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ABSTRACTConstru
ting maps of pollution levels is vital for air quality management, and presents statisti
al problemstypi
al of many environmental and spatial appli
ations. Ideally, su
h maps would be based on a dense networkof monitoring stations, but this does not exist. Instead, there are two main sour
es of information in theU.S.: one is pollution measurements at a sparse set of about 50 monitoring stations 
alled CASTNet, andthe other is the output of the regional s
ale air quality models (
alled Models-3). A related problem is theevaluation of these numeri
al models for air quality appli
ations that is 
ru
ial to assist in 
ontrol strategysele
tion.Here we develop formal methods for 
ombining sour
es of information with di�erent spatial resolutionsand for the evaluation of numeri
al models. We spe
ify a simple model for both the Models-3 output andthe CASTNet observations in terms of the unobserved ground truth, and estimate the model in a Bayesianway. This provides improved spatial predi
tion via the posterior distribution of the ground truth, allowsus to validate Models-3 via the posterior predi
tive distribution of the CASTNet observations, and enablesus to remove the bias in the Models-3 output by estimating additive and multipli
ative bias parameters inthe model. We applied our methods to data on SO2 
on
entrations, and we obtained high resolution SO2distributions by 
ombining observed data with model output. We also 
on
luded that the numeri
al modelsperform worse in areas 
loser to power plants, where the SO2 values are overestimated by the models.
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1 Introdu
tionEmission redu
tions were mandated in the Clean Air A
t Amendments of 1990 with the expe
tation that theywould result in major redu
tions in the 
on
entrations of atmospheri
ally transported pollutants. Maps ofloadings of pollutants to aquati
 and terrestrial e
osystems are useful over di�erent geo-politi
al boundaries,to dis
over when, where, and to what extent the pollution load is improving or de
lining. Ideally, su
h mapswould be based on a dense network of monitoring stations, 
overing most of the U.S., at whi
h 
uxes and
on
entrations of air pollutants would be measured on a regular basis. Unfortunately, su
h a network doesnot exist. Instead, there are two main sour
es of information about pollution levels in the U.S., and tworesulting ways of 
onstru
ting pollution maps. The �rst is a sparse set of about 50 irregularly spa
ed sitesin the Eastern U.S., the Clean Air Status Trend Network (CASTNet), at whi
h the EPA regularly measures
on
entrations and 
uxes of di�erent atmospheri
 pollutants (see Figure 1 (a)). It would be possible to use aninterpolation method to produ
e a pollution map. However, the air pollutants' 
uxes and 
on
entrations arefun
tions of terrain, atmospheri
 turbulen
e, vegetation, the rate of growth of the vegetation, and other soiland surfa
e 
onditions. Be
ause these fa
tors vary abruptly in spa
e and time and be
ause the monitoringstations are too far from ea
h other, interpolation of the CASTNet monitoring data is re
ognized to beinadequate for the problem (Clarke and Edgerton, 1997).The se
ond sour
e of information is pollution emissions data. The point and area sour
es emissions areavailable from known sour
es of pollution su
h as 
hemi
al plants, generally in the form of annual totals. Ifthe emissions data were a

urate and available at a �ne time resolution, and if we had pre
ise informationabout lo
al weather, land use and 
over, and pollution transport dynami
s, we 
ould in prin
iple work outpollution levels at ea
h point in time and spa
e quite a

urately. This ideal is far from being attained.However, the available emissions data have been 
ombined with numeri
al models of lo
al weather (theMesos
ale Model version 5 (MM5)), the emissions pro
ess (the Sparse Matrix Operator Kernel Emissions(SMOKE) model), as well as information about land use and 
over, to estimate pollution levels in spa
e andtime (the Community Multis
ale Air Quality (CMAQ) output) and to produ
e maps (Dennis et al, 1996).These are not statisti
al models but rather numeri
al deterministi
 simulation models based on systems ofdi�erential equations that attempt to represent the underlying physi
s; they take the form of huge blo
ks of2
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(a) (b)Figure 1: (a): Weekly average of SO2 
on
entrations (parts per billion, ppb) at the Clean Air Status and Trends Net-work (CASTNet) sites, for the week of July 11, 1995. (b): Output of Models-3, weekly average of SO2 
on
entrations(ppb), for the week of July 11, 1995. The resolution is 36 km2.
omputer 
ode. The 
ombination of these models is referred to as \Models-3" (models generation 3). Themodels are run by the EPA and individual U.S. states, and they provide estimates of pollutant 
on
entrationsand 
uxes on regular grids in parts of the U.S. (see Figure 1 (b)).The output of Models-3 generates averaged 
on
entrations/
uxes over regions of dimensions 36km�36km.This approa
h also may be unsatisfa
tory for two main reasons. First, the underlying emissions data areoften not of high quality (Dolwi
k et al., 2001). Se
ond, the underlying models may be inadequate in variousways. It seems 
lear that 
ombining the two main approa
hes and sour
es of information, the model estimatesand the point measurements, 
ould lead to a better solution. So far, e�orts to do this have fo
used on modelvalidation, in whi
h model predi
tions are 
ompared with measurements, and the models are revised andthe outputs adjusted if dis
repan
ies are found (Dennis et al., 1990). The �nal maps are still based on themodel output alone.The evaluation of physi
ally based 
omputer models for air quality appli
ations is 
ru
ial to assist in
ontrol strategy sele
tion. The high risk of getting the wrong 
ontrol strategy has 
ostly e
onomi
 andso
ial 
onsequen
es. The obje
tive 
omparison of modeled 
on
entrations with observed �eld data is an3



approa
h to assessment of model performan
e. Early evaluations of model performan
e usually relied onlinear least-squares analysis of observed versus modeled values, using traditional s
atter plots of the values,e.g. Clarke, (1964), Martin, (1971), and Hanna (1971). Further development of these proposed statisti
alevaluation pro
edures is needed, and we propose a Bayesian approa
h. The statisti
al assessment is tri
ky inthis 
ase, be
ause the model predi
tions and the observations do not refer to the same spatial lo
ations, andindeed are on di�erent spatial s
ales. The fa
t that they are on di�erent spatial s
ales is 
alled the \
hangeof support" problem. The model predi
tions are averages over large 36km � 36km grid squares, while theobservations are at points in spa
e; the two are thus not dire
tly 
omparable. One approa
h to making them
omparable is to apply interpolation and extrapolation methods to the CASTNet point measurements so asto produ
e empiri
al estimates of grid square averages, and then 
ompare those to the model predi
tions(Sampson and Guttorp, 1998). One diÆ
ulty with this is that the interpolated grid square averages 
an bepoor be
ause of the sparseness of the CASTNet network, and so treating them as ground truth for modelvalidation may be questionable.A related problem is that the 
omparison does not take into a

ount the un
ertainty in the interpolatedvalues. In this paper, we develop a new approa
h to the model validation problem, and show how it 
analso be used to remove the bias in model output, and to produ
e maps that 
ombine model predi
tionswith observations in a 
oherent way. Combining both sour
es of information, versus using just the sparsedata�eld or the unreliable model output, should lead to improved maps of air quality. We spe
ify a simplemodel for both Models-3 predi
tions and CASTNet observations in terms of the unobserved ground truth,and estimate it in a Bayesian way. Solutions to all the problems 
onsidered here follow dire
tly. Modelvalidation then 
onsists of 
omparing the CASTNet observations with their predi
tive distributions giventhe Models-3 output. Bias removal follows from estimation of the bias parameters in the model. Mapsof pollution levels and of the un
ertainty about them taking into a

ount all the available information arebased dire
tly on the posterior distribution of the (unobserved) ground truth. The resulting approa
h takesa

ount of and estimates the bias in the atmospheri
 models, the la
k of stationarity in the data, the waysin whi
h spatial stru
ture and dependen
e 
hange with lo
ations, the 
hange of support problem, and theun
ertainty about these fa
tors. It is an instan
e of the Bayesian melding framework for inferen
e about4



deterministi
 simulation models (Poole and Raftery, 2000), and its implementation is quite straightforward.A similar approa
h was proposed by Best et al. (2000), who relate di�erent spatially varying quantitiesto an underlying unobservable random �eld for a regression analysis of health and exposure data. In ourmethod we also have an underlying unobservable pro
ess, but the statisti
al model we propose is novel. Wepresent a new way to relate air pollution variables to an underlying pro
ess, with the true air pollutionvalues, as well as a new model for nonstationarity. Wikle et al. (2001) presented an approa
h to 
ombiningdata from di�erent sour
es to improve the predi
tion of wind �elds. Wikle et al.'s approa
h is a 
onditionalone in whi
h all the spatial quantities are de�ned through a series of statisti
al 
onditional models. In ourapproa
h we have a simultaneous representation of the data in terms of the underlying truth. The way weestimate the bias parameters is also novel. To our knowledge this is the �rst time that statisti
al methodsthat take into a

ount nonstationarity, 
hange of support, and the un
ertainty about these fa
tors have beenused for the evaluation of the regional s
ale air quality numeri
al models.In Se
tion 2 we des
ribe the statisti
al model, in Se
tion 3 we show how to estimate it, and in Se
tion 4we show some of our results for model validation and map 
onstru
tion using the 
ombined data for the airpollution problem.2 The Statisti
al Model2.1 General FrameworkWe do not treat CASTNet measurements as the \ground truth". Instead, we assume that there is somesmooth underlying (but unobserved) �eld that measures the \true" 
on
entration/
ux of the pollutant atea
h lo
ation. CASTNet data are these \true values" plus some measurement error. The Models-3 output
an also be written in terms of this true underlying (unobservable) pro
ess, with some parameters thatexplain the bias and mi
ros
ale noise in Models-3. The truth is assumed to be a smooth underlying spatialpro
ess with some parameters that explain the large s
ale and short s
ale dependen
y stru
ture of the airpollutants.Our obje
tives are model validation and bias removal for Models-3, and 
onstru
tion of maps of air5



pollution 
ombining Models-3 and CASTNet. We evaluate Models-3 by obtaining the posterior predi
tivedistribution of CASTNet given Models-3 output. We remove the bias in Models-3 by obtaining the posteriordistribution of the bias parameters given CASTNet data and Models-3 output. We 
onstru
t maps of airpollutants simulating values from the posterior predi
tive distribution of the true values (underlying pro
ess)given CASTNet data and Models-3 output.2.2 Statisti
al Models for CASTNet and Models-3 Output
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Figure 2: General Modeling Framework.Our general modeling framework is shown in Figure 2. We do not 
onsider CASTNet measurementsto be the \ground truth", be
ause there is measurement error. Thus, we assume there is an underlying(unobserved) �eld Z(s), where Z(s) measures the \true" 
on
entration/
ux of the pollutant at lo
ation s.At station s we denote the CASTNet observation at station s by Ẑ(s), and we assume thatẐ(s) = Z(s) + e(s); (1)6



where e(s) � N(0; �2e) represents the measurement error at lo
ation s. The pro
ess e(s) is independent ofZ(s):The true underlying pro
ess Z is a spatial pro
ess with a nonstationary 
ovarian
e,Z(s) = �(s) + �(s); (2)where Z(s) has a spatial trend, �(s); that is a polynomial fun
tion of s with 
oeÆ
ients �: We assume thatZ(s) has zero-mean 
orrelated errors �(s): The pro
ess �(s) has a nonstationary 
ovarian
e with parameterve
tor � that might 
hange with lo
ation.We 
ould model the output of the EPA physi
al models as follows:~Z(s) = a(s) + b(s)Z(s) + Æ(s): (3)Here, the parameter fun
tion a(s) measures the additive bias of the air quality models at lo
ation s, andthe parameter fun
tion b(s) a

ounts for the multipli
ative bias in the air quality models. The pro
essÆ(s) � N(0; �2Æ ) explains the random deviation at lo
ation s with respe
t to the underlying true pro
essZ(s). The pro
ess Æ(s) is independent of Z(s) and e(s); whi
h is the error term for CASTNet. Sin
e theoutputs of Models-3 are not point measurements but areal estimations in subregions B1; : : : ; Bm that 
overthe domain, D; we have ~Z(Bi) = ZBi a(s)ds+ b ZBi Z(s)ds+ ZBi Æ(s)ds (4)for i = 1; : : : ;m: A

ording to the EPA modelers with whom we have 
ommuni
ated the bias is mostlyadditive, and their experien
e suggests treating the fun
tion b(s) as 
onstant over spa
e. Therefore, wemodel the fun
tion a(s) as a polynomial in s with a ve
tor of 
oeÆ
ients, a0, and b as a unknown 
onstantterm.For spatial predi
tion we simulate values of Z from the posterior predi
tive distribution:P (ZjẐ; ~Z): (5)For model validation we simulate values of CASTNet given models-3, from the following posterior pre-di
tive distribution: P (Ẑj ~Z; a = 0; b = 1): (6)7



For bias removal we simulate values of the parameters a and b from the posterior distribution:P (a; bjẐ; ~Z): (7)2.3 Change of SupportThe 
hange-of-support problem o

urs when we 
ombine data sour
es with di�erent supports, or when thesupports of predi
tand and data are not the same. This problem is treated with detail in Cressie (1993, p.284). Here, we have point measurements at the CASTNet sites, and then we observe the output of Models-3averaged over regions, B1; : : : ; Bm, of dimensions 36km� 36km.In this se
tion we dis
uss algorithms to 
al
ulate the 
ovarian
e for areal measurements and the pos-terior predi
tive distribution of a random pro
ess at a point lo
ation Z(x0) given data on blo
k averages,Z(B1); : : : ; Z(Bm), where some of the blo
ks might be just a point.The 
ovarian
e for the blo
k averages is
ov(Z(Bi); Z(Bj)) = ZBi ZBj C(u;v)dudv=jBi jjBj j; (8)where C(u;v) = 
ov(Z(u); Z(v));C being a possibly nonstationary spatial fun
tion. If Bi = si (a point) the 
ovarian
e is de�ned by
ov(Z(si); Z(Bj)) = ZBj C(si;v)dv=jBj j: (9)In pra
ti
e, for ea
h pixel Bj we draw an independent set of lo
ations ujr; r = 1; 2; : : : ; Lj uniformlyover Bj ; and we approximate the integral in (9) with the following expression:d
ov(Z(Bi); Z(Bj)) = L�1i L�1j Xr Xr0 C(uir ;ujr0): (10)(e.g. Gelfand et al (2000)). We approximate the point predi
tionE(Z(x0)jZ); where Z = (Z(B1); : : : ; Z(BN))with Ê(Z(x0)jZ); whi
h is obtained using (10) as an approximation of (9). It is useful to note that, if wede�ne Ẑ(Bi) = L�1i Pr Z(uir) for i = 1; : : : ; N , then the solution Ê(Z(s0)jZ) is a
tually E(Z(s0)jẐ).In this paper, we de�ne the pro
ess Z in terms of a pointwise 
ovarian
e C(u;v), but we then use (9),approximated by (10), to derive the 
ovarian
es of the blo
k averages Z(Bi); i = 1; : : : ; N; in terms of the8



pointwise 
ovarian
e C(u;v): This is then used to de�ne a likelihood fun
tion for the parameters of the
ovarian
e fun
tion for the pro
ess Z in terms of the observed blo
k averages Z(B1); Z(B2); : : : ; Z(BN ):2.4 Methods for Combining Data with Di�erent Spatial ResolutionsThe spatial pro
esses Ẑ and ~Z are measuring/estimating the same quantity of interest but they have di�erentspatial resolution. The pro
ess Ẑ is observed at n lo
ations s1; : : : ; sn, so we have n point measurementsẐ = �Ẑ(s1); : : : ; Ẑ(sn)�T . The pro
ess ~Z is averaged over the subgrids B1; : : : ; Bm, so that we observe~Z = � ~Z(B1); : : : ; ~Z(Bm)�T : We model Ẑ and ~Z in terms of an underlying unobservable pro
ess Z; whi
h isthe true value of the quantity of interest. We take into a

ount the measurement error and potential bias ofẐ and ~Z as estimate of Z. Here we 
onsider model (1) for Ẑ and model (4) for the pro
ess ~Z:We now dedu
e the joint distribution of Ẑ and ~Z 
onditioning on the value of the parameters in models(1) and (4). We 
ould write this distribution as a fun
tion of the parameters to 
al
ulate the MLE for theparameters in models (1) and (4). Sin
e in pra
ti
e this 
al
ulation will be hard, we present a Bayesianapproa
h to estimate the parameters. We have0BB� Ẑ~Z 1CCA � N 8>><>>:0BB� �̂~a+ b~� 1CCA ;0BB� �C �CM�CM �M 1CCA9>>=>>; ; (11)where �̂ = (�(s1); : : : ; �(sn))T ;~a = �ZB1 a(s)ds; : : : ; ZBm a(s)ds�T ;and ~� = �ZB1 �(s)ds; : : : ; ZBm �(s)ds�T :In (11) �C is the 
ovarian
e of Ẑ (CASTNet) whi
h is the 
ovarian
e of Z plus measurement error, �M isthe 
ovarian
e of ~Z (Models-3), and �CM is the 
ross-
ovarian
e between the point measurements Ẑ and theblo
k averages ~Z. We write � to denote the 
ovarian
e of the multivariate normal distribution of �ẐT ; ~ZT�T ;so that � is a (n+m)� (n+m) matrix given by�i1;i2 = 
ov�Ẑ(si1); Ẑ(si2)� = C(si1 ; si2) + 1fi1=i2g�2e for i1; i2 � n;9



�n+j;i = �i;n+j = 
ov�Ẑ(si); ~Z(Bj)� = b2 ZBj C(si;v;�)dv=jBj j; for i = 1; : : : ; n and j = 1; : : : ;m;�n+j1;n+j2 = 
ov� ~Z(Bj1 ); ~Z(Bj2 )� = b4 RBj1 RBj2 C(u;v;�)dudvjBj1 jjBj2 j +1fj1=j2g�2Æ jBj1 j; for j1; j2 = 1; : : : ;m;where C(u;v;�) is the 
ovarian
e between Z(u) and Z(v), and � is the parameter asso
iated with the
ovarian
e of the true underlying pro
ess Z, the fun
tion 1A(x) is an indi
ator for the set A; i.e. takes thevalue 1 when x 2 A and 0 otherwise.The goal is to predi
t the value of Z at lo
ation x0 given the data. Thus we need the 
onditionaldistribution of Z(x0) given the observations, assuming all the parameters are known. We use the following
lassi
al result of multivariate analysis (see, e.g., Mardia, Kent and Bibby (1979), p. 63). If we 
onsider apartitioned multivariate normal ve
tor0BB� X1X2 1CCA � N 8>><>>:0BB� �1�2 1CCA ;0BB� �11 �12�21 �22 1CCA9>>=>>; ; (12)then the 
onditional distribution of X1 given X2 is normal with mean�1 +�12��122 (X2 � �2)and varian
e �11 � �12��122 �21:Applying this result with X1 = Z(x0), and X2 = Z = (ẐT ; ~ZT )T , then in our previous notation �11 =
ov(Z(x0); Z(x0)) = �20 , �22 = �, and �12 = 
ov(Z(x0);Z) = � , where � is a (n +m) dimensional ve
torwith 
omponents,�i = 
ov fZ(x0);Zig = 
ovnZ(x0); Ẑ(si)o = C(x0; si;�); for i = 1; : : : ; n;�n+j = 
ovfZ(x0);Zn+jg = 
ovnZ(x0); ~Z(Bj)o = b2 ZBj C(x0;v;�)dv=jBj j; for j = 1; : : : ;m;and Zi denotes the ith 
omponent of Z: We dedu
e then that the 
onditional distribution of Z(x0) givenfẐ; ~Zg is normal with mean �(x0) + �T��1(Z� �);where � = (�̂; ~a+ b~�)T10



and varian
e �20 � �T��1�:When the goal is to predi
t Z at a lo
ation x0, the Bayesian solution is the predi
tive distribution ofZ(x0) given the observations Z, p(Z(x0)jZ) / Z p(Z(x0)jZ;�) p(�jZ)d�: (13)A Gibbs sampling approa
h is used to simulate m values from the posterior of the ve
tor parameter �,where � = (�2e ; a0; b; �2Æ ;�;�): Thus, the predi
tive distribution is approximated by the Rao-Bla
kwellizedestimator: p(Z(x0)jZ) = 1m mXi=1 p(Z(x0)jZ;�(i)); (14)where �(i) is the i-th draw from the posterior distribution. We propose a Gibbs sampling approa
h, withthree stages. In stage 1 we sample from the 
onditional posterior of the parameters (�;�); the parametersthat represent the la
k of stationary of Z. In the se
ond stage we sample from the 
onditional posterior of theparameters that explain the bias of ~Z and the measurement error of Ẑ and ~Z, namely (�2e ; a0; b; �2Æ ). In stagethree, we simulate values of Z (the unobserved true values) at the lo
ations where we have measurementsfrom the pro
ess Ẑ and ~Z. We 
y
le through the three stages.2.5 Modeling a Nonstationary Covarian
eThe spatial patterns shown by the air pollutant 
uxes and 
on
entrations 
hange with lo
ation, in the sensethat the spatial 
ovarian
e is di�erent at di�erent lo
ations. Therefore, the underlying pro
ess Z in (2) isnonstationary and the standard methods of spatial modeling and interpolation, kriging, are inadequate. Inthis se
tion we give a new methodology for spatial modeling of nonstationary 
ovarian
e. More spe
i�
ally,we represent the pro
ess lo
ally as a stationary isotropi
 random �eld with some parameters that des
ribethe lo
al spatial stru
ture (Fuentes 2001, 2002). These parameters are allowed to vary a
ross spa
e andre
e
t the la
k of stationarity of the pro
ess.A broad 
lass of stationary Gaussian pro
esses may be represented in the formZ(s) = Z K(s� u)X(u)du;11



with K(�) some kernel fun
tion and X(�) a 
onstant-varian
e Gaussian white noise pro
ess. Higdon, Swalland Kern (1999) 
onsidered extensions of the formZ(s) = Z Ks(u)X(u)du; (15)where the kernel Ks depends on position s. The idea of Higdon et al. was to model Ks(u) as an unknownfun
tion in terms of spe
i�
 parameters whi
h 
an then be estimated in a hierar
hi
al Bayes framework.In the 
ase where Ks is a Gaussian kernel for ea
h s, this leads to tra
table expressions for the 
ovarian
efun
tion and hen
e the likelihood fun
tion for the pro
ess. Ver Hoef and Barry (1998) used a similar movingaverage spe
i�
ation of a Gaussian pro
ess for 
okriging and multivariable spatial predi
tion.This approa
h is quite di�erent from earlier approa
hes for nonstationarity; see for example Sampson andGuttorp (1992), Guttorp and Sampson (1994), Haas (1995), Ny
hka et al. (1999). It has the disadvantageof not being easily related to traditional spatial models. The development of Higdon et al. relies heavily onthe Gaussian form of kernel fun
tion and it is not 
lear how restri
tive this is. Our own approa
h also useskernel representations, but it has a di�erent motivation. We model the nonstationary pro
ess Z lo
ally as astationary isotropi
 random �eld with some parameters that des
ribe the lo
al spatial stru
ture.Consider a Gaussian spatial pro
ess Z(x); where x varies over a domain D 
ontained in a d-dimensionalEu
lidean spa
e Rd for some d > 1: Typi
ally, d = 2: We represent Z as a 
onvolution of lo
al stationarypro
esses (Fuentes and Smith, 2001): Z(x) = ZDK(x� s)Z�(s)(x)ds; (16)where K is a kernel fun
tion and Z�(x); x 2 D is a family of (independent) stationary Gaussian pro
essesindexed by �. The parameter � is allowed to vary a
ross spa
e to re
e
t the la
k of stationarity of thepro
ess. The sto
hasti
 integral (16) is de�ned as a limit (in mean square) of approximating sums (e.g.,Cressie, 1993, p. 107, Yaglom, 1962, p. 23). Ea
h stationary pro
ess Z�(s)(x) has a mean fun
tion �s thatis 
onstant, i.e. �s does not depend on x. We propose a parametri
 model for the mean of Z,EfZ(x)g = �(x;�);where � 
ould be a polynomial fun
tion of x with 
oeÆ
ients �:12



The 
ovarian
e of Z�(s) is stationary with parameter �(s);
ovfZ�(s)(s1); Z�(s)(s2)g = C�(s)(s1 � s2):The pro
ess Z�(s) 
ould have a Mat�ern stationary 
ovarian
e (Mat�ern, 1960):C�(s)(x) = �s2�s�1�(�s) (2�1=2s jxj=�s)�sK�s(2�1=2s jxj=�s); (17)where K�s is a modi�ed Bessel fun
tion and �(s) = (�s; �s; �s): The parameter �s measures how the 
orre-lation de
ays with distan
e; generally this parameter is 
alled the range. The parameter �s is the varian
eof the random �eld, i.e. �s = var(Z�(s)(x)); where the 
ovarian
e parameter �s is usually referred to as thesill. The parameter �s measures the degree of smoothness of the pro
ess Z�(s). The higher the value of �sthe smoother Z�(s) would be; e.g. when �s = 12 , we get the exponential 
ovarian
e fun
tion. In the limit as�s !1 we get the Gaussian 
ovarian
e C�(s)(x) = �se�jxj2=�2s :The 
ovarian
e C(s1; s2; �) of Z is a 
onvolution of the lo
al 
ovarian
es C�(s)(s1 � s2);C(s1; s2;�) = ZDK(s1 � s)K(s2 � s)C�(s)(s1 � s2)ds: (18)The pro
esses Z�(si) are stationary with auto
ovarian
es C�(si), then they 
an be represented in the form:Z�(si)(x) = ZR2Ksi;x(u� x)Xsi(u)du (19)where Ksi;x is a kernel for ea
h si and x, and Xsi is for ea
h s a white noise pro
esses. The white noisepro
esses Xsi are independent, for di�erent values of si. A dire
t attempt to rewrite (16) in the form (15)does not work be
ause the pro
ess Xsi is an independent white noise pro
ess for ea
h si, and we 
onje
turethat there is no way of redu
ing the present model to one of the stru
ture of (15), with a 
ommon underlyingwhite noise pro
essX . There is a possible alternative interpretation of (16), in whi
h the pro
essXsi ; insteadof being an independent white noise pro
ess for ea
h si, is a 
ommon pro
ess for all s, so the pro
esses Z�(si)are 
orrelated. In that 
ase it is straightforward to rewrite (16) in the form of (15), though the kernel Ksi(u)would be diÆ
ult to evaluate in pra
ti
e. Be
ause of its additional 
omputational 
omplexity, we have notpursued that approa
h in the present paper. 13



In (18) every entry requires an integration. Sin
e ea
h su
h integration is a
tually an expe
tation withrespe
t to a uniform distribution, we propose Monte Carlo integration. We propose to draw a systemati
sample of lo
ations sm, m = 1; 2; :::;M over D. Hen
e, we repla
e C(s1; s2;�) withCM (s1; s2;�) =M�1 MXm=1K(s1 � sm)K(s2 � sm)C�(sm)(s1 � s2): (20)This is a Monte Carlo integration whi
h 
an be made arbitrarily a

urate and has nothing to do with thedata Z. The sampling points sm, m = 1; 2; :::;M; determine subregions of lo
al stationarity for the pro
essZ. We in
rease the value of M until 
onvergen
e is a
hieved.3 EstimationIn this se
tion we explain how to eÆ
iently implement our algorithm for spatial predi
tion 
ombining obser-vations with the output from numeri
al models.3.1 Algorithm1. Posterior predi
tive values for ZFor spatial predi
tion the quantity of interest is the predi
tive distribution for Z(x0) given the observedvalues Z. We use expression (14) to approximate the predi
tive distribution with a Rao-Bla
kwellizedestimator, 
onditioning on the posterior simulated values for all the parameters, using for this simula-tion the following Gibbs sampling algorithm.2. Algorithm for Gibbs samplingWe now dis
uss how to sample from the posterior distribution of the parameters. In our Gibbs sam-pling approa
h there are three stages. We alternate between the parameters that measure the la
k ofstationarity, (�;�) (Stage 1), the parameters that measure the bias of Models-3 and the measurementerror of CASTNet (Stage 2), and the unobserved true values of Z at all the CASTNet sites and at theblo
ks where we have the Models-3 output (Stage 3).Gibbs sampling: Stage 1. 14



We obtain the 
onditional posterior for the parameters that measure the la
k of stationarity, (�;�(s));
onditioning on the values of Z that are updated in Stage 3. The posterior of (�;�(s)) will be 
ompletelyspe
i�ed on
e we de�ne the priors for (�;�(s)), be
ause we have that [Zj�;�℄ is Gaussian, where thebra
kets [ ℄ are used here to denote densities. We 
onsider a Metropolis-Hasting step for blo
ks ofparameters, after performing partial marginalisations of the full 
onditionals. We treat as a blo
k �,whi
h are the three 
ovarian
e parameters, the sill, the range and the smoothness. In our experien
e thiss
heme produ
e a 
hain with far better mixing properties than the one that is obtained by independentsampling of the full 
onditionals of the sill, range and smoothness parameters. We use a gamma priorfor all the 
ovarian
e parameters, ex
ept for the sill parameter that we use a uniform prior for thelogarithm transformation of the sill. For the � parameter we use uniform priors.Gibbs sampling: Stage 2.We obtain the 
onditional posterior for the parameters a0; b; �2Æ and �2e that measure the bias andun
ertainty of Models-3, and the measurement error of CASTNet.The posterior of �2e given the n values of Ẑ and Z at the CASTNet sites (updated in Stage 3), 
an beeasily obtained, be
ause we have the following regression problem:Ẑ(s) = Z(s) + e(s);where �2e is the varian
e of the error term e(s); and Z(s) is independent of e(s): We have that[Ẑ(s)jZ(s); �2e ℄ is normal with mean Z(s) and varian
e �2e . Then, the posterior of �2e is proportional to[Ẑ(x1); : : : ; Ẑ(xn)jZ(x1); : : : ; Z(xn); �2e ℄[�2e ℄where [�2e ℄ denotes the prior distribution for �2e , and x1; : : : ;xn are the n CASTNet sites.The posterior distributions of a0; b; �2Æ given the values of ~Z and Z (updated in Stage 3) at the mblo
ks, 
an be easily 
al
ulated, be
ause we have the following regression problem:~Z(Bi) = ZBi a(s)ds+ b ZBi Z(s)ds+ ZBi Æ(s)ds;where �2Æ is the varian
e of the error term Æ(s); and Z(s) is independent of Æ(s): It follows that[ ~Z(B1); : : : ; ~Z(Bm)jZ(B1); : : : ; Z(Bm); a0; b; �2Æ ℄15



is normal with mean a + b fZ(B1); : : : ; Z(Bm)g, where a = nRB1 a(x)dx; : : : ; RBm a(x)dxo ; and adiagonal 
ovarian
e matrix with diagonal elements �2Æ jBij: Thus, the posterior of a0; b; �2Æ is proportionalto [ ~Z(B1); : : : ; ~Z(Bm)jZ(B1); : : : ; Z(Bm); a0; b; �2Æ ℄[a0; b; �2Æ ℄:Gibbs sampling: Stage 3.We simulate values of Z (the unobserved true values) at the n lo
ations where we have measurementsfor Ẑ; and also at them blo
ks where we observe ~Z, 
onditioning on the values of �;� (updated in Stage1) and Z: The simulated values at the m blo
ks are obtained by simulating values of Z at a sample oflo
ations within ea
h blo
k. Then Z(Bi) is approximated by L�1PLk=1 Z(sik); where si1 ; : : : ; siL is a
entered systemati
 sample in Bi:For model validation, we simulate values from the posterior distribution of CASTNet given Models-3,P (Ẑj ~Z; a = 0; b = 1);and we 
ompare the a
tual observations with this simulated posterior predi
tive distribution.4 Appli
ation: Air Pollution DataThe regional s
ale air quality models (Models-3) run by the U.S. EPA estimate hourly 
on
entrations and
uxes of di�erent air pollutants. The primary obje
tive of Models-3 is to improve the environmental manage-ment 
ommunity's ability to evaluate the impa
t of air quality management pra
ti
es for multiple pollutantsat multiple s
ales, as part of the pro
ess of regulating air pollution. The spatial domain, D; is a regular grid(81�87) and the dimensions of ea
h pixel in the grid are 36km � 36km: Models-3 provides hourly 
on
en-trations for ea
h pixel. As an example we examine sulfur dioxide. Figure 1 (b) shows the weekly averaged
on
entrations of SO2 for the week starting July 11, 1995. Our �rst obje
tive is the validation of Models-3.The Clean Air Status and Trends Network (CASTNet) measures SO2 weekly averaged 
on
entrationsand 
uxes at 50 sites (see Figure 1 (a)). We propose to 
ombine both sour
es of information, namelythe monitoring data and the output of the air quality models, to get more reliable maps of air pollutants
on
entrations and 
uxes. 16
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(a) (b)Figure 3: (a): Weekly average of SO2 
on
entrations (ppb) at some sele
ted CASTNet sites, for the week of July11, 1995. (b): Weekly average of SO2 
on
entrations (ppb) from Models-3 interpolated at 6 sele
ted lo
ations, forthe week of July 11, 1995, for Models-3 validation.In Figure 3(a) we show the CASTNet values at 6 sele
ted sites that are representative of di�erentmetereologi
al, land use, and altitude 
onditions. For validation of Models-3, in Figure 3(b) we show themodes of the posterior predi
tive distribution (eq. (6)) of CASTNet given Models-3 at the 6 sele
tedsites. There is 
lear eviden
e that Models-3 is overestimating the 
on
entrations of SO2: We modeled the
ovarian
e for Models-3 using equation (18), taking into a

ount the la
k of stationarity and the 
hange-of-support problem. We 
al
ulated the 
ovarian
es involving blo
k averages by drawing a set of L lo
ationsin ea
h pixel: this is a Monte Carlo approximation that 
an be made arbitrarily a

urate by in
reasing thevalue of L. In this appli
ation L = 4 seemed to be large enough to a
hieve 
onvergen
e.Now, we use the methodology presented in this paper to estimate the bias in Models-3 for bias removal,using expression (7). We modeled Models-3 in terms of an underlying unobservable pro
ess Z with the truevalues of SO2, but we added an additive 
onstant bias, a multipli
ative 
onstant bias, and a measurementerror term. We also modeled CASTNet in terms of the \true" pro
ess Z and we added a measurement errorterm (see Se
tion 2.2). 17



Figure 4 (a) show the posterior distributions of some 
ovarian
e parameters for the underlying pro
ess Zat the sele
ted sites shown in Figure 3 (a). We used gamma priors for all the Mat�ern 
ovarian
e parameters,ex
ept for the sill parameter for whi
h we used p(�) / ��1;whi
h is a uniform prior for log(�): The mean and varian
e of the gamma priors were determined usingprevious knowledge and results from the analysis of similar data. For the smoothness parameter the priormean was .5 and the varian
e 1, and for the range parameter the prior mean was 100 and the varian
e 2025.In Figure 4 (a) we plot the posterior distribution of �(x) at some lo
ations x, where we have CASTNetsites. These spatial lo
ations at whi
h we examine the 
ovarian
e parameters in Figure 4 have nothing todo with the ele
tion of the 
oordinates of the nodes s1; : : : ; sM in equation (20). We are assuming that the
ovarian
e parameters are approximately 
onstant in between nodes, otherwise we in
rease M (the numberof nodes). Thus, the value of � at some lo
ation x of interest is 
al
ulated as the value of � at the nodesi that is the 
losest to x. An alternative approa
h is to model � using splines, then we would have a
ontinuous fun
tion of spa
e, but when M is large enough we get similar results using splines as with thesimpler approa
h we are presenting here. The sill parameter 
hanges with lo
ation as illustrated by thevariation in the distributions in Figure 4 (a). Thus, this indi
ates a la
k of stationarity. The mean andstandard deviation of the posterior distributions for the sill parameter at six sele
ted sites lo
ated in Maine,Illinois, North Carolina, Indiana, Florida and Mi
higan, are respe
tively 0.23 (0.03), 2.89 (0.85), 0.78 (0.23),3.40 (0.99), 0.21 (0.04), 0.54 (0.08). The plots were obtained using 100 posterior simulated values. We usedevery tenth of the last 1000 iterations from the 
orresponding 
hains. The range parameter does not 
hangemu
h with lo
ation. The mean and standard deviation of the posterior distributions for the range parameterat the same six sites are 97.73 (12.77), 95.74 (28.47), 119.03 (35.77), 91.89 (27.30), 114.92 (21.89), 96.18(15.50).The smoothing parameter does not 
hange with lo
ation either, and is always 
lose to 1/2 (exponential).We implemented the nonstationary model (16) with weight fun
tion K(u � s) = 1h2K0 �u�sh � ; where
18
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(a) (b)Figure 4: (a): Posterior distributions for the sill parameter of the Mat�ern 
ovarian
e for the SO2 
on
entrations ofZ, for the week starting July 11, 1995, at the 6 sele
ted lo
ations showed in Figure 3 (a). (b): Predi
tive posteriordistributions for the SO2 
on
entrations of Z at the 6 sele
ted lo
ations showed in Figure 3, for the week startingJuly 11, 1995. The predi
tive posterior values are for the spatial underlying pro
ess Z given CASTNet and Models-3.K0(u) is the quadrati
 weight fun
tionK0(u) = 34(1� u12)+ 34(1� u22)+; (21)for u = (u1; u2): The bandwidth parameter h is de�ned as l=2 + l=2�, where l is the distan
e between thesample points s1; : : : ; sM in (20), and � is a value between 0 and 1. For � we used a uniform prior in theinterval [0; 1℄. The parameter � determines the amount of overlapping between the subregions of stationarity
entered at the sampling points s1; : : : ; sM, and h 
an be interpreted as the diameter of the subregions ofstationarity.The mode of the posterior distribution for the parameter that measures the measurement error forCASTNet is .8, and for Models-3 it is .1. The mode of the posterior distribution for the parameter thatmeasures the multipli
ative bias for Models-3 is .5 with a standard error of .5, and for the additive bias wehave a polynomial of degree q. We treat q as a hyperparameter and use a reversible jump Markov ChainMonte Carlo (Green 1995, Denison, Malli
k and Smith 1998) for model sele
tion. In this appli
ation q = 4seemed to be large enough. 19



We use a Bayesian approa
h for spatial predi
tion. We sample from the predi
tive distribution (eq. (5))of the true underlying pro
ess Z given the observations and the model output, taking into a

ount the la
kof stationarity and the 
hange-of-support problem (we 
al
ulated the blo
k averages 
ovarian
es drawing aset of 4 lo
ations in ea
h pixel). We use posterior predi
tive 
he
ks (PPC) as suggested by Rubin (1984)and Raftery (1988) for validation of the proposed model for Z. Thus, we 
ompare the posterior predi
tivedistributions of the \true" pro
ess Z at di�erent lo
ations to the observed data, and we judge whether thegenerated data are similar to the CASTNet data (Figure 3(a)). Figure 4 (b) shows simulated values from theposterior predi
tive distribution (eq. (5)) of SO2 weekly average 
on
entrations at the CASTNet sele
tedsites.Figure 5 is a 
omparison of the generated data through the Bayesian melding approa
h proposed inthis paper to CASTNet, taking into a

ount the un
ertainties about CASTNet and Models-3. The graphon the right in Figure 5 shows the CASTNet measurements for the week starting July 11, 1995, versusthe modes and 90% 
redible intervals of the predi
tive Bayesian distributions (eq. (5)) derived from theBayesian melding approa
h at the CASTNet lo
ations. The dotted lines indi
ate a 90% 
redible region forthe CASTNet values. All the modes fall within the 
redible region for CASTNet, so that the generated dataare similar to the observed data. On the other hand, the graph on the left in Figure 5 shows CASTNetmeasurements versus the modes and 90% 
redible intervals of the predi
tive Bayesian distributions (eq. (6))derived only from Models-3 (without 
ombining Models-3 with CASTNet) at the CASTNet lo
ations forvalidation of Models-3. The modes in the latter plot do not fall within the 
redible bands for CASTNet.This �gure shows the improvement obtained in the predi
tion of SO2 by 
ombining CASTNet and Models-3through the Bayesian melding approa
h presented in this paper.

20



Site Mode S.E. 90% C. I. CASTNet Models-3 90% C. I.Maine 0.18 0.02 0.15 0.25 0.15 0.33 0.10 0.43Illinois 2.80 0.25 2.55 3.41 3.29 3.33 2.17 5.03North Carolina 0.29 0.98 1.18 2.08 0.90 5.32 3.67 6.67Indiana 0.98 1.59 0.74 5.63 3.14 9.59 4.20 20.50Florida 0.56 0.05 0.50 0.69 0.57 0.52 0.20 0.80Mi
higan 0.83 0.12 0.79 1.14 1.02 1.04 0.53 1.70TABLE 1. Columns 2-5 in this table show the modes, standard errors and 90% 
redible intervals of the posteriorpredi
tive distribution (eq. (5)) for the underlying pro
ess Z measuring the true SO2 
on
entrations at the 6 sele
tedsites. Column 6 shows the CASTNet values (Ẑ). Columns 7-9 show the modes and the 
orresponding 90% 
redibleintervals of the posterior predi
tive distribution (eq. (6)) for model validation.In Table 1 we have the modes, sample standard deviations, and 90% 
redible intervals of the posteriorpredi
tive distribution (5) for SO2 at the 6 sele
ted sites. As expe
ted, we get very high variability atthe Indiana site. This site is very 
lose to several 
oal power plants, and so the SO2 levels 
an be veryhigh or very low depending on wind speed, wind dire
tion, and on the atmospheri
 stability. The sites inMaine and Florida have the lowest SO2 levels and variability. The agri
ultural site in Illinois and the sitein North Carolina have similar behavior in terms of SO2 levels. The site in North Carolina is not far fromthe Tennessee power plants, and the site in Illinois is also relatively 
lose to some Midwestern power plants.The site in Mi
higan, whi
h is very 
lose to Lake Mi
higan and relatively far from power plants, also haslow SO2 levels.In Table 1 we also show the CASTNet values, to judge if the generated data are similar to the CASTNetdata. The CASTNet values in table 1 at the 6 sites represent the 5th, 91st, 1st, 68th, 14th, and 79thper
entiles of the 
orresponding posterior predi
tive distributions from the Bayesian melding approa
h, forNC the CASTNet values are low relative to the posterior ppd distribution. This is due to the higher altitude(and lower pollution levels) of this parti
ular site in relation the nearby lo
ations that have mu
h higherpollution levels be
ause of the presen
e of power plants at lower altitudes.21
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Figure 5: The graph on the left shows CASTNet measurements for the week starting July 11, 1995, versus themodes and 90% 
redible intervals of the predi
tive Bayesian distribution (p(Ẑj ~Z; a = 0; b = 1)) given Models-3at the CASTNet lo
ations for Models-3 validation. The graph on the right shows the CASTNet measurementsversus the modes and 90% 
redible intervals of the predi
tive Bayesian distributions (p(ZjẐ; ~Z)) derived froma Bayesian melding approa
h to 
ombine observations and Models-3 output. The dotted lines indi
ate a 90%
redible region for the CASTNet values.The last 3 
olumns in Table 1 are the modes and the 
orresponding 90% 
redible intervals of the posteriorpredi
tive distribution (6) for model validation, whi
h are also plotted in Figure 3 (b). We 
an 
learlyappre
iate the bias in the numeri
al models by 
omparing these values with CASTNet. For instan
e, for thesite in North Carolina, the interpolated value of Models-3 is 5.32 ppb (s.e. 3.00 ppb) while the CASTNetvalue is only 0.90 ppb (see Figure 5). We 
ould remove the bias in these interpolated Models-3 values bytaking into a

ount the additive bias measured by a(x) (a polynomial of degree 4 with 
oeÆ
ients a0) andthe multipli
ative bias (b � N(:5; :5)). We 
al
ulated at ea
h site the posterior means of a(x) and b; usingthe posterior distribution (7), and we obtained the following adjusted Models-3 values (adjusted value =((Models 3) � ~a)=~b) at the 6 sele
ted sites: 0:12; 2:88; 1:09; 3:12; 0:44; and 1:01; where ~a and ~b are theposterior means. These adjusted values are very similar to CASTNet. Therefore, the methodology presentedhere for 
ombining spatial data is not only useful for improving the predi
tion of air quality but it is also atool for validating air quality numeri
al models and for bias removal.Figure 7 (a) shows the predi
ted values of SO2 at di�erent lo
ations in a regular grid, using a Bayesian22



melding approa
h for predi
tion to 
ombine CASTNet and Models-3 data. The predi
ted values in Figure 7(a) are the means of the posterior predi
tive distribution (eq. (5)) for the SO2. This graph looks similar tothe output of Models-3 shown in Figure 1 (b). However, the SO2 values in Figure 7 (a) are between 0ppband 8ppb, while in Figure 1 (b) the SO2 values were between 0ppb and 40ppb. The range of values in Figure7 (a) is more reasonable, and it is 
loser to the range of values for CASTNet shown in Figure 1 (a). Thisillustrates the e�e
tiveness of the Bayesian melding approa
h for 
orre
ting the bias in Models-3. In Figure 6we have 6 ensembles of SO2 
on
entrations, where ea
h ensemble is a simulation from the posterior predi
tivedistribution (eq. (5)) of the SO2. The variability from ensemble to ensemble is due to the un
ertainty inthe predi
tion. Figure 7 (b) shows the standard error of the posterior predi
tive distribution at ea
h point.There is higher un
ertainty in areas 
lose to power plants, where there is more variability due in part to thee�e
t of metereologi
al variables, su
h as wind.5 Dis
ussionIn this paper we have introdu
ed a new statisti
al methodology for validation and adjustment of numeri
almodels, and for spatial predi
tion 
ombining data with the output from numeri
al models. In the appli
ationpresented in this paper, we assume there is some smooth underlying (but unobserved) spatial �eld thatmeasures the "true" 
on
entration/
ux of the pollutant at ea
h lo
ation. The data 
olle
ted at the monitoringsites are 
onsidered the \true values" plus some measurement error. The output of the air quality numeri
almodels 
an be also written in terms of the true underlying, but unobservable, pro
ess, with some parametersthat explain the bias and mi
ros
ale noise in the numeri
al models. The truth is assumed to be a smoothunderlying spatial pro
ess with some parameters that explain the large s
ale and short s
ale dependen
ystru
ture of the air pollutants. This spatial �eld is represented lo
ally as a stationary isotropi
 random �eld,but the parameters of the stationary random �eld are allowed to vary a
ross spa
e. Kernel fun
tions areused to ensure that the �eld is well-de�ned but also 
ontinuous. In this paper we also take into a

ount the
hange of support problem that o

urs when 
ombining data with di�erent spatial resolution.Air quality numeri
al models are used to examine the response of the air pollution network to di�erent
ontrol strategies under various high-pollution s
enarios. To establish their 
redibility, however, it is essential23
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Figure 6: Simulated SO2 
on
entrations from the predi
tive distribution for the SO2; using a Bayesianmelding approa
h for predi
tion to 
ombine CASTNet and Models-3 data. The simulated values are fromthe posterior predi
tive distribution for the underlying pro
ess Z given CASTNet and Models-3that they should a

urately reprodu
e observed measurements when applied to ground data. Our obje
tivesare model validation and bias removal for the air quality numeri
al models, and 
onstru
tion of reliable mapsof air pollution 
ombining the output of numeri
al models with air pollution measurements at monitoringsites. We validate air quality models by obtaining the posterior predi
tive distribution of the measurementsat the monitoring sites given the numeri
al models output. We remove the bias in the air quality models byobtaining the posterior distribution of the bias parameters given the measurements at the monitoring sitesand the numeri
al models output. We 
onstru
t maps of air pollutants simulating values from the posteriorpredi
tive distribution of the true values (underlying pro
ess) given the measurements at the monitoringsites and the numeri
al models output. 24
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(a) (b)Figure 7: (a): Predi
ted SO2 
on
entrations via a Bayesian melding approa
h to 
ombine CASTNet and Models-3data. This graph shows the mean of the posterior predi
tive distribution for the underlying pro
ess Z given CASTNetand Models-3. (b): Standard error of the posterior predi
tive distribution for the SO2 
on
entrations of Z, using aBayesian melding approa
h for predi
tion to 
ombine CASTNet and Models-3 data.The Bayesian approa
h is ideal for this appli
ation be
ause it provides a natural framework to 
ombinedata from very di�erent sour
es taking into a

ount di�erent un
ertainties, and it also provides posteriordistributions of quantities of interest that 
an be used for s
ienti�
 inferen
e. However, our approa
h 
ouldbe also implemented using a geostatisti
al approa
h by predi
ting the truth with the optimal predi
tor,namely the mean of the 
onditional distribution of the truth given the data and the parameters. For this,we would use an iterative approa
h with two steps. In step 1, we obtain the predi
tor of the truth given thedata and some initial values of the parameters. In step 2, the predi
ted values obtained in step 1 
ombinedwith the data are used to estimate the bias and 
ovarian
e parameters, using a likelihood approa
h. And weiterate between steps 1 and 2.Another approa
h to model validation is to use spatio-temporal models for monitoring data to provideestimates of average 
on
entrations over grid 
ells 
orresponding to model predi
tion (Dennis et al. 1990,Sampson and Guttorp 1998, Davis et al. 2000, Chu 1995, Chu 1996, Chu and Cox 1995). This approa
h isreasonable when the monitoring data are dense enough that we 
an �t an appropriate spatio-temporal modelto the data. In situations like the one presented here, with few and sparse data points that show a la
k of25
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(a) (b)Figure 8: (a): Mean of the predi
tive posterior distributionof Models-3 at ea
h CASTNet site. (b): Kriging predi
torof Models-3 at ea
h CASTNet lo
ation.stationary, the interpolated grid square averages would be poor be
ause of the sparseness of the CASTNetnetwork, and so treating them as ground truth for model validation would be questionable.The spatial dependen
y stru
ture shown by the air pollutant 
uxes and 
on
entrations 
hanges withlo
ation. Therefore, we need to model the underlying pro
ess Z, with the true values of 
uxes/
on
entrationsof air pollution, as a spatial pro
ess with a nonstationary 
ovarian
e. Misspe
i�
ation of the 
ovarian
e willlead to wrong predi
tions and unreliable estimates of the standard errors in the predi
tion. For instan
e,suppose we assume that the sill is 
onstant, while it is a
tually 
hanging with lo
ation. Then, we would tendto overestimate the predi
tion error in areas with smaller sill than the proposed �xed value, and we wouldprobably underestimate the predi
tion error in areas with larger sill than the assumed �xed value. In re
entyears, probably the most extensively studied method for nonstationary spatial pro
esses is the deformationapproa
h due to Sampson and Guttorp (1992); see also Guttorp and Sampson (1994), and Guttorp, Meiringand Sampson (1994). Maximum likelihood versions of the method were developed by Mardia and Goodall(1993) and Smith (1996). In a series of papers best represented by Haas (1995), T. Haas has proposed anapproa
h to nonstationary spatial kriging based on moving windows. Higdon, Swall and Kern (1999) give a26
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(a) (b)Figure 9: (a): Standard error of the predi
tive posterior distribution at ea
h CASTNet site. (b): Standard error ofthe Kriging predi
tor at ea
h CASTNet lo
ation.model for a

ounting for heterogeneity in the spatial 
ovarian
e fun
tion of a spatial pro
ess, using a movingaverage spe
i�
ation of a Gaussian pro
ess. Another approa
h has been developed by Ny
hka and Saltzman(1998) and Holland et al. (1999), that extends the \empiri
al orthogonal fun
tions" (EOF) approa
h thatis popular among atmospheri
 s
ientists. Here we use a new model for nonstationary pro
esses proposedby Fuentes (2001, 2002), and further developed by Fuentes and Smith (2001). In this model the pro
ess isrepresented lo
ally as a stationary isotropi
 random �eld, but the parameters of the stationary random �eldare allowed to vary a
ross spa
e. With this model we are able to make inferen
es about the nonstationaryrandom �eld with only one realization of the pro
ess.The methodology presented in this paper has over
ame the inherent limitations of earlier approa
hes toevaluation of numeri
al models and mapping of air quality. However, there are also some assumptions andlimitations in our approa
h. In our analysis we have modeled the true underlying pollution pro
ess as aGaussian �eld, whi
h seemed to be a reasonable assumption sin
e we were working with weekly averagesof hourly values. However, for hourly pollution levels the log transformation 
ould be more appropriate.Based on the experien
e of our EPA 
ollaborators, the main problem with air quality models seem to be27



be the presen
e of additive bias. This is the reason and motivation for our representation of the numeri
almodels as a linear fun
tion of the truth. In other appli
ations, one might need to write the output of anumeri
al model as a nonlinear fun
tion of the truth. We also assumed independen
e between the truth andthe measurement error. This assumption, to our knowledge, is valid and reasonable for SO2 
on
entrations.But it is more questionable for other air pollution variables, su
h as 
uxes and deposition velo
ities. Thus,when modeling other pollution variables a more 
ompli
ated dependen
y stru
ture might be needed.In this paper we 
ombine data by relating the spatially varying variables to an underlying unobservabletrue air pollution pro
ess and we predi
t this latent pro
ess. This is di�erent from the traditional geosta-tisti
al approa
hes of 
okriging or kriging with external drift (KED) for spatial interpolation with auxiliary
ovariates, as used by Phillips et al (1997), and Davis et al. (2000). In 
okriging or KED we write thedata in a regression model as a fun
tion of some 
ovariates. Therefore, if the observed data and the outputof numeri
al models exhibit di�erent spatial resolution, we 
ould not write dire
tly the observed data as afun
tion of the output of numeri
al models or vi
e versa. In this paper we over
ome that problem by writingea
h sour
e of information in terms of the truth, without assuming we observe it.For the evaluation of the models, an alternative approa
h would be to use kriging to predi
t the valueof the numeri
al models at the lo
ations where we have CASTNet. We 
ompared our proposed modelingapproa
h with this traditional stationary kriging predi
tion method, that ignores the un
ertainty in the
ovarian
e parameters (Figures 8 and 9). Figure 8 shows the kriging predi
ted values and also the mean ofthe ppd using our Bayesian approa
h. Both methods tend to give similar predi
ted values, the main di�eren
eis in the predi
tion error (Figure 9), whi
h is the 
riti
al fa
tor for any inferen
e done with the data. Figure 9shows that our approa
h gave larger standard errors than kriging for the Models-3 predi
ted values, spe
iallyin areas 
lose to power plants. This re
e
ts the diÆ
ulty in estimating the 
ovarian
e parameters in theseareas. The kriging approa
h reported uniform standard errors everywhere. For the evaluation of the physi
almodels, we studied where CASTNet values lay with respe
t to a 
on�den
e interval for the SO2 predi
tedvalues from Models-3. Using kriging for the predi
tion we underestimated 
onsiderably the length of the
on�den
e intervals leading to wrong 
on
lusions about the performan
e of Models-3.Some of the main sour
es of un
ertainty that a�e
t the performan
e of the models are the following: the28



photo
hemistry model parameterizations (whi
h is the treatment of photo
hemistry phenomena varying ats
ales smaller than the grid size of the model), the boundary 
onditions, the treatment of the land use/land
over at smaller s
ales than the grid size, the quality of the emissions input that goes into the air qualitymodels, and the air dispersion modeling of pollution plumes (at smaller s
ales than the grid size). The presentanalysis showed that the air quality models perform worse in areas 
loser to power plants, suggesting thatthe dispersion modeling of pollution plumes in that area needs to be improved. The Models-3 output usedfor the analysis in this paper assumes that the SO2 di�uses uniformly within ea
h grid 
ell. The Models-3group, en
ouraged by the �ndings here, is 
urrently 
onsidering new dispersion models for the air qualitymodels. For more information about dispersion modeling of pollution plumes, see e.g. Bey
hok (1995).The approa
h presented in this paper gave us a good understanding of the spatial stru
ture of the \true"
on
entrations of SO2. This information 
an be useful for designing future data 
olle
tion. Part of ourfuture work is to use the �ndings in this paper for monitoring network design.In this paper we have fo
used on air quality appli
ations, but the methods presented here 
ould beextended to other problems where we need to 
ombine data from various sour
es and with di�erent spa-tial/temporal resolutions. For instan
e, 
ombining spatial data from models and observations is a frequentproblem in 
limate and weather predi
tion.
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