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SUMMARY

In designing some types of fuel elements, it is necessary to find the thermal stresses in a
continuous medium perforated by cylindrical channels of circular cross section. In order to
set up the problem, assume that the strength and heat transfer calculation are based on the
phenomena that occur in a typical unit lattice cell, and that the heat generation is uniform
over the whole section. Therefore, the problems reduce to solve the temperature and thermal
stresses in a polygonal prism with a central circular hole under uniform heat generation
and for insulated outer boundary.

In our previous papers we obtained the steady thermal stress distribution in such formed
regions by use of the five elementary function’s method:

— Y. Takeuti and T. Sekiya, Proceedings 8th Japan National Congress of Appl. Mech.,

1958, p. 119.
— Y. Takeuti and T. Sekiya, Z.A.M.M., 4, 1968, p. 237.

In starting or shutting down of the reactor, however, the problems become of the unsteady
state, It is felt that no analysis has been given to the transient thermoelastic problem of the
multiply-connected region. The problems considered here are concerned with unsteady
thermal stresses in a polygonal prism with a circular hole under an uniform heat generation.
The solving process is divided into two basic steps. First, the heat coaduction equation is
solved by the technique of Laplace transform. Second, the plane thermoelastic problem is
solved by use of the five elementary function’s method. Throughout the treatment of both
problems, in order to satisfy the boundary conditions, we use the point-matching technique
in conjunction with the least square method.
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1. Introduction

The transient temperature and thermal stress distribution in a polygonal
prism with a circular hole are investigated. The present writer has
recently solved the steady plane thermoelastic problems in a multiply-
connected region by the method of the five kinds of elementary stress
functions[1],[2]. However, it seems that any attempt to give a theoretical
solution of the transient thermoelastic problems in the multiply-connected
region is likely to meet with considerable difficulty, and then no
theoretical results have been obtained so far. As an extension of the five
elementary function’s method, this paper is concerned with the uncoupled
guasi-static transient plane thermoelastic problems in a polygonal prism
with a concentric circular hole under a constant heat generation. The
analysis is developed by means of Laplace transforms and the point-
matching method. In the first part of this paper a theoretical solution is
given for the problem of transient heat conduction of a polygonal prism
with a hole under a heat generation accompanied by the thermal insulation
on the outer boundary. In the second part of this paper the transient two
dimensional thermoelastic problem has been solved for the same region with
the help of the five elementary functions method. WNumerical work has been
carried out for the problem of a hexagonal prism with a circular hole.
This type of cell arrangement by the polygonal prism with a circular hole
has often been used for a construction of the reactor. Therefore this kind
of analyses is much applicable to the atomic power engineering problems.
The solutions obtained from this analysis may also be applied to the case
of a thin disk insulated on both flat faces.

2. Heat conduction problem

Consider a prism, as shown in Fig.l, bounded externally by a regqular
n-sided polygon and internally by a central circular hole. Let a be the
inner radius of the circular hole and b be the outer boundary of the prism

For transient heat conduction,

Q 1 3T
ot AT = —oag (L)
where T : temperature rise
Kk ¢ thermal diffusivity
A thermal conductivity
Q : heat generation per unit area per unit time
) 2 2 -1 _2 2 2
A : Laplacian = 3 /3r + r "+3/3r + r -3 /38
Boundary conditions for the heat conduction problem are
T= Ty at the inner boundary r=a )
dt/9x = 0 at the outer boundary x=b

Initial condition is
T=20 at t=0 (")
Applying the Laplace transform to eq.(l), we have
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Q/Ap + ATt* = (p/K)T* (2)
where 00
T* = e Pt L oat (p : parameter to transform)

[
Then the general solution of eq.(2) in plane coordinates can be
represented as

2 _ _ . oo _ _ _
T*=Qk/Ap +(AO+B06){CoIo(qr)+DoKo(qr)}+ME,(CmIm(qr)+Dme(qr))(Amcos mo

+B sin m8) (3)
where 2
a :p/k
Im,Km : modified Bessel functions
A ,B_,C ,D : coefficients of temperature function

m’"m’ m’ “m
By considering the symmetry of the problem, for a n-sided regular
polygon, this solution reduces to

2,5 - w =
*=
T*=Qk/Ap +AOIO(qr)+BOKO(qr)+ﬂ§1{AnmInm(qr)+Bannm(qr)} cos nmb (4)

By the use of boundary condition around the circular hole, we obtain
the following relationships

- 2 _ _ ~
Ao=-QK‘/)\P IO(Qa)—Ko(Ga)BO/IO(qa) , Anm=_Knm(qa)Bnm/Inm(qa) (5)
Thus,
Q «k I_{qga)-I_(qr) B
thme——. O o -—° {Io(qr)Ko(qa)—Ko(qr)Io(qa)}
A p? Io(qa) Io(qa)
Enm
Tmel g (qa) I (@)K (qa)-K (qr)I —{(qa)} cos nmé (6)
nm 9

The remaining unknown coefficients are now determined by satisfying the
boundary conditions at the outer edge of the polygon. Substitution of eq.
(6) into eq.(l') results in an infinite number of equations for the
infinite number of coefficients. However, since the boundary x=b is not
coordinate line for the temperature function, an exact solution cannot be
found. To obtain an approximate solution, we use the point-matching
technique to satisy the conditions at the selected points, that is,
rjcoE 6j=b (j=0,1,2,.....,8) on the outer boundary, we can determine Bo
and Bnm' The solutions obtained satisfy the prescribed conditions in the
interior and on the inner boundary of the body exactly, and those on the
outer boundary approximately. Then, T* becomes

Q « 1 B
THm———— [{I (ga)-I_(gr)}+ =°({I_{(qr)K_(ga)-K_(qr)I_{ga)}
A p? I (qa) o o z o o o o)
4 Dnn
+ﬂ5 = {Inm(qr)Knm(qa)—Knm(qr)Inm(qa)} cos nmb J (7)

in which D denotes a determinant of the order (s+l) and is expressed as
follows
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5 = |Aji| (3,4 = 1,2,3,-*,s+1) (8)

where

Aji=q{1n(i_l)_1(qrj_l)Kn(i_l)(qa)+In(i_l)(qa)Kn(i_l)_l(qrj_l)}cos n(i—l)ej_l

_n(i-1) (1

XCos 6.
j-1 rj—l

n(i-1) ‘@ry %, -1y (@)

)} cos{n(i—l)+1}9j_ (9)

© Ini-ny 9R oy @y 1

Furthermore new determinant of the order (s+l obtained by interchanging
(m+1l)th column in D by Il(qrj_l)cos ej_l is denoted as Do

From an inverse Laplace transform, we finally determine the solution for

the temperature distribution

Qa2 r2 r s 2 r nm . DM
= [ 1 - ;5 + ZFO 1n z +m£1 - an{(;) - (E) } cos nm§
—Kuzt
= [+ s
e
+8f ————— I Ham{Jnm(rua)Ynm(aud)—Jnm(aua)Ynm(rua)}cos nmo] (10)

o= (ap )23 (au ) m=0

in which u, are the positive roots of

Gy lrgra M) +-» G (Tgram) +o- Ghg{rgras) 0 (11)
Go(rs,a,u) oo Gnm(rs,a,u) LR Gns(ro,a,u)
where
Gnm(rj,a,u) = u{Jnm(au)Ynm_l(rju)—Jnm_l(rju)Ynm(au)}cos nm(?j cos ej
nm
+ {Jnm(rju)Ynm(au)-Jnm(au)Ynm(rju)}cos (nm+l)ej (12)

J
and Jnm and Y o are the Bessel functions.

From a characteristic eq.(1l), it seems to have complex roots. However,
if we consider the physical situation on a characteristic equation in
partial differential equation with parabolic type in which temperature must
be finite and the vibrating temperature distribution is not allowed under
our given initial and boundary conditions, it is sufficient to take the
positive roots only. Moreover, the zero of Io(qa) becomes the removable

singular points, and an and Hum are given by

r_ ns-1 r ns+l

r
a o N ) - o
Egcos o, 7 cos 6 {(a ) pos(ns 1)60+(a ) cos (ns+1)8
1
mm =
a r ry ns-1 Ty ns+1l
;scos o gcos 6 {(E_) cos(ns—l)es+(£—) cos (ns+1) 0

where
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a r nm-1 r -nm-1
=cos 9, {(z*) cos(nm-1)6, +(2°) cos(nm+l)04}....
hars a a
F= nm-1 ‘ -nm-1
a s s
rscos 65 {(5 ) cos (nm-1) 65 +{5 ) cos(nm+l)gg.....
r ns-1 r ns+1l
R ) cos(ns-1)8,+(3°)cos (ns+1)8,}
ns-1 ns+1 (13)
rs rs
{(5 ) cos(ns—l)05+(5 ) cos(ns+l)g}
Gy (ry,amy) Jpfxou,) cos 8
; Go(rs,a,ua) seseenns Jl(rsua) cos es
om
Eo(ro’a’“a) - ﬁm(ro,a,ua) cer G (r sasmy) +
E_(r ,a,mg) %n(rs,a,ua) G (Egrarky)
Gns(ro,a,ua)
G (r_,a,u )
ns ' s o (14)
+ Golrgrasuy) voo G (rya,u.) o0 B (r_,a,u,)
Golrgrasuy) -o. G (rova,m ) o0 B {r_,a,u)
where

Enm(rj rasug )=, [rj {Jnm(aua)Ynm(rjua) -Jnm(rjua)Ynm(aua) }

+a{Jnm_l(rjua)Ynm_l(aua)-Jnm_l(auu)Ynm_l(rjua)ﬂ cos nmej cos ej
nm
+;_'[rj{Jnm—l(rjua)ynm(aua)_Jnm(aua)ynm-l(rjua)}
J
+a{Jnm(rjuu)Ynm_l(rjua)—Jnm_l(aua)Ynm(rjua) }
2nm N
_;__{Jnm(rjud)ynm(auu)_Jnm(auu)ynm(rjua)}] cos (nm+l)0j (15)
o

Thus temperature distribution is obtained entirely.
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3. Un-steady thermoelastic problem
Now the fundamental equation governing the two-dimensional thermal
stress problems may be expressed in the known form
MDY = -KkAT (16)
where
X : stress function
k : material constant, i.e., k=atE for plane stress problems
and k=atE/(l—0) for plane strain problems
coefficient of thermal expansion
Young’s modulus
Poisson’s ratio
In this paper, a two-dimensional thermoelastic analysis is being deve-
loped by the five elementary function’s method introduced firstly by one
of the present authors [1],[2]. This method looks somewhat complex super-
ficially but has many advantages to the problems of multiply-connected
region. First merit of this method is to facilitate a physical meaning of
the thermoelastic problems. Since, five elementary functions are decided
to satisfy each alloted boundary conditions, the composite stress function
¥ perfectly satisfies all the boundary conditions as a whole. Referring
to our previous work [2], it can be easily verified that what kind of
temperature distribution is sufficient to ensure the presense of thermal
stress for the given region and temperature conditions in a multiply-
connected body. Second merit of this method is its mathematical
convenience. We shall explain on this matter a little later.
Now, when the region is double-connected, we see that the stress
function x may be expressed in terms of the system of five elementary

functions Xpr Xgr X117 X1 and X31 so that [2]
X = XT + XO + Chl'Xhl (h=1, 2, 3) (17)
However, pure thermal problems of zero traction on the boundary give
xo=0.
The functions on the right side of eq.(17) have to satisfy the following
equations:

(i) Differential eguations in the region,

by, = -KAT (18)
BbXyq = O (19)

(ii) Boundary conditions on the m-th boundary Cm(m=0,l),
(XT)pm = (avxr)pm =0 (20)
(Xhl)pm = [(xh)(Glh +8,) 63hJ $1m (h: not summed) (21)
Bynylp = [(vh)p (6, + 62h)] 6. (h: not summed) (22)

m
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where
v, = cos (xi, v)
P = an arbitrary point on the m-th boundary Cm
Gij = Kronecker’s delta
9 = partial differentiation with respect to i

i

(iii) Michell'’s conditions,

2R
J, 3 180X +Cpy "%, ) kT @8 = 0 (23)
\i (rsin 0 - 9 ,.-cos & - ae){A(XT+Chl’xhl)+kT}r dae = 0, (24)
27
jﬂ (rcos 8 + 3 +sin B « 80) {A(x +Cp) "¥p () +kThr d8 = 0. (25)

The remaining three constants C in eqg.(17) are to be determined so as

’
hl
to satisfy the three integral relations of equations (23), (24) and (25).
After simple considerations on the symmetry of the figure and temperature

distribution of the body, and the Michell’s conditions, we find that Cil

and Ciz in eq.(17) must be taken as zero. On the other hand, an example in
the case of having a term Cil was given in our previous work [3]. As the
functions xhl's themselves have no relation to temperature, Xn1 have the
same values at a given region of same figures irrespective of the thermo-
elasticity or isothermal elasticity. Therefore, the mathematical procedure
is not so troublesome, as one expects, because if we once calculate the
exact values as much as possible on Xhm and X+ We can use them to any
kinds of new problems such as unsteady or steady thermoelasticity and iso-
thermal elasticity.

Then, in the present problem, we have

X =X+ Célx3l (26)

Now, it is convenient to split the solution of eq.(18) into a biharmonic

function and a particular solution which will be denoted as Xro and Xq

pl
respectively. Then, each function satisfies
B g = O (27)
Apr = =kt (28)

From egs. (10), (27) and (28), we find that the acceptable solutions for

Xto and XTp are given by
Xro= {A_+B_r?+C, In r+ D_r? In r+”:z°_/(Anmrnm+13nmr‘nm+cnmr“m+2
+Dnmr_nm+2) cos nmé} (29)
kQa* {1 r,* % e_Ku(th <
Xp™ —j;;— [Ig-(;) +8“§’(auu) 3 e NEDHam{Jnm(rua)Ynm(auu)

-Jnm(aua)Ynm(ruu)} cos nmé} (30)
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Thus we may find X and two kinds of the unknown constants in eq. (29)
are determined by the boundary conditions of eq.(20) at r=a. Then we have

the following relations between unknown coefficients:

—Kuét
y 2H e
R ot (2~ 1n a)c_+ta’p,
o=
A 64 wlau ) "I, (aug) 2 2
-ku?t
+ 2, e ° 1-2. 1
B = koa (1 l—2+ oo 1- tam%c - (2 1n a+l)pg
o
A 32 a n(aua) Jo(aua) 2 (31)
-Kuét
- — o H e A
nm____nm+1a2cnm___];_a 2 (nm l)Dnm+_§ I am . kQa
o
nm nm nm ﬂ(aua) Jo(auu) A
—xult
@ H e o ki y
Bnm=_l_az(nm+l)C m_nm—l azDhm_ 2 ¢ am Qa
nm oM nm nm =i n(aua)“Jo(aua) A

After substitution of these relations into eq.(29) and (30), the X, can
be rewritten in only four kinds of unknown coefficients.

=k°—a"[—1{ (E)“+1}——1(£)ﬂ+ Li-(Z) 21+ 1n Elc 4152 1n T+l (1-E0) }a%p
64 a 32 a © 2 ©

T o 2 a a a? a 2 a
o0 - + + - - -
+ I {_nm+l(§)nm+_l(£) nm, Zynm 2}anm 2cn _{_lig)nm+nm l(g) nm_ I, nm+2}
e nm a nm a a nm a nm a
1 _Kuét 2
a R2p ]cos nme+X22 [’f 2¢e [H EE-1)+3_(rp )Y (ap )
nm olaf 4 a0 2 o] o (o] o
by (aua) Jo(aua) T a

o0 —
-J, apa)Yo(ruu)}+2:E—l~{(E)nm—(z) nm}+Jnm(rua)Ynm(aua)—Ynm(rua)Jnm(aua)]
m={ nmT a a

XH, . COS nme]l (32)

Similarly as before, for the determination of unknown constants Co’ Do'
cnm’ Dnm the point-matching technique is used again here in order to
satisfy the outer boundary conditions at a selected finite set of points
(Po)i(i=0, 1, ...., s) at the outer boundary. Thus we have a set of

following 2(s+l) simultaneous equations.

2

1 Fi Ty i i1, Ti
{1-2)21+ 1n ]c +L 1n —2+=(1-—2) }a?D
2 a a 0 a2 a 2 a? ©

r, nm r, r,
+ ‘)1:, [{_nm+1(_l) PR SE 3 nmy " i nmt2y nm+2

-

C
nm
nm a nm a a

Y. nm Y, =-nm r, -nmt+2
PSSR el Y § B §) ta “m"znnm] cos nm8
nm & nm a a
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2
-Kpt P
y r., 4 x, o0 [+ r;
=-kQa [ﬁ{(—ﬂ #1}- 2 (dy2e §2C Hy (5210 +0_ (ru )Y, (any)
A a 32 a %=/ (au )*J _(an ) ma?
a’ "o “Fa
P 1 r; nm r, -nm
—Jo(aua)Yo(riuu)HmZ [—{(—) - Mg (esu )Y (au )
nmr  a a
—Ynm(riua)Jnm(auaﬂ H o, cos nmei] (33)
r, r. r,
E -—1a . cos 0, - C_+2—= In—= .a cos 6, +D
i e] i o
r. a a a
i
4 T, nm-1 ry -nm-1 ry nm+1
-z [Enm+l)(———) cos (nm-1)86,+(—) cos (nm+1)0,.+ () {nm
el a Toa 1 oa
nm+1 Ti nm-1
Xcos(nm—l)ei+2cos nmd, cos ei} a Com* B;—) cos(nm—l)ei
r, -nm-1 ry -nm+1
- (nm-1) () cos (nm+l)6i+(——ﬁ {nmcos (nm+1) 8
a a
2cos nmd, cos 6,} a_nm+lD
—2co i i nm
ki 3 r. 3 r,. o0 -Ku;t r.
=Xl L3y iycos 6;+ % 2e H o g—i—aua{Jl(rua)Yo(aua)
A 116 a a %/ (ap_)*J_(ap_ ) ma
a’ "o a
} P 1. T4 nm-1 r, -nm-1
-3 (ap )Y, (ru )}rcos ei+,E/Hum ;{(;—) cos (nm—l)6i+(—;? cos(nm+1)6i}
+a“a{Jnm-1(ri”a)ynm(a”u)—Ynm—l(ri“a)Jnm(auu)}cos nmei cos ei
a
_nH:_{Jnm(ri“a)Ynm(aua)_Ynm(riua)Jnm(aua)}cos (34)
i
Appling these equations for the points (Po)i (i=0, 1, 2, vesy S, «va 8

and 6>s) at the outer boundary, and solving these equations, we can
determine the remaining coefficients. Thus X is now determined entirely.
We now consider X31 in the same way. The following function is applicable

to this problem;

_ Ty, . r Iy, r, v r,nm r,-nm r,nmt+2
X31_A30+B30(a) +C30 in a+D30(a) In at %q(A3nm(a) 3nm(a) 3nm(a)
r, —nm+2
+D3nm(5) )cos nmf (35)
For this function, the boundary conditions are
At r=a,
= 3X4,/8r = 0 (36)
X3q 0 roA31
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At X = b,
X371 = Bxal/ax =0 (36"')
And we also can determine the unknown coefficients A30, B30, . A3nm’
Binm’ in the above equation by a point-matching technique. Therefore
the last function X3 may be calculated in a similar way.
Substituting egs. (10), (29), (30) and (35) into egs.(23), (24) and (25),
we obtain
[ iy
C3p" = (D *Qa’F /82) /Dy, (37)

Then we can determine the form of stress function from eq. (26).
For convenience, in accordance with the equivalent coefficients in Xq

and X317 next notations are to be used

* = 4 * = ’
C =c +C30C3l ! Cnm cnm+c3nmc3l ! D =D +D30C3l ! Dnm Dnm+D3nmc3l (38)

Thus the approximate solution of a stress function for this problem may
be expressed entirely, and the thermal stress components corresponding to

this stress function are given. Here we list the solutions by the final

forms;
2 — -_ -_
Ogo=-(1+2=)a” 2C*+2(ln —+1)D*+ z [(nm+l ) {= (am-1) ()™ 2+(£) nm-2
rz
Lynmy nMo, r,nm-2 ry-nm-2_, ry-nm,_-nm..
+(nm+2)(a) la (nm- l){(a) +(nm+l)(a) (nm 2)(a) la DnnJ
21 2 —Kuét
.3
Xcos nme+5922~ —(3E )+ 3 2 [Fuo_[% +(au0c)2
» {16 a2 o= (aua)“Jo(aua)

R aly
X{Jo(aua)Yo(ruu)_Jo(rua)Yo(aua)}_'_T_m{Jo(aua)Yl(ruu)_Jl(rua)Yo(aud)}}

_nm‘2}+{nm(nm+l)3;--(aua)z}

< 1 rynm-2 r
+ % Hum{T—T{(nm—l) (M- (amt1) (3) .

2
a
x{3 m(rua)ynm(a“a)_Ynm(rua)Jnm(auu)}_ —;ﬁg{Jnm—l(rua)Ynm(aua)

n
~Y o (xu )3 m(auu)}}cos nmej] (39)
2
- =24 T sy B _ _ r,nm-2, ,xr,-nm-2
rr-(r—2 La"%cs+2 1n : g+ T (- (am+1) (= (nm-1) (§) + (&)
r,nm, _nm r,nm-2 r,-nm-2_ r,-nm,_-nm_,
+(nm-2) (5)7 e CE +(nm-1) { (3 +(nmt+1) (3) (nm+2) () ta DnnJ
2
-ku<t 2
2 o aZy
Xcos nm8+kQa [——(E— ~1)+ 3 2e [§a0{2+ u{Jo(aua)Yl(rua)
by 16 a? 2=l ay J_ au T or

o o [¢3
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- -2
—Jl(ruu)Yo(aua)ﬂ-+ﬂ§I Ham{f%{(nm—l)(g)nm 2e(nm+1)(§)"m }

a?n 2
o] _ _ a_
+—;——{Jnm_l(rpa)Ynm(aUa) Ynm-l(rpa)Jnm(auu)} nm(nm+1)rz

X{Jnm(ruu)Ynm(aua)—Jnm(auu)Ynm(rua)i}cos nmeJ] (40)

0pg=5 ((am+1) Cnm-1) B34 (1) T onm (5P 2o+ (am-1) € (Eynm-2

2 R, Tt
—(nm+l)(g)_nm_2+nm(§)_nm}a_an;nJsin nm6+E23—d-;1nE nme

A =l om=l (ang) T (au)
2

_ a“u
nm 2}_ o]

{7 (ruu)Ynm(auu)

X [-L{ (nm-1) (5™ 2+ (nme1) (£) mel

=)
nmm a
2
—Ynm_l(rua)Jnmiauu)}+(nm+l)i;£Jnm(rua)Ynm(aua)—Jnm(aua)Ynm(rua)}]

Xsin nmé (41)

4. Numerical Results

The foregoing solution will be illustrated numerically by solving the
problem of transient thermal stress distribution on the hexagonal region
with a central circular hole under a constant heat generation specified
by the following values:

n=6, b/a = 2

For simplicity and generality, the temperature and stress distribution
in the cylinder or disk can now be non-dimensionalized by defining the
following dimensionless variables:

T = T/Ti, p =r/a, tg = kt/a

and = ~
6 = )\oee/kQa2 , pp = )\crr/kQa2

Taking four points for the temperature problem and ten points for the
stress problem on the outer boundary and the least square method for the
stress problem is used. Variations of the temperature and hoop stress are
shown in Fign2-6 for various times. In the rest of the paper we will

refer the accuracy of the point-matching method. We see that the values of

and ¢ on the outer boundary X =b which are calculated from crr’ cee

%11
and o

12
rg are nearly equal to zero. Therefore, the results were justified
by the boundary conditions of zero tractions. Finally, according to our
caluculations, the accuracy is not so dependent on the increase in the

number of points on the boundary.

[Note]; Problem of no heat generation has already been accepted in ASME[4].
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