
ABSTRACT

ZHU, YANGMO. Development and Assessment of a Data-driven Approach for Turbulence Modeling.
(Under the direction of Dr. Nam Dinh.)

The goal of this work is to develop and assess a data-driven approach for turbulence mod-

eling (DDTM) approach that could be leveraged in engineering analysis including simulation of

thermal-hydraulic processes in nuclear power plants (NPP). Traditionally, the most common method

in computational fluid dynamics (CFD) used in engineering practice is based on the solution of

Reynolds-averaged Navier–Stokes (RANS) equations. The method has limitations in the calcula-

tion accuracy and complexity of choosing turbulence models and parameters for different flow

configurations. High fidelity (HF) simulations, such as the Direct numerical simulation (DNS) and

the Large eddy simulation (LES), could break the two limitations of RANS but their computational

expenses are too large to be used in engineering practice. The DDTM approach aims to develop

a RANS-based method which is as accurate as HF simulations and applicable to a broad range of

flow patterns leveraging the power of machine learning. The potential advantages of DDTM are in

three aspects: The first advantage is to let data automatically improves the model. Labor cost and

human biases in devising the mathematical expressions are reduced; The second advantage is the

potential to integrate the various types of turbulence models into one model, which could greatly

simplify the CFD simulation process and system code coupling; The third advantage is the potential

to largely reduce computational expense by applying the framework of DDTM into coarse mesh

simulation, where the DDTM approach not only simulate the turbulence error but also the error

caused by using coarse mesh.

The main contribution of this work is the proposal of a new DDTM approach. The new approach

is named as “multi-model data-driven turbulence modeling (MDTM)”, compared to the “single-

model data-driven turbulence modeling (SDTM)” approach proposed by other researchers. The

term “model” here refers to the turbulence models in RANS. The SDTM approach is so far considered

as the most suitable DDTM approach for our purpose. But it has two limitations that prevent it from

being a practical approach: First, the single-model approach fails when the baseline model result is

far from the true result; Second, the selection of baseline turbulence model form and parameters

could make a difference in prediction accuracy. But one could not quantitatively determine which

baseline model is the most suitable one for a certain flow configuration beforehand. Hence the

MDTM approach is proposed to overcome these limitations by increasing the degree of freedom to

the machine learning surrogate model and let the machine learning surrogate model automatically

select the most suitable baseline model to be used.

Numerical experiments have been performed to test the performance of MDTM approaches. 5

case studies are performed to answer 5 critical questions about DDTM separately. The 1st question

is whether the SDTM approach performs better than the traditional turbulence model approach;

The 2nd question is whether the MDTM approach performs better than the SDTM approach; The



3rd question is whether the MDTM approach could be applied to more complex flow configurations.

The question is divided into two parts, the first part increases the complexity of the flow by studying

transient flows instead of quasi-steady-state flows, the second part increases the complexity of

the flow by applying it to a 3D channel flow with more complex geometry; The 4th question is

whether the HF data could use RANS instead of DNS or LES, so to save computational expense

in preparing CFD data for the ML approach. The last question is whether the LF model could use

coarse mesh RANS instead of RANS applied on a regular mesh, so as to save computational expense

in the prediction process of the ML approach.
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CHAPTER

1

INTRODUCTION

1.1 Background and Motivation

1.1.1 CFD simulation: balance between ef�ciency and accuracy

This chapter introduces the reason why DDTM is needed in nuclear thermal-hydraulic.

Thermal-hydraulic analysis of complex systems such as a nuclear power plant requires computa-

tional �uid dynamics (CFD) modeling and simulation. Traditionally, the most common CFD method

used in engineering practice is based on the solution of Reynolds-averaged Navier–Stokes (RANS)

equations. But the method has two limitations, which are calculation accuracy and complexity

of choosing turbulence model and parameters for different �ow con�gurations. For example, the

behavior of a large volumetrically heated melt pool is important for nuclear reactor design and

safety-related evaluation. But the standard low Reynolds number k � � model was found failed

to describe turbulence for it [Din97 ]. To obtain a reasonable agreement with experimental data,

corrections for the near-wall turbulent viscosity and turbulent Prandtl number should be made

based on the local Richardson number [Din97 ].

Direct numerical simulation (DNS), usually considered as the most accurate computational

method in the thermal-hydraulic area, could break the two limitations of RANS but its computational

expense is too large to be used in engineering practice. In other words, DNS sacri�ces ef�ciency

to obtain accuracy. The motivation of this thesis is simple: since the simulation result of DNS is

available, is it possible to leverage these data to increase the model accuracy of RANS without hurting

its ef�ciency? Furthermore, could the modi�ed RANS model be applied to new con�gurations whose

DNS result hasn't been performed before?
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Figure 1.1 An illustrative �gure to show the relationship between DDTM and other thermal-hydraulic
solvers

As can be seen in Fig. 1.1, the �gure compares different solvers in thermal-hydraulic simulation

using two aspects, which are accuracy and ef�ciency. High �delity (HF) solvers, such as DNS and

LES, are accurate but not ef�cient; low �delity (LF) solvers, such as RANS, coarse mesh RANS, are

less accurate but more ef�cient. System code, which is even less accurate and more ef�cient than

RANS, is not studied in this research.

The goal of this dissertation is to develop a RANS-based data-driven turbulence modeling

(DDTM) approach that is as accurate as DNS and applicable to a broad range of �ow patterns

leveraging the power of machine learning. The research is motivated by the growing interest [Kut17]

and the development of machine learning models in thermal-hydraulics. The trend is powered

by the advent of growing machine learning algorithms and corresponding software / hardware.

Theoretically, the motivation of the work is the same as any other research on the development

of turbulence models; the difference is that this work focuses on leveraging machine learning

techniques rather than arti�cial induction in other works. Here the term "arti�cial induction"

indicates the process that experienced experts derive mathematical formulas to describe the natural

phenomenon measured by experiment. There are several advantages of machine learning compare

to arti�cial induction: �rst, arti�cial induction introduces human bias; second, machine learning

could cover a wider range of con�gurations compared to arti�cial induction; Third, machine learning

method has better extensibility, which means the trained model could be easily extended when

additional �ow con�gurations are required to be taken into consideration.

The state-of-the-art DDTM approach to achieve the goal is categorized as the "single-model data-

driven turbulence modeling (SDTM)" approach, which indicates that only one RANS turbulence

model has been used in the approach. Here we proposed a new approach named "multiple-model

data-driven turbulence modeling (MDTM)" approach, which indicates that more than one RANS

turbulence model has been used in the approach. The approach is proposed to compensate for the

defects of the SDTM approach, so as to achieve higher prediction accuracy. Turbulence models are

2



considered as human knowledge here. It is expected that by introducing more human knowledge

(more turbulence models) to the ML system, better prediction accuracy could be achieved.

Furthermore, the dissertation also explores the possibility of saving more computational expense

by (1) using RANS data rather than DNS data as HF data for the ML approach, and (2) applying the

RANS-based approach to coarser mesh that hasn't reach asymptotic range.

1.1.2 Human knowledge and machine learning

This chapter introduces the motivation for proposing the MDTM approach.

The learning process could be divided into induction and deduction. Generally, the human

developed mathematical models are well at deduction (extrapolation problem), while machine

learning models are good at induction (Interpolation problem). Hence a model-based (human

knowledge) data-driven (machine learning) approach is expected to combine a balanced model

that performs well for both induction and deduction.

In the SDTM approach, for the �rst time, human knowledge is combined with machine learning.

But the amount of human knowledge introduced to the approach is �xed in the SDTM approach.

Could the prediction accuracy be increased by adding more human knowledge? What is the most

suitable amount of human knowledge been added to the approach? Such a question motivates the

attempt of developing a new approach where more human knowledge could be leveraged.

This work aims to propose an approach (MDTM) to optimize the ratio between human knowl-

edge (mathematical models) and machine learning (data), so as to achieve better performance both

in deduction (extrapolation problem) and induction (interpolation problem).

1.2 Research Hypotheses

This section brie�y lists the hypotheses used in this work, along with an illustration of their corre-

lation with the objective. Scienti�c research is based on assumptions and validation. If multiple

assumptions have been applied for an approach, the approach would only work when all assump-

tions are right. Hence, it is necessary to list all the assumptions used in this work and de�ne success

criteria to know that the objectives are achieved.

The hypotheses include “ common hypotheses ”, and “ new hypotheses in this work ”. Common

hypotheses are hypotheses that have already been proposed for years and have already been ac-

cepted by most researchers in this research area (computational �uid dynamics). This work assumes

these hypotheses are right and won't verify them; While new hypotheses are hypotheses that have

just been proposed recently on this research topic, or only proposed in this study. This work use

case studies to verify them.

In the following sections, we'll brie�y introduce the background and rationale of each assump-

tion, analyze the necessity and suf�ciency of them, and explain there is no con�ict between them.

Common hypotheses:

Assumption 1 The natural �ow movement could be described by the Navier-Stokes equations.
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The Navier-Stokes equations are correlations to describe the motion of viscous �uid substances.

The equations are derived from applying Isaac Newton's second law to �uid motion. Navier-stokes

equations have been widely used to quantify the movement of �uid. The Navier-stokes equations

are the fundamental of this study.

Assumption 2 The local time-averaged Reynolds stress termRi j in the Reynolds-averaged Navier–Stokes

(RANS) equation could be described by time-averaged local variables of mean �ow.

Assumption 2 is the basic assumption of most RANS-based turbulence model. To solve the

Navier-Stokes equations in a computational affordable mesh, the spatial or temporal average is

necessary to be applied to the Navier-Stokes equations. One of the most popular average methods

is the so-called "Reynold averaging". However, the process of Reynold averaging introducing a

nonlinear term called Reynolds stress to the equations. To solve the equation, it is necessary to

obtain equations containing only the mean velocity and pressure, which usually be achieved by

modeling the Reynolds stress term Ri j as a function of the mean �ow.

Assumption 3 A feed-forward network with a single hidden layer containing a �nite number of

neurons can approximate continuous functions on compact subsets of an n-dimensional real number

space, under mild assumptions on the activation function.

Assumption 3 is so-called the "Universal approximation theorem" [Csá01], which is the theoreti-

cal basis of neural network. Under this assumption, most correlations that could be described by

mathematical equations could also be described by neural networks.

Assumption 4 The correlation between the Reynolds stress and time-averaged system variables could

be captured by machine learning (ML) algorithms.

It is assumed in this work and several other's works [Xia19] [Cha19] that the correlation be-

tween Reynolds stress term and mean �ow variables could be captured by machine learning (ML)

algorithms. This assumption is derived by assumption 2 and assumption 3.

New hypotheses in this work:

Assumption 5 Mesh error is able to be modeled.

Mesh error is de�ned here as the error caused by haven't applied suf�cient �ne mesh in the

simulation. We attempt to simulation the mesh error in part of the work 10, where assumption 5 is

applied.

Assumption 6 assumption When the LF model simulation results and the HF model simulation

results are similar to each other, the error the LF model made in predicting local Reynolds stress could

be compensated by a correlation only derived by the local �ow features of the LF model.

Assumption 6 is proposed in [Xia19]'s work. The assumption has two advantages:
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1. First, the assumption overcome the convergence issue in the Newton iteration of CFD cal-

culation. Before making this assumption, the data-driven turbulence modeling technique

could only be applied to simple CFD cases with simple geometry. The reason is that the non-

linearity of the Navier-stokes equations requires the Newton iteration method, which could

only work with the neural network when data is suf�cient enough. When the data amount is

not suf�cient, which usually happens when the CFD cases become more complex, the Newton

iteration method will most likely fail to converge.

2. Second, the assumption construct a bridge between the human model and the machine

learning model. Before applying this assumption, researchers could only choose a human

model or machine learning model. While after applying the assumption, it is possible to

describe the correlation with both the human model and the machine learning model. It

makes it possible to leverage the bene�ts of both models.

Assumption 7 Local Reynolds stress of the LF modelRLF could be expressed as a correlation only

composed by local �ow features of the LF model.

Assumption 8 The degrees of similarity between LF model results and HF model results it requires in

assumption 1 is different for different LF models.

Assumption 4, 7 are 8 are three prerequisites to apply assumption 6 in this work. Brei�y, assump-

tion 4 assumes that modeling HF local Reynolds stress is doable, but assumption 6 aims to model

the difference between HF local Reynolds stress and LF local Reynolds stress rather than HF local

Reynolds stress itself. Hence we make assumption 7 state that LF local Reynolds stress is able to

be modeled. So the difference between LF and HF local Reynolds stress should also be able to be

modeled too. Assumption 8 is a prerequisite comes with assumption 7.

Assumption 9 The training data amount used in this work is enough for ML algorithm to construct

the internal correlation between local Reynolds stress and local system variables.

Assumption 9 and 10 are two assumptions for data processing in machine learning part. As we

mentioned before in this section, the Newton iteration method requires suf�cient data amount in

the machine learning part. It is and will be an open discussion in machine learning study to discuss

the question "how much data is suf�ciently enough". Currently, we just assume the data amount is

enough. According to the result, our results show expected performance, which means it is very

possible that our training data amount is suf�cient enough.

Assumption 10 The correlation between training case and the test case is “globally extrapolation,

locally interpolation” (GELI), which means the con�guration of the test case (for example, geome-

try) is different from any con�gurations in training cases. But each test data could be obtained by

interpolation of training data.
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Assumption 10 is the theoretical basis to explain why the data-driven approach could work.

It is �rst proposed by Dr. Nam Dinh and Dr. Chih-Wei Chang [Cha19]. Generally speaking, every

machine learning work would face a dif�cult problem that the machine learning algorithm works

well on the interpolation problem, but performs badly on the extrapolation problem. The reason

is that the extrapolation problem introduces new input domains that haven't be stored in the

database. The assumption of GELI transfer a large number of globally extrapolation problem into

locally interpolation problem. The assumption greatly increase the applicability of the data-driven

turbulence modeling approach.

Assumption 11 The �uid in this work are all incompressible �uid with constant density.

Assumption 11 is proposed to simplify the case study. As the data-driven approach is in a very

starting stage, the author decides to not include energy equation into the NS equations.

1.3 Dissertation overview

1.3.1 Research Objectives and their signi�cance

The objectives of this thesis are:

1. Use case studies to validate whether ML techniques could be used to increase the accuracy of

an LF simulation (such as RANS) to that of an HF simulation (such as DNS);

2. Validate the new approach (the MDTM approach) proposed in the thesis, and compare it with

the SDTM approach;

3. Validate whether the proposed MDTM approach could be applied on the coarse mesh to save

computational expense;

4. Document the challenges and �nds during this process.

The reasons that these objectives are signi�cant are:

1. Most importantly, the DDTM approach could save computational expense. It is expected that

by using the DDTM approach, RANS could achieve DNS accuracy. It is further expected that

by using the DDTM approach, coarse mesh CFD could achieve RANS or even DNS accuracy.

The computational expense between them is very large;

2. The SDTM approach, which is the state-of-the-art DDTM approach, still has a signi�cant

defect that limits it from been widely used. The MDTM approach proposed in this research

shows the potential to expend the application range of the SDTM approach, and also increase

its accuracy;
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3. In modeling a large system, such as a nuclear power plant, the coupling region between system

code simulation and regional CFD code simulation is a very complex problem, but the DDTM

approach is potentially able to solve the problem. For example, the variable � (the rate of

dissipation of turbulent kinetic energy) is a required variable in regional CFD simulation

with RANS k � � model, but it is not a variable that could be calculated in the system code

simulation. In such a condition, an error would occur; While In the DDTM approach, the

variable � is not a required variable.

1.3.2 Technical approach

In recent years, many approaches have been proposed by different researchers to achieve the

research objectives outlined in chapter 1.3.1. Not all of them are based on the assumptions proposed

in chapter 1.2, but only a part of the approaches used in this work. Based on the classi�cation work of

current machine learning turbulence modeling introduced in chapter 1.2, the following schematic

could be used to illustrate the technical approaches used and not used in this report.

As can be seen in Figure 1.2, the current machine learning turbulence models could be classi�ed

from 5 aspects, there are many different combinations of the approaches. In this report, we decide

to choose a few of them to perform case studies. The selected elements are included in the red box

of the �gure. A detailed description of the �gure could be seen in chapter 2.4.

Figure 1.2 Overview of current technical approaches in data-driven turbulence modeling (red box includes
technical approaches used in this report)

The reason we select such combination could be listed as below:

1. Practice limitation: For the data dimension of the model input, regional data haven't been

tried. The author believes it would be a very good idea to use regional data rather than local or
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global data. But due to time and other limitations, the author didn't �gure out an acceptable

way to apply it.

2. Methodological performance: For the quantity of interest of the model input, the invariants

are not applied. The reason is that the author thinks there are two defects of using invariants:

• From a machine learning point of view, the invariant is just a function of basic function

inputs. Such treatment may accelerate the training speed of machine learning from the

feature engineering point of view. But as long as the computational resource is enough,

the result of using invariant and basic function inputs should be the same.

• Invariants, by itself, introduce assumptions to compute its number. And the assump-

tion it introduces may not be applicable to all cases. The introduction of unnecessary

assumptions may cause an inevitable error to the �nal result.

3. Potential applicability: For the data dimension of model input and model output, we decide

to use local variables rather than global variables. The reason is that using local variables has

the potential to perform better in a global extrapolation problem. Such assumption could be

seen in assumption 10.

1.3.3 Dissertation structure

The dissertation is structured into the following chapters.

CHAPTER 2 includes a technical background overview. Data-driven turbulence modeling in-

volves methods from multiple disciplines including CFD, machine learning, and data processing. A

related background introduction would be listed in this chapter.

CHAPTER 3 focuses on the formulation of machine learning frameworks to accomplish DDTM,

both SDTM and MDTM are explained in this section and compared.

CHAPTER 4 formulates the work�ow to implement the MDTM approach into case studies.

CHAPTER 5 demonstrates a case study to answer the 1st question, which is whether the SDTM

approach performs better than the traditional turbulence model approach. 1D channel �ow problem

with DNS data is used to answer this question.

CHAPTER 6 demonstrates a case study to answer the 2nd question, which is whether the MDTM

approach performs better than the SDTM approach. This question is also answered by the 1D

channel �ow problem with DNS data.

CHAPTER 7 and 8 demonstrate case studies to answer the 3rd question, which is whether the

MDTM approach could be applied to more complex �ow con�gurations. The question is answered

by 2D lid-driven cavity problem with LES data. The question is divided into two parts, the �rst

part (CHAPTER 7) increases the complexity of the �ow by studying transient �ows instead of quasi-

steady-state �ows, the second part (CHAPTER 8) increases the complexity of the �ow by applying

it to a 3D channel �ow with more complex geometry. The �rst part is answered by a 2D lid-driven
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cavity problem with LES data, the second part is answered by a 3D PWR sub-channel problem with

DNS data.

CHAPTER 9 demonstrates a case study to answer the 4th question, which is whether the HF data

could use RANS instead of DNS or LES, so to save computational expense in preparing CFD data for

the ML approach. The question is answered by 2D lid-driven cavity problem with RANS data.

CHAPTER 10 demonstrates a case study to answer the 5th question, which is whether the LF

model could be simulated on a coarse mesh that is outside of the asymptotic grid convergence

range. The question is also answered by the 3D PWR sub-channel problem in CHAPTER 8.

CHAPTER 11 provides the conclusions and recommendations for future work about applying

ML frameworks to turbulence modeling.

1.4 Glossary

This section provides an interpretation of several key terminologies used in the dissertation to avoid

possible confusion for the readers.

“Data-driven turbulence modeling” and “machine learning turbulence modeling”

These two terms used in this report have the same meaning. They both refer to the approach

of using a machine-learning algorithm to improve the performance of the turbulence model. The

difference is “data-driven turbulence modeling” is used when the author wants to emphasis the

strong correlation between this model and data; And “machine learning turbulence modeling”

is used when the author wants to emphasis that human bias is largely reduced in this approach

compared to current eddy-viscosity models and Reynolds stress models.

“High �delity model / data” and “training / validation model / data”

The term “high �delity model” and “training / validation model” are the same, they both refer to

the model that generate data to train or validate the machine learning turbulence model, which

usually perform by a high �delity / resolution CFD method, for example, DNS or LES. There are two

models used in the work, one with higher �delity used to generate training and validation data, the

other with lower �delity used to perform RANS effectively.

The term “high �delity data” and “training / validation data” have a slightly different meaning.

Generally, they both refer to the data used to train or validate the machine learning turbulence

model. But “high �delity data” are often used to refer to the raw data obtained from the high �delity

model. The data usually needed to be processed to a low �delity level to be used to train the low

�delity turbulence model. While “training / validation data” refer to the processed low �delity data.
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CHAPTER

2

TECHNICAL BACKGROUND OVERVIEW

2.1 Introduction

This chapter provides technical backgrounds about data-driven turbulence model (DDTM) includ-

ing (1) turbulence modeling theory, (2) CFD simulation tools, (3) machine learning (ML) algorithms

and (4) contemporary works in data-driven turbulence modeling.

2.2 Turbulence modeling

2.2.1 Basics of turbulence theory

In �uid dynamics, turbulence �ow is any pattern of �uid motion characterized by chaotic changes

in pressure and �ow velocity. It is a term to describe �ow that in contrast to laminar �ow, in which

�uid �ows in parallel layers, with no disruption between those layers. The degree of turbulence for a

�uid is often described by Reynold's number, which is de�ned in Eq. 2.1.

Re =
� v L

�
(2.1)

Where � is the density of the �uid, v is the characteristic velocity of the �uid, L is the characteristic

length of the �uid, and � is the dynamic viscosity of the �uid.

Navier-stokes equations are usually used to describe the motion of viscous �uid substances.

� u j
@u i

@x j
= � f i +

@

@x j

�

� p � i j + �

�
@u i

@x j
+

@u j

@xi

��

(2.2)
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The Navier-Stokes equations (eq. 2.2) are derived from Newton's second law together with the

assumption that the stress in the �uid is the sum of a diffusing viscous term and a pressure term.

Navier-Stokes equations are commonly used when modeling both laminar �ow and turbulent �ow.

2.2.2 Direct numerical simulation (DNS)

Direct numerical simulation (DNS) is a simulation in CFD in which the Navier-Stokes equations are

numerically solved without any turbulence model. The only thing to notice is that time and space

scales should be in the Kolmogorov microscales [Lan89].

The de�nition of Kolmogorov length scale ( � ) could be seen in eq. 2.3.

� =

�
v 3

�

� 1=4

(2.3)

The de�nition of Kolmogorov time scale ( � � ) could be seen in eq. 2.4.

� � =
� v

�

� 1=2
(2.4)

Where � is the average rate of dissipation of turbulence kinetic energy per unit mass, and � is the

kinematic viscosity of the �uid.

Currently, DNS is considered the most accurate method of solving turbulence problems. But

the computational burden of DNS is so heavy that makes it impossible to be used in industry CFD

analysis. The number of grid points needed for DNS simulation is proportional to Re9=4 [Col10].

For most �ow con�gurations, it is unnecessary to resolve NS in Kolmogorov scales to obtain an

acceptable result. So, time-averaged equations are developed to demonstrate these �ows.

2.2.3 Reynolds Averaged Navier-Stokes (RANS) equations

RANS is a commonly used time-averaged form of Navier-Stokes equation. Reynolds decomposition

[Mül06 ] split the velocity into two parts: the time-averaged mean velocity component and turbulent

�uctuating component.

u = ū + u 0 (2.5)

Same decompositions are applied to pressure and body force. Applying Reynolds decomposition on

Navier-stokes equations (2.2) result to the RANS basic equations.

� ū j
@ū i

@x j
= � f̄ � +

@

@x j

�

� p̄ � i j + �

�
@ū i

@x j
+

@ū j

@xi

�

� � u 0
i u 0

j

�

(2.6)

As can be seen in eq. 2.6, a Reynolds stress term � u 0
i u 0

j is required to close the equations.

Turbulence models are developed to describe the term with time-averaged variables.

Linear eddy viscosity model usually assumes that Reynolds stresses have a linear constitutive
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relationship with the mean �ow straining �eld, as:

� � u 0
� u

0
| = 2� t Si j �

2

3
� k � i j (2.7)

Where � t is the coef�cient termed turbulence “viscosity”, k is the mean turbulent kinetic energy,

Si j is the mean strain rate.

Nonlinear eddy viscosity model, on the other hand, also assumes that Reynolds stresses are

related to the eddy viscosity coef�cient and mean turbulence �eld, but in a nonlinear relationship

as shown below [Pop01]:

� � u 0
i u 0

j = 2� t F nl

�
Si j , 
 i j , . . .

�
(2.8)

Where � t is the coef�cient termed turbulence “viscosity”, Fnl denotes a nonlinear function that

possibly dependent on the mean strain and vorticity �elds or even other turbulence variables. Si j is

the mean strain rate and S! i j is the mean vorticity.

Reynolds stress model (RSM), usually considered as higher-level turbulence closure, avoids

using eddy viscosity by directly computing individual components of the Reynolds stress tensor. The

Reynold stress terms are computed by solving the exact Reynolds stress transport equation [Cho45]:

D Ri j

D t
= Di j + Pi j + � i j + 
 i j � � i j (2.9)

Where Ri j represents Reynolds stress, Di j represents transport of Ri j by diffusion, Pi j repre-

sents rate of production of Ri j , � i j represents transport of Ri j due to turbulent pressure-strain

interactions, 
 i j represents transport of Ri j due to rotation, and � i j represents rate of dissipation

of Ri j . Dissipation equation is required to close Eq. 2.9, because dissipation rate � could not be

calculated directly from the Reynolds stress tensor according to its de�nition [Xu13]:

� = 2v


si j si j

�
(2.10)

Where < � > represents an averaging operation. si j is the �uctuating rate of strain expressed using

velocity �uctuations u 0= u � h u i . i.e.,

si j =
1

2

‚ �
@u 0

i

@x j

�

+

‚
@u 0

j

@xi

ŒŒ

(2.11)

It should be noticed that si j is different from Si j listed previously. Si j , the mean rate of strain,

is composed of time-averaged velocity, which is “known” variables. But si j , �uctuating rate of

strain, is composed of �uctuating components of velocity, which is “unknown” variables. Hence the

dissipation rate � could not be calculated directly from the Reynolds stress tensor. An additional

dissipation equation is required to solve RSM.

Eddy-viscosity based models, listed above as linear & nonlinear eddy viscosity models, have

signi�cant shortcomings in dealing with complex, real-life turbulent �ows that are often encountered

in engineering applications. In�ows with high degrees of anisotropy, signi�cant streamline curvature,
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�ow separation, �ow with zones of re-circulation or �ows in�uenced by mean rotational effects, the

performance of such models is unsatisfactory [Cra96].

Reynolds stress models have shown superior predictive performance compared to eddy-viscosity

based models in following cases [Bhu16]:

• Free shear �ows with strong anisotropy, like a strong swirl component. This includes �ows in

rotating �uids.

• Flows with sudden changes in the mean strain rate.

• Flows where the strain �elds are complex and reproduce the anisotropic nature of turbulence

itself.

• Flows with strong streamline curvature.

• Secondary �ow.

• Buoyant �ow.

To avoid misunderstanding, it is necessary to explain here that this work has ignored the thermal

effects (coupling the NS equation with energy equation) for simplicity, hence phenomena that

involve thermal effects like Buoyant �ow or thermal strati�cation are not studied in this work.

The corresponding assumption is assumption 11, which states that the �uids in this work are all

incompressible �ow with constant density. For �uid with temperature-dependent density, further

case studies should be performed to validate the data-driven approach.

The superior performance in these cases is the major justi�cation for RSM, which is based on

transport equations for the individual components of the Reynolds stress tensor and the dissipation

rate. These models are characterized by a higher degree of universality. The penalty for this �exibility

is a high degree of complexity in the resulting mathematical system. The increased number of

transport equations leads to reduced numerical robustness, requires increased computational effort

and often prevents their usage in complex �ows. Theoretically, Reynolds stress models are more

suited to complex �ows, however, practice shows that they are often not superior to two-equation

models. An example of this is for wall-bounded shear layers, where despite their (theoretically)

higher degree of universality, Reynolds stress models often prove inferior to two-equation models.

[Bhu16].

In short, eddy-viscosity based models have numerical stability, but loss accuracy for complex

�ow con�guration; RSMs have higher accuracy, but loss numerical stability. Also, current RSMs are

not accurate enough to be used in engineering practice.

Generally, the current turbulence model could be divided into 2 categories: the eddy-viscosity

model and the Reynolds stress model. Reynolds stress model is designed to better describe Reynold

stress, but loss numerical stability compares to the eddy-viscosity model.

The RANS-based Machine learning turbulence modeling could be seen as a successor of RSMs. As

concluded in the previous chapter, RSMs are designed to better describe Reynolds stress compared
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to eddy-viscosity based models. But due to the limitation of a mathematical formula, complex

internal correlations are usually dif�cult to be described by a human. Also, arti�cial induction by

experts will inevitably introduce human error, which could largely damage the applicability of the

derived model. Hence the approach of using a machine learning algorithm to replace mathematical

formula is proposed to solve the two problems of RSM, and better describe Reynold's stress.

2.2.4 CFD Simulation tool

The simulation tool of data-driven turbulence modeling (DDTM) is important. There are two kinds

of CFD tools in this research: (1) the CFD tool A to generate HF data (2) the CFD tool B to generate

LF data, and the ML model is coupled on the second one.

The optimal CFD tool A to generate HF data should meet the following requirements:

1. It should be able to perform high-resolution DNS / LES.

2. It should be able to provide the following variables for a single point:

(a) Time-averaged velocity

(b) Time-averaged Reynolds stress

(c) The position of the point

3. It should be able to extract the above variables on the positions required by the mesh of LF

CFD model B;

4. The time-averaged velocity and Reynolds stress generated should be able to meet the RANS

conservation equation.

The optimal CFD tool B to generate LF data should meet the following requirements:

1. It should be able to perform RANS.

2. It should be able to provide the following variables for a single point:

(a) velocity

(b) Reynolds stress

(c) Velocity gradient

(d) Pressure gradient

(e) Mean strain rate & mean rotational rate

(f) The distance to the nearest wall

(g) other potential �ow features...

3. (*most important) It should be able to be �exibly compiled by the user, so to handle the

following jobs:
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(a) Take a �xed Reynolds stress �eld into the RANS conservation equation to calculate the

corresponding velocity �eld;

(b) Take a �xed Reynolds stress �eld and a �xed velocity �eld into the RANS conservation

equation to calculate the residual of the RANS equation, so to check whether the stress

and the velocity meet the RANS conservation equation;

4. Didn't use unknown empirical formulas that haven't been provided by scienti�c research.

According to the above requirements, we select OpenFOAM, PHASTA as our HF CFD tool A, and

OpenFOAM as our LF CFD tool B. Also, part of our HF data is directly obtained from the experiment

data published online [Lee15].

OpenFOAM [Gre15] is the abbreviation of “Open source Field Operation and Manipulation”. It

is a widely-used open source CFD simulation tool developed in C ++ . The code package is free to

modify and add user-customized code from the special application. Therefore, we implement a

data-driven turbulence model in OpenFOAM to evaluate its performance. The �nite volume method

is applied in OpenFOAM.

The of�cial version of OpenFOAM meets all the requirements of HF model A and most require-

ments of LF model B, without the 2nd and 3rd requirements of LF CFD tools.

To ful�ll the 2nd and 3rd requirements of LF CFD tools. Following user-de�ned treatment has

been done to compensate the solver:

1. Swak4Foam [Gsc16], an open-source library developed by the OpenFOAM user community.

Used to meet the 2nd requirement;

2. Personal developed solver (written in C ++ ) used to meet the 3rd requirement.

The above codes are attached in CHAPTER 12: Appendix A. The source code of case study A,C-2,E

has been uploaded to the author's GitHub space:

case study A: https:// github.com / zym604/ Thesis_caseA_parallelplane

case study C-2: https:// github.com / zym604/ Thesis_caseC-2-DNS_subchannel

case study E: https:// github.com / zym604/ Thesis_caseE-coarsemesh

PHASTA[Smi15] is the abbreviation of "Parallel Hierarchic Adaptive Stabilized Transient Analysis

of compressible and incompressible Navier Stokes equations". It has been used to simulation PWR

sub-channel �ow performance for nuclear engineering applications [Fan18] [Fan17a] [Fan17b].

Second-order accurate spatial discretization and �rst-order accurate time discretization has been

applied for the �ow solver in the presented work. The PHASTA data was provided by Dr. Igor Bolotnov,

Dr. Jun Fang and Mr. Nadish Saini. The author didn't perform the code. There may be a small amount

of mesh error been introduced by the author when mapping the DNS data to the LF RANS mesh,

due to an improper mesh convergence study. But according to the result, the effect of the mesh

error is not too large to hold the conclusion.
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2.3 Machine learning

This chapter illustrates the idea behind machine learning and tools used in this work. Machine

learning is the study of using mathematical algorithms and statistical models to perform a speci�c

task with patterns and inference rather than explicit human instructions. Generally, the data used

in a machine learning task is divided into 3 parts, which are training data, development / validation

data, and test data. Training data is the data used for learning the parameters (e.g., weights) of a

classi�er. Development / validation data is the data used to tune the hyperparameters of an ML

algorithm. Test data is the data used to assess the performance of a fully speci�ed ML algorithm.

2.3.1 Classi�cation of Machine learning algorithms

The types of machine learning algorithms could be classi�ed as the following:

• Supervised learning [Stu03]. A mathematical model is built in supervised learning with data

that contains both the inputs and the targets. In other words, people supervise the mathemat-

ical model by de�ning the inputs and the targets. Classi�cation and regression are two major

types of supervised learning. It has been applied in the ranking, recommendation systems,

visual identity tracking, face veri�cation, and speaker veri�cation.

• Unsupervised learning [Hin99 ]. A mathematical model is built in unsupervised learning with

data that only contains the inputs. Unsupervised learning is to �nd the structure in the data,

such as grouping or clustering the data points. The major application of unsupervised learning

is the clustering problem. For example, classify a mixing dataset of math problems and physic

problems into two data sets.

• Reinforcement learning [Jak10]. Reinforcement learning is used to study how software agents

ought to take actions in an environment to maximize reward. The study is applied in many

areas including game theory, control theory, and information theory, etc. It is not assumed

in reinforcement learning that knowledge of an exact mathematical model exists. On the

contrary, reinforcement learning is often used when exact models are infeasible.

2.3.2 Comparison of common Machine learning regression algorithms

There are many machine learning algorithms available these years. Here we introduce the 3 most

common methods, which are Gaussian process regression, Neural network, and Random Forest

regression.

A neural network [Che19a] is a computing model with connected node layers, and its hierarchical

structure is similar to the structure of a neuron network in the brain. Neural networks can learn

from data, so they can be trained to recognize patterns, classify data, and predict future events.

Gaussian Process Regression (GPR)[Che19b] is a nonparametric model that uses Gaussian

Process (GP) before performing regression analysis on the data. Gaussian Process (Gaussian Pro-
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Table 2.1 Comparison of machine learning algorithms

Neural network
Gaussian pro-

cess Regression
Decision tree /

Random forest

Research popularity (Number of pa-
per published since 2016)

724,000 98,200 398,000

accuracy of prediction result high medium low

Computational expense of predicting
process

low high medium

Computational expense of training
process

high medium low

Human expense of training process
(turning hyper-parameters)

high low low

cess, GP) is a kind of stochastic process in probability theory and mathematical statistics. It is a

combination of a series of normally distributed random variables in an index set.

Random forest [Ho95] refers to a classi�er that uses multiple decision trees to train and predict

samples. A decision tree is a tree structure in which each internal node represents a test on an

attribute, each branch represents a test output, and each leaf node represents a category.

The advantage and disadvantages of these three machine learning algorithms could be seen in

the table. 2.1:

As can be seen in table 2.1, the Neural network is the most popular algorithm with a total

724000 paper published since 2016. The prediction accuracy of it is the most accurate. And the

prediction speed is also the fastest. The disadvantage of the neural network is in its training process.

It requires a large computational expense and human expense in training models. The Gaussian

process regression and random forest show better performance in the training process, but worse

in predicting process.

Considering the advantages and disadvantages of the three algorithms, the neural network is

the best option for our research. The reason is that we are pursuing the best prediction capability,

testing the limits of machine learning. The neural network's disadvantages are the computational

expense and human expense in the training process, where we're willing to invest.

2.3.3 Neural Network

The idea of the neural network in computer science comes from the biological neural structure of the

human brain. The brain is composed of a network constructed by millions of neural. Such a structure

inspires scientists to compose neural networks in mathematical form to “learn” information from

data.

17



In the mathematical theory of arti�cial neural networks, there is a “Universal approximation

theorem” states that a feed-forward network with a single hidden layer containing a �nite number of

neurons can approximate continuous functions on compact subsets of Rn , under mild assumptions

on the activation function [Csá01].

Figure 2.1 An illustrative picture of a single neuron in the neural network)

The simplest unit of a neural network is a neuron. As can be seen in �g. 2.1, X1 X3 are three

inputs for the neuron, Y is the output of the neuron. The value of Y could be calculated by eq. 2.12.

Y = f

‚
nX

i =1

Wi Xi

Œ

= f (W 1� X 1+ W 2� X 2+ W 3� X 3) (2.12)

Where f is a nonlinear activation function, Wi are constant weights to be trained in the model.

The neural network is a combination of basic neurons, researchers have developed different

types of structure for the neural network. The zoo of neural networks grows exponentially. One needs

a map to navigate himself to the best one for his research. Fortunately, Fjodor [Vee16] compiled one

based on NN topologies, as can be seen in �g. 2.2.

It could be seen from �g. 2.2 that there are many Neural network structures in the world. In

this report, we only use the Feed Forward Network (FFN) and Deep Feed Forward (DFF) network

according to the requirement of our goal. Recurrent Neural Network (RNN) and Deep Convolutional

Network (DCN) are not considered appropriate because the trained network could only be used to

the same mesh size or timestep if RNN and DCN are used, which is not acceptable in this research.

2.3.4 Neural Network simulation tool: PyTorch

The software used to perform neural network in this research is through PyTorch. PyTorch is an

open-source machine learning library for Python. It is developed by Facebook's arti�cial intelligence

research group.

There are several advantages of PyTorch compare to other machine learning code for the neural
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Figure 2.2 The neural network zoo
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network:

• PyTorch and Tensor�ow are the top 2 machine learning software currently support parallel

computation and GPU acceleration, which is the basic requirement of this research.

• PyTorch has its special “De�ne-by-Run” system, while Tensor�ow (another widely used ma-

chine learning tool) is “De�ne-and-Run”. In the De�ne-and-Run framework, one would de�ne

conditions and iterations in the graph structure then run it. While in De�ne-by-Run, the graph

structure is de�ned on-the-�y during forwarding computation, which is a more natural way

of coding.

• PyTorch is completely written by python, while Tensor�ow only uses python as the wrapper,

the core of Tensor�ow is written in C ++ . Such difference makes PyTorch very friendly for the

programmer to test and debug compared to Tensor�ow.

2.3.5 Dimensionality reduction algorithm

Dimensionality reduction algorithms are often used for visualization purposes. For example, to

illustrate whether / to what degree test dataset are included in the training dataset.

The reason why such a dimensionality reduction algorithm is required is because of two reasons:

1). The original data is multi-dimensional, so it is very dif�cult to tell from the original dataset

plots whether / to what degree test dataset are included in the training dataset. In such a situation,

a dimensionality reduction algorithm could convert multi-dimensional data into 2D data, which

makes it easier to analyze.

2). The original data have different scales for different dimensions, which makes it dif�cult to

tell from the original dataset plots the difference in which dimensions are more important. In such

a situation, a dimensionality reduction algorithm could convert the original data into 2D data in

which each dimension has equal weight.

As can be seen in �g. 2.3, the original dataset is a 2D dataset contains velocity gradient in the

y-direction as 1st index and pressure gradient in the x-direction as the second index. The post-

processed dataset by t-SNE (a commonly used dimensionality reduction algorithm) has an equally

weighted x index and y index. In the original data, validation and test dataset are equally far from

training dataset in both region A and B; While, in the processed data (processed by dimensionality

reduction algorithm), validation and test dataset are far from training data in region A, but close to

training data in region B. The reason is that the 1st index is small in region A, but large in region B.

The original dataset couldn't directly re�ect such difference, but the post-processed dataset could.

Nevertheless, such a feature may become a disadvantage when analyzing data depends on whether

the research wants to consider such a difference or not.
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Figure 2.3 A comparison of original distribution of dataset (left) and postprocessed dataset by dimension-
ality reduction algorithm (right)

2.3.6 Imbalanced data issue

Imbalanced data is a common problem in machine learning classi�cation. It usually re�ects an

unequal distribution of classes within a dataset. For example, in a credit card fraud detection dataset,

most of the credit card transactions are not fraud and very few classes are fraud transactions. Say

the ratio between the fraud and non-fraud classes are 1:49. In such a situation, even the ML detector

say every transaction is non-fraud, the prediction accuracy could achieve 98%, but such a detector

is useless.

However, imbalanced data issue is also a problem in regression. The common solution to solve

this issue is through “resampling”.

The SMOTERegression algorithm [Tor13] is currently the only one resampling algorithm for

regression problems. Most resampling algorithms are developed for classi�cation problems, which

is not for our interest. The SMOTERegression algorithm is developed based on the SMOTE algorithm,

which is an over-sampling algorithm that only applied to classi�cation problems.

As can be seen in Figure 2.4, to make training data evenly distributed, we use two methods, the

�rst method is resampling data based on personal experience; the second method is resampling

data based on SMOTERegression algorithm. According to the result (e) and (f), it could be seen that

SMOTERegression performs better than resample base on personal experience. Figure (f) is more

evenly distributed than (e).

2.3.7 Physical hardware: GPU cluster setup

A Graphics Processing Unit (GPU) is a specialized electronic circuit designed to accelerate image

processing in a computer. Due to its special working situation, GPU has a stronger capability than

the central processing unit (CPU) in doing matrix operation. In other words, you can consider CPU

as a “versatile person”, and consider GPU as an “expert”. The “versatile person” can deal with a lot of

things the expert can not do, but he is not as ef�cient as the expert when working in the area of the
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Figure 2.4 A comparison of raw dataset (upper) and postprocessed dataset by dimensionality reduction
algorithm (down)

expert.

There are several questions to be answered about using GPU:

1. Does it necessary to use GPU?

(a) The necessity depends on the data amount. In a 3D strati�cation problem case, the total

data amount is 3TB in binary form. It is the large data that requires high computational

resources.

(b) Current machine learning frameworks are all developed for GPU. Some have CPU version

but only for the very simple case.

2. What about using the CPU instead?

(a) “GPUS ARE ONLY UP TO 14 TIMES FASTER THAN CPU,” says intel[Kea10].

(b) Actual results are even worse. Using more CPUs means your total dataset has to be

divided into many smaller subsets, which reduce prediction accuracy and the model

would need more iterations to converge.

(c) Also, more CPUs means more communication between each node. The communication

does cost a lot of time.

3. What is the limitation of GPU now?
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(a) In short, parallel GPU computing technology is still immature. Two years ago, there is no

software enable parallel GPU computing. Now, Tensor�ow and PyTorch support parallel

GPU computing, but under very strict environment.

2.4 Review of contemporary works in Data-driven turbulence modeling

2.4.1 Classi�cation

In view of the development of data science these years, people start to pursue increase turbulence

model accuracy through machine learning methods [Par16][Ma15][Wan16][Lin16]. Despite the

diversity in achieving the �nal goal, the aim of turbulence modeling for different approaches is the

same: to improve the predictive capability of turbulence models. However, there is still no consensus

on the choice of input and response to the machine learning algorithm. This chapter aims to classify

the current proposed machine learning turbulence model approaches to the best knowledge of

the author. The critical difference between current machine learning turbulence models are model

response/ target and input, so the following chapters are categorized by model response / target and

input.

Figure 2.5 Review of contemporary works in Data-driven turbulence modeling

For the model response / target, there are 5 types of approaches.
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The �rst type is using Reynold's stress or turbulence viscosity as a model response , which is

intuitive and easy to understand. After obtaining predicted Reynolds stress, the value would be

taken into RANS basic equation 2.6 to calculate system variables such as velocity, pressure, etc. The

dif�culty of this approach is the uncertainty and instability happened when taking Reynolds stress

back into the RANS equation, which is a nonlinear equation and easy to diverge.

The second type is using system variables itself as a model response . So that after obtaining

the predicted model response, the predicted value won't be taken into the RANS equation. This type

of approach avoids the potential numerical uncertainty and instability that may occur when taking

Reynolds stress back into RANS. The shortcoming of this approach is, there may not exist a �xed

correlation between model input and target when you choose system variables itself as a model

response. So, the machine learning process would very probably become a “garbage in, garbage

out” problem.

The third type is using arti�cially introduced quantities as a model response. For example,

Eric and Duraisamy [Par16] introduce a full-�eld discrepancy factor � as the learning response

when dealing with a channel �ow problem. The equation could be seen in Eq. 2.13.
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The approach could be seen the same as turning turbulence model parameters. The bene�t of

this approach is the performance of the trained model won't deviate far from the original turbulence

model, and the numerical stability is also guaranteed. But the shortcoming is the approach is based

on all the assumptions that have been made in the original turbulence model. So it is likely to be

another “garbage in, garbage out” problem too. Just like the second type.

The fourth type is using the discrepancy between inaccurate model and accurate model as

learning response. The idea behind is �rstly performed an inaccurate but computational ef�cient

simulation, then using a pre-trained model to correct it to the right solution, which is computation-

ally expensive. For example, Xiao et al. [Wan16] choose the discrepancy between Reynolds stress in

prior RANS model and true Reynolds stress ( Y = Rt r ue � Rprior ) as learning response for the reason

that they're trying to model the model-form uncertainties generated from RANS-model. Here the

word “prior” is a term used in the paper to describe a pre-calculated but not accurate RANS, the true

Reynolds stress is predicted based on the pre-calculated RANS result, such operation could largely

reduce the numerical instability problem that may occur. The bene�t is this approach cleverly avoid

numerical instability issue, it transfers most of the numerical instability burden to the prior RANS

model. But the shortcoming is similar to the third type. Reynolds stress discrepancy is highly related

to the prior Reynolds stress of the RANS model, which could be an inaccurate model by itself. As a

result, the trained model could only be applied to the same RANS model with �xed model form and

parameters. Even so, it remains to be validated whether such a correlation exists, as it is based on

multiple assumptions.

The �fth type is using global parameters as a learning response. The word “global” means the

trained response would be the same for every point in the calculation domain. It is different from
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all 4 types mentioned previously. For example, turning �uid viscosity to a value that makes the

simulation result best match validation data. This type is only mentioned here to let the reader know

there exists such an approach. It is very unlikely that this process could work for a slightly different

�ow con�guration. The bene�t of this approach is numerical stability, the shortcoming is the same

as type 2,3 and 4, but even worse.

For the model input, there are 3 types of model inputs.

The �rst type is “global variables” , which means for predicting Reynolds stress of each node,

all the data of the calculation domain should be provided to the regression model. For example,

Duraisamy [Par16] used full-�eld non-dimensional �ow variables to construct the input features.

However, the full-�eld input feature is restricted by the �eld geometry and boundary conditions,

thus trained functions for a certain case is hard to be applied to different geometry or boundary

conditions.

The second type is “local variables” , which means for predicting Reynolds stress of each node,

only the data of that point and nearby points (in the form of interpolation) should be provided to

the regression model. For example, Ling and Templeton [Lin16] use local embedding invariance

properties as machine learning input.

The third type is “regional variables” , which means for predicting Reynolds stress of each node,

only the data of that point and nearby points (not only in the form of interpolation but also in

the form of themselves) should be provided to the regression model. Further discussion would be

performed in the rest part of the thesis.

2.4.2 Challenge

Figure 2.6 An illustrative picture of the divergence issue in data-driven turbulence modeling (DDTM)
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The biggest challenge in data-driven turbulence modeling (DDTM) is the divergence issue. An

illustrative picture of the issue could be seen in Fig. 2.6.

As can be seen in the �gure, in the DDTM approach, a data-driven model is developed to couple

with the RANS equations. In each time step, the RANS equation is solved with the data-driven model

using the Newton iteration method. According to our experiment result, such an approach is easy

to diverge after several time steps. Based on our study, there are two sources of error in this system:

1. ML prediction error in Newton iteration. Unlike traditional mathematical models, the pre-

diction result of the data-driven model is highly related to the suf�ciency of data. Due to the

restriction of computational expense, the data-driven model usually couldn't cover all the

required input domains required by the Newton iteration method. In the input region that

hasn't been covered by the data, the ML algorithm in the data-driven model usually contains

an error;

2. Error accumulated with time. Each time step uses the velocity predicted by the last time step,

which already contains an ML prediction error. The error is ampli�ed through time.

2.4.3 Solution: the SDTM approach

Given the two challenges, solutions have been proposed to eliminate the two errors.

For the �rst error (the ML prediction error), the common solution is to expand the input domain

by increasing the budget of computational expense or using better ML algorithms.

For the second error, there is a clever approach to avoid the error. In this thesis, We categorize this

approach as the single model data-driven turbulence modeling (SDTM) approach. The approach

has been proposed in the research of Wang and Xiao [Wan16].

Figure 2.7 An illustrative picture of the single model data-driven turbulence modeling (SDTM)

According to Wang and Xiao [Wan16], the SDTM approach eliminates the time accumulation
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error by adding a baseline RANS simulation. In each time step, the initial velocity �eld is not obtained

from the previous time step, but from the baseline RANS simulation result. Using this approach, the

time accumulation error could be eliminated.

2.5 Summary

In this chapter, we reviewed the essential elements of the data-driven turbulence modeling (DDTM)

framework including turbulence modeling theory, CFD simulation tools as well as machine learning

(ML).

RANS equation requires additional correlation to close the conservation equation. The tradi-

tional approaches, both eddy viscosity models and Reynolds stress model (RSM), use the mathemat-

ical form to describe the correlation between local Reynolds stress and local �ow quantities. The

proposed machine learning approach for turbulence modeling aims to use a machine-learning algo-

rithm to replace the place of the mathematical form so that to further increase model accuracy and

stability. With suf�cient training data, the neural network has the potential to model the underlying

correlation behind data. OpenFOAM and STARCCM + are used as CFD tools for this work.
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CHAPTER

3

PROPOSED APPROACH AND OPEN

ISSUES

This section summarizes the framework of the DDTM approaches, both SDTM and MDTM. Their

essential procedures and components are discussed, which include preparation of the input �ow

features and output responses of the machine learning model, and the building of regression

functions.

3.1 Introduction of a multi-model approach for coarse mesh Turbulence

Modeling

Data-driven turbulence modeling aims to develop a machine learning surrogate model to compen-

sate for the error between HF DNS / LES CFD data and LF RANS data. Speci�cally, given Reynolds

stresses and �ow features from pre-calculated HF and LF CFD data of training cases, a data-driven

surrogate model would be trained to predict the Reynolds stress for a new �ow con�guration, which

is the test case. Here, training cases refers to the �ows used to train the machine learning model,

and test cases are the �ows to be used to validate the model. Training data and test data are both

contain two parts, which are “high-�delity (HF)” data and “low-�delity (LF)” data. “High-�delity”

data are CFD data or experimental data that could be considered as “accurate but computationally

expensive” data. “Low-�delity” data are CFD data (usually RANS data) that could be considered as

“inaccurate but computationally affordable” data. The goal is to model the difference between these

two types of data and leverage it to make “low-�delity” CFD simulation achieve the same accuracy
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as “high-�delity” CFD simulation.

Figure 3.1 A comparison of tradition and data-driven framework for developing turbulence model

Figure 3.1 depicts a comparison of the traditional framework and data-driven framework for

developing turbulence model. The starting point is to describe the nature of the �uid �ow, in order

to do this, experiments are designed, and experiment data are collected. The experiment data are

then used to learning a mathematical model to describe the nature of the �uid �ow. In this step,

the traditional framework relies on human learning to derive the mathematical model, but a data-

driven framework obtains the model using a machine learning algorithm. Which could largely save

time and spirit of the experts. After obtaining the mathematical model, the computational code is

implemented to do veri�cation and validation compare to experimental data.

The idea of replacing “human learning” with “machine learning” in the traditional framework

could have the following advantages:

1. Reduce labor cost and human bias;

2. Better scalability, which means the model could be easily modi�ed when data from more �ow

con�guration are provided to the framework;

3. Machine learning algorithms have the potential to discover the complex correlation that

couldn't be properly described in mathematical form by a human.

According to the idea of substituting human learning with machine learning, a different approach

has been proposed in recent years. One of the most suitable approaches for nuclear thermal-

hydraulic is called the single-model data-driven turbulence modeling (SDTM) approach.

The SDTM approach is based on an assumption that:
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"Assumption 6: When the LF model simulation results and the HF model simulation results

are similar to each other, the error the LF model made in predicting local Reynolds stress could be

compensated by a correlation only derived by the local �ow features of the LF model."

The correlation a SDTM approach attempts to capture is a function like equation 3.1:

�� = f (QLF ) (3.1)

QLF = u LF , r u LF ,dLF ,kLF (3.2)

�� = � H F � � LF (3.3)

Where � stands for the Reynolds stress, u stands for the velocity, r u stands for the velocity

gradient, d stands for the nearest distance to the wall, k stands for the kinetic energy. If the LF

model doesn't have k variable, the term would be left empty. The term Q stands for the quantities of

interest, which is also called the "�ow feature".

The subscript H F stands that the quantity is for the HF model; The subscript LF stands that the

quantity is for the LF model.

The term �� stands for the discrepancy between the Reynolds stress of the HF model and the

Reynolds stress of the LF model.

While in our practice, we found that using �� as the target of ML model is easier to cause

numerical instability in the RANS conservation, the reason is likely because of the discrepancy ��

changes more dramatically in both time and space domain compared to � H F and � LF . Hence in

this study, we made a small modi�cation to eq. 3.1 by replacing Reynolds stress discrepancy �� to

� H F as in eq. 3.4.

� H F = f 0(QLF ) (3.4)

Such modi�cation is proposed based on the assumption that:

"Assumption 7: Local Reynolds stress of the LF model� LF could be expressed as a correlation only

composed by local �ow features of the LF model."

In such a situation, eq. 3.1 and eq. 3.4 are equivalent. The aim of making such modi�cation is

only for numerical stability. If the numerical instability issue of the RANS conservation equation

could be solved by other techniques (such as �ner mesh, higher-order discretization scheme, better

CFD algorithm), it is recommended to delete this modi�cation according to the Occam's razor

problem-solving principle: " Entities should not be multiplied without necessity". f 0() is used to

denotes that the new correlation is different from the previous correlation f ().

The procedure can be summarized as follows:

1. Database preparation. In this step, turbulence properties (Reynolds stresses) � are extracted

from HF data (DNS, LES, etc.), which are considered as output response of the machine
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Figure 3.2 The framework of the single-model data-driven turbulence modeling (SDTM) approach

learning model. Flow features Q are extracted from LF RANS results, which are considered as

input for the machine learning model.

2. Surrogate model establishment. In this step, a data-driven regression function fM L is trained

between �ow feature Q and turbulence properties � with a machine learning algorithm.

3. Model validation. In this step, the trained data-driven regression function is taken to predict

Reynolds stresses� of a test case. Then, the predicted Reynolds stresses are taken to the RANS

equations to get the velocity �eld. After that, the DNS velocity �elds are used to validate the

model.

The procedure could also be used to describe our new developed multi-model approach. As

plotted in Figure 3.3, the only difference between SDTM and MDTM is that the MDTM approach

performs multiple LF models as baselines. Such treatment could: (1) increase degree of freedom,

make the surrogate model capable of capturing detailed correlation; (2) let the surrogate model

decide which LF turbulence model is best for the �ow con�guration, reduce human bias and

simulation complexity.

In the MDTM approach, the correlation we are trying to capture is a bit more complex compared

to eq. 3.1.

�� = f 0(QLF 1,QLF 2, ...,QLF n ) (3.5)

Where LF 1,LF 2, ...,LF n stands for the different LF models. In this case study, a total of three LF

models are used. Which are k � � model, k � ! model and no model (pure Navier-stock equation).

The purpose of making such modi�cation is based on an assumption that:
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Figure 3.3 The framework of the multiple-model data-driven turbulence modeling (SDTM) approach
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"Assumption 8: The degrees of similarity between LF model results and HF model results it requires

in assumption 6 are different for different LF models."

According to this assumption, in a local spatial and temporal point, when the degree of similarity

between the result of LF model A and HF model is too large to support assumption 6, but that

between the result of LF model B and HF model is still small enough to support assumption 6, it is

possible to derive an approach to make better prediction result based on the results of LF model A

and LF model B, compared to the prediction result only performed based on LF model A.

Based on this difference, we call the approach performed only use one LF model the "single-

model data-driven turbulence modeling (SDTM)" approach, compared to the approach performed

using multiple LF models the "multi-model data-driven turbulence modeling(MDTM)" approach.

By using eq. 3.5, a correlation is expected to describe the Reynolds stress discrepancy with not

only the physical features of a single LF model but a bunch of LF models. It is expected that using

the MDTM approach could:

• Increasing the stability of SDTM approach;

• Save the process of selecting the proper LF model in SDTM approach;

• Probably achieve higher accuracy than any single one of the SDTM approaches based on the

LF models in the MDTM approach.

3.2 Open issues

The 1st question is whether the SDTM approach performs better than the traditional turbulence

model approach. 1D channel �ow problem with DNS data is used to answer this question. The 2nd

question is whether the MDTM approach performs better than the SDTM approach. This question

is also answered by the 1D channel �ow problem with DNS data. The 3rd question is whether the

MDTM approach could be applied to more complex �ow con�gurations. The question is answered

by 2D lid-driven cavity problem with LES data and 3D PWR sub-channel �ow. The 4th question is

whether the HF data could use RANS instead of DNS / LES. The question is answered by 2D lid-driven

cavity problem with RANS data. The last question is whether the LF model could be coarse mesh

RANS. The question is also answered by the 3D PWR sub-channel �ow.

3.3 Technical challenges and common Solutions

As this is a “data-driven” method, most challenges are concentrated in the “data” part.

3.3.1 Data quality: the “garbage in garbage out (GIGO)” problem

The �rst challenge is data quality. It means the data you provide to the machine learning model

should have a “functional dependent” correlation between input data and output data. In other
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words, one input X shouldn't map to more than one value of output Y. In computer science, such

a problem is usually called “garbage in, garbage out (GIGO)” [Kim16]. It means if you provide

meaningless data to the machine learning model, then the trained result would be meaningless too.

In previous works: Currently, there are few methods to validate data quality. The most common

and computationally ef�cient method is using the training result to validate data quality. If the

training error is small enough, then the data you provide doesn't have a GIGO problem. “Training

error small” is the “suf�cient but unnecessary condition” of “data quality good”. Until now, rare

work has been done to discuss the data quality issue in data-driven turbulence modeling problem

[Bao19] [Sun20].

In the proposed work: In this work, we formulate a systematical work�ow (CHAPTER 4) to

address the data quality issue. Compared to the old method, the new work�ow could �nd and solve

the issue at an earlier stage, so as to save computational expense. Also, we have done a regional

analysis showing why the proposed MDTM approach performs batter than the SDTM approach.

According to the result, the reason is that the MDTM approach could overcome the GIGO issue

(CHAPTER 8).

3.3.2 Data quantity: how much data is enough?

The second challenge is the data quantity. The data amount you provide to the machine learning

model should cover all the input domains that may be reached in prediction. If not, the prediction

would be an “extrapolation” problem, hence prediction accuracy would be very bad. This is a

characteristic of the machine learning model: it performs very bad when extrapolation, compared

to a mathematical formula.

In previous works: Currently, the most common method is to use the “coverage mapping” method

to make sure every input domain that may be researched has enough data.

As a rule of thumb, Prof. Yaser Abu-Mostafa from Caltech answers this question in his lecture

that "you need roughly 10 times as many examples as there are degrees of freedom in your model",

which is often called the "10x rule" [AM12].

In the proposed work: We using mean euclidean distance to the nearest neighbor data points to

represent data suf�ciency. The result shows that the distance has a strong relationship with the �nal

prediction accuracy (CHAPTER 9).

3.3.3 Data processing when operating “big data” (TB level)

The third challenge is data processing. Especially when operating TB level data. The computational

expense is often unaffordable.

In previous works: Currently, there are two approaches to operating “big data”.

The �rst approach is “data cleaning” [Rah00], which means �ltering unnecessary & redundant

data to reduce the data amount. Such a process sounds easy but actually costs more time than you

may think. Because the data �lter algorithm requires a comparison between each two data sheets in

the training dataset, so the calculation cost would be amazingly expensive.
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The second approach is using the “GPU cluster” [Fan04]. Currently, PyTorch and TensorFlow

both support parallel GPU computation, but this technique is still immature and hasn't been well

implemented.

In the proposed work: The GPU cluster technique is still under-developing, our attempt shows

very bad performance (a 4-GPU cluster is even 10 percent slower than just one GPU). So we decide

to clean the data using an under-sampling approach (CHAPTER 5.5.3).

3.3.4 Imbalanced data issue

Imbalanced classes are a common problem in machine learning classi�cation where there is a

disproportionate ratio of observations in each class. Class imbalance can be found in many different

areas including medical diagnosis, spam �ltering, and fraud detection.

In previous works: Currently, the best technique to solve this issue is called "data re-sampling"

[Lah13]. Detailed experiments the author have done in this work to overcome this issue could be

seen in section 5.5.4.

In the proposed work: For the �rst time, we apply the re-sampling technique to the data-driven

turbulence modeling problem (CHAPTER 5.5.3). According to the result, the re-sampled data shows

better performance in the �nal prediction.

3.4 Summary

This chapter describes the framework of data-driven turbulence modeling. Its essential procedures

and components are discussed. We �rst show the framework of a single-model approach (SDTM),

then show our newly developed multi-model approach (MDTM) as a comparison. Open issues are

listed, of which each would use one chapter to perform a case study. After that, technical challenges

and lessons learned are discussed too.
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CHAPTER

4

A WORKFLOW OF THE PROPOSED

MDTM APPROACH

4.1 Chapter Objective and approach

This chapter aims to describe the work�ow of the MDTM approach. Each step of the framework

is explicitly illustrated in section 4.2 with the applied methods, algorithms and equations. The

framework would be applied to the case studies from CHAPTER 5 to CHAPTER 10.

4.2 Work�ow Formulation

A work�ow is necessary for error analysis. When making machine learning studies, the error could

come from various sources. The best solution to eliminate unnecessary error is by making a work�ow,

then following the work�ow to do experiments. When an unnecessary error is observed, then

work�ow could be used to backtrack the reason of the error.

The whole work�ow could be divided into 4 steps, which are data collection, data preprocessing,

machine learning & evaluation, prediction. Each step has several subtasks to do. The work�ow could

be seen in Figure 4.1.

The �rst step is data collection. In this step, HF data and LF data are prepared. Usually, HF data

are from DNS or high-resolution LES, LF data are from RANS. When performing CFD simulations

for these studies, the most important thing is to do a mesh convergence study.

The second step is data preprocessing. Data preprocessing contains many subtasks:
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1. Data cleaning: data cleaning is the process of detecting and correcting (or removing) corrupt or

inaccurate records from a database and refers to identifying incomplete, incorrect or irrelevant

parts of the data and then modifying or deleting the raw data;

2. Split the whole dataset into training, validation and test datasets: the prediction error of

validation dataset and test dataset is mainly used to make sure that the ML surrogate model is

not over-�tted;

3. Feature selection: feature selection is the process to determine which �ow features Q are

going to be used as model inputs of the ML surrogate model. Depends on the selection of the

�ow feature, the prediction accuracy could vary a lot;

4. Feature scaling: feature scaling normalize the model input into the same range, so to make

sure each element of the �ow feature are equally important to the ML model. This process

could increase the training ef�ciency of the ML model;

5. Data resampling: Data resampling is used to solve the imbalanced data issue. Imbalance data

issue has been discussed in CHAPTER 2.3.6. Currently, the SMOTEregression algorithm is

used in this process. An example of the application of SMOTEregression in our research could

be seen in CHAPTER 5.5.4.

The third step is machine learning and evaluation. This step includes establishing the machine

learning model and optimizing the hyper-parameters of the model. The processing of optimizing

hyper-parameters usually takes most of the time. During our research, we have tried the "Bayesian

optimization and Hyperband" (BOHB) algorithm [Fal18] to eliminate the human error in selecting

hyper-parameters. But the algorithm is still under-developing and the performance is worse than

our experienced-based selection. So the BOHB algorithm is not listed in this dissertation now. But it

could be a good study direction to eliminate human error.

The last step is the prediction. In this study, we recommend using Reynolds stress and machine

learning model output, which means the predicted velocity is obtained by taking the predicted

Reynolds stress back into the RANS conservation equation to get the velocity �eld. Mesh error is the

most dif�cult part of this step. If a proper mesh convergence study hasn't been performed, likely,

the velocity �eld couldn't be obtained due to the non-linearity of the RANS conversation equations.

As mentioned before in CHAPTER 1.2 and CHAPTER 3.3, there are assumptions and challenges

in this work, which are the sources of potential error. The aim of make a work�ow is to system-

atically address these assumptions and challenges, clarify the duty of each step, to manage the

potential error. Furthermore, provide information to design case studies accordingly. Hence the

requirement / success criteria should be de�ned for each step:

• Step I. data collection: the HF and LF simulation should pass mesh convergence study. The

result of HF and LF should satisfy assumption 1, 2, 4, 8 and 11. For the case study that modeling

mesh error, assumption 5 should be satis�ed too. The data quality issue (CHAPTER 3.3.1) are

studied in this step;
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Figure 4.1 The work�ow of the multi-model data-driven turbulence model (MDTM) approach

• Step II. data preprocessing: the raw data should be processed to �t the need for machine

learning. The �nal processed data should satisfy assumption 9 and 10, but whether they satisfy

or not depends on the results of step III. The data quantity issue (CHAPTER 3.3.2), big data

processing issue (CHAPTER 3.3.3) and imbalanced data issue (CHAPTER 3.3.4) are studied in

this step;

• Step III. machine learning and evaluation: the result of this step is used to validate assumption

9 and 10. If the result of step III couldn't validate the assumptions, step II will be repeated with

deeper-level processing.

• Step IV. prediction: similar to step III, the result of step IV is also used to validate assumption

9 and 10. If the result of step IV couldn't validate the assumptions, step II, and III will be

repeated with deeper-level processing. In addition, Step IV gives the �nal result of data-driven

approach, which could be used to validate assumption3, 6 and 7.

According to the structure of the work�ow, 5 questions are proposed to address these assump-

tions and issues:

1. Does the SDTM approach performs better than the traditional turbulence model approach?

2. Does the MDTM approach performs better than the SDTM approach?

3. Could the MDTM approach be applied to more complex �ow con�gurations?

4. Could the HF data use RANS instead of DNS or LES, so to save computational expense in

preparing CFD data for the ML approach?

5. Could the LF model be coarse mesh RANS, so as to save more computational expense?

In the following chapter, case A E are designed to answer the 5 questions one by one.
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4.3 Summary

This chapter describes the work�ow of the MDTM approach. The work�ow is applied to the case

studies in the following chapters. Compared to chapter 3, this chapter mainly focuses on the data

preprocessing step. Techniques and algorithms used in preprocessing are listed.
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CHAPTER

5

CASE STUDY A: PERFORMANCE OF

SDTM APPROACH

5.1 Chapter Objective and approach

This chapter aims to answer the question that whether the SDTM approach performs better than tra-

ditional turbulence models. It is assumed that the SDTM performs better than traditional turbulence

models, and the MDTM approach performs better than the SDTM approach. So, this chapter is used

to validate assumption 6, and assumption 7 is studied in the next chapter. Assumption 6 (SDTM

performs better than traditional turbulence models) is validated by comparing the prediction result

of Reynolds stress and velocity pro�le of the traditional turbulence model and machine learning

surrogate model using the SDTM approach.

5.2 Introduction: 1D quasi-steady state channel �ow problem

The �ow con�guration in the example is a 1D quasi-steady-state channel �ow problem. There are

three reasons to choose this problem:

1. The DNS data for a 1D quasi-steady-state channel �ow problem is available online, and DNS

data is a requirement for this case study.

2. 1D problem has better numerical stability than the 2D or 3D problem.
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Table 5.1 Parameters setup for cases (SI Units)

Case 1 Case 2 Case 3 Case 4 Case 5

Density( � ) 1 1 1 1 1
Kinematic Viscosity ( � ) 0.00035 0.0001 0.00005 0.000023 0.000008
Channel half width ( � ) 1 1 1 1 1
Avg stream-wise velocity ( u ) 1 1 1 1 1
Friction velocity ( u � ) 6.373e-02 5.434e-02 5.002e-02 0.04587 0.04148
Shear Reynold's number ( Re� ) 182.088 543.496 1000.512 1994.756 5185.897
Bulk Reynold's number ( Reb ) 2857 10000 20000 43650 125000
Wall shear stress (� w ) 4.06e-03 2.95e-03 2.50e-03 2.10e-03 1.72e-03
RANS Mesh number
in wall normal direction

6 18 33 66 172

3. 1D problem requires fewer data to train the model, which could be a heavy burden for the 2D

or 3D problem.

As this is a 1D problem, the data amount is not too large. According to the comparison of different

machine learning algorithms discussed in chapter 2.3.1, Gaussian process regression is selected as

the machine learning tool in this case study.

5.3 Problem formulation

Cases of fully developed incompressible pressure-driven turbulent �ow between two parallel planes

are performed in this work. Periodic boundary conditions are applied in the streamwise (x) and

spanwise (z) directions and no-slip boundary conditions are applied to the wall. The computational

domain sizes are 8pi meters in the streamwise domain and 3 � in the spanwise domain.

As can be seen in Table 5.1, a total of 5 cases are performed in 5 different Reynolds numbers. All

�ows have the same geometry. Data of these �ows are obtained from DNS simulation [Lee15]. Case

2,3,5 are selected as training data and case 4 is selected as test data. Training cases and test cases

are differentiated by Re number. Data on case 1 is abandoned due to the potential numerical error

introduced by the limited number of the mesh size.

5.4 Implementation

Baseline RANS simulations are performed for each �ow to obtain input �ow features for the machine

learning model. Standard k-epsilon model is selected with following parameters: C� = 0.09,C1 =

1.44,C2 = 1.92, � � = 1.3. An open-source CFD software, OpenFoam, is used to perform this study

with a built-in incompressible �ow solver pimpleFoam. Spatially even distributed mesh structure

is applied and mesh sizes for these cases are presented in Table 5.1. To save calculation expense,
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high-Reynolds number k � � model with wall function treatment is used instead of low-Reynolds

number k � � model. To apply wall function to the calculation domain, the node that is nearest to

the wall should be in the log-law region, which means y + of it should be larger than 30. The RANS

mesh number in the wall-normal direction is calculated based on this criterion. In this work, it is

assumed that the error introduced by the difference of Von Karman constants in each case could be

ignored, hence one wall function is applied to all the cases with standard Von Karman constants

to be � = 0.41,E = 9.8. Future work may change from high-Reynolds number k-epsilon model to

low-Reynolds number k-epsilon model so that the limitation of mesh size could be overcome, and

numerical discretization error could be evaluated. The correlation-based machine-learning model

for wall function constants will also be studied.

The Gaussian process is performed using the GPML code written by Carl Edward Rasmussen

and Hannes Nickisch [Ras10]. The isotropic squared exponential covariance function “covSEiso” and

Gaussian likelihood function “likGauss” are selected to be likelihood function. Hyperparameters are

self-optimized subsequently. Based on our testing, a maximum number of 93 function evaluations

is large enough to have a robust prediction.

The �ow features used in the study are d u +

d y + , d p +

d x + and the distance to the nearest wall.

5.5 Data processing and results

5.5.1 Model Validation

Since the aim of this framework is to improve the modeling of turbulence Reynolds stress. It is a

natural choice to validate the model by comparing the velocity �eld propagated from the machine

learning model and that of DNS data. Theoretically, one should be able to obtain an accurate

prediction of the velocity �eld with the predicted Reynolds stresses. However, the outcome depends

on a lot of factors. Although Reynolds stresses from DNS simulations are supposed to be closer to

the DNS Reynolds stresses than those from RANS predictions, there is no guarantee that a better

velocity �eld could be propagated due to the potential convergence risk. According to Thompson et

al. [Tho16], even for channel �ows, the Reynolds stresses of different DNS databases in literature lead

to signi�cant discrepancies in the propagated velocity �elds. Hence, to evaluate the performance of

the machine learning model, it is better to start with a comparison of the velocity �eld generated by

the machine learning model and the DNS data. Here case 4 is selected as a test case, and cases 2,

3 and 5 are selected as training cases to implement a machine learning model to predict Reynold

stresses in case 4.

As can be seen in Figure 5.1, the DNS velocity pro�le is plotted along with the propagated mean

velocity pro�le for comparison. The �ow features used in the study are d u +

d y + , d p +

d x + . It can be seen

that the predicted results agree well with the DNS pro�les in the log-law region, the error between

the prediction result and the DNS result is very small. Even though, an error analysis is always

recommended to be performed. In this study, possible sources of error come from 4 aspects: the

�rst one is HF data error, it should be validated that the Reynolds stress calculated by DNS could
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Figure 5.1 Comparison of predicted and DNS velocity pro�le via normal direction of the plane. Normal
pro�le (a), normalized log axis pro�le (b)
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be taken back to RANS equations and make the residuals equal to zero. This type of error should

be taken special care of when process DNS data; the second one is wall function error, only 1 wall

function is applied in this study. The difference between this wall function and DNS data could

introduce error to the �nal result; the third one is the machine learning model prediction error. The

differences between predicted Reynolds stress and DNS Reynolds stress are shown in the following

sections. The last source of error is discretization error, which exists in almost every CFD experiment.

Nevertheless, the overall data quality of Reynolds stresses is considered satisfactory to obtain an

improved velocity �eld.

To analysis the HF data error. Reynolds stress should be taken back to RANS equations to

calculate residuals of each equation. As this is a quasi-steady state problem. The RANS equation

could be simpli�ed as eq. 5.1 and eq. 5.2:

�
@u 0v 0

@y
�

@p

@x
= �

@u 2

@y 2
(5.1)

@p

@y
= �

@v 0v 0

@y
(5.2)

According to the simpli�ed RANS equations. Residuals could be calculated as Figure 5.2.

As can be seen in Figure 5.2, the residuals of equation 5.2 are equal to 0. But the residuals of

equation 5.1 aren't. Such non-zero residuals could be introduced by the different discretization

schemes applied in DNS and RANS, or just due to discretization error. Nevertheless, these non-zero

residuals only show in the region where y + < 30. As wall function treatment is applied in this work,

only residuals in the region where y + > 30 could affect simulation results. Hence here we assume

HF data error is very small and could be ignored.

The main motivation of this chapter is to show that the SDTM approach could achieve better

performance than the traditional turbulence model. This section answers the question with Figure

5.1. In the following sections, we'll detailly describe the processing of the SDTM approach, and

lesson learned during this process.

5.5.2 Learning and Prediction of Reynolds stress

The normalized Reynolds stresses < uu >+ ,< v v >+ ,< w w >+ ,< uv >+ are learned from training

�ow, and predictions are made for test �ow. The prediction results are plotted in Figure 5.3 and

Figure 5.4. The difference is that Figure 5.3 only use d u +

d y + , d p +

d x + as �ow feature, while Figure 5.4 add

another �ow feature: the distance to the nearest wall.

In Figure 5.3 and Figure 5.4, we plot comparison of normalized Reynolds stress for the predicted

result, DNS result, and RANS baseline result. In brief:

1. Adding the distance to the nearest wall to the �ow features improve the predictive capabil-

ity of the machine learning surrogate model;
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Figure 5.2 Residuals of equation 5.1 (a) and 5.2 (b) in y-direction
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Figure 5.3 A comparison of normalized Reynolds stress via normal direction of the plane in DNS, RANS
baseline and predicted result using �ow feature d u +

d y + , d p +

d x +
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Figure 5.4 A comparison of normalized Reynolds stress via normal direction of the plane in DNS, RANS
baseline and predicted result using �ow feature d u +

d y + , d p +

d x + and the distance to the nearest wall.

47



2. The prediction error in Reynolds stress (as can be seen in Figure 5.3 doesn't affect the pre-

dictive capability in velocity (as can be seen in Figure 5.4 .

As can be seen in Figure 5.4, the predicted result of the 4 stresses are all close to the DNS result.

The RANS predicted < uu >+ ,< v v >+ have a large discrepancy from DNS data. But such difference

does not cause too much difference between the result of RANS and DNS. The reason is that it is the

combination of < uu >+ ,< v v >+ and < w w >+ , the turbulence kinetic energy k + , that exist in the

RANSk � � model. As can be seen in Figure 5.3), the turbulence kinetic energy k + of RANS doesn't

vary too much from the DNS result.

Figure 5.5 A comparison of normalized turbulence kinetic energy via normal direction of the plane in the
predicted result, DNS and RANS baseline using �ow feature d u +

d y + , d p +

d x + and the distance to the nearest wall

What is the reason that causes adding the distance to the nearest wall make such an improve-

ment? The question is important because the distance to the nearest wall is a global quantity rather

than a local quantity. Introducing a global quantity may hurt the capability of the ML model's

applicability in different �ow con�gurations. Possible reasons for such phenomena could be:

• The “data suf�ciency” issue. This assumption assumes that the error in Figure 5.3 is intro-

duced by the imbalanced distribution of data;

• The inability of Gaussian process regression. The assumption assumes that the error is in-

troduced by the ML algorithm. Gaussian process regression will inevitably introduce data
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bias;

• The global quantity “distance to the nearest wall” is a required quantity to describe the physic

correlation between HF Reynolds stress and LF �ow features.

Figure 5.6 A comparison of normalized turbulence kinetic energy via normal direction of the plane in the
predicted result, DNS and RANS baseline using �ow feature d u +

d y + and d p +

d x +

Figure 5.6 is a comparison without the distance to the nearest wall. As can be seen from Figure 5.3

& Figure 5.6, the machine learning model without the distance to the wall as one of the �ow features

tends to underestimate Reynolds stress in the relative near-wall region (a) and overestimate Reynolds

stress in remote wall region (b). Such an error is because of the characteristic of the Gaussian process.

The Gaussian process bias to the area where data are more suf�cient. As shown in Figure 5.7, case

2,3,4,5 cover y + range of [0,151], [0,513], [0,967], [0,1961] and [0,5155], separately. Hence region (b)

is only covered by data from case 4 and 5, in which case 4 is test data. So, the dominant training data

in the region (b) is from case 5. In this situation, Gaussian process prediction will bias to the case 5

result, which is higher than case 4, as can be seen in Figure 5.7 (a). A similar phenomenon could be

seen in the region (a), where dominant data is not case 5 but case 2,3, which are all relatively low

Reynolds stress cases compared with case 4. Hence Gaussian process underestimates Reynold's

stress in this region.

The gradient of streamwise velocity in wall-normal direction d u +

d y + is an important component
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Figure 5.7 The relationship between k + , d u +

d y + and y + in 5 cases
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of the input �ow feature Q. Hence the relationship between it, wall normalized distance y + and

turbulence kinetic energy k + for the 5 cases are plotted in Figure5.7. Here we �rst obtain Reynolds

stresses� from DNS data as a function of position, as Figure 5.7 (a); Then, we obtain input �ow

feature Q from RANS data as a function of position, as Figure 5.7 (c). After that, mapping functions

between Reynolds stress and local �ow feature are established using a machine learning algorithm,

as Figure 5.7 (b).

In short, the data is not evenly distributed in the input domain. In the region that data is not

suf�cient, the machine learning model established using gaussian process regression would return

a biased value that deviated to the region that has suf�cient data.

5.5.3 Data suf�ciency

Data suf�ciency, also called imbalanced data issues, is an important research topic in ML. This

chapter aims to introduce some useful techniques in dealing with data suf�ciency issue in data-

driven turbulence modeling. The performance of these techniques is also displayed for this case

study.

Usually, t-SNE distribution and KDE distance are useful tools to help people understand the

data suf�ciency condition of the data. Speci�cally, t-SNE distribution is advanced in visualization

and KDE distance is advanced in quanti�cation. If t-SNE or KDE distance tells us that the data is

not suf�cient, the “resampling” process should be applied to make the data suf�cient.

To perform data suf�ciency study, feature scaling should be applied to both training and test

data �rst (Figure 5.8), so as to avoid the error caused by one or more elements dominate the dataset.

The only thing we did in Figure 5.8 is to scale each element of the �ow features d u +

d y + and d p +

d x + and

the distance to the nearest wall) to the approximately same range. The distribution of each element

is changed to 0 mean and standard variation equal to 1 using the preprocessing.scale() function in

sklearn toolbox.

A common question in ML is understanding whether the test data is in the range of training

data. If the test data is in the range of training data, then the data amount is “suf�cient”, otherwise,

it would be considered as “insuf�cient”. In Figure 5.9, a comparison of the distribution of training

data and test data is displayed. The left picture uses original data, and the right picture uses scaled

data. In both pictures, test data is in the range of training data. It is hard to conclude whether feature

scaling in�uences the t-SNE distribution.

To quantify the data suf�ciency and understand the effect of feature scaling, only t-SNE is not

enough. We also need KDE (Kernel Density Estimation) to measure data suf�ciency for a certain

data point. As can be seen in Figure 5.10, the t-SNE picture does not always match with KDE distance.

The KDE distance could quantitively provide the information that how suf�cient the training data is

for a certain data point in the test data. Also, feature scaling does affect the result of KDE analysis,

and the in�uence is positive. The KDE distance of original data ranges from 5.52 to 6.08, but the

KDE distance of scaled data ranges from 0 to 1.75. And the distribution of KDE distance in scaled

data in more evenly distributed. The above two pieces of evidence indicate that it is very likely that
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Figure 5.8 A comparison of original and scaled �ow features
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Figure 5.9 A comparison of t-SNE distribution between training data and test data both in original data
and scaled data

the KDE distance of the original data is dominated by part of the elements of the data. Using scaled

data makes the result of KDE distance more readable and unbiased.

Figure 5.10 A comparison of KDE distance between training data and test data both in original data and
scaled data

Figure 5.9 and Figure 5.10 both plot two pictures (the original data and the scaled data) to show

that the necessary step (feature scaling) in making data suf�ciency study (t-SNE and KDE) doesn't

affect the result of data suf�ciency study.

The KDE result shows that there are still points in test data that has large KDE distance, which

means it is far from training data in the nearby region, which means data suf�ciency in these regions
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is not enough.

Resampling algorithms should be applied to solve the issue. In this research, SMOTERegression

is selected to do the job. The algorithm is introduced in the technique review section. What it does is

randomly delete points in the region where data is too suf�cient that cause computational burden,

then interpolate points in the region where data is insuf�cient. In this study, we don't delete points

as the data amount is small so it would cause a computational burden.

Resampling is inevitable in machine learning. Figure 5.3 is also a result of resampling. But it is

done manually. We manually re�ne the data by interpolating data point along d u +

d y + , as can be seen

in Figure 5.11.

Figure 5.11 is a comparison of the original data, resampled data based on personal experience,

and resampled data based on the SMOTERegression algorithm. According to �gure (d,e,f), the

resampled data based on the SMOTERegression algorithm is more evenly distributed. The distribu-

tion of u'u' pro�le for manually resampled data and SMOTERegression resampled data are both

better than the original data, which indicates that the SMOTERegresion algorithm could achieve the

same performance than manually resample based on personal experience. The SMOTERegresion

algorithm even performs better in the high y + region, where manually resampling provides too

much data that generates data bais on the contrary.

But after resampling the data, the prediction result still has error in y + 2 [1000,1600] region

(Figure 5.11(i)), which indicate that the �rst assumption is wrong. “Data suf�ciency” is not the

reason for the question. Our second assumption is the inability of Gaussian process regression,

which will be validated in the next section.

5.5.4 Comparison of different ML algorithms

It is noticed in Figure 5.3 and Figure 5.4 that the introduction of the distance to the nearest wall

improves the performance of the ML surrogate model. But the distance to the nearest wall is a global

quantity rather than a local quantity. Introducing a global quantity may hurt the capability of the

ML model's applicability in different �ow con�gurations. Possible reasons for such phenomena

could be:

• The “data suf�ciency” issue. This assumption assumes that the error in Figure 5.3 is introduced

by the imbalanced distribution of data;

• The inability of Gaussian process regression. The assumption assumes that the error is in-

troduced by the ML algorithm. Gaussian process regression will inevitably introduce data

bias;

• The global quantity “distance to the nearest wall” is a required quantity to describe the physic

correlation between HF Reynolds stress and LF �ow features.

Section 5.5.3 studies the “data suf�ciency” issue. The result is that the “data suf�ciency” issue

is not the reason. So, this section focusses on the second reason: the inability of Gaussian process
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Figure 5.11 A comparison of the original data, resampled data based on personal experience, and resam-
pled data based on SMOTERegression algorithm
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regression. If the second reason is also not the reason, then probably reason 3 is true: The global

quantity “distance to the nearest wall” is a required quantity to describe the physic correlation

between HF Reynolds stress and LF �ow features.

We exam the inability of Gaussian process regression by replacing the ML algorithm with the

Neural network. If the result of the neural network doesn't have an error in predicting Reynolds

stress, then it proves that the error is caused by Gaussian process regression.

5.6 Analysis and lessons learned

In data-driven turbulence modeling, uncertainties come from 4 parts: model uncertainty (include

model form uncertainty and model parameter uncertainty), high-�delity data uncertainty, dis-

cretization uncertainty and machine learning algorithm uncertainty, as listed in Table 5.2. This

work focuses on modeling the model form uncertainty so that the modeling of model parameter

uncertainty, high-�delity data uncertainty, and discretization uncertainty are not performed. In

future research, model parameters would also be studied as it is also an important part of the

model uncertainty. The in�uence model parameters could do to Reynolds stress are much more

complicated than that of Reynolds number, which brings us a bigger challenge.

Although the process works well for this parallel plate benchmark, there are still challenges to

prevent this research from going future. First of them is the “numerical instability” problem. We

have also attempted to establish mapping functions between DNS Reynolds stress and DNS �ow

feature, then take the functions into RANS to propagate the velocity �eld, which is a physically more

reasonable process. The biggest problem that stops us is the dif�culty of propagation. Due to the

non-linearity of the RANS equation in high Re number case, even little prediction error could be

ampli�ed and lead to divergence of the equation. How to properly propagate predicted Reynolds

stress into the RANS equation is an inevitable topic in future research. Another challenge is the

selection of high-�delity data. Currently, we use DNS data as HF data because only DNS result

provides unmodeled Reynolds stress. But for many engineering problems, HF data may be RANS,

LES or even experiment data. How to apply these HF data into the data-driven model is another

challenge in future research.

5.7 Summary

In this case study, we introduce an SDTM approach to predict Reynolds stresses of �ows in a new

�ow con�guration using pre-calculated CFD data. According to the case study result, the data-driven

model largely improved RANS model accuracy. The improved RANS model allows more accurate

and �exible prediction for turbulence �ow, which is not only the aim of turbulence modeling but

also fundamental for coarse mesh CFD in NPP.

Signi�cance: As nuclear safety problem becomes increasingly stringent and requires detailed

analysis of thermal-hydraulics, computationally ef�cient CFD methods are needed to support the
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Table 5.2 Sources of error in data-driven turbulence modeling

Source of error Comments

Model form un-
certainty

Data-driven turbulence modeling requires a RANS baseline to provide input
�ow feature, hence the selection of the turbulence model ( k � � , k � ! , etc.)
could introduce uncertainty to the �nal result. In this work, the standard
k � � is selected to perform all cases so that the model form uncertainty
between case 1 5 should be equal.

Model parame-
ter uncertainty

Similar to model form uncertainty, different turbulence model has different
model parameters, and usually, such parameters are remained to be cal-
ibrated for different scenarios. Hence the selection of model parameters
could also introduce uncertainty.

High-�delity
data uncer-
tainty

The data-driven method requires high-�delity data to drive the whole model,
hence it is critical to validate that the high-�delity data is relevant and
suf�ciently accurate. Inaccurate data or their extrapolation would result in
inaccurate predictions.

Discretization
uncertainty

Discretization uncertainty exists in the process of performing a RANS base-
line, machine learning modeling, and velocity propagation. It is dif�cult
and usually unnecessary to model discretization uncertainty. Control this
uncertainty in an acceptable range is the main research direction.

Machine learn-
ing algorithm
uncertainty

Different machine learning algorithm has difference features; hence the
choice of machine learning algorithm could also introduce uncertainty.
Moreover, the machine learning process could even contain human errors
(choose network layers, model parameters, etc.) or random error (in some
machine learning algorithms like Random Forest method).
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study of a broad range of accident scenarios. Current turbulence modeling requires different RANS

models for different �ow patterns, which largely hinder the use of CFD for complex scenarios with

transient �ow patterns. The aim of solving the problem using a data-driven method is the starting

point of this study.

Limitation of the case study: The single-model approach may fail when the baseline is far from

the true result.
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CHAPTER

6

CASE STUDY B: PERFORMANCE OF

MDTM APPROACH

6.1 Chapter Objective and approach

This chapter aims to answer the question that whether the MDTM approach performs better than

the SDTM approach. The benchmark studied in this chapter is 1D channel �ow, which is the same as

Chapter 5. The benchmark compares SDTM (k-epsilon model), SDTM (k-omega model) and MDTM

with both two RANS models. The results show that for the simple geometry, both k-epsilon and

k-omega shows a very similar result, so nearly no additional human knowledge has been introduced

into MDTM. Hence for the benchmark, the MDTM shows equivalent performance compared to

SDTMs. The unique advantage of MDTM hasn't been taken. Further experiments should be done in

the following chapters with more complex �ow con�gurations.

6.2 Introduction

The �ow con�guration in the example is the same as Chapter 5: a 1D quasi-steady-state channel

�ow problem. There are three reasons to choose this problem:

1. The DNS data for a 1D quasi-steady-state channel �ow problem is available online, and DNS

data is a requirement for this case study.

2. 1D problem has better numerical stability than the 2D or 3D problem.
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Table 6.1 Parameters setup for cases (SI Units)

Case 1 Case 2 Case 3 Case 4 Case 5

Density( � ) 1 1 1 1 1
Kinematic Viscosity ( � ) 0.00035 0.0001 0.00005 0.000023 0.000008
Channel half width ( � ) 1 1 1 1 1
Avg stream-wise velocity ( u ) 1 1 1 1 1
Friction velocity ( u � ) 6.373e-02 5.434e-02 5.002e-02 0.04587 0.04148
Shear Reynold's number ( Re� ) 182.088 543.496 1000.512 1994.756 5185.897
Bulk Reynold's number ( Reb ) 2857 10000 20000 43650 125000
Wall shear stress (� w ) 4.06e-03 2.95e-03 2.50e-03 2.10e-03 1.72e-03
RANS Mesh number
in wall normal direction

6 18 33 66 172

Data-driven approach 1 SDTM approach with k � � model
Data-driven approach 2 SDTM approach with k � ! model
Data-driven approach 3 MDTM approach with k � � model and k � ! model

3. 1D problem requires fewer data to train the model, which could be a heavy burden for the 2D

or 3D problem.

As this is a 1D problem, the data amount is not too large. According to the comparison of different

machine learning algorithms discussed in chapter 2.3.1, Gaussian process regression is selected as

the machine learning tool in this case study.

6.3 Problem formulation

Cases of fully developed incompressible pressure-driven turbulent �ow between two parallel planes

are performed in this work. Periodic boundary conditions are applied in the streamwise (x) and

spanwise (z) directions and no-slip boundary conditions are applied to the wall. The computational

domain sizes are 8pi meters in the streamwise domain and 3 � in the spanwise domain.

As can be seen in Table 6.1, a total of 5 cases are performed in 5 different Reynolds numbers.

All �ows have the same geometry. Data of these �ows are obtained from DNS simulation [Lee15].

Case 3 is selected as training data and case 4 is selected as test data. Training cases and test cases

are differentiated by Re number. Data on case 1 is abandoned due to the potential numerical error

introduced by the limited number of the mesh size. This is actually a global extrapolation problem.

For each case, 3 data-driven approaches have been performed. The �rst approach is SDTM

approach with k � � model, the second approach is SDTM approach with k � ! model, and the

MDTM approach with k � � model and k � ! model. A comparison of the MDTM approach and

SDTM approaches has been made.

60



6.4 Implementation

Two baseline RANS simulations ( k � � model and k � ! model) are performed for each �ow to

obtain input �ow features for the machine learning model. Standard k � � model is selected with

following parameters: C� = 0.09,C1 = 1.44,C2 = 1.92, � � = 1.3. k � ! model is selected with following

parameters: C� = 0.09, � = 0.52, � = 0.072. An open-source CFD software, OpenFoam, is used to

perform this study with a built-in incompressible �ow solver pimpleFoam. Spatially even distributed

mesh structure is applied and mesh sizes for these cases are presented in Table 5.1. In order to

save calculation expense, high-Reynolds number k � � model with wall function treatment is used

instead of low-Reynolds number k � � model. In order to apply wall function to the calculation

domain, the node that is nearest to the wall should be in the log-law region, which means y + of it

should be larger than 30. The RANS mesh number in the wall-normal direction is calculated based

on this criterion.

The Gaussian process is performed using the GPML code written by Carl Edward Rasmussen

and Hannes Nickisch [Ras10]. The isotropic squared exponential covariance function “covSEiso” and

Gaussian likelihood function “likGauss” are selected to be likelihood function. Hyperparameters are

self-optimized subsequently. Based on our testing, a maximum number of 93 function evaluations

is large enough to have a robust prediction.

6.5 Data processing and results

In this case, we select case 3 as training data, and case 4 as test data. So globally this is an extrapolation

problem. The reason we select extrapolation problems to study is that the prediction performance

for globally interpolation problem is too good to see the difference between the SDTM approach

and the MDTM approach.

As has been studied in chapter 5, the �ow features a combination of d u +

d y + , d p +

d x + and the distance

to the nearest wall is the best for this �ow con�guration.

As it can be seen in �gure 6.1, the SDTM approaches and MDTM approach are compared using

�ow features combination of d u +

d y + , d p +

d x + and the distance to the nearest wall. The prediction result

is very similar. The MDTM approach doesn't improve the accuracy of the prediction result for this

�ow con�guration.

Figure 6.2 is another comparison of the SDTM approaches and MDTM approach using another

combination of �ow features, which are d u +

d y + and d p +

d x + , but the distance to the nearest wall is not

considered.

As can be seen in Figure 6.2, the prediction accuracy largely decreases without the �ow feature

"the distance to the nearest wall". But the performance of SDTM approaches and the MDTM

approach is still the same, which means the MDTM approach doesn't improve the accuracy of the

prediction result for this �ow con�guration.

In order to explain such phenomena, the �ow feature and Reynolds stress of the baseline models
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Figure 6.1 A comparison of Reynolds stress distribution for true result (DNS), prediction result of single-
model approach with k � � , k � ! LF model, and multi-model approach using �ow features: d u +

d y + , d p +

d x + and
the distance to the nearest wall
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Figure 6.2 A comparison of Reynolds stress distribution for true result (DNS), prediction result of single-
model approach with k � � , k � ! LF model, and multi-model approach using �ow features: d u +

d y + , d p +

d x +
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are compared in Figure 6.3. As can be seen in the �gure, the prediction accuracy of u 0u 0using the

SDTM approaches and the MDTM approach is nearly the same. The reason is that the LF result of

different LF baseline models is almost the same, so the �ow feature d u +

d y + of the two baseline models

are also the same. In such a condition, adding another LF model doesn't introduce new information

to the ML surrogate model. Hence the MDTM approach doesn't improve the accuracy compared to

the SDTM approaches.

Figure 6.3 The relationship between k + , d u +

d y + and y + in the test data

6.6 Analysis and lessons learned

In this chapter, we applied the MDTM approach to a 1D channel �ow problem. It is expected

that the MDTM approach could achieve equivalent or higher accuracy compared to the SDTM

approaches. The result shows that the MDTM approach does show equivalent performance as the

SDTM approaches. The reason is that the �ow con�guration of this case is very simple, different LF

RANS models generate nearly the same result, which indicates that no human knowledge has been

introduced to the ML system by adding model turbulence models.

Through this case study, several conclusions could be made:
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1. For simple �ow con�guration that different turbulence model shows equivalent results, the

MDTM approach couldn't increase the predicted accuracy compared to SDTM approach. But

the MDTM approach didn't decrease the accuracy either;

2. Case studies with more complex �ow con�gurations should be studied to investigate whether

the MDTM approach could perform better than SDTM or not.

6.7 Summary

In this case study, we introduce the MDTM approach and apply it to a 1D channel �ow problem. The

result shows that the MDTM approach could achieve equivalent accuracy as the SDTM approaches.

Signi�cance: This is the �rst attempt of the MDTM approach on a case study with DNS data.

The simple �ow con�guration makes it easy to repeat the approach, and analysis the error. Because

the HF data is from DNS, the error modeled in this study is turbulence error only, which decreases

the risk of modeling multiple errors together.

Limitation of the case study: Because the �ow con�guration of this case is very simple, nearly

no human knowledge has been introduced into the ML system by adding more turbulence models.

Hence the accuracy of the MDTM approach hasn't exceeded the accuracy of the SDTM approach.

Case studies with more complex �ow con�gurations are expected.
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CHAPTER

7

CASE STUDY C-1: COMPLEX FLOW

CONFIGURATION: TRANSIENT FLOW

7.1 Chapter Objective and approach

CHAPTER 7 and CHAPTER 8 aims to take the MDTM approach into a more complex �ow con�g-

uration to validate the applicability of the approach. But the direction of complexity is different:

CHAPTER 7 focus on increasing the complexity of the case by changing the case from quasi-steady-

state problem to transient problem; CHAPTER 8 focus on increasing the complexity of the case

by changing the case from 1D problem with simple geometry to 3D problem with more complex

geometry. This chapter performs the SDTM approach and the MDTM approach on a transient

problem, and compare the accuracy accordingly.

7.2 Introduction

The con�guration studied in this paper is a 2D lid-driven transient problem. Such a “classic” case is

instructive for comparing different turbulence models. The geometry con�gurations could be seen

in Figure 5. The length and width of the cavity are 0.1m, and the kinematic viscosity is 1e � 5m 2=s.

The case starts from a steady-state with lid velocity U =1m/ s. Then the lid velocity U is set to be

2m/ s and run until achieving steady-state again (About 20 seconds).
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Figure 7.1 Geometry con�gurations of the 2D lid-driven problem

7.3 Problem formulation

In the present study, the high-�delity data is generated by LES with the Smagorinsky model (oneE-

qEddy solver in OpenFOAM) and low-�delity data are generated by RANS with 3 different turbulence

model, which are standard k � � model, realizable k � � model and k � ! shear stress transport

(SST) model.

As the Smagorinsky model is used as the high-�delity model, turbulence viscosity � t is selected

as the ML model output rather than Reynold's stress. They are equivalent according to the Boussinesq

eddy viscosity assumption. Flow features are selected according to equation 7.1.

Q = f u ,r u ,p ,r p, k , � or ! , v g (7.1)

To avoid mesh error, the mesh size of both LES and RANS is set to be equal. The mesh size is set

to be 20 � 20.

As this is a transient problem, data from different time points are sampled to predict the eddy

viscosity of other time points. The training data in this study are from time =1s and time =20s. The

test data are from time =2s, 3s, 4s, . . . 19s.

7.4 Implementation

The structure of the machine learning model with 3 baselines could be seen in Figure 7.4.1. The

output element dimension is 1, the turbulence viscosity; and the input element dimension is 3*6 =18,

3 baselines with 6 elements in each baseline.

Two activation functions are used in the network of this study, which are tanh and recti�ed linear

unit (ReLU) functions.

The coding software leveraged in this study is PyTorch, an open-source machine learning library

for Python. A lot of classic scienti�c research has been implemented or reproduced by PyTorch, such
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Figure 7.2 Geometry con�gurations of the 2D lid-driven problem

as the development of meta-optimizer, the construction of the visual question answering system

and the optimization of the self-attention layer. Detailed information on the neural network could

be seen as follows:

• Optimizer: ADAM algorithm;

• Hidden layer order: 5 linear layers connected by 1 tanh and 3 ReLU active functions. The

structure is: linear layer – ReLU active function – linear layer – ReLU active function – linear

layer – ReLU active function – linear layer – Tanh active function – linear layer;

• Hidden layer size: 100 nodes for each linear layer;

• Learning rate: 0.001;

• Stop criteria: mean square error loss for the training case less than 1e-6.

The ADAM algorithm is a commonly used method for stochastic optimization. In a neural

network, an optimization algorithm is required to solve the linear equation system. Based on the

characteristic of the neural network, gradient descent algorithm (GD) is developed as the foundation.

After GD, a couple of advanced modi�cation has been added to it to increase computation ef�ciency,

for example, the momentum feature. The name “ADAM” is neither an initial abbreviation nor a

name, it comes from “adaptive moment estimation”. We use the GD algorithm at the beginning,

then it comes out that ADAM algorithm could be 10 times faster than GD.

The learning rate is the length of step to move in each iteration in the ADAM algorithm. The

learning rate is how quickly a network abandons old beliefs for new ones. It could be imaged as the

footstep size a man use to go to a goal position. If the step size is too small, he will use more time to

achieve the goal; If the step size is too large, he may miss the goal. Hence it is a hyper-parameter

that requires optimization in a neural network.

7.5 Data processing and results

Add: a) Flow velocity �eld plot (let the reader know the scenario); b) T-SNE analysis input domain

coverage. A comparison of the prediction capability between the SDTM approach and the MDTM
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approach could be seen in Figure 7.3.

Figure 7.3 Comparison of the prediction error between the SDTM approach (bl1, bl2, bl3) and the MDTM
approach (bl1 +bl2+bl3)

As can be seen in Figure 7.3, x axis represents the prediction time of test data. For example,

the points in x =2 mean the prediction errors of models trained by the data from time =1s and 20s

but predicted on time =2s. Y axis represents the root mean square error of prediction result. The

prediction result is turbulence viscosity � t . The root mean square error (RMSE) is calculated using

the following equation:

RM SE =

v
u
t

P T
t =1

�
Òyt � yt

�2

T
(7.2)

Where T represents data amount, which in this case is equal to the mesh number. ( Òyt ) represents

ML prediction result, yt represents true result.

Totally 4 networks are established:

bl1: Single-model approach, trained by baseline model 1, which is RANS simulation with the

standard k � � model;

bl2: Single-model approach, trained by baseline model 2, which is RANS simulation with the

realizable k � � model;

bl3: Single-model approach, trained by baseline model 3, which is RANS simulation with the
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k � ! shear stress transport (SST) model;

bl1+bl2+bl3: Multi-model approach, trained by baseline model 1, 2 and 3 together;

The training data are from time =1s and time =20s, so prediction error in the beginning and end

are roughly equal to 1e-6, which is the training stop criteria. The test data are from time =2s, 3s, 4s,

. . . 19s, so the prediction error in these timesteps are relatively larger.

Several phenomena could be observed in �gure 7.3:

1. Generally, the multi-model approach could obtain a relatively equivalent prediction error as

the prediction error of the single-model approach with the best baseline model;

2. For the period when the �ow changes dramatically (time =2s), multi-model approach achieves

higher accuracy than all three single-model approaches;

3. Among single-model approaches, the different time period has different “best” baseline.

For time =2s, the best baseline is bl1, but for time =3s. . .19s, the best baseline is bl3. Such a

phenomenon implies the superiority of the multi-model approach compares to the single-

model approach in dealing with transient problems.

7.5.1 Weight of each baseline model in the multi-model approach

This section estimates the weight of each baseline model in the multi-model approach. The term

“weight” here represents the percentage of contribution each baseline model made to the �nal

prediction result.

We consider weight to be a bene�cial index to optimize the multi-model approach. For example,

if the contribution of baseline model n is very less, then one would consider deleting this model to

save computational expense.

Currently, we use the following equation to calculate weight:

w i =

P n
j =1 ej � ei

P n
k =1

€P n
j =1 ej � ek

Š (7.3)

Where n represents the number of baselines, w i is the weight of the i t h baseline model, ei is the

prediction error of the i t h baseline model using the single-model approach.

It is clearer in Figure 7.4 that the “best” baseline model for a transient case is different from

time to time. As can be seen, baseline 3 is the best baseline model for most of the time, but baseline

1 and base 2 are also the best at the beginning and the end. In such a situation, the multi-model

approach could automatically select the best baseline in each timestep, which provides the potential

to achieve higher prediction accuracy than a single-model approach.
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Figure 7.4 The weight of each baseline model in the multi-model approach
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7.6 Analysis and lessons learned

In this case study, the MDTM approach for turbulence modeling is implemented. The approach

is validated by a 2D lid-driven transient problem. The performance of the approach shows that:

(i). the multi-model approach has the potential to obtain higher accuracy than the single-model

approach; (ii). the multi-model approach could save the procedure of selecting a suitable baseline

model compared to the single-model approach. (iii). The multi-model approach is more suitable to

be used in transient problems, compared to the single-model approach.

There are several assumptions in this work. First, this work assumes there is a universally ap-

plicable correlation between local turbulence viscosity of high-�delity simulation and local �ow

variables of low-�delity simulation. Second, it is assumed that such a correlation could be captured

by neural networks. Then, it is further assumed that high-�delity data uncertainty, discretization

uncertainty, and machine learning algorithm uncertainty are small enough to be negligible in this

study.

The work exhibits further evidence on the potential of extending the application range of data-

driven turbulence modeling approach from simple steady-state problem to more complex transient

problem. Yet there is still a signi�cant gap between benchmark study and real application. Further

work will focus on the step of taking predicted turbulence viscosity into the RANS equation to obtain

the velocity �eld. The dif�culty of this step is because of the prediction error accumulated with time.

The velocity �eld of each timestep is based on the velocity �eld and ML predicted turbulence viscosity

�eld of the previous timestep. Hence even very small ML prediction error would be accumulated

with time and made CFD solver diverge after several iterations; Besides, the prediction error of ML

algorithm is usually large in extrapolation, and the Newton iteration method in solver non-linear

CFD conservation equations could easily lead to extrapolation. Possible solutions to solve this

problem are: (i). providing more training data; (ii). selecting better �ow features; (iii). Ignore the

time derivative term in the conservation equation, assume a quasi-steady state in each time step.

7.7 Summary

In this case study, we introduce a 2D transient turbulent �ow problem to validate that the MDTM

approach could be used in a relatively complex �ow con�guration. According to the result, the

MDTM approach does show good performance, and there is no need to select a baseline turbulence

model beforehand.

Signi�cance: This case study validate that the MDTM approach shows better performance

than SDTM approaches. The process of selecting the LF turbulence model in the SDTM approach

is removed in the MDTM approach, which could eliminate human error. Although the MDTM

approach couldn't exceed the accuracy of the SDTM approach with the best LF model at each

timestep, it could automatically select the best LF model at each timestep, so to achieve a superior

overall accuracy than any one of the SDTM approaches.
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Limitation of the case study: For transient case, it is still dif�cult to propagate Reynolds stress / -

turbulent viscosity into the conservation equation to obtain velocity. Because the velocity of the

previous timestep is required. Also, this study didn't use DNS as HF data, which means the error of

inaccurate HF data has also been introduced into the system, which limits the application range of

the trained ML model for other �ow con�gurations.

73



CHAPTER

8

CASE STUDY C-2: COMPLEX FLOW

CONFIGURATION: 3D PWR

SUB-CHANNEL WITH DNS DATA

8.1 Introduction

In this chapter, we validate the MDTM approach on a relatively complex �ow con�guration per-

formed by DNS. The geometry of this case study is a 3D PWR sub-channel, which related to nuclear

power plant simulation. The MDTM approach is performed to increase the accuracy of RANS simu-

lation to the DNS level. Then, it is compared with the SDTM approach to see whether the MDTM

approach works better than the SDTM approach. According to the result, the MDTM approach

achieves higher accuracy than the SDTM approach results performed by each of the LF RANS

models.

8.2 Chapter Objective and approach

This chapter aims to validate the MDTM approach in a complex �ow con�guration. The complexities

of this �ow con�guration are:

• It is a 3D case;

• It is a turbulence �ow case;
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• The geometry is fuel channel distribution in a commercial nuclear power plant. The effect of

spacers and mixing vanes and taken into consideration;

• The HF data are from DNS simulation;

By performing the MDTM approach to this case, it is expected to obtain the following results:

• Data-driven approach is more cost-effective compared to DNS and RANS. It achieves the DNS

level of accuracy with the RANS level of computational expense;

• In data-driven approaches, the MDTM approach is more stable than SMTM approaches;

• More detailed regional analysis to support the above two arguments.

8.3 Problem formulation

The �ow con�guration in the study is a sub-channel �ow in commercial PWRs. The geometry and

B.C.s of the �ow could be seen in Figure 8.1.

Figure 8.1 The �ow geometry and B.C.s of the sub-channel �ow (unit: mm)

Fully developed turbulent velocity pro�les are speci�ed as the inlet boundary condition.

The DNS result of this case is performed by DNS. Our goal is to test whether our ML approach

could achieve the equivalent accuracy as DNS with pre-calculated DNS data for a slightly different

�ow con�guration.

As can be seen in Figure 8.2, there are spacer and mixing vanes in the upstream, which introduce

mixed �ow to the downstream. We divide the downstream into two regions, region A and region B.

DNS data in region A are used as training data and development data for the ML surrogate model.

DNS data at Region B are used as test data for the ML model. The experiment is performed under

the following steps:

1. First, DNS data and RANS data at region A are implemented to train the ML surrogate model;

75



Figure 8.2 Partition of training data and test data

2. Then, the ML surrogate model is used to predict Reynolds stress distribution as Region B with

RANS data at region B;

3. After that, the Reynolds stress is taken into the RANS conservation equation to obtain the

velocity distribution at region B;

4. Finally, the predicted results are compared with DNS data in region B to validate the perfor-

mance of the whole approach. In addition, the performance of different approaches (MDTM

and SDTM) are also compared.

8.4 Implementation

8.4.1 High Fidelity data: DNS

For the DNS data, the velocity distribution at x =30 could be seen in Figure 8.3. The Reynolds stress

�eld could be seen in Figure 8.4.

The simulation parameters of the DNS case could be seen below:

• � = 1.861� 10� 5Pa.s

• Hydraulic diameter Dh = 0.013m

• Inlet mean velocity is 15.772 m =s.

• Re number is 11000.

• Non-dimensional Reynolds number Re� is 341.58.
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Figure 8.3 The velocity distribution at x =30mm (unit: m / s)
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Figure 8.4 The Reynold stress distribution at x =30mm (unit: m / s)
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8.4.2 Low Fidelity data: RANS

The LF simulations are only performed on region A and B in �gure 8.2. The reason is because of

software limitation (OpenFOAM couldn't model the complex structure of spacer and mixing vanes).

The LF simulations are performed on OpenFOAM with (1) RANS k � � model solver; (2) RANS

k � ! models solver, and (3) laminar �ow solver (pure Navier-Stocks equation).

Wall functions are used in the near-wall region. OpenFOAM performs the near-wall treatment

by applying wall functions on k , � and ! , then the turbulence viscosity on the wall is calculated

by k . The wall functions of k , � and ! are derived from the law of the wall and the corresponding

turbulence models. They are piece-wise continuous functions on the viscous sub-layer, the buffer

layer, and the log-law region.

Figure 8.5 The mesh setting of the LF OpenFOAM case

The mesh design could be seen in Figure 8.5, we use 4 parameters m x ,m y ,mz ,ml to control

the mesh setting. Each parameter represents the number of cells in that distance. By changing the

number of these 4 parameters, the degree of sparse the mesh could be controlled.

Table 8.1 is used to perform mesh convergence study. Totally 15 different meshes are performed.

Based on the mesh convergence study, mesh 15 is selected as the most cost-effective mesh to

perform the study without hurting the result because of the mesh error.

The velocity pro�le in the x-direction ( u x ) along the y-axis at position x =30mm,z=0mm is

selected as the �gure of merit to evaluate the approach. The region could be seen in Figure 8.6. A

comparison of the velocity distribution along the line for the 3 LF baselines and 1 HF DNS data

could be seen in Figure 8.7.

As can be seen in Figure 8.7, the k � � model result is the one that most close to the HF DNS data.

The laminar �ow solver result is also close to the HF DNS data. The k � ! model result is the one

that most different from the HF DNS data.
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Table 8.1 Table of different mesh settings used to perform mesh convergence study

mesh order mx my mz ml

Mesh 1 10 20 20 20
Mesh 2 5 20 20 20
Mesh 3 3 20 20 20
Mesh 4 4 20 20 20
Mesh 5 20 20 20 20
Mesh 6 40 20 20 20
Mesh 7 10 10 20 20
Mesh 8 10 5 20 20
Mesh 9 10 2 20 20
Mesh 10 10 40 20 20
Mesh 11 10 80 20 20
Mesh 12 10 20 40 20
Mesh 13 10 20 80 20
Mesh 14 10 20 20 10
Mesh 15 10 20 20 40

Figure 8.6 Velocity pro�le at the red dash line (x =30mm,y=-z) is selected as the �gure of merit to evaluate
the approach
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Figure 8.7 A comparison of velocity distribution along the evaluation line (x =30mm, y=-z)

After the LF mesh been determined, HF data should be mapped to the LF mesh. As can be seen

in Figure 8.8, the inlet velocity distribution contains 2 vortexes because of the spacer and mixing

vanes in the upstream. And the velocity distribution becomes steady in the downstream region.

8.4.3 Machine learning surrogate model: neural network

The SDTM approach is based on an assumption that:

"Assumption 6: When the LF model simulation results and the HF model simulation results

are similar to each other, the error the LF model made in predicting local Reynolds stress could be

compensated by a correlation only derived by the local �ow features of the LF model."

The correlation a SDTM approach attempts to capture is a function like eq 8.1:

� R = f (QLF ) (8.1)

QLF = u LF , r u LF ,dLF ,kLF (8.2)

� R = RH F � RLF (8.3)

Where u stands for the velocity, r u stands for the velocity gradient, d stands for the nearest

distance to the wall, k stands for the kinetic energy. If the LF model doesn't have k variable, the term

would be left empty. The term Q stands for the quantities of interest, which also called �ow feature.

The subscript H F stands that the quantity is for the HF model; The subscript LF stands that the
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Figure 8.8 Velocity distribution of the mapped DNS data on the LF mesh

quantity is for the LF model.

The term � R stands for the discrepancy between the Reynolds stress of the HF model and the

Reynolds stress of the LF model.

While in our practice, we found that using � R as the target of ML model is easier to cause

numerical instability in the RANS conservation, the reason is likely because of the discrepancy � R

changes more dramatically in both time and space domain compared to RH F and RLF . Hence in

this study, we made a small modi�cation to eq. 8.1 by replacing Reynolds stress discrepancy � R to

RH F as in eq. 8.4.

RH F = f 0(QLF ) (8.4)

Such modi�cation is proposed based on the assumption that:

"Assumption 7: Local Reynolds stress of the LF modelRLF could be expressed as a correlation only

composed by local �ow features of the LF model."

In such a situation, eq. 8.1 and eq. 8.4 are equivalent. The aim of making such modi�cation is

only for numerical stability. If the numerical instability issue of the RANS conservation equation

could be solved by other techniques (such as �ner mesh, higher-order discretization scheme, better

CFD algorithm), it is recommended to delete this modi�cation according to the Occam's razor

problem-solving principle: " Entities should not be multiplied without necessity". f 0() is used to

denotes that the new correlation is different from the previous correlation f ().

In the MDTM approach, the correlation we are trying to capture is a bit more complex compared

to eq. 8.1.

82



� R = f 0(QLF 1,QLF 2, ...,QLF n ) (8.5)

Where LF 1,LF 2, ...,LF n stands for the different LF models. In this case study, a total of three LF

models are used. Which are k � � model, k � ! model and no model (pure Navier-stock equation).

The purpose of making such modi�cation is based on an assumption that:

"Assumption 8: The degrees of similarity between LF model results and HF model results it requires

in assumption 6 are different for different LF models."

According to this assumption, in a local spatial and temporal point, when the degree of similarity

between the result of LF model A and HF model is too large to support assumption 6, but that

between the result of LF model B and HF model is still small enough to support assumption 6, it is

possible to derive an approach to make better prediction result based on the results of LF model A

and LF model B, compared to the prediction result only performed based on LF model A.

Based on this difference, we call the approach performed only use one LF model the "single-

model data-driven turbulence modeling (SDTM)" approach, compared to the approach performed

using multiple LF models the "multi-model data-driven turbulence modeling(MDTM)" approach.

By using eq. 8.5, We expect a correlation that describes the Reynolds stress discrepancy with not

only the physical features of a single LF model but a bunch of LF models. It is expected that using

the MDTM approach could:

• Increasing the stability of SDTM approach;

• Save the process of selecting the proper LF model in SDTM approach;

• Probably achieve higher accuracy than any single one of the SDTM approaches based on the

LF models in the MDTM approach.

The structure of the Neural network for MDTM approach could be seen in Figure 8.9. The basic

hyper-parameters of the neural network could be seen below:

• Number of layers: 1 input layer, 1 output layer, 2 hidden layers

• Number of neurons in each hidden layer: 500

• Optimizer: Adam algorithm

• Criterion: mean square error (MSE) loss function

• Additional Stop criterion: MSE loss < 1 & relative error < 0.0001, where relative error is used to

stop training while loss stop decreasing. It is de�ned by eq. 8.6.

Er e l a t i v e =

�
�
�
�
Enow � Ea v e r ag e

Ea v e r ag e

�
�
�
� (8.6)
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Where Enow stands for the loss on current epoch, Ea v e r ag e stands for the averaged loss on

the last 500 epochs. (epoch is a term used in the neural network, one epoch = one forward

pass and one backward pass of all the training examples).

The training set and development set are randomly separated by a ratio of 0.8:0.2.

Figure 8.9 Structure of the neural network

8.5 Data processing and results

The results are presented in three parts to answer three questions:

• Does the MDTM approach successfully predict the Reynolds stress �eld?
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• Does the MDTM approach successfully predict the velocity �eld?

• Does the MDTM approach performs better than the SDTM approach?

The ML prediction result of Reynolds stress could be seen in Fig. 8.10. As can be seen, six

components of the Reynolds stress has been trained and predicted.

Figure 8.10 ML prediction result of the Reynolds stress (True data(x axis) VS predicted data(y axis))

According to the �gure, several conclusions could be made:

1. True data VS predicted data pictures for the six components are all 45-degree lines. Which

indicates that it is very likely that there is an internal correlation between the ML inputs and

targets, and the correlation has been captured by the ML surrogate model;

2. Although the test region is globally an extrapolation prediction, we can see from the �gure

that locally it is very likely an interpolation prediction through the following evidence:

(a) The prediction targets (6 components of the Reynolds stress) of the test region are all

distributed inside the training and development region;

(b) The accuracy of the test set (MSE=0.157) is similar to the accuracy of the development

set (MSE=0.163), even smaller (0.157<0.163).

The result shows the possibility of changing a global extrapolation problem into a local inter-

polation problem. The signi�cance is usually extrapolation problems performs way much
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worse than interpolation problem in machine learning;

3. There are still small errors between true data and predicted the result that couldn't be elimi-

nated in the training & development set. The reason will be discussed in the "error analysis

and lessons learned" section.

The second part is the comparison between predicted velocity and true velocity. In order to

visualize the result, we use regional analysis as well as global analysis.

For regional analysis, we compare the velocity distribution on a single line in the test region.

As can be seen in Fig. 8.11, �gure (b) use logarithmic coordinate system as x-axis; �gure (a) use

Cartesian coordinate system as x-axis. Both of them show the velocity distribution of a single line in

the test region. The position of the line is x =38.5mm, y=-z. We select this line to plot because the

left and right side of the line are walls. Log-law could be used to validate the velocity result.

Figure 8.11 Comparison of the predicted velocity in x direction Ux using MDTM approach and true ve-
locity in x direction Ux from DNS on a single line (x =38.5mm, y=-z). Figure (a) use Cartesian coordinate
system, �gure (b) use logarithmic coordinate system as x axis.

According to the �gure, several conclusions could be made:

1. As can be seen in Fig. 8.11 (a), the distribution of the velocity in HF DNS data matches with

that predicted by the MDTM approach. The largest prediction error happens in the middle of

the line, where velocity changes dramatically;

2. As can be seen in Fig. 8.11 (b), the distribution of the near-wall velocity pro�le follows the

log-law. The MDTM approach not only recovers the velocity distribution in the central area of

the channel but also recover the velocity distribution in the near-wall region.
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The predicted velocity distribution is obtained by taking predicted Reynolds stress into the RANS

conservation equation to get the velocity �eld. Hence the predicted velocity �eld could satisfy the

conservation equation.

The process of taking predicted Reynolds stress into the RANS conservation equation to get

the velocity �eld is dif�cult to work. It requires a very good mesh convergence study of the LF

models. Otherwise, mesh error would be introduced, and the nonlinearity of the RANS conservation

equation would amplify such error. As can be seen in Fig. 8.11 (a), it is hard to measure to what

degree the difference in predicted velocity and true velocity in the middle of the line is due to an error

in ML prediction, or due to the ampli�cation feature of non-linear RANS conservation equation.

For global analysis, we compare the velocity of all the points in the test region. As can be seen

in Fig. 8.12, the left three �gures are the true velocity VS predicted velocity �gure for all the points

in the test region. The right three �gures show the spatial distribution of the prediction error of

velocity, which is calculated using the equation: e = � j UH F � ULF j.

According to the �gure, although the predicted velocity matches well with the true velocity for

most points, a small portion of the points still have a large discrepancy in Uy and Uz.

Comparing Fig. 8.12 with Fig. 8.10, it should be noticed that such a large discrepancy in the test

region only happens in velocity, rather than Reynold's stress. Which theoretically should not happen.

From the spacial distribution in Fig. 8.12 we could �nd out that points with such large discrepancy

are all located in the near-wall region; and the points are all for Uy and Uz, not Ux.

An explanation of such phenomena is a result of joint action by wall function and the combined

error ampli�ed by the nonlinear RANS conservation equation. The combined error is composed

of mesh discretization error and ML prediction error. These errors propagate to the velocity �eld

through the RANS conservation equation and been ampli�ed by the non-linearity of the conser-

vation equation. But when the error been propagated to the wall, the velocity in x-direction, Ux ,

is restricted by the wall function of RANS, so the error could only be concentrated on Uy and Uz ,

hence the �nal error on Uy and Uz is much larger than our expectation.

The third part is the comparison between the MDTM approach and the SDTM approach. A

comparison of the total prediction error using SDTM approaches and MDTM approaches could be

seen in Fig. 8.13.

It is better to review Fig. 8.7 when analysis Fig. 8.13. We can see from Fig. 8.7 that the prediction

accuracy of the LF models are: k � � model > laminar > k � ! model, which would be helpful in the

following analysis for Fig. 8.13:

1. As can be seen in Fig. 8.13, the total prediction error of the MDTM approach using all three

LF models has the lowest prediction error, which equals to the highest prediction accuracy.

This result shows that MDTM approaches could possibly achieve higher accuracy than SDTM

approaches, rather than just save the process of selecting proper LF models.

2. An unexpected phenomenon is: the accuracy of SDTM approaches is actually following the

order of model2( k � ! ) > model1( k � � ) > model3(laminar). Remember that we checked from
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Figure 8.12 A comparison of the predicted velocity obtained from MDTM approach (y axis) and true ve-
locity obtained from DNS (x axis) for all the mesh points in the test region. Color is used to represent the
prediction error, which calculated using the equation: e = � j UH F � ULF j
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Figure 8.13 Comparison of the total prediction error (Reynolds stress) using SDTM approaches and
MDTM approaches

the regional analysis in Fig. 8.7 that the prediction accuracy of the LF models are: k � � model

> laminar > k � ! model, it is expected that k � ! model would show the worst performance,

but the result indicates that the performance of k � ! model is the best.

For regional analysis:

Figure 8.14 is a regional analysis performing to explain why the MDTM approach could achieve

better accuracy than the SDTM approach.

Figure 8.14 select two points on different position of the �ow. The position of the two points could

be seen in the bottom left �gure. According to the top-left �gure, the ML model input generated by

the laminar �ow is nearly the same on the two points, which indicates that the ML model output on

the two points predicted using SDTM approach with laminar �ow model (no turbulence model)

as LF baseline should be the same too. According to the upper-right �gure, the model output (the

green line) at the two points are the same.

Such phenomena show that for the SDTM approach with laminar �ow model (no turbulence

model) as LF baseline, the �ow features at point A is the same as point B, which inevitably results in

the model outputs at the two points are the same too. But according to the upper-right �gure, the

true ML outputs at the two points (the red line) are actually different (not in the 45-degree line). It

means that locally the HF model simulation results and LF model simulation results are not similar

to each other on the two points. And this is exactly the situation that the SDTM approach fails by its

de�nition:

"Assumption 6: When the LF model simulation results and the HF model simulation results

are similar to each other, the error the LF model made in predicting local Reynolds stress could be
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Figure 8.14 MDTM performs better than SDTM: regional analysis on two points
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compensated by a correlation only derived by the local �ow features of the LF model."

In such a situation, the SDTM approach with the laminar �ow model as the LF baseline couldn't

accurately predict the Reynolds stress because the basic assumption fails. As can be seen in the

lower-right �gure, the prediction MSE error of the SDTM with laminar �ow (model3) is the highest.

But we could also see from the �gures that the SDTM approach with k � � model as LF baseline

is still valid. The HF result shows that the model output between point A and point B are different,

and the LF model inputs for k � � model are different too. The small prediction error also indicates

that k � � is still valid for the two points.

Such phenomena proved that assumption 8 is valid on the two points:

"Assumption 8: The degrees of similarity between LF model results and HF model results it requires

in assumption 6 are different for different LF models."

In such a situation, the MDTM approach is actually learning from the k � � model rather than

the laminar �ow model. According to the lower-right �gure, the MDTC approach achieves similar

accuracy as the SDTM approach using k � � model as the LF baseline. The prediction MSE error is

even a little smaller than k � � model, which may because the MDTM surrogate model has learned

more knowledge from the k � ! model.

8.6 Error Analysis and lessons learned

In this case study, uncertainties mainly come from the mesh. Due to the high cost of DNS, we didn't

perform a very proper mesh convergence study for the whole domain. As can be seen in �g. 8.15,

the residual of the RANS conservation equation still exists. The residual is calculated by taking the

HF DNS velocity and Reynolds stress into the RANS conservation equation. Theoretically, residual

should be zero under a good mesh convergence study. But in this case, the high residual exists in

the channel indicates that mesh error has been introduced. It is not only the turbulence error but

also a small amount of mesh error that has been modeled using the Neural network.

But we managed to leverage the good part of the data by using data at the outlet region of the

case as test data. As can be seen in �g. 8.15, residual at outlet region is not high. And according to

the result, the velocity �eld obtained from the RANS conservation equation does match well with

the true data, which indicates that the mesh error introduced into the ML system is not very high.

In the future, if the computational expense is allowed, it is recommended to perform this study

again with a �ner mesh, so as to avoid the mesh error in this study.

8.7 Summary

In this case study, we apply the MDTM approach and SDTM approach to a 3D sub-channel �ow

problem with DNS data. The prediction results show that the MDTM approach could achieve higher

overall accuracy than any of the SDTM approaches.

Signi�cance:

91



Figure 8.15 Residual of RANS conservation equation

1. For the �rst time, evidence shows that the MDTM approach could achieve higher accuracy

than SDTM approaches for a case study with DNS data. case study C-1 also shows the same

result, but the HF data of case study C-1 is not DNS, which may have introduced additional

HF data error to the result. The evidence of C-2 is more solid;

2. For the �rst time, regional analysis has been performed to show why the MDTM approach

could achieve better performance than SDTM approaches.

Limitation of the case study: The mesh convergence study of this case is not properly performed

due to computational limitations. Mesh errors may have been introduced in the training data.
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CHAPTER

9

CASE STUDY D: INACCURATE HF DATA

9.1 Chapter Objective and approach

This chapter and the following chapter are preparing for coarse mesh ML simulation.

Coarse mesh ML simulation is a hot research area in data-driven turbulence modeling. The

�nal goal of data-driven turbulence modeling is to save computational expense. There are two

direct solutions to save computational expense, but both of them may hurt the accuracy. One of the

solutions is to replace HF data from DNS to RANS; the other solution is to replace the RANS level

mesh of the LF model to a more coarse mesh that exceeds the asymptotic range.

In this chapter, we test the �rst solution: replace HF data from DNS to RANS. Seeing whether

the SDTM approach is still valid under this condition.

9.2 Introduction: 2D step channel �ow problem

The �ow con�guration in the example is a 2D backward-facing step channel �ow problem. There

are two reasons to choose this problem:

1. The 2D step channel �ow problem is a well-tested benchmark in OpenFOAM. Using this case

could save us time for a mesh convergence study.

2. The geometry of this case is easy to be parameterized.

As this is a 2D problem, the data amount is much larger. According to the comparison of different

machine learning algorithms discussed in chapter 2.3.1, Neural network is selected as the machine

learning tool in this case study.
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9.3 Problem formulation

The con�guration studied in this paper is a 2D quasi-steady-state backward-facing step problem,

which is based on the experimental work of Pitz and Daily [Pit81]. The case is a basic case in

OpenFOAM that has been used to test different turbulence models.

Figure 9.1 Geometry con�gurations of the 2D channel �ow [Cha19]

The inlet velocity in 10 m =s, the inlet pressure boundary condition is zero gradients; the outlet

velocity boundary condition is zero gradients, the outlet pressure is 0 bar. The kinematic viscosity of

the whole domain is 10 � 5m 2=s.

In this study, the high-�delity data and low-�delity data are both generated with standard RANS

k � � model. It should be noticed that the high-�delity model and the low-�delity model are not

necessarily to be the same identical. They are set to be the same in this case study as model accuracy

and model numerical stability is not the research interest of this case.

9.4 Implementation

Totally 64 numerical simulation cases with 8 slightly different geometries and 8 kinematic viscosity

are performed. Table 9.1 shows the order of each case and its setup. As can be seen in Figure 9.1,

“a ” is the height of the step. The height ratio is de�ned as a / 50.8, where 50.8 mm is the height of

the channel. By changing the height ratio, �ows for different geometries could be simulated. The

reason cases with different geometries and viscosities are required to be performed is because only

by performing different cases could data with enough range of input domain for the ML model be

obtained.

In this study, case 27 is selected as the test case. Training cases are selected from other cases. For

the experiment to �nd the minimal �ow feature subset, case 0-23 and case 32-63 are selected as

training cases. The goal is to test the capability of the ML model to be applied on a geometry that

has not been performed in the training cases; For the experiment to �nd the relationship between

ML model accuracy and training data amount, different amounts of cases are selected as training

cases.

As the k � � model is used as the high-�delity model, in this case, turbulence viscosity � t is
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Table 9.1 Case order for different geometry parameters and viscosity ( m 2=s)

Viscosity
Height ratio

0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65

1.00E-05 0 8 16 24 32 40 48 56
1.13E-05 1 9 17 25 33 41 49 57
1.25E-05 2 10 18 26 34 42 50 58
1.38E-05 3 11 19 27 35 43 51 59
1.50E-05 4 12 20 28 36 44 52 60
1.63E-05 5 13 21 29 37 45 53 61
1.75E-05 6 14 22 30 38 46 54 62
1.88E-05 7 15 23 31 39 47 55 63

Table 9.2 Model accuracy for different �ow feature subsets

Flow feature Q Training cases Test case Training MSE Prediction MSE

f u ,r u ,p ,r p ,k , � , � g Case 0-23+ 32-63 Case 27 7e-10 1.89E-09
f u ,r u ,p ,r p ,k g Case 0-23+ 32-63 Case 27 7e-10 1.55E-09
f u ,r u ,p ,k g Case 0-23+ 32-63 Case 27 7e-10 1.59E-09
f u ,r u ,k g Case 0-23+ 32-63 Case 27 7e-10 1.58E-09
f u ,r u ,k , � g Case 0-23+ 32-63 Case 27 7e-10 1.71E-09

selected as the ML model output rather than Reynolds stress. They are equivalent according to the

Boussinesq eddy viscosity assumption.

9.5 Data processing and results

9.5.1 Determine the Minimal Flow Feature Subset

One critical question in applying ML to CFD is the selection of �ow features. One objective of this

study is to �nd the minimal �ow feature subset in a large �ow feature set Q = f u ,r u ,p ,r p, k , � , v g.

It is necessary to �nd which features are necessary and which features are not. To quantitatively

show the comparison result, ML models constructed with different combinations of subsets in Q

are trained to the same mean square error (MSE) loss, then the MSE between real and predicted

turbulence viscosity are used to evaluate ML model accuracy.

As can be seen in Table 9.2, several subsets of �ow feature Q has been selected as ML model

input. After being trained with the same training data to the same MSE loss, these models are used

to make predictions for the same test case. It can be seen from the result that prediction MSE is in

the same order of magnitude. Hence it is possible that the minimal �ow feature subset is f u ,r u ,k g.

The results of subsets in f u ,r u ,k garen't shown in Table 9.2 because those ML models couldn't
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Table 9.3 Model accuracy for different training data amount

Flow feature Q Training cases Test case Training MSE Prediction MSE

f u ,r u ,k g Case 0-7 Case 27 7e-10 1.55E-07
f u ,r u ,k g Case 0-15 Case 27 7e-10 9.30E-08
f u ,r u ,k g Case 0-23 Case 27 7e-10 2.21E-08
f u ,r u ,k g Case 0-23+ 32-39 Case 27 7e-10 3.62E-09
f u ,r u ,k g Case 0-23+ 32-47 Case 27 7e-10 1.69E-09

converge to the same MSE loss (7e-10) as others. It is very likely each element in f u ,r u ,k g is

essential and shouldn't be neglected.

9.5.2 Determine the Suf�cient Training Data Amount of the ML Model

Another critical question is how much data is necessary and suf�cient for the ML model.

To answer this question, it is required to learn the relationship between training data amount

and prediction accuracy. In this work, different amount of cases is used to train the ML model to the

same MSE loss; then predictions are made to compare the model accuracy.

As can be seen in Table 9.3, Figure 9.2 and Figure 9.3, different amount of cases has been selected

as training data. After being trained with the same �ow features to the same MSE loss, these models

are used to make predictions for the same test case. It could be seen that as the training data amount

increase, the prediction accuracy increases too. Such results re�ect a principal feature of neural

network-based ML: data convergence, or in other words, the more data, the more accurate the

prediction.

Figure 9.2 A comparison of prediction accuracy for models trained by different amount of training data
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It can also be seen that the mean square error converges in the last experiment with MSE equal

to 1.58E-09. So, the required amount of training cases for this experiment is case 0-23 and case

32-55, a total of 48 cases. The total data points are 12225� 7 � 48= 4107600(12225 is the mesh size

number in each case, 7 is the �ow feature number, 48 is the case number).

Although the suf�cient training data amount could be calculated from the above procedure, there

is no guarantee that one could know how much data is enough before performing an ML experiment.

A quantitative approach to determine whether training data is suf�cient before performing an ML

experiment could substantially increase the planning of work and communication between CFD

data providers and ML analyst.

9.5.3 Determine the Suf�cient Training Data Amount by Input Domain

The approach to determining whether training data is suf�cient before performing ML is by estimate

to what extent the input domain of the test case has been covered by the input domain of training

cases.

The dif�culty in the problem is the comparison between 2 vectors in multi-dimensional space.

In this case, t-distributed stochastic neighbor embedding (t-SNE) [Maa08] algorithm is used to

compress the multi-dimensional vector to a 2-dimensional vector, which is much easier to visualize.

T-SNE is a nonlinear dimensionality reduction technique for embedding high-dimensional data for

visualization in a low-dimensional space for two or three dimensions.

To quantitively estimate to what extent the input domain of the test case has been covered by the

input domain of training cases, a simple quantity D is used. Here D is de�ned to be the distance from

a data point in the test data input domain to the nearest point in the training data input domain.

The distribution of D for training case 0-7 and training case 0-23 + case 32-63 could be seen in

Figure 9.4.

Following observations could be made from Figure 9.4 and Figure 9.5:

• As the training data amount increases, the input domain for training data becomes more

complete;

• As the training data amount increases, the mean distance between the training data input

domain and test data input domain decreases;

• If the mean closest distance D̄ is selected as a stop criterion, assuming that training data

is suf�cient when D̄ is less than 1.3E-02, it could be seen from Figure 9.6 that the required

amount of training cases for this experiment is case 0-23 and case 32-55, totally 48 cases.

Consequently, D̄ and MSE could both be seen as criteria to quantitatively determine whether

training data is suf�cient or not. The advantage of D̄ is it does not require the ML model to be

performed in advance.
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Figure 9.3 Model prediction accuracy increases with the amount of training data
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Figure 9.4 A comparison of the input domain for training data (left upper), test data (lower left) and the
distance between the input of training data and test data (right). Use Case 0-7 as training data, case 27 as
test data

Figure 9.5 A comparison of the input domain for training data (left upper), test data (lower left) and the
distance between the input of training data and test data (right). Use Case 0-23 + case 32-63 as training
data, case 27 as test data
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Figure 9.6 A comparison of prediction accuracy for models

9.6 Analysis and lessons learned

In this chapter, a data-driven approach for turbulence modeling is implemented for the 2D quasi-

steady-state backward-facing step problem. The performance of the approach was studied with the

aim to obtain quantitative evidence in two critical aspects in the data-driven turbulence modeling

method, namely, the selection of �ow features and estimation of training data amount. Several

machine learning methods are used in this work, including FNN and t-SNE.

Built upon the data-driven turbulence modeling approach, the present work targets three pur-

poses: i). Learn turbulence correlation from data in a set of training cases and apply the learned

correlation to a new geometry; ii). Quantify the minimal subset of �ow features Q ; iii). Formulate

two methods to determine data suf�ciency, the second of which could be exercised before the

training of the ML surrogate model.

There are several assumptions in this work. First, this work assumes there is a universally ap-

plicable correlation between local Reynolds stress and local �ow variables. Second, it is assumed

that such a correlation could be captured by neural networks. Then, it is further assumed that high-

�delity data uncertainty, discretization uncertainty, and machine learning algorithm uncertainty

are small enough to be negligible in this study.

The data-driven surrogate model established in this work exhibits further evidence on the

potential of leveraging machine learning techniques to improve traditional CFD simulation. Yet

there is still a signi�cant gap between benchmark study and real application. The most sensitive

and vulnerable element of the data-driven approach is the data itself. The data-driven approach

requires a considerable amount of data that should cover all possible input domain. Because the

input domain could have an in�nite number of combinations, the scalability of the model remains a

formidable challenge. The redundancy of data is also an issue to be addressed. Redundant data could
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cause data bias to the prediction result, although the effect may be limited in the neural network

compared to that in other ML algorithms. Last but not least, the current case study does not use

DNS as the source of high-�delity data. Given more DNS data support, the machine learning-based

data-driven models are expected to show superior performance compared to that of standard RANS

models.

9.7 Summary

In this case study, we test the applicability of the SDTM approach using RANS instead of DNS as HF

data. According to the case study result, the data-driven model trained by �ows of 7 slightly different

geometries could be applied to another different geometry, which indicates that the SDTM with

RANS instead of DNS as HF data is still valid. Also, 2 additional issues about the “selection of �ow

features” and the “estimation of training data amount” are quantitatively studied.

Signi�cance:

1. Valid that the SDTM approach is still valid when changing HF data from DNS to RANS;

2. For the �rst time, using a parametric method to quantify �ow geometry;

3. 2 additional issues about the “selection of �ow features” and the “estimation of training data

amount” are quantitatively studied.

Limitation of the case study: Because of lacking computational resources, HF data performed

using the DNS method couldn't be obtained. So we couldn't quantitatively study to what degree

replacing HF data from DNS to RANS will hurt the accuracy of the ML approach.
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CHAPTER

10

CASE STUDY E: MDTM IN COARSE MESH

CFD

10.1 Introduction

In this chapter, we validate the MDTM approach on a coarse mesh CFD. The geometry of this

case study is the same as chapter 8: the 3D PWR sub-channel problem, which related to nuclear

power plant simulation. The aim of coarse mesh CFD is to save computational expense by applying

mesh that hasn't achieve the asymptotic range in a common mesh convergence study of CFD. Such

treatment will inevitably introduce mesh error to the �nal result. In recent years, a trend has been

raised to compensate for the mesh error using machine learning techniques. The goal of this chapter

is to apply the MDTM approach in this research area, seeing whether the MDTM approach could

show better performance than the SDTM approach. It is assumed in this case study that mesh error

introduced by applying coarse mesh could be modeled through an explicit correlation with LF local

�ow features.

10.2 Chapter Objective and approach

This chapter aims to validate the MDTM approach on coarse mesh CFD. The reasons we select this

3D sub-channel �ow case are:

• It is a 3D case;

• It is a turbulence �ow case;
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• The HF data are from DNS simulation, which means the error from inaccurate HF data could

be eliminated;

By performing the MDTM approach to this case, it is expected to obtain the following results:

• Coarse mesh CFD is more cost-effective compared to RANS. It achieves the RANS level of

accuracy with much less computational expense;

• The mesh error introduced by coarse mesh CFD could be compensated by machine learning

surrogate model;

• In data-driven approaches, the MDTM approach is more stable than SDTM approaches;

• More detailed regional analysis to support the above two arguments.

10.3 Problem formulation

The geometry and �ow con�guration is this case study is the same as chapter 8, we restate the

information again for the convenience of the reader.

The �ow con�guration in the study is a sub-channel �ow in commercial PWRs. The geometry

and B.C.s of the �ow could be seen in Figure 10.1.

Figure 10.1 The �ow geometry and B.C.s of the sub-channel �ow (unit: mm)

Fully developed turbulent velocity pro�les are speci�ed as the inlet boundary condition.

The DNS result of this case is performed by DNS. Our goal is to test whether our ML approach

could achieve the equivalent accuracy as DNS with pre-calculated DNS data for a slightly different

�ow con�guration.

As can be seen in Figure 10.2, there are spacer and mixing vanes in the upstream, which introduce

mixed �ow to the downstream. We divide the downstream into two regions, region A and region B.

DNS data in region A are used as training data and development data for the ML surrogate model.
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Figure 10.2 Partition of training data and test data

DNS data at Region B are used as test data for the ML model. The experiment is performed under

the following steps:

1. First, DNS data and RANS data at region A are implemented to train the ML surrogate model;

2. Then, the ML surrogate model is used to predict the velocity distribution as Region B with

RANS data at region B;

3. Finally, the predicted results are compared with DNS data in region B to validate the perfor-

mance of the whole approach. Besides, the performance of different approaches (MDTM and

SDTM) are also compared.

10.4 Implementation

10.4.1 High Fidelity data: DNS

For the DNS data, the velocity distribution at x =30 could be seen in Figure 10.3.

The simulation parameters of the DNS case could be seen below:

• � = 1.861� 10� 5Pa.s

• Hydraulic diameter Dh = 0.013m

• Inlet mean velocity is 15.772 m =s.

• Re number is 11000.
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Figure 10.3 The velocity distribution at x =30mm (unit: m / s)
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• Non-dimensional Reynolds number Re� is 341.58.

10.4.2 Low Fidelity data: coarse mesh CFD

The LF simulations are only performed on region A and B in �gure 10.2. The reason is because of

software limitation (OpenFOAM couldn't model the complex structure of spacer and mixing vanes).

The LF simulations are performed on OpenFOAM with (1) RANS k � � model solver; (2) RANS

k � ! models solver, and (3) laminar �ow solver (pure Navier-Stocks equation).

Wall functions are used in the near-wall region. OpenFOAM performs the near-wall treatment

by applying wall functions on k , � and ! , then the turbulence viscosity on the wall is calculated

by k . The wall functions of k , � and ! are derived from the law of the wall and the corresponding

turbulence models. They are piece-wise continuous functions on the viscous sub-layer, the buffer

layer, and the log-law region.

The inlet velocity distribution and mesh design could be seen in Figure 10.4. As can be seen

in the �gure, the mesh used in LF models is very coarse. Many regional informance has been lost

during the process of mapping HF DNS data to the LF coarse mesh, especially in the central region

of the channel. But near-wall re�nement is still applied to make sure that wall-function is used

properly.

The velocity pro�le in the x-direction ( u x ) along the y-axis at position x =30mm,z=0mm is

selected as the �gure of merit to evaluate the approach. The region could be seen in Figure 10.5.

A comparison of the velocity distribution along the line for the 3 LF baselines and 1 HF DNS data

could be seen in Figure 10.6.

As can be seen in Figure 10.6, the k � � model result is the one that closest to the HF DNS data.

The laminar �ow solver result is also close to the HF DNS data. The k � ! model result is the one

that most different from the HF DNS data.

10.4.3 Machine learning surrogate model: neural network

The SDTM approach is based on an assumption that:

"Assumption 6: When the LF model simulation results and the HF model simulation results

are similar to each other, the error the LF model made in predicting local velocity �eld could be

compensated by a correlation only derived by the local �ow features of the LF model."

The correlation a SDTM approach attempts to capture is a function like eq 10.1:

� u = f (QLF ) (10.1)

QLF = u LF , r u LF ,dLF ,kLF ,VLF (10.2)

� u = uH F � u LF (10.3)
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Figure 10.4 inlet velocity distribution and mesh setting in y and z domain
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Figure 10.5 Velocity pro�le at the red dash line (x =30mm,y=-z) is selected as the �gure of merit to evaluate
the approach

Figure 10.6 A comparison of velocity distribution along the evaluation line (x =30mm, y=-z)
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Where u stands for the velocity, r u stands for the velocity gradient, d stands for the nearest

distance to the wall, k stands for the kinetic energy. If the LF model doesn't have k variable, the term

would be left empty. The term Q stands for the quantities of interest, which also called �ow feature.

V stands for the volume of a cell.

The subscript H F stands that the quantity is for the HF model; The subscript LF stands that the

quantity is for the LF model.

The term � u stands for the discrepancy between the velocity of the HF model and the velocity

of the LF model.

While in our practice, we found that using � u as the target of ML model is easier to cause

numerical instability in the RANS conservation, the reason is likely because the discrepancy � u

changes more dramatically in both time and space domain compared to uH F and u LF . Hence in

this study, we made a small modi�cation to eq. 10.1 by replacing velocity discrepancy � u to uH F as

in eq. 10.4.

uH F = f 0(QLF ) (10.4)

Such modi�cation is proposed based on the assumption that:

"Assumption 7: Local velocity of the LF model u LF could be expressed as a correlation only com-

posed by local �ow features of the LF model."

In such a situation, eq. 10.1 and eq. 10.4 are equivalent. The aim of making such modi�cation is

only for numerical stability. If the numerical instability issue of the RANS conservation equation

could be solved by other techniques (such as �ner mesh, higher-order discretization scheme, better

CFD algorithm), it is recommended to delete this modi�cation according to the Occam's razor

problem-solving principle: " Entities should not be multiplied without necessity". f 0() is used to

denotes that the new correlation is different from the previous correlation f ().

In the MDTM approach, the correlation we are trying to capture is a bit more complex compared

to eq. 10.1.

� u = f 0(QLF 1,QLF 2, ...,QLF n ) (10.5)

Where LF 1,LF 2, ...,LF n stands for the different LF models. In this case study, a total of three LF

models are used. Which are k � � model, k � ! model and no model (pure Navier-stock equation).

The purpose of making such modi�cation is based on an assumption that:

"Assumption 8: The degrees of similarity between LF model results and HF model results it requires

in assumption 6 are different for different LF models."

According to this assumption, in a local spatial and temporal point, when the degree of similarity

between the result of LF model A and HF model is too large to support assumption 6, but that

between the result of LF model B and HF model is still small enough to support assumption 6, it is

possible to derive an approach to make better prediction result based on the results of LF model A

and LF model B, compared to the prediction result only performed based on LF model A.
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Based on this difference, we call the approach performed only use one LF model the "single-

model data-driven turbulence modeling (SDTM)" approach, compared to the approach performed

using multiple LF models the "multi-model data-driven turbulence modeling(MDTM)" approach.

By using eq. 10.5, We expect a correlation that describes the velocity discrepancy with the

physical features that not from a single LF model, but from a bunch of LF models. It is expected that

using the MDTM approach could:

• Increasing the stability of SDTM approach;

• Save the process of selecting the proper LF model in SDTM approach;

• Probably achieve higher accuracy than any single one of the SDTM approaches based on the

LF models in the MDTM approach.

The structure of the Neural network for MDTM approach could be seen in Figure 10.7. The basic

hyper-parameters of the neural network could be seen below:

• Number of layers: 1 input layer, 1 output layer, 2 hidden layers

• Number of neurons in each hidden layer: 500

• Optimizer: Adam algorithm

• Criterion: mean square error (MSE) loss function

• Additional Stop criterion: MSE loss < 1 & relative error < 0.0001, where relative error is used to

stop training while loss stop decreasing. It is de�ned by eq. 10.6.

Er e l a t i v e =

�
�
�
�
Enow � Ea v e r ag e

Ea v e r ag e

�
�
�
� (10.6)

Where Enow stands for the loss on current epoch, Ea v e r ag e stands for the averaged loss on

the last 500 epochs. (epoch is a term used in the neural network, one epoch = one forward

pass and one backward pass of all the training examples).

The training set and development set are randomly separated by a ratio of 0.8:0.2.

10.5 Data processing and results

The results are presented in two parts to answer three questions:

• Does the MDTM approach successfully predict the velocity �eld?

• Does the MDTM approach performs better than the SDTM approach?

• Does the MDTM approach performs better on coarse mesh CFD compared to RANS-level

CFD?
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Figure 10.7 Structure of the neural network
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The ML prediction result of the velocity �eld could be seen in Fig. 10.8. As can be seen, 3

components of the velocity �eld have been trained and predicted.

Figure 10.8 ML prediction result of the velocity �eld (True data(x axis) VS predicted data(y axis))

According to the �gure, several conclusions could be made:

1. True data VS predicted data pictures for the 3 components are all 45-degree lines. Which

indicates that it is very likely that there is an internal correlation between the ML inputs and

targets, and the correlation has been captured by the ML surrogate model;

2. Although the test region is globally an extrapolation prediction, we can see from the �gure

that locally it is very likely an interpolation prediction through the following evidence:

(a) The prediction targets (3 components of the velocity �eld) of the test region are all

distributed inside the training and development region;

(b) The accuracy of the test set (MSE=0.297) is similar to the accuracy of the development

set (MSE=0.223).

The result shows the possibility of changing a global extrapolation problem into a local inter-

polation problem. The signi�cance is usually extrapolation problems performs way much

worse than interpolation problem in machine learning;

3. Compared to the prediction result that doesn't use coarse mesh RANS as LF model (Fig. 8.10),

it could be found that using coarse mesh RANS as LF model makes the MSE of development

set (0.2236) smaller than the MSE of the test set (0.2978). Such phenomena may indicate that

the input domain of the test set hasn't been covered well enough;

4. There are still small errors between true data and predicted the result that couldn't be elimi-

nated in the training & development set. The reason will be discussed in the "error analysis

and lessons learned" section.
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The �rst part is the comparison between predicted velocity and true velocity. In order to visualize

the result, we use regional analysis as well as global analysis.

For regional analysis, we compare the velocity distribution on a single line in the test region.

As can be seen in Fig. 10.9, �gure (b) use logarithmic coordinate system as x-axis; �gure (a) use

Cartesian coordinate system as x-axis. Both of them show the velocity distribution of a single line in

the test region. The position of the line is x =38.5mm, y=-z. We select this line to plot because the

left and right side of the line are walls. Log-law could be used to validate the velocity result.

Figure 10.9 Comparison of the predicted velocity in x direction Ux using MDTM approach and true ve-
locity in x direction Ux from DNS on a single line (x =38.5mm, y=-z). Figure (a) use Cartesian coordinate
system, �gure (b) use logarithmic coordinate system as x axis.

According to the �gure, several conclusions could be made:

1. As can be seen in Fig. 10.9 (a), the distribution of the velocity in HF DNS data matches with

that predicted by the MDTM approach on the whole. The largest prediction error happens in

the near-wall region, where velocity changes dramatically;

2. As can be seen in Fig. 10.9 (b), the distribution of the near-wall velocity pro�le doesn't follows

the log-law. The near-wall velocity doesn't approach zero. The reason for such discrepancy

in the near-wall region is because the wall-function couldn't be properly applied in a coarse

mesh �ow con�guration, which causes the LF model and HF data to have a large discrepancy

in the near-wall region. In such a situation, as it has been indicated, assumption 6 couldn't

behold (when LF result and HF result are not close to each other).

The second part is the comparison between the MDTM approach and the SDTM approach. A
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comparison of the total prediction error using SDTM approaches and MDTM approaches could be

seen in Fig. 10.10.

It is better to review Fig. 8.7 when analysis Fig. 10.10. We can see from Fig. 8.7 that the prediction

accuracy of the LF models are: k � � model > laminar > k � ! model, which would be helpful in the

following analysis for Fig. 8.13:

Figure 10.10 Comparison of the total prediction error (velocity �eld) using SDTM approaches and MDTM
approaches

1. As can be seen in Fig. 10.10, the total prediction error of the MDTM approach using all three LF

models has the lowest prediction error, which equal to the highest prediction accuracy. This

result shows that MDTM approaches could achieve higher accuracy than SDTM approaches,

rather than just save the process of selecting proper LF models.

2. It could also be observed that, generally the accuracy follows: MDTM with 3 models > MDTM

with 2 models > MDTM with 1 model (equivalent to SDTM). It indicates a potential law that

the more models introduced to the ML system, the more accurate would the ML prediction

result be.

3. It should be noticed that among all the MDTM approaches with 2 models, the combination of

model1 +model3 is the most accurate. But the performance of SDTM with each of them is the

worst. A possible explanation of such phenomena is: inaccurate LF models tend to increase
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the degree of freedom introduced to the system, which could improve the performance

of the ML model by providing more information. Another evidence is the combination of

model2 +model3 is better than model2 +model1, but the performance of SDTM with model 3

is actually worse than that with model 1.

For regional analysis:

Figure 10.11 is a regional analysis performing to explain why the MDTM approach could achieve

better accuracy than the SDTM approach.

Figure 10.11 select two points on different position of the �ow. The position of the two points

could be seen in the bottom left �gure. According to the top-left �gure, the ML model input generated

by the laminar �ow is nearly the same on the two points, which indicates that the ML model output

on the two points predicted using SDTM approach with laminar �ow model (no turbulence model)

as LF baseline should be the same too. According to the upper-right �gure, the model output (the

green line) at the two points are the same.

Such phenomena show that, for the SDTM approach with laminar �ow model (no turbulence

model) as LF baseline, the �ow features at point A is the same as point B, which inevitably results in

the model outputs at the two points are the same too. But according to the upper-right �gure, the

true ML outputs at the two points (the red line) are actually different (not in the 45-degree line). It

means that locally the HF model simulation results and LF model simulation results are not similar

to each other on the two points. And this is exactly the situation that the SDTM approach fails by its

de�nition:

"Assumption 6: When the LF model simulation results and the HF model simulation results

are similar to each other, the error the LF model made in predicting local Reynolds stress could be

compensated by a correlation only derived by the local �ow features of the LF model."

In such a situation, the SDTM approach with the laminar �ow model as an LF baseline couldn't

accurately predict the Reynolds stress because the basic assumption fails. As can be seen in the

lower-right �gure, the prediction MSE error of the SDTM with laminar �ow (model3) is the highest.

But we could also see from the �gures that the SDTM approach with k � ! model and k � �

model as LF baselines are still valid. The HF result shows that the model output between point A

and point B are different, and the LF model inputs for k � ! model and k � � model are different too.

The small prediction error also indicates that k � ! and k � � model are still valid for the two points.

Such phenomena proved that assumption 8 is valid on the two points:

"Assumption 8: The degrees of similarity between LF model results and HF model results it requires

in assumption 6 are different for different LF models."

In such a situation, the MDTM approach is actually learning from the k � � model and k � � model

rather than the laminar �ow model. According to the lower-right �gure, the MDTC approach achieves

similar accuracy as the SDTM approach using k � � model as the LF baseline. The prediction MSE

error of the MDTM approach is better than the SDTM approach using the laminar �ow model(no

model), but worse than that using k � � model and k � � model. It is likely that the bad performance

of laminar �ow does a bad effect on the ML system.
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