
ABSTRACT

YOUNG, HERSCHEL KADE. Optimal Design and Analysis Approaches for Supersaturated
Screening with the Lasso. (Under the direction of Chair Dr. Jonathan Stallrich).

Screening experiments aim to select which of p factors drive a certain response through n

experimental runs. Supersaturated screening designs, or SSDs, present a challenging screening

scenario where n < p+ 1, and thus, the estimates of the main effects under Ordinary Least

Squares (OLS) are not unique. Traditionally, SSDs are constructed by optimizing some

heuristic measure of a design property that is favorable under OLS, such as orthogonality,

but the designs themselves are evaluated and analyzed using a simulation approach based

on penalized estimation. Therefore, there is a disconnect between how SSDs are constructed

and how they are analyzed. This dissertation presents three unique contributions that center

around an optimal SSD framework to maximize the probability of sign recovery under the

lasso. To be clear, support recovery refers to the event in which the truly important factors

are selected and all other factors are screened out, while sign recovery requires an additional

condition that the signs of the important factors are estimated correctly. We first present

an optimality framework for SSDs based on a relaxed local measure of the probability of

perfect sign recovery under the lasso that is reasonably robust to tuning parameter values.

We then move to an analytical approach based not on designs directly, but optimal forms of

information matrices. This allows for rigorous mathematical justifications of why some SSD

heuristic optimal designs perform better than others under certain settings on the signs of

the effects. These are the first rigorous justifications of these performance differences under

the context of penalized estimation. Finally, we relax the requirement of perfect sign recovery

and construct an optimality framework based on tolerant sign recovery, which allows for a

few false selections. The tolerant sign recovery approach shares several important connections

with the perfect sign recovery frameworks described above.
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CHAPTER

1

INTRODUCTION

For industries involving complex processes with many factors, sequential optimization often

begins with a screening experiment. The goal of a screening experiment is to e�ciently learn

which of p factors most in
uence the response variable of interest to then focus optimization

to a smaller set of factors. For highly complex processes such as those in drug development

or aerospace, the number of experimental runs,n, utilized in a screening study is constrained

by some resource such as money or time.

Designing and analyzing screening experiments in practice is challenging because the run

size often prohibits unambiguous estimation of all 2p factorial e�ects of interest. However,

e�ective screening can still be performed if the linear model is sparse, i.e., it depends on

only a few e�ects (Box and Hunter 1961a,b; Mee 2009; Xu et al. 2009; Mee et al. 2017).

Supersaturated screening designs, or SSDs, (Booth and Cox 1962; Lin 1993; Wu 1993; Georgiou

2014; Jones and Majumdar 2014) push screening to its limits withn < p + 1 and assume a

sparse main e�ects model

y = � 01 + X � + e (1.1)

whereX is the n � p design matrix with elementsx ij = � 1, � = ( � 1; : : : ; � p)T is a sparse
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vector with k < p nonzero elements, ande � N (0; � 2I ). Without loss of generality, assume

� 2 = 1, making � the signed signal-to-noise ratios. The analysis goal is recovery of the support

of � , denotedA = f j : j� j j > 0g, although we will also be interested in recovery of the sign

vector of � , denotedz = sign(� j ). These events will henceforth be noted as support recovery

and sign recovery, respectively.

Traditional optimal design criteria in the linear model setting seek to optimize some

Ordinary Least Squares (OLS) property. Whenn > p + 1, OLS variable selection techniques

such as step-wise regression and forward selection are applied to screen for important e�ects.

However, whenn < p + 1, OLS estimates of the main e�ects are not unique, complicating

support recovery. Conventionally, SSDs utilize a routine based on penalized regression to

select factors. Nonetheless, SSDs are typically constructed to optimize a heuristic criterion

targeting a favorable OLS design property. This disconnect between the way designs are

constructed and the method in which factors are selected for SSDs is the primary motivation

for this dissertation.

This work makes important contributions to the SSD literature by developing optimality

criteria that target maximizing the probability of support recovery for the lasso estimator

(Tibshirani 1996):

(�̂ 0; �̂ ) = arg min
� 0 ;�

1
2n

jjy � � 01 � X � jj 2
2 + � jj � jj 1 ; (1.2)

wherejj � jj ` = (
P

j j� j j` )1=` and � > 0. For �̂ , let Â = f j : j�̂ j j > 0g be the estimated support.

Then P(Â = A) depends on the unknown values of the parameters of the model, as well as

� . In practice, � is chosen using a nondeterministic tuning parameter selection strategy.

When � is sparse, the lasso has shown to be e�ective in variable selection even in the

high-dimensional setting. Thus, the lasso has a natural application to supersaturated screening

experiments. Nonetheless, there remains a disconnect between optimal design criteria in the

supersaturated setting and what is favorable for variable selection with the lasso.

Chapter 2 of this work explores the relevant background for lasso support recovery in the

SSD setting by reviewing traditional optimal design approaches. It begins with a review of

non-SSD optimal design frameworks based on variance-based criteria. Section 2.3 reviews the

heuristic optimality criteria used to construct SSDs and describes the disconnect between

these criteria and the analysis methods used for SSDs. The �nal two sections of this chapter

examine the properties of lasso estimator and optimal design in the context of lasso screening,

2



respectively.

While Chapter 2 is mostly review, it does contain a few contributions which are detailed

in Section 2.1. However, the three main contributions of this dissertation make up Chapters

3-5 and are summarized below:

ˆ Chapter 3 presents an SSD optimality framework based on maximizing the exact

probability of lasso sign recovery. This framework is reasonably robust to choice of� .

Additionally, an algorithmic approach to identifying high performing SSDs in terms of

lasso sign recovery probability is given in detail.

ˆ Chapter 4 shifts to focus on an analytical approach based on compound symmetric

information matrices (matrices with 1's on the diagonal and a constant o�-diagonal

value). It provides reasoning as to why compound symmetric matrices should be

considered for the optimal form of lasso information matrices. Perhaps the most

important contributions from Chapter 4 are the rigorous mathematical justi�cations of

(1) a compound symmetric information matrix with 0 for its o�-diagonals (so-called

orthogonal information matrix) is optimal when the signs of the e�ects are unknown

and (2) a compound symmetric information matrix with a positive o�-diagonal is more

favorable than an orthogonal information matrix when the signs of the e�ects are

known. These are the �rst rigorous justi�cations of these phenomena under the context

of penalized estimation.

ˆ Chapter 5 presents an SSD optimality framework fortolerant sign recovery under the

lasso. This approach tolerates a few false selections of truly inactive factors as active

by the lasso as long as (1) the lasso correctly selects all truly active e�ects and (2)

there are not too many false selections. Chapter 5 extends the approaches developed

in Chapters 3 and 4 to the tolerant sign recovery measure and justi�es that optimal

designs from Chapters 3 or 4 should be at least near-optimal in the tolerant setting.

This dissertation represents an entirely new approach to optimal SSDs. Therefore, there

remains several avenues for future work. Chapter 6 presents a brief discussion on two such

avenues and how they can be utilized to �ll gaps in the approaches presented in this work.

3



CHAPTER

2

BACKGROUND

2.1 Introduction

This chapter details the relevant background for both optimal supersaturated screening designs

(SSDs) and lasso optimal designs for support recovery. Section 2.2 describes traditional optimal

design theory when OLS is feasible for both approximate and exact designs. In this case,

variance-based optimality criteria are utilized since these criteria are scalar summaries of some

desirable design property under OLS. We then describe the information matrix conditions

under which a design is deemed universally optimal over all standard optimality criteria.

Section 2.3 details SSD heuristic optimality criteria on the information matrix that target

favorable OLS properties and describes the current practice of using penalized estimation to

actually perform screening. In general, analysis of SSDs utilizes penalized regression to �nd a

smaller submodel to then �t OLS on. Here, we point out the disconnect between using these

OLS-based criteria to construct SSDs and using penalized regression to analyze them.

Sections 2.4 and 2.5 review the lasso estimator itself and current lasso-optimal design

strategies. We describe the design conditions under which the lasso estimator will recover
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the support and sign of active e�ects with high probability. These design conditions are not

possible in the SSD setting, but attempts at lasso-optimal design aim to �nd designs as close

to these conditions as possible.

While this chapter is mostly a review, there are two relevant contributions:

1. Section 2.3 points out and explains the reproducibility issues that can arise when using

simulations of thresholded penalized estimation to compare SSDs.

2. Section 2.5 relates the lasso-optimal design frameworks to the sign recovery theory

described in Section 2.4 and details how each attempt fails to adequately account for

one of the two events needed for sign recovery to occur. This makes designs under these

frameworks under-powered in small samples.

We end this chapter with an identi�cation of the need for a lasso-optimal design framework

that (1) accounts for sign recovery probability completely, even for smalln, and (2) is

reasonably robust to the tuning parameter,� .

2.2 Traditional Optimal Design Theory

Optimal design theory literature under the assumption of the linear model is based around

Ordinary Least Squares theory. Broadly, optimal design approaches seek to optimize some

function of the information matrix, and those that consider information matrix properties as

well as potential bias introduced by aliasing from higher order e�ects. Since the SSD setting

assumes these higher order e�ects to be zero, we focus on the information matrix based

criteria.

Traditional design theory makes explicit the di�erence between the design matrix and

the model matrix. In the design matrix, each column represents one main e�ect. The model

matrix contains the main e�ect columns and columns corresponding to all other terms in the

model, such as interactions and polynomial terms. Since the focus of this paper is on the

supersaturated scenario, we make no such distinction. Without loss of generality, we assume

that X is the n � p main e�ect model matrix with p variables and letL = ( 1jX ).

Literature surrounding the optimization of some measure of the information matrix focuses

heavily on optimal approximate designs. Atkinson et al. (2007) de�nes approximate designs

as measures over the design spaceL . If there are r distinct design points in L , then the
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approximate design� is denoted as:

� =

(
` 1 ` 2 � � � ` r

w1 w2 � � � wr

)

(2.1)

The �rst row gives the set of possible design points, and the second row gives the corresponding

weights 0� wi � 1. Generating an exact design forn observations (often denoted as� n ) from

� would simply be replicating the row` i for some integer approximation ofnwi times in L .

Here, the design points̀ 1; :::; ` r can be thought of as ther disinct possibilities for a row inL.

For the approximate design, the information matrix can be written as:

M (� ) =
Z

L
`` T � (d` ) =

rX

i =1

`` T wi (2.2)

In the exact design case withn observations, we see thatM (� n) becomes the scaled exact

information matrix, L T L
n , and the variance of a predicted response for given design point`

is V ar(ŷ(` )) = � 2` T (L T L)� 1` . The standardized variance of the predicted response for an

approximate design is de�ned as

d(` ; � ) = ` T M � 1(� )` (2.3)

We say that � � is  -optimal, for some optimality criterion,  , if � � minimizes  (M (� )). To

stay consistent with the literature, we present information matrix optimality criteria in terms

of approximate designs, with the obvious extension to exact designs. Kiefer (1959) introduced

the alphabetical nomenclature for information matrix based optimality criteria. There are a

multitude of these criteria, so only D,G, A, and E optimality are focused on here. For a more

general survey of the various criteria see Atkinson (1988) or chapters 9-11 of Atkinson et al.

(2007).

Recall that, under standard OLS assumptions, the volume of the con�dence ellipsoid for

� is inversely proportional todet(M (� )) (Monahan 2008). A D-optimal design minimizes the

volume of this con�dence region by maximizing the determinant of the information matrix,

or, equivalently, minimizing the determinant ofM � 1(� ). D-optimal designs are invariant to

scaling and linear transformations, making them applicable across a wide range of scenarios.

G-optimality minimizes the maximum variance of the predicted response. In other words,� �

is G-optimal if � � minimizesmax
` 2L

d(` ; � ). Kiefer and Wolfowitz (1960) proved the equivalence
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between D and G-optimal approximate designs. This is not necessarily true for exact designs.

A-optimality minimizes the average variance of parameter estimates,̂� . Note that the

variance of�̂ j is proportional to the jth diagonal of the information matrix. Thus, A-optimal

designs minimizetr (M � 1(� )). E-optimal designs minimize the variance of the least well

estimated contrast of the true parameter,cT � , wherecT c = 1. Let � 1; :::; � p be the eigenvalues

of M (� ). E-optimal designs minimize the maximum eigenvalue ofM � 1(� ). Opposed to

D-optimal designs, A and E-optimal designs are not scale invariant.

In fact, all criteria mentioned above can be written as a function of the eigenvalues

of M (� ). Kiefer (1974) introducedoptimality functionals for a general optimality criteria,

denoted 	 l for 0 � l < 1 . Atkinson et al. (2007) de�nes the general criterion as:

	 l (� ) =
�

p� 1
pX

i =1

� l
i

� 1=l

(2.4)

Here, l = 0; 1; 1 correspond to D, A, and E-optimality, respectively. A summary table of the

criteria discussed in this section and their optimality functionals in terms of the eigenvalues

of M (� ) is given in Table 1.

Table 2.1: Summary of information matrix-based optimality criterion

Criterion Optimality Functional Purpose

D 	 0 =
pY

j =1

1
� j

Minimize con�dence region volume

A 	 1 = 1
p

pX

j =1

1
� j

Minimize the average variance of parameter estimates

E 	 1 = max
j

(1=� j ) Minimize the variance of least well estimated contrast

For the exact design case, the criteria in Table 2.1 can be expressed in terms of the

eigenvalues of the exact information matrixM = L T L. These variance based criteria are

advantageous because they are computationally tractable and produce a single scalar summary

of a given design's optimality.

These eigenvalue-based criteria, being functions ofM (or M (� ) in the approximate design

case), are invariant to simultaneous row/column permutations ofM . Indeed, these properties
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have been exploited to �nd optimal forms ofM when the domain of the functions is expanded

to all symmetric, nonnegative de�nite matrices, denotedM . Stallings and Morgan (2015)

de�nes a standard optimality criterion as a function 	 : M ! R that satis�es the following

three conditions:

(i) 	(� M �) = 	( M ) for all � 2 P whereP denotes the set of allp order permutation

matrices.

(ii) If M 1 � M 2 is nonnegative de�nite, then 	( M 1) � 	( M 2) for all M 1, M 2 in M .

(iii) 	 is convex over M .

Kiefer (1975) proves that an information matrixM � 2 M is universally optimal for all

standard optimality criteria if M � is compound symmetric (meaning all of the o�-diagonals

of M � are equal to one another) and has maximal trace. While these compound symmetric

matrices are impossible under SSD settings, this provides the basis of motivation for the work

in Chapter 4.

For screening experiments, the model intercept is usually not considered and is usually

dealt with by centering the responsey and the columns ofX . In this case, an ideal screening

design would satisfyM = L T (I � P1)L = nI p+1 , where P1 = 1
n 11T , since the resulting

�̂ j would have the minimum possible variance across all designs. This improves support

recovery inference via con�dence intervals because the intervals will tend to be tightly

concentrated around the corresponding� j . These so-called orthogonal designs can only exist

when n = 0 ( mod 4), and, in general, a design can be reasonably selected by minimizing a

variance-based criterion such as theD-criterion or A-criterion.

This optimal design framework based on least-squares is well-developed and tractable

(Goos and Jones 2011; Pukelsheim 2006), but is not applicable for SSDs where the OLS

framework is not possible.

2.3 Supersaturated Designs

Ideally, screening decisions would be made using parameter inference on OLS estimates. In

the non-SSD setting (n > p + 1), approximate design theory would favor orthogonal design

matrices for screening. However, in the exact design case, orthogonal designs are not possible

when n 6= 0 ( mod 4). Some work has been done on the utility of the variance-based design

criteria for screening purposes (Stallrich et al. 2023).
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In the SSD setting, however, OLS-based variable selection procedures perform poorly

because the OLS estimates are not unique. Instead, analysis of SSDs is usually carried out

using a routine based on a penalized regression technique such as the Dantzig selector (Candes

and Tao 2007).

While there are many di�erent methods of constructing and evaluating SSDs, for brevity,

we will focus on three popular two-level methods. For a more comprehensive review of SSD

construction and analysis for two-level and multi-level designs, see Georgiou (2014). In the

OLS setting, the most favorable scenario for parameter inference is when the information

matrix is diagonal, meaning thatL has orthogonal columns. Although orthogonal design

matrices are unachievable in the supersaturated case, some popular SSD criteria seek to

optimize some heuristic measure of near orthogonalit.

De�ne S = L T L, and let sij be the entry of the ith row and jth column ofS. It is intuitive

that a design in whichS has o�-diagonals closest to zero is also closest to orthogonal. Booth

and Cox (1962), Lin (1993), and Wu (1993) construct designs to minimize the criteria,E(s2),

the average square values of the o� diagonals ofS. E(s2) requires each main e�ect to be

balanced, meaning it is set to each of its two levels an equal amount. If we denote the levels for

each factor with � 1 and 1, then the balanced condition requires thats0j = 0 for j � 1. Here,

the subscript 0 corresponds to the intercept column inL. In summary, the E(s2)-criterion

requires balance and minimizesE(s2) = 2
p(p� 1)

P
1� i<j � p s2

ij (Weese et al. 2021).

Originally introduced by Marley and Woods (2010) and formally named by Jones and Ma-

jumdar (2014), the unconditional E(s2)-criterion (UE(s2)) removes the balance requirement

from E(s2). Thus, UE(s2)-optimal designs minimize 2
p(p+1)

P
0� i<j � p s2

ij .

Instead of seeking to minimize the average ofs2
ij , Weese et al. (2017) proposed theV ar(s+)

criterion, which minimizes the variances of thesij 's subject to an e�ciency constraint. This

criterion value is summarized by Weese et al. (2021) as

V ar(s+) = UE(s2) � UE(s)2 such that
UE � (s2)
UE(s2)

> c and UE(s) > 0 ; (2.5)

whereUE � (s2) is the optimal UE(s2) value and c constrains theUE(s2) e�ciency of the

design. Weese et al. (2017) notes that, if there were no e�ciency constraint, the minimum

for V ar(s) would occur when the correlations between columns ofX are all one. Due to

the condition that UE(s) > 0, the o� diagonals ofS are more positive than a design that

is UE(s2)-optimal. Table 2.2 summarizes the three SSD construction heuristics mentioned
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above along with their constraints.

Table 2.2: Summary of SSD heuristic optimality criteria.

Criterion Objective Function Constraints

E(s2) 2
p(p� 1)

P
1� i<j � p s2

ij s0j = 0 for j � 1

UE(s2) 2
p(p+1)

P
0� i<j � p s2

ij None

V ar(s+) UE(s2) � UE(s)2 UE � (s2 )
UE (s2 ) > c and UE(s) > 0

Table 2.3 shows an example of ann = 9, p = 10 V ar(s+)-optimal design with an e�ciency

constraint of 0:8 while Table 2.4 shows an example of aUE(s2)-optimal design under the

same setting. Note that the intercept column is not displayed for these designs. The design in

Table 2.3 had aUE(s) = 0 :2 and the design in Table 2.4 had aUE(s) = � 0:455. Figure 2.1

shows a QQ-plot comparing the column-wise factor correlations between theV ar(s+)-optimal

design in Table 2.3 and theUE(s2)-optimal design in Table 2.4. The red line represents the

y = x line. The ordered correlations (or o�-diagonals ofS) for the V ar(s+)-optimal design

are always greater than or equal to those from theUE(s2)-optimal design. This is expected,

since theV ar(s+) criterion requires positive average o�-diagonals ofS where as theUE(s2)

criterion has no such restriction.

Table 2.3: An exampleV ar(s+)-optimal design for n = 9 and p = 10 with an e�ciency
constraint of 0:8 from the catalog in Weese et al. (2017).

1 -1 -1 1 1 -1 1 1 1 -1

-1 -1 1 -1 1 -1 -1 -1 1 -1

-1 -1 1 -1 1 1 1 1 -1 1

1 1 1 1 1 1 -1 1 1 1

-1 1 -1 -1 -1 -1 -1 1 1 1

-1 1 -1 1 1 -1 1 -1 -1 1

1 -1 -1 -1 -1 1 1 -1 1 1

-1 1 1 1 -1 1 1 -1 1 -1

1 1 1 -1 -1 -1 1 1 -1 -1
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Figure 2.1: QQ-plot of column-wise correlations for theV ar(s+)-optimal design displayed
in Table 2.3 against column-wise correlations for theUE(s2)-optimal design displayed in
Table 2.4. The red line representsy = x.

Table 2.4: An exampleUE(s2)-optimal design forn = 9 and p = 10.

-1 1 1 -1 1 1 1 -1 -1 -1

1 1 1 -1 -1 -1 1 -1 1 1

1 1 -1 -1 -1 1 -1 1 1 -1

-1 1 1 1 -1 -1 -1 1 -1 1

1 -1 1 1 -1 1 1 1 -1 -1

-1 -1 1 -1 1 1 -1 1 1 1

1 -1 -1 -1 1 -1 1 1 -1 1

-1 1 -1 1 1 -1 1 1 1 -1

1 1 -1 1 1 1 -1 -1 -1 1

The SSD optimality criteria discussed in this section are based on OLS properties, but

OLS is not used to analyze SSDs. A disconnect exists between SSD optimality criteria and

the analysis that selects the active factors for further experimentation. Methods of SSD
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analysis are focused on selecting a smaller support on which to perform OLS-type screening.

While techniques such as forward selection (Miller 2002), all subsets regression (Abraham

et al. 1999), and model averaging (Anderson and Burnham 2004) have been used to analyze

SSDs, the predominant analysis technique is the Gauss-Dantzig selector (GDS; Candes and

Tao (2007), Phoa et al. (2009)). The GDS relies on the penalized estimation method of the

Dantzig selector (Candes and Tao 2007). The Dantzig selector is a linear program de�ned by:

�̂ DS = arg min
�

jj � jj 1 subject to jjX T (y � X � )jj 1 � � ; (2.6)

where jj � jj 1 denotes the maximum element in absolute value of the vector argument and

� � 0 is a tuning parameter. The GDS itself applies a threshold to the estimates from (2.6)

to �nd a smaller model to �t with least squares. Weese et al. (2021) describes the approach

to the GDS as follows:

1. Solve (2.6) ford evenly spaced values of� over the interval [0; maxj jx T
j y j] (excluding the

endpoints) using a centeredy and centered and scaled version ofX , wherej = 1; 2; :::; p.

Denote thed solutions to (2.6) as�̂ DS (� ).

2. For each �̂ DS (� ) and some threshold
 > 0, set all j�̂ j (� )j < 
 to 0. Denote this

thresholded solution as�̂ DS (�; 
 ).

3. For each �̂ DS (�; 
 ), calculate the OLS estimates using only the columns ofX that

corresponds to the nonzerô� j (�; 
 ). Calculate the Bayesian Information Criteria (BIC;

Schwarz (1978)).

4. Select the�̂ DS (�; 
 ) with the smallest BIC and classify the factors corresponding to

nonzero�̂ j (�; 
 ) as active, and the others as inactive.

The GDS only utilizes the parameter estimates from the Dantzig selector for thresholding

to create a smaller support for OLS estimates. The threshold,
 , is ideally set to � . However,

in practice, � is not known. In this case, Phoa et al. (2009) utilizes a data driven threshold

where
 = 0:1 � maxj�̂ j j, where the�̂ j 's are the elements of̂� DS (� = 0).

There is some existing work that attempts to bridge the gap between heuristic criteria

and support recovery of penalized estimators. A number of studies (Marley and Woods 2010;

Dragulji�c et al. 2014; Weese et al. 2015) have compared optimal SSDs under di�erent heuristic

criteria via simulation studies with the GDS, and conclude that no single criterion produced
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consistently dominant SSDs in terms of support recovery. An important exception is a noted

improved performance forV ar(s+) designs when the sign of the e�ects themselves are known.

While Weese et al. (2017) justify this improvement using a simpli�ed least-squares argument,

Chapter 4 of this work provides mathematically rigorous justi�cation of this phenomenon.

Singh and Stufken (2022) also noted the disconnect between the heuristic criteria and

penalized estimation, includingV ar(s+). They proposed a Pareto front optimization of two

new heuristic criteria motivated by the restricted isometry property (Candes and Tao 2007)

and irrepresentable condition (Gai et al. 2013) of the GDS. These criteria are relaxations of

orthogonality and anX having such properties achieves desirable behavior of its corresponding

GDS. The optimal designs of Singh and Stufken (2022) do not actually possess these two

properties and thus, may not maximize the probability of support/sign recovery. Again, a

simulation study approach is needed to evaluate their designs.

In fact, using a simulation study of the GDS to evaluate and compare di�erent SSDs can

give misleading or di�cult to reproduce results. This is due to three factors inherent to the

GDS itself.

1. The density of the grid of� to solve (2.6) over can obviously lead to di�ering results. A

grid that is overly coarse does not adequately explore the tuning parameter space.

2. Choosing the tuning parameter based on BIC (Schwarz 1978) relies onlog(�̂ ), where

�̂ is the maximum likelihood estimate of� . In the near-saturated model settings (i.e.,

where� is small), �̂ can be close to 0, causing the BIC to approach�1 . This results

in the BIC regularly choosing larger active sets of factors than what is the truth.

3. The selection of the threshold,
 , can in
uence results. The aforementioned data driven

threshold from Phoa et al. (2009) where
 = 0:1 � maxj�̂ j j is completely arbitrary, and

a multiplier of 0:25 or 0:5 could also be used.

To demonstrate the potential issues with comparing designs via a GDS simulation,

Figures 2.2 and 2.3 compare the power and type 1 errors for (n; p) = (14 ; 24) and (9; 10)

designs under known signs and unknown signs, respectively. To be clear, we de�ne power

as the proportion of truly active e�ects classi�ed as active and de�ne type 1 errors as the

proportion of truly inactive e�ects classi�ed as active. For each (n; p), we considered the

Pareto e�cient designs (PEDs) of Singh and Stufken (2022) and theV ar(s+)-optimal design

designs catalogued in Weese et al. (2021). We repeated the simulation outlined in Singh and

Stufken (2022) and Weese et al. (2021) using the automatic implementation of the Dantzig

13



selector (Phoa et al. 2009). Di�erentk were considered, represented by proportions ofn,

(3n=4; n=2; n=4). Signal to noise ratios of the active e�ects,SN = �=� , randomly generated

from Exp(1) + SN, whereSN, meaning signal-to-noise ratio, was set to either 1 or 3. These

coe�cients either remained positive (e�ect directions known), or their signs were randomly

set to � 1 with probability 0 :5 (mixed signs). The magnitude of the inactive e�ects were

generated by taking the absolute value ofN (0; 6� 2) so that 99% of the inactive e�ects would

be less than 0:5 and su�ciently bounded away from the simulated error variance� 2 = 1.

Finally, two tuning parameter grids for � were considered. The coarse grid was from

Singh and Stufken (2022) where had� was based on 10 equally-spaced points between 0

and maxj jx T
j y j, excluding the endpoints, and the �ne grid� with 100 equally-spaced points

including 0. The same data-driven threshold
 = 0:1 � maxj ^� j j where the ^� j 's are estimates

when � = 0 from Weese et al. (2021) of was used for both grids. The �nal model was chosen

based on the standard BIC statistic.

Across all scenarios, we can see the �ne grid for� produced slightly higher power and

type 1 errors. The (14; 24) PED has higher power and lower type 1 error than theV ar(s+)

design under the coarse grid, but the performance is nearly identical under the �ne grid.

The di�erence between the designs, however, remains about the same for the (9; 10) designs,

albeit with larger type 1 errors. Clearly, results comparing designs are sensitive to the density

of the tuning parameter grid.

It is also easy to see that this inconsistency is not simply a GDS problem but a larger

issue facing any comparison of SSDs using simulations of a thresholded penalized estimator.

A more precise optimal design framework is needed to avoid these inconsistencies and to

reassure experimenters of a design's true capabilities. An optimal design framework based

on the mathematical expressions of the probability of sign/support recovery for a penalized

estimator directly would �t such need. These expressions are intractable for the Dantzig

selector, but can be constructed for the lasso estimator (Tibshirani 1996). The Dantzig

selector and its statistical properties are closely related to the lasso estimator (Meinshausen

et al. 2007; Lounici 2008; Bickel et al. 2009; James et al. 2009; Asif and Romberg 2010).

Dragulji�c et al. (2014) show, in a screening design context, that the two perform similarly in

terms of support recovery. The lasso is more mathematically tractable, making its optimal

design framework more straightforward.

The remainder of this chapter shifts to focus on the lasso.The overall contributions in

Chapters 3-5 focus on the application of the lasso and its sign recovery properties to SSDs.
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Figure 2.2: Power and Type 1 error by tuning parameter grid for truly positive e�ects for
PED and V ar(s+)-optimal designs.
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Figure 2.3: Power and Type 1 error by tuning parameter grid for true e�ects with mixed
sign vectors for PED andV ar(s+)-optimal designs.
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2.4 Lasso Review

The lasso, developed by Tibshirani (1996), utilizes thè1 penalty on � and is primarily used

for variable selection in the high-dimensional setting, i.e., whenn < p . Under this setting, it is

usually feasible to assume some level of sparsity in� . The `1 penalty is convex and allows for

estimated coe�cients to shrink to zero, leading to computationally e�cient variable selection,

even whenn < p . This makes the lasso a natural choice for the analysis of SSDs.

Let y � = ( I � P1)y and F = ( I � P1)XV � 1=2 whereP1 = n� 111T and V is a diagonal

matrix comprised of the diagonal elements ofn� 1X T (I � P1)X . That is, F is the centered and

scaled version ofX . Scaling the columns ofX is necessary to allow eacĥ� j the opportunity to

minimize the loss function with equal cost to the penalty. The analysis then targets support

recovery of� � = V 1=2� . As x ij = � 1, the diagonal elements of the design dependentV 1=2

are nonnegative and bounded above by 1, makingj� �
j j � j � j j. The sign vectors of� � and �

are equivalent whenV has all positive diagonal elements. The support,A , is estimated by

the support of the lasso estimator, written now as

�̂ � = arg min
� �

1
2

� � T C� � �
1
n

y T F� � + � jj � � jj 1 ; (2.7)

where C = n� 1FT F is the correlation matrix of the columns ofX . We will refer to C as

the lasso information matrix. It is important to note that y is utilized in the above lasso

estimator instead ofy � because, sinceI � P1 is idempotent, y � T F = yF.

In what follows, we will consider submatrices ofX and F (the centered and scaled version

of X ) corresponding to a collection of columnsT � f 1; : : : ; pg. We denote such submatrices

by X T and FT , respectively. A similar notation is used for subsetting vectors, i.e., for ap � 1

vector, v, vT denotes thejT j � 1 vector with the T elements ofv. For all other matrices,

we will consider submatrices by selecting both rows and columns with two index setsU and

T . That is, for a matrix M , let M UT denote the submatrix ofM with rows and columns

indexed byU and T , respectively. For brevity, we will denoteM T T = M T , which should not

be confused with a subsetting of columns alone.

For two vectors, � and � , the inequality j� j � j � j holds if and only if j� j j � j � j j for

j = 1; :::; p. Likewise, for c 2 R+ , the inequality j� j � c holds if and only if j� j j � c for

j = 1; :::; p.
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2.4.1 Solution for �xed � and Uniqueness

For a �xed value of � , a valid lasso solution to must satisfy the following Karush-Kuhn-Tucker

(KKT) optimally conditions (Tibshirani 2012):

1
n

FT (y � � F �̂ � ) = � s (2.8)

sj 2

8
<

:
zj if �̂ �

j 6= 0

[� 1; 1] if �̂ �
j = 0

, for j = 1; :::; p : (2.9)

Since the absolute value function is not di�erentiable at 0,sj is the sub-di�erential for

j� j j. We will revisit these KKT conditions when discussing support recovery in section 2.4.2.

It is important to note that the objective function in equation 2.7 may not have a unique

minimizer. Lemma 1 in Tibshirani (2012) characterizes the lasso solution set. The following

lemma is slightly modi�ed to exclude the Ordinary Least Squares case (� = 0):

Lemma 2.4.1. For any y , F, and � > 0, the solution set to the lasso problem has the

following properties:

(i) There is either a unique solution or an uncountably in�nite number of solutions.

(ii) Every solution gives the same �tted valueF �̂ � .

(iii) Every solution has the samè 1 norm.

A su�cient condition for the lasso solution to be unique appears in both Candes et al.

(2009) and Wainwright (2009). Intuitively, FT
A FA must be invertible (null(FA ) = f 0g) for the

solution to be unique. Tibshirani (2012) gives a similar condition in terms of the equicorrelation

set, E.

E = f j 2 f 1; :::; pg :
1
n

jf T
j (y � � F �̂ � )j = � g (2.10)

E is comprised of the indices of factors with equal (and maximal) correlation with the residual,

y � � F �̂ � . Based on the sub-gradient KKT conditions, for anyj 2 f 1; :::; pg, �̂ �
j 6= 0 implies

that j 2 E becausejsj j = 1. However, for j 0 2 f 1; :::pg where �̂ �
j 0 = 0, sj 0 2 [� 1; 1], meaning

that j 0 could possibly be inE. Nonetheless, we know that̂� �
Ec = 0, so we focus on theE part

of the KKT conditions. Denoting the vector of sub-di�erentials ass we can write theE block
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of equation 2.8 as:
1
n

FT
E (y � � FE� �

E) = � sE : (2.11)

Thus, a particular lasso solution will have�̂ �
Ec = 0 and

�̂ �
E = ( FT

EFE)+ FT
Ey � � (FT

EFE)+ n� sE + b ; (2.12)

whereb 2 null (FE) and, for a square matrixM , M + is the Moore-Penrose inverse. Tibshirani

(2012) mentions that, in the non-unique case, the solution forb = 0 gives the solution with

the smallest`2 norm. For any y � , F, and � > 0, if null (FE) = f 0g, then the lasso solution is

unique and given by:

�̂ �
Ec = 0 �̂ E = ( FT

EFE)� 1(FT
Ey � � n� sE) : (2.13)

Tibshirani (2012) shows that, when entries ofF ( or equivalently X ) are drawn from a

continuous probability distribution, then null (FE) = 0 with probability 1. Non-unique lasso

solutions can only occur when the design matrix entries are discrete. For designed experiments,

when columns ofX often consist of discrete values, there is a risk of non-unique lasso solutions.

However, the support,Â , and sign vector,ẑÂ for a given lasso solution are unique, meaning

that the screening goal of support recovery can be achieved even when the lasso solution

itself is not unique.

2.4.2 Sign and Support Recovery

For lasso variable selection in SSDs, the lassosupport recoveryis the main property of interest.

To be clear, when an estimated support,̂A , is equivalent to the true support,A , then the

support has been recovered.Sign Recoveryoccurs when the estimated sign vector,̂z, is equal

to the true sign vector,z. Sign recovery is obviously more stringent than support recovery

but is more easily de�ned mathematically in the lasso setting. This section develops the

theory behind lasso sign recovery as well as describing the conditions in which sign recovery

has performance guarantees.

To start, it is important to derive two events that are necessary and su�cient for

sign recovery. This approach is based o� of Zhao and Yu (2006) and theprimal dual

witness technique developed by Wainwright (2009). We �rst revisit the KKT conditions in
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Equations 2.8 and 2.9 and rewrite them in block formats based on the support. Then for̂A

and ẑÂ , being the support and sign vector of̂� � , respectively, the following KKT conditions

hold (Zhao and Yu 2006; Tibshirani 2012):

�̂ �
Â =

1
n

C � 1
Â

FT
Â y � � C � 1

Â
ẑÂ ; (2.14)

0 < Ẑ Â �̂ �
Â ; (2.15)

� 1 �

�
�
�
�C Î Â �̂ �

Â �
1
n

FT
Î y

�
�
�
� ; (2.16)

whereC � 1
Â

= n(FT
A FA )� 1, Ẑ Â = Diag(ẑÂ ), Î = f j : �̂ j = 0g, and the inequalities are applied

elementwise.

Note that the probability of sign recovery,P(ẑ = z j F; � ), equals the joint probability of

two events. The �rst event follows from equations(2.14) and (2.15) and checks whether̂� A

has the signzA :

S� j FA ; � A =
n

u <
p

nZA V 1=2
A � A

o
; (2.17)

whereu is a multivariate Normal random variable with mean�
p

n ZA C � 1
A zA and variance

matrix ZA C � 1
A ZA . For the event to be comparable across designs, we de�ne it with respect

to � A instead of the design-dependent� �
A . The second event follows from equations(2.14)

and (2.16) and coincides with allj 2 I having �̂ �
j = 0:

I � j F; z =
�

jv j � �
p

n1
	

; (2.18)

wherev is a multivariate Normal random vector with mean�
p

nC IA C � 1
A zA and covariance

matrix C I � C IA C � 1
A CAI .This event depends on� only though z.

To ensure perfect sign recovery occurs, events(2.17) and (2.18) must both occur. An

obvious issue with(2.17) and (2.18) is that they both require knowledge of the true parameter

� . E�orts in the literature revolve around conditions that guarantee largeP(ẑ = z j F; � ) by

working with the probability of the events in (2.17) and (2.18).

Zhao and Yu (2006) introduced theStrong Irrepresentable Condition(SIC), which states

that, for 0 < � � 1, where� = 1�

jC IA C � 1
A zA j � (1 � � ) : (2.19)
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Notice that this condition would make the mean of the random vector in(2.18) become at

most
p

n� � . When SIC holds andp and k increase withn, Zhao proves that the lower bound

on the probability of signed support recovery goes to 1 asn ! 1 . For �xed k and p, Zhao

and Yu (2006) proves that if the SIC holds along with regularity conditions corresponding to

the invertibility of CA , then for all � that satisfy �=n ! 0 and � � 1n
1+ c

2 ! 1 for 0 � c < 1,

the probability of perfect signed support recovery is 1� o(e� nc
). This is somewhat more

useful in the design of experiments framework since it considers �xedk and p.

Again, the SIC requires knowledge of the sign vector of the true parameter, which is not

usually known. A way around this is a slightly more stringent condition that Hastie et al.

(2019) callsMutual Incoherence. For Mutual Incoherence to hold, there must exist a 0< � � 1

such that:

max
j 2I

jjC � 1
A FT

A f j jj 1 � 1 � � : (2.20)

Mutual Incoherence implies that the SIC holds for all possible sign vectors.C � 1
A FT

A f j is the

coe�cient vector for the regression of columnj of F I on FA . When the absolute correlation

between columns ofF I and FA are small, Mutual Incoherence holds. Although orthogonality

between columns ofF I and FA is impossible whenp > n , Mutual Incoherence checks for

what Hastie et al. (2019) callsnear orthogonality.

Throughout this section it is assumed thatC � 1
A exists. Wainwright (2009) and Hastie

et al. (2019) formalize this assumption with a minimum eigenvalue condition. That is, for

someDmin > 0, where � min represents the minimum eigenvalue,

� min (CA ) � Dmin : (2.21)

When the minimum eigenvalue condition holds,C � 1
A exists, implying that the lasso

solution is unique from the discussion in section 2.4.1. Wainwright (2009) uses the primal

dual witness proof technique to prove the following theorem:

Theorem 2.4.1. Assume thatF satis�es the Mutual Incoherence Condition with� > 0, and

satis�es the minimum eigenvalue condition. Further suppose that:

� >
2�
�

r
2logp

n
: (2.22)

Then there exists ac1 > 0 such that the following properties hold with probability greater than

1 � 4e� c1n� 2
:
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(i) The lasso solution�̂ � is unique and its support is contained in the true support,̂A � A .

(ii) The `1 error is bounded

jj �̂ � � � � jj 1 � �
�

4�
p

Dmin
+ jjC � 1

A jj 1

�
(2.23)

(iii) ẑ = z if

min
j 2A

j� �
j j > �

�
4�

p
Dmin

+ jjC � 1
A jj 1

�
(2.24)

Theorem 2.4.1 depends on several conditions that relate directly to(2.17) and (2.18).

The minimum eigenvalue condition ensures thatCA is well behaved andu and v have non-

degenerate distributions (i.e. their covariance matrices are non-singular). Mutual Incoherence

bounds the mean ofv in (2.18) just like the SIC. Additionally, requiring a bound on min
j 2A

j� �
j j

conditions the right hand side of theS� event, ensuring a lower bound onP(S� ). Intuitively,

if a true e�ect � �
j is su�ciently small compared to noise, the lasso solution will have trouble

including j in the support of the estimated solution.

Mutual Incoherence is di�cult to verify in practice for two-level �xed designs. Minimizing

the column-wise correlations forF is one way to make Mutual Incoherence more likely, but

is by no means a guarantee. This begs the question: How well can the signed support be

recovered if Mutual Incoherence is not met? Wainwright (2009) shows that, for an exact design

satisfying the minimum eigenvalue condition, if either the Mutual Incoherence condition does

not hold or min
j 2A

j� �
j j is su�ciently close to 0, then the probability of sign recovery is no more

than 1=2.

Hastie et al. (2019) states that, if elements ofF (or equivalently X ) are i.i.d. N (0; 1)

and n > cklogp for a su�ciently large constant c, then Mutual Incoherence holds with high

probability. Wainwright (2009) shows that, if F has i.i.d. rows fromN (0; �), conditions that

are analogous to Mutual Incoherence and the minimum eigenvalue condition hold for �, and

the true e�ect size is su�ciently large, then, for a speci�c range of� and n, sign recovery

occurs with high probability. This is essentially the analogue of Theorem 2.4.1 with conditions

on the covariance matrix instead ofF. Again, there exist no such guarantees for �xed, discrete

design matrices.
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2.5 Optimal Design Using Lasso Criteria

Lasso has a natural application to supersaturated screening design (SSD) analysis due to its

ability to perform model selection and its applicability in the case wheren < p . As discussed

in Section 2.3, classic SSDs seek to optimize some heuristic measure of orthogonality between

the columns ofX because orthogonal designs perform the best under OLS driven measures

of optimality. Since SSDs usually select active factors using some type of penalized regression

and not OLS, there is a disconnect between the analysis that the designs are being optimized

for and the analysis that is actually carried out to select active factors. Heuristics that aim to

reduce the o�-diagonals ofX T X , such asE(s2) and UE(s2), will, for a �xed value of � , aim to

maximize � in the Mutual Incoherence condition(2.20). This will maximize P(I � ). V ar(s+)

designs that seek small, positive o�-diagonals ofX T X do not maximize P(I � ) explicitly.

However,V ar(s+) could alter eigenvalue/eigenvectors ofCA in such a way that increases

P(S� ) for a small decrease inP(I � ).

While the literature is relatively sparse, we highlight three e�orts to approach supersatu-

rated screening designs by leveraging lasso properties. It is important to note that, while the

lasso sign recovery properties in Section 2.4.2 are given in terms of the centered and scaled

designF, the two e�orts we highlight in this section are in terms of the design,X itself.

Huang et al. (2020) builds around inference in thede-biasedlasso introduced by Javanmard

and Montanari (2014). If a lasso solution for a given� is �̂ l (� ), then the de-biased lasso

estimator �̂ d corrects for the bias introduced by the`1 penalty. We de�ne the sample

information matrix as �̂ = X T X . The de-biased lasso estimator is given bŷ� d = �̂ l (� ) +
1
n MX T (y � X �̂ l (� )) where M solves

Minimize tr (M �̂M T )

Subject to jj �̂M T � I pjj 1 � � :
(2.25)

Javanmard and Montanari (2014) shows that the asymptotic covariance matrix of the de-

biased lasso is� 2M �̂M T for a deterministic design. Huang et al. (2020) posits that the

(1 � � )100% con�dence interval for the true parameter� j is built around its de-biased lasso

estimate �̂ d;j and is given by:

�
�̂ d;j � G� 1(1 � �= 2)

�
p

n
(M �̂M T )1=2

j;j ; �̂ d;j + G� 1(1 � �= 2)
�

p
n

(M �̂M T )1=2
j;j

�
(2.26)
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whereG(�) is the CDF of the standard normal distribution. Thus, classic optimality criterion

from Section 2.1 on the de-biased information matrixM �̂M T should have the same desired

e�ect that they would in the OLS case. Huang et al. (2020) proposes an approximate

design analog of the de-biased lasso, where� is the approximate design with design points

f x 1; :::; x ng with corresponding weightsf w1; :::; wng. The lasso information matrix is now

given by �̂ � =
P n

i =1 wi x i x T
i , and the de-biased information matrix isM �̂ � M T , whereM

solves(2.25) with �̂ � . Then, for an arbitrary optimality criteria based on the information

matrix, 	 l , the approximate design� � is 	 l -optimal if � � = argmin
�

	 l (M �̂ � M T ). M will

change with each� , but the dependence is suppressed in the notation above.

There are several de�ciencies with this approach. First, the theory provided in Javanmard

and Montanari (2014) for the con�dence interval(2.26) assumes that the rows of the designX

are randomly generated and the population covariance matrix� has singular values bounded

away from 0. The approximate designs proposed by Huang et al. (2020) do not meet these

assumptions, since there are a �xed set of design pointsf x 1; :::; x ng for each possible� .

The de-biased lasso also introduces a second tuning parameter,� . Huang et al. (2020)

sets � = 2
q

logp
n and selects� with cross validation for their simulations. Javanmard and

Montanari (2014) develops the con�dence intervals for de-biased lasso under the assumption

that � = �
q

c2 logp
n . As we have seen in Section 2.4, the events needed for perfect sign recovery

depend on both the design and� . This approach o�ers no theoretical insights on the impact

of choosing the tuning parameters in such a way.

Lastly, in constructing these approximate designs, Huang et al. (2020) restricts each design

point x i to lie in the region [0; 1]p. Lasso and de-biased lasso operate under the assumption

that the columns of X are standardized, meaning some design points take on negative values.

Thus, the design construction disagrees with traditional lasso theory.

Intuitively, an optimal supersaturated screening design using the lasso would maximize

the probability of sign recovery. This means maximizingP(S� ) and P(I � ) jointly. Recall from

Section 2.4.2 that, when the SIC holds,P(ẑ = z) goes to 1 asn increases (Zhao and Yu

2006). Therefore, an intuitive lasso optimal screening design approach would target designs

that maximize the likelihood of the SIC holding, or, more stringently the Mutual Incoherence

Condition (2.20).

Xing et al. (2013) focuses on designs that ensure the SIC holds for all possible sign vectors,

which is equivalent to ensuring that Mutual Incoherence holds. If we let~A denote the indices

of the selected variables for a given lasso solution and� (with ~I as its compliment), then
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the residual sum of squares from regressing the columns ofX ~I on the columns ofX ~A can be

written as:

RSS( ~A) = tr (C ~I ~A (C ~A )� 2C ~A ~I ) (2.27)

Note that minimizing RSS( ~A) is akin to minimizing the left hand side of (2.20), thus,

increasing the likelihood of Mutual Incoherence holding. Since the true support,A is not known

before experimentation, Xing et al. (2013) proposes searching over all possible submatrices

with k� columns ofX .

RSSk � (X ) =

 
p

k�

! � 1 X

~A2A k �

RSS( ~A) (2.28)

whereA k � is the collection of all subsets ofk� indices off 1; 2; :::; pg. A designX that minimizes

RSSk � (X ) for a pre-speci�edk� is considered optimal. Searching over all possible designs is

computationally taxing, but Xing (2015) gives a partial gradient method to compute at least

a locally RSSk � optimal design. This method focuses on maximizingP(I � ) by increasing the

likelihood that Mutual Incoherence holds. In some cases, aRSSk � optimal design'sP(S� )

could be quite low.

Devon Lin et al. (2021) and Deng et al. (2013) propose the use ofnearly orthogonal Latin

hypercube designs(NOLHD) to minimize the column-wise correlations ofX . Devon Lin et al.

(2021) de�nes a Latin hypercube design as \a space-�lling design that achieves maximum

uniformity when the points are projected into any one dimension". A NOLHD is a Latin

hypercube design where column-wise correlation is minimized. These are popular in computer

experiments (McKay et al. (1979), Sacks et al. (1989)). NOLHDs are space-�lling since any

entry in X will take on one of then levels evenly spaced between [� (n� 1)
2 ; (n� 1)

2 ]. Table 2.5

shown ann = 7, p = 12 example NOLHD.

Although not formally justi�ed in either Devon Lin et al. (2021) or Deng et al. (2013), it

is evident from Section 2.4.2 that minimizing column-wise correlations forX will increase the

likelihood that Mutual Incoherence holds. Figure 2.4 shows a QQ-plot comparing the column-

wise correlations for the example NOLHD from Table 2.5 to the column-wise correlations of a

UE(s2)-optimal design. The red line represents they = x line. Since column-wise correlations

are essentially the o�-diagonals ofS and the UE(s2)-criterion seeks to minimize the squared

o� diagonals of S, it is expected that the ordered correlations between the two designs are

roughly equal to one another. In general, the column-wise correlations seem to be aligned

between theUE(s2)-optimal and NOLHD. However, the NOLHD does seem to have slightly

more extreme correlations than theUE(s2)-optimal design.
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Figure 2.4: QQ-plot of column-wise correlations for the NOLHD displayed in Table 2.5
against column-wise correlations for aUE(s2)-optimal design. The red line representsy = x.

Table 2.5: An example NOLHD forn = 7 and p = 12 scaled for elements to be in [� 1; 1]
(Deng et al. 2013).

-1 0 -1/3 0 1 1 0 -2/3 1/3 -1 -1/3 -1

-2/3 -1/3 1/3 -1 -1/3 -1 1/3 -1 -2/3 -1/3 1/3 1

-1/3 1 0 1 0 -2/3 2/3 0 -1/3 1 -1 -1/3

0 -2/3 1 2/3 -2/3 2/3 -2/3 1/3 -1 1/3 2/3 -2/3

1/3 1/3 -1 -1/3 -1 1/3 -1 -1/3 1 2/3 0 1/3

2/3 -1 -2/3 1/3 1/3 -1/3 1 2/3 2/3 0 1 0

1 2/3 2/3 -2/3 2/3 0 -1/3 1 0 -2/3 -2/3 2/3

Essentially, NOLHDs seek to maximizeP(I � ). Thus, NOLHDs su�er from the same
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drawbacks as theRSSk � optimal design from Xing et al. (2013), in that they fail to consider

P(S� ). Furthermore, NOLHDs fail to recognize the criticality of � on the probability of sign

recovery and opts to select� by cross validation which can give misleading results.

Lasso-optimal screening designs aim to maximize the probability of sign recovery. Section

2.4.2 shows that the two events (S� and I � ) are necessary and su�cient for perfect sign

recovery. The non-debiased approaches to lasso-optimal designs focus solely on maximizing

the likelihood that Mutual Incoherence,(2.20), holds which only increases the probability of

I � occurring, leaving outS� . In the �nite sample cases like SSDs, theS� event can play a

large role in sign recovery performance. Furthermore, each of the three attempts to form a

lasso-optimal screening design discussed above fail to adequately account for the dependence

of both (2.15) and (2.16) on � and X together. The following chapters of this work focus on

developing a lasso-optimal sign recovery design framework that accounts for bothS� and I �

and is reasonably robust to tuning parameter selection methods.
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CHAPTER

3

EXACT LOCAL OPTIMALITY FOR

SUPERSATURATED SCREENING DESIGNS

UNDER THE LASSO

3.1 Motivation

Chapter 2 describes the disconnect between SSD construction criteria and the penalized

estimation methods used to analyze SSDs. Furthermore, Chapter 2 points out the inconsis-

tencies in using simulation based methods to compare SSDs. This work shifts to utilizing

the lasso to analyze SSDs and focuses on maximizing a design's sign recovery probability

under the lasso. Previous attempts at lasso-optimal screening designs seek to optimize some

heuristic measure linked to a design's sign recovery performance under the lasso. However,

these heuristics target generally theI � event, and do not considerS� .

This chapter develops an optimality criteria for the exact probability of lasso sign recovery

under local assumptions, i.e., when� , � and � are completely known. In fact, a similar
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approach can be utilized for support recovery under OLS whenn > p . To further motivate

the local optimality framework under the lasso, we �rst explore the OLS approach. OLS

estimates,�̂ OLS , can be represented in the following way (assuming the intercept has been

centered out):

�̂ OLS = � + �

where� � N (0; � 2(X T (I � P1)X )� 1) :

When � and � are known, screening becomes a set ofp normally distributed hypothesis tests

under a speci�ed type 1 error rate,� , whereH0 : � j = 0. Here, � represents the type 1 error

rate for a single hypothesis test. The family-wise error rate of thep hypotheses tests together

can be controlled with some type of multiple test correction.

Perfect support recovery under OLS occurs when the following two events hold:

fj � j + � j j > z �= 2�
p

gjj for all j such that � j 6= 0g (3.1)

fj � j j � z�= 2�
p

gjj for all j such that � j = 0g ; (3.2)

wherez�= 2 represents the two-sided normal distribution critical value for� and gjj represents

the jth diagonal of (X T (I � P1)X )� 1. Notice that event (3.1) denotes the event where all

truly active e�ects are identi�ed as non-zero (i.e.H0 is rejected), and event(3.2) denotes the

event in which all truly inactive e�ects are identi�ed as being no di�erent from zero. The

probability of both (3.1) and (3.2) occurring is a multivariate normal probability based on

the distribution of �̂ OLS . These two events are only independent of one another for orthogonal

designs (X T (I � P1)X = nI ). Traditional screening intuition emphasizes minimizing variances

(i.e. minimizing the gjj s); however, minimizing thegjj s increases the likelihood of(3.1)

occurring while decreasing the likelihood of(3.2) holding. In fact, when the � j s are large

enough, decreasinggjj will not substantially increase the probability of (3.1) holding but

could severely impact the probability of (3.2).

Figure 3.1 shows the probability of support recovery under OLS as� (or log(� )) increases

for n = 12, p = 11, k = 6, � A = � 1, and � = 1. For this �gure, A = f 1; 2; 3; 4; 5; 6g and

two scenarios are considered:� = 2 (top panel in Figure 3.1) and � = 5 (bottom panel in

Figure 3.1). Three designs are evaluated, an orthogonal design, a random design where each

element ofX is selected as 1 or� 1 with probability 0 :5, and aV ar(s+)-subset design. The
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V ar(s+)-subset design is generated by selecting 11 columns from aV ar(s+)-optimal design

generated under the SSD settingn = 12, p = 13. The top panel of Figure 3.1 shows that,

even for relatively small e�ects compared to noise, there is an� -range, starting at about

log(� ) = � 3, where an orthogonal design is not optimal for support recovery. The bottom

panel of Figure 3.1 shows that the� -range where the orthogonal design is not optimal for

support recovery increases when the e�ect size increases, starting at about log(� ) = � 5.

Figure 3.1: Probability of support recovery under OLS forn = 12, p = 11 and k = 6 for
an orthogonal design, a design that is created by taking columns from aV ar(s+)-optimal
design whenn = 12 and p = 13, and a random binary design. The top and bottom panels
correspond to an e�ect size of� = 2 and � = 5, respectively.
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For orthogonal designs, screening is performed under OLS by the following rules:

Â = f j : j�̂ OLS;j j > z �= 2
�

p
n

g

Î = f j : j�̂ OLS;j j � z�= 2
�

p
n

g :

For the lasso estimators under some� , denoted simply�̂ j , support recovery for orthogonal

designs have a closed form solution based on soft-thresholding of the OLS estimates:

�̂ j = sign( �̂ OLS;j )( j�̂ OLS;j j � � )+ ;

where (a)+ = max(0; a). The soft-thresholding operator enforces the following screening rules

under the lasso:

Â = f j : j�̂ j j > 0g = f j : j(j�̂ OLS;j j � � )+ j > 0g = f j : j�̂ OLS;j j > � g

Î = f j : j�̂ j j = 0g = f j : j(j�̂ OLS;j j � � )+ j = 0g = f j : j�̂ OLS;j j � � g :

There is a clear connection between� for OLS-screening and� for lasso variable selection, at

least for orthogonal designs.

The remainder of this chapter describes a similar local optimality framework for SSD

sign recovery probability under the lasso. Like the OLS case above, the local sign recovery

probability will depend on two events: one event where all active e�ects are estimated by the

lasso as non-zero with the correct sign and one event where all inactive e�ects are estimated

by the lasso as zero. As in the OLS case, these events can counteract one another in some

cases.

3.2 Exact Local Optimality Criteria

Recall that the lasso KKT conditions given in Equations(2.14) to (2.16) must hold for a

valid lasso solution,�̂ � with support Â and sign vectorẑÂ . For given X , y , and � , we can

check if the resulting�̂ � has the true support and sign vector by settingÂ = A and ẑÂ = zA

and checking the KKT conditions. If they hold, �̂ � recovers the sign, which is more stringent

than recovering the support. The proposed criteria in this section rank designs according

to the probability of sign recovery:P(ẑ = z j F; � ). To calculate the probability, one must
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specify a� > 0 and a� , so our proposed framework falls in the class of local optimal designs

commonly employed with nonlinear models and maximum likelihood estimation (Silvey 1980;

Khuri et al. 2006; Yang and Stufken 2009).

Clearly P(ẑ = z j F; � ) is a joint probability of two events:

P(ẑ = z j F; � ) = P(S� \ I � j F; � ) :

These events are given in Section 2.4.2, but are restated here for clarity. The �rst event

follows from Equations (2.14) and (2.15) and checks that̂� A has the signzA :

S� j FA ; � A =
n

u <
p

nZA V 1=2
A � A

o
; (3.3)

whereu � N (�
p

n ZA C � 1
A zA ; ZA C � 1

A ZA ). Note that we de�ne the event with respect to� A

rather than the design-dependent� �
A . The second event follows from Equations(2.14) and

(2.16) and coincides with allj 2 I having �̂ �
j = 0:

I � j F; z =
�

jv j � �
p

n1
	

; (3.4)

wherev � N (�
p

nC IA C � 1
A zA ; C I � C IA C � 1

A CAI ). The event depends on� only though z.

We o�er a few remarks before de�ning the criterion.

Remark 3.1 There is a tradeo� between the probabilities of(3.3) and (3.4) so both

should be considered simultaneously. Deng et al. (2013) and Xing (2015) focus on heuristic

criteria based on the lasso's SIC, which focuses on (3.4) and ignores (3.3).

Remark 3.2 The probability of support recovery,P(Â = A j F; � ), requires consideration

of all possible 2k sign vectors that have the same 0 elements asz but alternative � 1 elements

indexed byA. De�ning ZA as the set of all such sign vectors, we haveP(Â = A j F; � ) =
P

~z2Z A
P(ẑ = ~z j F; � ). Each P(ẑ = ~z j F; � ) may be calculated by replacingzA and z with

~zA and ~z, respectively, in events (3.3) and (3.4).

Remark 3.3 As j� �
j j ! 1 for all j 2 A , the probability of sign recovery and support

recovery are equivalent. To see this, note thatZA V 1=2
A � A = V 1=2

A j� A j so P(S� j FA ; � A ) ! 1.

For any other ~z 2 Z A , ~ZA V 1=2
A � A would have negative elements, causingP(S� j FA ; � A ) ! 0.

Finally, as I � is independent ofj� A j, P(Â = A j F; � ) ! P(ẑ = z j F; � ).

Remark 3.4 We assumeC � 1
A always exists, makingu nondegenerate, butv will have a

degenerate multivariate Normal distribution for SSDs becauseC cannot be full rank. The
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probability of this event can be calculated following some linear transformation ofv.

3.2.1 Criteria assuming known �

For a �xed � and known � , de�ne the local optimality criterion

� � (X j � ) = P(ẑ = z j F; � ) = P(S� \ I � j F; � ) : (3.5)

A � � -optimal design isX � = argmaxX � � (X j � ). This approach is impractical, particularly

due to its perfect knowledge ofA , but it is foundational for the more practical criteria that

allow for uncertainty about A . The following is a fundamental result about the role ofz in

� � (X j � ). Its proof and all future proofs may be found in the Appendix.

Lemma 3.2.1. For a given X and its F, consider a� and its re
ection � � . Then

� � (X j � ) = P(S� j F A ; � A ) � P(I � j F ; z) = � � (X j � � ) ;

and an X � optimal for � � under � is also optimal for � � under � � .

Lemma 3.2.1 establishes eventsS� and I � are independent and provides a design equiva-

lence result. The following equivalence theorem is more general and further simpli�es the

implementation of our framework:

Theorem 3.2.1. Let X � be a locally optimal design for� � under a � where zA = 1.

Consider an alternative ~� = eZ� where eZ is any diagonal matrix comprised of� 1. Then

� � (X j ~� ) = � � (X eZ j � ) and ~X � = X � eZ is locally optimal for ~� :

A consequence of Theorem 3.2.1 is that, when discussing criteria involving a known sign

vector, we can assumezA = 1 without loss of generality.

The following criterion treats zA as an unknown quantity:

� �
� (X j � ) =

1
2k

X

~z2Z A

� � (X j eZ� ) =
1
2k

X

~z2Z A

� � (X eZ j � ) : (3.6)

It is the expected probability of sign recovery assuming all~z 2 Z A are equally likely.

Calculating all 2k probabilities can be computationally intensive, but Lemma 3.2.1 allows us

to halve the number of computations. We state this as a corollary:
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Corollary 3.2.1. For a �xed A wherejAj = k, let Z �
A denote the subset ofZA including all

2k� 1 unique z up to re
ection. Then � �
� (X j � ) = 2 � (k� 1)

P
~z2Z �

A
� � (X eZ j � ).

We now investigate designs that maximize� � and � �
� . Knowledge ofA when constructing

an optimal design under either criteria leads to a trivial construction for the columnsX �
I .

Proposition 1. For a knownA, there exists a local optimal designX � where(I � P 1)X �
I = 0,

making � � (X � j � ) = P(S� j F A ; � A ) and � �
� (X � j � ) = 2 � (k� 1)

P
~z2Z �

A
P(S� j F A

eZ ; � A ).

Local optimal designs exploit knowledge aboutA by completely confounding the columns of

the inactive factors with the intercept, makingP(I � j F; � ) = 1. Finding the local optimal

design then only considersX A and the probability of the S� event(s). A design in
uences the

probability of this event through u 's mean vector and covariance matrix.

An orthogonal X A is a strong optimality candidate for� �
� as itsP(S� j FA ; � A ) is invariant

to zA . However, if zA = 1 is assumed known, then, for anyX A , P(S� j FA ; � A ) can be

expressed as:

P(S� j FA ; � A ) = P(u 0 <
p

n
�
V A � A � � C � 1

A 1
�
) ; (3.7)

whereu 0 � N
�
0; C � 1

A

�
. Notice that P(S� j FA ; � A ) is a multivariate integral of a multivariate

normal density over a region de�ned by
p

n
�
V A � A � � C � 1

A 1
�
. Hence, a design that maxi-

mizesV 1=2
A � A � � C � 1

A 1 may maximizeP(S� j FA ; � A ) by maximizing the area of integration,

although the covariance matrix also plays a role. For an orthogonalX A , this di�erence is

� A � � 1. We will concern ourselves with �nding anX A with larger sign recovery probability

than an orthogonal design by identifying such a design whoseV 1=2
A � A � � C � 1

A 1 � � A � � 1.

That is, we seek anX A whoseV 1=2
A and CA satisfy

(I � V 1=2
A )� A � (I � C � 1

A )� 1 : (3.8)

As (I � V 1=2
A )� A � 0, we need (I � C � 1

A )� 1 � 0. For evenn � 6, constructX A by choosing

k � n � 1 columns from then � n matrix

 
2I � J � J

J J � 2I

!

; (3.9)

where all I and J have sizen=2 � n=2. Then V A = (1 � 4=n2)I . Let k1 denote the number

of columns chosen from the �rstn=2 columns andk2 = k � k1 be the number from the
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remaining columns. If eitherk1 or k2 equal 0,CA will be completely symmetric with positive

o�-diagonal elementsc = 1 � 4n=(n2 � 4). Thus (I � C � 1
A )� 1 � 0 and (3.8) becomes

�
1 �

p
n2 � 4

n

�
� A � �

�
1 �

n2 � 4
kn2 � 4k(n + 1) + 4 n

�
1 :

In this case, (3.8) can be satis�ed for some combinations of� A and � .

When k1 � 1 andk2 � 1, CA and C � 1
A have a 2� 2 block partitioned form with completely

symmetric, diagonal block matrices and constant o�-diagonal block matrices:

CA =
1

n � 4=n

 
4I k1 + ( n � 4 � 4=n)Jk1 (n � 4 + 4=n)1k1 1T

k2

(n � 4 + 4=n)1k2 1T
k1

4I k2 + ( n � 4 � 4=n)Jk2

!

; (3.10)

whereI k1 andJk1 have sizek1� k1 and similar for I k2 andJk2 . Then C � 1
A 1 = ( � 11T

k1
; � 21T

k2
)T = � ,

and CA � = 1, which gives the equations

1 = � 11� 1 + � 12� 2

1 = � 21� 1 + � 22� 2 ;
(3.11)

where� ij > 0 is the unique row sum for the correspondingki � kj block matrix of CA . The

expressions for� ij with i 6= j and � ii (without loss of generality) are given by:

� ij =
kj

n � 4=n
(n � 4 + 4=n)

� ii = 1 +
(ki � 1)
n � 4=n

(n � 4 � 4=n) :

De�ning ~ki = ( n � 2ki ) � 0, we have~ki � 0 as 1� ki � n=2, and, after tedious algebra, we

see that

� 1 =
~k2(n2 � 4)

(n � 2)2(k1
~k2 + ~k1k2) + ~k1

~k2

� 0 ; (3.12)

with equality if and only if k2 = n=2. A similar expression holds for� 2 with ~k1 in the numerator

of (3.12), and � 2 = 0 if and only if k1 = n=2. Since the diagonal elements ofCA are 1 andCA

is comprised of all positive elements, it is clear that� ii � 1 and � ij > 0. It then follows from

(3.11), that � i < 1, meaning1 � � > 0. Hence designs constructed in this way satisfy(3.8)

for some combinations of� A and � , but whether this implies higher sign recovery probability
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depends on the covariance matrix ofu .

As a demonstration, forn = 16 and k = 8, we considered an orthogonalX A and two

designs based on(3.9) wherek1 = 4 and 8. For all designs,C � 1
A 1 = � 1 where� = 1, 0:1575,

and 0:1607 for the orthogonal,k1 = 4, and k1 = 8 designs, respectively. For thek1 = 4 and

k1 = 8 designs,(3.8) is equivalent to � � 1� A � 53:92� 1 and � � 1� A � 53:72� 1, respectively.

The region of integration for thek1 = 8 design is always contained within that for thek1 = 4

design. For an orthogonal design, the distribution ofu will have standard deviation 1 in all

directions. The distribution for the k1 = 4 design has a minimal standard deviation of 0:3968

in the direction of 1 and a maximal standard deviation of 2:806 in the unique direction of

the vector (� 1T ; 1T )T . The k1 = 8 design has a minimal standard deviation of 0:4001 in the

direction of 1 and a maximal standard deviation of 1:984 in all directions orthogonal to1.

Hence some distributions are more tightly concentrated about0, potentially leading to higher

probability despite a smaller area of integration.

Figure 3.2: Probability of sign recovery forn = 16 and k = 8 for an orthogonal design and
two designs constructed from selecting columns from(3.9) with k1 = 4 and 8. The left and
right panels correspond to� � and � �

� , respectively.
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The three designs'� � and � �
� values were compared across a range of� and three scenarios

for � A : (0:3; 0:4; : : : ; 1)T , 1, and 3� 1. The results for � � are shown in the left panels of

Figure 3.2. For all scenarios, there is a range of large� values where all designs have� � = 0, a

middle range where the two proposed designs outperform the orthogonal design, and a range

of small � values where the orthogonal design is superior. The orthogonal design improves

over the other two designs well before condition(3.8) is violated, due to the role of the

covariance matrices. The improvement is negligible when� A = 3 � 1, implying the covariance

matrix is less important as the elements of� A increases. The results for� �
� are shown in the

right panels of Figure 3.2, and clearly favor the orthogonal design. Although it is di�cult to

see in Figure 3.2, there are cases for� A = 3 � 1, such aslog(� ) = 2, in which the proposed

designs have a higher� �
� . This is due to their large improvement for one speci�c sign vector.

3.2.2 Relaxed local criteria

To make the criteria more practical, we introduce relaxations regarding the choice of�

and the assumptions of the underlying model. To reduce the dependency on� , we propose

two summary measures of� � and � �
� . The �rst summary takes the maximum sign recovery

probability: � max(X j � ) = max�> 0 � � (X j � ). However, in practice one will perform some

tuning parameter selection strategy to choose a� , and so the bene�ts of a design that

optimizes � max will only be realized if the strategy reliably picks the corresponding� that

maximizes� � . Hence, we would like a design that maintains large probabilities for a wide

range of� . It is common to calculate the lasso solution path with respect tolog(� ). Such a

transformation stretches the region of� 2 (0; 1), whose corresponding lasso estimates would

receive the least amount of penalization. Therefore, we propose the criterion

� � (X j � ) =
Z 1

0

� � (X j � )
�

d� =
Z 1

�1
� exp(! )(X j � )d! :

The de�nitions for � �
max (X j � ) and � �

� (X j � ) are obvious.

Turning to relaxing assumptions about the model, recall� �
� already relaxed assumptions

about zA . To relax speci�cation of j� A j, we assumej� A j = � 1 where� � 1 so that an active

factor's e�ect is at least of the same magnitude as the noise. We also �xk and assume all

supports of this size are equally likely. Denote this set of supports byA k . We �rst focus on

the criterion that incorporates uncertainty about A , but treats zA as known. This resembles

models where theV ar(s+)-optimal designs performed best. Supposezj depends only on
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whether j 2 A or I , and let z � be the p � 1 vector comprised of the elementszj assuming

j 2 A . Following Theorem 3.2.1, we assume without loss of generality thatz � = 1 to identify

the optimal design and then multiply the columns of the design by their actual corresponding

z�
j . For a givenA, let A be the p � p diagonal matrix of all zeroes except for the diagonal

elements corresponding toA , which are set to 1. Then the true sign vector isz = A 1 and

the sign-dependent criterion for a given� is

� � (X j k; � ) =
�

p
k

� � 1 X

A2A k

� � (X j � = � A1 ) ;

being the average probability acrossA k for a �xed � . The notation � instead of � indicates

consideration of allA 2 A k . The sign-independent criterion, ��� (X j k; � ), is similarly de�ned.

The maximum and integrated summary measures originally de�ned on� � and � �
� are

straightforward to de�ne on these new criteria and share similar notation, e.g., �max (X j k; � )

and � � (X j k; � ).

Optimizing any of the �-type criteria is analytically and algorithmically challenging.

Indeed, simply evaluating such criteria for a givenX can be cumbersome. Section 3.3 will

leverage the heuristic optimal SSDs from Table 2.2 to identify high quality designs for

secondary evaluation using the �-criterion. This method will �nd optimal, at least nearly-

optimal, exact designs in an e�cient manner.

3.3 Exact Design Evaluation and Construction

Ideally, one would implement a design search algorithm that ranks SSDs according to

a summary criterion of the � � - or � �
� -criterion. However, these criteria demand intense

computations to evaluate a single SSD and search algorithms require many evaluations.

Heuristic criteria such asUE(s2) and V ar(s+), however, are computationally e�cient and

can help identify SSDs that are close to achieving such forms. We now describe an algorithmic

construction that reconciles the rigorous but computationally-prohibitive criteria in Section 3.2

with the computationally-e�cient heuristic SSD criteria.

Figure 3.3 demonstrates the relationship between heuristic measures and the sign recovery

criteria across 100 designs with varyingV ar(s) and UE(s2) values forn = 10, p = 12, k = 4,

and � = 3. Since V ar(s+) is favorable whenzA = 1, the left panel of Figure 3.3 compares

V ar(s) values to � � , while the right panel comparesUE(s2) values to � �
� . The purpose of
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Figure 3.3 is not to compareV ar(s+) and UE(s2) to each other but to compare them to

� � (X j k = 4; � = 3) and � �
� (X j k = 4; � = 3), respectively. There is a clear correlation

between the heuristic measures and the sign recovery criteria, but Figure 3.3 shows that

designs with the same heuristic measure can di�er with respect to sign recovery probability.

Hence improvements can be made by re-evaluating the optimal heuristic SSDs using the sign

recovery criteria.

For example, the right panel of Figure 3.3 shows that nine designs minimizeUE(s2), but

these designs di�er in their lasso sign recovery probabilities. Additionally, the left panel of

Figure 3.3 shows three designs that minimize theV ar(s+) criterion but di�er greatly in their

� � values. Heuristic measures lack the ability to truly distinguish between designs for lasso

sign recovery performance. This inability is unsurprising given that the heuristic measures

are generally based on OLS intuition. This does not, however, imply that heuristic measures

should be abandoned entirely as a means of SSD construction.

Figure 3.3: Sign recovery probabilities across all supports of sizek = 4 compared to V ar(s)
and UE(s2) values for n = 10 and p = 12. The left panel comparesV ar(s) to � � and the
right panel shows the relationship betweenUE(s2) and � �

� .

A computationally-friendly approach to constructing optimal SSDs in terms of our criteria

is to �rst perform a search algorithm on many randomly generated SSDs using one or more
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heuristic criteria and retaining the best-performing SSDs. The retained designs can then be

sifted again based on one of the sign recovery criteria. The design that performs best among

these SSDs is then declared \optimal". We refer to this approach as theHeuristic-Initiated

Lasso Sieve, or HILS, since it utilizes a sequential �lter of designs based on heuristic and

lasso sign recovery criteria. The idea of applying a secondary design measure to �nd high

performing designs has been used in supersaturated design assessment (Jones and Majumdar

2014; Cheng et al. 2018) and in design more broadly (e.g. Eccleston and Hedayat 1974).

Although HILS can signi�cantly reduce the number of � � evaluations compared to

constructing an optimal design using, for instance, a coordinate exchange algorithm (Meyer

and Nachtsheim 1995; Weese et al. 2017), there are settings when even a more modest

number of evaluations is not computationally feasible. We now discuss some ways to e�ciently

evaluate the � � and � �
� -criteria, and hence their corresponding summarized versions.

For a support size ofk and designX , one full evaluation of � � and � �
� requires consideration

of all
� p

k

�
supports of sizek. For � �

� , an additional 2k computations are required for each

A to consider all sign vectors. Evaluating either criteria would bene�t from a reduction

in the number of supports considered. Randomly sampling fromA k is intuitive, but may

require large subsamples to be representative. As high correlations between two factors can

result in diminished lasso support recovery performance due to lowP(I � j F; z), a support

sampling method that balances (or approximately balances) the number of times pairwise

sets of factors are included inA together can be advantageous. Smucker and Drew (2015)

utilized nearly balanced incomplete block designs (NBIBDs) to approximate a model space

with only a relatively small number of blocks, in the context of model-robust optimal designs.

Hence, we recommend implementing the NBIBD sampling method to adequately represent

A k with between 64-128 supports for modestp and k values. We denote such a subset of

supports by ~A k .

From Lemma 3.2.1, for a �xed A, the probabilities are equal betweenzA and � zA .

Thus, only 2k� 1 sign vectors need be considered for the ��
� -criterion. While this cuts the

computation in half, prior knowledge from the practitioner can be leveraged to select an even

smaller set of representative sign vectors to evaluate. For example, if there is no knowledge on

sign direction, the most likely sign vectors are those with an equal, or nearly equal, number

of � 1. For k = 10, one would need to only consider, up to re
ection, the 126 possible sign

vectors having �ve +1's and � 1's rather than all 210� 1 = 512 vectors. There may also be

strong prior belief about the signs of some or all of the factors that can reduce the set of sign
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vectors to a manageable number, or even to a single element. We generally denote such a

subset of supports by~Z �
k .

The HILS algorithm is formally stated in Algorithm 1 and speci�cally focuses on the

UE(s2)- and V ar(s+)-criteria as the initiating heuristic measures. The algorithm is easily

generalized to include other heuristic measures if desired. Besides the obvious necessary inputs

for the desired design size and the desired sign-recovery criterion, the algorithm requires

the user to specify the number of initial designs for the construction algorithms for the

two heuristic measures as well as the number of such �nal designs to retain. In the case of

UE(s2), one can generateUE(s2)-optimal designs using the techniques described in Jones

and Majumdar (2014). For theV ar(s+)-criterion, one can also manipulate the threshold for

the UE(s2) e�ciency. Additionally, the required �-criterion input represents the option of

evaluating designs using the �xed� measure (� � ), � � , or � max as well as deciding between �

and � � . Optional inputs include ~A k , ~Z �
k , as well as a supplementary collection of designs,

Xe, such as the Pareto-e�cient designs by Singh and Stufken (2022) that may be found

from existing design catalogues. These extra designs allow for practitioners to utilize designs

generated using more computationally intensive methods than the SSD heuristics.

Algorithm 1 Heuristic Initiated Lasso Sieve Algorithm

Necessary Inputs: n; p; k; � ; a general �-criterion, mv = number of initial designs
for V ar(s+) algorithm; mu = number of designs forUE(s2) algorithm; m�

v = number of
retained V ar(s+) designs; m�

u = number of retained UE(s2) designs; .
Optional Inputs: ~A k a reduced set of supports to evaluate � over;~Z �

k a reduced set of
sign vectors to evaluate � over;Xe the set of extra designs to evaluate.
Output: X HILS , �nal design.
Step 1: Generatemv starting designs, constructmv V ar(s+)-optimal designs. Retain the
best m�

v designs; denote this set asX �
v

Step 2: Generatemu UE(s2)-optimal designs (see Jones and Majumdar (2014)). Retain
the best m�

u designs; denote this set asX �
u .

Step 3: Set X = Xv [ X u [ X e.
Return: X HILS = argmax

X 2X
f �( X j k; � )g.
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3.4 Examples

We now demonstrate optimal SSDs with our criteria via HILS under two example scenarios.

For each case, we compare the optimal SSD under HILS with the Pareto e�cient designs

(PEDs) of Singh and Stufken (2022) by inspecting the �� and � �
� curves as a function of

log(� ). The PEDs were generated assumingzA = 1 and were based on heuristic criteria

corresponding to the Dantzig selector.

3.4.1 Scenario 1: n = 9, p = 10

The HILS algorithm was performed fork = 3 and � = 3 assuming unknown signs. This

represents a small experiment and a setting in which heuristic optimal designs should perform

quite well. In this example, it was feasible for ��� to average over all possible supports and

sign vectors. The HILS design was generated from 100 random starting designs withmu = 50

for the UE(s2)-criterion and mv = 50 the V ar(s+)-criterion. The construction algorithm for

the V ar(s+)-criterion randomly selectedUE(s2)-e�ciency values from f 0:5; 0:6; 0:7g. The

PED from Singh and Stufken (2022) was added as an extra design to evaluate. Two HILS-

optimal designs were found using ��max and � �
� , denoted byHILSmax and HILS� , respectively.

Tables 3.1 and 3.2 show the designs for HILSmax and HILS� , respectively.

Table 3.1: The HILSmax - optimal design for Scenario 1.

1 -1 1 1 -1 1 1 1 1 1

1 1 -1 1 1 -1 1 -1 1 1

-1 1 1 1 1 1 1 1 -1 -1

1 1 1 -1 -1 -1 -1 1 -1 1

-1 -1 -1 -1 -1 -1 1 1 1 -1

1 1 -1 -1 -1 1 1 -1 -1 -1

1 -1 1 -1 1 1 -1 -1 1 -1

-1 -1 -1 1 -1 1 -1 -1 -1 1

-1 1 -1 -1 1 1 -1 1 1 1
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Table 3.2: The HILS� - optimal design for Scenario 1.

-1 -1 1 1 1 -1 1 -1 1 1

-1 1 -1 1 1 -1 -1 -1 -1 -1

1 1 1 1 1 1 1 1 -1 1

-1 -1 -1 1 -1 1 1 1 -1 -1

1 -1 -1 -1 1 1 1 -1 1 -1

1 -1 -1 1 -1 -1 -1 1 1 1

1 1 -1 -1 -1 -1 1 -1 -1 1

-1 1 1 -1 -1 -1 1 1 1 -1

-1 -1 1 -1 -1 1 -1 -1 -1 1

Table 3.3: Properties of designs compared in Scenario 1.

Design V ar(s) UE(s) � �
max � �

�

HILSmax 2.380 0.273 0:785426 1:1216621

HILS� 2.438 0.127 0:785424 1:1216624

PED 3.166 0.127 0:7542467 1:0700631

Interestingly, both HILSmax and HILS� were V ar(s+)- and UE(s2)� optimal. This is

possible in a near saturated setting wheren is close top+ 1. These two designs were instances

of separate runs of theV ar(s+) coordinate exchange algorithm and have di�erentV ar(s)

values. The scalar properties of the PED,HILSmax and HILS� are given in Table 3.3. Since

the diagonal scaling matrix,V , also e�ects the probability of lasso sign recovery through the

S� event, Table 3.4 gives the diagonalV matrix values for each design. In general, a larger

V increasesP(S� ). Table 3.4 shows virtually no di�erence between theV matrices of the

HILSmax and HILS� designs, but does show that theV matrix for the PED has lower values

than the HILS designs, in general.

The designs selected by HILS were similar in terms of both ��
max and � �

� . With either

�-measure, the two designs were the top two performers. Figure 3.4 shows the pairwise

QQ-plots comparing the column-wise correlations between the PED,HILSmax and HILS� .
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Figure 3.4: Pairwise QQ-plots of the column-wise correlations between the three designs
compared in Scenario 1. In each plot, the red line representsy = x.
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With a few exceptions, either of the designs selected by HILS have larger ordered column-wise

correlations than the PED (shown in the top two panels of Figure 3.4). The bottom panel of

Figure 3.4 compares the ordered correlations for the two designs selected by HILS. There is

no systematic di�erence in the correlations between the two designs selected by HILS. This is

not surprising, given that they are both results from aV ar(s+)-optimal design construction

algorithm and are both themselvesUE(s2)-optimal.

Table 3.4: Diagonals of theV -matrices for the designs evaluated in Scenario 1. For brevity
of notation, V jj is denoted asV j

Design V 1 V 2 V 3 V 4 V 5 V 6 V 7 V 8 V 9 V 10

HILSmax 0.988 0.988 0.988 0.988 0.988 0.889 0.988 0.988 0.988 0.988

HILS� 0.988 0.988 0.988 0.988 0.988 0.988 0.889 0.988 0.988 0.988

PED 0.889 0.889 0.988 0.988 0.988 0.889 0.988 0.988 0.988 0.988

Figure 3.5 compares ��� betweenHILSmax , HILS� , and the PED. The di�erences in the

the � �
� values betweenHILSmax and HILS� were on the order of 10� 5, so only one general

HILS-optimal curve is shown. Clearly, the HILS-optimal designs outperform the PED in

terms of both � �
max and � �

� . Since the PED is constructed assumingzA = 1 and this scenario

assumes no sign information, the performance of the HILS-optimal designs versus the PED

was expected.

As the PED was created assumingzA = 1, we compared it to the two HILS designs with

� � . As the HILS-optimal designs were alsoV ar(s+)-optimal, these designs were expected to

also perform well. Figure 3.6 compares �� for the HILSmax , HILS� , and the PED. While the

di�erences in � �
� betweenHILSmax and HILS� were very small, there are visible di�erences

in � � . Both of the HILS-optimal designs again outperform the PED, but in di�erent ways.

Only the HILSmax had a larger � max than the PED, but both HILS designs had a larger �� .

This scenario shows that HILS can be used to �nd SSD heuristic optimal designs that out-

perform designs generated under more computationally burdensome construction techniques.

Improvement over the PED is somewhat expected in the case where there is no sign information.

However, Figure 3.6 shows that HILS can also �nd designs that outperform the PED in the

exact scenario in which PEDs are constructed for,zA = 1.
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Figure 3.5: � �
� vs. log(� ) for the HILS-optimal designs and the PED under scenario 1.

The di�erences in the � �
� betweenHILSmax and HILS� were indistinguishable, so a general

HILS-optimal curve is shown against the PED.

Figure 3.6: � � vs. log(� ) for the HILS-optimal designs and the PED under scenario 1 with
zA = 1.
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3.4.2 Scenario 2: n = 14, p = 20

This scenario assumed known e�ect directions withk = 5 and � = 3. Only the V ar(s+)-

criterion was considered in the HILS algorithm, settingmv = 50 with randomly selected

UE(s2)-e�ciency constraints from f 0:5; 0:6; 0:7; 0:8g and a minimum UE(s) value was ran-

domly selected fromf 0; 0:1g. The latter was done to further encourage positive o�-diagonal

values. While these are not exactlyV ar(s+) designs, they are similar and provide a more

broad candidate set of designs. The PED from Singh and Stufken (2022) was also evaluated.

The evaluation of � max and � � proved too computationally costly since there were
� 20

5

�

possible supports inA k . Instead, � max or � � were measured over a subset ofA k selected

using the NBIBD approach in Section 3.3.

Figure 3.7: � � vs. log(� ) for the HILS-optimal designs and the PED under scenario 2 with
zA = 1.

HILS selected the PED as best in terms of both ��max or � �
� , but we also report the second

best design found by HILS (aV ar(s+)-optimal design with UE(s2)-e�ciency 0 :8). Figure

3.7 shows �� (X jk; � ) for the two designs and clearly shows the superiority of the PED.
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Figure 3.8: QQ-plot comparing the column-wise correlations for the PED andV ar(s+)-
optimal design compared in Scenario 2. The red line representsy = x.

The design properties, for the PED andV ar(s+)-optimal designs are shown in Table 3.5.

This table includes the trace of theV matrix. In general, a V with a larger trace is more

favorable for the S� event. Figure 3.8 displays the QQ-plot comparing the column-wise

correlations of the two designs. The red line represents they = x line. Generally, theV ar(s+)-

optimal design shows larger ordered correlations compared to the PED. This correlation

comparison is expected since theV ar(s+)-criterion pushes correlations to be more positive.
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Table 3.5: Design properties and � measures for the designs compared in Scenario 2.

Design V ar(s) UE(s) UE(s2)-e�ciency tr( V ) � max � �

PED 5:861 0:59 0:859 19:429 0:61145 0:87638

V ar(s+) 2.438 0.127 0:838 19:245 0:58915 0:81753

Using only the information in Table 3.5 and Figure 3.8, it is unclear which design will

perform better. The PED had smallerUE(s) but larger V ar(s), while the V ar(s+)-optimal

design had largerUE(s) but smaller V ar(s). This highlights the potential downside of using

the V ar(s+)-criterion for choosing an SSD and also stresses the importance of considering

not just V ar(s+)-optimal designs in HILS, but also designs that are e�cient in terms of

V ar(s+).

3.5 Discussion

The SSD literature has predominately constructed designs by optimizing heuristic criteria

that measure a design's proximity to a (nonexistent) orthogonal design. The criteria are

tractable in their optimization, in that optimal designs can generally be constructed directly

or algorithmically in a reasonable amount of time. However, these criteria are not directly

tied to a screening analysis method, so there is no guarantee that the resulting analysis under

an optimal design will have good statistical properties. This chapter resolves this disconnect

by optimizing criteria based on the probability of sign recovery under the lasso, which is

well-de�ned even whenn < p + 1. Our major contributions are:

1. A local optimality criterion assuming known � and �xed � . A trivial design that

confounds all inactive factors with the intercept is shown to be optimal for sign recovery.

An exact design construction is given that can improve the probability of sign recovery

over an orthogonal design for some� . The design has positive and nearly constant

pairwise correlations, following the ideal structure for theV ar(s+)-criterion.

2. More practical criteria that relax the assumptions about� and � . Such criteria are

computationally intensive and hence di�cult to optimize both analytically and algo-

rithmically, requiring computations across all supports of a given size and potentially

many sign vectors.
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3. An exact design construction algorithm, named the Heuristic-Initiated Lasso Sieve.

Essentially, the proposed criteria are used as a secondary ranking of many high-quality de-

signs generated under heuristic criteria. HILS compromises the computationally-e�cient

heuristic criteria with the more statistically sound, but computationally prohibitive,

sign recovery criteria.

4. One of the most surprising implications of our work is that orthogonal designs are not

always optimal under the lasso estimator. This has been hinted at in the literature

because, in the SSD setting,V ar(s+)-optimal designs, with their non-minimal column

correlations, do not recognize orthogonal designs as the ideal they are striving to meet.

In our work, we have shown that when orthogonal designs are possible (which of course

requiresn > p ) and sign vectors are known, it can actually be better to have a small,

positive correlation between columns (see Figure 3.2).

Our work provides an alternative to using simulation to compare SSDs, which can be

tedious and di�cult to reproduce independently. In particular, there are at least two reasons

to be skeptical of conclusions drawn from simulations in the context of SSDs. First, simulation

can be misleading when subtly di�erent versions of complicated statistical procedures are

used. In our attempts to reproduce and compare the simulation studies of Singh and Stufken

(2022) and Weese et al. (2021), we discovered the regularization methods used were sensitive

to two di�erent aspects of the procedure implementation. In particular, these papers used the

Gauss-Dantzig selector with di�erent ways of exploring the tuning parameter space. They also

di�ered in how they implemented a secondary thresholding of the estimates which determines

a subset of the active factors that should remain active. Typically this threshold removes

estimates whose absolute magnitude are less than� 2, but thresholding in this way is of

dubious reliability because there is no natural way to estimate� 2 and thus threshold levels

are more or less arbitrary. The approach we present in this paper avoids these di�culties by

eliminating the need for simulation at all, in a similar way that closed-form power analysis

procedures are routinely used in simple, replicated experimental design settings.

Another danger of the heuristic criteria is that there is no guarantee the optimal design

has any statistical value. For example, there technically exists aUE(s2)-optimal design with

n = 2 runs and p = 100 factors, but this design has no statistical value. Our criteria, however,

do re
ect statistical value and so can be used to give objective information about design

quality. Experimenters can specify a minimum e�ect size of interest as well as an educated

guess regarding the number of factors that are likely to have such an e�ect size and investigate
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the sign-recovery probabilities as a function of� . If the maximum average probability is close

to 0, it is unlikely that the design can provide reliable sign recovery for the speci�ed e�ect

size. Such a low value could lead to a reconsideration of the runs budget, expected sparsity,

and/or the size of e�ects that are deemed of interest to detect.

Our methodology allows an even deeper investigation, if desired. For example, we can

determine whether a low average probability is due to an inability to reliably exclude all

inactive e�ects (the I � event) or to reliably include all active e�ects (the S� event). In

screening experiments, we are much more concerned with identifying the true e�ects than

with allowing inactive e�ects through the �lter. This suggests that the S� event is more

important to the experimenter than the I � event.
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CHAPTER

4

OPTIMAL LASSO INFORMATION

MATRICES

4.1 Introduction

While Chapter 3 focuses on an optimal SSD framework for exact designs,X , this chapter

shifts the focus to optimizing the information matrix C. This approach is not unlike the

eigenvalue-based criteria given in Section 2.2 and shares many of the same properties. We

�rst justify restricting the optimization space further to consider only the class of compound

symmetric C matrices of the formC = f C = (1 � c)I + cJ j � (k � 1)� 1 < c < 1g and

explain how compound symmetricC matrices representideal structures that are targeted by

the various SSD heuristic criteria from Table 2.2. We then rede�ne Equations (3.3 - 3.5) in

terms of a compound symmetricC matrix. Unlike the approximate design framework, our

criteria will still depend on n. The approach by itself is unlikely to identify an optimal SSD

because, for then common to SSDs, an optimalC will likely not correspond to an exact

design with settings of� 1. The contributions of this chapter are then a a mathematically
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rigorous justi�cation of the utility of V ar(s+)-optimal designs when the signs of the e�ects

are known (zA = 1) as well as a justi�cation for heuristics targeting orthogonality when no

sign information is known.

4.2 Compound Symmetric Lasso Information Matrices

and Ideal Structures

The criteria from Section 3.2.2 assumej� A j = � 1 and evaluate anX across all possible

supports, and so are invariant to column permutations ofX . Additionally, � �
� and its

summaries across� are invariant to post multiplication of X by any p � p sign matrix
~Z. As discussed in Section 2.2, traditional eigenvalue-based criteria, being functions of

M = X T (I � P1)X , also enjoy these two invariance properties, expressed as simultaneous

row/column permutations and sign transformations ofM . These properties have been

exploited to �nd optimal forms of M when the domain of the functions is expanded to all

symmetric, positive de�nite matrices, denotedM . For an M 2 M , de�ne its permutation-

averaged form to beM = ( p!)� 1
P

� 2P � M � T whereP is the set of allp � p permutation

matrices. ThenM 2 M is a compound symmetric matrix, meaning all of its o�-diagonals

are equal to the same constant. Further averaging ofM across all 2p sign transformations

leads to a matrix proportional to the identity matrix, i.e., an M for an orthogonal design.

Assuming the criterion is concave, the criterion value forM is greater than or equal to that

for M . Hence, the search for the optimumM may be restricted to the class of compound

symmetric matrices inM . The practical limitation of this approach, however, is that there

may not exist an X having such an optimal form.

Similar to de�ning eigenvalue-based criteria onM , the criteria in Section 3.2 can be

de�ned with respect to the design'sC and V matrix. We can then cast the optimal design

problem in terms of identifying an optimal pairing, (C � ; V � ), and then try to identify a

design having such matrices. This is essentially the approach taken by heuristic orthogonality

criteria such asUE(s2), presumingC = I is the optimal form.

The matrix V has diagonal elements between 0 and 1, and only contributes to eventS� .

Clearly V = I maximizesP(S� ), so we �x V = I and optimize the criteria with respect toC

across all symmetric, nonnegative de�nite matrices with 1's on the diagonal. If the criteria

were concave with respect to all such matrices we could restrict our optimality search to

compound symmetric matrices. We have thus far been unable to establish such a property.
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Our current investigations have led us to conjecture the criteria are log concave for certain

combinations of� and � . We comment on this conjecture in a later example. Nonetheless,

we will focus on identifying an optimal information matrix among all compound symmetric

matricesC = f C = (1 � c)I + cJ j � (k � 1)� 1 < c < 1g. This makes the optimization problem

more tractable, as it involves a single unknown value,c, and the criteria, now being invariant

to A , are equal to� � and � �
� , respectively.

It is important to notice that the C matrices targeted by the heuristic SSD optimality

criteria in Table 2.2 are themselves compound symmetric. As mentioned above, the heuristic

orthogonality criteria (UE(s2) and E(s2)) are optimized for orthogonal designs that produce a

compound symmetricC matrix with c = 0. The V ar(s+) criteria with no e�ciency constraint

is optimized for a compound symmetricC matrix with c > 0. These heuristic optimality

criteria can also e�ect theV matrix of the �nal design. The E(s2)-criterion requires column

balance, which forcesV = I . The UE(s2)-criterion does not require column balance and

thus will not force V = I . However, by including thes2
0j (i.e. including the intercept) in its

formulation, the UE(s2)-criterion will tend to favor a V with larger values. TheV matrices

favored by theV ar(s+)-criterion, on the other hand, is more convoluted. AV ar(s+)-optimal

design is essentially an e�cient relaxation of aUE(s2)-optimal design, but it is unclear how

this relaxation will be related in the design itself. As mentioned above, for the theoretical

justi�cations in this chapter we take V = I , but we discuss the dependence of lasso sign

recovery onV in the exact design examples given in Section 4.3.

We will provide mathematically rigorous arguments to support thatC = I is the optimal

form for summaries of ��� (X j k; � ), and that someC with all positive o�-diagonals is the

optimal form for summaries of the sign-dependent �� (X j k; � ).

First, the probabilities for events (3.3) and (3.4) for C 2 C are given in the following

lemma:

Lemma 4.2.1. Let V = I and C 2 C. Then for A wherejAj = k and � A with sign vector

zA , P(S� j c;� A ) = P(u <
p

nj� A j) and P(I � j c;zA ) = P(jv j � �
p

n1) where

u � N
�

�
p

n
1 � c

[1 � zA 
 zA ] ;
1

1 � c

�
I k � 
 zA zT

A

�
�

(4.1)

v � N
�
�

p
nzA 
 1; (1 � c) [I + 
 J ]

�
(4.2)

with zA = 1T zA and 
 = c=(1 + c(k � 1)). Moreover, if � A does not depend onA, the

probabilities of the two events are constant across all suchA .

54



Before moving forward we o�er a few remarks on how a compound symmetricC matrix

interacts with the matrix conditions on sign recovery presented in Section 2.4.

Remark 4.1 When C 2 C, the lasso's SIC given in(2.19) holds for all possiblezA . Since

C IA = c1q1T
k and C � 1

A = 1=(1 � c)[I k � 
 Jk ], whereq is the number of inactive e�ects, the

left side of (2.19) is given by:

jC IA C � 1
A zA j = j
z A j1q :

Note that c < 1 implies that 
 < 1=k, and zA has a maximum possible value ofk. Thus,

j
z A j < 1, for any zA , meaning that the SIC holds for some� > 0. This also implies that

Mutual Incoherence, (2.20), holds.

Remark 4.2 There are two unique eigenvalues for a compound symmetricCA : 1+ c(k � 1)

and 1� c. Thus, Dmin in (2.21) when C 2 C is equal to 1� c for c > 0 and 1 + c(k � 1) for

c < 0. Since� (k � 1)� 1 < c < 1, Dmin > 0 for either case. Thus, the minimum eigenvalue

condition for Theorem 2.4.1 holds for allC 2 C.

Remark 4.3 For C 2 C and c < 0, jjC � 1
A jj 1 = 1=(1 + c(k � 1)). Thus, based on the result

in Remark 4.2 and assuming� = 1, the third condition in Theorem 2.4.1, (2.24), changes for

c > 0, c < 0, and c = 0. When c < 0 the condition becomes:

[1 + c(k � 1)]
�

min
j 2A

j� j j
�

> �
h
4
p

1 + c(k � 1) + 1
i

:

When c > 0 the condition is:
�

min
j 2A

j� j j
�

> �
�

4
p

1 � c
+ 1 + c(k � 1)

�
:

Lastly, for c = 0, i.e the orthogonal case, the condition is:

�
min
j 2A

j� j j
�

> 5� :

In the orthogonal case, the condition is rather stringent, but Theorem 2.4.1 provides asymptotic

convergence guarantees probability of sign recovery. The probability of sign recovery may be

quite large even when this condition is not met.

The criterion � � (X j k; � ) meets the latter condition of Lemma 4.2.1 and assumeszA = 1,
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leading to the random vectors

u � N
�

�
p

n
1 + c(k � 1)

1;
1

1 � c
[I � 
 J]

�
(4.3)

v � N
�
�

p
nk
 1; (1 � c) [I + 
 J]

�
: (4.4)

The corresponding criterion de�ned with respect toC and for a �xed � is denoted

 � (cj k; � ) = P(S� j c;� A = � 1) � P(I � j c;zA = 1) : (4.5)

The compound symmetricC matrix analog to � �
� (X j k; � ) is denoted

 �
� (cj k; � ) =

1
2k� 1

X

~z2Z �
A

P(S� j c;� A = � ~z) � P(I � j c;zA = ~z) : (4.6)

While the exact-design analog of this criterion requires cumbersome computations across all

A ,  � (cj k; � ) can be computed quickly. The summarized versions of(4.5) and (4.6) across�

will be denoted similarly to their exact design counterparts from Section 3.2, replacing �

with  .

The  � -criterion and  �
� involve a single variable, but are still challenging to optimize

analytically. This is becauseP(S� j c;� A ) and P(I � j c;zA ) are both integrations of multivariate

normal densities over rectangular regions (an in�nite rectangular region forS� ). Optimizing

these events analytically with respect toc can prove di�cult because c e�ects both the mean

and covariance matrix of eitheru or v. Numerical optimization of these criteria, however, is

straightforward and computationally e�cient.

For any zA , when c = 0, the random vectorsu and v in Lemma 4.2.1 have means0

and �
p

n1, respectively, and their covariance matrices are bothI . Hence the sign recovery

probability under c = 0 is invariant to the choice of zA and A. If  �
� were concave inC across

all � , the matrix averaging technique would prove the optimality ofc = 0, as C = I is the

unique matrix after averaging across all permutations and sign transformations. As we will

demonstrate in a future section, �
� is not concave inC across all� . However, the summary

criteria may still be concave or log concave even if �
� is not for all � .

Because of the sign invariance of � at c = 0, we are interested in the behavior of �

and  �
� in a neighborhood aboutc = 0. We will �rst consider the case wherezA = 1 and

evaluate the behavior of � around c = 0. Then, we will relax the assumption of known signs
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and evaluate the behavior of �
� around c = 0.

4.2.1 Compound Symmetric Information Matrices for Known Signs

First, recall that V ar(s+)-optimal designs show an increase in screening performance when

zA is known and target a compound symmetricC with c > 0. We would expect then that a

compound symmetric matrix with c > 0 would be favorable over an orthogonalC matrix for

 � .

To demonstrate the behavior ofP(S� j c;� A = � 1), P(I � j c;zA = 1), and  � (cj k; � ), we

comprised a small example case wheren = 10, k = 4, zA = 1, and � = 2. Figure 4.1 shows

the contour plots of the two events and � . For P(S� j c;� A = � 1), the widest log(� ) range

of high probability occurs forc > 0, while, for P(I � j c;zA = 1), the widest log(� ) range of

high probability occurs at c = 0. This further con�rms the conjecture from Chapter 3: the I �

event favors orthogonal designs, while theS� event can be maximized for non-orthogonal

designs. The optimalc value for the corresponding � is c = 0:14. This value is demonstrated

by the red horizontal line in the bottom plot of Figure 4.1. The resulting optimalC matrix

then matches the ideal form for theV ar(s+)-criteria. While this ideal C are not possible

for SSDs, this example provides further justi�cation for theV ar(s+)-criteria sign recovery

performance under the lasso whenzA = 1.

While the example shown in Figure 4.1 is helpful to build intuition, we seek a more

rigorous mathematical justi�cation of the utility of c > 0 whenzA = 1. To do so, we begin

with lemmas describing the derivatives with respect toc of both P(S� j c;� A = � 1) and

P(I � j c;zA = 1) evaluated at c = 0. First, note that the probabilities for the I � and S� events

can be expressed as the following multivariate integrals:

P(I � j c;zA = 1) =
Z � n 1

� � n 1
f v(v; c)dv (4.7)

P(S� j c;� A = � 1) =
Z � n 1

�1
f u(u ; c)du ; (4.8)

where � n = �
p

n, � n = �
p

n, f v(v; c) represents the pdf ofN (�
p

nk
 1; (1 � c) [I + 
 J]),

and f u(u ; c) represents the pdf ofN
�

�
p

n
1+ c(k� 1) 1; 1

1� c [I � 
 J]
�

. The detailed proofs of the

following two lemmas are given in Appendix A. The proofs involve direct applications of the

multivariate Leibniz integral rule and utilization of known Gaussian integrals to evaluate the

derivatives of (4.7) and (4.8) with respect toc.
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Figure 4.1: Contour plots of sign recovery probabilities whenC is compound symmetric
across possible values of the o�-diagonalc and log(� ) where n = 10 and k = 4 factors are
active with � = 2.
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Lemma 4.2.2. For all A wherejAj = k and � > 0, d
dcP(I � jc;zA = 1)

�
�
c=0

= 0 for all � .

Lemma 4.2.2 shows that, for any� , P(I � j c;zA = 1) has a critical point at c = 0. This is

re
ected in the top right plot of Figure 4.1 as the probability contours seem have a critical

point at c = 0.

The following lemma describes the derivative ofP(S� j c;� A = � 1) at c = 0. Unlike,

P(I � j c;zA = 1), P(S� j c;� A = � 1) does not have a critical point atc = 0 for all � . However,

Lemma 4.2.3 de�nes the� range whereP(S� j c = 0; � A = � 1) can be improved upon by

making c > 0.

Lemma 4.2.3. For all A where jAj = k and � > 0, d
dcP(S� jc;� A = � 1)

�
�
c=0

� 0 for �

satisfying

2� n �
g(� n )
G(� n )

; (4.9)

whereG(�) and g(�) represent theN (0; 1) cumulative distribution function and probability

density function, respectively, with� n = �
p

n and � n =
p

n(� � � ).

The derivative with respect toc of  � involves the product rule of the two probabilities

in Lemmas 4.2.2 and 4.2.3:

d
dc

 � (cj k; � ) =
d
dc

f P(S� j c;� A = � 1)gP(I � j c;zA = 1)

+
d
dc

f P(I � j c;zA = 1)gP(S� j c;� A = � 1) :
(4.10)

Since both P(S� j c = 0; � A = � 1) and P(I � j c = 0; zA = 1) are nonnegative, a direct

consequence of Lemmas 4.2.2 and 4.2.3 is that � (0jk; � ) can be improved upon by some

c > 0. We state this important result as a theorem.

Theorem 4.2.1. For all A wherejAj = k, d
dc � (cjk; � )

�
�
c=0

> 0 for � satisfying (4.9). Hence

there exists somec� > 0, where � (c� jk; � ) >  � (0jk; � ).

Applying this result to the situation shown in Figure 4.1 with known sign, inequality(4.9)

holds for log(� ) � � 22:763, which covers the entire region of� values for which � (c) > 0.

It follows then that some c > 0 will maximize the summary measures � (c) or  max(c).

Theorem 4.2.1 thus provides a mathematically rigorous justi�cation that the ideal designs

under the V ar(s+)-criterion improve the probability of sign recovery over orthogonal designs

for known sign. This is the �rst such justi�cation for penalized estimation.
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4.2.2 Compound Symmetric Information Matrices for Unknown

Signs

We now shift our attention to the case in which no sign information is known and consider �
� .

We posit that c = 0 should be optimal for this case because(4.1) and (4.2) do not depend on

zA when c = 0. Note that a compound symmetricC matrix with c = 0 is optimal for the

nearly orthogonal heuristics like theUE(s2)-criterion.

Before moving forward, we will de�ne two extensions ofP(S� j c;� A ) and P(I � j c;zA ):

P � (S� j c;� A ) =
1

2k� 1

X

~z2Z �
A

P(S� j c;� A = � ~z) (4.11)

P � (I � j c;zA ) =
1

2k� 1

X

~z2Z �
A

P(I � j c;zA = ~z) : (4.12)

While P � (S� j c;� A ) � P � (I � j c;zA ) 6=  �
� (cj k; � ), these terms are important to understand

the behavior of �
� .

Figure 4.2 shows the same example scenario as Figure 4.1 but with no sign knowledge.

The top left plot of Figure 4.2 reveals that theS� event when averaged over all possible signs

actually has the widestlog(� ) range of high probability at c = 0. The top right plot does not

necessarily show the same utility ofc = 0 for the I � event averaged over all possible signs.

For either of the top plots in Figure 4.2, there are log(� ) values wherec = 0 is not optimal.

Furthermore, the bottom plot of Figure 4.2 shows that there are some� for which

c = 0 does not maximize �
� , and so �

� cannot be concave or log-concave. For example,

log(� ) > 0:640 shows a nearly 0 value for �
� when c = 0 but a nonzero probability for

c 2 (0:2; 0:6). This phenomenon is due to the improved sign recovery forzA = 1 for these

c values in this range oflog(� ). However, the summary criteria may still be concave or log

concave even if �
� is not for all � .

To describe the� -region in which  �
� is concave and maximized atc = 0, we begin with

utilizing the product rule and the fact that (4.1) and (4.2) do not depend onzA when c = 0

to simplify d
dc �

� (cj k; � )jc=0 :
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Figure 4.2: Contour plots of sign recovery probabilities whenC is compound symmetric
across possible values of the o�-diagonalc and log(� ) where n = 10 and k = 4 factors are
active with � = 2.
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d
dc

 �
� (cj k; � )jc=0 =

1
2k� 1

d
dc

8
<

:

X

~z2Z �
A

P(S� j c;� A = � ~z) � P(I � j c;zA = ~z)

9
=

;

�
�
�
�
c=0

=
1

2k� 1

X

~z2Z �
A

�
P(S� j c = 0; � A = � ~z)

d
dc

P(I � j c;zA = ~z)jc=0

+ P(I � j c = 0; zA = ~z)
d
dc

P(S� j c;� A = � ~z)jc=0

�

= P(S� j c = 0; � A = � ~z)
d
dc

�
P � (I � j c;zA = ~z)

�
jc=0

+ P(I � j c = 0; zA = ~z)
d
dc

�
P � (S� j c;� A = � ~z)

�
jc=0 :

(4.13)

The �nal expression in (4.13) shows that, forc = 0 to be a critical point for  �
� (cj k; � ), both

d
dcP � (I � j c;zA = ~z)jc=0 and d

dcP � (S� j c;� A = � ~z)jc=0 must equal to 0. The two following

lemmas are proven in detail in Appendix A and are based on the following representations:

P � (S� j c;� A ) = E~z f P(S� j c;� A = � ~z)g (4.14)

P � (I � j c;zA ) = E~z f P(I � j c;zA = ~z)g ; (4.15)

where ~z = ( ~z1; ~z2; :::; ~zk)T and ~zi is i.i.d taking values of � 1 with equal probability for

i = 1; 2; :::; k. Additionally, the proofs of Lemmas 4.2.4 and 4.2.5 also involve directly applying

the multivariate Leibniz integral rule and known Gaussian integrals, much like the proofs of

Lemmas 4.2.2 and 4.2.3.

Lemma 4.2.4. For all A wherejAj = k, d
dcP(I � jc;zA = ~z)

�
�
c=0

= 0 for all � and all ~z 2 Z A .

Therefore,

d
dc

P � (I � jc;zA )
�
�
c=0

= 0 ; (4.16)

for all � .

It is important to note that the �rst result from Lemma 4.2.4, d
dcP(I � jc;zA = ~z)

�
�
c=0

= 0 for

all � and all ~z 2 Z A , implies that the result in Lemma 4.2.2 holds.
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Lemma 4.2.5. For all A wherejAj = k and � > 0,

d
dc

P � (S� j c;� A = � ~z)
�
�
c=0

= 0 ; (4.17)

for all � .

Lemmas 4.2.4 and 4.2.5 along with the expression in(4.13), show that c = 0 is a critical

point for  �
� . However, the concavity of �

� at c = 0 must be considered to show that �
� is

locally maximized at c = 0. The bottom plot of Figure 4.2 shows that �
� is not concave at

c = 0 for all � . The following theorem established the� -region in which  �
� is concave at

c = 0, meaning  �
� has a local maximum atc = 0.

Theorem 4.2.2. For all A where jAj = k and � > 0, d
dc �

� (cjk; � )
�
�
c=0

= 0 for all � .

Moreover, c = 0 is a local maximum for �
� (cjk; � ) when

q
� k

2

�
� ng(� n )
G(� n )

�
k(1 � � 2

n ) + ( q � 1)
� ng(� n )
G(� n )

�
�

g(� n )
G(� n )

�
� n + � n + � 2

n � n �
�

� 2
n � � 2

n

2
+ � n � n

�
g(� n )
G(� n )

� (4.18)

where� n = �
p

n and G(� n ) = G(� n ) � G(� � n ).

Theorem 4.2.2 establishes a mathematical justi�cation for heuristic orthogonality measures

under unknown signs. When condition(4.18) holds, d2

dc2  �
� (cjk; � )

�
�
c=0

� 0, meaning �
� (cjk; � )

has a local maximum atc = 0.

Applying this result to the situation shown in Figure 4.2, inequality (4.18) holds for

log(� ) 2 [� 0:943; 0:640]. For log(� ) outside this region, there are clearly somec > 0 for which

 �
� (c) > 0, although the probabilities are relatively small.

Figure 4.3 plots d2

dc2  �
� (cjk; � )

�
�
c=0

as log(� ) changes. The colored vertical lines denote

severallog(� ) values of interest. The red and blue lines denotelog(� ) = � 0:943 andlog(� ) =

0:640, respectively, which are the endpoints of thelog(� ) region where(4.18) holds. The purple

and brown lines (log(� ) = 0 :47; 0:71) represent thelog(� ) values where d2

dc2  �
� (cjk; � )

�
�
c=0

is

at its most negative and most positive, respectively. The green and yellow lines (log(� ) =

� 0:36; 0) represent two otherlog(� ) values of interest in the region where(4.18) holds.

Figure 4.3 shows a negatived2

dc2  �
� (cjk; � )

�
�
c=0

for log(� ) 2 [� 0:943; 0:640], con�rming that

the region where(4.18) holds denotes thelog(� ) region where �
� (cjk; � ) is concave atc = 0.
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Figure 4.3: Graph of the second derivative of �
� (cjk; � ) at c = 0 for the scenario shown in

Figure 4.2. The colored vertical lines representlog(� ) values of interest which are plotted
in Figure 4.4. The region between the red and blue lines represent thelog(� ) region where
(4.18) holds.

Figure 4.4 plots �
� (cjk; � ) against c for each of the sixlog(� ) values denoted in Figure 4.3.

The colored vertical lines representc = 0 and correspond with the colored vertical lines in

Figure 4.3. However, Figure 4.3 shows the second derivative of �
� (cjk; � ) at c = 0 while the

plots in Figure 4.4 shows �
� (cjk; � ) itself. As expected from Figure 4.3 and Theorem 4.2.2,

each plot from Figure 4.4, except thelog(� ) = 0 :71, shows at least a local maximum at

c = 0. There are somelog(� ), even whenlog(� ) lies within the region where(4.18) holds,

wherec = 0 is not a global maximum. This is demonstrated by thelog(� ) = � 0:943 plot in

Figure 4.4. However, by examining the plots in Figure 4.4 wherec = 0 is globally optimal, we

see that the sign recovery probabilities forlog(� ) values wherec = 0 is not a global maximum

are much smaller than the probabilities forlog(� ) values wherec = 0 is the global maximum.

These small probabilities forlog(� ) values wherec = 0 is not a global maximizer for

 �
� (cjk; � ) do not in
uence  �

max and have minimal in
uence on �
� . Therefore, we conjecture

that generally c = 0 is a global maximum for the unknown sign criteria, �
max and  �

� . Thus,
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orthogonal designs are optimal when no sign information is known. In the SSD setting, this

implies that SSD heuristic criteria that target orthogonality directly, such asUE(s2) and

E(s2), will see increased lasso sign recovery performance when signs of e�ects are unknown.

Figure 4.4: Graphs of �
� (cjk; � ) as c changes for the 6log(� ) values of interest in Figure 4.3.

The vertical colored lines atc = 0 correspond to the color of the lines in Figure 4.3.
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4.3 Examples Revisited

We now revisit the exact design scenarios from Section 3.4. For each exact design from

Section 3.4, we �nd the average of the o�-diagonals of theirC matrices, denotedE(c) and

compare to the optimal compound symmetricc values, denotedc� . If we let C �
� represent

the optimal compound symmetric lasso information matrix when integrating over a range of

log(� ) with o�-diagonal c� and let C represent the lasso information matrix of a given design,

then the Frobenius norm ofC � C �
� can be used to measure how closely an exact design'sC

matrix compares toC �
� . Formally, the Frobenius norm, denotedjj � jj F , is de�ned as follows

for a generalm � n matrix D :

jjD jjF =

 
mX

i =1

nX

j =1

jdij j2
! 1=2

:

Although the compound symmetricC matrix theory is derived assumingV = I , the exact

designs evaluated in this section do not share the same property. Therefore, the mean of

the diagonal elements of each design'sV matrix is also shown. This represents the average

Euclidean length of the columns ofX and is denotedm(V ). A larger m(V ) is more favorable

for the S� event.

4.3.1 Scenario 1 Revisited

Recall that Scenario 1 entails a smaller experiment (n = 9, p = 10) where SSDs should

perform quite well. While the HILS-optimal designs are optimized for the scenario where all

signs are equally likely, both the all signs and all positive signs case are displayed. Table 4.1

shows theE(c), m(V ), and jjC � C �
� jjF for each design. Note that the optimal compound

symmetric lasso information matrix,C �
� , changes when di�erent information about the sign

vector is assumed. Since both the all signs and all positive signs case are displayed in this

section, Table 4.1 displaysjjC � C �
� jjF for both cases.
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Table 4.1: E(c), m(V ), and jjC � C �
� jjF (under di�erent sign vector settings) of designs

compared in Scenario 1.

Design E(c) m(V ) jjC � C �
� jjF for zA = 1 jjC � C �

� jjF for equally likely zA

HILSmax 0.019 0.9778 2.003 1.639

HILS� 0.025 0.9778 1.969 1.639

PED 0.011 0.9580 2.218 1.843

In the case where all signs are equally likely,c� = 0 by Theorem 4.2.2 and the conjecture

at the end of Section 4.2.2. The left panel of Figure 4.5 shows exactly what is shown in

Figure 3.5, plotting � �
� vs. log(� ) for the PED and the two HILS-optimal designs selected

under di�erent measures. The right panel of Figure 4.5 shows the probability contours inC

were compound symmetric in the case wherezA 2 Z A . From the E(c) values in Table 4.1,

we see that the PED minimizesjE(c) � c� j but also has the smallestm(V ) and largest

jjC � C �
� jjF of all designs. Since the PED is dominated by the two HILS-optimal designs in

the left panel of Figure 4.5, we posit thatm(V ) and jjC � C �
� jjF are likely better indicators

of a design's performance.

The two HILS-optimal designs have equalm(V ) but a small di�erence in jE(c) � c� j, with

HILSmax being smaller. However,jjC � C �
� jjF takes into account both thejE(c) � c� j and

the variance of the o�-diagonals ofC. SincejjC � C �
� jjF is equal between the two designs,

their C matrices are essentially equally similar toC �
� . The left panel of Figure 3.5 shows no

di�erence between the HILS-optimal designs in terms of ��� . This demonstrates that designs

that have equalm(V ) and jjC � C �
� jjF should have equal or near equal performance in terms

of � �
� .
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Figure 4.5: The left plot shows ��� vs. log(� ) for the HILS-optimal designs and the PED
under scenario 1. The right plot shows the sign recovery probability contour plots ifC were
compound symmetric under scenario 1 withzA 2 Z A . The optimal c value in this case is
c� = 0.

In the case wherezA = 1, c� = 0:14. Figure 4.6 shows the analog of Figure 4.5 but with

zA = 1. In this case, the PED has both the minimumm(V ) and the maximum jjC � C �
� jjF

for the three designs displayed. Therefore, it is unsurprising that the PED is outperformed by

the HILS-optimal designs in the left panel of Figure 4.6. In comparing the two HILS-optimal

designs,HILSmax has a slightly smallerjjC � C �
� jjF compared toHILS� . SinceHILS� was

selected to optimize ��� and C �
� itself was optimized for �

� , it is not surprising that HILS�

has a slightly smallerjjC � C �
� jjF .
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Figure 4.6: The left plot shows �� vs. log(� ) for the HILS-optimal designs and the PED
under scenario 1 withzA = 1. The right plot shows the sign recovery probability contour
plots if C were compound symmetric under scenario 1 withzA = 1. The optimal c value in
this case isc = 0:14.

4.3.2 Scenario 2 Revisited

Next, we revisit the Scenario 2 from Section 3.4.2 wheren = 14, p = 20, k = 5, and zA = 1.

Recall that, in this scenario, the HILS algorithm selected the PED as optimal and the PED

was compared to the next best design selected by HILS, which was aV ar(s+)-optimal design.

Table 4.2 displaysE(c), m(V ), and jjC � C �
� jjF for the two designs.

Table 4.2: E(c), m(V ), and jjC � C �
� jjF of designs compared in Scenario 2.

Design E(c) m(V ) jjC � C �
� jjF

PED 0:050 0:9715 5:175

V ar(s+) 0:070 0:9623 4:960

For this scenario,c� = 0:09. The left panel of Figure 4.7 displays exactly what is shown in

Figure 3.7, plotting � � vs. log(� ) for the PED (selected by HILS) and the next bestV ar(s+)-

optimal design. The right panel of Figure 4.7 shows the probability contours ifC were

compound symmetric. Interestingly, theV ar(s+)-optimal design has a lowerjE(c) � c� j and
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jjC � C �
� jjF than the PED, but the left panel of Figure 4.5 shows that the PED consistently

outperforms theV ar(s+)-optimal design. The utility of the PED over the V ar(s+)-optimal

design is likely because the PED has a largerm(V ) which increasesP(S� ).

Figure 4.7: The left plot shows �� vs. log(� ) for the HILS-optimal designs and the PED
under scenario 2 withzA = 1. The right plot shows the sign recovery probability contour
plot if C were compound symmetric under scenario 2 withzA = 1. The optimal c value is
c = 0:09.

4.4 Discussion

This chapter shifts the lasso sign recovery optimal design framework presented in Chapter

3 from optimizing a design itself, to optimizing over information matricesC. We further

restrict our optimization space to the class of compound symmetric matrices,C = f C =

(1 � c)I + cJ j � (k � 1)� 1 < c < 1g, using a matrix averaging argument. In doing so, optimal

lasso sign recovery changes to a univariate optimization problem overc. It is important to

note that the theorems, lemmas, and results presented in this chapter do not depend on the

SSD setting wheren < p + 1 and could be applied to other design settings to optimize lasso

sign recovery probability.

The heuristic SSD criteria given in Table 2.2 target ideal structures ofC that are compound

symmetric. The orthogonal heuristics,UE(s2) and E(s2), target a compound symmetricC

matrix with c = 0, while the V ar(s+) criterion with no e�ciency constraint is optimized for a

70



compound symmetricC with a c > 0. This chapter then de�nes the probability of lasso sign

recovery whenC is compound symmetric and provides theoretical justi�cation for optimal

C matrices under di�erent sign settings. More formally, the major contributions from this

chapter are:

1. A study of the optimal form of C, the lasso information matrix, with and without

known z. By conditioning on compound symmetric matrices, we arrive at a univariate

optimization problem. The framework mimics the approximate design approach for

least-squares analyses.

2. In the case of knownz, we prove that across all compound symmetric matrices,C = I ,

i.e., an orthogonal design, is suboptimal for nearly all� > 0. The optimal form instead

takes on positive, constant o�-diagonal elements. This optimal form rigorously justi�es

the V ar(s+)-criterion when z is known. This at least partially solves the open problem

of how V ar(s+)-optimal designs achieved better screening properties in simulations.

3. In the case of unknown sign information,C = I is shown to be a local maximum for

a range of� . We also conjecture that for lasso sign recovery measures that integrate

over a range of� , C = I is likely to be a global optimal. This rigorously justi�es the

UE(s2){criterion in the cases of unknownz.

While the compound symmetricC matrix approach develops key insights into the optimal

C matrix forms for lasso sign recovery, there are two key disconnects between the compound

symmetric theory and exact design applications. First, there may not exist a design,X

that produces the optimal compound symmetricC, especially for two-level SSDs. Second,

the theory developed in this chapter assumesV = I , which is only possible when all of

the columns ofX are balanced. Thus, if there were a designX that produced the optimal

compound symmetricC, it would also need to have balanced columns for the theory to apply

explicitly. Note that the E(s2) criterion from Lin (1993) requires this column balance and

thus would have this favorable property under this framework.

Despite these disconnects, the framework developed in this chapter can be used to evaluate

exact designs more thoroughly. Section 4.3 demonstrates the application of these insights by

evaluating two exact design properties: (1) how closely an exact design'sC matrix compares

to the optimal compound symmetric lasso information matrix,C �
� , through jjC � C �

� jjF and

(2) the V matrix itself through the mean of the diagonals ofV , denotedm(V ).
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A natural area for future research is to develop an exact design optimality criterion

leveraging the results from this chapter. This criterion would somehow balance the distance of

an exact design'sC matrix from the optimal compound symmetric form and the dependence

of P(S� ) on V . Perhaps a Pareto optimal approach for the minimizingjjC � C �
� jjF and

maximizing m(V ), like what is done in Singh and Stufken (2022), could prove to be worthwhile.

There are many other avenues of future research to be explored. First, it is important

to establish the concavity (or log concavity) of the criteria that are summarized over� .

We have already seen that such criteria are not concave for a �xed� . Second, the proof

of our conjecture that c = 0 is a global optimum for  �
max and  �

� . The concavity (or log

concavity) of these measures from the �rst avenue is necessary for this proof. Lastly, a closed

form expression for the optimalc value whenzA = 1 should be investigated. Although, a

closed form expression for suchc might not exist.
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CHAPTER

5

RELAXATIONS OF THE LASSO SIGN

RECOVERY MEASURES

5.1 Motivation and Introduction

Chapters 3 and 4 focus on the probability of perfect lasso sign recovery to compare designs.

However, in some settings, a potential support,A , may have zero probability of perfect

sign recovery for all� . Figure 5.1 shows the lasso coe�cient paths for then = 12, p = 26,

E(s2)-optimal design from Marley and Woods (2010) whenA = f 1; 2; 3; 4g and � A = 51. In

this case, there is nolog(� ) value where all truly active e�ects are estimated as non-zero and

all inactive e�ects are shrunken to zero.

Ranking designs according to the probability of exact sign recovery may be too demanding

as it is possible for an optimal design to have an extremely low probability of strict sign

recovery. There could be other lasso solutions that lead to valuable screening inferences upon

investigation of the lasso's solution path. Since the overall goal of SSDs is to selectpotentially

active factors on which to perform follow up experiments, an obvious relaxation of the exact
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Figure 5.1: The lasso coe�cient paths for then = 12, p = 26, E(s2)-optimal design from
Marley and Woods (2010) whenA = f 1; 2; 3; 4g and � A = 51

.

sign recovery criteria is to allow for the lasso to select a few truly inactive factors as long as

the active set selected by the lasso containsA . We deem this eventtolerant sign recovery

because it is willing to tolerate a few false selections.

For a given A and zA , we let Â denote the indices of the non-zero lasso estimates and

partition the inactive set as I = I 1 [ I 2. Then the lasso estimates achieve tolerant sign

recovery when:

a) Â = A [ I 1 whereI 1 is a subset ofI

b) ẑA = zA (i.e., the estimated signs of the truly active e�ects equals the true sign vector)

Note that the points above do not depend on̂zI 1 , the estimated sign vector for the e�ects

in I 1. For brevity, let ẑT
Â

= ( zT
A ; ẑT

I 1
). Then, for the lasso estimate to achieve tolerant sign

recovery, there must then exist someI 1 and some corresponding sign vector̂zI 1 that satis�es

the following KKT conditions:
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�̂ �
Â =

1
n

C � 1
Â

FT
Â y � � C � 1

Â
ẑÂ ; (5.1)

0 < ZA �̂ �
A (5.2)

0 < Ẑ I 1 �̂ �
I 1

; (5.3)

� 1 �

�
�
�
�C I 2 Â �̂ �

Â �
1
n

FT
I 2

y

�
�
�
� : (5.4)

These equations are de�ned for a givenI 1 and ẑI 1 and, conditioned on these two properties,

the joint probability of (5.2) and (5.3) can written as a multivariate normal probability

calculation. This joint probability can be written in the exact form of (3.3) with Â replacing

A , ẑÂ replacing zA , and � T
Â

= ( � T
A ; 0T

jI 1 j) replacing � A . Calculating the probability of the

lasso's tolerant sign recovery, however, requires evaluation and summation of the probability

of the above equations across all possibleI 1 and their 2q1 possibleẑI 1 whereq1 = jI 1j.

The remainder of this chapter describes an optimal SSD framework for tolerant sign

recovery under the lasso. We extend much of the theoretical results and insights from Chapters

3 and 4 to the tolerant sign recovery case, while commenting on a few key di�erences.

Additionally, we conjecture that designs that are optimal under the exact sign recovery

measures in Chapters 3 and 4 should be at least near-optimal under the tolerant sign recovery

framework presented here.

5.2 Exact Local Optimality for Tolerant Sign Recovery

To mathematically de�ne these probabilities, we �rst de�ne � � (X j � ; I 1; ẑI 1 ) be the proba-

bility of tolerant lasso sign recovery for a �xed� when � , I 1, and ẑI 1 are known. This is the

tolerant analog of (3.5) from Chapter 3.

Corollary 5.2.1. For a given X and its F, consider a� and ẑI 1 and their re
ections � �

and � ẑI 1 . Then

� � (X j � ; I 1; ẑI 1 ) = � � (X j � � ; I 1; � ẑI 1 ) :

The proof of Corollary 5.2.1 is not shown in this work, but is a simple extension of the

proof of Lemma 3.2.1 withÂ instead ofA . It is important to point out that Corollary 5.2.1 is

not a true analog of Lemma 3.2.1 for the tolerant sign recovery case since it is not true that

� � (X j � ; I 1; ẑI 1 ) = � � (X � � ; I 1; ẑI 1 ). While Corollary 5.2.1 is an interesting extension of
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the exact sign recovery case, it is not useful by itself because the total tolerant sign recovery

probability is of interest. That is, we are interested in summing these probabilities over all

possibleI 1 and ẑI 1 for q1 = 1; 2; :::; q. This sum can itself be computationally burdensome,

requiring
� q

q1

�
2q1 evaluations of� � (X j � ; I 1; ẑI 1 ) for eachq1. Thus, considering allq1 up to q

is obviously absurd. A more practical approach is to capq1 at a maximum of say 2 or 3. We

let q�
1 represent this cap.

For a �xed � , known � , and givenI 1 we de�ne the following intermediate measure:

� � (X j � ; I 1) =
X

ẑ I 1 2Z q1

� � (X j � ; I 1; ẑI 1 ) ;

whereZ q1 = f� 1; 1gq1 . This is an obvious relaxation from knowinĝzI 1 explicitly. Additionally,

let I A
q1

denote the set of possibleI 1 of sizeq1 for a givenA. Then de�ne local tolerant sign

recovery criterion as:

� � (X j � ; q�
1) =

q�
1X

q1=0

X

I 12I A
q1

� � (X j � ; I 1) : (5.5)

The � � criterion is clearly nondecreasing asq�
1 increases, since allowing for a larger number of

maximum false selections can only increase the total probability represented by� � . Addition-

ally, this criterion can be used to show a more true analog of Lemma 3.2.1 for the tolerant

sign recovery case.

Lemma 5.2.1. For a �xed q�
1, a given X , and its F, consider a � and its re
ection � � .

Then

� � (X j � ; q�
1) = � � (X j � � ; q�

1) :

Proof. First, �x q1 � q�
1, I 1 2 I A

q1
, and ~zI 1 2 Z q1 . Note that � ~zI 1 is also inZ q1 . So, for a

given � , the terms in � � (X j � ; I 1) contain both � � (X j � ; I 1; ~zI 1 ) and � � (X j � ; I 1; � ~zI 1 ).

By Lemma 5.2.1 we can write:

� � (X j � ; I 1; ~zI 1 ) = � � (X j � � ; I 1; � ~zI 1 )

� � (X j � ; I 1; � ~zI 1 ) = � � (X j � � ; I 1; ~zI 1 ) :
(5.6)

Then, for � � , the terms in � � (X j � � ; I 1) contain both � � (X j � � ; I 1; ~zI 1 ) and � � (X j �
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� ; I 1; � ~zI 1 ). Because of the equivalences in(5.6) and since~zI 1 was chosen arbitrarily, we

see that:

� � (X j � ; I 1) = � � (X j � � ; I 1)

The equivalence above holds for anyq1 � q�
1 and I 1 2 I A

q1
. Therefore, � � (X j � ; q�

1) =

� � (X j � � ; q�
1).

The � � criterion assumes a �xedA and zA , but the evaluation of these tolerant sign

recovery probabilities over all possibleA and zA is desired. Much like Section 3.2.2, we assume

j� A j = � 1 where � � 1 so that an active factor's e�ect is at least of the same magnitude

as the noise. We �rst focus on the criterion that treatszA as known, but averages over all

equally likely A of sizek. Recall from Section 3.2.2 thatA k denotes the set of all possible

supports of sizek, and let A be thep� p diagonal matrix of all zeroes except for the diagonal

elements corresponding toA , which are set to 1. We de�ne the the sign-dependent tolerant

sign recovery criterion for a given� as:

� � (X j k; �; q �
1) =

�
p
k

� � 1 X

A2A k

� � (X j � = � A1 ; q�
1) :

The notation � instead of � indicates consideration of allA 2 A k . To match the notation

conventions in Chapters 3 and 4, we let ��� represent the average of� � across all possibleA

and zA .

Although the result from Lemma 5.2.1 allows for ��� to average over 2k� 1 values ofzA

thus cutting the number of computations in half, � �
� remains prohibitively burdensome to

calculate directly in most cases. The computational costs of each measure de�ned above are

shown in Table 5.1. While strategies presented in Section 3.3, such as the NBIBD approach

from Smucker and Drew (2015) to sample fromA k , can help ease computational burden, we

will focus mostly on the case wherezA is known in this chapter.
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Table 5.1: Computational costs of tolerant sign recovery measures.

Measure Number of � � Evaluations

� � (X j � ; q�
1)

P q�
1

q1=1

� q
q1

�
2q1

� � (X j k; �; q �
1)

� p
k

� P q�
1

q1=1

� q
q1

�
2q1

� �
� (X j k; �; q �

1) 2k� 1
� p

k

� P q�
1

q1=1

� q
q1

�
2q1

Figure 5.2: tolerant sign recovery measures (�� ) by di�erent q�
1 values for theHILS� design

from Section 3.4.1 withzA = 1. Recall from Section 3.4.1

Clearly, for a given design scenario, the value of the exact sign recovery measures developed

78



in Chapter 3 will always be no more than those of tolerant sign recovery measures. This is

because(5.5) is nondecreasing asq�
1 increases, and the exact sign recovery measures can be

thought of as a special case of the tolerant measures whereq1 = 0. Furthermore, the lasso

selects a larger active set for smaller� . Thus, since the tolerant sign recovery framework

allows for a largerÂ that contains A , the tolerant sign recovery measures will show the

most improvement over the exact measures for smaller values of� . Figure 5.2 demonstrates

these behaviors by plotting � � against log(� ) for q�
1 = 0; 1; 2; 3 on the HILS� design from

Section 3.4.1 withzA = 1. Recall from Section 3.4.1 that, for this scenario,n = 9, p = 10,

k = 3, and � = 3. Figure 5.2 shows that most of thelog(� ) range where there is appreciable

increase for the tolerant sign recovery measures over the exact measure (given byq�
1 = 0)

is less than thelog(� ) value where the exact measure reaches its maximum (approximately

log(� ) = 0 :5). The di�erence between the tolerant measures and the exact measure disappears

quickly as log(� ) increases from 0:5. Additionally, as q�
1 increases, �� shows an increase at

smaller log(� ). Clearly, as q�
1 grows, the tolerant sign recovery criteria is allowing for larger

active sets to be selected, which favor smaller� values.

Comparing SSDs with the tolerant sign recovery criterion is very similar to comparisons

with the exact criterion given in Chapter 3. However, the choice ofq�
1 may change the

conclusions of the comparisons. Figure 5.3 shows the comparison of the HILS-optimal designs

(HILS � and HILSmax ) with the PED (Singh and Stufken 2022) from Section 3.4.1 using the

� � criterion when zA = 1 for di�erent values of q�
1. Note that the q�

1 = 0 plot is the same as

what is shown in Figure 3.6. Much like Figure 5.2, asq�
1 grows, the � � measures for each

design see an increase for smallerlog(� ). Because of this, the tolerant sign recovery criterion

will favor designs that have larger exact sign recovery criterion values at lower values of

log(� ). For the exact sign recovery case (q�
1 = 0), the PED reaches its maximum at a smaller

log(� ) compared to the two HILS-optimal designs, but the PED's maximum is smaller than

the maximum for HILSmax . As q�
1 increases from 0, the maximum of the PED dominates the

maximums from the HILS-optimal designs because it occurs at a smaller log(� ).

Summary measures over� for the tolerant sign recovery criterion are denoted �� and

� max , which are exact analogs of �� and � max for the exact sign recovery case de�ned in

Section 3.2.2. Table 5.2 shows the �� and � max by q�
1 for each design in Figure 5.3. It

is important to note that the HILS-optimal designs are selected to maximize a summary

measure of the exact sign recovery criterion using Algorithm 1. In fact, Algorithm 1 can

be easily extended theoretically to instead optimize for the tolerant sign recovery criterion.
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Figure 5.3: Tolerant sign recovery measures (�� ) by di�erent q�
1 values comparingHILS� ,

HILSmax , and PED from Section 3.4.1 withzA = 1.

However, the additional computational burden that accompanies the tolerant criterion makes

this extension intractable in most scenarios.

Table 5.2 shows that the PED,HILS� , and HILSmax are competitive with one another in

the tolerant sign recovery case. Thus, it is reasonable to conjecture that a design optimized for

the exact sign recovery criterion, while not necessarily optimal in the tolerant sign recovery

case, will at least be competitive with the optimal design for the tolerant criterion.
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Table 5.2: Summary measures of tolerant sign recovery for the three designs in Figure 5.3.

q�
1 Design � � (X j k; �; q �

1) � max (X j k; �; q �
1)

PED 1.208 0.832

0 HILS� 1.244 0.823

HILSmax 1.220 0.857

PED 1.741 0.953

1 HILS� 1.762 0.921

HILSmax 1.745 0.928

PED 2.223 0.988

2 HILS� 2.241 0.952

HILSmax 2.221 0.966

PED 2.766 0.998

3 HILS� 2.812 0.965

HILSmax 2.795 0.978

While the tolerant sign recovery criteria presented in this section represent a necessary

extension of the exact sign recovery criteria from Chapter 3, simply evaluating any of the

�-type criteria for a given X can be analytically burdensome. We next extend the tolerant

sign recovery criteria to an analog of Chapter 4. That is, we consider the optimal forms ofC

matrices, which we refer to as lasso information matrices.

5.3 Compound Symmetric Information Matrices and

Tolerant Sign Recovery

The motivations for moving from an optimality framework that seeks to optimize a design

X itself to an psuedo-approximate framework that seeks to identify the optimal pairings of

the C and V matrices are identical to those presented in the opening of Section 4.2 and

thus are not presented here. Recall that the approach in Chapter 4 �xesV = I and focuses

optimization over the class of compound symmetric lasso information matrices of the form

C = f C = (1 � c)I + cJ j � (k � 1)� 1 < c < 1g.

Like the exact sign recovery case, the KKT conditions for the tolerant sign recovery case
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can be represented by two eventsS� (corresponding to (5.2) and (5.3)) and I � (corresponding

to (5.4)). While these are denoted the same as the events in Chapters 3 and 4, they now

depend onq1 and ẑI 1 . The following corollary de�nes the probabilities of theS� and I � events

for C 2 C.

Corollary 5.3.1. Let V = I , C 2 C, � Â = ( � T
A ; 0T

jI 1 j)
T , and ẑT

Â
= ( zT

A ; ẑT
I 1

). Then, for A

and I 1 of sizesk and q1 respectively,P(S� j c;� Â ; ẑÂ ) = P(u <
p

nj� Â j) and P(I � j c;ẑÂ ) =

P(jv j � �
p

n1) where

u � N
�

�
p

n
1 � c

[1 � zÂ 
 ẑÂ ] ;
1

1 � c

�
I k+ q1 � 
 ẑÂ ẑT

Â

�
�

(5.7)

v � N
�
�

p
nzÂ 
 1; (1 � c) [I + 
 J ]

�
(5.8)

with zÂ = 1T ẑÂ and 
 = c=(1 + c(k + q1 � 1)). Moreover, if � A does not depend onA, the

probabilities of the two events are constant across all suchA .

Corollary 5.3.1 is the extension of Lemma 4.2.1 for the tolerant sign recovery case. Note

that, since C is compound symmetric, the probability of these two events are invariant to

the choice ofI 1 for �xed q1. With the two probabilities de�ned in Corollary 5.3.1, we assume

that j� A j = � 1 and de�ne the local compound symmetric tolerant sign recovery for a given

k, � A , q1, and ẑI 1 as:

 � (cj k; � A ; q1; ẑI 1 ) = P(S� j c;� Â ; ẑÂ ) � P(I � j c;ẑÂ ) : (5.9)

While Equation 5.9 is necessary to de�ne, it is not particularly useful since it is conditioned

on ẑI 1 . The tolerant sign recovery criterion of interest is the sum of � (cj k; � A ; q1; ẑI 1 ) over

all possibleẑI 1 and q1 = 0; 1; :::; q�
1. This is formally de�ned as:

� � (cj k; � A ; q�
1) =

q�
1X

q1=0

X

ẑ I 1 2Z q1

 � (cj k; � A ; q1; ẑI 1 ) : (5.10)

Furthermore, in keeping consistent with the notation developed previously, we let� �
� represent

the average of� � over all possible sign vectors for the active e�ects,� A .

As in Chapter 4, we focus on insights of the behavior of these tolerant sign recovery
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criteria around c = 0 which represents the orthogonality case. Recall thatV ar(s+)-optimal

designs have an idealC structure that is compound symmetric with c > 0. Furthermore,

V ar(s+)-optimal designs out perform the nearly orthogonal heuristics in simulation studies

that allow for false selections (Weese et al. 2021). Theorem 4.2.1 shows that, forC 2 C and

zA = 1, the exact sign recovery criterion is greater for somec > 0 than the orthogonal case

(c = 0). Intuitively, � � should show the same behavior.

Figure 5.4 shows the contour plots of� � (cj k; � A ; q�
1) with q�

1 = 0; 1; 2 for the example case

from Section 4.2.1 (n = 10, k = 4, zA = 1 and � = 2). Notice that the plot corresponding

to � � (cj k; � A ; q�
1 = 0) is the same as the plot of � (cj k; � ) in Figure 4.1. As q�

1 increases,

the area of high probability in the contour plots changes little, but the area of low (but

non-zero) probability expands forc > 0 and lower log(� ). The di�erences in the plots of

Figure 5.4 are rather subtle to see visually. Thus, Figure 5.5 shows the contour plots of the

increases of� � (cj k; � A ; q�
1 = 1) and � � (cj k; � A ; q�

1 = 2) over � � (cj k; � A ; q�
1 = 0). The plots in

Figure 5.5 show that, while there is increase atc = 0, the widest log(� ) ranges with tolerant

sign recovery probability increases happen forc > 0.

For each plot within Figure 5.4, the red horizontal lines represent thec values that are

optimal for � � , where � � is the summary measure integrated over a range oflog(� ). The

optimal c values are 0:14, 0:17, and 0:18 for q�
1 = 0; 1, and 2, respectively. While it is expected

that the optimal c values for eachq�
1 are positive, it is somewhat counter-intuitive that the

optimal c value should increase asq�
1 increases. Rigorous justi�cations as to why this happens

or in what situations this does occur is outside of the scope of this work. However, a possible

explanation could be that summing � (cj k; � A ; q1; ẑI 1 ) over all possibleẑI 1 includes the

case whereẑI 1 = 1q1 , meaning that there is a term in the sum where the overall vector

ẑÂ = 1k+ q1 . As Chapter 4 shows, when̂zÂ = 1k+ q1 a positive c value is optimal. We posit

that the optimal c value in this case increases ask + q1 grows, and this term in the sum

shown in (5.10) dominates the total tolerant sign recovery measure. Thus, asq�
1 increases, a

larger c value is optimal for � � .

Although the tolerant sign recovery criterion certainly complicates the mathematics, a

rigorous justi�cation that c > 0 is favorable compared toc = 0 for tolerant sign recovery

can be made. To begin, we focus on theI � event and extend and combine the results

from Lemmas 4.2.2 and 4.2.4. The following corollary utilizes the direct applications of the

multivariate Leibniz integral rule and utilization of known Gaussian integrals.
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Figure 5.4: Contour plots of tolerant sign recovery probabilities whenC is completely
symmetric and zA is known across possible values of the o�-diagonalc and log(� ) where
n = 10 and k = 4 factors are active with � = 2.

Corollary 5.3.2. For all A where jAj = k, and all I 1 where jI 1j = q1, de�ne Ẑ Â =

f� 1; 1gk+ q1 . Then,

d
dc

P(I � jc;ẑÂ )
�
�
c=0

= 0 ; (5.11)

for all � and all ẑÂ 2 ẐA .

Corollary 5.3.2 is generalized to include all possible sign vectors of the truly active e�ects,

zA , as well as all possiblêzI 1 . Thus, the case wherezA = 1 is covered by Corollary 5.3.2. The

proof of this result is not given explicitly, but notice that the exact sign recoveryP(I � j c;zA )

in Lemma 4.2.1 is equal toP(I � j c;ẑÂ ) from Corollary 5.3.1 whenk is replaced withk + q1.

Therefore, the exact sign recovery result thatddcP(I � jc;zA = ~z)
�
�
c=0

= 0 for all � and all

~z 2 Z A from Lemma 4.2.4 can be applied to the tolerant sign recovery case ofP(I � j c;ẑÂ )
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Figure 5.5: Contour plots of the increases of� � (cj k; � A ; q�
1 = 1) and � � (cj k; � A ; q�

1 = 2)
over � � (cj k; � A ; q�

1 = 0) when C is compound symmetric withn = 10, k = 4, and � = 2 with
zA known.
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for all � and all ẑÂ 2 Z A .

Taking the derivative of � � with respect to c and evaluating at c = 0 involves applying

the product rule to each term in the summand of(5.10). By utilizing the applications of

the multivariate Leibniz integral rule and known Gaussian integrals we arrive at a theorem

similar to Theorem 4.2.1.

Theorem 5.3.1. For all A wherejAj = k and any q�
1 � 0, d

dc� � (cj k; � A = � 1; q�
1)

�
�
c=0

> 0

for � satisfying

2� n �
g(� n )
G(� n )

; (5.12)

whereG(�) and g(�) represent theN (0; 1) cumulative distribution function and probability

density function, respectively, with� n = �
p

n and � n =
p

n(� � � ). Hence there exists some

c� > 0, where� � (c� j k; � A = � 1; q�
1) > � � (0 j k; � A = � 1; q�

1).

It is somewhat interesting that the � ranges are identical between Lemmas 4.2.3 and

Theorem 5.3.1. However, for a �xedq1, the S� event for the tolerant sign recovery case is

simply a relaxation of theS� event in the exact sign recovery case. Thus, it is intuitive that

the events should have identical or at least similar properties. The proof of Theorem 5.3.1

is included in the appendix and involves a combination of techniques used in the proofs of

Lemma 4.2.3 and Theorem 4.2.2.

As discussed in Section 4.2.1, inequality(5.12) holds for log(� ) � � 22:763 when applied

the situation shown in Figure 5.4 with known sign. This covers the entire region of� values

for which � � (c) > 0. It follows then that somec > 0 will maximize the summary measures

� � (c) or � max (c). Theorem 5.3.1 extends the mathematical justi�cation from Theorem 4.2.1

to tolerant sign recovery. That is, the ideal designs under theV ar(s+)-criterion improve the

probability of both exact sign recovery and tolerant sign recovery over orthogonal designs for

a known zA . This, like Section 4.2.1, represents the �rst such justi�cation under penalized

estimation.

When no information is known aboutzA , intuition from Section 4.2.2 points to the

optimality of orthogonal designs (c = 0). Figure 5.6 represents the same example scenarios as

Figure 5.4 but with no sign knowledge for� A . Figure 5.6 shows the sign independent tolerant

sign recovery criteria,� �
� , for di�erent values of q�

1.

The plots in Figure 5.6 are essentially indistinguishable from one another, with only a

slight widening of the yellow contour region aroundc = 0 as q�
1 increases. Figure 5.7 displays
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Figure 5.6: Contour plots of tolerant sign recovery probabilities whenC is completely
symmetric andzA is unknown across possible values of the o�-diagonalc and log(� ) where
n = 10 and k = 4 factors are active with � = 2.

the increases over theq1 = 0 case for� �
� (cj k; � A ; q�

1 = 1) and � �
� (cj k; � A ; q�

1 = 2). The plots

in Figure 5.7 show a contour of high improvement overc = 0 but also show the smallest

log(� ) range of improvement aroundc = 0. For each plot within Figure 5.6, the red horizontal

lines represent thec values that are optimal for � � . For any q�
1 value displayed in Figure 5.6,

c = 0 is optimal.

The mathematical justi�cation for the optimality of orthogonal designs for unknownzA

is much more di�cult under tolerant sign recovery compared to exact sign recovery. The

following lemma establishes that� �
� (c) has a critical point at c = 0.
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Figure 5.7: Contour plots of the increases of� � (cj k; � A ; q�
1 = 1) and � � (cj k; � A ; q�

1 = 2)
over � � (cj k; � A ; q�

1 = 0) when C is compound symmetric withn = 10, k = 4, and � = 2 with
zA unknown.
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Lemma 5.3.1. For all A wherejAj = k and any q�
1 � 0,

d
dc

� �
� (cj k; � A = � zA ; q�

1)jc=0 = 0 ; (5.13)

for all � .

Lemma 5.3.1 indicates that there is likely a region of� values wherec = 0 is at least a

local maximizer for � �
� (c). However, this region is more di�cult to de�ne than the region

for the exact sign recovery case in(4.13) because it changes for eachq1 2 f 0; 1; :::; q�
1g. Thus,

an intersection of theseq�
1 concavity regions form the �nal concavity region for� �

� (c). The

de�nition of this region is outside of the scope of this work and remains future work. However,

we conjecture thatc = 0 is optimal, or at least near-optimal, for the summary measure� �
� .

The small example displayed in Figure 5.6 demonstrates this conjecture as the optimalc

value remains atc = 0 as q�
1 increases.

5.4 Discussion

Chapters 3 and 4 present an optimal supersaturated design framework for the probability of

exact sign recovery under the lasso. Exact sign recovery refers to the event in which all truly

active e�ects are estimated as non-zero with the correct signs and all truly inactive e�ects

are estimated as zero under the lasso. In some design settings, exact sign recovery can have a

very low probability of occurring even for optimal designs. Obviously, exact sign recovery is a

very strenuous criteria to compare designs.

Chapter 5 presents a relaxation of exact sign recovery framework where the lasso is allowed

to select a few truly inactive factors as long as the active set selected by the lasso containsA

and the estimated sign vector for the truly active e�ects by the lasso matcheszA . We deem

this relaxation tolerant sign recovery since we are now tolerating a few false inclusions into

the active set. Chapter 5 de�nes the augmented KKT conditions necessary for tolerant sign

recovery to occur and extends the frameworks de�ned in Chapters 3 and 4 to the tolerant

sign recovery case.

Section 5.2 parallels the local optimal and relaxed local optimal framework for exact

designs from Chapter 3 but with tolerant sign recovery instead. The evaluation of the tolerant

sign recovery measures from Section 5.2 can be quite computationally burdensome, making

design construction algorithms untenable and even design evaluation algorithms like HILS
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problematic. However, from the examples shown in Section 5.2, it is reasonable to conjecture

that a design optimized for an exact sign recovery criterion will be near-optimal under tolerant

sign recovery. One area of future work from Section 5.2 is to �nd a less computationally

burdensome method of evaluating or approximating tolerant sign recovery probability.

Section 5.3 changes the tolerant sign recovery optimization space from designs themselves

to compound symmetric lasso information matrices. When the sign vector of the truly active

e�ects (zA ) is known, the results from Section 4.2.1 have analogous results under tolerant

sign recovery. Theorem 5.3.1 represents a rigorous justi�cation thatc > 0 is favorable over

orthogonal designs whenzA is known. While this was shown in Section 4.2.1 for the exact

sign recovery case, Theorem 5.3.1 extends this justi�cation to the tolerant sign recovery case.

Since theV ar(s+) criterion has an ideal structure of a compound symmetricC matrix with

c > 0, Theorem 5.3.1 builds on Theorem 4.2.1 to further justify the performance increase in

simulations that V ar(s+)-optimal designs see whenzA is known.

While we posit that orthogonal designs are optimal when there is no information about

zA available, the concavity conditions on� where this holds are much more di�cult to de�ne

than those in Theorem 4.2.2 and are outside of the scope of this work. An obvious area of

future work is to de�ne the conditions under whichc = 0 is optimal when zA is unknown.

This result would be the tolerant sign recovery analog of Theorem 4.2.2.

Overall, the tolerant sign recovery framework represents a necessary relaxation for optimal

supersaturated designs under lasso sign recovery. Moving from the exact sign recovery case

to the tolerant sign recovery case only complicates the mathematics and computational load.

However, the insights developed under the exact design framework generally apply to the

tolerant sign recovery framework as well.
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CHAPTER

6

FUTURE WORK

6.1 Motivation

This chapter describes areas of future work that can be leveraged to address two main

criticisms of the contributions in Chapters 3-5. The criticisms as well as short descriptions of

the sections addressing them are listed below:

1. Chapters 3-5 develop optimality frameworks assuming that the inactive e�ects,� I ,

are all exactly 0, but, in practice, inactive e�ects are rarely 0. How does having truly

non-zero inactive e�ects change the probability of sign recovery?

Section 6.2 addresses this question by rede�ningI to denote aninert set that contains

all e�ects that are su�ciently small but not necessarily zero. We de�ne the S� and

I � events under the inert set and describe how they are di�erent than the analogous

events in Chapter 3. Section 6.2 then discusses the issues with this approach and the

future work needed to address them.

2. The tolerant sign recovery framework from Chapter 5 allows for anyj 2 I to be included
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in Â as long as^� j > 0. However, for certain� , there is usually a clear separation between

the lasso estimates for truly active e�ects and truly inactive e�ects. Since the tolerant

sign recovery approach does not consider this separation, it can be too lenient in

inclusion into Â .

Section 6.3 introduces a hard-thresholding augmentation to the tolerant sign recovery

framework where e�ects that are estimated as non-zero by the lasso are deemed inactive

if their lasso estimates are below a certain threshold. This allows for the exploitation

of the separation of the estimates. We de�ne the KKT conditions associated with the

thresholded lasso and describe the computational challenges that must be addressed in

future work.

6.2 Inert E�ects

Throughout this dissertation, we have de�ned sign/support recovery with an inactive set

which denotes the set of e�ects that have size identically equal to 0. In practice, some e�ects

might be non-zero but su�ciently small. Instead of inactive, we refer to these e�ects asinert.

We de�ne the inert set to be I = f j : j� j j < � g where 0< � < 1. Thus, the de�nition of

the active set must shift toA = f j : j� j j > � g. Since the e�ects are scaled to be in terms of

signal-to-noise ratios, the upper bound on� is chosen as 1.

The goal of screening with the lasso is now to distinguish between the active set and

the inert set while estimating the signs of the active e�ects correctly. In this case, the KKT

conditions for lasso sign recovery are the exact same as those given in Equations(2.14) -

(2.16) simply with di�erent de�nitions for A and I . However, we now have� I 6= 0, and the

true model (after centering and scaling) becomes:

y � = FA � �
A + F I � �

I + e :

Plugging the true model into the KKT conditions, we can get adjustedS� and I � events.

The form of S� and I � themselves look the same as what is displayed in Chapter 3, but the

random vectors within the events have an additional term in their means. TheS� event under

an inert set is de�ned by:

S� j F; � A ; � I =
n

u <
p

nZA V 1=2
A � A

o
; (6.1)
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whereu � N (�
p

n ZA C � 1
A zA �

p
n ZA C � 1

A CAI V 1=2
I � I ; ZA C � 1

A ZA ). The S� event under an

inert set di�ers from (3.3) with an extra �
p

n ZA C � 1
A CAI V 1=2

I � I term in the mean ofu .

Notice that, if
p

n ZA C � 1
A CAI V 1=2

I � I is large and positive, this extra term actually increases

the probability of S� holding compared to the setting in Chapter 3.

The I � event under an inert set can be expressed as:

I � j F; z; � I =
�

jv j � �
p

n1
	

; (6.2)

where v � N (�
p

nC IA C � 1
A zA +

p
n(C I � C IA C � 1

A CAI )V 1=2
I � I ; C I � C IA C � 1

A CAI ). This

di�ers from (3.4) by an additional
p

n(C I � C IA C � 1
A CAI )V 1=2

I � I in the mean ofv. Much

like (6.1), the extra term can increaseP(I � ) by bringing the mean ofv closer to0.

While the extra terms in the means ofu and v can increase the individual probability of

their associated events holding, constructing a design to �nd to optimize both of these terms

can be di�cult because they may have competing objectives. A di�erent approach might

be to construct designs that minimize the impact (either positive or negative) of the extra

terms on S� and I � . Obviously, when� I is su�ciently close to 0, the impact of the extra

terms is inconsequential. For larger� I , an intuitive approach for the S� event is to minimize

C � 1
A CAI which represents the correlations between the columns ofX I and the columns of

X A . When the columns ofX I are orthogonal to columns ofX A , C � 1
A CAI = 0. This makes

E(u) = �
p

n ZA C � 1
A zA which is the same as the random vector in(3.3). However, for the

I � event, E(v) = �
p

n C I V 1=2
I � I which may or may not be optimal. This is not to mention

that, while minimizing the impact of these extra pieces, the other terms in the distributions

of u and v also play a large role in the overall sign recovery probability.

A local optimality approach for inert set sign recovery probability would specify all of the

local assumptions used in Chapter 3 while also setting� I = � I zI , where� I is the maximum

e�ect size for an inert e�ect speci�ed by an expert or practitioner andzI is the sign vector

for � I . For a given design and �xed� , � A , and � I , the probability of sign recovery under

an inert set can be calculated directly. Then the average probability of sign recovery over

all possibleA (and in turn I ) as well as all possiblezA and zI can be calculated and used

to compare designs. These measures add considerable computational cost to the already

burdensome evaluations in Chapter 3. While knowledge ofzA and NBIBD sampling from A k

can help ease the burden, more work is needed to make this approach feasible.

Future work must establish how designs optimized under the inactive setting (i.e., designs

from Chapter 3) will perform under the inert setting. We posit that designs optimized under
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the framework in Chapter 3 will be at least near-optimal for the inert framework. Additionally,

connecting the inert setting presented in this section with the compound symmetric lasso

information matrix approach from Chapter 4 could prove extremely valuable. It could justify

the e�cacy of existing SSD heuristic optimality measures under the inert setting as well as

allow for the development of new optimal design criteria targeting the framework from this

section.

6.3 Thresholded Lasso

Chapter 5 demonstrates a useful relaxation to exact sign recovery. However, there are cases

where the tolerant sign recovery approach is unnecessarily lenient. For example, Figure 6.1

shows the lasso coe�cient paths for then = 12, p = 26, E(s2)-optimal design from Marley

and Woods (2010) whenA = f 1; 2; 3; 4g and � A = 51. There is clear separation between

coe�cient paths of the active e�ects (labeled 1-4) and the inactive e�ects. However, there

is no log(� ) value where perfect sign recovery occurs because of e�ect 11. The tolerant sign

recovery framework in Chapter 5 would allow for e�ect 11 to be included inÂ , but the

separation between the coe�cient paths of the active e�ects and the inactive e�ects could be

leveraged to deem e�ect 11 inactive.

An intuitive way to use this coe�cient separation for better selection is to apply a hard-

threshold to the lasso estimates. Thethresholdedlasso deems every non-zero lasso estimate

above a set threshold (in absolute value) to be active, while all other e�ects are inactive. The

horizontal blue line in Figure 6.1 exempli�es a threshold of 1. Since the coe�cient paths for

all inactive e�ects are always under the threshold, for anylog(� ) value where the coe�cients

of the active e�ects are above the threshold, perfectthresholdedsign recovery is achieved.

For consistency with Chapter 5, we partition the true inactive set asI = I 1 [ I 2 and

let Â denote the indices of the non-zero lasso estimates witĥA = A [ I 1. For brevity, let

ẑT
Â

= ( zT
A ; ẑT

I 1
). The KKT conditions for the tolerant sign recovery approach are augmented

to apply a threshold, � .
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