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INTRODUCTION

Prior to 1943, sequential analysis as it is known and used today
did not exist except for various sequential type procedures each de-
signed with a specific problem in mind. Sequential analysis actually

came into its own as a recognized sector of statistical inference
1

.with the publication of a series of papers ( [32] , [33], [34], [35],

[36], [37] ) by Abraham Wald. It was here that he proposed and de-
termined many of the properties of the now well-known seguential'

probability ratio test (s.p.r.t.) for discriminating between two simple

hypotheses.

As 8 brief summarization of this procedure, suppose that we have

a sequence of random variables Xys Ky e sgch that Xy .-y X, has
2/
a probability density function fe m(xl, iy xm) ', and we wish to
, A

discriminate between the two simple hypotheses

Then if A and B are two constants such that 0 < B <1 <A and

:i,m = fei,mr(xl’ cees xm), the s.p.r t requires that we continue

sampling as long as

1/ The numbers in square brackets refer to the bibliography.

g/ Here and in the following chapters, most of the results are
also valid when probability density function and the operation of in-
tegration are replaced by probability mass function and summstion,
respectively.



flm
(0.1) B <-p3— < A
o,m

and stop sampling as soon as one of these inequalities is violated. If

f
sampling is terminated at trial m then Ho _is accepted if f—lﬂl < B
o,m
f1 m
and 1-11 is accepted if -i.-l— > A. If we define
o,m
b = log B
e = log A
Zo = 0
T14
2, = log E.-‘-— for i =1,2, ...
o,1
Zi = Zi - Zi-l for i = 1,2, e o e

(0.2) b < Zz. < 8

and stop sa.mpling as soon as one of these inequalities is violated. If

sampling is terminated at trial m then Ho is accepted if

m m
Z z; <b and Hy is accepted if Z 2z, 28 Asa matter of notation,
i=1 i=1
we shail assume that the symbols a, b, z,, 'Zi refer to the s.p.r.t.
given by (0.2).

If we allow the constants a and b in (0.2) to become functions

of m (to be denoted as 8 bm) , we then shall refer to the procedure
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as & generalized sequential probability ratio test (g.s.p.r.t.). One

of the most interesting examples of such a procedure is given by
Anderson [1] (see also Weiss [39] ).
For any sequential test procedure, the distribution of the sample

size, N, and the operating characteristic function, Pe[accept Ho],

will, for practical purposes, completely describe the procedures be-
havior. Because of the difficulties involved in obtaining the distri-
bution of N, the expected value of N, commonly called the average

sample number (a.s.n.)along with the operating characteristic function

\has been used to represent the performanece of a sequential test.

This paragreph contains a brief list of some of the properties of

an s.p.r.t. all of which may be found in more detail in Wald's book

[38]. If we define

- -

1-a = P| accept H | H_

- -

B = P| accept Ho | Hl I

then Wald's fundamentsl inequalities

(0.3) a < log —l-éé

b > log £

1o

hold quite generally. Now, for the case when Zyy Zpy -.. 8YE indepen-
dent and identically distributed, Wald has given the following well-

known approximations
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b P [a,ccept Ho-’ + a[ l-P‘— accept HO_]:L
a.s.n, = — or 6(21);‘ o
8(21)
(0.4)
ato
s -e_.._—-.:_L—
P[ accept Ho—’ ¥ et o
o] o
e -e

t

z
where to is the nonzero solution of €[ e i ]

= 1. Page [21], and
later Kemp [18], has improved these approximations for the case when
z; is normally distributed. More recently Tallis and Vagholkar [29]
attempted to give general improvements to_(o,h). Unfortunately,
however, there are errors present in their paper (e.g. equation (11)
on page 77). Continuing with the assumption of independent and
identically distributed variables; Wald has also given the following

bounds. Define

- .
E = sup & zl-rlzl>r.’ for a-b >r > o0
r L
' i
¢ = inf & zl+r|zls-r for a~b >r >0
r L. a4
z.t z.t N
5 = suppe[elolelo > & for p > o0
25 |
)
z.t z.t N
n = 1nfp&[el°|el°5% for p > 1.
0 .
Then
(v+e') P[ accept Ho-] + a ’-l-Pl_ accept HO:H
- " <a.sn <
8(21)-

N



ix

b P[ accept HE] + (a+§)[ l-P( accept HO]J

8(21)
(0.5)
ato ato

e =l Be -1

wSP[aCCGPt HO_\,S' '—-a-_E-O-——-.B—_E—O- for to >0

e “~-ne e T-e

ato ato

%t- eat < E[ accept HS-’S b%—n? ™ for t_ <o .
ge © o) - o

e =e e =ne

In the four following chapters we shall‘be concerned with de-
termining the properties of an s.p.r.t,when Wald's assumptions of
independent and identically distributed variables are relaxed. Pre-~
vious work on this problem has been mainly directed towards the class
of s.p.r.t.'s obtainable by the invariance method (see Hall, Wijsman
and Ghosh [13] ). For some members of this class of tests, termina-
tion with probability one, ( P[ N< ] = 1 ), and monotonicity of the
o.c. function have been established (for more details and references,
see pages 586 and 587 of [13] ). More generally, Bhate [7] and
Bartholomew [6] have given conjectured approximations to the a.s.n.
function and the o.c. function respectively. Both of these conjectures
will be discussed in chapters two and three.

In chapter one, we begin by considering a particular s.p.r.t. in
which the observations are neither independent nor identically dis-

tributed. The properties of this test are obtained exactly and thus



we are furnished with a model‘with which the various bounds, approxi-
mations and conjectures of the following chapters may be compared.

Chepter two is concerned with the sample size of an s.p.r.t.

The bounds given in (0.5) for the a.s.n. are extended in a natural
way to the case of Zys Bpy e independent but not identically dis;
tributed. With this assumption on the zi's, bounds similar to (0.5)
are obtained for £(I¥). We also consider extending the applicability
of the lower bounds for the a.s.n of a general sequential test pro-
cedure given by Hoeffding [14], [15]. We then conclude by giving a
method of general applicability for obtaining upper and lower bounds
for &(™).

In chapter three the o.c. function of a s.p.r.t. is studied. We
begin by introducing the concept of "consistent conjugate densities"
in connection with applying Wald's o.c. formula given in (0.4) to
cagses in which the zi's .are not independent and identically distri-
buted. Also the bounds for P[accept Hb] given in (0.5) are extended
to cases in which the zi's are independent but not necessarily identi-
cally distributed. Next we consider conditions under which
P[accept Hb] is increased by replacing each Zy by a stochastically
larger veriable. Also some discussion is given concerning the effect
upon Placcept HB] sfter the zi's have undergone & scale change.
Finally we conclude by giving a general method for obtaining upper
and lower bounds for Placcept Hb].

In chapter four we apply the results of chapters two and three
to the s.p.r.t. given in chapter one. We then conclude by attempting
to determineP[accept Hb] for the 8.p.r.t. in which z,,2,,... have a

miltivariate normal distribution.
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In the fifth and final chapter we briefly discuss a simple
sequential test procedure (not an 8.p.r.t.) whose properties may be

determined exactly.



CHAPTER I

SEQUENTIAL SAMPLE SIZE TEST

1.1 Introduction

In certain "life-testing" problems, observations xl,xz,..;, X,
are made in time until a predetermined number r have been obtained
"from a total sample of n. Assuming that the sampling is random, we
then have aveilable the first r order statistics from a sample of
size n. From this information an inference is made concerning the
distribution from which the observations have been taken.v In this
chapter we will be concerned with the case when the population dis-
tribution is known but the sample size is unknown. Johnson [17] has
given the properties of the fixed sample size test based upon the
likelihood ratio for discriminating between two vglues of n. He has
also given the maximum likelihood estimate of n. In the following
section, the properties of the s.p.r.t. discriminating between two
values of n will be considered. One reason for being concerned
with this problem other than for its own sake, is that although the
observations are neither independent nor identically distributed, the
properfies of this s.p.r.t. can be obtained exactly without resorting
to quadrature. This will then provide a model to which the various

bounds, approximations and conjectures that are to appear in the

following chapters may be applied.



1.2 Properties of the sequential sample size test (s.s.s.t.)

Suppose we have a random sample of size n from an absolutely
continuous distribution G, with g denoting the probability den-
sity function associated with G. Let Xyy eves Xy represent the n
observations after they have been ordered such that x; < ... < x..
Supposé that we wish to choose between two possible values of n by

means of an s.p.r.t. discriminating between
(L.1) H: n=n and H;: n=n

vhere n_ <n,. Letting £(xy, ...,»xrl n) denote the joint density

of x ceey X_ we have
1’ s X, a

n-k

4

f(xl,...,xkln) = TE%E?T [ iilg(xi)J [ 1 - G(xk)] for k=1,..., h

Define
o,) e
£(x,,000,%_|n n !(n -k)! ,
R(x) = e F1 o l:l-G(xk)j! for k=1,..., n .
f(xl,...,xklno) nol(nl-k)l
and

R(no"'l) - { A if n>no
B if n = n,

and then it follows that Wald's s.p.r.t. of (1.1) is to continue
sempling if B < R(k) < A and to stop if either of these inequal-

ities is violated, at which time H_ is accepted if R(k) < B while

'-’---—"-’,—-——--c’-



H, is accepted if R(k) > A. If sampling proceeds to the n + 1 stege
and X 41 does not exist, then H0 is true. Thus the procedure will
be logical as long as we reject Hb it xn +1 is observed and accept
Ho if xn +1 does not exist. In this res;ect there is considerable
freedom :n defining R(no+l). It should also be noted that at each
stage the sequential procedure depends solely on the most recently
observed variable and the stage index.

For purposes of determing the properties of the s.s.s.t., we
shall restrict attention to the family of hypotheses with

n <ngn Suppose we are able to obtain

lo

(1.2) pn(:j) P[R(j) <B and B <R(i) <A for i=l,...,,j-l|n:]

qn(j) P[R(j) >A and B <R(i) <A for i=l,...,j-l|n]

for 3 =1, ..., no; then the properties of the test are known, since

n
&}

Z (1) ifn>n
i

P[accept Holn]

n
o

1 -;§~qn(3) ifn=n
J=1

P (3) +.(3)  if J<n

n n
[} [0}
P’:N=J|n] = l-an(l)-an(l) ifj=n +1
i=1 i=1
o iftj>n + 1.
o]
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Define _

w = G(x)

: - k)!
AGK) = n, ! (ng - k)

no! (nl - k)! .
[ 3 ™M™
! =m{o’l-_-A-(—i—)J }
a =m_f01_-A-n;no}
i L L A(1)-

and observe that since A(i+l) > A(i), we have 1 > by 2 9.142 0,

bi12 b, and 841 28y Also let
REPL I R
Bi(‘b) = f f ...f c(ul,...,ui) du, ... du,
where

- 1 if o<fu, L... Su, <1
c(ul, et ui) —{o otherwise 1 i

and notice that Bi(t) is & polynomial in t of degree at. most i. Now

<A

HH

-n n,=-n
170
]

p,(J) P{A(J)[ l-uj]nl °<3B and B<A(L)[ l-u

for i = 1,.4.,J-1|n } =

P {bj Suj <1 and a; <u:.L <bi fori=1, ..., ,j-ll n} .

Since u, is the kth order statistic of a sample of size n from a

(0,1) uniform distribution, we have

L'--’-qn-'u-';’-n-—-——n»-’-
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: 1
p (§) = —= JF (1—’c)n"'j B (min (b, .,t) ) at
n (n-3)! J-1 J-1
J
n! n-j+1
= bl 1l =
(n-j+1)! ( bj) S (bj'l)
and
) n
. pn(l) = (l - bl) .
Similarly,
qn(j) = P{éj Zuy 28y, and a, <u; <b, for i=l, ...,j-lln}'
a,
_ _n! f Y (1) B, _ (min(b, .,t) ) at
 (n-3)! =1 J-
aj_l
%3
n . _yn=J
Y Jf (1-t) Bj_l(t) at for bj_l > a,
aj-l
b1
=t n u/‘ (1-t)29 Bj_l(t) At + Bt [(1—b‘_l)n'J+l
(n-3): S (n-j+1)! J
n-j+l
\\ - (l-aj) ] Bj-l(bj-l) for bj-l <ay.

Now since Bi(t) is a polynomigl, the above expressions can easily be
used to obtain pn(j) and qn(j). Although there does not appear to

be a simple expression for Bi(t), it can be obtained recursively as
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follows:
Bl(t) = t-a
Biyy (8) = (t-a;,,) B(b;) b S8y,
t )
f Bi(u) du if b, >a,,, anda,,, St <D,
ai+l
Bi+1(t) =
b;
f Bi(u.) du + (t-bi)Bi(bi)if b, >a,,,and b,<t .
8441 -

For computing purposes the following algorithm simplifies the deter-
mination of Bi(t). Let B(k,i,3) be the coefficient of £971 4n Bi(t)
for by _; <t <b . Then, since B,(t) = t-a,, we have B(L,1, 1)= -8,
and B(1,1,2) = 1. Now,

(a) if b, <a;,,  then

B(k,i+l,*) = o for k < i

i+l
p~1
B(i+1,i+1,1) = = TR ZB(i,i,p) bi
p=l
i+l
. p-1
B(i+1,i+1,2) = ZB(i,l,p) b,
p=l
B(i+l,i+l,j) = o for j > 2

.i_'--.uqi-q.-n-_’-m-—---u-’——
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(b) if bi 28y, and k <i then
B(k,i+l,5) = —= B(k,i,j-1) for j >1
j-1
k-dgmlog 0 o
. 1., . ‘
B(k,i+1,1) = Z Z 5 B(1o+n,1,p)(bio+n-bi -1’
n=1 p=1 °©
i+l i+l
1o/e - P P 1 . P
+ Z-I; B(i,1,p)(b; - a;,,) - 3 B(k,1,p) b _;
o]
p=1 , p=1
vhere io is defined as the smallest J such that ij LT
(¢) ifb, >a;,, and k=i+l then
B(i+l,i+l,j) = o for j>2
i+2 p-1 i+l D
B(i+1:i+l:l) = Z B(i,i+l,p) bi 'Z B(i:iyp) bi
p=l p=1
i+l p-1
B(i+1,1i+1,2) = Z B(i,i,p) b,
p:

The following comparison was made with the fixed sample results
to be found in table 2 on page 62 of Johnson [17]. The values of
A and B were veried so that the error probabilities agree with those

found by Johnson.
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TABIE 1.1

r n n, = B eno(N) 8nl(N)
5 10 15 294 3.23 3.73

5 10 20 .185 2.98 3.81
5 10 25 .123 2.78 3.8%

5 15 20 .360 3.32 3.68
5 15 25 .266 3,13 3.75

5 20 15 394 3.38 3.65
10 15 20 .256 6.34 7.33
10 15 25 olah 5:79 : 7oh3
10 20 25 .326 6.35 7.08
15 20 25 .238 9.82 11.18

r is the fixed sample size and «, B are the type I, II errors,
respectively.

The s.s.s.t. has the interesting feature that although the samp-
ling rule depends upon the distribution G, the properties of the
test do not. Additional tables of these properties are given in
section 1.3. One additional feature of the test which is necessary
for future reference will be given before proceeding. That is; if we

define u, = 0, then

N
1]

log R(k) - log R(k-1) =

nl-k+l

n_=k+1
o)

log

1

+ (nl - no)[log (l-uk)-log(l-uk_f]

fork=l, coey no .

i"- —.---n-,u—-’uu-ruﬁiuu:-
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If we set
1l - uy ,
v, = fori=1 ..., n ,
T-uy
then the joint density of (vl, ceey vh), is
R
n.: I v, foro<v, <lendi=1, .. n

Hence, Vs Q.., v, are independent and the density of vy is

(n-:i.+l)v§l_l for o<v, <1 .

i

Since z, may be written as

k

n, =i+l
log + (n. -n) logv. ,
n -i+l 1 ° +
o
we have z cees 2, are independent and the distribution function

l)

: (o)
F, of z, is
i i

P (2) = {j exp [ ci(zi-ai)] for z; < a,
11 1 for z, > g.
i i
where (o1
_ n-i+l e

a.ndai=log;l—o-:-m.

1T -,
Therefore, by redefining R(no+l), we have a sequential test with

Zys Zpyeee independent while Xys X5y +.. oTE dependent.



1.3 Data

In this section, the o.c., function and a.s.n. are given in ta~

blesfor various pairs of n  and n,

and the values of A and B which produce these errors are given.

n°=
n 0.C
> .950
6 .526
7 313
no=
n Q.Co,
5 4950
6 795
T 64T
8 .502
9 375
10 274
n°=5
n O%Ce
5 .950
6 .875
T .786
8 .684
9 579
10 181
11 1 ]
12 .316

10 i
+ All tables are forax =8 = .05
TABLE 1.2 ' l
n, =10 B=.1898 A=7.881 .
8eSelle n O.Co 8e8.1n.
3,763 8 .175 4.915 l
4,387 9 .00k 4,918 )
L, 762 10 .050 L. 839 '
TARIE 1.3 l
nl=15 B=.2150 A=9.4216
8eSen n 04Co a«8.0. l
2,643 11 .197 4,057 '
3.077 12 140 4, o1 ﬁ
3,453 13 .100 3.995 .
3.738 1k Neyal 3.9351
3,924 15 .050 3.858 !
4,02k
TABILE 1.h4 l
nl=eo B=.257h A=10.0055
8eSelle n OeCe a.8.N. l
2.110 13 .253 3.455 )
2.398 1% .201 3.456 .
2.673 15 .160 3,437
2.916 16 .127 3,404 '
3,114 17 .100 3.363
3,264 18 .079 3.315 .
3,367 19 .063 3,265 ~
3,428 20 050 3.2 ﬁ




n =10
fo)

10
11

n =10
o)

10
11

13
14

.15

no=lO

10

=& R E

15
16
17

no=15

15

16
17

950
.568
3k2

.950
837
. 7Ok
.358
21
.307

O.C.

950

.901
831
.Th2
643
541
Ahs
359

O.C.

0950
584

354

11

TABIE 1.5

n,=15 B=,14918 A=9.304
BeSeN. _ n O.C. f.S.N.
7.569 13 .188 9.305
8.489 1 .098 9.286
9.070 15 .050 9.121
TABLE 1.6

n,=20 B =,14845 A=11.518
8.S.N, n o PY 3% a;s.n.
5.126 16 .218 7.532
5.813 17 .152 7.487
6.2 18 .105 7.376
6.946 19 073 7.226
7.291 20 .050 7.056
7.478

TABLE 1.7
n =25 B=.16529  A=11.735
&eSelle n Q.C. 8eSele
3.829 18 .286 6.209
4,286 19 .225 6.209
h.74h1 20 176 6.166
5.165 21 137 6.092
5.551 22 .107 5.996
5,820 23 .083 5.888
6.026 2k .06k 5.77h4
6.152 25 .050 5.658

TABLE 1.8
n, =20 B=.13533 A=9.9515
BeSeN. n O.Ce. eSen.
11.779 18 . 194 13. 894
12.891 19 .100 - 13.855
13.606 20 .050 13.618 N



no=20

20
21
22

O.C.
950
593
361

TABLE 1.9
B=.12595
8eSelle n
8.097 21
8.990 22
9.819 23
10.497 24
10.970 25
11.230
TABLE 1.10
B=.12835
8.5.n. n
16.210 23
17.461 2L
18.27h4 25

A=12.4578
Q.Ce 8e¢8Senn,
.229 11.303
.159 11.229
.109 11.053
074 10.806
.050 10.496

A=10.3237
Q.Coe 8eSelle
.198 18.618
.101 18,686
.050 19.002

o P o e e o m o e o on ey om o aS e



CHAPTER II
SAMPLE SIZE

2¢1. Intrpduction

In this chapter we will consider extending the usual bounds for
e&(N) of a sequential test prqcedure for discriminating between two
simple hypotheses to problems in which the assumption of Zy5 Zpy e
being independent and identically distributed has been relaxed. Also
we shall look at bounds for the higher moments of N. In section 2,2,
there will be some discussion concerning a conjectured approximation
to &(N). Before proceeding, however, we shall need three forms of
Wald's equation which have been proved in the literature. They are
given as follows:? |
Lemma 2.1 Let Xy Ky oo be a sequence of random variables, Hy s oy
.+» 8 sequence of constants and N a stopping variable dgpending
upon xl,xé, ves o If the conditions

(2) |l g C<e

(b) elxil < =

(¢) & (x.

S+l T lJ-i+l| xl""’ Xi)-—"-o and e(xl - Ml) =0

(4) & (W) <

‘ N
(&) e ) Ix]) < =
j=1

1/ A stopping varisble is defined to be a random variable ()
with positive integer values such that the event N=n depends only on

XJ-’ .Cl, an
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are satisfied for all i, then

L]

e(ixi) = ZuiP[NZi] .

i=1 i=1

Proof: By lemms 2 of Chow, Robbins and Teicher [10], we have

N
S(Z (xi - p.i) ) = 0. Therefore,
i=l

&(ixi)ﬂ!(i ui)=z wy P24 ]
i=1

i=1 i=1

Corollary 2.1.1 ILet X1s Koy eee be a sequence of independent random

varisbles and N a stopping variable. Then, if
(a) & lxil SC<w

(b) G(N) < e

are satisfied for all i, it follows that

L

N
?’(in) = Z@(xi)P[NZi] .
i=1 i=

Proof: The result follows from either lemma 2.1 or the proof of

theorem 1 by Johnson [16].

Lerma 2.2 Let X1y Xpy eee be a sequence of independent random varia-
bles and N a stopping variable. If the following conditionms,
(a) & X; =0

() e () sc<e
(e) e(n)< ©

‘= oo 5 2m on o om P m o m e oy e o aS = e
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are satisfied for all i, then

N
e ( Zx_i)=o
i=]l
Aand
N 5 ©
e () ) =) e )piuzil .
i=1 i=1 :

Proof: This result is a special case of theorem 2 by Chow, Robbins

and Teicher [10].

2.2 A conjectured approximation to the a.s.n.

Bhate [7] has conjectured that for an s.p.r.t., &(N) may be ob-

tained spproximately as the solution of

(2.1) e(zm) Lb+(1L=~1L)a

for m, vhere L is the probability of accepting Hb’. For the case where

Zn is a sum of independent and identically distributed random var-
iables, (2.1) is simply Wald's formula for approximating £(N). In
the more general situation it appears to be a natural extension of
Weld's formula.

In soaﬁe' cases of interest, for example, the sequential +t test,
the calculation of the left hand side of (2.1) is quite laborious.
So, Ray [22] has proposed & further conjecture. He suggests that

the left hand side of (2.1) be replaced by log £ [ a(tm)], where

log £ (tN) = Z.
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By way of illustration, both approximations will be applied to
the S.s.s.t. of chapter 1. From section 1.2 we have for n, >n2 n,

>k>1
(2.2) & [2,]=1ogAk) + (n; -n) e [log (1-u) ]

Since w, is the kth order statistic of a sample of size n from a

[0,1] uniform distribution, we have

' - ) -
(2.3) €, [log (l-uk) ] =f log (1-u) B o l(l-u)n K su.
5 (x-1)!(n-k)!
Define 1
I(x)-= -k/q (1-x)n'k R log (1-x) dx
o
and by integrating by parts we obtain for k > 1
=1)! (n-k) ! -
I(k) (k l)' (n k) + k-1 I(k-l)
n ! (n-k+l) n-k+1
= c(k) + a(x) I(k-1),
let us say.
Now since
[ -]
(1) = -f (1-x)""1 Log(1-x)ax =fxe'nx ax = }.2 = (1)
n
o o
we have for k > 1
k-1 X
I(x) = c(k) 4-}2 e(i) m a(y)
i=1 J=i+l

P i . (U



- .-
®

17

k-1
(1) (k) N (k1)1 (nek)!

n ! (n-k+l) n ! (n-i+l)
_ i=1

n! n-i+l

k :
(k-1)! (n-k)! 1

Therefore, by (2.2) and (2.3), en(Zk) is equal to

k
(24)  logAO) + (m -n) ) ghT -
i=1

For Ray's approximation we replace (-.‘,n[Zk] by
log A(k) + (n; = n_) log (1 -¢€,(w) ),
which is equal to
k
(2.5) log A(k) + (nl-no) log (1 - <7 ) .

Now by equating (2.4) and (2.5) to the previously determined -

velues of Lb + (1 -L ) a and solving for k, we arrive at the

conjectured values of en(N) .
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TABIE 2.1
n =10 n, =25 a=pg = ,05
n ' 6n(N) Bhate Ray
10 3.83 2.41 2,67
11 4,29 2,69% 3.02%
12 b7k 2.83% 3,25%
13 5.17 2.65% 3. 15%
1h 5.53 1, 71% 2.19%
15 5.82 10.17 9.72°
16 6.03 9.43 8.05
17 6.15 8.01 7.06
18 _ 6.21 7.20 6.55
19 - 6.21 6.72 6.26
20 6.7 6.36 6.0k
21 : 6.09 6.09 5.82
22 6.00 5.86 5.63
23 5.89 5.65 5.46
2l 5.77 5.46 5.30
25 5.66 5.29 5.15

Note: For those values which are followed by an asterisk, there are
two solutions; the one which is given and another which falls be-
tween 10 and 1l. '

TABLE 2.2
¢ =p=.05

n=no n-—-nl
n n, 3n(N) Bhate &n(N) Bhate
5 10 3,76 3.0k .84 k.68
5 15 2.64 1.39 3.86 3.4
5 20 2.11 0.77 3.21 2.77
0 @ 15 7.57 7.32 9.12 9.22
10 20 5.13 4.06 7.06 6.89
10 25 3.83 2.41 5.66 5.29
15 20 11.78 11.97 = 13.62 13. 94
15 25 8.10 7.37 10.50 10.67
20 25 16.21 16.75 19.00 18.76

-u-i’qii<-nuug.qna-@ip'ﬁa:ut-
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Table 2.1 is typical of the cases which were considered. From
the values it appears that the approximastion cannot be relied on for
all n., - Siskind [25] considered both of these approximatioﬁs in
connection with the two-sided sequential t test. He found the
approximation to be adequate except midway between his hypothesized
values.

Bhate's conjecture consists of two approximations. The first is
thé neglect of overshoot which is usually considered reasonabie. In
general, however, when £(N) is small, the overshoot might be quite
large. From table 2.2, we observe thax the approximation is good
for the larger velues of &(N) but poor for several of the small

values. Thus, for these small values, we might be justified in ex-

"~ plaining away part of the inaccuracy of Bhate's approximation by his

neglect of overshoot.

The second approximation in Bhate's conjecture consists of
setting €(N) = m wheré m is the solution of 8(Zm) = E(ZN). Supposé
we restrict our attention to the case when Zys Zoy ee. are indepen-
dent and the conditions of corollary 2.1.1 are satisfied (this is,

in effect, the case for the s.s.s.t., since Zys eves Z, are inde-
’ o

pendent). Thus, by corollary 2.1, Bhate's second approximation

consists of finding an m such that

m bl m+l
(26) ) ee)s ) ez)PN2ils ) elz) ,
=1 i=1 i=1

then approximating €(N) by a value, which is found by interpolation,

between m and m#+l. Hopefully it will then be the case that
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(2.7) m < ZP[NZi]5m+l.
i=1

If (2.7) holds approximately, then we may conclude that the second

approximation is reasonable. Now in the s.s.s.t. with n=no=5,

n, = 10 and @ = B = .05, we have

ZP[NZi]=3.76 .

i=1

Thus by (2.7), m = 3. Now, m = 3 implies, by (2.6), that

- 132 < z e(z;) PN > 1] ’5 -2.679;

i=1l
but
) zy) B 211 = 1622 (z,) - 3.1
i=1
where
e(zg) <o

Therefore in general, (2.6) does not necessarily imply (2.7).
It can also be shown for an s.p.r.t. that ey (zi) <0 and

o
eH (Zi) > 0, but in general it is not necessarily true that e(zi) 20
1

n
for all i or B(Zi) <o for all i. Thus I 8(zi) need not be
i=l ,
either increasing or decreasing in n. Hence there is no assurance
that a unique m which satisfies (2.6) exists (this is illustrated

in teble 2.1 by n = 11, ..., 1k4).

u-s'”gﬁqqug*s,nu—sn@igﬁ-@.—-
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If u>e&(z) > £>o0, it then follows from (2.6) that

m mt
m 4 < Ze(zi) gze,(z_i) PN >i] < fe(zi) <m+1)u

i=1 i=1 - =l
and
L] -] «©
zz PN >1] < Ze(zi) PIN>il <u Z PN >1i] .
i=1 i=1 i=1

Hence we have

o«
m < ZP M>1]1< 7 (1)
=l

£ e

“and a similar expression for o >u > 8(zi) > #. Therefore we may

conclude that the second approximation in Bhé.te's conjecture will be
reasonable, in the case of independence, if there is little relative
variation among the values of E(Zi) and they are bounded away from
zero, In genera.l, however, i’c is clear that Bhate's conjecture may
often lead to fallacious results when applied to cases other than

Ho or Hl.

2.3 Wald's bounds for &(N)

Suppose/zl, z2, «.. are independent, with 3(|Zi!) <C <% and
e(N) < o . It then follows by Wald's argument (see Mallows [20])

that

(2.8)  a(1-L) + (b+g') L se(zN) < (a+t) (1-L) + bL
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where
L =P [ accept Ho]
£ = sup sup 6[zi-r|zi >r] fora-b >r >o0
i r
1
¢ = inf inf é’,[zi+r|zi < -r] for a-b >r >o0.

1 r

By corollary 2.1.1 we have
(2.9) £ e(N) <&(zy) <ue()
where

L < e(zi) <u for all 1i.

Now cambining (2.8) and (2.9) we arrive at the following extension

1
of Walds bounds given in the introduction:

r '
e(N) > % a(1-L) + (b+¢ )L] for u > o

(a+g) (1-L) + b L-] for £ <o

S [

(2.10) e(n) >

£

a(l-L) + (b+§') L] for u < o

e(N) < i'- -(a+§) (1-L) + b L:’ for £ >0 .-

As long as £ >0 or u< O, we will have both an upper and lower

bound for £(N) from (2.10). However, in some instances the lower
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bound may be trivial. One could also consider using spproximative

bounds by neglecting overshoot through setting & = & = o in (2.10).
In equation (2.9), one will typically set £ = if_Llf 8(zi) and

u = sup E(Zi). But if there exists an n such that P[N >n] =

and E',J(-zi) is increasing or decreasing in i, (2.9) may be improved as

follows:

By induction we can show

(Z )(Zd )-chd - Z (eg - e (e, - a)) .

i=l mi>Pl

So, if s is increasing and di is decreasing, then
m m m

G far e T

i=1 i=1l jml

Therefore, if P [N>n ] = o and if 8(zi) is increasing, it would

=3 Fo

imply that

n

e(z,) < (& Ze(z ) e@) .

i=l
Similarly, if e(zi) is decreasing then

n

ez 2 (3 ) EG)) em .
i=l
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2.4 Hoeffding's lower bound for &(N)

In two papers, Hoeffding ( [14], [15] ) has derived lower bounds
for the expected sample size of & sequential test procedure. In each
case the assumption of“independent and identically distri'ﬁuted ob-
servations has been made. This assumption may be relaxed saomewhat by
the use of the versions of Wald's equation given in section 2.1.

Let Xy Xpp oo be a sequence of random varisbles with Xys¥Kpyeen
%, having a joint probability density function fe,n (3_cn ) where @
belongs to some interval Q. Let S be a sequentia.l test for de-

ciding between HO: 8 € w5 and Hl: 0 c w5 such that

| Pg (S accepts Hl) S aif 0ewco

Py (S accepts Ho) < Bif 0 ewCqQ

where w, and w are disjoint, ¢ > o and B > o. Assume that
Pe(s accepts Ho) + PB(S accepts Hl) =lforg&Qanda+p <1, De-
fine N +to be the sample size of the test S. Also define the

following varisbles

, £o,(x;)
Z;jl= log 5,1 1 jJ=o0,1
fej,l(xl)
£, .(x,) f (x. .)
Zg5 = log 7Y S M ] 6,i-1 "'l"rl j=o0,1
fe.,i(?—‘-i) $,110&.0)
J J
and n
Zjn"ZzJi jJ=o0,1.
i=1

- e e m- ﬁﬁ?n U -
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Now Wald has demonstrated that

€ [log fo,u%0) ]ZL' (6) 1og 28+ (11(0) ) 10g 1-L(0)
To' nlzy): L(6 1-L(e")

where L(e) = B [S accepts HO]. Therefore, we may apply Hoeffding's

[14] result to obtain

(2.11) ¢ 80[qu] + (1-c) ae[zm] > _log[ac(l_é)l-c_l_(l_a)c Bl-c]

for o <ec <1, Ooewo and 61 € e

Next we assume that the sequence of random vari ables zjl’ 2 jor

‘satisfies the conditions of corollary 2.1.1, or,more generally, lemme

2.1. Then by defining My = sup eﬁ(zji) it follows that

i
(2.12) g [ZJ.N] < oy egm) j =o,L.
Since ee(zji) > o, we may apply (2.11) and (2.12) to obtain

1~
¢ 5%

(2.13) e.(N) > sup ‘108[ac(1-ﬁ)l-c + (1-@)
o T o<e<l ¢ e, + (1-c) e,

where e; = inf W;» Hoeffding [14] has also shown that
Oie w,
Otlog-ﬁ-‘-ﬁ- + (1-c) logié-g- -
for 6B ew

(2.14) g (W) >
"1
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and

l-

B log 1B + (1-8) log £2

(2.15) 8‘(1\1) > for @ € w o

e
o

For Hoeffding's [15] second bound, let X)5 %Xy, ¢+ be 8 se-
quence of independent random variables and let the probability density
function of x, be £, (with respect to a o-finite measure p). Con-
sider a nonrandomized test; S , such that the probability of making
a wrong decision is less than or equal to ai, when f;j = fij for each

j (i=1,2). Also let N denote the number of observations required

by S. Assume that 8O(N) < w (the zero subscript denotes f 5= £ 3
for all Jj ) and suppose that ozl + o:2 < 1l. Now following Hoeffding's
notation and proof, define |
f
Qj-ffjlog_o.idp i=1,2
T,
iJ

f 2
2 2 2
2 =f<1og(;-i) - ) g e
14
£
Y, = 1og ( -2 §;+§§
flj

and sssume that 1'2 = gsup 1'? and ¢ = sup § j are finite. From

J
Hoeffding's proof we have

R ot R Y N e
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o+ o, 2 exp-{ 430[max (le’ Zaw)] -t Sé(N)}

where
N fo' . 1
Z. =Z(log-—‘1-§) i=12 .
in " 3
J=1 ij

Since { is finite we have, by corollary 2.1.1, eo(ZiN) = 0. Since

‘ 12 is finite we have by lemma 2.2

L 2 2 |
e () %) =) e rPinzil .

i=1 i=1

Therefore

oll Ziy = Zyl) = 5 €01 2y - 25 ])

¥ | ]
=2 ao(lz Y. ) < %/BO(Z Y, )

%/Z T?PO[NZJ] < -;-'-T\/Z Po [NZj]:-]z:-TJE:(ﬁy.
J

=1 :j =]

Thus we arrive at Hoeffding's lower bound,

-

2
2 :
(2.6) e (W) z-g-;-{ [( p) -l (@, )j - zf—} :
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2.5 Wald type bounds for &(N°)

Part of the attractiveness of a s.p.r.t. is that often e(N) is

smaller than the sample size required for an equivalent fixed sample

size procedure. However, if Var(N) is large compared with &(N), much

of this attractiveness is lost making it desirasble to resort to
truncated procedures. Therefore, before proceeding with an s.p.r.t.
procedure, one should consider the value of 8(1\12).

We shall now obtain bounds on e[Nz] by employing the same tech-
nique which Wald used for obtaining his bounds on &(N), « =i

To begin, assume that Zys Zpy +e. BTE independent, &(N) <
and E(Zi - ui)a = o‘? < ¢ < » where e(zi). = y, for all i, Now we
must restrict our attention to two cases, £ > o and u < o where

s < My <u for all i. By these assumptions and lemms 2.2, we have

' N N N
@) e () D-e) - ui)f e () )
7 i=1 i=1

i=1
N N N 5
czef( ) e ) w) e )w |
LS i=l i=1
We now define:
¢ = sup sup S[Zi-r|z12r]fora-b>r>o
i r

= inf inf 8[zi+r| zis-r] fora-bd>r >0
i r

¢t = sup sup 6[(zi-r)2|zizr] fora-b>r>o0
i r

- P = -m*q-a'q,@m@p@aafa-.u-—
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§'= sup sup 8[ (zi +r)2| z; < -r] for a-b>r >0
i r

and by Wald's method we have

N N :
1
b+ ¢ Se[Zzi|N=n,Zzi5bJ <
i=1 i=1
N N
a<é [ zz N ] Sat+ g .
: i=1 i=1

Therefore,
.(l-Ln)(a-b- g') + b + g' SC[ZNI N=n]_<_Ln (b-a-g) + g +t

since

e[le N=n] =1 e[ZNI N=n, Z _<_»b] +7(1-1,) e[le Nen,Z > aJ :

Now |

8[(ZN)(§: p.i):} =iP‘:N=YJ(ul+."+un) e[zN |N=n]
i=1 n~1

and thus :
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(b+§') S[iui } + (a-b-gv) iP[N=n](ul+...+un)(l*Ln) <
i=1l n=1
e| @) (iui)] < (a+1) 8[§ui] ¢ (oeant) ) Blmen e
i=1 i=1 n=1
which can be written as
) N
(b + g') e (Zui ) + (a-b-g')(l-L) e[zui |reject HO] <
i=l i=1
N N ' N
8[ZNZ My ]5_ (a+e) 6[2 uij’ +(b=a~-¢t)L 8[zui| accept Ho] .
i=1 i=l i=1

Iff > o, then
(2.18) (b+ g')ue(N) + (a~b- g')z (1-L) 8[1\1 |reject HO] <

N
e[zNZ ui] < (at ) ue(N) + (b-a-t)t L £(N| accept Ho) .
i=1

If bounds for &(N| reject Ho) and &(N| accept Ho) are not available,
we may replace (2.18) by
(2.19) (b+t') ue@) + (a-b-t') £ (1-L)
N ' g T
< 8[ Zy Z p11_<_ (a+t) u e(N) + (b-a-t) £L.
i=

Corresponding to (2.18) and (2.19), we have for the case u <o

Cw

e e

P

=efc s meuanlonsnaomeand e

N
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' N
(a+& )LE(N) + (b-a-t ) u L (N |accept Ho) 56[ e Z “i]

i=1

< (b+§')£ e(n) + (é-b- g') u (1-L) e(N| reject HO)
and

(s+£)8 £(N) + (b-a-@)uLg e[zmi w | s
i=1

(b+& )2 &) + (a-b=t ) u (1-L)

* Again by an argument analogous to that used by Wald [38] we have

(2.20) L b2 4 (1-L) e < 6[ZN2]_<_L (®° + 2b g E')

+ (1-L) (a2 + 2 at + t).

By defining s = inf d'? , t = sup c? and combining (2.17), (2.19)
i i
and (2.20) we arrive at the following inequalities for 8(1\T2) :

For £ > o,

(2.21) e(®) > = [s em) -LZ +2b ¢ +¢)
u

- (1) (6B + 2ag ag )+ 2(ovt) w e(WR(anb-t )11 |

e(?) <3 [’o e(N) - L b°-(1-L) a® + 2(a+t) u e(N)+2(b-a-t) £ L] ,
)/

and similarly for u <o

(2.22) e(°) > 55 [ s &(N) - L(b2 +2b £+ L)

=
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- (-L)(a7#2at + £) + 2(att ) E(N) + 2 (b-a-8) u L ]

() < alg[t e(N) - L2 - (1-L) o° + 2(b+t)s (M)

+ 2(a~b= E,') u (1-L)]k .

In the application of the above bounds, &(N) and L will be replaced
by their appropriate bounds. If possible (2.18) should be used in
place of (2.19). It should further be mentioned that the lower
bound for 8(1\12) will often be trivial. However, the maximum of the
lower bound given above and the square of the best avallable lower
bound for €(N) can be used as a lower boufxd for 8(1\12).

As an illustration, consider the s.p.r.t. for the mean of a

normal distribution with known variance. More specifically let

Ht x ~ N(0,1) and Hy:oxg ~ N(1,1).

Then under Ho’ zg ~ N (- -;-‘-, 1). Employing Wald's approximation of

a and b for @ =B = .05 we have - b = a = 2.944, TFor this Wald
1

has also obtained formulae for ¢ and E, which in this case are

computed to be 1.64 and -1.0, respectively. Then by (2.22)

em?) < u[ e(m) - (2.944)% + 3,944 e(N) - 6.888(1-L)] :

For this test Baker [5] has obtained experimentally £(N)z 7.0 and

L = .9646. Inserting these values we find that

e(N°) < 102.79 and s.d. (N) <7.33 ,

-l s m e wanle m e ---- - -
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while the corresponding Monte Carolo values Baker arrived at are
6(N2) % 70.5 and s.d. (W) = 4,64, In this problem the lower bound
for e(Nz) turns out to be trivial, but using £(N) %= 7.0 we have

e(?) > bo.

2.6 General bounds for G(Nk)

Consider any nonrandomized sequential rule such that after the
iﬁg observation Xy5 if Zi(xl’ voe xi) € Ci then another observation
is taken, otherwise sampling is discontinued. Assume that N, the

sample size, is greater than or equal to one., Let Ei denote the

event Zi € Ci, then”

Now define

It then follows that
v |
P[U E =S-S +S-...+S.
i J

1
Now, by Bonferronis inequality,

n
S - 8 +-0¢"'S < P U .E-, < S, =8 +...+S
k - 1 i

-— 2
17 %2 1 1752 2
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where £ is odd and k is even. It is also clear that P[En] > P[N > n).

Now define

mn[P[En]’ l-Sl + Sa- eee + skJ F)

ma.x{o, l-s +52-... '.S,GJ

o'
1]

nt

and

80 = P[En ] .

n
Hence, since P [ U Ei] = P[ N < n], we have bounds on the distri-
i=1
bution function of N. (Bhate [8] has also considered using &, os

an upper bound for P[N <n ] when X)s Xy eee 8YE independent. )

Since e(N") =i;3=°1 [ (141)" -1 ™) P[N>1i] +1 and

anKZP[N>n]2bM

it then follows that

(2.23) 1 + Z [(i-!-l)m-im] ® x, >e@™) >1 +Zl:(i+l)m-im] b, ,

i=1 im1 i

where ki is even and ‘ai is odd. In particular,

. ©
1 -+Z aiki_>_e(1\r) > 1+ Z b:ui

i=1 i=1

— —

‘-;q—.ﬁﬂ-J.U-ﬁiF!ﬂﬂ-:‘—
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and

[
1 +Z(2i+1) L 25:(1\12) >1 +Z (2i+1) b, , .

; 155 ; 4
i=1 ‘ i=1

In many cases, 8y for i > 1 will be quite difficultto obtain. So for

k, =0 and £, =1 we have .
i i

e feoJzen s F o S s

j .
(2.24)
© 0 i
1 +Z(2i+1)1>[zi € CJ > e(mz) >1 +Z(2i+l)[ma.xl:o,l -Ep[zj;écj]ﬂ.
i=1 ) i=1 J=1
If we let n denote the smallest value of n such that
n+l
1- Z P [zj)écd]go
=
it then follows that
© n
Z [z e C -,>8(1\T) > - - (n +l)(n ~2)+Z(n 41= 1)P[Z € C, ]
i=1 i=1
© J"lo i
+Z(2i+1)1?[zie c,} e(Nz) >1 +Z(2i+l) [1-1+2P[z JecJ] ]
i=1 i=1 j=1
and generally
1 +Z [(Ml)m-im-, P[Zieci-! >e@™) >1+ Z[(Hl)m-im] [1-:1+
i=1 - " 1=1
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ZP[Zae CJ] ] '

i
Jj=1

It should be remarked from a pratical point of view that in applica-
tions it will be necessary to determine a value of i, j let us say,

and a sufficiently small constant K such that

0

Z [(iﬂ)m - im] oy S i [(i 1R 4D ]a’iki ix

i=1l . i=]l

By way of illustration, consider the normal test of means given
at thé end of the previous section. Let zi~N (6,1) and ® denote

the distribution function of a standard normal variate. Then

P [Zm'e Cm ‘,

P[b<Zm<a1= tb(J%-OJm)-@%-Jm).

m

If we assume & = O, then
P[Zmecm"=<b(-a—)-¢(-13—)_>_
- ym Jmo
o (=) - o (= where ¢ = min (a,-b) .
Jm Y

Now it can be shown (see [40]) that for x > o

2
X

(2.25) 0 (x) -0 (x)>(L-e8 )2 |

o] P
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Thus 2
© L) -921—11 é];
ZP[zmechz Z(l-e ) € >

Therefore we cannot apply the upper bound (2.24) at the midpoint be=-
tween the two hypotheses.
Next, assume 6 # o and noting symmetry, restrict attention to

6 >o0. ILet n be an integer such that 2 _ 8/n<o. Then

Nn
Z P[Zmecm;, < Z 0 (2 - ovm) =
m=n+1 m=n+1 m
(l-tb(e'\./;n-——-)) .
m=n-+1 n
x2

1 “ T, &
Now by (2.25), <15(x)2-2- [l+(l-e ) 2

and thus
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® (0 - )% 7
S%f(l-(l-e Jm 2 Yam
n
__ o - 2
S%fe (a " \/;n)dm
n
né®
© == 'a
spefe w3
n

Similarly it follows that

né
[ ] [ ] - ovm—

1 6a 2
ZmP[ZeCm]seefme dm
m=n+1l n

n
o 6o -5 n@2
=-Ee (l"' .
e

Under H_, 6 = - % and by applying (2.24) we obtain

8.29 > e(N) 23.97
111.68 > e(®) > 16,7k

while Baker [5] observed &(N) = 7.0 and 8(1\!2) = 70.5.

The merit of the bounds given in (2.23) is their general appli-
cability. As an illustration of the case where the bounds given in
the previous sections cannot be applied, the two-sided sequential +t

test (see Rushton ([23], [24]) ) is considered. Suppose a random

i

- P -
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variable x is normally distributed with an unknown mean p and an
unknown variance 0'2. We wish to perform an s.p.r.t. discriminating

between
H : w=o ahdHl:|p|-_-.cr

By defining 5= ]%I these hypotheses become

n 1 ~un
2 () = e M(5,5,%)

where M is a confluent hypergeometric function (see Slater [26] )

and

Tor the boundary values we will use Wald's approximation for the case
of =P = .05; namely - b = a = log 19. Now .cn(un) is an in-
creasing function of u and Arnold [4] has given values an, bn for

log 4, (a ) = log 19 and log £, (b ) = - log 19. Thus

P [log .cn(un) < log 19] = P[un < an]
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\/‘rIX andd'-:l:

where t_ =
e n s jal

Similarly,

P[log,&n(un)>-logl9]=P[tn>en]+1°!:tn<-en]

, b (n-1)
= | B
vhere en—[ o B ]
n
TABIE 2.3
n e d n e d ‘n e a
n n n n n n
N - - 16 1.378  3.136 28 2.162 3.h4h2
5 - 30.085 17 1.kb56 3,151 29 2.216 3.473
6 126 L.976 18 1.531 3.170 30 2.269 3.503
7 Lok 3.946 19° 1.603 3.191 31 2.322 3,53k
8 566 3.552 20 1l.67% 3.215 32 2,373 3.565
9 .700  3.353 21 1.740  3.2h40 33 2.423  3.59
10 .818 3.2he 22  1.805 3.267 34 2,473 3.627

11 .27  3.178 23 1.869 3.294 35 2.521 3.658
12 1,028 3.143 2h - 1.930 3.323 36 2.568 3.688
13 1l.122 3.126 25 1.990 3.352 37  2.615 3.719
1 L.212 3.121 26 2.049 3,382 38 2.661 3.750
15 1.297 3.125 27  2.106 3.412 39  2.706 3.780

Thus we have

P[ZEC:,=P{t<d]-PI:t<-d‘!+
n n n n n n |

| -l III‘l"IIII .l TN e
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where tn has a noncentral t distribution with n - 1 degrees of
freedom and noncentrality parameter o .
If we set & = 0, then by using tables of the central + dis-

tribution we find that

30
ZPLZie C ] = 10,76
- and Ai.=rl
39
ZP[Zie ci] < 10.92 .
i=

Now in Siskind's [25] sampling experiment N was truncated at 61

and if we may assume that P[ Zie Ci] is a decreasing function of 1

then

61

ZP[Z, e C, -! < 11i.1
1 1 -

Therefore if N is truncated at 61 we find, from (2.24),

2.1 > 6})(1-3) > T7.67 ,
while Siskind observed C(N) % 0.9 ., For the case when N is not
truncated, we do not know of an upper bound to iglP[Zie Ci] .

However, it is observed that

P[Z;,1€ Cs,y]

-865 P[Zie Ci]

IA

< .882 for i =11,...,30,

and since P[ZBle 031] = ,02587, it is probably reasonable to set



k2

P[z.e¢ C.] = 1 (,02587) = .236 .
Z it i T-.059

We then find

12,00 > &) > 7.67 .
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CHAPTER IIT

OPERATING CHARACTERISTIC FUNCTION

3.1 Introduction

In this chapter we will be concerned with the operating char-
acteristic function (o. c. function), of an s.p.r.t. TFor the case

when z are independent and identically distributed, Wald

1,22’...
developed the well-known approximation along with upper and lower

bounds for the o.c. function. As in the previous chapter we will

' begin by applying these particular results to a larger class of

s.p.r. tests. Then in section 3.4 we consider conditions under
which Placcept Hb] is increased by replacing each z; by a
stochastiéally larger variable., Also some discussion is given con-
cerning thé relationships between monotone likelihood ratios, sto-
chastic ordering and monotone o.c. functions. In section 3.5 we
briefly look at the effect upon Placcept Hb] after the zi's have
undergone a scale change. Finally we conclude chapter three by
applying the method given in section 2.6 in order to obtain upper
and lower bounds for P[accept HO] . ‘However, we shall first give
a brief outline of Wald's method of approximating the o.c. function.
" Let zl,zé,... be independent and identically distributed with
common probability density function f£(z) . Define t, ‘o be the

unique nonzero solution of o(t)=1 where ¢(t) is the moment
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generating function of z (i.e. o(t) = fetzf(z)dz ). Wald has
given

(a) €(z) exists and €(z) # ©

(b) the existence of & > 0. such that P[z >8] >0

and Pz <-8] >0

(¢) o9(t) exists for all real t
as sufficient conditions for the existence of a unique nonzero to .
Now if we def'ine |

T(z) = exp( z‘co} £(z)

and assume that to >0 then T .is a probability density function
and

[

Pf[accept Ho] = Z Pf[b <z it 42, <o, for 1 =1,...,3-1

J=1
and Zyteos + Zj < bl = Z Pf[ tob <ul+... +u, <toa , for
J=1
i=1..0,3-1 and ujte.. + uy S tgb ] Zf[ll_zlf(zi)] 2,
j=1 s
Zf[exp{ -t b }]I:t‘(z ) sz = exp{~t b} P [accept H ]
1=1 =3 o ¥ °
J=1
J
£(z,)
where u, = log = :I .
= 108 |y

Thus -

(3.1) Pf[a.ccept H] > exp{-t b} P [accept H ]
o” = o z o
and similarly

(3.2) Pf[accept Hl] < iexpv{-toa} Pf[a.ccept Hl] .
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Since we assumed a unique positive to’ it then follows that
Polz = o] # 1. By the definition of f we also have Pxlz = o] #1

and thus by Stein's Theorem [28],

Therefore,
r . ,
Pvf: [accept Ho] + Pf _accept HlJ =1
(3.3)
- -
Pf[ accept HO] + Pf. accept HlM =1.

Wald's approximation then consists of changing the inequalities of

(3.1) and (3.2) to equalities and of solving for Py [accept HO] with

the use of (3.3). This process yields

3.4) P; [accept HO-! & —te ,
. - bt at

and the same result is obtained for to < 0. An alternative approach

utilizing Wald's fundamental identity is, briefly,

'b‘bo ato
(3.5) P[ accept Ho] e + [1-1’ [a.ccept Ho” e =

toz'l\T toZNV
P‘: accept HO] 8[e | Zes b] + P[ reject HO.J 6[ e IZN >a -I

. AT ] -
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5.2 Consistency

Let f(zl, ey zn) denote the probability density function of

and assume that there exists a unique nonzero t guch that
n

Zoy sesy 2

1’ n

$n2n
‘/Pe f(zl, caey zn) qEn = 1

where Zn = 29 + ie. + Zge As in the previous section

(a) e(zn) exists and 8(Zn) # o

(b) there exists a B > o such that

P[ Z >8 ] > o and P[ Z < =-98 ] >0
n n . n n

tZ
(¢) kjpe n f(zl, cony zn) d z exists for all real t

are sufficient conditions for this assumption. Also we shall call

%(zl, ceey zn) the conjugate density associated with f(zl, ciey zn),
where
t Z
~ n'n
(306) f(Zl, eoey Zn) =e f(Zl, . ’ Zn)-

Let g(xi, soey xi) denote the density of the first i observed random
variables, Xyy oy Xy Since zy is a function of Xyy ey Xy, W
shall assume that the density f(zl, . ey zi) is determined by

g(xl, ceny Xi)' Also define E(xl, ...,xi) to be the corresponding

conjugate density associated with g(xl, coes %q) (Lee. g(xl,...,xn) =
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t 2
e n(xl, cee, xn) g(xl, ceey xn)). The development outlined in section

3.1 could just as well have been given in terms of g and 5 instead
of £ and Z.

It has been stated in the literature, (Bartholomew (6], Siskind
[25]1), that if t, =t for all n, then Wald's o.c. formula, (3. 4),
"holds". At first appearances this seems to be a reasonable extension
of Wald's o.c. formula. However, if we examine the development out-

lined in the previous section, the expression P;[ accept HO] appears in

‘equation (3.1). Now for Py [accept Ho} to be meaningful, we must have

(.7 \/p %(zl, ceey Zn) dz,, = f(zl, ceey zn-l) for n=2,3,... .

If (3.7) holds, we shall say that (¥} is a consistent sequence of

densities. It should be noted that {E} is consistent if and only if

{ g} is consistent. By (5;6), {f} will be consistent if ZysZpy e

are independent and tn = t but in the dependent case it is not obvious
that this is true. As an example where tn =+t for all n but (£} is

not consistent, consider the following:

Example 3.1

Let Xy Koy eee be a sequence of Bernoulli random variables with

Xy l-xl
P[ X = xl] =(e+0 ) ~ (1L -e -0)
X
. CoxE, (LA, x (1) (1%,)(1%,)
X = x,Xy= s | =€ p 2] (L-p-e-6)
1 ] n xi l-ﬂi

Ji-—fB
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Now suppose we perform an s.p.r.t. discriminating between
H,: G=9.,p,=~ui,e-:=c-:i,8»={5i i=o0,1 .,

i i

If we give the parameters the following values,

0., = = = L - g =i
1712 MT8 €179 1°3 —

9=-2—l% u=~,?12% €,=§é% o)

B

it can then be shown that

2

Z P[X=x, o) Xi=xi| H, ] ‘,P

P [X=x), .., xi=xi| H,]

[Xl=xl, ey Xi=Xi-’ = 1

Xy ee, Xy

for all i. Thus we have tn =2 for all n, however,

=%, X.=x, | 2
Z; [ig:{ ;};2___}; zz; ] F [xl = xp X = Xa]

X lHl] 2 [ )
xll Ho] __I P Xl = xl:’ .

]

[ P [Xl
P [Xl

n

Now,since the conjugate distributions of the observations Xl,X2 seec8YTE
not ‘consistentihe conjugate distributions of the varia'bles‘zl, 22 9 eve

are not consistent. Therefore, by extension of Wald's development

)

1
I
i
i
%
!

|
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given in the previous section, it would be valid to state that if
tn =t for all n and the conjugate densities are consistent, then
Wald's o.c. formula, (3.4),holds. Some situations in which one of

these implies the other are indicated by the following lemmas.

Lemma 3.1 A necessary and sufficient condition for tn =t n=1,2, ...

and (T} to be consistent is

tzn '
JF e f(znl Zys ees zn-l)'dzn =1

for n=2,3, ... and

tzl
\/pe f(zl) dz, = 1

Proof. If t =t for all n and (f} is consistent, then

tZ tz '
e .[/he f(zl, cees zn) dz = f(zl, ceny Zn-l; =

th th_l
\/pe f(zl, ciey zn) dz =~ e f(zl, ceey zn—l) = 0

and thus the necessary part follows.

Suppose

tz
n
\/pe f(zl, ceey zn)dzn = f(zl, ey Zn-l)

and.

tZ
n-1l _
u/ﬁe f(zl, coe, zn-l) dz ., = 1.
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Then

th-l tzn
l=fe [fe f(zl, cens zn) dzn] dz, , =

tZ '
fe :f‘(zl, ""Zn) dz

and hence, by induction, it follows that t 6 = t for all n. Now

t7 £z,
fe f(zl, ceey zn) dz _-e f(zl, ey zn-l)

th_l ‘t:zn
= e [fe f(Zl, toey zn) dZn - f(Zl, ey zn—]__) :] = 0
and thus {f} is consistent.
Lemma 5.2 If (?} is consistent and
tnzn
fe f(znlzl, eens Zn-l) dz_ = 1
fOI‘ n.= 2, 3,'--- then tll=tl fOI‘n=2, 5, L ] .

Proof We have

[0}
!

t 2z ‘
n'n
= fe f(zl, ceey zn) dz = f(zl, ceey zn-l)

thn ‘ tnzn-l
=f e f(zl, veny zn) dz - e f(zl, ceey Zn-l)

t Z t Z

n-1 “n-1 nn-1
e f(Zl, - e f(Zl, s 0y Zn—l)

c Zng)
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and thus tn =1 .

n-1

Lerma 3.3 If tn =1t for all - n and {?} is consistent, then
th
k/he £,(zy) «o0 £(z )z, = 1

for all n.

Proof By lemma 3.1,

tzn
k/he f(znlzl, ceey Zn-l) dz, = 1

and all n and by taking expectations of both sides we have

tzn
JF e fn(zn) dz, = 1

for all n.

Lemma 3.4 If Zy5 22, ««s» are independent, then {%} is consistent
if and only if tn = tl for all n.

Proof Since

tnZn tnzn--l tnzn
u/\e f(zl,...,zn)dzn= e "’ f(zl,.i.,zn“IZ/; f(zn)dzn

we have thet {%} is consistent if and only if

tn.zn--l tnzn tn-lZn-l
e f(zl,...,zn_lz/; f(zn)dzn=e f(zl,...,zn_l)

for all n. Thus (f) is consistent if and oniy if
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t,)

t 2z Z (t -
er nn f(zn) dZn = e n-1*"n-1 n

forn=2, 3, ... Now the left hand‘side of the above equation is
constant while the right hand side is not, unless tn-l - tn = 0.
Therefore {E] is consistent if and only if tn = tl for all n.

The foregoing lemmas could also be stated in terms of the obser-
vations and the densities g and E. The statements and proofs are
quite similar, although in lemma 3.3 the condition that XysXpy oo
are independent under both HO and Hl needs to be added. These
lemmas will be helpful in determining whether or not we are Justified
in using Wald's o.c. formula for a given problem. Also they may prove
to be useful in constructing a sequehce of densities, {(f}, such that
tn =1t for all n and {?} is consistent. It should also be femarked
that if under H, X,, ..., X have g(xl, ees xn), for all n, as
their joint probability density function, then by lemma 3.1 it follows
tha£ t = 1for all n and (g} is consistent. A siﬁilar statement
also holds for Hi .

Returning to the proposition of using Wald's o.c. formula without
regard to consistency, we should mention that the alternative approach,
(3.5),cannot be used, since we do not have a generalized form of Wald's
identity available. Now, although the use of Wald's o.c. formule with-
out consistency is not justified, it may nevertheless be a reasonable

approximation., With this in mind, we shall give the following example

illustrating the relationship between t and P[;ccept HO] .

Exanple 3,2
In example 3.1 let H denote the values assigned to the para-
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meters which yielded tn =2 for all n. Let H represent the following

distribution of Xl’ X2, coe

n .
P[Xl=xl’ ceny Xn=xn]= HP[Xj_:xi:’

for all n.

Xi l-Xi
Pl— x5 XJ =p; (1 -p)

|

i}

for all i. It can then be shown that if

_ _
= , =
Lot ogt T2 @) (- ()% +p,(ehay
and
t At
pi = —————Zt : zt ) fOI‘ i = 5, )4', ¢oe

then tn =t for all n. It can also be readily observed that

log 1% if X, =0
Zl = 3
log & ifx =1
o if (xl,x2) = (o0,1) or (1,0)
7, = {log % if (x,%,) = (0,0)
log 2 if (xl’XQ) = (1,1)
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log-g- it X, =0
Z, =2, + Z, where z, ={
J 2 i i
i=3 log2 if x, =1 .

Suppose we require that o < a < log % and log % <b < log j_%' s 1t

then follows that N <3 and

x. =1 => reject H0

1

Xy =0, X, =0 => accept Ho
X = 0, Xy = 1, x3 =1 => reject HO
X, =0, X5 = 1, :{B = 0 => accept I-Io .

Therefore, P[ accept HJ = P [}L_L = 0, xa = o‘] + P[Xl=o,x2=1,)%=o]

and thus

H i

P[ accept HO-! = Eg%% s+ 864 ,

It can similarly be calculated that if

= ' &,
t = 2 then PH l:accept Ho-, +.822

and if
t =L then P’ accept H %, 834
5 H o v .

From this example we can therefore draw the following two conclusions:

t
(1) If H and H yield the same constant value of t , it does

not necessarily follow that PH[ accept Ho" = PH' [accept Ho }
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1

(2) sSuppose H yields t =t for all n and H yields t =1

1
for all n. If t >1t 1t does not necessarily follow that

PH[ accept Ho} > PH'[ accept Ho] .

Since Wald's o.c. formula is a monotonically increasing function of
t, example 3.2 and its’conclusions should indicate two things; in the
first place, what the error involved in neglecting consistency may be,
and secondly, the errors in the approximation itself.

We now conclude this section with a conjecture of Bartholomew
[6] concerning the o.c. function. Suppose that the joint density

of the observed variables X;, X, ... X i8 p(x), ..., xnle) for all

n and that we wish to discriminate between

by means of an s.p.r.t. Now, the equation for determining t in

Wald's o.c. approximation ray then be written as

o

(x| o) 7
N | el o -

X
-1 o

Bartholomew suggests

[ p(x,| gn®
o(x, | &Y

be expanded as & bivariate Taylor series in 90 ,el about the point

9. Then if the terms of third order and higher are neglected and the
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relationships

2
e[é-’;%_n] - o, e[.é__@u] ] e[m:ef
26 36 36

are used, we find that the equation far t yields

2(o -eo)

9 - 9
This may be recognized as the t found in the s.p.r.t. discriminating
between two means of a normel varisble with known variance. Applying
this conjecture to the s.s.s.t. given in table 1.8 of section 1,3 we
find
value of n 15 16 17 18 19 20
conjectured value of Pﬁ[ac_:cept H] .912 .810 .639 .428 .2kk .123

exact value of P [accept H_] .950 .584 .35k .19% .100 .050

These values serve to illustrate the possible dangers involved with
the indiscriminate use of Bartholomew's conjecture. Siskind [25] haé
also applied the conjecture to the two-sided sequential +t test. He
found the approximation satisfactory only for values of the parameter
which were closer to Hl than Ho' Siskind went one step further by
considering the third order terms in the Taylor expansion. He found

3

that if & (EL.!ﬁEiJE ) is negligible compared with 3(§L3£E£J2 )3,
d e de

_2(e -60)

6 -8,

quential +t test, the range of 6 for which this condition is satis-

then t = 1 . However, in many problems such as the se-
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fied is difficult to determine.

3.3 Bounds for the o.c. function

By assigning different values to the parameters in example 3.1,
it can be shown that there exis’o cases where tn is not independent

of n but [?} is consistent. T should be noted that by lemma 3.k,

* we will then necessarily be restricted to zl, Zpy =eo beir;g dependent.

We shall assume ‘that ,.{5} is consistent and that there exists a unique
nonzero tn for all n. Define u = sgp{’cn} , B = iﬁf{tn} and suppose that

‘£.> o. [Then by following the development given in section 3.1 we have

*»
Pf[accept Ho] = Z Pf[ bti <y, < ati for 1 =1,...,j-1 and
J=1
[ ]
U;j < bt,j ] = Z _S/‘f(?l""’zj)dgj >
=L 5
o« (]
-bt _
: ' ~bd. ~
z fe J ?u.‘(zl,...,:z'j)élg;j > e Xff(zl”"’zj)dgj =
=1 8 =1 S
=L 5 I=L %
e 4 P_[accept H ]
f
':E"(zl,...,zi)

vhere U, & lo .
i € f(zl,...,zi)

Thus similar to equations (3.1) and (3.2) we have

(3.8) 'Pf[accept 2] > e'M P '[accept H ]
0! = b o

and in & like manner
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(3.9) Pf[accept H1] < e-a" P [accept H.] .

We further assume that
Pf[accept Ho-] + Pf[accept Hl] = 1,
and by noting P _[accept HO] + P_[accept Hl] < 1, it follows
by f

from (3.9) that

(3.10) 1 - Pf[a.ccept H] < &2 { 1 - P [accept H_] } .
0! = % o

If we change the inequalities of (3.8) and (3.10) to equalities

and solve for Pf[accept Ho] , we obtain

al
e

. . -1
(3.11) Pf[accept HoJ & ) ) for £>o0.
e - e
In dan identical fashion, it may be shown that
1 -
(3.12) Pf[gccept Ho] 2 F__;a—u for u<o.

To continue, suppose we assume that z > o and we define
Pf[Ul\I S oy ]cn, dn]
as the probability of U, < y where N is the least value of n

N
such that cn < Un < dn is not satisfied. Since Ui was defined to

'f"(zl, ces ’Zi)
be log = it follows that
f(zl, .. .,zi)

Polaccept H 1 = Po[ Uy < bty |t b, toa]

o0 0P m ou o on s nP e s wm en e s me Y e e
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and also by the definition of u and £, £b > b,‘tn 2 ub and ua > -at

> #a. Therefore,

Pf[UN < ub| ub, fa ]5 Pf[UN Styd |tn b, tna]

< Pf[U < #b|sy, ua]

and hence

©(3.13) Pf[UN < nblub,za] < Pfl:accept Ho] < Pfl:UN < zblzb,ua] if £>o.

Similarly we have

(5.;.&) PI[UN > sblua, £b ]5 Pf[accept Ho] < Pf[UN > ub|sa,ub :} if u<o.

Now Wald has shown quite generally

=8,

a < e
and thus
I b
Po| Uy > ub| fa, ub]ge-u if u<o
Py| Uy < wb|w, zaJ >1 -8 if 4 > o.

Also by using the general approximetions



60

b, B

¢ =Ta

we obtain from (3.13) and (3.14) the following epproximate bounds

y £:3 us,
e " -1 ‘ . e =1

Ta = Tr [ac‘?ept Ho] S o fort>co

- e . e .
(3.15)
us, Lo
l=-e . s l=-e
mﬁ 5_ Pf[accept Ho :]_<_ eub : e‘a foru<o

( 5 will be used to denote an approximate inequality as in the sense

here). And as expected, on comparing (3.11), (3.12) and (3.15) find

eja - lb s eja - lgb S 9_:;‘1_-_1_” for £ > o
e®® . ¥ e”® - e e"® . e
and
ua us, La
lm;e va S lﬁ%e Ta S }TJ.%—LE for u < o.
e’ =~ e e =e e =-e

If we have an upper bound for Pf [N )é G] where G is a subset

of the positive integers, it may be possible to improve the approxi-
mate bounds given in (3.15) as follows:

Define

u = sup ({t ]}
° neG n

2 = inf (t }
° neGg

and assune zo > o. Then

X
Pf[ accept H_|Ne a] P [Neaj, < Pf[UN < zobl 2.b, ua,N ¢ G]

e P en o e mm v s mP e o e en e se e oY = ee
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Pf[N € a—’ = Pf[ Uy S £4.b uob, uoa]

-P _UN_<_zob l¢.b, u e, N eG,-’ Pfl:N ¢a-l <

P, Uy S 4.0 2.0, u.oa]

and by using a similar argument for the larer bound, we have

’ r
Pf!:UN <ubd Jupb, t8 | = Bg| N ;laj’ < Pf{:a,ccept HOJ <

Pf[UN Sep |z°b, uoa,~ + Pf_N ,{G_! for 4 > o.

It can also be shown that

Pf[UN > 2b |uz, tp | - Pf[ N ){a-l < Pf[ accept HJ'

< Pf[u Zu°b| 2.2 uob— + Pf[ N ;la] for u <o .

N

By applying the approximations which were used to obtain (3.15), we

arrive at

2 a ua
e -1 ¢ p 1'e° -1 +

1 e uob'PfNia_‘S- i Y e Nia
e

o)

- e ) : e -
(5.16) for zo >0
L:.;_Ci_-P N;a]ép acceptH]&-——-—Tl'ezoa + P N{G'ru<o

zob u e f I=f o'T uob o f R oF U™
e = e =-e
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Now consider the case where Z)5 Zpy +-. BTE independent. LetA
‘l'i(t) be the moment generating function of z, and D' be that part of
the t complex plane such that ‘Yi(t) exists for all i. Then follow=-

ing Wald's proof, as pointed out by Mallows [20], we have

-1

(3.17) e [etZN[ ?TI ‘i’i(t)_] 1, = 1

i=1 :

n
for © € D, where D is a subset of D' for which IiI_:[l‘I'i(t) ]2 1 for all
n. Blom [9] has further shown that if either

(a) there exists a & > o and an ¢ > o such that

P[zi> 8 ]>¢e for all i

or
(b) there exists a d > o and an ¢ > o such that
P[zi<-8]>e for all i
‘then
X ] |
lim nPN>n'=o for any k > o.
n =——>e - .

Blom has also proved that if (a) and (b) hold and for some real t,
{ Yi(t)} is bounded then (3.17) is valid. Therefore if we assume

(3.17) is valid, then it follows that

oy
2y

(3.18) ¥,(t) <1 for all i implies 1>€ [e

wi(t) >1 for all i implies 1<é€& [ e 1.

Mallows [20] has shown that for t > o
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t2
n(t) P <e [e' Yz <b| se
(3419) -

tZ, T
ea’ts e[eZNIZNZa. < 5(t) et

where
t(zi+r)
n(t) = inf inf &[ e | £ < -r]
i o<T<a~b '

t(zi-r)
8(t) = sup sup- & [e |
i o<r<a-b

Similarly, for t <o

t ‘ .
ebtse[eZNIZNSb-] <5 (t) e

(3.20) |
o "
n (t) ea‘t_<_ e[eZNIZN?_a-’ _<_eat
where
t " 't(Zi"r)
n(t) = inf inf Ele |zin]
i  o<xr<a-b -
N t(zi+r)'
8'(t) = sup sup- Ele | z; < -r‘, .
i o<r<a~b - .

Now, if we let L denote P [accept HOJ then by (3.19) and (3.20),

-t ay
£
n(t)e?n + e*°(1-1) < E[e “¥ < 1% 4 (1-D)s(t)e®® ir t>o0
(3.21) i
t o
1e® + ' (£)e®¥(1-1) < 3[e ¥ < 18'(t)e?® + (1-1)e®®  if t <o.




If we assume there exists a unique real nonzero ti such that

wi(ti) = 1, then by defining u = sup (t;} and 4 = inf {ti} we

i i
u>o implies ¥, (u)>1 forall i
ugo implies ¥, () <1 forall i
£>o0 ~implies ¥,(#) <1  forall i

£ <o implies  ¥,(£) 21  forall i.

Then by (3.18) and (3.21) it follows that

u>o implies 1< Lebu + (l-L)B(v.)eB’u
w<o dmplies 13 L™ + (1-L)n'(u)e™
£>0 dmplies 1> In(e)e® + (1-1)e
f<o implies 1< I3'(#)e + (1-1)e® .

Now since 8(t) >1, o< n(t) <1 for t>o0 and B8'(t) 21,

0< n'(t) £1 for t <o, it follows that

u>o implies P[accept H0] <

u<o implies Placcept Ho] <
(3.22)

£ >0 implies P[accept Ho] > =7

£ <o implies P[accept Ho] >

. . e
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As approximate bounds we may neglect overshoot by setting n =% = 7'

=8'=1o

3.4 Stochastic ordering

In this section we will 'be concerned with the proof of the
following intuitive proposition. Suppose Zys 22, +++ are independent-
ly distributed and z; is stochastically le,rger' (see page 73 of
Lehmann [19] ) under H than under H' , then

PH[a.ccept Ho] > PH,[accept Ho] .

From this statement it_is easy to see how bounds may be determined
for Placcept Ho] in many problems. Simply replace Zy za,;.. by
a sequence of stochastically larger (smaller) random variables for
which the probability of acceptance is known or may be approximated
by the ususl techniques.

Some necessary prelﬁninaries for proving the asbove proposition
are as follows:
Lemma 3.5 Let H and G be Lebesgue measurable functions such that

(a) H is nonincreasing and nonnegative

(b) G is of bounded variation, G(=e) = lim G(x) exists,
X—p ~bo

and G(-») < G(x) for all x .
Then if

f HAG exists, it is nonnegative.

Proof: Define

n i-1 i :
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P - {xlns H(x)}

if xe Ey for i=l,...,n

and

3
1
=

8, (x)

no
ja ]

vhere m=n2" +1. Nowby (a), Sn(x) is a step function and

n
E, = <X % > where x, > X4

of interval. Since {E?} is a disjoint cover of the real line, we

and < > denotes some type

have

m
fS (x)ac(x) = Z 2L . varistion of G over En}
n 2n i

i=

m
= L) (o) - 6(ry,,) ]

n

ny

where v denotes either xi+ or x- . Now

m m mtl

) D6 - 6lry,) 1 = ) @Gy) - ) (2l
i=l i=1 i=2 '
=) 6y - @y, Zr 6r,) - 6r,,,) ]

i=2

which is nonnegative since G(yi) > G(ym+l) = @(-w) . Therefore,

by dominated convergence we have

;;fHdG = l:undeG > o.

n-s e

o oPon ms o s P e on e = om
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Corollary 3.5.1 Let H and G be Lebesgue measurable functions

such that
() H is nondecreasing and nonnegative
(b) G is of bounded variation, G(w) = Llim G(x) exists, and
G(w) < (x) for all x . =
Then if

f HAG exists, it is nonpositive.

Proof: Make the corresponding changes in the proof of lemma 3.5 .

Corolla.r:} 3:5.2 Let the real valued functions on the real line H,
Fl and F2 have the following properties: |

(a) F, is a distribution function i=1,2

(v) H is nonincreasing

“(c) H(-») =1 and H(w) =0 .

Then F,(x) > Fy(x) for all x implies that

fHdFl > fHdF2 .

Proof: ILet G = Fl - F2 and apply lemma 3.5 .

Lemma, 2.6 Let Xqs%pyees be a sequence of independent random vari-

t " ]
i and F, wunder H
i
1"

1t . '
end H respectively. If F,(x) < F,(x) for b<x<a end

ables with X, having distribution function F

"

1
Fi = Fl for i=2,3,... , then

© .
ZPH'{b<X-L +i..+xj<a for Jj=1,...,i-1 a.ndxl+...+ xisb}

i’.zl'

‘,2 ZPH"\b <X et x:j <a for j=l,...,i-1 a.ndxl tooot xisb}.

i=1
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Proof: Define

{(}L.L"”’xn) |x15. b}
A, = {(xl,...,xn) |b<xl+...+x3<a for J=1,...i:1 and

X) ket xi_<_b} for i=2,...,n

and if

1 (xl,...,xn) e A

1(4;) = .
0 if (xl,...,xn) £ A .
Let Fi denote the distribution function of xy for i=l,...,n

and define F(xa, .o .,xn) = F2(3:2). . .Fn(xn) . Then we may write

n
ZP{b<x_L+...+x <a for j=1,...,i-1 and xl+...+x <b}

i=

[ [{ ) sy }am, - [ [nae,
x ot i=l x L
where n

ZI(Ai) .

i1

Now }gl is a nonincreasing function of xl

A; and c >o then (:&-c,xe,...,xn) € A

since if (xl, ces ,xn) €

for some j<i.

J
Further we have

Hn = 0 if X >a
Hn = 1 if Xy <b
and since
HndF exists, it follows that f i Hnd.F is a non-
xn-l Xn-l

—-’-nun-@‘-’-un-nunu-‘—-
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increasing function of X and

f HndF = Q0 if xl_>_a.
Xn-l
f HndF = 1 if x1_<_b.
Xn-l

Therefore by collary 3.5.2 we have

T 1"
ff H dFdF, > ff H dFdF,

x 1 | x ¥t

and since this is true for all n, the lemma follows.

. Theorem 3.7 In an s.p.r.t. suppose that zl,ze,... are independent

1
and Zi has distribution function Fi and G, under H and H

i
respectively. Also assume that either P ,[N<w] =1 or
P y[N<w] =1. Then Fi(z) > Gi(z) for b-a <z <a-b and

H
i=1,2,... implies that

P ,[accept H] > P ,[accept H ] .
H ° T = °

Proof: Suppose P ,[N <e] =1 and let Hj
H
the hypothesis that the distribution function of Z; is Fi for

for j=2,5,... denote

i=l,...,3-2 and G; for i=j-1,3,... . Since P [N < e] =1, for
H
any € > o there exists an n, such that

P,IN> n - 1] < € , and by the definition of Hj s PH [N < n - 1]
H ‘ n
o

= P ,[W<n-1] end therefore P, [N2>n - 1]=P,[N>n-1]

H B H

o
Also P_ [ accept H°| N<n-1 Jm PE.[ accept Hol N<n -1 land thue we have

Hy

o/
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PHn [accept HOJ - PH,[a.ccept Ho] < PHn [accept HOI N>n- 1] X
o )

PHn [NZno-l] < €.
o

Therefore we may conclude that

P [accept H ] > P ,[accept H ]
H ° T g °

if for all j >3

(3.23) PHd[accept HOJ > PHJ-l[accept I-Io] .

For J=3, (3.23) follows from lemma 3.6 . Next define

Cj = {(zl,...,zj_:s) |b<zl S zi<a, for i=l,...,;j-5}

and let F denote the Joint distribution function of ZysesesZ 33 °

We may then write

J=3 )
P[accep’c.Hol = Z P[ v< Z) teeot 7 <@ for k=1,...i-1 and
i=1
’ [ ]
Zl +00¢+ Zisb ] + f I(CJ){ ZP[ 'b-ZJ_3<ZJ_2 +...+ zd+k-2<
XJ-3 i=o

a.-Zj._3 for k=o0,...,i~1 and 23_2 toout ZJ.,.i_g Sb'zj.3lzj.3]}dF ’

Under HJ. and H 31 the =z i's have the same distribution except

for =z Therefore in the above expression for Placcept Ho] )

J=2 °
only the term within the braces, call it T, differs under H;) and
Hj:l . Now T may be considered as Placcept Ho] for an s.p.r.%.

in which the first observation is 2z §-2 and the stopping boundaries

~Z, A a-Z, , « W <
are sz_5 and a 523 e may assume 1c»<zj_“3 s since T is

multiplied by I(Cj) . Therefore, by lemma 3.6 , T , when Hj is




-

71

Hj-l is true. Hence
(5.23) is satisfied for all Jj >3 . A similar argument holds for

true, is greater than or equal to T when

the case P 4[N <] =1.
H

Corollary 3.7.1 In a g.s.p.r.t. suppose that 215 2y, .. &re in-

dependent and z, has distribution function F, and Gi under H' and H"

i
respectively. Also assume that either PH,[ N<ew]=1o0r PH"[N<-]=1.

Then Fi(z) E;Gi(z) for b, -a; , <z<a and i=1,2,... where

1-1 17051

a = bo = 0 implies that
PH' [accept Ho], > EH” [accept Ho] .

Proof Simply make the appropriate changes in lemma 3.6, its proof
and the proof of theorem 3.7.

Before proceeding further, we should mention the connection be-
tween theorem 3.7 and a sufficient condition for the monotonicity

of the o.c. function. Suppose x., X., ... are independently distri-

1’ 2

buted with density pe(x). Lehmann [19] has shown that pe(x),
possessing a monotone likelihood ratio in T(x), (M.L.R.), is a
sufficient condition for any s.p.r.t., testing 6, against 61(6°< 6,
say), to have a monotone o.c. function. Now if pe(x) possesses a

monotone likelihood ratio in T(x), we may write:

Py (x;)
1
i log 5;:{;;7 = h(T(xi) )

N
L}

where h is a nondecreasing function of T(x) depending upon 90 and

Gl. Next by a slight extension of lemma 2 on page 74 of Lehmann[19],
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we have that if ¥ is a nondecreasing function of T(x), then

€y ¥(T(x) ) is a nondecreasing function of 6. Hence by setting

- {1 if h(T) > ¢
¥(T) =
o if n(T) <c

we see that for 8' > 6

Po rz < c-’ = Pe,[‘! (T) = ojl = 69,[ 1-¥ (T):]

r -I :
l-‘Y(T).,= PG[Y(T) =0 =Pe[z§_c-’.
Also by theorem 3.7

Pe,[ accept Ho] < Pe[accept HOJ

and monotonicity therefore follows., Thus the above statements may

be summarized as
(3.24) x has M.L.R=z stochastically ordered => monotone o.c.

Next we shall give two examples which illustrate the fact that the

above implications cannot be reversed.

Example 3.3 (x has M.L.R. <# z stochastically ordered)

Let the random variable x take on only the three distinet

values x,,X, and % with probability pl(e) , pa( 8) and p5(9) respec-

:



-‘w-nuwu‘nﬁhi— - % e &y =

tively. Define

2 (0) =g - °

2y(0) = 5 - 30 % a
1 2 l

p(0) =3+50 +5¢

for - 151- <0 <-;-‘- and observe that pl( 6) and p2( g) are decreasing

functions of 0, while PB(G) is increasing. Also define

Pel(xi) »,(6,)

P () 2y(8,)

2(6y; s %;)

Now we will show for 6l > 62 and @' > 6, that for all ¢

(3.25) Py [z(el, Ops x) < c] < Pe[z(el, 6,5 x) <ec ] .
Tet 295 2Zp5 Zzs where zy < Zp < 23, be the three values which
( s x) may take. Now since pl(e) and p2(6) are decreasing and
p5(9) is increasing, we mave z, <1, z, <1, 25 > 1 and also
25 = z(el, " x3) Thus for z, < ¢ < 25 we have determined that
(3.25) is true. Since pl(e) and pa(e) are decreasing functions of
9, (3.25) also holds for zy S ¢ <z, and is thus satisfied for all
c. Next we will show that there does not exist a T(x) and an

> 6, h(el, Ops T) is a nondecreasing

h(el, Ops T) such that for N

function of T and

z(el Oy» x) = h(e »6p) T(x) )
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Now it can be shown that z(0, -2/3, xl) = 3/5, z(0, ..2/3, ;;2) =
9/14, thus T(x,) < T(x,). However, z(1/3, -2/3, x,) = 2/5,

z(1/3,-2/3, xa) = 1]-;- and therefore'h(I/B, -2/3,T) is not nondecreasing

in T.

E le 3.4 (z stochastically ordered <# monotone o.c.)

Consider an s.p.-r.t. with a = =b and

~

2a  with probability 1 - 6 - '8]6

i 2 . 1
i 3 with probebility BB

L -2a with probability 6

where 1-]: < @ 5-5]-'- . Since N < 2 it is clear that BI: accept Hc‘l =

e + %-; hence the test has a monotonic o.c. function. However,

6 + '31'9' is & decreasing function of 6, so
B[zﬁc-;’ _<_P9,[z_<_c —,

is not true for 6 # 6'.

Returning to the expression (3.24), we should point out that |
"z stochastically ordered" implies that Wald's approximation to
. the o.c. function is monotonic. This can be shown as follows:
Suppose 6' > 6, then Fe,(z) < Fe(z) and by lemma 3.5 and corollary
3-531

(3.25) fetz d[ Fe(z) - Fe,(z)-] <o fort>o
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(3.26) -fetzd{Fe(z) - Fe,(z)_:]_>_ o for t < o.

If we define t(6) # o by FeZt(e)d = 1 then for t(6') > o we
J

have by (3.25),
1 ->- fezt(e') d FQ(Z))

which implies that t(6) > t(6'). Similarly by (3.26) we have for
t(6') < o that t(6) > t(6'). Therefore t(6) is a monotonically
decreasing function of 6, and since Wald's o.c. approximation is a
monotonic function of t, we have that it is also a monotonic funce-
tion of 6.

In conclusion we will briefly consider the possibility of re-
mbving the condition of independence in theorem 3.7. To begin,
suppose we look at a natﬁral generalization of the theorem obtained

by removing independence and strengthening the order relation to
F(zl, cors zn) > G(Zl""’ zn) for all n.

The following example will then illustrate why the theorems con-

clusion does not follow under these conditions.

E:_g;.t@le 5.2 Assume that a = -b and

p, if (t,8) = (-2a,-3a)
P, if (t,8) = (-2a,-3a)
Flag =% 2 =81\ pir (t,8) = (a/2,38)
p, if (t,8) = (8/2,3a )
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where p; > o and igl Py = 1. Tt then follows that P[accept Ho] =
b; + Pp + p3. Now suppose that F assigns Py = P = % » Pp = p3= o
and G assigns Py = jp5 =P, = %‘-, p2 = 0, From this it follows that
F(z, 2,) > G(zq, 22), however Py, [accept H_] = % and PH.,[accept H]
= 2/3.

Although simple ordering of the joint distribution functions
is not a sufficient condition for a generalization of theorem 3.7,
there probably exist additional assumptions which would. However,
in applications it is unlikely that PH[acce'pt H_] would be known
when Zys Zpy --. BT not independent. With this in mind, the
following theorem is of possible use in problems where the depen-

dency between the 2z i's is relatively "weak'.

Theorem 3.8 In an s.p.r.t. suppose that G(zl,..., z,n) is the joint

distribution funetion of z., ..., z, for all n under H' _and that

l’
Zys Zgy +eo are independent, with z 1 heving distribution function

Fy for all i under H". Assume that P, [N <o ] = 1. Then

Fi(z) > Gi(zl Zi-l) for b-a < z< a-b, b <Z; , <aendall iim

plies that
PH'[ accept Ho] < PH" [a.ccept Ho -, .

And similarly F,(z) < Gy(z |2, ;) implies that P, [accept H] >

PH" [accept Ho] .

Proof Let H

42 J =23, ..., denote the hypothesis that ZyseeesZy

¢
i
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have G(zl, Cersy zj_z) Fj-l(zj-l) Fn(zn) as the;r joint dis-
tribution function for all n. As in the proof of theorem 3.7, if

for all j >3

(3.27) PHJ[ accept Ho-" < PHj-]_[ accepti H -}

then

P

H’[ accept HO;’ < PH" [accept Ho] .

Since Zo = 0, (3.27) holds for j = 3 by lemma 3.6. Now by referring

to the proof of theorem 3.7,

1. ¥
P[aecep‘bHo_ = ZP[b<zl+...+zk<a

1=

l-.l

for =1, ..., i-1 and Zy *t . +zi§b-!+f I(Cj){

X’j -3

Z P [b - Z:]_'3 < Zj-2 + ... + Z;j+k-2 <as= Z:]_3

= ee e - es o < = l ‘i}
for k = o, , 1i-1 and zJ_2+ +ZJ+1-2‘- b ZJ-} ZJ-)’ dF

where F denotes the joint distribution funetion of Zys cees zj_3.

Under HJ. and H have the same joint distribution

-1 Zys ey 23_3
function. Thus in the above expression for Placcept Ho ], only the

term within the braces, let us call it D, differs under H 5 and H 5-1°
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D may be considered as Placcept HB] if the first observation is

and the stopping boundaries are b - Z, , and & - Zj_é'where

%5-2 3-3
b < Zj-3 < a. Therefore, since zj_z, Zj-l’ ety Zn given 23_5 has
as a joint distribution function G(zj_z |zj_3) Fj_l(zj_’l)...Fn(zn)
under Hj and FJ-2(23-2) cee Fn(zn) under Hj-l’ we have, by lemma
3.6, that D when Hj is true is less than or equal to D when Hj-l is
true. Thus (3.27) holds for all j >2. The same line of argument
will also show that Fi(z) > Gi(zl zi_l) implies PH,[accept H°] <

PH"[accept Hb].

3.5 Change of scale

Although the results are more general, the previous section
could be thought of as being concerned with the effects upon the
o.c. function of an s.p.r.t. after the variables Zys Zgy e have

been translated. A natural question concerning the effects of a

change of scale then arises. What we shall attemp to show is, in-

tuitively:  Suppose the distribution of each zy is more favorable
toward the alternative hypothesis. Then increasing the variance of
zi‘while holding its mean fixed should disturb the process and ine

crease the chance of acceptance. It should be not ed that as the

veriance of each z; becomes very small the probability of acceptance

tends to zero, while if the variance becomes very large this proba-
bility tends to one half. |
Specifically; we shall assume that Zy5 2y +v. 8TE independ-~
ently distributed, with z, having fi(zi - ui) a8 its probability
density under H' and having cifi(ci(zi - ui) ) as its density

under H". Also assume that b = -a and either Ph"[n <w]=1 or
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PH,[N < w ] =1, We then question under what circumstances is

(3.28) PH"[ accepthE > PH'[ accept H_ 1 .

As in the proof of theorem'5.7, a sufficient condition for (3.28)
is

(3.29) PHJ[ accept HB]AE PHj_l[accept Ho1 for j = 3,4, ...

where Hj denotes the hypothesis that z, has density cifi(ci(zi -
) ) fori=1, .+ey J-2 end density f£,(z; - ;) for i > j-2.
Before proceeding further we shall state the following pre-

liminary results:

Definition f(x) is said to be increasing for x ¢ S if xes , yeS,
y € S and x <y implies that £(x) < f(y). f(x) is said to be
unimodel if there exists an x ~ such that f(x) is increasing

for x < x  and f(x) is decreasing for x > X,

Lemma 3.9 Let h, g, k be real valued functions on the real line

such that

(a) n(t + p) = =h(=-t + p) for all t

(®) gt +v) = g(-t +v) for all t

(e¢) k(x) = [ h(x - u)g(u)du exists for all x .
Then

Jk(x+p+v) = ~k(-x+p+v) forall x.

Proof: k(x+p+v)= [hlx+p+v-u)ghd =

[B(x +n=-tlglt +v)at = - [h(-x+p+t)g(~t +v)at =



8o

=/ h(-x+p-t)g(t+v)at = - [h(-x+pu+v-u)gl)du =

- k(=x +n+v) .

Lemma 3.10 Suppose the conditions of lemma 3.9 are satisfied and
(a) g(t) is unimodal

(b) n(t+u) > o if t> o .
k(x+utv) > o if x> o .

Proof: k(x+u+v) = [ h(x+p-t)g(t+v)dt = [ h(utp)g(x+v-u)du =

- -7 h(~u+p)g(=x+v+u)du + ?h(um)g(xw-u)du =

-c0 o]

T Le(xtv-u) - glxrviu) Th(whu)du
! .

By (b) of lemma 3.9 and (a) of lemma 3.10 we have that g(t)
is decreasing for t > v 3 and thus,
(1) x>u>o0 implies g(x+v-u) > gxt+vtu)

(11) uw>x>o0 implies g(x+v-u) = g(-x+vtu) > g(x+vtu) .

Therefore [g(x+v-u) - g(x+v+u)Ih(u+p) >0 if x>0 and u>o

and hence k(x+u+v) >0 if x >o0 .

Lemma 3.li Let f, h, k¥ be real valued functions on the real line
such that

(a) there exists a u such that f£(t+u) = £(~t+u) for all t

(b) u>o

(¢) £(t) is unimodal

(@) n(t) > n(-t) for all t>o

(e) n(t) 4is increasing for t < o

(£) k(x) = ff(x-:t)h(t)dt exists for all x .

Then

'-i-,-'_unnaﬂ.u-—ﬁ-i-ﬁui.u-
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(1) k(x) 4is increasing for x< o

(i1) k(x) > k(-x) for all x>o .

Proof: Part (i) - .Let x< o, y>o and define
glswur £ x) = f(x-5) - £(x-y-s) . Then g(t) = £(ur & -t) -
£(u- 325 ~t) = £(u- £ +6) - £ L +t) = -g(-t) . Now since f
is unimodal, f(t+p) is increasing for t < o and thus
% 3%2 o implies f(w% -t) > £(u- %'-t)
%2 t >0 implies £(p+ % “t) = £(p- ?21 +) > £(p- a‘é -t) .
Therefore g(t) >0 for t>o0 . Now k(x) - k(x-y) =

| g(s+u+ % -x)h(s)ds = [ h(t+x-p- %)g(t)dt = ? R(=t+x-p- %)g(-t)dt
(o] ’ .
+ c} h(t+xep- %)g(t)d’c = ? [ h(t+xmp- %) - h(-t+x-p- %) le(t)at .
o] o]

Since x--u-%I < o we have by (d) and (e) that t > -x+p+ %2
o implies h(t+x-u- ?25) > h(-t-x+pt §) > h(-tix-p- g) and
~X-+P+ gz t > o implies h(t+x-p- %) > h(-t+x-p- %) . Therefore
[ h(t+x~p= %) - h(-t+x=p- %) Je(t) >0 for t >o0 and thus
k(x) = k(x-y) >0 .

Part (ii) = Let x >o0 and define g(t+h) = f£(x-t) -
f(~-x-t) . As in part (i), we can show that g(t) = -g(~t) and
g(t) >0 for t >0 . It also happens that k(x) - k(-x) =

[ [(6-1) = n(-t-n)Tg(6)at  and  [n(t-i) - h(-t-)Te(t) > o
(o]

for t > o . Therefore, k(x) > k(-x) for x > o,



Theorem 3.12 Consider an s.p.r.t. with Zy5 Zgy o - independent

and with b = -a . Suppose the probability density function of

z, is fi(z - “i) where f, is unimodal, fi(t) = fi(-t) , and

i i
by >0 for all i . Then the probability density function, g, »
of Zn s glven that N >n , has the following two properties:

(1) g,(x) > g (-x) for x>0

(i1) gn(x) is increasing for x< o.

Proof: The result is clearly true for n=l . Now let us suppose

it is also true for n=m-1l . Let

g _(x)
a m-d for -a<x<a
n (x) = [ 8, ,(x)ax
-8,
0] elsewhere’

then hm is the density of Zm-l s glven that N > m, and it is
clear that hm(x) > hm(-x) for x >0 and that hm(x) is in-
‘creasing for x < o, Now gm(x) = [ fm(x-t-um)hm(t)dt , and by

lemma 3.11 g satisfies (i) and (ii) .

Returning to the problem of establishing (3.28) and (3.29),
we begin by assuming that

(a) uy 20

(b) o<e g S1

(c) £,(t) = £,(~t) for all ¢

(a) fi(t) is unimodal

(e) fi(t) is continuous (so, in view of (d) bounded)
hold for all i, Now defing g 3 to be the density of 2 -1 ?
given N >Jj , and let
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Pj(x) = PH,[a_.ccept H | N> 3 and ZJ = x]
Tj(x) = I(x<-a) + I(-a<x< a.)Pj(x)
X ‘ x
Fj(x) =_ o{ fj(t)dt .a.nd Gd(x) =_ ofo gj(t)d’c .
By the definition of H 52
(3.30 P [accept H | N >3] > P [accept H | N > j]
) Hj+2 ' 0 - Hj+1 A o] -

for j=1,2,... 1is equivalent to (3.29) . It can also be seen that

[}

P TJ(X)d[ Fj(cj(x?uj)) * Gj(x) ]

u [accept HOIN > 3l

j+e
and

P, [accept HOIN > 3l fTJ(x)d[ FJ(x-uJ) * Gj(x) 1

Hj +1

where F * G(t) = fF(Jc;u)dG(u) . Define
L(ey) = [ 2yx)alr (o, (xmny)) * 6,(0)] - [, ()alF, (o)) * 6, ()]

=‘/[Fj(x-uj) - Fy(ey(x-u,))] * 6, (x)az, (x)

. and L(cj) > o will then imply (3.30) . Since Tj(x) is constant

for x ¢ (-a,a) , £, is bounded and by assumption (e) g, is bounded,

J

we have (c.)
dL(c -
wley) =gl - VACTREXCREM EFRELNE

where f ¥ g(t) = [ f(t-ﬁ)g(u)du . By defining

5,(x) (hy = )8 (ey(x = 1))

J
we have‘

L'(cd) ‘/’?/ﬂsj(x-u)gj(u)dude(x) .

Next define
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* gqf—(u) for u<o
r () = I
*
gj(-u) for u>o
rp() = g;(u) - )(u)
where
g,  (u) * [e. £, (e, (-, ,))]
= -1 B L 20 2 =L for -a< u< a
. I/ﬁgj_l(u) * [°3-1f3-1(°3-1(u'”;)-1))]d“
gj(u) = -8

0 elsewhere.

By assumption (e), g-;(u) is continuous and bounded on [-a&,a]
(page 491 of Apostol [2]); thus, given ¢ > o , there exists a step

. n
function Z k:(t) such that
i=2 n ’
* *,
(3.31) | y(t) - Z k(8) | < e

i=l

Now 1if we define
g, (n) for u< o

r, (w)
gj(-u) for u> o
ra(u) = gj(u) - I‘l(u)
*

33(u) -a<u<a
it then follows from (3.51) and from g,(u) = 4 §  gigeynere
that - &

| 2(8) = ) Hy®) < e
where =1
k:(’c) for -a<t<a
k (8) =

0. elsewhere

R T -
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for all i . By theorem 3.12 we have
(2) rl(u) is unimodal
(6) () > o
(&) z,(w)

and hence we may assume that

(o} for u<o

Q. if t e <ai,a

i i+l >

k, (t) =
- o) otherwise

where e >0 and < 85y 84,9 > indicates some type of interval with

o< a;, . Define

2 (x) frl(u)s,j (x=u)du

.ei(x) = fki(u)sj(x-u)du for i=l,...,n,

we then have

(3.32) L'(cj) = /[ u[rl(u)sj(x-u)du +fr2(u)sj(x-ﬁ)du ~ldtnj(x)

i

n Y
b f{ 2 (x) +Zzi(x) + ¢ | | Sj(x-u)| du }d’_‘[‘j(x) <
2

i=1 -

i fzi(x)d'l‘j(x) + eM
i=0

where ) M < 2a(2a + ”j)fj(o) . Since -Sj(t+uj) = Sj(-tvw;j) and rl(t)
= rl(-t) we have by lemmg 3.9 that -~ .co(x+p.j) = Zo(-xmj). Also
rl(t)' is unimodal and -SJ, (t+uj) 20 if t >o and thus by lemms 3.10
- /zo(xmj) >0 if x>0 and - zo(x+pj) <o if x<o . Since
Sj(t) is continuous, we may consider < a,, ;. > = (ai, ai+l)
for purposes of determining properties of zi(x) . Let v, = %‘-(a.iﬂa.i +l)

and obgerve that v, >o and ki(u+vi) = ki(-u+vi). Hence by lemmas
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3.9 and 3,10 we have
- 3i(x+uj+vi) = by (=xtugtvy)
- zi(x+uj+vi) >0 if x>0 .
At this point it is necessary to make a further assumption based on
some heuristic considerations. ' |
assumption (f) : If M>o then Tj(x+M) " Tj(m-x+M) is an in-
creasing funetion of x for x > o.

Let M, =p+v, 20, then

}13 1
fzi(x)de(x) < o for M, >a,

since Tj(x) is decreasing and ,ci(x) >0 for x _<_'a <M, . Assume

M, < a, then a-M,

1 (o]

i
f zid:cj(x) = f gi(;c+Mi)dT J(x+Mi) = -:[zi(x+Mi)de(-x+Mi) +
~a=M, a+M, ’
, i i
a=-M alf

i i _
f gi(xmi)d? j(x+Mi) = f .zi(x_-l-Mi)d['l‘ j(x+Mi) + 'I.‘j(-x+Mi)] +
0 : ) [e] : '

e.+Mi

f Ji(X+Mi)dT j(-x-i-Mi) < o

a-Mi
since zi(x+Mi) <o, and both Tj('x+Mi) and Tj(x+Mi) + TJ('x"'Mi)
are increasing. Therefore f zi(x)de(x) <o for i=0,1,. ,n and
by (3.32) L'(c,) <o Tms Llc,) >L(1) =0 for o< ¢yS1,
which implies (3.30). |

Concerning the assumptions (c), (a) and (e), possibly (e) is too

restrictive, however (e) is reasonable and (d) can easily be shown to
be necessary. The problem is with assumption (f), since in practice

we will not know how closely (f) is satisfied. However, it is con-
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jectured that (f) will be approximately true (at least that the in=

a-M _
tegral b/\ 1 zi(x + Mi) d[Tj(x + Mi) + TJ(-x + Mﬁ) ] is nonpositive)
o .
if there is not a great deal of difference between the individual

densitites fi i=1,2, ... An 1ntuit1ve argument in support of (f) is
as follows. Putting a = -b, from (a), (c) and theorem 3.7 we have
Tj(o) < % . Suppose we could apply Wald's o.c, approximation. Then,

since a = -b and TJ(o) < % it is reasonsble to assume that h<o

where eha 1
P[ accept H_ v > 4, zj_l = o} s ;'i?i:'gﬁa .
' Therefore,

| h(a-X) | Ghx _ ha

-

P (x) hla-x5 (a+x) = o-ha _ ha ’

and it follows that

: {i Tj(M + x2) + TJ(M -xz);l -[ TJ(M + xl) + Tj(M - xJ

- - h(M + x2) h(M - 2) h(M + xl) h(M - xl)
e | = e - : -
2‘ehM T ]
= ha_ e | cosh h x, - cosh h xl_,~ 2o fora2>x, > X 2 o.

Therefore when conditions (a) through (e) are satisfied and the resmlts

are applied, the conclusions are assumed to be approximately correct.

3.6 General bounds for the o.c. functions

The technique for determining bounds on the moments of the
sample size used in section 2.6 may also be applied to the o.c., func-
tion. As in that particular section, let us consider any nonrandom-

ized sequential rule such that after the ith observation X, if Zi(xl,
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ceey xi)e C;, then another observation is taken. Otherwise, sampling
is discontinued., If sampling is terminated at the ith trial, we will
4 8nd C, are disjoint for
all i; otherwise we will reject Ho. For j = 1,2, ... define

accept H_ if Zi(xl’ vaey xi)e A;, vhere A

Eg ={(xl, ey xJ.)|Zi(x1,...,xi)e Ci}i =1, «oey, j=1

J .
EJ_ {(xl, ey xa‘)' zj(xl, ceey xJ) AJ}.
We then have

P[acceptHo andi\r=ﬂ=P[g EJ—’=1-P[3 "E'j"

S 1=1 1
Next define
i o - 3 =j =]
;r_>:L = P[Ei-, » pi,k = P[ Ei Ek~ 9 e

i

=)
e
-
n

KR ST St
- i=l JAA>E>L

It then follows that

J -
g+...-si5PLU Eij’ssi-sg+...+sj

!

l
|
J
-
|
1
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vhere £ is odd and k is even. Since

P [Eg-lz P[ accept Ho and N = J—,’

we have

8y 2 P[accept ", andN=j~I_>_b

Jk Je

where
84y =min\rP[Eg_l s 1= si + sg oo * si}

I8

bM =ma.x{o, l-'s‘]7_+sg .. = si}

- and
- J
0o
T
Since P[ accept Ho-,! =2_‘ P [a.ccept Ho and N = n‘l it follows that
n=1 B
0 -}
(3.33) Z a; K > P[ accept Ho.,_z Z b .
n=1 n=1

where kn is an even integer for all n and zn is an odd integer for

all n. If we set

J J J -
Fi = Ei and Fj —{(Xl, ses xj)l Zj(xl, .’" 2 x,j)€ RJ},

where R;j = Ej n K;] ; we find, in a similar manner, that

(3.34) Z cnpn > P[ reject Hq"g Z dnqn

n=1 n=1
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where
. n n _ .n n
.n n n
d =ma.x{o,l-t +t, " ... =t },
nq ] 17 % q, .
and ti is defined similer to s, p_1s even and q, is odd. Com-

bining (3.33) and (3.34), we conclude that

(3.35) min [ i i 2 [accept H]
n=1 ,

n=1

0
5!
max[ me‘n’ 1l- %icnpn—.’.

n=1

By setting kn =p =0 and c;~n = zn = 1, we obtain, as a special case

of (3.35) ;3 ’

(3.36) ‘y -

m:.n{ zP[Z € A ] 2 l - Zmax [ s P[Zn,-e R‘n] - ZP[Zi)é ci] .'}
n=l n=1 | i=1

o] 00
> Placcept H ] > max{l - ZP[Zne Rn] ’ Zma.x [o s

n=l n=1

n-1
P[zc 4] - Zp[zi;é c,] ]}
i=1

As an illustration of (3.36) let us consider the two examples given

in section 2.6:

o = -

-‘:4

l(
'




-
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Exsmple 3,6 For the test of means from & normal distribution we
obtain from (3.36)

.895‘ < PH [accept Ho] < .9997 ,
o .

while Baker[5] has observed a value

PHo[accept Ho] + .0646 .,

For the sequential t-test given in section 2.6, we find, from
(3.36), that

8666 < PH.[a.ccept Ho] < .9958 .
o,

' The lower value is valid, assuming that the test was terminated at or

before n=30 . The experimental value observed by Siskind[25] is

PHo[a.ccept H°] = ,960 .



CHAPTER IV

APPLICATIONS

h,1 Introduction

The primery purpose of this chapter is to illustrate the
methods given in chapters two and three. We begin by applying these
results to the s.s.s.t. described in chapter one. For this particular

test, z.,...,z_ were shown to be independent; so most of the
1’ n
methods will be applicable. We then conclude the chepter by consider-

ing an s.p.r.t. in which the =z are multivariate normasl.

1,22’010
This sppears to be a natural case in which there is dependency between

the zi's . It should also be noted that if X 9Xpy oo

variate normal, N(u, Z) , then the Wald s.p.r.t, for discriminating |

are malti-

between

HB: B=go z= Zo and Hl: B=JY L= Zo

leads to the conclusion that Z)sZps--« BTE also multiveriate normal.

2

An additional purpose for designating 2z as multivariate nor-

l’za"'.
mal is because of the interest in the following technique. Suppose

that =z are independent and identically distributed and that

1,22’0 . e
the aQs.n. is large. It may then be reasonable to set

ir
* —
zy = ] zj s
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x %
and consider the s.p.r.t. with increments ZysZpg e s being approxi-

mately independent normal variables.

k.2 Bounds on (N) for the s.s.s.t.

In this section the results of chapter two will be applied to
the s'.s.s.t. Let us begin by considering the Wald type bounds for
&(N) which were given in section 2.3.

At the end of section 1.2 it was shown that Zyy-+2, are in-
o

dependently distributed. Now if R(n +1) is redefined by setting

a=b if n>n°

(.1) z o= B
b-a if n=n_,
o

we will then be assured that R(no+ 1) >A if n> n  and R_(n°+ 1)

<B if n=n_ . Thus we may assume that the criterion used in the

s.s.s.t. can be expressed in terms of the variables ZyseeosZy 4 q
o

which are independent, where z is dgfiried by (4.1). This oper-

n + 1
ation then permits the applica.tign of the bounds for €(N) which are
given by (2.10).

It was shown in section 1.2 that for i=1,... PE the distri-
bution function of 1z, is

i
exp[ci(z-ai)] for z<a

Fi(z) = i
1 for z > &, -
n-1i+1
_ n=i+l - 1
where ¢ = o —n and &, log——-——n_i+1 .
1 "o o
It then follows that :
no-' n,
< - = LIS
el z;+r | zy ST ] —rs) for i=l, 2

hence
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b-a} if n = n,

¢' = inf inf e[zi+ r|z.< -r] = n-n
i a=b>r>o + if n>n.

Similarly, for o<r <a

5 we have

&i- r

ci(r-ai)

6z-rz r
l-e

vwhich is decreasing in r . Therefore,

sup 8[zi- rlzi >r] =
r>0 1-e i1

Finally,

Lop8 ) for n > n

k
H
-
=™
o
e
H
o
B
5
i
5
A3

and since e(zi) = ai-'%— for i=l,...n° , we are in a position to
. i . )

calculate the bounds.

Example 4.1  Let n=5, n,=10, &= 2,064 and b = -1.661, These
values insure that @® =B = .05 . Some of the properties of this test
are given in table 1.2. The following taeble gives the values of

en(zi) for nen,...,n; and i=l,...,n+ 1.

1
TABLE U4.1
n
5 6 7 8 9 10
-.307 -.14%0  -.021 .068 137 .193

-39  -.180  -.022 097 .186 .255
-685 -,268 -.018 149 ,268 .357
-1,2k7 414 .003 253 420 .539

F W O
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5 =3,208 -.708 .125 542 .T92 .959

Using the correct values for Placcept Hb] given in table 1.2, the

bounds on E&(N) found in section 2.3 are:

TABLE 4.2
n
5 6 7 8 9 10
upper bound 20.3 - - 66.0 37.1  28.1
lower bound .38 -.33 .10 32 Lk 49
lower bound based .89 - - 1,49 1.76 1.83

Since 6(zi) is monotonic in i for n=5,8,9,10 , we may, as stated
’ n +1

1 R
‘at the end of section 2.3, use H;:ji igl 8(21) in place of

sup E(Zi) , or igf e(zi) in calculating the inequalities for these
i

valﬁes of n (i.e. line 3 of table 4.2),

For each value of n there is a rather large amount of relativé
veriation émong the e(zi). From the development of the inequalities
we would expect poor results when this is indeed the case. Hence the
preceding example appears to emphasize and illustrate the necessity
of having only a small amount of relative variation among the 8(21)
before one could expect reasonably tight bounds.

We now apply Hoeffding's bounds, (2.14) and (2.15), to the same
example. Since the bounds were developed in terms of the probability
densities of the observations, it is necessary to discuss the density

of x

no+ 1 instead of simply defining zn°+ 1 a8 a constant. Let

f(xi,...,xho|n) represent the joint densityrof xl,...,xno when the



true sample size is n. Define

1 if 0<t<1
h(t) {’ 0 elsewhere

exp(b-a) if 0<t< exp(aib)
g(t) = -{

0 elsewhere

and consider the s.p.r.t. diseriminating between

H s p(xl,...,xn°+ )= f(xl,...,xholno)g(xno+ 1)
and

Hy: B(E),. 0%y -+ 1) = flx,e % In 1 In(x, + l)

where p(xl,..., ) represents the joint density of XppeesX, +l

n, + 1
Let the hypothe31s H represent p(xl,...,xn w1 ) = f(xl,...,x | n)
X h(x o l) where n is assumed to be greater than n . Then employ-
ing the notation of section 2.k,

zo,n +1 = & - b with probability one under H

1,n +1 = 0 with probability one under H .

It is therefore clear that the sbove s.p.r.t. leads to the same deci-

sion and distribution of N as the s.s.s8.t. Now

. ne-n
n-3i+1 0
e (zoi) = log n-i+l T R-Ifl i=l,...,n
n-n
n=3i+1 1 .
GH(zli) = log - T - T—I+I i=l,...,n

and both eH(zoi) and 8H(zli) are increasing in i for 1=1,...,n°

Typicelly we will have

n-n
a-b > 1og(n-n+1) " FTnSI -
o
If this is not the case, we may change G(X + l) so that & (zo,n +1)

= 6H(zo n ) . Therefore we may assume that 6 (z i) is increasing in
2
o
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for i=l,.. TR 1 . In light of the discussion at the end of section

2.3, it then follows that

. n-n
1 o)
eo(n) = | [ma.x{a-b, log (n - n + 1) = m-;—;—-i} +

n .
[o] .

. n-n
IR T ETOLLL T [
/) n-1+1 n-31+1 !

i=1 - °
Similerly n .
1 ojj’ n-d1i+1 b
e.\n) = = 1o - -
1() noi_ L gnl-:.+l n-1i+1 |

Therefore by equation (2.13),

-log (0°(1-8)"C + (1-)%s'"C
ceo(n) + (l-c)el(n)

(k.2) 8n(1\T) >  sup L for n>n .

o<e<l

If we redefine
: ' J exp(a-b) if o <t < exp(b-a)
g(t) = '
L 0 elsewhere ,

it follows, in a similar manner, that

dj.ogig__-é + (1) 1og!'-é-q-
(4.3) e, (M > 5
o] , 1
where
£, = L ma.xfa-b n.-n - log (n,- n + 1) +
1 n+ 1 157 "1 % 1" o
n_ - )
i log Ry= i+ 1 _ U™ T -,
a nl-i+1 n-1i-+1
i=1 °

As a special case of (4.2), we obtain from equation (2.15),
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B log == + (1-B) 1<>s-%E

100
(h.4) 6nl (v 2 _ e, (nl)

As an illustration, let n = 5, n) =10, a = 2.064 and b =-1.661.

For these values & = B = .05 and by (4.3) and (4.4)

e, (M > 1.65

o
e (N) > 2.64 .
n —-—
1
These bounds are considerably better than those of example 4,1 and

also they are true for any sequential test procedure, not exclusively

an s.p.r.t.

To conclude this section, the general bounds given in section
2,6 are applied to €(N) and 6(N2). Following the notation of sections

1.2 and 2.6 we have
P[ziech P[B<R(1)<A-, = P[ai<ui<bi:l

where uy is the ith order statistic of a sample of size n from a
[0,1] uniform distribution. Therefore, P[ Zi € Ci] may be obtained

from tables of the incomplete beta function.

Example 4.2
Let n_ =5, ny =10, a = 2,064 and b = -1.661 which ensure that

o =8 =.05. Also denote p, P[ Z, € Ci]' Then for the case of

n= no we find that

Pl = ’905]-) pe = '7715} P5 = -6135, pu. = -)‘l'235, P5 = p2285 and
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Pj = o for J > 5. Therefore by (2.24) we obtain

3.94 >¢e(N) >2.87

| 27.00 > e(¥) >9.13,
while the correct values are £(N) = 3.76 and 8(N2) = 16.59. Similar-
ly for n = ni we find P, = .9910, P, = .9825 , Py = . 9367, D, = . 6686,

Py = .3617 and Py =0 for j > 5. It therefore follows that

hooh > E(W) >h.45
25.4k > e(v°) > 20.43,

while E(N) = 4.84 and &(N°) = 2b.b5,

From examples 4.l and 4.2 it appears that the general method

given in section 2.6 will produce superior results when there is

considerable variation among the distributions of the zi's. At 1east\
we are safe in stating that the Wald type bounds are likely to yield

poor results in this particular situation.

4.3 Bounds on the o.c. function for the 8.8.8.%.

We begin this section by applying the bounds given by (3.22)

to the s.s.s.t. In order to do so, we must first have Zys ecesZy 4y
"o

independent and hence z 2 &a-bifn>n andz £<b - a if

+1 +1
% %

n=n_. If this is the case, then the equation 1A (t) = 1 will not

+1
o
have a nonzero solution. Therefore we define the s.p.r.t., §, let
us say, as the same test as the s.s.s.t., except that z; has the
same distribution as Z, for i > n,, and Zys 25y .. 8TE independent.

e}
It then clearly follows that
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P[ N> no.' + P [accept H IS-’ > P [accept Hoj’ > P[a.ccept HOIS]

(k.5) ' if n=n_
P[ accept HOIS] >P {accept Ho-, >P [accept Hols‘l- P[N > no.]

ifn>n.
o)

Therefore we shall apply (3.22) to the test S and in this manner ob-
tain bounds for P[ accept Ho] in terms of P[ N > no].

Now it can be shown that

ta
c, e i

ci+t

_‘l'i(’c)= for t >-c,andi=1, ... , n

o

t(z, +r) ey
S[e |zi_<_-r.’=——— for r >0, t > -c; and

| ci+t
i=1, ..o n,
t(z,-r) c t(ai-r)
ele * |z >r_]- R E R
1= |7 e+t -c, (&, -T)
i it T

l-e

fort>-ci,o<r<ai

end i =1, ... , n_.

o
n-n°+l
Suppose t > -c, for 1 =1, ..., n_(i.e. t > ) then it follows
i o n,-n_
that
(&) n-nj + 1
nt) = - = for t > o
n-n + 1 +(n:L no)t
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n-nj + %t
t -
B1(t) = n-n +1 +(nl-n )t for ¢ 2 o,
o
It can be shown that
t(zi-r) ‘ci 1_etai
sup 6[ e - z, > r] = (1- ) for t>o0,
i ] t+e, -c,8
r>o - i 1 i’i
-e
Hence
3 l-etai
8(t) = max {;+c (1- Y ) }-for t >o0
n >i>1+ i
o= - l=-e
Similarly we have
ta,
ci l-e *
7' (t) = min {;+c (1- —— ) }- for t+ <o.
n >i>1 i i1
o=~ "= l-e

We are now in a position to apply (3.22) to the test S. It can be

easily shown that for i = 1,,.. , n,

Yi(-l) =1 ifn=n,

‘Pi(l)=l ifn=n_.

So for simplicity, we will use these two values of n as an illustra-

tion. First of all, it should be noted that the condition t > e, for

i
i=1, ..., n, is satisfied for both t = -1 end t = 1 when n = ny and
n=mn, respectively. Now assume n = n, and t = -1 and define

. n, - i+1
TR



We may then write

x-1

ta X=1

ci ( 1 - l-e i ) - 1- ( x)
t+ci -ciai x-1 X
l-e 1l - (-—J-{—) :

Since x > 1, we can show that the last expression is increasing in x.

Now x 4is decreasing in i so that

ta,

ci l-e *
t+c (1- -C. 8 )
i i”i

l-e

is decreasing in i. Hence,
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1
1 ng =-n
: 1-(g no+l) a
o+
n,-n
l-( 1 ) 1l o
B -ny*l
and by a similar argument n
: -0
- -1
1-( ;l ) M™%
o]
5(1) = o
- o)
n, o ™,
1-(z9)
o

We also have

LN = -
5'(-1) n,-n_+1

1
) = gm
10

The following table gives the upper and lower bounds for Placcept HgS]

based upon (3.22). The values of a and b are the same as those

forn=n
o)

for n = nl

for n=n
(o]

| - lll"' " PN - o s S 'llil'ﬁ o G SE an e -III - l‘l" - o=
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given in section 1.3, so that for the s.s.s.t. we have ¢ = B = .05

in each case.

- TABIE 4.3
n = ng n = n
n, nl ’lower bound  upper bound lower bound upper bound
5 10 .877 .930 .028 .183
5 15 .896 .956 .018 211
5 20 , 902 . 967 .015 .254
10 15 895 .927 022 145
10 20 .91k .950 012 (146
10 25 916 ,958 .009 .163
15 20 .902 .926 . 020 131
15 25 .92L 948 .0L1 .12}

20 25 905 . 925 019 -125

'Fihally we arrive at the bounds for P[accept Hb] by (4.5) and by
using the correct value of P[N > no]. It should be noted, however,
that in some cases P[N >Vno] is quite large. Also the values in the

following table have been truncated to [o,1].

TABLE 4.4
n= no n= nl

n, n, lower bound upper bound lower bound wupper bound
10 877 1.000 . 000 .183
5 15 .896 .989 .000 211
20 .902 .976 .000 254
10 15 .895 1.000 .000 145
10 20 o1k 967 . 000 146
10 25 .916 .961 .00L 163
15 20 .902 1.000 .000 131
15 25 . 921 .961 .003 124
20 25 . 905 1.000 .000 125

Although the calculations will be much more complicated, the same
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technique can be used for values of n other than n and n,.

Bounds for the o.c. function may also be obtained by using the
methods of section 3.4. As before, we require that 2y5 Zy .- 8TE
independent. To ensure that R(n°+l)v 2Aifn>n_ and R(n°+l) < B if
n=n, we define

d ifn>n
o
o -1

no"':L ~=d if n= no

where d > a=b. Suppose we are able to find a distribution function

G such that

G > F

> Fy fori=1 ..., n°+1

where Fi is the distribution function of =z 5 Then by theorem 3.1
P[ accept Hol S ]2 P[ accept Ho_’

whei'e S denotes an s8.p.r.t. with Zys Zpy vee indepéndent and zg

having distribution function G. Next we may either approximate

Placcept Ho|S] or find an upper bound for it by the usual techniques.

The same procedure also yields a lower bound for Placcept H o]'
Returning to the s.s.s.t., let us suppose that n > n, and that

we wish to obtain an upper bound for P[accept Ho]" Now d may be

made arbitrarily large without changing the outcome of the procedure,

so we may restrict attention to finding a G such that

G > F, fori=1, ..., n.

Recall that
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r(2) = _{'eXP [ c;(z-2;) ] forzg 8

1 for z > a,
i

where c; is decreasing and a; is increasing. Thus Fi(z) and FJ(Z) ,
i # j, intersect at exactly one point, other than at F;(z) = Fj(z)=l,
namely |

c.a, - c.a

z =4 = _ifé____ﬂ_l

i] e, = c'j

.

* Also note that for j # i, dij < min (ai,aj). If we define

d, = max d

1357 U

then Fl(z) > Fi(z) for z > d,. By continuing in this fashion we may
determine a G which will be composed of, at most, one segment'from

each Fi' As an illustration let n, = 5n = n, = 10. It may then be

shown thaf

1 gy do; Gz Yy

1

2 =370

3 4635 -,555

ll- -.615 "0735 -.915

5 =.955 «1.15 -1.45 -1.98
and
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F.(2) if 2> -.37

F,(z) if =37 > 2 > -.555
G(z) = F5(z) if -.555 >z > -.915

F), (z) if -.915 >z > -1.98

Fs(z) if -1.98 >z .

In order to approximate P[accept HOIS] by Wald's o.c. formula, it is

necessary to solve

zt
G (e ) = l)

which is calculated as,

.Ol5e'l'98t .O672e"9]'5JC -.015‘e-l'98t .1367e"555t-.0768e"915t
t + 1.2 + t + 1.4 * t + 1.6

2160730 . 1538690 2e'OFBY _puem 3T
T T Lo T B = 1.

It can be verified that the solution t falls between -.65 and -.6k4,
By taking the values of a and b which yielda =8 = .05 and

applying Wald's formula, we obtain

1

P[ accept H_| s-l = .277.

It should be noted that if Wald's approximations for a and b at

the five percent level are used, then

Pl' accept Hol S ]= .130.



107

If we are interested in a lower tound, then the variable z +1 Will
n
(e}

cause difficulties, lsince it may happen that G = Fn +1° So the best
course of action in this case is to replace the tesg by another, as
was done in the beginning of this section.

In conclusion we will illustrate the use of bounds (3.36).

Using the notation of sections 1.2 and 3.6 we have
P [zi € Ri] = P[ Ag R(l):g = P[ai > uJ
and, as was shown at the end of the previous section, this value may

be found from tables of the incomplete beta function. Dencte

q = P[Zie Ri] and by taking the same parameter values as those

given in example 4.2, we find that for n = n_,

q =0 4 =0, 4z = .06, g, = .0252, a5 = .0312

and

o for j > 5.

[}

93

Now by using the velues of P[Zi eCi] given in example 4.2, we have

1 >7P [accep‘t HOJZ .939.

Similarly, when n = n, we have

q) =0 9 =0, G5 = L0411, q, = .3004, a5 = .6231

and q_j=lforj>5. Thus

.0859 _>_' P[ a.cceia% ‘ho-’ > .0175 .
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§
Lk,h Multivariate normal

In this section we will look at the problem of determining

Pl[accept Ho] and &(N) for an s.p.r.t. in which =z have a multi-

l, 22, [ 2
variate normal distribution. More specifically, assume that the distri-

bution of 2,52 2, 1is N[ Bos I ] for each n and that these

p?
distributions are consistent. We begin by finding the restrictions on
g and I vhich are necessary in order to apply the bounds on

Placcept Ho] which were given in section 3.3. Define

and t as the nonzero solution of cpn(t) =1, Then, in the termin-
ology of section 3.2, we require that the conjugate densities be

consistent. Now

o _.mn 1 |
on®) = en) izl ? [emfir - fe - ) 't n)f e,

2. .

oo {f0 50 + tou |
' . ' '
where J = (1,...,1) . Since T is positive definite, J £ J is

positive and therefore

1

-2
(1.6) £ = In by

n
1% 1,

' n
Hence cpn(t) = 1 has a unique nonzero solution if and only if 151 My
n
is nonzero. Thus we shall that ig‘l"i # o for all n. Now it is clear
that the conjugate density is N[ Bt tn): ngn > I, ] . Therefore a

necessary and sufficient condition for consistent conjugate densities
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is
(%.7) (tn z gn)l = t L L.,  forn=3,...
where (:_cn)l denotes the vector X g Condition (4.7) may also be
written as n  pel
(4.8) t ) oy = t 1 Os1
i=l i=l

for j=l,...,n-1 and n=2,3,... . Thus, if we are given u and I,

we may determine tn for all n and decide if the conjugate densities

are consistent by the use of (4.6) and (4.8). Now supposing the con-

jugate densities are consistent, (4.8) then implies that

n-l n n-1 n-l
(k.9) /. Z";ji = n-1>: Z %91 *
§=1 i=1 j=1 i=1
By (4.6) we have
n-l n=l n-1
(+.10) _ tn-lZ chi = -QZpJ
§=1 i=1 §=1

and

(4.11) Z

Thus if the conjugates are consistent, we obtain by (4.9), (4.10) and

i Mb
o
r
<t
1]
w8
)

(4.11) that if My # o then

(4.12) t = -,




110

which is less complicated than (4.6),
In order to apply Wald's o.c., formula, as discussed in section

3.2, we mst have t = tl for all n, and the consistency of the

H H
conjugete densities. Suppose I is diagonal and 32— = E;—
nn 11

for all n, then by (4.6) we have ty= by for all n and by (4.8)
we have consistent conjugates. If tn= tl for all n and the con=-

Jugate densities are consistent, then £ is diagonal by (4.8), uh# o

n
for all n by (4.6), and EE— = =2  for all n by (4.12).
T 014 v

Therefore a necessary and sufficient condition for tn= tl for all'n,'

and consistent conjugates, is that I is diagonal and Pn = By
o a.
nn 11

for qll n.

if we are not permitted to use Wald's o.c, formula, we may,
however, spply the bounds given by (3.15) and (3.16) if consistency
holds and either tn >0 forall n or tn <o for all n. By
(4.6), a sufficient condition for t >o for all n is u <o for
all n, and similarly for tn < 0.

Next we shall consider the important éase of By =B for all n.
If we can find conditions on ¥ , such that the conjugates are consié-
tent, then in light of the sbove remarks, the bounds (3.15) will be
epplicable.

By (4.6) and w, = p for all n, the necessary and sufficient

condition for consistency given by (4.8) bvecomes

(4.13) n n=-1

» ) o (n-1) Z“ia
i=1 _ - i=1 - L
— = =TT for j=1,...,n 1‘and
- n=2,3,tqo .
Z Z"ik Z Z"ik
i=1l k=1 i=1 k=1

-J-u-n-'-'--n-.-'-
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We shall next show that
(k.14) n = O for i=l1,,..,n-1
(k.15) (n'l)cln T %n % %nan (n-l)al,nﬂ

for all n are a sufficient, and possibly, necessary condition for

(4.13). Now it can be shown by induction and (4.15) that

n-1

(4.16) O = Z ol - (n-a)aln for all n.
i=1 »
From (4.14) we have
: n n . n n n
(4.17) /| Zaij = Zqii + EZIQ‘:‘_:j = Zcii +
i=1 j=1 i=1 1<j i=
n J=~1 n
22(1'1)"1:1 o4 { oy - (j-2)crlj } +2 (i-l)crli =
i=2 j=2 i=1 10
n j-l n n
o1 * Z o3 Z 1oy = nz 714
j=2 i=1 i=2 i=1
Also by (4.14) and (4.16),
n
(4.18) Z 0y = Oy Fouot 031, + 043 * Tgu1,3 T * Oy
i=1
n -1 }
(;)--J.)cr13 t ooyt Z o5 = (j-l)crlj + Z“li - (,j-2)0'lj +
n n i=j+1 i=1
Z 11 Z"li y
1=3+1 i=1
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Now by (4.17) and (4.18) we obtain for j=1,...,n,

e
l'i_\/_|:s
W
e

i

[t}

I
=]
-

gl
g
l—l-q

e
]
[
.
]
'—l

and (4.13) is therefore satisfied. If o, =0y, for all n, then

(4.14) and (%.15) imply that the off diagonal elements are equal. Thus

the form

is the only type which has equal variances and satisfies (L4.14) and
(4.15).

Now let us consider an alternative approach to the problem by
making use of the methods given in sections 3.4t and 3.5. Assume that

b = -a and P[N < »] = 1. Then define

n=-1

EZ ni

i=1
W T ) -for n=2,3,...

T Z Z"ia

i=1 j=1

and

P mmmmm el mmnmmm® -
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Let H' denote the hypothesis which specifies that 21’22"" are
t
independent and the distribution of z, is N[an, ﬁn] , where
n-1
Ba = % " "a Z %ni
i=1
: n-1
' (
% = Byt 7'n—Lcn - Z My } ‘
: i=1
Also let H" denote the hypothesis which specifies that Z152p5 -

_are independent and the distribution of =z is N[o, B ] where

n-1

' r
= + < - - .
% Mo £ L n Z My }

i=1

Since the distribution of z, given Zn-l is

n-1 n-1
N{un+7n[zn-l- Zui;] ’ Unn'ynzo'ni } ?
| i=1 i=1
. by theorem 3.2,
(4.19) PH,[a.ccept Ho] < Placcept Ho] < PH,,[accept Ho] .

1
Next let us assume that an;é o, & # o, B,# © and define
B B
r = &2 and 8 = —I-} .
n ‘ an
Then we have
1 !
t . ~ :
H' : oz N[ o, 8.0 ]

!I. ~
H' : 2z N[an,rna] .
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Also define
T = sup{ri) r = inf(ri]
i
§=s1;p(si} §=i;1f{si).

Now, if ozn > o for all n, we are able to apply the results' of
section 3.5 to obtain

(4.20) PH;[accept HO] i PH.,[accept H°] 2 PH;[accep‘c Ho]

where

H, : z_~ N[an,g'_an] for all n and 2z

2 ' *n 17 %270

H"
u

.

n

If an <o for all n, we may, by symmetry considerations, also apply
the results of section 5.5 to obtain

PH;[accepf 'Hl] 5 PH" [accept Hl] $ PH;[a.ccept H,l] ,
and by assuming termination with probability one, we have (4.20).
In a similar manner, if 'aI; >o for all n, or a;l <o for all n,
it then follows that

(k.21) PH} [accept Ho] 5 Py [accept Ho] $ PH‘I.:I [accept HOJ
where

1 t
1 . ~ '
H,B 2oz N[ ¢, 8% ] for all n and 215250 independent

t ot
| S ~ :
Hu 2oz, N[ o, 80 ] forall n and z By e independent.

l’

From the remarks made earlier, we may then use Wald's o.c. formula to

obtain approximate values of P[accept H°] under HE ’ H1'1 ’ H; and

H\'; . Thus we find approximate upper and lower bounds for P[accept Ho]'

independent

z ~ N[ @, T a, ] for all n and 21,2, independent.

’-J-n-nun'n’--_u-—c'-
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t
Suppose ui=u>o for all i , then a1>o and al>o.So,

in order to apply the above technique, we require that @, > o and
' : ,
o, >o forall n. If y >o, then @ =pu+ 7n(-a-(n-l)u) and

thus o >o implies that o <7, < (n-1+-:4 )"l . If y <o, then
a

o = p+ 7n.(a-(n-l)u) , and thus & > o requires that ke n-1

mst imply that o>y > (n-1- -5:4 )-:E This may be summarized as
follows:

(4.22) o, >o if and only if
. . a \~1
> lies < (n=l+ =
o (2) 7, >0 imp 7, < m )

8 . R a\~1
(b) 7, <o eand m >n-1 implies 7 > (n-1+ u) .

1 1
a
Ii 7, >0, then a =+ yn(a (n~1)p) and thus o >o and = <

k - t
n-1 requires that 7 < (n-l-% ) l. If T < o , then cxn = pn+

t
7n(-a-(n-l)u) , and therefore @ >o . In summarizing this, we find
that
' _
(4.23) @ >o if and only if

a : a \-1
(a) T > o0 and " < n-1 implies % < (n-1- m ) .

Similar results are obtainable for the case u <o .
To illustrate the above procedure, we shall consider three ex-
amples of common covariance matrices; in each case let us assume that

By =0 for all i eand a >p>o0.

Example 4.3 Let

lpoo... 0
PpPlpo . 0

s = 21 = 0_2 oplp... o
0000 0. 1 .

It then can be shown that
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ol < & tmlies %] >o0
and

- n-1 7L
7n = [2([1-2) + -(_3_-’ for n>1.

If we assume that él- > p>o0, then 7 >o0, and by (4.22),

o >0 if 2(n-2) + E-él > n-l + % . Therefore, O!n > o0 for all

n if
o < p < 1

1+ 2
M

By (4.23), @ >o if n-l > implies  (n-1)(1+ %) >2-2 .

-1
m
However, (n=-1)(1+ %) > 1+ %‘- >2 > 2- -3- for n>1 and therefore

t
@ >o forall n if o<pg %‘-. Next let us essume that - %<

p<o. Then 7,<o and 7, >o0 for n > 2, By(li-.22),an>o

for n>2 if (n-1)(1+ %) >2 + ﬁ- but (n-1)(1+ %),<'o. There=-
fore there does not exist a p < o such that an >0 for allv n,
By (k.23), if a;l >0 for all n then the following condition must

be satisfied for all n:

a : 1l a
= < n-l implies Nel)(lt+ =) > 2= = .
: i (n1)(1+ 3) > 2- 2

Since ~(n-1)(1+ %) can be made arbitrarily large for & sufficiently

large n, (n-1)(1+ %‘-) < 2- % is true for large n. Therefore there

t
does not exist a p <o such that an >0 for all n. The above
may be summarized as follows:
@ >o0 forall n if and only if o< p < (1+;;’;)"l

(ho24) 7 -
o >o forall n ifendonlyif o< p < 1.

Now for p > o we have

B, = (1 - o 7).
a = u+7(-a- (n-1)u)

‘-J-unnnnu'.nu,t—u.h--,n‘-
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|
% = ue 7,(a = (n-1)u) .
Thus,
r - 2 2@2)+ (1o - o
: -1
n ul2(n-2) + (n=1)p""] - [a + (n-1)p)
: 2
for p>o0o and n>1, and r, = m for p=0 or n-=1,

Since the numerator and denominator of r, are linear in n, the
dr '

sign of I is independent of n for n > 1. Hence,
r = max{r, r, limr_ )
1’2 nooo B
r = minf{ 1y Tps limr_} .
: N 0
: 2
. - 2 -
Now limr = = (20 + 1)(p + 1) l, T = —(l---p)(l-p-caﬁ)g~
n u 2 B T
n-—» o .
2
and 7 = £ sinee  (1-p7) (100 BT 2 (16N (2-0)7 =
2 -1 -1 .
(14p)"(1+0) ™ > (2011)(p+1)™ > 1, we have r, >limr > ,
n-sw
Therefore,
2
- o 2 ay~-1
= = (1 - l-p-p=
T S (1 -5)02-p-0p =)
2
o
r = -
- K
Using a similar argument,
s = max( 815 8o lim s_}
Ny 00
8 = min{ s, s, lims_ )
1’ "2 N0 B
2 2
where 8, = > , §, = -q(l-oe)(l-mp E)“:L and lims_ =
1 ) 2 V) M nesw D
2 =1

ﬁ: (2p+1)(p+1)™" ., Now, since a >u>o, (1-p2)(l-p+p -:i)'l <

(l-p2)(l-p+p)-l <1 < (l+2;))(l+p)':L . Therefore,
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s = ﬁ2(1+29)(1+o)'1
s = Z0-B-prodt
5 = 3 P Pt .

If we define
H(t) =
then by Wald's o.c. approximation,

Psz [accept Ho]

L1

o
! »

1
|rn|l\)
)

PH"; [accept Ho]

4k
o
K—M
]
Hlll\)
H_J

vwhere H"z R

conclude that:

H& are as defined in (4.20) snd (4.21). Thus we may
(8) If o<op< (14 -3-)'1 then
P[accept Ho] < H { - gzg(l-ﬂ-p .Z.) (1-p2)'1 }
’ o

(b) If o<p<% then

Placcept Ho] _:'_r H { - gﬁ(l-p‘fp %)(1-02)-1 } .

Example L.k ILet
lpp...p
olp ... p
5 = 22 = 0_2 ppl «..p
POP +00 1

and 1 >p >o0 will ensure that l22| > 0, Therefore we will assume

"' -","-!‘-!‘nm'-'-u n——n—n-u’n-
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that 1 >p >o0. Now 7n = (n-2+ %)'1 for n >1 and hence,
7, >© for n>1. As in example L,3, it can be shown that

. a\ =1
o >o for all n if and only if °-<-°<(1+'ﬁ) ,
1
an>o for all n if and only if o<p<1l.
Also, r, = o [n-2+ %‘- -p][u(’n-2+-g)-‘- ) - (a+(n-1)p)1™ for n>1,

and as before, T = max{ ), Tp, limr } and similerly for r. Now

N0
0'2 2 a\ -1
lim r =W, Ty = E(l-p)(l-p-p‘;) :limsn=°° and Sy =
N . n-—> o

2 -
-E- (l-pz)(l-p+p -E-)-l . Therefore we mey conclude that if o< p <1,

then
P[accept Ho] > H { - %(l—mp %)(l—pa)"l } .

Example 4.5 Let

1 o) p2 pg:%'
P 1 p ve P
2 p2 o] 1 . pn 5

Fd e e

‘n=-1 n-2 n-
pn pn pn}

It is known that |2‘3| >0 for |p] <1 . However, we shall only
consider o < p < 1l. Now it can be shown that

_ p(l-p)(l-gn'l)
n (n-1)(1-p%) - 2p(1-p""

o)

Since the denominator of 7 is greater than or equal to (n~1)[(1~
p2) + 2plog p] > 0, we have that Ty 2 © for all n >1. In order
to have an >0 and ozn >o for all n, it is required that for

n>1 -
(n-1+c)™L > p(1-p)[(n-1)(1-07)(1-p""1)L - 20772
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whenever n=-=l+c > o and vhere c¢ 1is defined to be ﬁ- for the an

1
cese and =~ -3- for the o case. This is equivalent to

(4.25) (n-l)[l‘te R T B

p 1l-p
for all n > 1 whenever n-l+c > o. Next we define x=n-l, d=p ,
e=(l+p)p"l and rewrite (4.25) as

h(x) = x[ e(l-dx)"l -1] > ¢+ E%E

where x>1, 0<d<1l and e >2. Now

n'(x) = [1-8¥]1 P [e(1-a%)-(1-a%) 2 red®10g(a)]
and

g'(d") = elog(d”) + 2(1-a")
where g(dx) = e(1-d) - (l-;dx)2 + edxlog(dx). Hence, g'(dx) <o
since e >2. Thus g(d%) > g(d) and since %ﬂl = l-d+dlog(d) 2
0, we have g(d*) > l-d2+dlog(d2) >o. Therefore h'(x) > o, so that
h(x) is a nondecreasing Mction of x. Hence (4,25) is satisfied if
(4.26) (1462) [p(1-0)17 > “e + 2(1-p)
which is equivalent to p < (1L+<:)"':L for ¢ > -1 a.nd- o> (1+c)"l for

¢ < =1, | Therefore we may conclude that

@ >o for all n if and only if oSp<(l+%)'l

|
an>o for all n if and only if o <p < 1.

If we define

1 - p(l-pn-l)(l-p)-l7h

r(n) = 5= n2x)7, ’
then
B g if x= & _
rk(n) - - a
£ if k=-2.1 .
n m

n,;-’nnn-—um'-'no@un-n-'--

o~
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Next let us assume that 132 2 . Then, since ‘a;l >0 and @ >0
for all n, we have 1l-(n-2-k) 7, > © for the appropriate renge of p
corresponding to whether k = % -1l or k=~ % - 1 . Therefore,
since the denominator of Tn is positive, we may write

(n-1)(1-07) - 20(2-g""h) - Pa-H2
(n-1)(1-p%) = 20(1-0""1) = p(1-p)(1-p""1) (n-2-K)

r, (n)

where the denominator is positive. We wish to show that 841" 5o 20

and this will follow if rk(n-!-l) - rk(2) >0 for k >o0. Now

‘rk(n+l) - rk(2) > o0 if and only if [n(l-pz) - 2p(l-;-pn) - p2(l-pn)2]

s{Ltok] + [n(1-7) - 20(1-6) = (n-1-k)p(1-p)(1-0")1[6%-1] > 0 ,

which may be written as

(b.27) ol(1k)f, + g1 > o
vhere
£, = n(1-¢%) - (l;pn)(l+p+p3-pn+2)
g, = (1-p) [p(1-0") (1#6") = mo™(1-09)1 .

Now g, = (1-p) (1-p2)pn[n(l-p) - p(l-pn)] and suppose that we set
_ n - (1. _ o+l
b = n(1l-p) - p(1-p"). Then bt -t = (1-p)(1=p ™) > 0 and
therefore g >o since t_ >t = (1-p)%. Next we wish to show that
T, 28y Tt follows from the definition of fn and g, that
2 n,. 2 n+l
£, = g = n(l-p")(1+p (1-p)) - (1-0")[(1-p)2 + & + o™ (1-20)1,

, then we have f - g > n(l-p2) - (10" [(1-0)° + 93

-

Suppose p <
»
+ p (1-2p)]

a(1+p) = (1-0®)(1-p+o>) then it follows that t

(1-p) [n(1+p) = (1-p")(1-p+e2)] o If we set t_ =

) 2
l-tn21+2p -

3p5 + p)+ >o. Therefore f -g 2> (l-p)'l'.n > (1-p)‘c.l = 2p + p(l-p)2
>o0. The case p > % may be shown in a similar manner. Since we

have shown that g, 20 and f >g , (4.27) follows. Also we have
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that p[ (2L+k):?n + gn] <o for k< -2. Therefore r - r, <o for

n>2 and since rk(2) = (l-pa)(l+kp)'l we have s, <s, and

T, 2 Ty - Hence 2
- o 2 a,=-1
F3 3 — l- l_ - —
r r, " (1-p7)(1-p-p u)
and 5
' o 2 ay=1
8 = 8 = - (e lepnhp == .
8= 5 = §0)amew D)

We finally conclude that

(a) if o< p<(1+ -E)-l , then

staccept 3] ¢ 5 { - Baroms H-F |

(b) if o< p<1l, then

Placcept Ho] _>_ H {- g2’%’(1-'9"'&3 %) (1’92)-71 } .
o

Basing our arguments on intuitive ideas, we may obtain approxi-
mations to Placcept Ho] in the sbove examples as follows. If the '
a.s.n. is quite large, it may then be reasonable to obtain T and xr

from r r instead of r.,r.,... . Thus it is felt that

no’ n°+l" e ’2
for large a.s.n. an approximation for P,,[accept H ] and
o, %,
PH.[a,ccep'h 30] is H {- T } and H {- Tins, } , respec-

r
n
=y 0 . N~y co

tively. If M= M for all i, then limr = 1lim 8, » SO we then
N~y © N~ o0

have an approximation for P[accept Ho]. Therefore, assuming large

&.s8.n, we have

(a) example 4.3 : P[accept H°] + H {- gau(:l.+p)(l+2p)":L }
e

> P s e m P e w o
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H

H {- %g(up)'l } .

(v) example 4.4 : Placcept Ho]

1

4k

(¢) example k.5 : Placcept Ho]

Then if we set Eo = 0'21 , it follows that

L & P [accept Ho] 3 P, [accept Ho] 3 P, [accept Ho] 3 PZ [accept Ho]'

% > =l o

This may have some intuitive appeal, remembering' that p >0 and

B> 0.

Since zl,z .» are not independent, our only available means

27"
for calculating the a.s.n. is the general method given in section 2,6.

_ n
Now Zn has & normel distribution with mean i%"‘i and variance

n n
,jglli%oi,j . Thus

Py &l = fb{[a - Z“J[i i"id] }’ )

(b= Suld B T

4= §=1

(o]
Although an upper bound for nZn P[Zne Cn] must be found, there should
o
not be eny difficulty in applying the bounds given by (2.24). It
should also be rema.rked that the general bounds of section 3.6 could

equally be applied to Placcept Ho]'



CHAPIER V

TOMLINSON PROCEDURES

5.1 Introduction

In 1957, Tomlinson [30] proposed a simple sequentiasl procedure
for discriminating between
HB: m<pu and Hl: m>pu
where m is the median of the univaeriate distribution F from which
random observations are sequentially observed. Tomlinson's plan con-
sists of choosing two points on the real line )w and )u such th@t

%Z < u< )h and defining four regions, B ""’Bh’ where B1 = (-«5)2],

1
B, = (7\£, ul, B3 = ( )\1] and B, = (7\1,oo). Next, random observations
are»seqpentially dravn from F until one of the followiﬁg four events
occurs: |

(a) one observation falls into B,
(b) two consecutive observations fall into B,
(¢) two consecutive observations fall into B5
(d) one observation falls into B, -

Sampling is then terminated and HB is accepted if either event (a)

oi (b) has occurred, otherwise Hi is accepted. Suppose we define

P = FOy)

p, = F(u) -F(»)
Ps = F(N) - F(u)
P, = Ir F(3,) -

uﬁ'nna,nQQ'J.-:-;@Q@@@-;:QG-
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Then Tomlinson has shown that

(1+p,) (05 * B, (1435) )

P( accept Ho] =1 -
| | 1-2 %5

(5.1)
(14p,) (1+p5)

1 - PPy

8.8.N. =

and has observed that the a.s.n. has an upper bound of three. He
further suggests that AZ = =20 and Au = u+ 20 vhere o is the
standard deviation of an observation. If we use these values of %u,

A, and if F is a normal distribution with mean 6 and variance 02,

2
then it can be shown that P[accept Hb] is approximately equal to

.99, .95, .05, .0l for @ = pu -20, wu-o, Wio, W20 respectively.
Tomlinson's procedure, along with others of an equally simple
nature, was considered by Craig [11], yho pointed out & major weak-
ness in Tomlinson's scheme. The difficulty is, that given two values
of © and their corresponding required probebilities of acceptance,

there does not appear to be a straight forward method of determining

Ny

bilities. 1In practical spplications, however, this problem may be

and (assuming they exist) which will guarantee these proba-

attacked by trial-and-error methods using high speed computers.
The remaining part of this chapter is concerned with procedures
of Tomlinson's type, gereralized and applied to a multiple decision

problem.

5.2 _A simple multiple decision procedure.

\

let ® = {Bl, ey Bz } be a finite collection of disjoint

Borel sets on the real line, and Gg a distribution function

el Tl i Tl Sl
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depending on ‘the parameter 6, which may be a vector. Suppose we have
m distinet Asimple hypotheses Hl’ H2, veo g Hm, and let Hi speci £y

that 6 = 6, for 1 =1, ..., m. Next we associate with each Hi a set

i
(Bi, i=1, ..., m vwhere the (Bi, i=1, ..., m are disjoint sub-
collections of @, such that UBi = @B,. We now propose the following
sequential procedure.

At the nth stage a real-valued random observation x, is taken

from G, and if x 1s the k,th successive observation to fall in B, for

i
some i =1, ..., £, then sampling is terminated, otherwise sampling
continues to stage n + 1 with the X, H_ﬂz_ obsefvﬁtion from Ge. If

sampling is terminated at the nth stage with X, felling in Bi’ then

‘the hypothesis H 3 is aécep’ced where ® 3 is the unique set to which Bi

belongs.

By applying some results from recurrent event theory (see chapter
13 of Feller [12]), the mean and variance of the sample size, N, and
P [ accept Hi ] mé.y be shown to have quite simple expressions. To
begin, we define p, = P[ x € B,] and q; = 1-p, vhere the distritution
of x is Ge. Next, let the recurrent event Ei represent the occurrence

of k, successive observations falling in the set Bi’ and let E = UEi‘

i
Then if Ui(s) denotes the probability generating function of the
occurrence of E N at trial n and U(s) the probability generating

function of E at trial n, we have

g +q'ipiki ski+l
Ui(s) = " X K
(1-s)(1-p; * 8 1)
(5.2) P
U(s) = Z U, (8) - (2-1) .
1: .

'u‘amua—,us",@;ﬁnnnﬁu:n-
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If fn is the probability of the first occurrence of the event E at

trial n, then it follows that

(&4

F(s) = zz £y st =1 - 1
. . £
i=1

) uy(s) - (e1)

i=1

Suppose we define

os) = XEG)

1l-s

~ Then, since

P[ N = n] -t
we have
e(w) = q(1)
ver(w) = 20 (1) + @(1) - &2(1).
Now,
as) = 3 -
| ) U,(8) (1-8) = (1) (1-s)

i=1

and from (5.2) it follows that

k

=) -1
Py
2 2y ) Ky N
! - .p. —-(k,+1)a.,p, ~+1l-p
Q' (1) = Q%(1) {1-“2 et B e }
o i=l ( l - pi 1)2
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Therefore, _

4 1 - pi -l

i
i=1 1
(3;) -1
(5.3 , 2k, o KK
P -(k.+1)q,p, ~+1-p
Var(N) = &(N) + 62(I\T){l-axa +ez e = qiki i }

t
In order to obtain P[accept Hi] , we define the recurrent event E to

be U B, and
s 9

tn = P{ E 1 occurs for the first time at trial n while E! has not

occurred }

r =P { E' occurs for the first time at trial n while Ei has not

yet occurred}

<
1l

P {Ei occurs for the first time at trial n}

=
i

P{ E' occurs for the first time at trial n } ]

Now, by letting T(s) denote the probability generating function of

tn’ and by using a similar notation for the others, we have
T(s) = V(s) -~ R(s) V(s)
R(s) = W(s) - T(s) W(s)

and therefore



s Rl Tl

T(S) = I(S) [l-W(S) 1 .
1 - V(s) W(s)

Since

Vis) =1 - (0() )7

We) =1 () Uy(s) - (s2) )7
I

we arrive at

Z (108 1(8) - (1) (2-2) )
T(s) = -{ 1- .

(1-8) U, (s) - (1-s) J

" Thus it follows that

(5.4) P{-E:.L occurs before E' occurs}- = T(1)

{ y Yy ijj (1;Pdkj )™ }

A

If we define

fori=1, ...

Jl={j|BjeG31}

then by (5.3) and (5.4) we have

1

129
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ew- [ el
i=1

(5.5) | \
IR e L

accep Hi ;thJ_,L i=1
o] if i p; = 0.

i=]l

Tt should be noted that if k, = ¥ =1, k, = k‘j =2, J; = {1,2} and

)

as with Tomlinson's procedure, if & is a cover for the real line,

then £(N) has an upper bound depending upon £ and k = max k;. This

i
can be shown as follows. Define

W(p) = =52

(%)-1

we

then cs > v(pi) ;, 8ince ey is a decreasing function of ki' Because

we have assumed that ® is a cover, it follows that max P, > %
i

Now, since v(p) is an increasing function of p,
2
1
Z c; > v(F)

i=1

and therefore

\ -1 1, "t L ¢,k
em = () o) <) =g U,
i=1 '

= {3,4), we obtain Tomlinson's formulae given in (5.1). Also,

= oPummm-n J@ & m om e &S = (-i. - ==
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It should be remarked that this bound ii not particularly good and

equality can never be achieved because Z cy > v(%) .
i=1

An immediate cri{icism of this procedure is that decisions
will often be based upon only a smell portion of the available data.
It is felt that a similar procedure in which '"a total of ki ob-
servations fall in Bi" replaces "ki successive observations fall in
Bi" is preferable in many cases. Unfortunately, we would then not
be able to express simply the exact properties of the test as was
done in (5.5)l . Thus in applying our procedure, we should con-
sider attempting to keep k small, (3 or %), and varying the B,
in order to obtain the desired error levels. As an example, |
Tomlinson has shown that his procedure, while not significantly
altering the o.c. function, has a unifo;mly smaller a.s.n. than
a modified procedure (for use where o is unknown) in which )z= =00
and7\u=0<>.

Suppose G6 possesses a probability density function 8g - Then
the type of regions described by Armitage [3] should be helpful in

determining a reasonable choice of ®. These regions are as follows.

If we define

Ry = {% |

then it seems plausible to associate an observation belonging to

gy (x)

>1 i‘orj;éi} for i =1,..., m
gy (x)
J

L/ Tsao [31] has obtained the properties of this test for
the case of m = § = 2, He also discusses the optimum choice of

Bl and 32.
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Ri with the hypothesis Hi. Thus, as a starting point for deter-

mining ®, we may require

U Bj = R, fori=1, ..,, m
jeJi
Finally, we shall conclude this chapter with the following
illustration.
Example 5.1
Suppose Ge is a normal distribution with mean 6 and

variance one and that m = 3 with

Hi: f=-1 H2: =0 H3: e=1.
Although there are many reasonable choices of @G, we shall, for

this example, restrict ourselves to the following class. Define

B, = (-§ , =t)

1
32 = (".'t) t)
35 = (t,éo )

and set &i = [Bi} for i =1,2,3. If we further restrict ourselves
to only those cases in which kl = k3, then we may obtain equal

error probabilities by finding that value of t such that
(5.6) P [accep‘b H; | Hi] =d fori=1,23
and some d. Now, by the symmetry of the problem we will have

8(N|Hi) = 8(N|H5). The following table illustrates these values for

several choices of kl and k2.

- aP s m o e e @9 - =



aali el DA Sl

133

TABLE 5.1

kX t ! e(Nlnl) 6(N|H2)
1 1 .803 578 1.00 1.00
1 2 1.26k .630 1.59 1.79
1 3 1.51k .658 2.17 2.63
1 b 1.680 .677 2.73 3.48
2 1 381 .619 2.00 - 2.08
2 2 . 750 .697 3.11 3.61
2 3 . 966 .Th6 4,28 5.32
2 L 1.115 779 5.49 7.13
2 5 1.227  .804 6.74 9.00
2 6 1.317 .82k 8.035 10,91
3 1 .216 .655 3.26 3.8k
3 2 .522 Thly 5.01 6.55
3 3 . 720 .801 6.98 9.81
3 4 .860 .839 9,12 13.38
3 5 .968 . 867 11.41 17.15

In figure 5.1 we have plotted the values of d against
max { S(NIHI), 8(N|Hé) } for the various pairs (k;, k,) given in
table 5.1 (a few additional pairs have also been given). 1In this
figure we have drawn a line connecting (kl’ ka) and (kl, k2+l). Now,
if our criterion for selecting & procedure is to pick the one which
has the smallest max{ 6(N|Hl), 6(N|H2) }, then figure 5.1 will be
quite helpful. One simply decides which value of d he desires and
then finds the lowest point in the figure which is on or to the right

of the vertical line running through his choice of d.
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Figure 5.2 is the same as figure 5.1 except that "a total of ki
observations in Bi" has replaced "ki successive observations in Bi"'
A different value of t was used in order to ensure that (5.6) would
hold. In comparing these fwo figures, we observe that_for the larger
values of d and hence larger kl’ k2, the procedure represented by
figure 5.1 is not particularly good. This seems to substantiate to
some extent what was said earlier.

One further point of interest is the following. For the test
in teble 5.1 given by k; = 2 and k, = 2, we find that EG(N) does not
achieve its maximum at 6 = =~} and 6 = 3 as in the test given by

Sobel and Wald [27]. In fact, from table 5.2, it sppears as though

the maximum occurs at € = o.

TABIE 5.2
) 0 .1 .2 .3 A .5
89(1\1') 3.611 3.605 3.589 3,561 3.523 - 3,475
] .6 .7 .8 .9 1.0
e 6(1\1) 3.417 3.350 3.276 3.195 3.109

m e aomoondonswem o oS e -
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