.73%)

87.84%
(21.18%)

11 24

8 0.9132
(0.1044)

89.88%
(18.15%)

85.82%
(22.88%)

15 34
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Table 7.27 The Differences Between the Permutation Sets in Which the Results of CCA-UPGMA
were Different than those of CCA-ROPPPA: by Permutation Set Type

Permutation
Set Type

Mean (Std)
ARS of
the Per-
mutation
Set

Mean (Std)
Percent
of CCA-
UPGMA
that are
Also Re-
turned
by CCA-
ROPPPA

Mean (Std)
Percent
of CCA-
ROPPPA
that are
Also Re-
turned
by CCA-
UPGMA

Number
of Per-
mutation
Sets where
RANDclose

of CCA-
UPGMA
was Higher

Number
of Per-
mutation
Sets where
RANDclose

of CCA-
ROPPPA
was Higher

Ordered 0.9396
(0.0989)

93.79%
(15.22%)

91.37%
(18.88%)

11 28

Unordered 0.9396
(0.0989)

93.37%
(15.45%)

91.07%
(19.21%)

15 30
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Chapter 8

Discussion

In this chapter we discuss the rationale for using CCA-β particularly for gene expression profile

data and we assess how effective a heuristic CCA-ROPPPA is for CCA-β.

In section 8.1 we discuss our findings from our numerical tests. In section 8.2 we show how

the first two vector solutions (x∗(λ1) and x∗(λ2)) returned by CCA-ROPPPA relate to the

minimum cluster ratio cut [Yeh95]. Finally, in section 8.3 we discuss how CCA-ROPPPA is a

natural extension of the minimum cluster ratio cut.

8.1 Discussion of Numerical Tests

8.1.1 Benefits and Drawbacks of CCA-ROPPPA

Our numerical tests in chapter 7 suggests that CCA-ROPPPA has the following benefits.

1. CCA-ROPPPA returned a CCA-β solution for 78.40% of the test input clustering sets

(permutation sets).

2. In our numerical tests, on average 92.04% of the consecutive vectors pairs returned by

CCA-ROPPPA (x∗(λr−1), x∗(λr)) defined two consensus clusterings (pr−1, pr) such that

βC(pr|pr−1) was the minimum β-ratio given C(pr−1).

3. CCA-ROPPPA yields more options for consensus clustering solutions than CCA-GWLP

and CCA-UPGMA.

4. CCA-ROPPPA outperforms CCA-GWLP in returning a consensus clustering with the

desired or expected number of clusters.
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5. CCA-ROPPPA outperforms CCA-UPGMA (especially when using real data sets) and

CCA-GWLP when the researcher

(a) first desires a consensus clustering where the number of clusters is as close as possible

to the ’inherent’ number of clusters and

(b) secondly desires the RAND score of the consensus clustering and the ’correct clus-

tering’ as large as possible.

In addition, our numerical tests in chapter 7 suggests that CCA-ROPPPA has the following

drawbacks.

1. CCA-UPGMA and CCA-GWLP on average have faster execution times than CCA-

ROPPPA.

2. Unlike CCA-UPGMA, CCA-ROPPPA does not always return solutions that define con-

sensus clusterings.

3. Unlike CCA-UPGMA, CCA-ROPPPA does not always return consensus clusterings that

are nested in the preceding consensus clustering.

4. CCA-ROPPPA is a heuristic in that it does not always return a CCA-β solution.

8.1.2 Future Work to Address the Drawbacks

Addressing the drawbacks, we have the following suggestions for future research regarding

CCA-ROPPPA.

If a researcher would like to use CCA-ROPPPA and it is important for it to more frequently

return a CCA-β solution, there are additional constraints that could be added to the LPs in

CCA-ROPPPA that may force the vector solutions returned by CCA-ROPPPA to achieve

this. For instance, the theorem 6.1 shows us that the set of vectors returned by CCA-ROPPPA,

{x∗(λ1), ...,x∗(λR)}, define a CCA-β solution if they satisfy conditions A and B (defined in sec-

tion 7.5). Because each vector x∗(λr)} returned by CCA-ROPPPA is found by solving an LP

formulation, we could modify CCA-ROPPPA by adding binary constraints to this LP formula-

tion. Then every solution in {x∗(λ1), ...,x∗(λR)} would be binary and thus {x∗(λ1), ...,x∗(λR)}
would satisfy condition A. Furthermore, provided that {x∗(λ1), ...,x∗(λR)} satisfies condition

A, we could further modify CCA-ROPPPA by adding the following set of constraints to the LP

formulation in CCA-ROPPPA that solves for x∗(λr) (for r = 2, ..., R):

xij = 0 ∀(i, j) ∈ {(i, j)|x∗(λr−1) = 0}
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Because x∗(λr−1) and x∗(λr) will both be binary (and thus represent consensus clusterings),

this additional set of constraints will force the consensus clustering defined by x∗(λr) to be

nested in the consensus clustering defined by x∗(λr−1) for r = 2, ..., R. Thus {x∗(λ1), ...,x∗(λR)}
would satisfy conditions A and B. However, because CCA-ROPPPA has been modified, this

does not necessarily mean that theorem 6.1 will still hold and thus that {x∗(λ1), ...,x∗(λR)}
will define a CCA-β solution. Thus an avenue for future research may be to determine whether

theorem 6.1 still holds given these modification. If so, CCA-ROPPPA would no longer be a

heuristic for CCA-β.

Furthermore, if a researcher would like to use CCA-ROPPPA and it is important for it to

have a faster execution time, in sections 8.2 and 8.3 we discuss how the parametric LP formu-

lation used in CCA-ROPPPA (Pλ) is a parametric extension of the dual of a LP formulation of

the Uniform Multicommodity Flow problem (UMFP). We discuss how Shahrokhi and Matula

[SM90] show that the dual of the UMFP is equivalent to the minimum weighted cluster ratio

problem. There are several effective polynomial time heuristics found in the literature that ap-

proximate solutions to the UMFP and the minimum cluster ratio problem. Therefore, another

avenue for future research may be to try to modify one of these polynomial time heuristics to

instead approximate the optimal solution to the LP formulation used in CCA-ROPPPA, thus

potentially decreasing the total execution time of CCA-ROPPPA.

8.2 How CCA-ROPPPA Relates to the Minimum Cluster Ra-

tio Cut

The purpose of this section is to demonstrate how the first two vector solutions (x∗(λ1) and

x∗(λ2)) returned by CCA-ROPPPA relate to the minimum cluster ratio cut [Yeh95].

8.2.1 Primal and Dual Formulations Related to the UMFP

In describing the rationale for their proposed metric (the minimum cluster ratio) Yeh et. al.

[Yeh95] discuss that clustering can also be considered as a uniform multi-commodity flow prob-

lem (UMFP) (defined in chapter 2).

For the graph G = (V,E), the set of commodities ρ = V × V , edge capacities C : E 7→ R+

they simplify the notation of the UMFP and formulate it as an equivalent problem in which

from each node k (1 ≤ k ≤ n) f units of flow is injected to every other node in the graph. The

formulation that they give is below.
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max f (8.1)

st
n∑
j=1

xkij −
n∑
j=1

xkji =
{
−f, if i 6=k

(n−1)f,if i=k 1 ≤ i, k ≤ n (8.2)

n∑
j=1

xkij +

n∑
j=1

xkji ≤ cij 1 ≤ i, j, k ≤ n (8.3)

xkij ≥ 0 1 ≤ i, j, k ≤ n (8.4)

,

where xkij is the flow originating at node k on edge (i, j), n is the total number of nodes and

commodities, and cij is the capacity of edge (i, j).

To relate their proposed minimum cluster ratio problem to the UMFP, they use the following

theorem from Shahrokhi and Matula [SM90].

Theorem 8.2.1 The maximum uniform multicommodity flow equals the minimum weighted

cluster ratio of any cut C, i.e., max(f) = min(WC).

Thus from this theorem, the optimal solution of the UMFP problem does not correspond to

the optimal solution of the cluster ratio problem. However, when W ∗C = minr≥2WC(V1, ..., Vr)

and w∗st = w for some constant w for all 1 ≤ s, t ≤ r, then the optimal solution of the UMFP

does correspond to the optimal solution of the cluster ratio problem.

Theorem 8.2.1 follows from the fact that the weighted cluster ratio problem can be for-

mulated as the dual of the UMFP. In this section we show that P1 (the LP Pλ we use in

CCA-ROPPPA in which λ = 1) is 1.) also the dual of the UMFP and 2.) equivalent to the

weighted cluster ratio problem.

First the UMFP LP formulation in (8.1)-(8.4) is the node-arc LP formulation of the UMFP

[SM90]. To show the dual relationship of P1 and the UMFP, we use the edge-path LP formulation

of the UMFP problem [SM90] that we give below.
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max f (8.5)

st
∑
p∈Pij

xp − f ≥ 0 1 ≤ i < j ≤ n (8.6)

∑
p:(i,j)∈p

xp ≤ cij 1 ≤ i < j ≤ n (8.7)

xp ≥ 0 ∀p (8.8)

f ≥ 0 (8.9)

,

where Pij is the set of all paths from i to j in the graph G(V,E), xp is the units of flow

from i to j on path p ∈ Pij , and f is the total units of flow from each node i to each node j in

G(V,E).

Taking the dual of this LP formulation in (8.5)-(8.9) we get the following [L.11]:

min
∑

1≤i<j≤n
cijdij (8.10)

st
∑

1≤i<j≤n
wij ≥ 1 (8.11)

− wij +
∑

(u,v)∈p

duv ≥ 0 1 ≤ i < j ≤ n, p ∈ Pij (8.12)

dij , wij ≥ 0 1 ≤ i < j ≤ n (8.13)

,

where dij corresponds to the capacity constraints in (8.7) and wij corresponds to the uniform

flow constraints in (8.6).

The following lemmas help us show that the LP in (8.10)-(8.13) is equivalent to that of

(8.18)-(8.21)

Lemma 8.2.1 If (w∗, d∗) is an optimal solution of (8.10)-(8.13), then min
p∈Pij

{
∑

(u,v)∈p
d∗uv} = w∗ij

for all 1 ≤ i < j ≤ n.
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Proof Let (w∗, d∗) be an optimal solution of (8.10)-(8.13).

Considering the set of constraints in (8.12) it must be the case that a feasible solution of

(8.10)-(8.13) satisfies min
p∈Pij

{
∑

(u,v)∈p
d∗uv} ≥ w∗ij for all 1 ≤ i < j ≤ n.

Now suppose (w∗, d∗) is an optimal solution and has a w∗ij in which

min
p∈Pij

{
∑

(u,v)∈p
d∗uv} > w∗ij . Then it follows that the solution ( w̄ε ,

d̄
ε ) in which a.)

w̄ij = min
p∈Pij

{
∑

(u,v)∈p
d∗uv}, b.) w̄st = w∗st for all (s, t) 6= (i, j), c.) d̄st = d∗st for all

1 ≤ s < t ≤ n, and d.) ε =
∑

s<t w̄st is feasible and produces a smaller objective function

value. Because this is the a contradiction to the optimality of (w∗, d∗), it must be the

case that min
p∈Pij

{
∑

(u,v)∈p
d∗uv} = w∗ij for all 1 ≤ i < j ≤ n

We can therefore think of wij as the shortest path from i to j in the graph weighted by the duv

variables.

Lemma 8.2.2 If (w∗, d∗) is an optimal solution of (8.10)-(8.13), then
∑

1≤i<j≤n
w∗ij = 1.

Proof Let (w∗, d∗) be an optimal solution of (8.10)-(8.13) where
∑

1≤i<j≤n
w∗ij = ε > 1. We can

define a new solution in which (w̄, d̄) = (w
∗

ε ,
d∗

ε ) that satisfies the (8.11) constraint with

equality, satisfies the (8.12) and (8.13) constraints, and produces a smaller objective

function value than that of (w∗, d∗).

Thus we the following LP in (8.14)-(8.17) is equivalent to the LP in (8.10)-(8.13).

min
∑

1≤i<j≤n
cijdij (8.14)

st
∑

1≤i<j≤n
wij = 1 (8.15)

∑
(u,v)∈p

duv ≥ wij 1 ≤ i < j ≤ n, p ∈ Pij (8.16)

dij , wij ≥ 0 1 ≤ i < j ≤ n (8.17)

,

Next we show the following.

112



Lemma 8.2.3 If (w∗, d∗) is optimal for the LP in (8.14)-(8.17), then w∗ = d∗.

Proof Suppose that (w∗, d∗) is a feasible, optimal solution for the LP in (8.14)-(8.17), but

w∗ 6= d∗.

If there exists a d∗uv < w∗uv then this violates constraint 8.16, which is a contradiction to

the feasibility of (w∗, d∗).

Now suppose there exists a d∗uv > w∗uv. Let (ŵ, d̂) be a solution in (8.14)-(8.17) such that

ŵ = w∗, d̂ij = d∗ij for all (i, j) 6= (u, v), and d̂uv = w∗uv = ŵuv. Because (w∗, d∗) is feasible

in (8.14)-(8.17), clearly constraints (8.15) and (8.17) still hold for (ŵ, d̂) and the

objective function value in (8.14) for (ŵ, d̂) is smaller than that of (w∗, d∗). If a path

p ∈ Pij does not contain the edge (u, v), then clearly constraint (8.16) still holds. If the

path p ∈ Pij does contain the edge (u, v), then it follows that∑
(s,t)∈p

d̂st ≥ ŵiu + d̂uv + ŵvj

= ŵiu + ŵuv + ŵvj

= w∗iu + w∗uv + w∗vj
= min

p∈Piu
{
∑

(s,t)∈p
d∗st}+ min

p∈Puv
{
∑

(s,t)∈p
d∗st}+ min

p∈Pvj
{
∑

(s,t)∈p
d∗st}

≥ min
p∈Pij

{
∑

(s,t)∈p
d∗st}

= w∗ij
= ŵij

The third and the fourth line above follow from lemma 8.2.1. Thus (ŵ, d̂) is feasible in

(8.14)-(8.17) and produces a smaller objective function value than that of (w∗, d∗), which

is a contradiction to the optimality of (w∗, d∗). Thus it must be the case that w∗ = d∗.

Because of this lemma, the LP in (8.14)-(8.17) is equivalent to (8.18)-(8.21)

min
∑

1≤i<j≤n
cijdij (8.18)

st
∑

1≤i<j≤n
dij = 1 (8.19)

∑
(u,v)∈p

duv ≥ dij 1 ≤ i < j ≤ n, p ∈ Pij (8.20)

dij ≥ 0 1 ≤ i < j ≤ n (8.21)
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,

Now notice that the constraints in (8.20) are equivalent to those of the triangle inequality.

Thus the LP in (8.18)-(8.21) is equivalent to that of (8.22)-(8.25).

min
∑

1≤i<j≤n
cijdij (8.22)

st
∑

1≤i<j≤n
dij = 1 (8.23)

dij + djk ≥ dik
djk + dik ≥ dij
dik + dij ≥ djk

1 ≤ i < j < k ≤ n (8.24)

dij ≥ 0 1 ≤ i < j ≤ n (8.25)

,

Because of constraint (8.23) and (8.25) it follows that dij ≤ 1 for all 1 ≤ i < j ≤ n. Because

of this we can let xij = 1− dij and attain the following equivalent LP in (8.26)-(8.29).

max
∑

1≤i<j≤n
cijxij (8.26)

st
∑

1≤i<j≤n
xij =

(
n

2

)
− 1 (8.27)

xij + xjk − xik ≤ 1

xij − xjk + xik ≤ 1

−xij + xjk + xik ≤ 1

1 ≤ i < j < k ≤ n (8.28)

xij ≥ 0 1 ≤ i < j ≤ n (8.29)

,

We can now see that the dual of the UMFP is equivalent to P1, where Pλ is the parametric

LP we use in CCA-ROPPPA.
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If we let yijd0 = dij for 1 ≤ i < j ≤ n where d0 = 1∑
1≤i<j≤n

yij
, it follows that (8.22)-(8.25) is

also equivalent to the following formulation.

min

∑
1≤i<j≤n cijyij∑

1≤i<j≤n yij
(8.30)

st

yij + yjk ≥ yik
yjk + yik ≥ yij
yik + yij ≥ yjk

1 ≤ i < j < k ≤ n (8.31)

yij ≥ 0 1 ≤ i < j ≤ n (8.32)

Finally, Shahrokhi and Matula [SM90] show that (8.30)-(8.32) is equivalent to the weighted

cluster ratio problem. Thus P1 is equivalent to the weighted cluster ratio problem.

8.2.2 Relationship between the Cluster Ratio Problem and CCA-ROPPPA

Because the dual of the UMFP is the weighted cluster ratio problem [SM90] and P1 and

because the weighted cluster ratio problem is equivalent to P1, then this demonstrates a clear

relationship between the weighted cluster ratio problem and CCA-ROPPPA (which uses Pλ).

Under the following conditions we can also demonstrate a relationship between the cluster ratio

problem and CCA-ROPPPA.

� When the wij variables in the optimal weighted cluster ratio (equation 2.6) are all equal,

then the minimum weighted cluster ratio is also the minimum cluster ratio.

� When {x∗(λ1), ...,x∗(λR)} is the set of vectors returned by CCA-ROPPPA and x∗(λ2)

is binary, then x∗(λ2) defines a consensus clustering that is the optimal solution to the

minimum cluster ratio problem.

8.3 How CCA-ROPPPA is an Extension of the Minimum Clus-

ter Ratio Problem

The purpose of this section is to show how CCA-ROPPPA is a natural extension of the minimum

cluster ratio problem.
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8.3.1 Primal and Dual Formulations Related to an Extension of the UMFP

First, we create a modification of the uniform multi-commodity flow problem (UMFP) and

formulate it as the following parametric LP below.

max λf −
∑

1≤i<j≤n
eij (8.33)

st
∑
p∈Pij

xp − f ≥ 0 1 ≤ i < j ≤ n (8.34)

∑
p|(i,j)∈p

xp − eij ≤ cij 1 ≤ i < j ≤ n (8.35)

xp ≥ 0 ∀p (8.36)

eij ≥ 0 ∀1 ≤ i < j ≤ n (8.37)

f ≥ 0 (8.38)

,

This is the same formulation as that represented in (8.5)-(8.9), except we have added a para-

metric component λ to the objective function and we have added eij variables to the capacity

constraints and the objective function. Whereas the capacity constraint defined in (8.7) could

not be violated, the introduction of the eij variables allows us to violate the capacity constraints.

The variable eij indicates how much the capacity constraint cij was violated.

Notice that when λ ≤ 0, the optimal solution will have none of the capacity constraint

violated, or eij = 0 for all 1 ≤ i < j ≤ n. However, the optimal flow will have f = 0, so

any feasible flow will end up being optimal. Notice that as λ increases, the reward of the

maximized uniform flow will begin to counterbalance the penalty of violating some of the

capacity constraints. Therefore, as λ increases, we may have more variables in which eij > 0.
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Next we take the dual of the LP in (8.33)-(8.38) shown below in (8.39)-(8.43).

min
∑

1≤i<j≤n
cijdij (8.39)

st
∑

1≤i<j≤n
wij ≥ λ (8.40)

− wij +
∑

(u,v)∈p

duv ≥ 0 1 ≤ i < j ≤ n, p ∈ Pij (8.41)

dij ≤ 1 1 ≤ i < j ≤ n (8.42)

dij , wij ≥ 0 1 ≤ i < j ≤ n (8.43)

,

Using the same logic from section 8.2, we prove the following lemmas to attain an equivalent

formulation.

Lemma 8.3.1 If (w∗, d∗) is an optimal solution of (8.39)-(8.43), then min
p∈Pij

{
∑

(u,v)∈p
d∗uv} = w∗ij

for all 1 ≤ i < j ≤ n.

Proof Let (w∗, d∗) be an optimal solution of (8.39)-(8.43).

Considering the set of constraints in (8.41) it must be the case that a feasible solution of

(8.39)-(8.43) satisfies min
p∈Pij

{
∑

(u,v)∈p
d∗uv} ≥ w∗ij for all 1 ≤ i < j ≤ n.

Now suppose (w∗, d∗) is an optimal solution and has a w∗ij in which

min
p∈Pij

{
∑

(u,v)∈p
d∗uv} > w∗ij . Then it follows that the solution (λw̄ε ,

λd̄
ε ) in which a.)

w̄ij = min
p∈Pij

{
∑

(u,v)∈p
d∗uv}, b.) w̄st = w∗st for all (s, t) 6= (i, j), c.) d̄st = d∗st for all

1 ≤ s < t ≤ n, and d.) ε =
∑

s<t w̄st is feasible and produces a smaller objective function

value. Because this is the a contradiction to the optimality of (w∗, d∗), it must be the

case that min
p∈Pij

{
∑

(u,v)∈p
d∗uv} = w∗ij for all 1 ≤ i < j ≤ n

Lemma 8.3.2 If (w∗, d∗) is an optimal solution of (8.39)-(8.43), then
∑

1≤i<j≤n
w∗ij = λ.

Proof Let (w∗, d∗) be an optimal solution of (8.39)-(8.43) where
∑

1≤i<j≤n
w∗ij = ε > λ. We

can define a new solution in which (w̄, d̄) = (λw
∗

ε , λd
∗

ε ) that satisfies the (8.40) constraint
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with equality, satisfies the remaining constraints, and produces a smaller objective

function value than that of (w∗, d∗).

Thus we get the following LP in (8.44)-(8.48) is equivalent to the LP in (8.39)-(8.43).

min
∑

1≤i<j≤n
cijdij (8.44)

st
∑

1≤i<j≤n
wij = λ (8.45)

∑
(u,v)∈p

duv ≥ wij 1 ≤ i < j ≤ n, p ∈ Pij (8.46)

dij ≤ 1 1 ≤ i < j ≤ n (8.47)

dij , wij ≥ 0 1 ≤ i < j ≤ n (8.48)

,

Next we show the following.

Lemma 8.3.3 If (w∗, d∗) is optimal for the LP in (8.44)-(8.48), then w∗ = d∗.

Proof Suppose that (w∗, d∗) is a feasible, optimal solution for the LP in (8.44)-(8.48), but

w∗ 6= d∗.

If there exists a d∗uv < w∗uv then this violates constraint 8.46, which is a contradiction to

the feasibility of (w∗, d∗).

Now suppose there exists a d∗uv > w∗uv. Let (ŵ, d̂) be a solution in (8.44)-(8.48) such that

ŵ = w∗, d̂ij = d∗ij for all (i, j) 6= (u, v), and d̂uv = w∗uv = ŵuv. Because (w∗, d∗) is feasible

in (8.44)-(8.48), clearly constraints (8.45), (8.47) and (8.48) still hold for (ŵ, d̂) and the

objective function value in (8.44) for (ŵ, d̂) is smaller than that of (w∗, d∗). If a path

p ∈ Pij does not contain the edge (u, v), then clearly constraint (8.46) still holds. If the

path p ∈ Pij does contain the edge (u, v), then it follows that
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∑
(s,t)∈p

d̂st ≥ ŵiu + d̂uv + ŵvj

= ŵiu + ŵuv + ŵvj

= w∗iu + w∗uv + w∗vj
= min

p∈Piu
{
∑

(s,t)∈p
d∗st}+ min

p∈Puv
{
∑

(s,t)∈p
d∗st}+ min

p∈Pvj
{
∑

(s,t)∈p
d∗st}

≥ min
p∈Pij

{
∑

(s,t)∈p
d∗st}

= w∗ij
= ŵij

The third and the fourth line above follow from lemma 8.3.1.

Thus (ŵ, d̂) is feasible in (8.44)-(8.48) and produces a smaller objective function value

than that of (w∗, d∗), which is a contradiction to the optimality of (w∗, d∗). Thus it must

be the case that w∗ = d∗.

Because of this lemma, we can write the LP in (8.49)-(8.52) that is equivalent to (8.44)-(8.48)

min
∑

1≤i<j≤n
cijdij (8.49)

st
∑

1≤i<j≤n
dij = λ (8.50)

∑
(u,v)∈p

duv ≥ dij 1 ≤ i < j ≤ n, p ∈ Pij (8.51)

0 ≤ dij ≤ 1 1 ≤ i < j ≤ n (8.52)

,

The constraints in (8.51) are equivalent to those of the triangle inequality. Thus the LP in

(8.49)-(8.52) is equivalent to that of (8.53)-(8.56).
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min
∑

1≤i<j≤n
cijdij (8.53)

st
∑

1≤i<j≤n
dij = λ (8.54)

dij + djk ≥ dik
dik + djk ≥ dij
dij + dik ≥ djk

1 ≤ i < j < k ≤ n (8.55)

0 ≤ dij ≤ 1 1 ≤ i < j ≤ n (8.56)

,

Now we can let xij = 1− dij and attain the following equivalent LP.

max
∑

1≤i,j≤n
cijxij (8.57)

st
∑

1≤i<j≤n
xij =

(
n

2

)
− λ (8.58)

xij + xjk − xik ≤ 1

xij − xjk + xik ≤ 1

−xij + xjk + xik ≤ 1

1 ≤ i, j, k ≤ n (8.59)

xij ≥ 0 1 ≤ i < j ≤ n (8.60)

,

We can now see that the dual of our modified UMFP represented in the parametric LP in

(8.33)-(8.38) is equivalent to Pλ, which we use in CCA-ROPPPA.

Because our modified UMFP problem is a parametric extension of the UMFP problem, we

can think of Pλ (the dual of this parametric extension of the UMFP problem) as an extension

of P1 (the dual of the UMFP problem). And because the weighted cluster ratio problem is

equivalent to P1, we can think of Pλ as a parametric extension of the weighted cluster ratio

problem.
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Figure 8.1 LP Relationships

Like we showed in section 8.2, an avenue for future research may be to prove the formulation

in (8.53)-(8.56) is equivalent to that of our minimum β-ratio problem (or CCA-β.

However, the fact that a.) CCA-ROPPPA uses Pλ and b.) returns a CCA-β solution when

conditions A and B are met (theorem 6.1), also shows that CCA-β is related to the cluster ratio

problem and thus contributes to the literature surrounding the cluster ratio problem.

Figure 8.1 summarizes these relationships that we discussed in sections 8.2 and 8.3.

Several fast and efficient heuristics [Yeh95] have been proposed to find an approximate so-

lution to the P1 (the weighted cluster ratio problem) and the cluster the ratio problem. Because

Pλ is a quite a natural parametric extension of the P1, future work may involve modifying these

heuristics to solve for the approximate solutions of Pλ in the CCA-ROPPPA algorithm.
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Chapter 9

Conclusion

In this dissertation we set out to create a novel consensus clustering algorithm. The aim of

this consensus clustering algorithm that we created was to have it return a series of consensus

clusterings that achieved a high degree of consensus with a set of input clusterings of a data

set.

9.1 Summary of Contributions

To summarize, our proposed consensus clustering algorithm is called CCA-β. It is a co-occurence

consensus clustering algorithm that creates a similarity matrix from the input clusterings and

reclusters the similarity matrix using a divisive hierarchical clustering algorithm. Divisive hier-

archical clustering algorithms typically use a metric that determines which and how a cluster(s)

is split in each iteration of the algorithm. We used our proposed minimum β-ratio for this met-

ric. We show that the minimum β-ratio cut is an extension of the well-researched minimum

cluster ratio cut.

We also created a heuristic for CCA-β, which we call CCA-ROPPPA. We call it a heuristic

of CCA-β, because it does not always return a set of results that would have been returned

by CCA-β. CCA-ROPPPA applies a parametric programming algorithm to parametric linear

programming formulation that we propose and call Pλ in this dissertation.

Our numerical tests showed that CCA-ROPPPA returned a CCA-β solution for 78.40% of

our input clustering sets. Our tests also indicated that the following factors may have affected

the percent of input clusterings sets that had CCA-ROPPPA return a CCA-β solution: a.) the

original data set the input clustering set was generated from, b.) the number of input clusterings

in the set, and c.) the number of clusters that the input clusterings in the set had.
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We also proved that if CCA-ROPPPA returns a set of vectors {x∗(λ1), ...,x∗(λR)} that

define a series of nested consensus clusterings {p1, ..., pR}, then {p1, ..., pR} is also a CCA-β

solution. In chapter 8 we introduced several ideas for future work that may force the set of

solutions {x∗(λ1), ...,x∗(λR)} returned by CCA-ROPPPA to define a series of nested consensus

clusterings {p1, ..., pR}. However, because this modification would change CCA-ROPPPA, this

does not necessarily mean that {p1, ..., pR} would be a CCA-β solution. Therefore, an idea for

future work may be to determine if this result still holds if we force CCA-ROPPPA to return

a series of nested consensus clusterings {p1, ..., pR}.

9.2 Goals of our Consensus Clustering Algorithm and Heuristic

In addition to returning a series of consensus clusterings that achieve a high degree of consensus

with the set of input clusterings, we also sought to have our consensus clustering algorithm

CCA-β and its heuristic CCA-ROPPPA particularly meet the needs of a researcher when the

input clusterings were created by clustering a gene expression profile data set.

Because it is often important for a researcher analyzing gene expression profile data to be

able to choose the number of clusters returned by a clustering algorithm, we sought to create

a consensus clustering algorithm that returned more than one consensus clustering, so the

researcher can choose a consensus clustering that has the closest number of clusters to what

he or she desired or expected. One of the most common consensus clustering algorithms, the

median partition problem (which can be modeled as the integer program GWIP) does not offer

this capability of producing more than one consensus clustering or preselecting the number of

clusters returned. In addition, 87.35% of the test input clustering sets had CCA-GWLP (which

uses GWIP) return a consensus clustering having the number of clusters that the researcher

would desire or expect. On the other hand, 99.85% of the test input clustering sets had CCA-

ROPPPA return a consensus clustering having the number of clusters that the researcher would

desire or expect. Furthermore, the minimum cluster ratio problem can only return one consensus

clustering and the user cannot preselect the number of clusters returned. Because GWIP and

the mathematical formulation of the minimum cluster ratio problem have very similar feasible

regions, we created CCA-ROPPPA which uses Pλ that a.) uses these feasible regions, b.) is an

extension of an LP formulation used to find the minimum cluster ratio cut, and c.) has the

ability to produce more than one consensus clustering.

Because gene expression profile data is often nested, we sought to create a consensus cluster-

ing algorithm that returned a series of nested consensus clusterings. Our numerical tests showed

that the average percent of consecutive pairs in each vector set returned by CCA-ROPPPA that
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had both vectors define a consensus clustering with the second nested in the first was 92.04%.

Our tests also indicated that the following factors may have affected this metric: a.) the orig-

inal data set the input clustering set was generated from, b.) the number of input clusterings

in the set, and c.) the number of clusters that the input clusterings in the set had. Note that

co-occurence consensus clustering algorithms that use agglomerative hierarchical clustering al-

gorithms such as UPGMA (CCA-UPGMA) will always return a series of nested consensus

clusterings.

Next, gene expression profile data can be used to classify tissue samples into well researched

tissue sub-types (clusters). Many gene expression profile data sets found in the literature come

with a ’correct clustering’ in order for a researcher to test the performance of his or her clus-

tering (or consensus clustering) algorithm. Because of this, we sought to create a consensus

clustering algorithm that returned a consensus clustering that was as close as possible to the

’correct clustering.’ Our numerical tests show that if the researcher primarily desires a consen-

sus clustering where the number of clusters is as close as possible to the ’correct’ number of

clusters and secondarily desires a consensus clustering that has a high RAND score with the

correct clustering, then CCA-ROPPPA outperforms CCA-UPGMA and CCA-GWLP.

Next, the minimum cluster ratio problem has been used in the literature for a.) its ability

to create a single clustering with clusters that are roughly balanced in size, and b.) its rigorous

mathematical structure. This mathematical structure has allowed for researchers to theoretically

prove relationships to other well-studied problems to which there exist fast heuristics, and in

doing so this has subsequently allowed them to create fast heuristics for the minimum cluster

ratio problem. Because of this, we sought to create a consensus clustering algorithm that was an

extension of the minimum cluster ratio problem. Specifically we designed our CCA-β algorithm

such that it provides a series of nested consensus clusterings that were attained using a metric

that is an extension of the minimum cluster ratio cut (which we call the minimum β ratio cut.)

Finally, because CCA-ROPPPA is a linear programming based algorithm that uses a linear

programming formulation with 3
(
n
3

)
constraints, clearly the execution time of consensus clus-

terings algorithms and heuristics that are polynomially time solvable (like CCA-UPGMA) will

be much faster than that of CCA-ROPPPA especially as the number of n objects increases.

However, there does exist quite a bit of research dedicated to finding binary optimal solu-

tions to GWIP in a more time efficient way. Because the feasible region of Pλ that we use in

CCA-ROPPPA is very similar to that of GWIP and because we specifically use a parametric

programming algorithm found in the literature (OPPPA) that allows for not the whole feasible

region of Pλ to be needed in order to execute the algorithm, we are able to apply some of these

techniques to OPPPA, thus creating ROPPPA. In chapter 5 for future work we suggest also
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applying column generation techniques in ROPPPA to allow for even faster execution time. In

addition, there exist many other fast solving techniques applied to GWIP mentioned in section

1.4 that we did not incorporate into CCA-ROPPPA. Thus, future work may involve incorporat-

ing these techniques in order to be able to solve consensus clusterings problems with n > 1000

objects like the researchers are able to do in some instances. Finally, because we were able to

mathematically show a strong relationship between CCA-β, CCA-ROPPPA, and the minimum

cluster ratio problem; and because the literature offers several fast heuristics for the minimum

cluster ratio problem, future work may involve trying to modify one or more of these heuristics

to find fast approximate solutions to CCA-β.
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Appendix A

Appendix

The following additional items can found at:

https://victoriaellison.wordpress.com/research.

� the visualizations of all the consensus clustering results returned by CCA-UPGMA, CCA-

GWLP, and CCA-ROPPPA in the numerical tests chapter.

� the 648 permutation sets used as input for CCA-UGMA, CCA-GWLP, and CCA-ROPPPA

in the numerical tests chapter

� ”label” files for each of the 648 permutation sets. (The second row in the label files

indicates the ”index” or the original order of the object in the original data file. The first

row indicates the correct cluster label assigned to the object index in the row above.)

� the indices of the 50 objects that were sampled from the following data sets:

– spiral

– elliptical-10-2

– banana

– 2d-4c-no4

– 2d-3c-no123

– dlbcl

– tissuemulti

� a table of the average number of consensus clusterings returned by CCA-ROPPPA and

CCA-UPGMA (grouped by by original data set, the number of input clusterings in the

permutation set, and the input clustering trial set)
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