ABSTRACT

JANG, WOO SUNG. Semiparametric Bayesian Quantile Regression. (Under the direction
of Huixia Judy Wang.)

We propose semiparmetric Bayesian quantile regression methods for analyzing inde-
pendent and clustered data and Bayesian regularized quantile regression methods for
quantile and interquantile shrinkage.

Bayesian quantile regression is challenging without making any parametric likelihood
assumptions. Instead of posing any parametric distributional assumptions on the ran-
dom errors, we approximate the central density by linearly interpolating the conditional
quantile functions of the response at multiple quantiles and estimate the tail densities by
adopting extreme value theory.

In Chapter 2, we propose a semiparametric Bayesian quantile regression method for
analyzing independent data based on the proposed approximate likelihood. In Chapter 3,
we develop a semiparametric Bayesian quantile regression method for analyzing clustered
data, where random effects are included to accommodate the intra-cluster dependence.
Through joint-quantile modeling, the proposed methods yield the joint posterior distri-
bution of quantile coefficients at multiple quantiles and meanwhile avoid the quantile
crossing issue. Through simulation studies, we demonstrate that the proposed methods
lead to more efficient multiple-quantile estimation than existing methods for quantile
regression in finite samples.

In Chapter 4, we propose penalization methods for quantile and interquantile shrink-
age for linear quantile regression. Our proposed methods shrink quantile slopes and their
interquantile differences towards zero in some or the entire quantile region by using fused
adaptive LASSO or group LASSO penalties based on Laplace priors. Our numerical
investigations show that the proposed methods yield higher estimation efficiency than
the conventional quantile regression method when there exists sparsity in the quantile

coefficients and/or interquantile differences.
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Chapter 1

Introduction

1.1 Introduction to Quantile Regressioin for Inde-

pendent Data

1.1.1 Least Squares versus Quantile Regression

The linear regression model is one of the most commonly used tools in modeling the
relationship between a response variable and independent variables. The classic linear

regression model is of the form
y =XB +e,

where y is a NV x 1 vector of the response, X is a N X p design matrix, 3 is a p x 1 vector
of the unknown regression coefficients and € is a N x 1 vector of errors with zero mean.

The least squares (LS) method is most commonly used to estimate 3 since the LS
estimator for 3 has the closed-form solution 8;¢ = (X7X) " 'XTy. In addition, it is the
best linear unbiased estimator under the additional assumption: Var(e) = 0?Iy, where
Iy is the N x N identity matrix, that is, the errors are independent and have a constant
variance.

In some applications, the homoscedastic assumption may not hold, or the main focus
may be on the tails instead of the center of the response distribution. For example, the
years of work experience may have different impacts on the salary at the tails than at
the center of the salary distribution. In such cases, quantile regression (QR), introduced

by Koenker and Bassett (1978), provides a comprehensive analysis of the relationship



between the response and covariates, as it can automatically capture the popular het-
erogeneity. In addition, since quantile regression does not make any parametric distri-
butional assumptions, the inference can be regarded as nonparametric and regression at

not very extreme quantiles is more robust to outlier than the least squares regression.

1.1.2 Univariate Quantile Function

For any univariate random variable Z, its distribution is completely determined by the
cumulative distribution function (CDF) F(z). Conversely, we may also describe the dis-
tribution function F'(z) by its inverse function, also known as the quantile function. For

a given quantile lever 7 € (0, 1), the 7-th quantile function of Z is defined by
Q. (z) =inf{z: F(z) > 7}.

Suppose we observe a random samples {z1,- -, z,} of Z. The 7-th sample quantile of z,
QT(Z), can be obtained by using the order statistics. Equivalently, QT(Z') can be obtained
by

n

QT(z) = arg minz pr(zi — q),
1

qER e

where p.(u) = u{r — I(u < 0)} is the check loss function. The check loss function is a

piecewise linear function that assigns weight 7 to positive and 1 — 7 to negative residuals.

1.1.3 Linear Quantile Regression for Independent Data

The idea of estimating the 7th quantile of a single variable can be extended to regression
setups to estimate the 7-th conditional quantile of a response given the covariates. Let
Y be a univariate response variable and X be a p-dimensional covariate vector. Denote
Fy (-]X = x) as the conditional cumulative distribution function (CDF) of Y given X = x.
Then, at a given quantile level 7 € (0, 1), the 7-th conditional quantile of Y given X = x

is defined as
QY| X=x)=inf{t: Fy(t{{ X =x) > 7}.

Throughout, we assume that the first element of X is one corresponding to the intercept.



The linear QR model assumes that

QT<Y|XZ> = XZTIBTa 1= 17 w1,

where 3. is a p-dimensional vector of unknown quantile coefficients. Given a random
sample {(v;,x;),7 = 1,...,n}, B, can be estimated by solving the following optimization

problem:
min > p.(yi — x; B). (1.1)

The quantile regression problem (1.1) can be reformulated as a linear programing
problem:

min ATu+ (1 — PV B+ u; — v; = ),
(ﬂ,u,v)eRpx}qXRi{ n ot ( MLVl B vi

where 1,, is the n-dimensional vector of ones, u and v denote n-dimensional vectors of
the positive and the negative parts of the residuals, and u; and v; are the i-th elements of
u and v, respectively. Details on the linear programming formulation and computation

for quantile regression can be found in Chapter 6 of Koenker (2005).

1.2 Quantile Regression for Models with Random
Effects

1.2.1 Clustered Data

Clustered data are encountered in many applications, for instance in medical studies with
repeated measurements from the same individual and in educational studies with test
scores of students in the same class. The key feature of clustered data is that measure-
ments from the same cluster often have some common characteristics and thus tend to
be correlated.

Similarly, longitudinal data are also characterized by multiple observations of subjects
that are measured over time. For example, Yu et al. (2000) studied different child asthma
management regimes and analyzed the relationship between daily measures of pollution

and asthma symptoms. In this example, children form the cluster and asthma symptoms



from the same child are likely to be correlated.

Throughout this dissertation, we do not distinguish these two types of data, and we
use clustered data to refer to both data with repeated measurements of the same subject
taking at different times or measurements from different subjects in the same cluster.

The clustered data analysis is to study the impact of covariates on the conditional
mean or quantiles of the response for a given cluster. Clustered data analysis can be
challenging because observations from the same cluster are often dependent. Thus, we
need to take into account the correlation among repeated measurements within the same
cluster. In the literature, two different models are often used for analyzing clustered data:
the marginal and the conditional models. Next, we will introduce and compare two types

of models for mean regression and quantile regression separately.

1.2.2 Mean Regression for Clustered Data

Suppose we observe data (y;;,%;;), ¢ = 1,...,n and j = 1,...,n;, where y;; and x;; are

the univariate response and p-dimensional covariate vector associated with cluster (or

subject) i for the j-th subject (or measuring time). Write x; = (x},....,x}, )" and y; =
(Yi1, -, Yin,)T as the design matrix and the response vector for cluster i, respectively.

The marginal linear regression model captures the population-average trend among
all clusters. The marginal regression models specify marginal mean E(Y;;|x;;) = x};8 as
a function of the covariate x;; (Gardiner et al., 2009). An example of the marginal model

is
_ T
Yij = X0 + wij, (1.2)

where u;; are the random errors that are independent across clusters but may be depen-
dent within the same cluster ¢ and 3 is a p-dimensional marginal regression coefficient.
The marginal effect 3 can be obtained by solving generalized estimating equation (GEE),
introduced by Liang and Zeger (1986).

The conditional linear regression model captures the individual trend for each cluster.
The conditional model specifies the mean of ¥ conditional on both the covariate x;; and

unobserved random effects b;:

E(Y;|xij,bi) = x1,8 + z,;b;,



where z;; is often a sub-vector of x;;. Correlation among repeated measurements within
the same cluster arises from sharing the unobserved random effect b;. A typical example
of the conditional model is linear mixed models (LMM) from Laird and Ware (1982):

yij = x;8 + z;b; + €55, (1.3)

where 3 is a p x 1 vector of fixed effects, z;; is a ¢ X 1 covariate vector associated with
cluster-specific random effects b;, and ¢;; are independent random measurement errors.
We usually assume that E(b;|x;;) = 0 and E(¢;;) = 0 and b; are mutually independent of
each other and independent of ¢;;. The conditional regression coefficients can be estimated
by maximum likelihood estimation or restricted maximum likelihood estimation.

In the conditional model (1.3), the random effect b; measures the covariate effects that
vary across clusters in the population. The assumptions on e;; and b; fully determine the
correlation structure of the response. Thus, we can specify the model for the population,
and obtain the marginal effects. If we assume that E(b;|x;;) = 0 and E(e;;) = 0 in (1.3),
then model (1.3) implies that E(Yj;|zi;) = =3, where 8 is the same as in model (1.2)
and can be interpreted as the population-averaged effects of covariates.

The main difference between the marginal models and the conditional models is
whether the focus of the study is on comparing the responses within the same clus-
ter or across clusters. Consider the case z;; = x;;. In conditional models, the sum of
fixed and random effects 3 + b; has the cluster-specific interpretation. Then, we may
interpret 3+ b; as the change in the mean of the response when covariates x changes by
one unit for cluster ¢. In marginal models, the fixed effect 8 has the population-averaged
interpretation and describes how the population marginal mean of the response changes

as the covariate x changes by one unit, regardless of the cluster.

1.2.3 Quantile Regression Models for Clustered Data

Most linear mixed model analyses for clustered data also assume that both the random
effects and random errors are normally distributed with constant variances. Such assump-
tions imply that the covariates affect only the location of the response distribution and
thus cannot accommodate population heterogeneity. However, in some applications, the
covariates may have different impacts at different locations of the response distribution.

For instance, in a birth weight study, Abrevaya and Dahl (2008) found that some covari-



ates such as the gender of the baby and the mother’s prenatal-care visits have different
effects at the lower and upper quantiles of the infant birth weight distribution. By focus-
ing on the conditional quantiles, quantile regression (Koenker and Bassett, 1978) offers an
alternative tool that can automatically capture the heterogeneity in covariate effects at
different quantiles of the response distribution without modeling the heteroscedasticity.

As in the mean regression models, we may consider the marginal and conditional
quantile regression models for analyzing clustered data.

The marginal quantile regression model captures the average trend among all clusters.
Similar to the mean regression models, the marginal linear quantile regression model
assumes that the 7-th quantile function @Q,(Y;;|x;;) is linear in the covariates, such as in

the following quantile regression model:
QT(Y;'j’Xij) = XZ;‘ T,m? (14)

where 7 is a given quantile level of interest and 3, ,, is a p-dimensional vector of the
marginal effect of x;; on the 7-th quantile of Y;;.

The conditional quantile regression model captures an individual trend for each cluster
and specifies the 7-th conditional quantile function Q. (Y;;|x;;,b;) conditional on both

the covariates and unobserved cluster-specific random effects b;, that is,
Q- (Yi|bs, xi5) = X1, 8, . + z;b;, (1.5)

where 3, . is a p-dimensional vector of conditional quantile coefficient at the 7-th quantile.

We need to point out one difference between the mean and quantile regression models.
For mean regression models, the parameter vector 3 in the marginal and conditional
models are the same since Eyn{E (yi;]xi;, bi)} = E(yij|xi;) = x;;8. However, for quantile
regression models, we usually do not expect that 3, ,, = B, .. For example, consider the
model (1.3), where e;; are random errors. The fixed effect 3, . is not the population-
averaged effect unless the 7-th conditional quantile of Zg;-bi + e;; given x;; is zero, that
is, QT(zz;bi + e;|x;;) = 0 for all 7 and j.

Model (1.5) assumes that the random effects are constant across all quantile levels.

We give another example below to show that the random effects could depend upon the



quantile level. Consider the following heteroscedastic model

Yy = xi;B + x{;bivei, (1.6)

J
where b; "% N(0,071,), €ij vES N(0,0?) and « is a scalar scale parameter. The corre-

sponding conditional quantile regression models is
Q- (Yij|xij, b:i) = x8 + xbiyo® (7). (1.7)

The cluster-specific effect of the [-th predictor on the 7-th quantile of Y in cluster 7 is
Bi + Ybyo® (1), where 8; and by are the I-th element of 3 and b;, respectively. Hence,
the cluster-specific effect depends on 7 through the 7-th quantile of a normal distribution.
Since both xl-ijﬂ and ¢;; are independent normal random variables, the density function
of the product of two normals XZ-ijmeij is proportional to a modified Bessel function of

the second kind (Glen et al., 2004). Therefore, the marginal distribution of Y;; given x;;

T

has the same shape as in Figure 1.1 with mean x;;

0.6
1

0.4

density

0.2

0.0

Figure 1.1: The density function of W = UV, where U and V' are independent standard
normal random variables.



In mean regression models, the marginal effects can be obtained by integrating out
cluster-specific random effects in the conditional model. However, such relationship does
not hold for the marginal and conditional quantile regression models. The marginal quan-
tile function derived from the conditional linear quantile regression model may not even

be linear in x;;. For example, consider the following heteroscedastic error model

T

_ T T
Yij = X;;08 + x;;bi + X764,

where b; N (0,%), € N (0,0?) and ~ is a p-dimensional scale vector. Both the
marginal mean E(Yj;|x;;) = x/;3 and the conditional mean E(Y;;|x;;, b;) = x};8 4 x;b;

are linear in x;;. In contrast, the conditional quantile function
Q- (Yijlxij,b;) = x[{B + vo @~ (1)} + x];b;

is linear in x;; but the marginal quantile function

Q- (Vijlxiy) = x58+ 71 (1) /X5 (S + o2y T)x;

is not linear in x;; unless o?yy” = 0, where ®! is the inverse CDF of the standard
normal distribution.

Similar to mean regression models, marginal quantile regression models have the
population quantile interpretation and the conditional quantile regression models have
the cluster-specific quantile interpretation. Appropriate model can be selected based on
whether the focus of the analysis is on the population quantile or on cluster-specific
quantiles.

In Section 1.2.4, we will review existing methods for the marginal and conditional

quantile regression models, respectively.

1.2.4 Methods for Quantile Regression Models with Random
effects
Existing work for quantile regression with random effects is limited. The main challenges

are that quantile regression usually does not make any parametric distributional as-

sumptions, and unlike mean, quantiles are not additive, that is, quantiles of a sum of two



random variables are often not the sum of their quantiles. To bypass these challenges,
some researchers analyzed clustered data by considering marginal quantile regression
models that treat the sum of random effects and random errors as a unit and focus on
the covariate effects averaged over clusters; see for instance, Jung (1996), Wei and He
(2006), Wang (2009), Mu and Wei (2009), Tang and Leng (2011), and Liya and Wang
(2012).

For a conditional quantile regression model with a random intercept, Koenker (2004)
proposed a regularization method, where a L, penalty is introduced to shrink the random
effects towards a common value. Koenker (2004) proposed to estimate b; and 3, at
multiple quantile levels 74,k = 1,...,¢ by minimizing the following penalized objective

function:

q n

SO wnprfy — x5, — b+ A b,
=1

k=1 i=1 j=1

where wy is the weight on the quantile level 7, and X is the regularization parameter
that controls the variation of b; and helps shrink b; towards a common value. Koenker
(2004) assumed that b; are the same across quantiles and proposed to estimate b; by
combining information across quantiles. As in most regularization problems, the choice
of the penalty parameter \ is crucial.

Several authors proposed parametric or semiparametric Bayesian approaches for quan-
tile regression with random effects. Geraci and Bottai (2007), Yuan and Yin (2010) and
Geraci and Bottai (2013) extended the asymmetric Laplace distribution idea in Yu and
Moyeed (2001) for quantile regression with independent data to clustered data, where
the conditional distribution of the response is assumed to follow an asymmetric Laplace
distribution with the mean depending on the covariates and the skewness parameter de-
pending on the quantile level of interest. Instead of posing a parametric likelihood, Reich
et al. (2010) proposed to model the likelihood nonparametrically by an infinite mixture
of quantile-restricted two-component Gaussian mixtures and to accommodate error het-
eroscedasticity by specifying its form parametrically. Yang and He (2012) proposed the
empirical likelihood as a working likelihood for Bayesian quantile regression for indepen-
dent data and this method was extended to clustered data by Kim and Yang (2011).
Unlike the other methods, the empirical likelihood approach avoids modeling the error

distribution. One commonality of these existing Bayesian methods is that the analysis



(and modeling) is carried out at a single quantile level separately. Such separate analyses
have two major limitations. First, the resulting estimated conditional quantiles are not
guaranteed to be monotonically increasing in the quantile level and thus quantile cross-
ing may be encountered. Second, for the methods in Geraci and Bottai (2007), Yuan and
Yin (2010), Geraci and Bottai (2013) and Reich et al. (2010), since the error distribution
is modeled at each quantile level separately, there is a lack of consistency of likelihood
across quantiles. Since Bayesian quantile regression for clustered data is the main focus

of Chapter 3, we will revisit this issue and discuss more in Section 3.1.

1.3 Introduction to Extreme Value Theory

Extreme value theory (EVT) studies the limiting behaviors of extreme values at the
tails of the distribution of interest. There are two common approaches to model extreme
values: block maxima (BM) and peak-over-threshold (POT). Roughly speaking, the BM
approach models the extremely rare events in the long period of time and the POT
approach models the extremely rare events that exceed a high threshold. For example,
the BM approach deals with yearly maximal rainfalls and the POT approach deals with

rainfalls exceeding 4 inches.

1.3.1 Block Maxima (BM) Method

Fisher and Tippett (1928) and Gnedenko (1943) established the limiting distribution of
the normalized maximum of a random sample, which is considered as the cornerstone of
the BM approach. Let X1, ..., X, be a sequence of mutually independent random variables
from a common distribution F'. Fisher and Tippett (1928) and Gnedenko (1943) focused
on the behavior of the largest member of a random sample M,, = max{X;, Xo, ..., X,,}.
Since the distribution of M, degenerates to a point mass on x that satisfies F'(z) = 1
as n — oo, Fisher and Tippett (1928) linearly normalized M,, and identified the three
types of limiting distributions of the normalized M,,. Fisher-Tippett theorem states that

if there exist sequences of normalizing constants a,, > 0 and b,, such that

M. —
P <n—bn < a:) — G(x) as n — oo, (1.8)

an

10



where G is a nondegenerate distribution, then G must belong to one of the three families:
Gumbel, Fréchet and Weibull. These three types of families can be combined into the

generalized extreme value (GEV) distribution of the form

exp{—(1+&=#)7} for 14654 > 0,6 #0

G(r) = Gapv(x; 0,8, 1) = { exp{— exp(—2£)} forz € R,§ =0,

where o > 0 is the scale parameter, £ is the shape parameter and p is the location param-
eter. If £ =0, G is the Gumbel-type distribution and it is associated with distributions
with moderate tails such as normal, exponential and gamma distributions. If £ > 0, G is
the Fréchet-type distribution and it is associated with heavy-tailed distributions such as
t-distribution and Pareto distributions. If £ < 0, GG is the Weibull-type distribution, has
finite support and is associated with light-tailed distributions such as Beta distribution.

A more comprehensive review can be found in Coles (2001).

1.3.2 Peak-Over-Threshold (POT) Method

The POT method, introduced by Pickands (1975) and Balkema and de Haan (1974),
models extreme events that exceed a high threshold. Suppose Xi, ..., X,, is a sequence
of mutually independent random variables from a common distribution F and Y; is the
excess amount over the threshold u, that is, ¥; = X; — u. Then, for any y > 0, the
probability of Y being greater than y is given by

PX>u+y) 1-F(uty)
P(X>u)  1-F(u)

PY >ylY >0)=P(X >u+ylX >u) = (1.9)

By Fisher-Tippett theorem in Fisher and Tippett (1928), we can approximate the distri-
bution of the normalized M,, = max{X, X5, ..., X,,} for large n,

M, — b,
P (a— < ZE) ~ Gopv(z;0', &, 1) (1.10)

for some parameters ¢’ > 0, ¢ € R and ¢/ € R. Let z = a,x + b, and then (1.10) is

equivalent to

z—b,

P(M, < z)={F(2)}" = Ggpv ( ;U/af/>ﬂl> = Gapyv(2;0,8, 1),

n

11



where G* is the GEV distribution with parameters o > 0, £ € R and p € R. The first

order Taylor expansion gives us
nlog F(z) ~ —n{l — F(2)}. (1.11)
After plugging G&py (250, &, p) into the left-hand side of (1.11), we obtain
L~ F(2) ~ - 1og Gy (20,6, 1) (1.12)

for large n. Thus, combining (1.9) and (1.12) gives us the following approximation:

1—Flu+y
—-1/¢
N (1+%) for 1+ L€(y+u—p) >0, 40
exp(—%) fory e R, =0.

By letting o + &(u — 1) = o, we obtain the generalized Pareto distribution GPD(p,¢)

L= (1+&4)71e, €40

H(y) = Herp(y; 0,§) = { 1—exp(—=Y), ¢=0

where y > 0 for £ > 0 and 0 < y < —p/¢ for £ < 0 with £ and ¢ > 0 being the shape
and shape parameter of the GPD, respectively. In summary, Pickands-Balkema-de Haan
theorem states that, if F' satisfies Fisher-Tippett theorem, then the excess conditional
distribution function of Y = X — u|X > u can be approximated by Hgpp(y; 0,§) with
some parameters o > 0 and & for large enough threshold wu.

Parameters g and & can be estimated by maximum likelihood (ML) method. The log

likelihood function of ¥y, ..., yx, excesses of a given threshold u, can be written as

—klogo — (1+1/6) 3 log(1+ %), £#0

- (1.13)
—klogo—3"" /o, £ =0.

logl(o,&y) = {

The likelihood cannot be maximized analytically and thus numerical maximization is re-
quired. We may use the function fitgpd in the R package “POT” for numerical maximum

likelihood estimation.

12



The threshold u creates a trade-off between bias and variance. A high threshold value
will produce high variances because it leads to few excesses and the estimation will rely
on a small sample size. In contrast, a low threshold value will result in bias because the
approximation in the Pickands-Balkema-de Haan theorem is less accurate if threshold w is
not large enough. For more details on ML estimation and threshold selection, please refer
to Davison and Smith (1990) and Chapter 4 of Coles (2001). More details on applications
of the POT method and suggested reading list can also be found in Chapter 4 of Coles
(2001).
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Chapter 2

Linearly Interpolated Density (LID)
Method for Linear Quantile

Regression

In this chapter, we propose a semiparametric Bayesian quantile regression (QR) method
based on the linearly interpolated density (LID) method originally proposed by Feng
(2011). The LID method is a Bayesian QR method for cross sectional data using linear
interpolations of quantiles to approximate the likelihood.

In Section 2.1, we describe linearly interpolated density using a univariate distribution.
Then, we discuss the motivation of using the LID method for quantile regression and
introduce the LID method proposed by Feng (2011) in Section 2.2, and present our
proposed LID method in Section 2.3, which adopts the extreme value theory to improve
the tail density estimation. Simulation study is carried out in Section 2.4 to compare the

performance of existing methods.

2.1 Linearly Interpolated Density (LID) Method

We introduce the idea of the LID method by considering a univariate distribution. Sup-
pose that we have a univariate continuous random variable, Z, with continuous distri-
bution function F' and density function f. Let F~'(7) = Q(7) denote the 7-th quantile
function of Z. Note that 7 = F{F~!(7)}. By taking the derivative with respect to 7 on

14



both sides, we get

d -1 _ -1 d 4
L= P(F()} = HE ()} F ().

Therefore,

PN 1
o DTy

Let 0 < 71 < ... < T < 1 be a sequence of quantile levels. By mean value theorem, there
exists a 2* = F~Y(7,+) € (F~Y(7;), F~'(7j41)) such that

dF~(7) _ P (m) - F()

dT Tj+1 — Tj ’

T=Ty*

where 7; < 77 < 7;41 and consequently,

*\ Tji+1 — Tj
=)= Ffl(Tjil) - 1*1*1(73')'

To approximate f(z) with 7; < 7, = F'(2) < 741, note that if 7; — 7, and 7;41 — 7,

fz)=  lim Tl 77 = f(2).

T TL T 1T F=Y1j1) — F~(75)

Therefore, for any z such that F~!(7;) < z < F~(741) for some j = 1,..., K, we can

approximate f(z) by

-~ Tj+1 — Tj
MO P iy 2

In practice, F~!(7;) is unknown but can be estimated by the sample quantile Q(Tj), j=
1,---, K, based on the observed sample. Then, the substitution of F'~*(7;) by Q(Tj) in
(2.1) enables us to estimate f(z) and we refer to the approximate density as linearly
interpolated density (LID).

To further illustrate how the LID method operates, we randomly generated two data
sets of size n = 1000, one from the standard normal distribution and the other from
x? distribution with df = 3. Figure 2.1 shows that the LID well describes the overall
shapes of both symmetric and skewed distributions. For both data sets, fifteen equally

15



spaced quantile levels from 0.0625 to 0.9375 were used. The dashed curves depict the
true densities and the solid lines correspond to the approximate density estimates by the
LID method. The approximate densities are piecewise constant functions and inversely

proportional to the distance between two adjacent sample quantiles.
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Figure 2.1: The LID estimates for data sets generated from N(0,1) and x2. The dashed
curves are the true density functions and the solid lines are the LID estimations to N (0, 1)

(the left plot) and x3 (the right plot) .

The LID method can be applied to estimate the density of z at any point that lies
between the 7 and 7x-th quantiles. However, it is difficult to use the LID method for
estimating the tail density since the tail quantiles are hard to be estimated accurately for
small samples without any parametric distributional assumption. For tails, Feng (2011)
proposed to use a truncated normal distribution to model the tail density. We will discuss

more about the parametric tail density estimation approach suggested by Feng (2011)
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and its limitations in Section 2.3 under the regression setup.

2.2 LID Method for Linear Quantile Regression

2.2.1 Benefits of the LID method

Most existing Bayesian methods focus on a single quantile level and those approaches may
encounter quantile crossing problem and inconsistency of likelihood when the analysis is
carried out at multiple quantile levels.

In contrast, the LID method avoids those limitations by joint-modeling of multiple
quantiles under the assumption that the quantiles of the response are linear in covariates.
With this joint-modeling, we can avoid quantile crossing and achieve higher efficiency of
estimating quantile coefficients. The method will be discussed in Section 2.2.2 and the

efficiency will be assessed via simulation studies in Section 2.4.

2.2.2 LID for Linear Quantile Regression

We introduce the LID method of Feng (2011) for Bayesian quantile regression. Let’s

consider the linear quantile regression model,
Q. (YIX)=X"8,,0<71<1, (2.2)

where Y is the response, X is a p-dimensional covariate vector and 3, is the p-dimensional
vector of quantile coefficients. Suppose that we observe a random sample, (y,x) =
{(yi,x;),i = 1,..n} of (Y, X), and we are interested in estimating B, = (8L, - ,,BZk)T,

where 0 < 7 < --- < 7 < 1 is a sequence of quantile levels.

By the Bayes rule, the posterior distribution of 3, given (y,x) is

FBucly.x) o< [T fr (wilxi, Bi)m(Be), (2.3)

where (3 ) denotes the prior distribution of B .
In quantile regression, usually no parametric form on the conditional distribution
fv (yi|xi, Bx) is assumed. Instead, we assume the quantile regression model (2.2). Note

that there may exist multiple conditional distributions that lead to the same conditional
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quantile functions at 7, k = 1, - - - | K. Using the idea of the integrated likelihood methods
by Berger et al. (1999), the conditional density fy (y:|x;, Bx) is defined by

h@%ﬂﬂz/ﬂ@@h%%ﬁﬂ%7

where f;(y|x;) is the conditional density function of YV given X = x; that leads to the
same conditional quantile functions at 7, k =1,--- , K and 7(f;|x;, B) is the prior on
f;(Yi|x;). Then, we can interpret fy (y;|x;, Bx) as the approximate likelihood averaged
over all possible f;’s that share the same conditional quantiles at the K quantile levels.

Note that we can link the conditional density function fy (-|x,3)) with model (2.2)
by the following equation:

| 5
vl Bi) = 0 g =B

where u, = {7 € (0,1) : x'3, = y}. Let 0 < 7y < --- < 7 < 1 be a grid of quantile
levels. Therefore, for any y with associated covariate x such that Fy'(7|x, Bx) < y <

Fy ' (1j41]%, Bg) for some j = 1,..., K — 1, we can approximate fy (y|x, B) by

Tj+1 — T

<T(8,,, ~B,)

Feng (2011) proposed a Bayesian quantile regression procedure based on the following

linearly interpolated density (LID)

Py (yilxi, Bi) = {y; € (—o0,x7 B,)}mfi(wi)

K-1
T T Tk-f—l — Tk
+ E I{yle [XZ IBTk7X’L' ﬁ7k+1)} T _ TIB
k=1 X Prep = Xi Py

+ H{y; € [x!B,,.,00) 1 — 1) fo(us), i =1,...,n, (2.4)

where f; and f, are some prespecified left and right tail density functions. Particu-
larly, Feng (2011) assumed fi(-) and f5(-) to be the truncated normal distributions

N woxrp. (X! By, 07) and Nrg (%] B,,,03), respectively, where o, and oy are some
i My i PTg

pre-specified scale parameters. The LID method may be senesitive to the seletion of 2.

Hence, in the simulation studies, we consider several values for o? and ¢3. In addition,
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we can avoid pre-specifying o7 and 3 by matching the linearly interpolated density and

truncated normal tail density at x] 8, and x! 3, , that is, we can estimate o} and o3 by

Tk

no_T T
6, = 27 Z X; :372 —X; B(71) and
n\ 27 (T — 1)
- XzTﬁTk - X1T/6TK,1

72 = 21 =i ; nV2m (T — T 1)

=1

Algorithm of LID for Linear Quantile Regression

We describe the algorithm for drawing samples from the approximate posterior distribu-
tions. Given the approximate likelihood fy(yi|xi, Bx) and the prior 7(8)), we draw the

posterior samples of 3 using the following algorithm.
Step 1. Choose initial values for the quantile coefficients 593).

(a) Apply the conventional quantile regression. First, regress y; on x; at each
quantile level 7, k = 1,..., K, separately and obtain ,ng). We can use the rq

function in the R package “quantreg.”

Step 2. Propose a move.

(a) Randomly pick a quantile level, 7, and select a random number from 1 to p,
say [. Then, let 3/ denote the candidate for [, , the Ith element of 3 .

(b) To avoid quantile crossing, we draw f;, from a proposal distribution that

satisfies the following monotonicity constraints for all ¢ = 1,---  n:

X»T,BTK_1 < xiT,BTk, k=2,.. K.

The further description of the proposal distribution is given in the Appendix.
The I-th element of 3, will be replaced by ;' , generating the candidate 3.

Step 3. Take

o _ Bk with probability  ¢(8Y, B5)
K D with probability 1 — (8%, 8%),
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where

¢(5§? 8i) = min{ H?zl fY(yi|Xi7/6;()7r(B;() 1}

H?zl fY(yi|Xi» 5;?)”(5&?)

where 7(+) is the prior of B, and fy(y|x, Bx) is the approximate density as in
(2.4).

Step 4. Repeat Steps 2 and 3 until the MCMC chain converges. After a burn-in period, we
obtain posterior samples of 3,. We estimate each parameter by using the mean of

the samples.

2.3 LID Method with Improved Tail Density Esti-

mation

The method of Feng (2011) relies on the specification of the tail densities f; and fo and
the scale parameter . Our numerical studies suggest that the method could be sensitive
to the choice of o; see Section 2.4. Moreover, truncated normal distributions might not
work well for estimating tails of asymmetric, skewed or heavy-tailed error distributions.
To improve the tail estimation, we propose a modified approximate likelihood, which
estimates the tail densities based on extreme value theory and does not require any
prespecification of parameters.

Pickands (1975) and Balkema and de Haan (1974) showed that if the distribution
function F' of a random variable Y belongs to the domain of attraction of generalized
extreme value distribution, then as u — yp, the end point of F', the conditional distribu-
tion function P(Y < u + y|Y > u) approaches the distribution function of a generalized
Pareto distribution (GPD). That is, as u — yp,

1—(1+&y/o) Ve, €40

P(Y§u+y\Y>U)—>G(y‘Q’€):{ 1 —exp(—y/0) =0

where y > 0 for £ > 0 and 0 < y < —p/¢ for £ < 0 with £ and ¢ > 0 being the shape and
scale parameters of the GPD, respectively.

In view of the above discussion, we propose to approximate the conditional density of
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Y by linear interpolation of conditional quantiles at the central quantiles while use the
GPD to approximate the tail densities.

For right tails, we define the upper thresholds u; = {x] 3, + /3, }/2 and ap-
proximate the tail distribution by the generalized Pareto distribution (GPD) with scale
parameter g, > 0 and shape parameter &, G(y|o9,&2), that is,

P(Y <yly > w;,x;) = G(y — ui|02,&2).

Note that

PY <ylxi) = PY <wifxi)  Flylxi) = (Tx + 7x-1)/2
P(Y > w|x;) 1— (1 +71-1)/2

P(Y <vyly > u;,x;) =

Therefore, the right tail density for y > XiT,BTK can be approximated by

fY(y|Xi,5K) = (1 —7x) f2(y|xi, B, 02, &2) = {1 — (Tk—1 + TK)/Q}Q(?/ — ui|02,&2),
(2.5)

where g(-, 0,&) is the density function of GPD(p, &) defined as

o (1 + &y /o) MO, ¢ 40
o texp(—y/o), £=0,

g(ylo, &) = {

with y >0 for £ > 0and 0 <y < —p/¢ for £ < 0.
The scale parameter g in the GPD can be estimated by matching the LID fy (y|xi, Br)
and g(y — w;|o,, &) at y = u;. Specifically, for v; = x] (8., + B,,_,)/2, note that

Fr(uilxi, By) ~ {1 — (-1 + 7x)/2) }9(0] 02, &)

Tk —TK-1 1
By~ By TR

=

Then, the scale parameter g, can be estimated by

" X! (Bre — Brye )
00 = {1 — (71 + 1K) /2 LT TR 2.6
= (1 (e mo/2)) 3 e 26)
where Bm is the initial estimator of B, for k = 1,..., K. In our implementation, we
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choose BTk as the conventional (frequentist) quantile regression estimator defined as

/Brk = argmﬁinzpﬂc(yi - XZT/B)a
i=1

with pr(u) = u{7 — I(u < 0)} being the quantile loss function; see Koenker and Bassett
(1978). The estimator Bm is obtained by applying the “rq” function in the R package
quantreg at the 1,th quantile.

Note that if we define W = =Y, then Q,(W|x) = —Q1_,(Y|x), that is, the lower
tail of Y corresponds to the upper tail of W. Define the lower thresholds [; = {x?ﬁn +
x; 3,,}/2. For y < x]B,,, the left tail density can be approximated by

Fr(ylxi, Br) = T fiylxi, Bicr 01,&1) = g(—y + Lo, &) (71 + 1) /2, (2.7)

where p; > 0 is the scale parameter and &; is the shape parameter.
Similarly, by matching the GPD density with LID at y = [;, we can estimate the scale

parameter p; by

2 xT
7'1+7'2 /22 IBTl (28)

7'2—7'1

The shape parameters &; and & can then be estimated by maximizing the GPD likelihood
based on the exceedances {y; : y; < l;;i = 1,...,n} and {y; : y; > w;,i = 1,...,n},
respectively.

In our implementation, we first estimate the shape and scale parameters o1, 09, &1,
&5 based on the initial estimator B K= (ﬁ:, s ,BfK)T, and then keep them unchanged
throughout the Markov chain Monte Carlo (MCMC) simulations. Alternatively, we could
also update the shape and scale parameters in the MCMC. However, our numerical
studies show that the latter approach complicates the algorithm without improving the
performance.

The algorithm of the proposed LID method with GPD tail approximation requires

an additional procedure in Step 1.
Step 1. Choose initial values for the quantile coefficients ﬁg?).

(a) Apply the conventional quantile regression. First, regress y; on x; at each
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quantile level 7, k = 1, ..., K, separately and obtain ,ng). We can use the rq

function in the R package “quantreg.”

(b) Obtain the scale parameter estimates, 91 and go from the equations (2.8) and
(2.6), respectively, using the initial Bg?). Then, obtain the shape parameter
estimates, fl and 52, by using the fitgpd function in the R package “POT.”

n=100 n=200
v v |
e — True density e
< - GPD tail approximation
x4 _
(sp]
o
~ ~
b o - a\
o IS}
S S
o o
IS o
T T T T T T T T
1.0 1.5 2.0 25 1.0 1.5 2.0 25
z z

Figure 2.2: The estimated upper tail densities for random samples of size 100 and 200
from the standard normal distribution. The horizontal axis represents z and the vertical
axis represents the density. The dotted vertical lines are z = @_1(0.85). The solid curves
are the true density and the dotted curves correspond to the GPD tail approximation.

Figure 2.2 illustrates right-tail density approximations using the proposed method for
random samples of size 100 and 200 from the standard normal distribution. The shape
and scale parameters are estimated using exceedances over the 85-th percentile of each
random sample. We can observe that the GPD tail approximations are getting finer with
larger sample size.

In Appendix A.2, we propose different versions of the LID and LIGPD methods. For

example, we can update the shape and scale parameters in the MCMC. One may simplify
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the constraints in the proposal distributions. Appendix A.2 summarizes different versions
of LIGPD and LID. These versions lead to more complicated algorithms without much
improvement in the performance. Hence, our proposed LIGPD method first estimate the
shape and scale parameters based on the initial estimator and then keep them unchanged
throughout the MCMC simulations.

2.4 Simulation Studies

We carry out two simulation studies to compare the performance of the LID method
(Feng, 2011), the proposed LIGPD method, and the conventional frequentist quantile
regression method (Koenker and Bassett, 1978).

2.4.1 Simulation Study I

We consider the following model for generating the simulation data:
Yi :B0+ﬁlxz+<1+xz)€la 1= 17"'7n7 (29>

where z; ~ LN(0,1), (8o, 51) = (2,4) and LN(u,<) is the log normal distribution with
location parameter p and scale parameter ¢. We consider three distributions for generat-
ing the random errors: the standard normal, 3, and x?. The corresponding conditional

quantile function is
Q-(Yzi) = Bor + Prri,

where By, =2+ F. (1), f1.r =4+ F'(7) and F. is the distribution function of ;.

For each scenario, the simulation is repeated 200 times. In the following, we refer to the
conventional quantile regression method as QR, the LID method proposed by Feng (2011)
based on truncated normal tail distributions with pre-specified variance parameters as
LID, the LID method with the proposed variance parameter selection method suggested
in Section 2.2.2 as LID II and the proposed method that approximates the tail density
using GPD as LIGPD.

We generate n = 100,200 and 500 observations from model (2.9). For both LID
and LIGID methods, we use a grid of K = 7,11 and 15 equally spaced quantile levels
e =k/(1+K),k=1,---, K, and assign the normal priors N(0,%) to (3,,--- ,8,,.)"

TK) )

where 3, = (Bors B1m,)T and ¥ = diag(100,...,100). With 100,000 MCMC samples,
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we discard the first 50,000 as burn-in, and estimate 3;, for j = 0,1 by the posterior
means of the thinned sample using every 100th draw of the MCMC chain. Following
the suggestions in Feng et al. (2014), for the LID method, we take the left tail density
fi(-) as the left half of N(x 3. ,0?) and the right tail density f(-) as the right half
of N(x!B,,,0%) with x; = (1,2;)" and ¢o? a pre-specified constant. To examine the
dependence of LID on the choice of o, we consider ¢ = 0.5,1,1.5,2 and 3 for both the
normal and t3 error distributions and o; = 0.5 and oy = 1,2, 3,4, 5 for x? errors.

The posterior means were used as the estimates for 3;,,5 = 0,1,7 = 0.25,0.5,0.75.

The mean squared errors (MSE) were obtained by

200
1

0 218 =i (210)

where B](-’":), j = 0,1 are the candidate estimators for the intercept and slope in the m-th

simulation run.

Mean Squared Error Comparison

Tables 2.1-2.3 summarize the mean squared errors of coefficient estimates from different
methods at three quartiles (7=0.25, 0.5, 0.75) for the standard normal, ¢3 and x? distri-
butions, respectively. The results for the LID estimator in Tables 2.1-2.3 are based on
“optimal” o that give us the smallest sums of the mean squared errors of 3y, and ;- at
7 =0.25,0.5,0.75, By, 75 — Bo,5 and B 75 — B1,5. Figures 2.3-2.5 show the mean squared
errors of By, and By, at 7 = 0.25,0.5,0.75, Bo.75 — Bo,5 and 1, 75 — f1,5 for QR and LID,
LID IT and LIGPD with K = 7 and the ranges of the mean squared errors for LID.

For normal errors, the LID, LID IT and LIGPD estimators show comparable or higher
efficiency than the QR estimator for all three sample sizes. One possible explanation is
that the QR method fits quantile regression at each quantile level separately without
making any distributional assumptions or attempting to model the distribution, while
the LID, LID II and LIGPD aim to estimate the conditional distribution of Y by using
the additional assumption of global linearity of quantile functions.

For t3 errors, the LID, LID II and LIGPD estimators with K = 7 show higher efficiency
than the QR estimator for all three sample sizes. The LIGPD estimator has slight efficient

gain over the LID II estimator. Because the GPD tail density relies on large sample
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approximation, the LIGPD method does not have clear efficiency gain over the LID with
the “optimal” ¢ for small samples sizes. The LIGPD estimator has some efficiency gain
over the LID II estimator.

For x? random errors, the LID, LID IT and LIGPD estimators show higher efficiency
than the QR estimator for n = 100 and 200. The LID method with the “optimal” o
was the most efficient for n = 100 and 200 but the LID II and LIGPD show comparable
results for all sample sizes. For n = 500, all three estimators have similar efficiency when
K =7. For K =15 and n = 100, the LIGPD estimator shows higher MSEs than the QR
and LID estimators because small sample size makes poor estimation of tail probability.

Tables 2.1-2.3 show that the LIGPD and LID estimators have comparable or higher
efficiency than the QR estimator, especially for moderate sample size n = 100 and 200. In
general, results suggest that, by using GPD approximation, the LIGPD leads to similar
or more efficient estimation than the LID based on the “optimal” ¢ for N(0,1) and 3
errors and than the LID II estimator for all error distributions. The efficiency gain of
LIGPD over LID is not obvious in small sample sizes, since the GPD approximation to
tail density does not work well for small sample sizes.

To examine the sensitivity of the LID method to the choice of o, we plot the MSEs of
the QR and LIGPD estimators and the ranges of MSEs of the LID estimators based on
different choices of ¢ in Figures 2.3-2.5. These figures suggest that not-well selected o in
the LID estimator may result in high MSE and that the LID method is very sensitive to
the choice of ¢ in all scenarios considered. If ¢ is chosen inappropriately, the performance
of LID could be much worse than LIGPD and even worse than the regular QR method in
some cases. Note that in our implementation of the LID, we choose ¢ involved in f; and
fo among few choices that gives LID estimates with the smallest mean squared errors.

This option is in favor of the LID method. However, in practice this choice is not feasible.

Quantile Crossing Issue

When we estimate multiple conditional quantiles, two estimated quantile functions may
cross each other. This problem is referred to as the quantile crossing problem in the
literature. The conventional quantile regression method can have this issue because it
estimates each conditional quantile function separately at each quantile level 7, k =
1,..., K. However, the LID and LIGPD estimates avoid the quantile crossing problem by

simultaneously estimating quantile coefficients across quantiles and by the constraints
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Table 2.1: Mean squared errors of parameter estimators for data generated from model
(2.9) with ¢; ~ N(0, 1) from the conventional quantile regression method (QR), the LID
method of Feng (LID) based on the “optimal” ¢, the LID method with the proposed
variance parameter selection method (LID II) and the proposed LIGPD method using
GPD tail density approximation (LIGPD), where dg=050 75 — fo.5 and 61=01 75 — [1.5.

n  Method K Boas  Bos  Bo.rs do Bios  Bis P O

100 QR - 0.228 0.176 0.220 0.155 0.227 0.189 0.206 0.166
LID 7 0.130 0.119 0.178 0.064 0.177 0.135 0.181 0.055

11 0.208 0.136 0.175 0.055 0.197 0.150 0.160 0.040

15 0.281 0.178 0.234 0.059 0.259 0.176 0.235 0.062

LIDII 7 0.180 0.138 0.134 0.039 0.207 0.155 0.183 0.052
11 0.221 0.147 0.186 0.046 0.230 0.160 0.179 0.048

15 0.281 0.173 0.220 0.060 0.276 0.187 0.220 0.061

LIGPD 7 0.174 0.128 0.136 0.043 0.168 0.124 0.131 0.049
11 0.205 0.141 0.166 0.046 0.185 0.143 0.155 0.041

15 0.282 0.169 0.233 0.062 0.243 0.163 0.199 0.056

200 QR - 0.096 0.080 0.106 0.092 0.096 0.076 0.098 0.093
LID 7 0.065 0.037 0.059 0.027 0.082 0.059 0.061 0.045

11 0.092 0.055 0.069 0.038 0.073 0.049 0.070 0.028

15 0.084 0.060 0.081 0.029 0.090 0.061 0.087 0.034

LIDIT 7 0.090 0.060 0.083 0.038 0.082 0.055 0.076 0.039
11 0.094 0.061 0.075 0.029 0.102 0.059 0.083 0.036

15 0.090 0.062 0.077 0.030 0.083 0.058 0.081 0.032

LIGPD 7 0.092 0.057 0.082 0.043 0.076 0.051 0.063 0.037
11 0.090 0.064 0.076 0.035 0.088 0.055 0.073 0.035

15 0.093 0.063 0.078 0.028 0.085 0.058 0.077 0.030

500 QR - 0.0561 0.034 0.044 0.034 0.049 0.033 0.048 0.034
LID 7 0.048 0.036 0.045 0.021 0.051 0.033 0.039 0.020

11 0.048 0.036 0.047 0.020 0.042 0.033 0.044 0.014

15 0.044 0.037 0.045 0.014 0.049 0.040 0.054 0.018

LIDII 7 0.046 0.035 0.050 0.021 0.050 0.035 0.048 0.020
11 0.041 0.034 0.045 0.016 0.047 0.034 0.049 0.018

15 0.046 0.039 0.047 0.015 0.047 0.041 0.057 0.017

LIGPD 7 0.043 0.035 0.053 0.023 0.044 0.033 0.046 0.020
11 0.041 0.035 0.044 0.018 0.041 0.033 0.045 0.018

15 0.041 0.034 0.040 0.014 0.042 0.035 0.044 0.014
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Table 2.2: Mean squared errors of parameter estimators for data generated from model
(2.9) with ¢ ~ t3 from the conventional quantile regression method (QR), the LID
method of Feng (LID) based on the “optimal” ¢, the LID method with the proposed
variance parameter selection method (LID II) and the proposed LIGPD method using
GPD tail density approximation (LIGPD), where dg=050 75 — fo.5 and 61=051 75 — [1.5.

n  Method K Boas  Bos  Bo.rs do Bios  Bis P O

100 QR - 0371 0.220 0.330 0.246 0.362 0.208 0.331 0.247
LID 7 0.276 0.160 0.286 0.160 0.265 0.152 0.218 0.082

11 0.388 0.211 0.352 0.128 0.423 0.210 0.290 0.086

15 0.469 0.253 0.517 0.202 0.588 0.270 0.460 0.168

LIDII 7 0315 0.195 0.284 0.103 0.329 0.200 0.269 0.072
11 0429 0.257 0.431 0.143 0.478 0.259 0.375 0.098

15 0.563 0.254 0.503 0.204 0.578 0.255 0.460 0.181

LIGPD 7 0.273 0.170 0.254 0.100 0.248 0.163 0.219 0.061
11 0.361 0.221 0.372 0.152 0.408 0.224 0.293 0.091

15 0.622 0.270 0.507 0.206 0.590 0.275 0.461 0.154

200 QR - 0.171 0.098 0.170 0.113 0.179 0.095 0.163 0.103
LID 7 0.067 0.056 0.104 0.042 0.126 0.084 0.154 0.042

11 0.234 0.117 0.202 0.078 0.210 0.131 0.209 0.075

15 0.204 0.115 0.190 0.066 0.208 0.126 0.175 0.060

LIDII 7 0.132 0.078 0.127 0.056 0.153 0.102 0.158 0.054
11 0.159 0.095 0.154 0.053 0.176 0.109 0.147 0.041

15 0.174 0.108 0.175 0.051 0.184 0.118 0.165 0.051

LIGPD 7 0.136 0.074 0.136 0.061 0.118 0.083 0.122 0.041
11 0.141 0.085 0.143 0.059 0.134 0.086 0.112 0.046

15 0.170 0.100 0.158 0.055 0.172 0.099 0.147 0.056

500 QR - 0.059 0.038 0.061 0.044 0.060 0.044 0.067 0.046
LID 7 0.047 0.032 0.045 0.024 0.070 0.045 0.056 0.026

11 0.053 0.036 0.058 0.024 0.055 0.041 0.061 0.025

15 0.079 0.034 0.061 0.029 0.066 0.042 0.070 0.027

LIDII 7 0.068 0.032 0.050 0.024 0.064 0.040 0.061 0.029
11 0.061 0.034 0.057 0.024 0.059 0.042 0.062 0.026

15 0.053 0.032 0.052 0.019 0.051 0.040 0.059 0.020

LIGPD 7 0.052 0.027 0.047 0.028 0.050 0.032 0.049 0.028
11 0.049 0.029 0.056 0.027 0.048 0.034 0.051 0.024

15 0.049 0.030 0.049 0.022 0.042 0.033 0.050 0.022
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Table 2.3: Mean squared errors of parameter estimators for data generated from model
(2.9) with ¢ ~ x? from the conventional quantile regression method (QR), the LID
method of Feng (LID) based on the “optimal” ¢, the LID method with the proposed
variance parameter selection method (LID II) and the proposed LIGPD method using
GPD tail density approximation (LIGPD), where dg=050 75 — 0.5 and 61=01 75 — [1.5.

n  Method K Boas  Bos  Bo.rs do Bios  Bis P O

100 QR - 0.017 0.114 0.615 0.383 0.018 0.129 0.594 0.380
LID 7 0.008 0.034 0.287 0.204 0.006 0.035 0.242 0.165

11 0.003 0.067 0.656 0.380 0.004 0.076 0.541 0.277

15 0.007 0.177 1.610 0.819 0.007 0.150 1.065 0.507

LIDIT 7 0.013 0.075 0.531 0.292 0.007 0.073 0.402 0.205
11 0.020 0.181 1.152 0.511 0.012 0.143 0.815 0.353

15 0.032 0.323 2.287 1.038 0.021 0.263 1.583 0.673

LIGPD 7 0.018 0.100 0.547 0.259 0.007 0.077 0.449 0.231
11 0.020 0.168 1.147 0.531 0.012 0.140 0.780 0.334

15 0.034 0.327 2314 1.023 0.022 0.287 1.736 0.726

200 QR - 0.008 0.064 0.354 0.221 0.008 0.058 0.356 0.227
LID 7 0.005 0.018 0.110 0.098 0.005 0.022 0.116 0.073

11 0.002 0.021 0.177 0.121 0.002 0.015 0.142 0.100

15 0.002 0.034 0.307 0.184 0.001 0.027 0.233 0.139

LIDII 7 0.007 0.029 0.167 0.117 0.004 0.023 0.139 0.091
11 0.007 0.047 0.277 0.149 0.003 0.031 0.220 0.120

15 0.009 0.073 0.484 0.237 0.006 0.055 0.358 0.179

LIGPD 7 0.007 0.029 0.167 0.116 0.004 0.026 0.172 0.109
11 0.007 0.050 0.296 0.161 0.004 0.037 0.280 0.159

15 0.011 0.087 0.517 0.237 0.007 0.063 0.380 0.174

500 QR - 0.002 0.025 0.121 0.080 0.003 0.023 0.121 0.083
LID 7 0.006 0.028 0.117 0.063 0.006 0.029 0.133 0.069

11 0.003 0.012 0.069 0.048 0.003 0.013 0.084 0.053

15 0.001 0.012 0.083 0.053 0.001 0.010 0.082 0.056

LIDII 7 0.007 0.029 0.118 0.064 0.006 0.026 0.126 0.064
11 0.003 0.015 0.086 0.053 0.002 0.013 0.087 0.053

15 0.003 0.020 0.119 0.066 0.001 0.011 0.082 0.055

LIGPD 7 0.007 0.029 0.110 0.058 0.005 0.024 0.101 0.052
11 0.004 0.020 0.116 0.067 0.002 0.012 0.101 0.068

15 0.003 0.021 0.123 0.066 0.002 0.014 0.100 0.062
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Figure 2.3: Mean squared errors of the QR, LID, LID II and LIGPD estimators for data
generated from model (2.9) with ¢; ~ N(0, 1). The shaded bands represent the range of
MSEs of the LID estimator with ¢ = 0.5,1,1.5,2, 3.
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Figure 2.4: Mean squared errors of the QR, LID, LID II and LIGPD estimators for data
generated from model (2.9) with ¢; ~ t3. The shaded bands represent the range of MSEs
of the LID estimator with ¢ = 0.5,1,1.5,2, 3.
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Figure 2.5: Mean squared errors of the QR, LID, LID II and LIGPD estimators for data
generated from model (2.9) with ¢; ~ x3. The shaded bands represent the range of MSEs
of the LID estimator with o; = 0.5 and 05 = 1,2, 3,4, 5.
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Table 2.4:  Quantile crossing rates in percentage (%) for data generated from model (2.9)
with ¢; ~ N(0,1), t3, and x? from the conventional quantile regression method.

Sample size

Error K 100 200 500
N(0,1) 7 27 34 3.1
11 75 88 9.1

15 15.0 14.7 15.6

t3 7 05 09 1.3
1 22 31 4.3

15 59 75 74

% 7 00 00 0.0
1 03 02 04

15 08 0.7 1.3

posed in Step 2 of the procedures.
Table 2.4 summarizes the quantile crossing rates for the conventional quantile regres-

sion method. The quantile crossing rates were obtained by

200 n 7z - -
1 (1 . Zi:l I{X'LTﬁTl < X1T/67'2 << XzT/BTk}> 7 (211>

200 £ n

where j indicates the j-th simulated data set and 3. I{x/8,, < --- < x/ 3, } is the
number of observations that do not violate quantile monotonicity. As expected, we do
not observe any quantile crossing for the LID and LIGPD estimates. However, for the
QR estimates, we observe positive quantile crossing rates, ranging from 0.0002% to 15%.
The quantile crossing rate of the QR method increases when more quantile levels are

involved.

Credible Intervals and Coverage Probability

To construct 95% credible intervals, we considered two different methods based on MCMC
sample quantiles and MCMC sample variance. Table 2.5 shows the coverage probabilities
of 95% confidence intervals of the QR method and 95% credible intervals constructed
by MCMC sample quantiles and variances of the LIGPD method. The credible intervals

constructed by MCMC sample variances are based on the normality assumption. For
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Table 2.5: Coverage probabilities (%) of 95% credible intervals (LIGPD) and 95% con-
fidence intervals (QR), where x; ~ LN(0,1), 60=00.75 - Bo.5 and d1=01 75 - [1.5-

Method €; n 50,‘25 50,‘5 50,.75 do 51,.25 51,‘5 51,.75 1
QR N(0,1) 100 0.89 0.89 0.87 094 094 094 094 0.95
200 0.89 0.88 090 095 093 094 096 0.95

500 0.89 091 0.8 096 095 095 095 0.95

i3 100 0.88 0.87 0.87 096 0.92 0.93 0.94 0.95

200 0.89 090 0.8 095 094 092 094 0.94

500 0.88 0.89 0.88 096 094 094 094 0.96

LIGPD N(O,l) 100 091 091 091 099 091 092 0.93 1.00
Posterior 200 0.87 090 090 098 091 091 0.92 0.97
variance 500 0.83 0.85 0.82 094 087 088 0.87 0.95
i3 100 0.93 090 092 0.99 092 092 0.93 1.00

200 092 090 0.89 098 091 0.90 091 0.98

500 0.85 090 0.8 095 086 0.87 0.86 0.93

LIGPD N(O,l) 100 0.92 092 093 1.00 091 092 094 1.00
Quantile 200 0.89 090 091 098 091 0.92 092 0.98
based 500 0.86 0.88 0.85 094 090 090 0.88 0.96
ts 100 094 091 093 1.00 0.93 091 0.94 1.00

200 092 091 090 098 0.92 0.92 090 0.99

500 0.86 091 0.8 097 089 087 088 0.94

example, 95% credible interval for £, is (1, — 1.96 x sd(ﬂAl,T),BALT +1.96 x sd(ﬁALT)),
B, and sd(ﬁALT) are the posterior sample mean and standard deviation, respectively.
For n = 100 and 200, coverage probabilities of 95% credible intervals are comparable
with coverage probabilities of 95% confidence intervals constructed by the conventional
quantile regression method. For interquantile differences, coverage probabilities are higher
with shorter credible intervals than the QR. We notice that the coverage probabilities are
not getting better as sample size increases since more sample size brings more restriction
on the proposal distributions. It leads to the underestimation of posterior variances and

narrower quantile-based credible intervals.
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2.4.2 Simulation Study II

We consider a model with two predictors. The data were generated from the following

linear model:
yi = Bo + brz1i + Boxei + (1 + 215 + x9)es, i =1,...,n, (2.12)

where x1; ~ LN(0,1), x9; ~ Bernoulli(0,5), Bo =5, 51 =1, fo =1 and ¢; ~ N(0,1) or

t4. The corresponding quantile regression model is

Q-(Y|x;) = Bor + Brru + Bo,r22, (2.13)

where By, =5+ F, Y(7), 1. =1+ F, (1) and By, = 1+ F,}(7) with F, denoting the
CDF of ¢;.

We generate n = 100,200 and 500 observations from model (2.12). For the standard
normal random errors, we use a grid of K = 7,11 and 15 equally spaced quantile levels
m=k/(1+ K),k=1,---, K, and assign the normal priors N(0,%) to (8,,,---,8,,.)",
where B, = (Bo,r,, Birs B )t and 3 = diag(100, . ..,100). With 100,000 MCMC sam-
ples, we discard the first 50,000 as burn-in, and estimate 3; ; for j = 0,1 by the posterior
means of the thinned sample using every 100th draw of the MCMC chain. The simulation
is repeated 200 times for each o considered. For t4 errors, K is set as seven.

Similar to Section 2.4.1, we report mean squared errors of the QR, LID and LIGPD
estimators in Tables 2.6-2.7 and Figures 2.6 and 2.7. Note that the LID is based on
the “optimal” o that gives the smallest sum of the mean squared errors among o =
{0.5,1,1.5,2, 3} for the standard normal and ¢, errors.

There are some similar patterns in MSE for both the standard normal and ¢4 errors.
For n = 100 and 200, the LID and LIGPD estimators with K = 7 show clear efficiency
gain over the QR estimator for estimating By and (; and similar performance for esti-
mating fs. The results for n = 100 are sensitive to the number of quantile levels, K,
because the LID and LIGPD methods have 21, 33, or 45 quantile coefficients to estimate.
For moderate sample size n = 200 and large sample size n = 500, the results are less
sensitive to the choice of K.

In sum, through simulation studies I and II, we observe that the LID and LIGPD
methods perform generally better than the conventional quantile regression in terms of

efficiency. Especially, for heavy-tailed distributions such as ¢ distributions, the LIGPD
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Table 2.6: Mean squared errors of parameter estimators for data generated from model
(2.12) with ¢; ~ N(0,1) from the conventional quantile regression method (QR), the LID
method of Feng (LID) based on the “optimal” o, the proposed LID method (LIGPD),
where 50250,.75 — Bo, 5 51251,.75 — 1,5 and 52252,.75 — Ba,5.

n  Method K fo.25 Bo,.5 Po,.75 do B1,25 B1,5 P15 01 B2,25 B2,5 PB2,75 02
100 QR - 0.32 0.28 0.34 0.28 0.23 0.19 0.28 0.20 0.55 0.50 0.59 0.35
LID 7 0.38 0.24 0.26 0.11 0.17 0.15 0.18 0.04 0.63 0.47 0.54 0.22
11 0.81 0.29 0.37 0.27 0.24 0.21 0.27 0.04 0.86 0.56 0.66 0.28
15 1.56 0.40 0.50 0.40 0.39 0.28 0.42 0.08 1.13 0.58 0.89 0.36
LIGPD 7 0.39 0.24 0.25 0.12 0.17 0.16 0.18 0.03 0.64 0.44 0.51 0.21
11 0.77 0.33 0.37 0.23 0.20 0.19 0.22 0.03 0.82 0.51 0.58 0.22
15 1.49 0.40 0.54 0.39 0.46 0.29 0.40 0.07 1.13 0.61 0.79 0.32
200 QR - 0.16 0.15 0.17 0.12 0.13 0.11 0.13 0.09 0.22 0.22 0.27 0.21
LID 7 0.12 0.10 0.14 0.05 0.12 0.10 0.10 0.04 0.28 0.24 0.31 0.14
11 0.19 0.11 0.18 0.10 0.09 0.08 0.10 0.02 0.29 0.25 0.32 0.14
15 0.25 0.15 0.22 0.09 0.11 0.10 0.12 0.02 0.32 0.28 0.35 0.13
LIGPD 7 0.13 0.10 0.16 0.07 0.09 0.08 0.09 0.03 0.29 0.24 0.31 0.16
11 0.13 0.09 0.15 0.06 0.09 0.08 0.09 0.03 0.25 0.23 0.30 0.12
15 0.20 0.13 0.19 0.09 0.11 0.10 0.11 0.02 0.36 0.28 0.32 0.12
500 QR - 0.06 0.06 0.07 0.05 0.05 0.05 0.05 0.04 0.10 0.07 0.10 0.07
LID 7 0.06 0.05 0.07 0.02 0.05 0.04 0.05 0.03 0.13 0.09 0.12 0.07
11 0.08 0.05 0.09 0.04 0.05 0.04 0.05 0.02 0.13 0.10 0.13 0.07
15 0.07 0.05 0.08 0.03 0.05 0.04 0.05 0.01 0.11 0.10 0.12 0.06
LIGPD 7 0.07 0.06 0.08 0.03 0.04 0.04 0.04 0.02 0.12 0.09 0.13 0.08
11 0.06 0.05 0.07 0.03 0.04 0.04 0.04 0.02 0.11 0.09 0.12 0.07
15 0.07 0.06 0.08 0.02 0.05 0.05 0.05 0.01 0.12 0.10 0.14 0.06

shows clear efficiency gain. However, for small sample size n = 100, the LIGPD estimator
sometimes perform worse than the LID method based on the “optimal” ¢ and the QR
method because of poor tail estimation. Both LID and LIGPD methods can avoid the
quantile crossing problem. The LIGPD method does not require pre-specifiy the param-
eters in the tail densities and thus is more stable than the LID method, which may give

poor estimates when o is chosen inappropriately.
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Figure 2.6: MSE of the QR, LID and LIGPD estimators for data generated from model
(2-12) with € ~ N(07 1), where 50:ﬁ0,.75 - 50,.57 51251,.75 - 51,.5 and 52252,.75 - 52,.5- The
shaded bands represent the range of MSEs of the LID estimator with ¢ = 0.5,1,1.5,2, 3.
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Figure 2.7: MSE of the QR, LID and LIGPD estimators for data generated from model
(2.12) with €; ~ t4, where do=00,.75 — Bo.5, G1=P1,.75 — P15 and do=05 75 — Ba,5. The
shaded bands represent the range of MSEs of the LID estimator with ¢ = 0.5,1,1.5,2, 3.
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Table 2.7: Mean squared errors of parameter estimators for data generated from model
(2.12) with ¢; ~ t4 from the conventional quantile regression method (QR), the LID
method of Feng (LID) based on the “optimal” o, the proposed LID method (LIGPD),

where 50:50,.75 - 50,.5, 51:ﬁ1,.75 - 51,.5 and 52:52,.75 - 52,.5-

n  Method K Bo,25 Bo,5 Bo,rs o P25 Bi,s Birs 61 P22 B2 B2rs 62

100 QR - 0.58 0.37 0.47 0.31 0.44 0.31 0.40 0.24 0.71 0.53 0.78 0.53
LID 7 0.65 0.23 0.29 0.18 0.29 0.22 0.32 0.08 0.87 0.46 0.80 0.39

LIGPD 7 0.63 0.23 0.34 0.19 0.30 0.22 0.28 0.06 0.91 0.47 0.74 0.32

200 QR - 0.24 0.15 0.24 0.18 0.20 0.13 0.17 0.14 0.33 0.26 0.31 0.25
LID 7 0.21 0.11 0.17 0.09 0.13 0.09 0.13 0.04 0.43 0.26 0.38 0.19

LIGPD 7 0.21 0.11 0.19 0.09 0.13 0.09 0.12 0.04 0.38 0.24 0.32 0.17

500 QR - 0.10 0.07 0.09 0.07 0.08 0.05 0.06 0.05 0.14 0.09 0.14 0.10
LID 7 0.12 0.06 0.10 0.04 0.08 0.05 0.07 0.03 0.18 0.11 0.19 0.09

LIGPD 7 0.11 0.05 0.09 0.04 0.07 0.04 0.06 0.03 0.18 0.10 0.17 0.09
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Chapter 3

LID for Quantile Regression Models
with Random Effects

In this chapter, we propose a semiparametric Bayesian method for quantile regression
with random effects. We approximate the likelihood using the LIGPD method and pro-
pose a Metropolis-within-Gibbs algorithm to update fixed and random effects. The pro-
posed algorithm avoids the quantile crossing problem, and yields the joint posterior dis-
tribution of quantile coefficients at multiple quantiles. Through simulation studies, we
demonstrate that by approximating the likelihood through information-sharing across
quantiles, the proposed method leads to more efficient multiple-quantile estimation than

existing methods for quantile regression with random effects in finite samples.

3.1 Review on Bayesian Quantile Regression Models
with Random Effects

As mentioned in Chapter 2, Bayesian quantile regression with random effects is challeng-
ing without any parametric likelihood assumptions. In the literature, there exist several
likelihood estimation methods in parametric and semiparametric frameworks.

Yu and Moyeed (2001) proposed the asymmetric Laplace distribution as a working
likelihood for Bayesian quantile regression for independent data. Geraci and Bottai (2007)
and Yuan and Yin (2010) extended the asymmetric Laplace distribution idea to clustered
data.
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Geraci and Bottai (2007) considered a random intercept model at a given quantile
level 7 € (0,1):

yij = XZ;IBT + bl —l—eij, 7= 1, ...,n,j = 1, ey NGy

where y;; are responses, X;; are p-dimensional covariate vectors, B, is a p-dimensional

-
fixed effect, b; are random subject effects, e;; are independent random errors, n is the
number of clusters and n; is the number of subjects in the ¢-th cluster. Geraci and Bottai
(2007) assumed that, given b;, y;; are independent of each other and follow the asymmetric

Laplace distribution ALD(7,0, p;;):

g

where f1;; = xiTj,BT + b; and o is the scale parameter. Thus, the corresponding quantile

regression model is
Q- (Yij|xij, b)) = XiTj/@T +b;.

In addition, Geraci and Bottai (2007) also assumed that b; are independent of e;; and they
are identically distributed with some known density f;, which is parameterized by 1. The
random effect distribution is assumed to be symmetric and centered at zero, for instance,
normal or Laplace distributions. Geraci and Bottai (2007) treated the random effect
b; as missing data and used a Monte Carlo Expectation Maximization (EM) algorithm
to approximate the marginal likelihood. In the E-step, the expected value of the log
likelihood for the i-th cluster at the (¢ + 1)-th iteration is defined by

Qi{B., 0,980, 0", vV}
= / {Zlog f(islxiz, B, 0, ;) + log fb(biW)} / {bi‘yijaxipﬁg)a U(t)7 ¢(t)} db;,
j=1

where f {y;[x;, B,,0,b;} is the pdf of ALD(7, 0, x];3,4b;) and the integration was taken
with respect to b;. To approximate the Q function, Geraci and Bottai (2007) adopted a

Monte Carlo integration technique. Since the random effects b; are not observable, k
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samples of b;, say b;1, ..., bjp, were generated from the following distribution
f{bi|yijaxij;ﬁq(-t)aU(t)aw(t)} o f {yij|xij7/8‘(rt)aa(t)abi} f{biW(t)}

and the approximate expected log likelihood function was obtained by

n k n;
Q{80,618 00, v} =" % D " llog f {wijlxij. By, 0 bu} + log f(balv)]

i=1 " =1 j=1

In the M-step, Geraci and Bottai (2007) used an iterative algorithm to find estimates of
B, o and .

Geraci and Bottai (2013) extended the work in Geraci and Bottai (2007) to a more
general quantile regression model, which is able to accommodate multiple random effects.
The model in Geraci and Bottai (2013) included the random intercept model in Geraci
and Bottai (2007) as a special case. Two papers differ slightly in how to approximate the
marginal likelihood and estimate the parameters.

Geraci and Bottai (2013) considered the following linear regression model
Yij B + z; b +ej,i=1,...,n7=1,..n;

where y;; are responses, x;; are p-dimensional covariate vectors for the fixed effects, z;;

are g-dimensional covariate vectors for the cluster-specific random effects, 3, is a p-
dimensional fixed effect, b; are g-dimensional random effects and ¢;; are ¢.7.d random
errors that are independent of b,. Geraci and Bottai (2013) assumed that y;; are in-
dependent of each other and follow the asymmetric Laplace distribution ALD(T, 0, j1;5)
with p;; = x; ﬁ +z; b The corresponding conditional linear quantile regression model

is
QT(}/;j|bi7Xij> = Xg;ﬂr + Zg;bl

Similar to Geraci and Bottai (2007), the random effect distribution, fy, is assumed
to be symmetric and centered at zero. For the random effect distribution, Geraci and
Bottai (2013) considered a multivariate normal distribution with mean 0 and covariance
¥ or ¢ independent Laplace distributions with the scale parameters 91, ..., 9,. Then, the

marginal density of Y can be obtained after integrating out the ¢-dimensional random
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effects. That is,
F Y18 0.%, ) = / F{ylx. B..0.b} fo(b]T)db,
R4

where f{y|x,8,,0,b} is the pdf of ALD(7,0,x},8, + z];b;). Geraci and Bottai (2013)
used Gaussian quadrature approximation to evaluate the integral. Because the check loss
function is not differentiable at zero, they used a non-smooth optimization technique to
obtain maximum likelihood estimates for 3., 0 and W. The algorithm was implemented
in the R package lgmm.

Yuan and Yin (2010) proposed to minimize the following Lo-penalized objective func-
tion to shrink the subject-specific intercepts and slopes toward the common population

values,

n o n;

523 0y~ + Lo,
=1

i=1 j=1

where ¥ is a symmetric non-singular matrix and controls the amount of shrinkage in
the second term. This is equivalent to the conditional linear quantile regression model
with the multivariate normal random effect with mean 0 and variance ¥ as discussed in
Geraci and Bottai (2013). Thus, we can express the above Lo-penalization problem as

the following hierarchical model

Yy "~ ALD(7,1,x58, + 25by),

The marginal likelihood of the observed data was obtained by evaluating the following

integral,

H/Hf{yij|xijvlgrvo-7 b;} f(b;|Z)db;.

=17 j=1
Yuan and Yin (2010) assigned a flat prior for 8, and Wishart prior for . They used
the adaptive rejection Metropolis-within-Gibbs algorithm (Gilks et al., 1995) to update

B, and Gibbs sampler to update . Note that Yuan and Yin (2010) incorporated non-

ignorable missing data but we omitted the details since missing data is not the main
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focus of our study.

Instead of assuming Laplace distributions as in Geraci and Bottai (2007, 2013) and
Yuan and Yin (2010), Reich et al. (2010) accommodated heteroscedastic error distribu-
tions by using a more flexible distribution than the ALD, an infinite mixture of two-
component Gaussian mixtures. Reich et al. (2010) considered the following location-scale
shift model (He, 1997) with the random subject effects b;,

Yij = Xgﬂ +b; + x?}’yeij,

where x;fg-'y > 0 for all x;;, 8 and ~ are unknown coefficients, and e;; are ¢.7.d. random
errors whose 7-th quantiles equals zero. Reich et al. (2010) proposed a more flexible error
distribution than the ALD. They defined the random error distribution as the infinite

mixture

h(6|lJ’70’2) = Zplf(ehl’lao-?am)a

=1

where p; is the mixing proportion with Y ° p, = 1, and the base density f(e|u;, o7, q)

is the two-component normal mixture

flelp, o7, ) = ad(pu, o) + (1 — @) d(pa, 03),

where ¢(u,0?) is the normal density with mean p and variance o?. The parameters g
are chosen to ensure f?oo flelpy, 0%, q)de = 7, that is, to make the 7-th quantile of
e to be zero. Although Reich et al. (2010) could accommodate more general forms of
error distributions, their method requires correct specification of the heteroscedasticity
function in the model.

Yang and He (2012) proposed the empirical likelihood as a working likelihood for
Bayesian quantile regression for independent data and this method was extended to
clustered data by Kim and Yang (2011). Unlike the previously introduced methods, the
empirical likelihood approach avoids modeling the error distribution.

Kim and Yang (2011) considered the following quantile regression model with random
effects

Q- (Yijbi, xij) = x1,8, + x;bi = x;;bj (1),

i i)
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where the random effects b (1) are cluster-specific with mean 3. and variance ¥;(7). The
mean G, is the population-averaged effect of X at the 7-th quantile of the response and
¥;(7) is the variability of the cluster-specific effects. For the i-th cluster, suppose Bj(T)

is the solution to the following minimization problem,
n;
> pelyig — x5by),
j=1

where p,(u) = u{r — I(u < 0)}. Equivalently, Bj(T) is the solution to the following

estimation equation,
n;
D ryiy — xb))xi ~ 0, (3.1)
j=1

where ¢, (u) = 7 — I(u < 0). The estimating equation (3.1) motivated the following

empirical likelihood for cluster 7,

Li{bi ()} = max { [1r,

ij(pr{yij — ij;b;k(T)}XU = O, s.t. Zp] = 1,0 S pj S 1} .
j=1

j=1
Let g(-|@) denote the density of bf(7) with parameter 8. Kim and Yang (2011) proposed
to estimate @ and b?(7) by

b; (7) = arg max Li{b; (7) }gi{b; (7)/6},

0 = argmpx] | / T )bl () 0)ab; (),

In the data analyses, Kim and Yang (2011) assumed that b}(7) follow the multivariate
normal distribution with mean @, and variance ;(7) = X(7), so 6 = (3,,%(7)). Kim
and Yang (2011) proposed to use a Metropolis-Hastings algorithm to update 3. and a
Gibbs sampler to update ¥(7),which is similar to the MCMC algorithm in Yuan and Yin
(2010).
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3.2 LIGPD for Linear Quantile Regression with Ran-
dom Effects

3.2.1 Model Setup

Suppose that we observe the clustered data {(vyi;,xi;,2i;),7 = 1,...,n,j = 1,...n;},
where y;; is the response, and x;; and z;; are respectively the p- and g¢-dimensional
covariate vectors associated with cluster i for the j-th subject (or measuring time). We
assume the following conditional quantile regression model

Q- (Yij|xij, 25, b:) = x58, +2z,;b;, 0 <7 <1, (3.2)
where Q,(Yi;|xi;,Zij, b;) is the 7th conditional quantile of the response given covariates
and the random cluster effects b;, 3, is a p x 1 vector of fixed effects, z;; is a ¢ x 1
covariate vector associated with the cluster-specific random effects b;. By including the
random effects b;, the conditional quantile regression model (3.2) captures the cluster-
specific effects of covariates on the conditional quantile of the response distribution. The
fixed effect 3, is allowed to vary with the quantile level but we assume that the random
effects b; are the same across all quantile levels and that b; "N (0,%).

We can make more general distributional assumptions for b; and the proposed method
can be easily modified to accommodate quantile-dependent random effects. However, to
do this, we need to make parametric assumptions specifying how the random effects
depend on the quantile levels. This not only introduce more parameters but also the
model assumptions can be difficult to verify in practice.

Instead of making any parametric assumptions on the conditional distribution of Y;;,
we assume in model (3.2) that the conditional quantile functions are linear for 7 € (0, 1).
Under this global linearity assumption, we propose a Bayesian method based on an ap-
proximate likelihood for regression at multiple quantiles for clustered data. The idea of
the approximate likelihood is to estimate the conditional density of Y;; by linearly inter-
polating the conditional quantiles @Q,(Y;;|x;;,2;;,b;) for a sequence of central quantiles
7, and to estimate the tail density by using extreme value theory.

Let B = (ﬁfl, . ﬁZK)T denote the vector of fixed quantile coefficients in model (3.2)
at quantile levels 0 < 77 < --- < 7 < 1. Similarly as discussed in Section 2.2.2, given B

and b;, we can approximate the conditional density of Y;; by linearly interpolating the
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conditional quantiles, Q, (Y;;|xi;, Zij, b;), at the central quantiles and by the generalized
Pareto distribution at tails. Specifically, we define the approximate conditional density

function as

fY(yz]‘X'Lj7zzj707bZaﬂK) = ]{y’t] € (_Ooﬂxz;ﬂﬁ + Zz?;bi)}Tlfl(yiHXij’ZijabivﬂKa Qhél)

K-1
Te+1 — Tk
+ Z ]{yij < [Xg.;/BTk + Zg;bi’ Xz;' Tht1 + Zz;bl)}XTﬁ — <’
k’:1 ) Tk+1 1] Tk
+ [{yij S [X?jﬁn{ + ZZ-iji, o0) H(1 — TK)fQ(yij‘Xijazija bi, Bk, 02,2), (3.3)

where fo(-) and fi(-) are the scaled generalized Pareto distributions defined in (2.5) and
(2.7), respectively, and 8 = (o,, 01, &, &)T contains all the GPD parameters. Thereafter,
we refer to the approximate density (3.3) of our proposed model as LIGPD. Define
Y = Yij — zz;bi(o), where bgo),i = 1,---,n are the initial estimates of the random
effects. Then, we estimate the shape and scale parameters by the proposed method in
Chapter 2.3 using the data {(y;;,X;),i=1,...,n,j = 1,...n;} and the initial estimator
B =(Br. .. B

The parameters of interest are the fixed effects B, and the covariance matrix X

- SO - _ (xT T \T _ (T T \T
in the random effect distribution. Write x; = (xj1,...,X5,.)", 20 = (Zj1,..-,2Z4,)

_ T « _ (T ™wr ., _ (,T T\T (T NT
Vi = Wity Yin,), X = (X1,..,%,)", 2 = (27,...,2,) andy = (y1,...,¥,)" -

The approximate joint distribution of (8, b;, 2) is
f(/BKa biv E|y17 Xy Zi, 0) X fY(Yi’Xi; Zi, 07 bi7 IBK)fb(bZ’Z)W<IBK>7T(E)7

where fy (yilxi, 2, 0, By, bi) = | fy (i |xij, 25,0, by, B is the approximate condi-
tional density of Y; given the GDP parameters and the fixed and random effects, f;,(b;|2)
is the density of the Gaussian random effects, and (8 ) and 7(X) are the priors for By
and X, respectively. Throughout we assume (b;, ¥) and 8 are independent of each other.
We put a truncated multivariate normal prior N(0,D) on By subject to x'8, <
x'B,, < --- < x'B,. and the inverse-Wishart IW (v, S) on X, where IW (v, S) is the
inverse-Wishart distribution with the degree of freedom v and the scale matrix S.

The corresponding joint posterior distribution can be expressed as

f(ﬁK>bi7 E‘yiyxiaziaga D7 v, S) X fY(Yi’XiaZia07bi7BK)fb(bi’Z)ﬂ'(/BK’D)ﬂ.(z‘Va S)
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From this posterior distribution, we can obtain the full conditional distributions of each
parameter by treating other parameters as fixed, and then update each parameter. The

full conditional distributions for b;, ¥ and B, are

f(bz|/8Ka EaYi7Xi7Zi7 07D7V7 S) X fY(Yi|Xi7Zi7 07bz7/3K>fb(b’L|2)7

f(E‘/BKabu E,y,X,Z, 07D7V7 S) X Hfb(bz|2)ﬂ-(2‘y7 S)a

i=1

fA(/3K|b7,a E7yiaxi7zia 07D7V7 S) X HfY(yi|Xi7Zia Hybly/gK)ﬂ-(/BldD)

=1

Note that 3 has a well-known full conditional distribution and thus we can easily
update it with Gibb’s sampler by using normal-inverse Wishart conjugacy. However, the
full conditional distributions for b; and 3, are based on the approximate densities and
thus we update them by using the Metropolis-Hastings algorithm.

As mentioned in Section 2.3, we could pose a prior on the GPD parameter 6 and
obtain its posterior distribution. However, our numerical studies show this does not lead
to any further improvement but brings more computational complexity than fixing 0 at
its initial estimate 0 throughout. Therefore, we opt to estimate @ following the similar
method as introduced in Section 2.3, and fix 0 throughout the MCMC.

3.2.2 Algorithm of the LIGPD Method for Clustered Data

In this subsection, we describe the algorithm for drawing samples from the approximate
posterior distributions based on the proposed LIGPD likelihood.

Step 1. Obtain the initial values for b;, > and B, denoted as bgo), »O) ,ng), respectively.

(a) Obtain bl(-o),i =1,...,n, using the conventional quantile regression applied to
data from each cluster separately. First, regress y;; on x;5,¢ = 1,...,n,7 =
1,---,n; at 7 = 0.5 and obtain B°. Then, we obtain b§°> by regressing y?j =
Yij —XZ-T]-,BU on z;; using median regression with the data {yy;, z;;, 7 = 1,--- ,n;}

for each cluster 7 separately.

(b) Define X = (n — 1)~ 31", bgo)b(O)T,

7
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(c) At each quantile level 7,k = 1,..., K, apply the conventional quantile re-

gression by regressing y;; = yi; — z”bZ on X;5,¢ =1,...,n,7 =1,...,n; to
obtain
n o n;
0 . T
IB‘(rk) = argmln Z Z ka (y;k] Xz] )
BER? i1 j=1

Define By = (807, ..., 07T,

Step 2. Estimate the GPD parameters 6 = (g, 0, &, &) based on {(y;;, Xi5),i = 1,...,n,j =
, (0)
1,...,n;} and B}/ .

(a) Estimate the scale parameters g; and g, by

. Tl + 72)
= zz (30— 80) and

2N7‘2—7'1 1J1
. Q—TK1+TK ©)
r Xz T T

where N =3"" | n;.

(b) Obtain the shape parameter estimators, & and &, by maximizing the GPD
likelihood based on the exceedances {y}; : yj; < lyj,i =1,...,n,7=1,...,n;}
and {y;; yi; > uwig,t=1,..0m,5 =1,... ,n;}, respectively, where the lower
thresholds [;; = Xg;(ﬁs_?) + ,352)) /2 and the upper thresholds u; = xJ; (Bg() +
Igg'(f){),l)/Q

Step 3. For the (t41)-th iteration, update b;, i = 1, - -, n, by using the following Metropolis-
Hastings algorithm. Draw b} from the candidate distribution, NV (bgt), »®), and take

Lasy _ PP with probability (b bY),

bl(.t) with probability 1 — ¢(b2(-t), b}),

where

f(b*|/BKaE D VSYHX’HZMG) 1}

o(b{" b?) = min<{ =
( ) f( t)|/6K7 t)7D7V757yi7Xi7Zi70>
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Step 4.

Step 5.

and the full conditional distribution of b; is

f0ilBr, S, D, v, S, yi,%i,24,0) o< fy (yilxi, 2,0, bi, Br) fo(Di]%).

Note that the transitional probabilities P(bl(-t) — b}) and P(bf — bl(t)) are the
same since we use N (bgt), »®) as the proposal distribution. Thus, the transitional

probabilities are ignored in ¢(bl(-t), b).

Update ¥ using normal-inverse Wishart conjugacy. That is, we obtain ¢V from
the full conditional distribution of X

f(E‘ﬁK7bi7D’V757y7X)Zﬂé)

o [[ £s(0il2) x (S|, 9)

i=1
_ tr(2715°"  bb!) |S|~v/? ~ tr(Sx1)
n n/2 . =1 "t ) (v+p+1)/2 SR S—
> || eXp{ 2 T, () P 2
1 n
—(vp+14n)/2 _1 -1 W
o | S| te exp [ Qtr {E (;bzbi +S)}
x IW(v+mn,S+ ZbibiT),
where y = (y1,...,yn)", x = (x],...,x))T, z = (z],...,2})" and T,(-) is the

multivariate gamma function.

Update BK based on the data {(y;,xi;),7 = 1,...,n,j = 1,...,n;} with yi; =
Yij — 5bl Randomly pick a quantile level, 75, and select a random number
from 1 to p, say [. Then, we update f3,,, the lth element of 8. Let 5/ de-
note a candidate for ;. To avoid quantile crossing, the proposal distribution
is chosen to have a finite support with lower and upper bounds. The specifi-

cations of bounds are provided in the Appendlx Let ﬂ(tﬂ 5&? and B =
</671 P ’51,’%7 ce ’5l:Tk’5l+1,Tk’ N kav te 7/6TK ) :
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We then update B%H) by B} with probability (b(,@?, B), where

F(B b® n®) 6
QS(/B%),,B}):IHID{;(IBK“) ) 7D7V757y7X7Z70) 1}’

(Igg?“)(t‘)7 Z(t)’ D, v, S, Y. X, z, é)’

f(/BK’bJE7D7V7S7y7X7Z7é) X fY(y X7Z7/8K7b7é)7r(ﬁK|D>

i=1 j=1

with b= (b?,... bI)T.

Step 6. Repeat Steps 3-5 until the MCMC chain converges. After a burn-in period, we
obtain MCMC samples of B&?, b®, and ¥®, ¢t = 1,..., N,. We estimate each

parameter by using the mean of the corresponding MCMC samples.

3.3 Simulation Studies

In this subsection, we compare the performance of various methods for quantile regression
with clustered data, including the proposed LIGPD method, the method in Geraci and
Bottai (2013) based on the working asymmetric Laplace distribution (referred to as ALD),
and the Bayesian empirical likelihood (BEL) approach proposed by Kim and Yang (2011).
For regression at median, we also include the restricted maximum likelihood method
(REML) for comparison.

3.3.1 Simulation Study I

We consider the following two models for generating the simulation data

Model 1: Yij = Bo + ﬁlxij + bo; + blz‘xij + €4, (34)
Model 2: y;; = Bo + Bixij + boi + biixi; + wij€45, (3.5)
ii.d. o s 9
where Tyj ~ lj(()7 \/12)7 /80 = Bl = 07 bm’ ~ N(O,O’T) with or = 1forr = 0, 1, and €;; are
independent random errors, ¢t =1,...,n=20,7=1,...,n; = 20.
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Model 1 has homoscedastic random errors, while model 2 has heteroscedastic random
errors. For both models 1 and 2, we consider three distributions for generating €;;: N (0, 1),
to and LN(0, 1), where LN (u,<) is the log normal distribution with location parameter

1 and shape parameter ¢. The corresponding conditional quantile function is
Q- (Yijlij, boi, bri) = Bor + BrrTij + boi + briij, (3.6)

where . = F.'(7) and 1, = 0 for the homoscedastic model 1, 5y, = 0 and (;, =
F7Y(7) for the heterosecdastic model 2, where F, is the CDF of the random error €;;.

For the LIGPD method, we consider a grid of K = 9 quantile levels 7, = k/(1 +
K),k=1,..., K, which are equally spaced between 0.1 and 0.9. We put a multivariate
normal prior N(0,D) on B = (BL,...,BL )" with D = diag(100,....,100), and a flat
prior on Y. We define the LIGPD estimator as the posterior mean of every 100th draws
of the MCMC chain (total 108,000 MCMC samples with the first 27,000 discarded as
burn-in), and we use the “lgqmm” function in the R package lgmm for the ALD method
and the “lmer” function in the R package Imer for the REML method.

Note that we conduct the same simulation study as in Section 4.2 in Kim and Yang
(2011) by using the LIGPD, ALD and REML methods. The results for the BEL method
are taken from Table 3 in Kim and Yang (2011) since the program for the BEL method
is not available. Kim and Yang (2011) assumed that the random intercept and slope
are independent in their Monte Carlo simulations. For fair comparisons with the BEL
method, the simulations for the REML, ALD and LIGPD methods were performed under

the same independence assumption as in Kim and Yang (2011).

Comparison at Median

Table 3.3 and Figure 3.2 show the mean squared errors of the LIGPD, ALD and REML
estimators at the median for the standard normal, ¢5, and log normal random error
distributions in both models 1 and 2. In Table 3.3 and Figure 3.2, the results for the BEL
estimators are not included because Table 3 in Kim and Yang (2011) presents only the
relative efficiency of the BEL estimator with respect to the REML estimator. To compare
with the BEL estimator, Table 3.4 summarizes the relative efficiency of the LID, ALD
and BEL estimators with respect to the REML estimator at median.

The REML method is for the mean regression model and can be used to estimate the
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effects at median, which are the same as the mean effects when ¢;; ~ N(0,1) or 5. The
median and mean coincide at the center of the distribution for symmetric distributions
but not for asymmetric distributions. The REML method estimates the conditional mean
of the response while the other three methods estimate the conditional quantiles of the
response. Since LN(0,1) is an asymmetric distribution, the REML method and other
three methods at median estimate different quantities. For example, the true intercept
for the REML method is exp(1/2) and the true intercept at median for the LIGPD and
ALD methods is exp(0) = 1 for ¢;; ~ LN(0,1). Hence, we cannot directly compare the
MSE of the REML estimator with those of the other three methods for the log normal
error distribution. However, in Table 3.4, we can use the relative efficiencies for the log
normal error to compare the LIGPD, ALD and BEL estimators since the MSE of the
REML estimator will be canceled out when the relative efficiency for one estimator is
divided by the relative efficiency for the other estimator.

The REML method assumed model (3.4) with the normal random error assumption.
As expected, the REML method performs the best for estimating Sy 5 and (3, 5 for
the homoscedastic and heteroscedastic normal errors and the results for the other three
estimators are similar to each other.

For the homoscedastic ¢, errors, the LIGPD and ALD estimators show higher effi-
ciency for estimating the intercepts than the REML method, while the LIGPD and ALD
estimators are less efficient for estimating the slopes than the REML estimator. The
BEL estimator is more efficient for estimating the fixed effects fy 5 and 3, 5 than the
other three estimators. The REML estimator is not as efficient as the other estimators
for estimating of and o%. For the heteroscedastic t, errors, the REML estimator is less
efficient than the other three estimators. Kim and Yang (2011) stated that the REML
method reported unusually high estimates for 02 and o3 but we did not have such large
variance estimates for the REML method. Thus, for the heteroscedastic t, distribution
errors, the MSE ratio for the BEL method might be inflated due to a few very large
variance estimates from the REML method obtained by Kim and Yang (2011).

For the homoscedastic and heteroscedastic log normal error distributions, the LIGPD
method shows comparable or higher efficiency than the other methods.

In general, the LIGPD estimator produces the highest efficiency for estimating o7 and
o3. The BEL estimator shows higher efficiency for estimating g 5 and j3; 5 for ¢, errors.
The ALD and LIGPD estimators have similar efficiency for estimating 3, 5 and 3; 5 but
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Table 3.1: Mean squared error of parameter estimators at median for the data generated
from model (3.4) and (3.5) from the LIGPD, REML and ALD method. The REML
estimators are grayed out when it cannot be directly compared to LIGPD and ALD.

Model Distribution Method 55  S1.5 o5 o}
1 N(0,1) LIGPD 0.099 0.074 0.222 0.120
ALD 0.083 0.080 0.122 0.140
REML 0.062 0.045 0.194 0.138
ts LIGPD 0.095 0.067 0.260 0.100
ALD 0.088 0.080 0.223 0.178
REML 0.147 0.063 0.887 0.178
LN(0,1) LIGPD 0.092 0.063 0.159 0.087
ALD 0.164 0.085 0.195 0.169
REML 0.104 0.059 0.435 0.161
2 N(0,1) LIGPD 0.080 0.085 0.142 0.136
ALD 0.075 0.084 0.227 0.225
REML 0.071 0.058 0.361 0.178
to LIGPD 0.078 0.110 0.185 0.162
ALD 0.072 0.081 0.448 0.306
REML 0.213 0.151 1.096 1.561
LN(0,1) LIGPD 0.108 0.078 0.146 0.128
ALD 0.078 0.086 0.311 0.398
REML 0.134 0.112 0.862 0.405
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Figure 3.1: Mean squared error of parameter estimators at median for three models
with homoscedastic errors (N1: N(0,1), T1: t5, LN1: LN(0,1)) and three models with
heteroscedastic errors (N2: N(0,1), T2: t5, LN2: LN(0,1)) from the LIGPD (solid),

REML (dotted) and ALD (dashed) methods.



Table 3.2: Relative efficiency of the LIGPD, ALD and BEL estimators at median with
respect to the REML estimator at median. Relative efficiency larger than 1 means the
competing method has smaller MSE and thus higher efficiency than the REML estimator.
The results for BEL were from Table 3 in Kim and Yang (2011).

Model Distribution Method Sy5  bi.5 o o}
1 N(O, 1) LIGPD 0.629 0.612 0.875 1.154
ALD 0.751 0.563 1.591 0.986
BEL 0.928 0.987 0.629 0.748
to LIGPD 1.545 0.945 3.412 1.789
ALD 1.666 0.787 3.978 1.001
BEL 3.195 1.639 2.718 1.871
LN(0,1) LIGPD 1138 0936 2.735 1.847
ALD 0.637 0.694 2.227 0.951
BEL 0.769 0.972 1.830 0.952
2 N(0,1) LIGPD 0.887 0.688 2.547 1.308
ALD 0.941 0.697 1.590 0.794
BEL 0.909 0.885 1.432 0.734
ta LIGPD 2.736 1.379 5.922 9.660
ALD 2.961 1.860 2.444 5.105
BEL 3.532 3.070 3.254 130.226
LN(0,1) LIGPD 1.246 1.433 5913 3.175
ALD 1.714 1.296 2.767 1.018
BEL 1.509 0.711 2.919 1.421
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Table 3.3: Mean squared error of parameter estimators at median for the data generated
from model (3.4) and (3.5) from the LIGPD, REML and ALD method. The REML
estimators are grayed out when it cannot be directly compared to LIGPD and ALD.

Model Distribution Method 8y 5  Bi5 ob o3
1 N(0,1) LIGPD 0.099 0.074 0.222 0.120
ALD 0.083 0.080 0.122 0.140
REML 0.062 0.045 0.194 0.138
to LIGPD 0.095 0.067 0.260 0.100
ALD  0.088 0.080 0.223 0.178
REML 0.147 0.063 0.887 0.178
LN(0,1) LIGPD 0.092 0.063 0.159 0.087
ALD 0.164 0.085 0.195 0.169
REML 0.104 0.059 0.435 0.161
2 N(0,1) LIGPD 0.080 0.085 0.142 0.136
ALD  0.075 0.084 0.227 0.225
REML 0.071 0.058 0.361 0.178
to LIGPD 0.078 0.110 0.185 0.162
ALD  0.072 0.081 0.448 0.306
REML 0.213 0.151 1.096 1.561
LN(0,1) LIGPD 0.108 0.078 0.146 0.128
ALD  0.078 0.086 0.311 0.398
REML 0.134 0.112 0.862 0.405

the LIGPD estimators have higher efficiency for estimating o2 and o3.

Comparison between LIGPD and ALD across quantiles

Tables 3.5-3.10 summarize the mean squared errors of the parameters from the proposed
LIGPD method and the ALD method proposed by Geraci and Bottai (2013) at nine
quantile levels (7 = 0.1,0.2,...,0.9) for the standard normal, ¢;, and the log normal
random error distributions and their heteroscedastic versions.

For the LIGPD method, the parameters o2 and o7 are constant across quantile levels,
so we only report the estimates at 7 = 0.1. However, even though o2 and ¢? are quantile-
invariant, ALD fits the data at each quantile level separately and thus the resulting
estimations of 02 and o} vary across quantiles.

For the homoscedastic and heteroscedastic normal errors, both LIGPD and ALD
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Figure 3.2: Mean squared error of parameter estimators at median for three models
with homoscedastic errors (N1: N(0,1), T1: t5, LN1: LN(0,1)) and three models with
heteroscedastic errors (N2: N(0,1), T2: t5, LN2: LN(0,1)) from the LIGPD (solid),

REML (dotted) and ALD (dashed) methods.



Table 3.4: Relative efficiency of the LIGPD, ALD and BEL estimators at median with
respect to the REML estimator at median. Relative efficiency larger than 1 means the
competing method has smaller MSE and thus higher efficiency than the REML estimator.
The results for BEL were from Table 3 in Kim and Yang (2011).

Model Distribution Method Sy5  bi.5 o o}
1 N(O, 1) LIGPD 0.629 0.612 0.875 1.154
ALD 0.751 0.563 1.591 0.986
BEL 0.928 0.987 0.629 0.748
to LIGPD 1.545 0.945 3.412 1.789
ALD 1.666 0.787 3.978 1.001
BEL 3.195 1.639 2.718 1.871
LN(0,1) LIGPD 1138 0936 2.735 1.847
ALD 0.637 0.694 2.227 0.951
BEL 0.769 0.972 1.830 0.952
2 N(0,1) LIGPD 0.887 0.688 2.547 1.308
ALD 0.941 0.697 1.590 0.794
BEL 0.909 0.885 1.432 0.734
ta LIGPD 2.736 1.379 5.922 9.660
ALD 2.961 1.860 2.444 5.105
BEL 3.532 3.070 3.254 130.226
LN(0,1) LIGPD 1.246 1.433 5913 3.175
ALD 1.714 1.296 2.767 1.018
BEL 1.509 0.711 2.919 1.421
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Table 3.5: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,--- ;0.9 for
data generated from model (3.4) with €;; ~ N(0,1).

/BO,Tk /Bl,Tk O-S 0-%
7 LIGPD ALD LIGPD ALD LIGPD ALD LIGPD ALD
0.1 0.114 0.126 0.075 0.132 0.222 1.364 0.120 0.455

0.2 0.112 0.137 0.075 0.104 0.437 0.321
0.3 0.101  0.129 0.073 0.089 0.162 0.187
0.4 0.099 0.100 0.073 0.079 0.138 0.136
0.5 0.099 0.083 0.074 0.080 0.122 0.140
0.6 0.097 0.097 0.076 0.084 0.123 0.135
0.7 0.101 0.141 0.076  0.090 0.180 0.180
0.8 0.101 0.154 0.079 0.100 0.302 0.321
0.9 0.104 0.134 0.081 0.132 0.882 0.323

estimators have comparable results for the middle quantiles and the efficiency gain of the
LIGPD method is obvious for low and high quantiles.

For the homoscedastic t5 errors, the LIGPD method shows higher efficiency for es-
timating the slope but the LIGPD and ALD methods show comparable results for es-
timating the intercept since MSEs of the ALD estimator lie in 95% confidence bands
of MSE of the LIGPD estimator in most quantile region. For heteroscedastic ¢y errors,
the LIGPD estimator shows higher efficiency for estimating the intercept and lower ef-
ficiency for estimating the slope. For both homoscedastic and heteroscedastic ¢, errors,
the LIGPD shows clear efficiency gain for estimating 02 and o7, which is more obvious
for low and high quantiles.

For the homoscedastic log normal errors, the LIGPD estimator is more efficient than
the ALD estimator in most cases. For the heteroscedastic log normal errors, the LIGPD
estimator shows higher efficiency for estimating £y and ; for low quantiles and the ALD
estimator is more efficient for high quantiles. For both homoscedastic and heteroscedastic
log normal errors, the LIGPD shows higher efficiency for estimating o3 and o?.

In general, the proposed LIGPD method shows higher efficiency than the ALD method
for estimating 0? and o%. For the normal and log normal random errors, the LIGPD
estimator shows higher efficiency for estimating the fixed effects 5y and [3; in most cases.
For the ty errors, the LIGPD and ALD methods have comparable results for estimating
the fixed effects Sy, and 3 ;.
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Figure 3.3: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,---,0.9 for
data generated from model (3.4) with €;; ~ N(0,1). MSE of fy 5 (top left), 81 5 (bottom
left), o2 (top right) and o2 (bottom right) of LIGPD (solid line) and ALD (dashed line).
The horizontal axis represents quantile levels and the vertical axis represents MSE. The
shaded bands represent 95% confidence bands of MSE of the LIGPD estimator. For the
LIGPD method, the estimates of random-effect variance parameters are constant across
quantile levels.
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Figure 3.4: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,---,0.9 for
data generated from model (3.5) with ¢; ~ N (0, 1).

Table 3.6: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,--- ;0.9 for
data generated from model (3.5) with €;; ~ N(0,1).
60,771C Bl,m US 0-%
7 LIGPD ALD LIGPD ALD LIGPD ALD LIGPD ALD
0.1 0.164 0.410 0.112 0.149 0.142  0.339 0.136 0.617
0.2 0.110 0.192 0.094 0.113 0.283 0.528
0.3 0.092 0.106 0.089 0.113 0.252 0.342
0.4 0.084 0.089 0.087 0.103 0.199 0.261
0.5 0.080 0.075 0.085 0.084 0.227 0.225
0.6 0.079 0.083 0.086 0.096 0.226 0.169
0.7 0.082 0.116 0.092 0.123 0.302 0.365
0.8 0.095 0.175 0.101 0.133 0.307 0.612
0.9 0.136 0.416 0.117 0.175 0.381 0.830
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Figure 3.5: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,---,0.9 for
data generated from model (3.4) with €;; ~ to.
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Table 3.7: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,
data generated from model (3.4) with €;; ~ t5.
60,771C Bl,m US 0-%
7 LIGPD ALD LIGPD ALD LIGPD ALD LIGPD ALD
0.1 0.207 0.202 0.098 0.179 0.260 1.544 0.100 0.595
0.2 0.147 0.120 0.073 0.123 0.813 0.494
0.3 0.114 0.096 0.063 0.093 0.387 0.361
0.4 0.100 0.091 0.062 0.081 0.262 0.268
0.5 0.095 0.088 0.067 0.080 0.223 0.178
0.6 0.100 0.088 0.066 0.077 0.284 0.241
0.7 0.096  0.090 0.060 0.084 0.364 0.280
0.8 0.127 0.113 0.069 0.116 0.763 0.684
0.9 0.283 0.188 0.093 0.197 2.690 0.626
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Figure 3.6: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,---,0.9 for

data generated from model (3.5) with €;; ~ to.

Table 3.8: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,--- ;0.9 for

data generated from model (3.5) with €;; ~ t5.

60,771C Bl,m US 0-%

7 LIGPD ALD LIGPD ALD LIGPD ALD LIGPD ALD
0.1 0.535 0.679 0.344 0.217 0.185 0.769 0.162 3.410
0.2 0.143 0.293 0.140 0.116 0.560 0.865
0.3 0.090 0.149 0.112  0.092 0.476 0.658
0.4 0.077 0.087 0.108 0.080 0.436 0.368
0.5 0.078 0.072 0.110 0.081 0.448 0.306
0.6 0.083 0.085 0.118 0.080 0.448 0.384
0.7 0.106 0.133 0.124 0.088 0.460 0.334
0.8 0.172 0.278 0.183 0.121 0.568 1.056
0.9 0.541 0.645 0.476 0.248 0.754 3.201
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Figure 3.7: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,---,0.9 for
data generated from model (3.4) with ¢;; ~ LN(0, 1).

Table 3.9: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,--- ;0.9 for
data generated from model (3.4) with €;; ~ LN(0, 1).

60,771C Bl,m US 0-%
7 LIGPD ALD LIGPD ALD LIGPD ALD LIGPD ALD
0.1 0.104 0.165 0.070 0.182 0.159 2.189 0.087 0.674

0.2 0.106 0.170 0.066 0.145 0.857 0.391
0.3 0.100 0.171 0.062 0.118 0.396 0.250
0.4 0.101 0.177 0.061 0.091 0.220 0.199
0.5 0.092 0.164 0.063 0.085 0.195 0.169
0.6 0.098 0.117 0.067 0.082 0.238 0.172
0.7 0.124 0.107 0.077 0.087 0.326 0.209
0.8 0.182 0.151 0.107 0.117 0.806 0.329
0.9 0.394 0.317 0.187 0.329 5.729 2.312
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Figure 3.8: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,
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data generated from model (3.5) with €;; ~ LN(0, 1).

Table 3.10: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,---,0.9 for

data generated from model (3.5) with €;; ~ LN(0, 1).

60,771C Bl,m US 0-%

7 LIGPD ALD LIGPD ALD LIGPD ALD LIGPD ALD
0.1 0.114 0.401 0.110 0.130 0.146 0.413 0.128 0.325
0.2 0.104 0.157 0.090 0.160 0.297 0.403
0.3 0.102 0.099 0.083 0.159 0.353 0.347
0.4 0.103 0.089 0.084 0.138 0.334 0.306
0.5 0.108 0.078 0.078 0.086 0.311 0.398
0.6 0.124 0.109 0.089 0.104 0.402 0.259
0.7 0.173 0.176 0.105 0.113 0.474 0.372
0.8 0.330 0.327 0.184 0.176 0.605 1.081
0.9 1.296 0.766 0.675 0.496 0.848 8.669
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Table 3.11: Quantile crossing rates in percentage (%) of the ALD estimators at 7 =
0.1,---,0.9 for data generated from model (3.4) and (3.5) .

Model  Error  Quantile Crossing Rate

1 N(0,1) 85.7
ts 46.6
LN(0,1) 78.2

2 N(0,1) 16.8
ts 10.1
LN(0,1) 58.8

Quantile Crossing Issue

Table 3.11 summarizes the quantile crossing rates of the ALD method in different sce-
narios, where the quantile crossing rate is defined to be the proportion of simulated data
in which the quantile monotonicity xgﬁﬁ << X;[j ATK is violated at least once. As
expected, we do not observe any quantile crossing for the LIGPD method but the ALD
has high quantile crossing rates. For instance, for homoscedastic N (0, 1) errors, 85.7% of
the time the conditional quantile estimates from ALD may cross each other at least once

in some region of the covariates and at two or more quantile levels.

3.3.2 Simulation Study II

We consider a more complex simulation study with two predictors. The data were gen-
erated from the following linear mixed model:

Yi; = Bo + B1iji + Bazijo + boi + brixijn + boixijo +€5,i=1,--- n,j=1,....n; (3.7)

where n = 20, n; = 20, z;j; ~ LN(0,1), x;j2 ~ Bernoulli(0.5), o = /1 = P2 = 1,
bri ~ N(0,02) with 62 = 1 for r = 0,1,2, and ¢;; are independent random errors. The
random effects by;, by; and by; are independent of each other and independent of €;;. We
consider three distributions for generating the random errors €;;: N(0,1), t3 and x3.

The corresponding conditional quantile regression model is

Q- (Yijlwij, xijo, bi) = Bor + B1+Tij1 + PorTijo + boi + briijn + baiijo, (3.8)
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where 8y, =14+ F-Y(7), f1.r = B2 = 1 and F. is the CDF of the random error €.

For each scenario, the simulation is repeated 200 times. In this simulation, we focus
on the comparison of the proposed LIGPD method and the ALD method proposed by
Geraci and Bottai (2013). For both methods, we did not assume that bg;, by; and by; are
independent. Thus, we estimate three fixed effects 5,7 = 0,1,2 and six random effect
variances 03, 0%, 03, 012,013 and 093, where o, ,, is the covariance between b,,; and b,.;.

For the LIGPD method, we consider a grid of K = 9 quantile levels 7, = k/(1 +
K),k =1,..., K, which are equally spaced between 0.1 and 0.9. We put a multivariate
normal prior N(0, D) on B, = (,82, . ,ﬁfK)T with D = diag(100, ...,100), and a flat
prior on Y. We define the LIGPD estimator as the posterior mean of every 100th draws
of the MCMC chain (total 81,000 MCMC samples with the first 40,500 discarded as

burn-in).

Comparison between LIGPD and ALD across quantiles

Tables 3.12-3.14 and Figures 3.9-3.11 summarize the mean squared errors of the fixed and
random-effect variance parameters from the LIGPD and ALD methods at nine quantile
levels (7, = 0.1,0.2, ...,0.9) for the standard normal, 3, and x? distributions, respectively.

In general, the proposed LIGPD method shows higher efficiency than the ALD method
for estimating the random-effect variances in all scenarios considered. For fixed effects,
the LIGPD estimators have either similar or higher efficiency than the ALD estimators
especially at the tail quantiles.

Table 3.15 summarizes the quantile crossing rates for the ALD method. As expected,
we do not observe any quantile crossing for the LIGPD estimator but the ALD has high

quantile crossing rates.

Comparison of Computation Time between LIGPD and ALD

Both the proposed method and the ALD method require multi-dimensional integration
using the Markov chain Monte Carlo algorithm and the Gaussian quadrature approx-
imation, respectively. In Gaussian quadrature approximation, the number of functions
to be evaluated grows exponentially in the dimension. In contrast, in the Markov chain
Monte Carlo algorithm, the number of functions to be evaluated increases linearly in the
dimension. Therefore, the computing of the ALD method is more challenging for higher
dimensional data. For both ALD and LIGPD methods, all simulations were computed
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using the same machine with Intel i7 CPU with 2.67 GHz clock speed and 6 GB RAM.
In simulation study I, the average computing time for analyzing one data set was 1.12
seconds for the ALD method at one quantile level, while 38.62 seconds for the proposed
LIGPD method for the analysis at nine quantile levels jointly. However, in simulation
study II, the computation for the LIGPD method is approximately nine times faster
than the ALD method; the average computing time for one data set was 42.15 seconds
for the ALD method at one quantile level, while 46.72 seconds for the LID-GPD methods
for the analysis at nine quantile levels.

In summary, the proposed LIGPD estimator has comparable or higher efficiency than
the competing estimators in most cases, especially for estimating the random-effect vari-
ance parameters and fixed effects at tail quantiles. For models with multiple predictors,
the LIGPD method is computationally faster than the ALD method. Lastly, the ALD
and BEL methods are subject to quantile crossing, which is avoided by the proposed
method through joint quantile modeling.

3.4 Apnea Duration Data Analysis

In this section, we analyze an apena duration data of elderly women for the swallow
study conducted by Perlman et al. (2005). Apnea duration is the period of the absence of
respiration during swallowing. This data has also been analyzed in Zhou and He (2008),
Wang (2009), Reich et al. (2010) and Kim and Yang (2011). We use 856 Apnea durations
measured on 31 healthy females, aged from 70 to 85.

We consider the following random intercept model with viscosity, feeding type and

their interaction effects:
QrYiju|Vj, Fiey bi) = Bor + P17V + Bor Fi + B3V Eji + b,

where Y is the [-th repeated apnea duration (in seconds) of subject ¢ for viscosity V;
(pudding=1 and water=0) and feeding type F}, (self-fed=1 and examiner-fed=0), V Fj;
are the interaction effects and b; are subject-specific random effects.

Figure 3.12 shows the box plots of the apnea duration for each of the four viscosity-
feeding-type combinations. The box plots suggest that the covariate effects appear dif-
ferent at the central and upper quantiles. For example, the difference in the median

apnea durations between the first two groups (water-examiner-fed and pudding-examiner-
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Table 3.12: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,---,0.9
for data generated from model (3.7) with ¢; ~ N(0,1). For the LIGPD method, the
estimates of random-effect variance parameters are constant across quantile levels.

2 2 2
Tk 50,rk Blﬂ'k 52,rk 0y 07 0y 012 013 023
LIGPD

0.1 0.134 0.08 0.135 0.151 0.120 0.237 0.084 0.088 0.070
0.2 0.118 0.075 0.108
0.3 0.111 0.072 0.110
0.4 0.105 0.069 0.114
0.5 0.094 0.069 0.112
0.6 0.104 0.069 0.104
0.7 0.104 0.071 0.094
0.8 0.106 0.074 0.097
0.9 0.124 0.085 0.123

ALD
0.1 0.361 0.226 0.309 5.884 4.673 4.365 4.978 5.273 4.148
0.2 0.310 0.203 0.208 6.373 8.868 3.341 7.122 4.259 4.942
0.3 0.217 0.174 0.158 4.862 11.046 2.816 7.454 3.715 5.087
0.4 0.161 0.148 0.138 4912 11.847 2.798 8.135 3.488 5.167
0.5 0.137 0.136 0.129 4.635 11.898 2.893 7.434 3.570 5.182
0.6 0.109 0.157 0.118 3.994 12.036 2.704 7.192 3.124 5.304
0.7 0.131 0.127 0.131 3.901 9.807 2.730 6.110 3.002 4.520
0.8 0.193 0.134 0.113 4.233 7.095 2.541 5.155 2.995 3.803
0.9 0.161 0.163 0.175 2267 1.999 1.219 1.670 1.385 1.186
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Figure 3.9: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,---,0.9 for
data generated from model (3.7) with ¢;; ~ N(0,1). The solid line is for LIGPD and the
dashed line is for ALD. The shaded region indicates 95% pointwise confidence bands of
the MSE of the LIGPD estimators.
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Table 3.13: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,---,0.9 for
data generated from model (3.7) with €;; ~ 5.

Tk 5o,rk 51,rk /62,7'k 08 U% 0% 012 013 023
LIGPD
0.1 0.209 0.134 0.340 0.250 0.132 0.321 0.106 0.160 0.099
0.2 0.135 0.093 0.145
0.3 0.119 0.081 0.123
0.4 0.114 0.075 0.121
0.5 0.113 0.073 0.117
0.6 0.113 0.072 0.117
0.7 0.101 0.073 0.129
0.8 0.117 0.080 0.144
0.9 0.165 0.119 0.260

ALD
0.1 0.462 0.227 0413 7.467 3.736 7.580 3.845 4.307 3.190
0.2 0306 0.231 0.248 6.435 5.670 4.202 5416 3.988 3.742
0.3 0.214 0.203 0.204 4.514 10.051 3.214 5976 3.160 4.899
0.4 0.151 0.149 0.177 3.453 9.984 3.546 5.375 2.790 5.168
0.5 0.137 0.135 0.140 3.777 11.445 3.070 6.012 3.220 5.318
0.6 0.123 0.143 0.145 3.859 9.854 3.266 5.510 2.823 4.779
0.7 0.120 0.119 0.129 3.904 8.181 2.524 5.091 2834 3.961
0.8 0.1566 0.153 0.177 3.291 5.094 2.876 3.180 2.115 2.548
0.9 0.221 0.200 0.281 2.542 1.272 2.159 0.987 1.288 0.794
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Figure 3.10: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,---,0.9
for data generated from model (3.7) with €;; ~ t3. The solid line is for LIGPD and the

dashed line is for ALD. The shaded region indicates 95% pointwise confidence bands of
the MSE of the LIGPD estimators.
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Table 3.14: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,---,0.9 for
data generated from model (3.7) with €;; ~ x?.

2 2 2
Tk Bo,rk ﬁl,rk 52,Tk 0y 01 05 012 013 0923
LIGPD

0.1 0.083 0.057 0.061 0.102 0.111 0.143 0.063 0.062 0.051
0.2 0.087 0.056 0.061
0.3 0.081 0.056 0.062
0.4 0.079 0.056 0.069
0.5 0.077 0.057 0.079
0.6 0.086 0.060 0.097
0.7 0.103 0.070 0.134
0.8 0.145 0.094 0.204
0.9 0.307 0.198 0.541

ALD
0.1 0.260 0.222 0.275 6.579 5.149 3.256 6.766 5.849 4.487
0.2 0.391 0.223 0.209 9.058 10.394 2.808 9.980 5.598 5.451
0.3 0.405 0.179 0.183 7.355 13.031 3.033 10.266 5.078 6.245
04 0364 0.170 0.169 6.782 13.375 3.302 9.301 4.761 6.546
0.5 0.310 0.152 0.136 5.732 11.355 3.644 7.960 4.145 5.873
0.6 0.219 0.129 0.149 5.134 10.355 3.858 6.861 3.848 5.646
0.7 0.139 0.135 0.159 4.751 9.402 3.530 5.885 3.150 4.294
0.8 0.200 0.136 0.172 4.626 5.991 4.072 3.571 2.195 3.088
09 0.273 0.184 0.343 4.519 1.634 5.288 0.962 1.230 0.847

Table 3.15: Quantile crossing rates in percentage (%) of the ALD estimators at 7 =
0.1,---,0.9 for data generated from model (3.7).

Error  Quantile Crossing Rate

N0, 1) 03.7
t3 97.4
% 97.9
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Figure 3.11: Mean squared errors of LIGPD and ALD estimators at 7 = 0.1,---,0.9
for data generated from model (3.7) with €; ~ x3. The solid line is for LIGPD and the
dashed line is for ALD. The shaded region indicates 95% pointwise confidence bands of
the MSE of the LIGPD estimators.
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fed) appears to be smaller than the difference in the third quartiles. For this data set,
the mean regression assuming homogeneous Gaussian random errors is inappropriate
since apnea duration is right-skewed even after the log transform. Alternatively, we con-
sider two quantile-regression-based methods: the proposed LIGPD method and the ALD
method in Geraci and Bottai (2013) based on the working asymmetric Laplace distri-
bution. For the LIGPD method, we use a grid of K = 15 equally spaced quantile levels
o =k/(1+ K),k =1,---, K, and assign the normal priors N(0,100) to the random
intercept effect b;. With 75,000 MCMC samples, we discard the first 25,000 as burn-in,
and estimate 3;, for j = 0,1,2,3 with the posterior means of the thinned sample using
every 100th draws of the MCMC chain.

Figure 3.13 presents the point estimations and 95% credible intervals for the fixed
effects from the LIGPD and ALD methods across quantiles. The LIGPD method shows
that the viscosity effects are significantly negative at all quantiles, suggesting that senior
women tend to have longer apnea duration when drinking water than when swallowing
pudding. The feeding condition and interaction effects get larger as the quantile level
increases, and they tend to be significant at the upper quantiles. This suggests that the
upper quantiles of the apnea duration are longer if subjects are fed by examiners, and
that at the upper tails of the apnea duration the viscosity effect is stronger (in absolute
value) for subjects being fed by examiners than by themselves. The estimations from
the ALD method are similar to those from LIGPD at the lower and central quantiles.
However, the main and interaction effects from ALD change slowly with the quantile
level, leading to insignificance at the upper quantiles. In addition, examination of the
estimated quantiles of apnea duration for the four viscosity-feeding-type combinations in
Figure 3.14 shows that the ALD estimates suffer from quantile crossing but the estimates
from LIGPD appear to be monotonically increasing with the quantile level, making the

interpretation of estimation results easier.

7



LIGPD ALD

Intercept
1 2 3
1 1 1

0.5
1

-25
1

Viscosity
-15 -05
1 1 1 1

0.5
1

-25
1

Feeding
-1.5 -0.5
1 1 1

$

9

)

¢ d
/»
1)

[

2.0

- __4,/0""'/"

]

Interaction
1.0
11
3
3
>
>

T T T T
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

Quantile level Quantile level

Figure 3.13: Point estimates (solid curves with dots) and 95% pointwise credible intervals
(shaded regions) for the fixed effects at 7 € [0.0625,0.9375] from LIGPD and ALD.

78



Water, examiner-fed Pudding, examiner-fed

o | — LIGPD — LIGPD
® | -- ALD 24-- ALD
o
o 7 < |
fe c T
o 0 | o
g o s o
3 =] ~—
Aa Aa
] o ©
e « e o |
S Q =
< <
v |
- o)
©
o |
T © |
o
v _|
<) T T T T T T T T
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
Quantile level Quantile level
Water, self-fed Pudding, self-fed
o | Q]
o — LIGPD - — LIGPD
- - ALD - - ALD A
N < |
© _|
c - c
] S o ]
© _ g -
=] =]
Aa Aa
3 o g o |
c - c —
Q. Q
< <
o |
- «Q _]
o
©
© o 7|
©
T T T T T T T T
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
Quantile level Quantile level

Figure 3.14: Estimated quantiles of apnea duration from LIGPD and ALD in four
groups.
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Chapter 4

LIGPD for Quantile and
Interquantile Shrinkage in Quantile

Regression Models

In this chapter, we propose and investigate the LIGPD methods with different types of
penalizations. The proposed methods aim to shrink quantile slopes and their interquantile
differences towards zero in some or the entire quantile region with fused LASSO or group
LASSO penalties on quantile slopes and interquantile slope differences based on Laplace
priors. Through numerical investigations, we show that the proposed methods yield higher
estimation efficiency than the conventional quantile regression method when there exists

sparsity in the quantile coefficients and/or interquantile differences.

4.1 Introduction

Penalized regression has been widely used to improve prediction accuracy and model in-
terpretability. The exemplary penalization regression methods include the non-negative
garrote in Breiman (1995), the LASSO in Tibshirani (1996), group LASSO in Bakin
(1999) and Yuan and Lin (2006), the smoothly clipped absolute deviation (SCAD) in
Fan and Li (2001) and the adaptive LASSO in Zou (2006).

In quantile regression analysis, regularization techniques have been considered in dif-
ferent contexts but most of them focused on quantile regression analysis at a single

quantile level. For instance, the adaptive LASSO for median regression in Wang et al.
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(2007), the LASSO and its solution path algorithm in Li and Zhu (2008), the SCAD in
Wu and Liu (2009) and the adaptive LASSO penalization for censored quantile regression
in Wang et al. (2013).

Focusing on a single quantile level may overlook the quantile coefficients that are
significantly apart from zero at other quantile levels. Zou and Yuan (2008) proposed
a simultaneous multiple quantile regression method (the composite quantile regression,
CQR) that shares the same quantile slope coefficients across multiple quantile levels. By
assuming constant quantile slope across multiple quantile levels, the CQR estimator has
higher efficiency in cases where the assumptions are met. By assuming the same condi-
tions for establishing asymptotic normality of the conventional quantile regression (QR)
at a single quantile level in addition to the global linearity of quantile functions, the CQR
enjoys asymptotic normality and may have higher efficiency than the QR. Jiang et al.
(2012) extended the composite quantile regression to non-linear quantile regressions.

Both Zou and Yuan (2008) and Jiang et al. (2012) proposed the adaptive LASSO
penalized CQR estimators for variable selection that remove covariates whose effects are
zero at all quantile levels. The penalized CQR. estimators are the best suited for the sit-
uations where non-sparse quantile slopes have zero interquantile slope differences at all
quantile levels. The common quantile slope coefficients in the CQR are coincided with the
homoscedastic random errors and zero interquantile slope differences across all quantile
levels. The common quantile slope is a restrictive assumption that may be violated in
practice. For example, the quantile slopes can be constant in some quantile region and
vary across other quantile regions. Jiang et al. (2013, 2014) proposed methods that assign
a weighted LASSO or sup-norm penalty on quantile slope coefficients and interquantile
slope differences, and the methods can identify constant quantile slope coefficients in
some or the entire quantile region.

In the Bayesian framework, Li et al. (2010) proposed hierarchical models for Bayesian
quantile regression models with LASSO, group LASSO and elastic net penalties and de-
veloped Gibbs algorithms by using Bayesian hierarchical models and Gibbs sampling
algorithms of Park and Casella (2008). Kyung et al. (2010) further extended the idea of
Park and Casella (2008) for linear regressions with various types of penalizations includ-
ing LASSO, group LASSO, fused LASSO and elastic net.

Motivated by the fused adaptive LASSO penalty of Jiang et al. (2014) and Bayesian
hierarchical models in Kyung et al. (2010) and Li et al. (2010), we develop penaliza-
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tion methods for quantile and interquantile shrinkage for linear quantile regression in
the Bayesian framework using linear interpolated density. Li et al. (2010) focused on re-
gression at a single quantile level and cannot shrink interquantile slope differences. Joint
modeling of multiple quantiles in the LIGPD method does not require the strong constant
slope assumption as in Zou and Yuan (2008) but only the linearity assumption on the
quantile functions. By replacing the asymmetric Laplace error distribution in Li et al.
(2010) with the linearly interpolated density, we can shrink quantile slopes and their
interquantile differences simultaneously and improve the estimation efficiency through

joint-modeling of multiple quantiles.

4.2 Proposed Method

4.2.1 Model Setup

We consider the following quantile regression model

Qn(Yilxi) =ar +x/8,,,i=1,....nk=1,... K,0<7 <1, (4.1)
where Y; is the response, x; = (z;1,. .., %;p) is a p-dimensional covariate vector associated
with the i-th observation, o, is a quantile intercept, B, = (Bir, .., Bor )t is a p-

dimensional vector of quantile coefficients and f;,, is the quantile coefficient for the
[-th predictor at the 7,-th quantile level. Suppose we are interested in estimating B, =
(BZ;, . ,BZ]C)T, where 0 < 77 < .-+ < 7 < 1 is a sequence of quantile levels. To

incorporate interquantile differences in the model, we define the slope differences as

B~ Bun, i k=2 KI=1...p,
b Bim, if k=1,1=1,...p.

Then we can rewrite the quantile function @, (Y|x;) in model (4.1) as

k- p
ka (nyz) = Qg + Z Z x’ildl,Tj'

j=1 =1
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4.2.2 Bayesian Fused Adaptive Group LASSO

We consider a Bayesian fused adaptive group LASSO estimator using Laplace priors on
quantile slopes and interquantile differences. To help the understanding of the propsoed
method, we first illustrate the method in the frequentist framework.

Our first proposed method imposes a weighted fused group LASSO penalty on the
quantile slope coefficients and interquantile slope differences. In the frequentist frame-

work, the fused adaptive group LASSO estimator can be obtained by

P

K n p
B =argmind > pr{yi—an, —x/ B+ M > wllBirlla+ A > il 2,
=1

k=1 i=1 =1

(4.2)

where A\; and )y are regularization parameters, w; and v; are the adaptive weights for
Bire = Birs-- s Bime) and dire = (Biry — Birrs -+ B — Bir_y)”, respectively, and
I| - ||2 is the l;-norm. The adaptive weights are obtained by using the estimates 3, from
the conventional quantile regression and we define w; = ||Bl,m||2— Vand o = ||dir |17
With the adaptive weights, zero quantile coefficients and interquantile differences will be
shrunk towards zero at a higher speed than non-zero ones.

The regularization parameters A; and Ay control the overall speed of shrinkage for
quantile slopes and interquantile slope differences, respectively. In the frequentist frame-
work, we can select A\; and Ay by information criteria such as Akaike Information Criterion
(AIC) (Akaike, 1974) and Bayesian Information Criterion (BIC) (Schwarz, 1978). In the
Bayesian framework, we can choose A; and Ay by putting gamma hyperpriors on them.
Park and Casella (2008) suggested to use “relatively flat” hyperpriors that put poste-
rior estimates near the MLE instead of improper priors because improper priors lead to
improper posteriors.

The fused adaptive group LASSO method treats quantile slope coefficients or in-
terquantile slope differences corresponding to a single predictor as a group and impose
a group-wise penalty on them. Hence, in the frequentist framework, the fused adaptive
group LASSO estimator will eliminate the predictors that have no impact across the
entire quantile region and shrink quantile slopes at different quantile levels towards a
constant value if the quantile slopes are constant across all quantile levels. Park and

Casella (2008) discussed that Bayesian LASSO estimates with Laplace priors are very
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close to frequentist LASSO estimates but cannot be exactly zero. Hence, we expect our
Bayesian fused adaptive group LASSO estimator to shrink ;. towards zero but not
exactly to zero if [|B; ., |l2 = 0 and shrink d;,, towards zero but not exactly to zero if
ldr[l2 = 0.

Working Likelihood

Bayesian regularization methods require the likelihood as well as the prior specification
in addition to the formulation of the regularization. We use the linearly interpolated

density as the working likelihood, which can be expressed as

K-1 k+1 p
y|X27 Z {y € Qr, + Z szldl Tm a7k+1 + Z inldlﬂ'm> } X (43)

k=1 m=1 [=1 m=1 [=1

p
T+l — Tk
+ I S —00, + Z; d - T
Arpyr — Oy, +X1Td‘rk+1 {y < ! Z 1%, 1)} 1f1(y)

=1
—|—I{y €

K p
aTK + Z inldl,‘rma OO)) } (1 - TK)f2<y>7
where 0 = (), .oy Qrpey dryy ooy dory ), dr, = (diryy - .- dpr,) and fi(2) and fo(-) are left

m=1 [=1
and right tail density functions approximated by generalized Pareto distributions; see

details in Chapter 2. Note that we do not include the shape and scale parameters in f;(-)
and f5(+) to simplify the expression.
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Prior Specifications

We put normal prior distributions on ay,, ..., ar,, Laplace prior distributionson 3, ., ...

By and diq, ..., d, -, and gamma prior distributions on A and A3:

o2
exp( 5 ’;) ,
T(Br A1, A2) O<6XP{ Zwl||5zm||2 )\2zvl||dl,m||2}-

708) ~ S exp(-2 ),

(o) =

RO8) ~ (o2 expl- /)

where ¢2, a, b, c and d are some constants.

Similar to Li et al. (2010) and Kyung et al. (2010), we use a scale mixture represen-
tation of the multivariate Laplace distribution based on equation (2.2) in Andrews and
Mallows (1974) (see Appendix A.4) to utilize Gibb’s samplers in the MCMC algorithm.
The prior distributions of 3, ,, and d; ;. for the group LASSO penalty can be expressed

as

(B | A1) oc exp { =M1, 7, |12 }

and

T(dire | A2) o< exp {—=XoB1|dy i |[2} -

The scale mixture representation of the multivariate Laplace distribution 7(3, ,,.|A1) is

K+1 2
exp (M1} [ (B 0,80 (] 55 s ) s
where fy and fr are the pdf of N(0,s?I) and T'{(K +1)/2,2/(A\1w;)*}, respectively, and

['(a,b) represents the gamma distribution with shape parameter a and scale parameter

b. Similarly, the multivariate Laplace distribution 7(d; ;. |A\2) can be expressed as

- K 2
exp {— g0 |dyr |[2} o /fN(dl,rK|Oat121)fr (tﬂ Ex W) dtf,
2

where s? and ¢? are latent parameters.
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For given s? and t?, we can rearrange the quantile slopes for the I-th predictor and

have the following identity

K K-1
ﬁl%’rk (6177'1@+1 - Bl,T}c)Z
ot 37 e
_ [ _ !
k=1 k=1
=67 (572 672) + Bl (st )
K-1

B ST ) + B (77177 =2 (Bunss Bun )t
k=1

Hence, we can see that G, |s7,t} is multivariate normal with mean 0 and precision
matrix 3, ', where Bire = Birs s B )T and X1 is a tridiagonal matrix with diagonal
elements {(s; % +t,2), (s, 2 +2t,2), ..., (s; 2+ 2t;%), (s; 2 +1,°)} and off diagonal elements
{—#2,...,—t;*}. Thus, (,B{TK, '-'>61::TK)T follows multivariate normal with mean 0 and
precision matrix 7!, where $7! = diag(31", ..., ¥, !) is a block diagonal matrix.

Using the latent parameters s7 and ¢7, we now have the following Bayesian hierarchical

model
(Bl ricr s By )18, 6 ~ Nigyp(0,5),
st~ (S5 ).
T (55 )
where s = (s1,...,8,)7, t = (t1,...,t,)", Ay = WA and Ay = Py As.
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Hierarchical Model

With the approximate conditional density function and prior distributions, the corre-

sponding Bayesian hierarchical model is

y|Xi7 0 ~ A(y|x’i7 0)7

(B{TKa (R /B;I;,TK)T’Sa t~ NKXp<07 E)?
)

s () 2
)\2 ~ T (C) de exp(_)\2/d)

MCMC Algorithm for Bayesian Fused Adaptive Group LASSO

1. Initialize ag, B, 7, t7, A3 and A2

(a) The initial values for ajx and B can be obtained by applying the conventional

quantile regression at each 7, separately.

(b) The initial values for s? and ¢? are drawn from GIG(1/2,1, ||[3(0) 13) and

l,TK
GIG(1/2,1, Hdl(OT)KH%), respectively, where ﬁl(f)T)K and dz(,OT)K denote the initial
estimates for the I-th predictor and GIG(q,u,v) is the generalized inverse
Gaussian distribution with three parameters u,v € Rt and ¢ € R. The density

function of GIG(q, u,v) is

, _ (u/v)??
flrsu,v,q) = 2K, (Vi)

x(q_l)e—(u:v+v/z)/2](q; > O),

where K, is a modified Bessel function of the second kind (Jorgensen, 1982).
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(c) The initial values for A} and A3 are set to be 1. (Our simulation shows that

the initial values of 0.1, 1 and 10 generate similar results.)

2. Update aux and By by using the LIGPD in Chapter 2. The specifications of the
proposal distributions for ax and B are in Appendix A.1.3.

3. Update s? and t? by using Gibb’s sampler.

(a) Update s? using either generalized inverse Gaussian or inverse Gaussian dis-

tribution. The full conditional of s7 is

f<8l2|aK7BK7X7y-7tusfl7t7)\%7)‘3)
1\ 187,113 sp) 7 A3 s?
o 5 exp | ——=% 2 (si) T OXD _ 2
2ms; 25; K1y (2 ) 2 2
I(%59) (A_fl)

2
e (_H@,TKHQ ) A%?) |

2s? 2

mh—t

X (31>

which is the GIG(1/2, A3}, |18, ,,.||3). Then, 1/s, follows the GIG(—1/2, |3, .. 3. A1)

_ [ M 2
_IG( 181, 2’)\11)

(b) Update ¢ by sampling from IG (, / Hdz HQ , /\gl) and taking the reciprocal.
K

4. Update A? and A3 using Gibb’s sampler.
(a) Update A? using T (% +a, (3 +3> 0 wist) 1) since the full conditional
of \? is
f<>\§|aK7/8K7X7yJS7t7Ag)

P 2y B A2 g2 A2)e—1
OCH (Sl) T OXD (_ 1l8l) ( 1) exp(—)\f/b)
2
=) (%)

(b) Update A3 by sampling from I' <% +o, (34357 o) )

88



5. Repeat Steps 2-4 until the MCMC chain converges. We estimate each parameter
by using the mean of the corresponding MCMC samples.

4.2.3 Bayesian Fused Adaptive LASSO

We propose a Bayesian fused adaptive LASSO estimator using Laplace priors on in-
dividual quantile slopes and interquantile differences. For convenience, we explain the
proposed method in the frequentist framework and then discuss the proposed Bayesian
method in detail.

Our second proposed method imposes a weighted fused LASSO penalty on the quan-
tile slope coefficients and interquantile slope differences. In the frequentist framework,
the fused adaptive LASSO estimator can be obtained by

K-1 p

K n K »p
BK = arg minz Z ka{yi — Qpy — Xfﬂk} + )‘1 Z Z wk,l|ﬁl,m| + )‘2 Z Z 7§’€J|dlﬂ'k+1 |7

k=1 =1 k=1 l=1 k=1 I=1

(4.4)

where A\; and )\ are regularization parameters, w;,; and 0y, are the adaptive weights for
Bi.r, and d; -, , respectively. The adaptive weights are obtained by using the estimates Bl,m
from the conventional quantile regression, and wy; = ]Bm |7t and vy, = |Bl,7k+1 — Bm |71

Similar as in Section 4.2.2, with adaptive weights zero 3, and d; ,, will receive larger
penalty and be shrunk to zero faster. In contrast to the fused adaptive group LASSO, the
second method shrinks the quantile slope and the interquantile slope differences at each
quantile level separately. In addition, quantile coefficients and interquantile differences
from the same covariate will receive component-wise adaptive weights instead of com-
mon group-wise weights as in Section 4.2.2. Consequently, the frequentist fused adaptive
LASSO method may lead to local sparsity of quantile slopes (e.g. a predictor has zero
coefficients in some quantile region but non-zero at other regions) and local constancy
(eg. a predictor has constant effect in some quantile region but non-constant in other
regions).

We expect that our Bayesian fused adaptive LASSO estimator shrinks f; ,, towards
zero if 5, = 0 and d;,, towards zero if d;,, = 0 but 5, and d;,, cannot be exactly
zero. Compared to the Bayesian fused adaptive group LASSO method, the number of

adaptive weights and latent variables are K times more in the second method, which
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poses some computational challenges especially for high dimensional data.

Prior Specifications

We put normal prior distributions on «,, ..., o, Laplace priors on 51 -,...,Bprs- -,

Biags- o Bpre and diryy ..o dpros oo i rges - - -, dp -, and gamma prior distributions on
2 2.

A7 and A3

1
2
rlan k) = oo (~53 )

K »p K-1 p
T(Bk A1, A2) OCGXP{ MY ilBir ] = X DD Braldir, | },

k=1 =1 k=1 I=1
(AD)*

[ (a)b®

T(AT) ~ exp(—A1/b),

R08) ~ (o expl- /),

where ¢?, a, b, c and d are some constants.

Using the scale mixture representation of the univariate Laplace distribution (see

appendix A.3), the Laplace priors of 81+, ., Bprs---s Brrgs- -+ Bpre can be expressed
as
K »p K p
- (—Al Yy |ﬁl,m|> <TTTTexo (Al
k=1 =1 k=1 1=1
K
51 7 lkl )‘%kl 2 2
:HH/ 22k 9 exXp\ — 9 5 Skl dsk,l’
k=1 1=1 \/27T8kl Skl
where Ay = Ajwy; and S%J are the mixing parameters. The Laplace priors of dy -,, . .., d, 7,
A1 7pes - -, dp 7 can be expressed as
K-1 p K-1 p
exp <—)\ ka,z dl,f,m\) X H HGXP ( Aaga|dy T,MD
k=1 I=1 11=1

k=
P 2
e 1 dl Tht1 /\gkl ( /\gkl 2 >
= 111 /0 /—%ti,z ( 262, | 2 2
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where Aoy = AU and til are the mixing parameters.
Then we can rearrange the quantile slopes for the [-th predictor and have the following

identity

K 2 K- 1 2
l /Bl,Tk+1 - /Bl,Tk)
ZS g
- k,l
1)

k=1 "kl
_5171(511 +512,72(521+t +t§,12)+"‘+
K-1
Bl K- 1(51{ 1,1 +t 2t tK 1 z) + ﬁfrk<51;% + t/ﬁ) —2 Z(ﬁl,mﬂﬁl,m)tlﬁ-
k=1

Hence, we can see that B |s1y,...,5k0, 14, ..., tr—1; is multivariate normal with mean

0 and precision matrix ¥, ', where X, is a tridiagonal matrix with diagonal elements
2 42\ (=2 42 -2 —2 —2 —2 —2

{(311 +t7)s (s H 7 +17)s (SK—l,l+tK72,l+tK71,l) (Skl +i z)} and off diagonal

elements {t; 7,k = 1,..., K—1}. Thus, (ﬁf”{, . BZJK)T follows multivariate normal with

mean 0 and precision matrix X7, where 7 = diag(S7', ..., 51).

Hierarchical Model

This leads to the following hierarchical model:

y|Xi ~ fi(y|Xi79,)\)>

(5{TK, ...,ﬁz{m)ﬂs t ~ NKXp(o »),

A2 /\%kl )‘m 2
| NHH 5 Skl

k=11=1
K-1 P 2
A2 A
2 2k:l 2kl 42
k=1 = 1

A2 o A2 oxp(—A2/b),
A2 o )\2 exp( A\2/d),

(&2 2 2 2 \T _ (42 T
where s = (s7),..., 87, - Sk1 -5 5k,p) . and t = (13, 8], otk 1otk 1 )
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MCMC Algorithm for Bayesian Fused Adaptive LASSO

1. Initialize oug, By, 53y, thys AT and A3

(a) The initial values for axc and B can be obtained by applying the conventional

quantile regression at each 7.,k = 1,..., K, separately.

(b) The initial values for s, and tj, are drawn from GIG(1/2,1, ]61(21]2) and
GIG(1/2,1, |d(0) |?), respectively, where Bz(,gl and dz(,OT)k are the initial estimates

lka

for the [-th predictor at the 7,-th quantile level.

(c) The initial values for A\? and A3 are set to be 1. (Our simulation shows that

the initial values of 0.1, 1 and 10 generate similar results.)
2. Update ax and By by using the LIGPD.
3. Update s3, and t;, using Gibb’s sampler.
(a) Update 3, using the GIG(1/2, A}, |8;.+,|?) or update 1/s3 ; using the GIG(—1/2,
2 y2\_ My 2
‘5l,7‘k‘ 7)‘11)_ IG 1B 2 )‘ll :
[T
(b) Update tz,z by sampling from IG (1 / %, )\gl) and taking the reciprocal.
4. Update A? and A2 using Gibb’s sampler.

-1
(a) Update A? using T <Kp + a, (1/b R DD Y wws;,/z) )

-1
(b) Update A3 using T ((K —1p+e, (1/d+ Sty {’1%,ztz,z/2> )

5. Repeat Steps 2-4 until the MCMC chain converges. We estimate each parameter
by using the mean of the corresponding MCMC samples.

4.2.4 Bayesian Fused Adaptive LASSO II

The third proposed method imposes a weighted group LASSO penalty on the quantile

slope coefficients and a weighted LASSO penalty on interquantile slope differences. In
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the frequentist framework, the fused adaptive LASSO II estimator can be obtained by

K n p p
B =argmin Y > pr{yi — ar, =X/ B} + M Y wil|Bprllz + A2 DD Braldin, .
=1

k=1 =1 = k=1 I=1

K-1

(4.5)

where w; and v are the adaptive weights for 8, = (Brrys-- - ,@VTK)T and d; ,, , respec-
tively. The adaptive weights are obtained by using the estimates B i from the conventional
quantile regression, and we define w; = HBZ’TKHQ_l and Uy = ’Blmm — Blmc\_l. The group
LASSO penalty on 3,,, will eliminate the predictors that have no impact across all
quantile levels. The LASSO penalty on d; -, will shrink the interquantile slope differences
at each quantile level separately and thus can lead to local constant quantile slopes.

The Bayesian fused adaptive LASSO II estimator can shrink f;, towards zero but
not exactly to zero if ||3, ., ||l2 = 0 and d, 5, towards zero but not exactly to zero if d; ,,
= 0.

Prior Specifications

We put normal prior distributions on a, ..., o, spherical multivariate Laplace prior

distributions on 34 ., ..., 08, and univariate Laplace prior distributions on d; r,, ...,

Apryy vyl dpry, and gamma prior distributions on A} and A3:

b o2,
7T(Oé7—k|§)— \/Wexp _2_§2 )

D K-1 p
T(Bk|A1, Az) o exp {—/\1 > @Bl =AY Zﬁk,l\dl,mll} ,
=1

k=1 I=1

RO) ~ [ exp(-A ),
R08) ~ [ expl- /).

where <2, a,b, c and d are some constants.

For given latent parameters s? and ti,n we can rearrange the quantile slopes for the
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[-th predictor and have the following identity

(ﬂl Th+1 /8l77k)2

2
e

(1~
o
NM;\“[\D

_l’_
N

=1
=B (72 +t00) + B (s 2+t +50) + -+

K-1
2 2 2 —2 2 2
ﬁl,TK,l (Sl + tK72,l + thl,l) + /Bl,Tk( + tK 1, l -2 Z Bl Tk+1/8l Tk tk,l .
k=1

Hence, we can see that 8, . |s7, ti,l is multivariate normal with mean 0 and precision ma-
trix ¥, ', where Birw = Birys s Biry) and ¥, ! is a tridiagonal matrix with diagonal ele-
ments {(s; >+t17), (5, 2401 +57 ) oo (87 24y 70 0), (72411 )} and off diagonal
elements {—t,°, ..., —t;f_u}. Thus, after rearranging B, (,BIJK, s BPJK)T follows mul-
tivariate normal with mean 0 and precision matrix X!, where ¥7! = diag(3;", ..., E;l).
Hence, Bayesian hierarchical model for 3 is

(/6{7—[{7"' p’T‘K> ‘S t ~ NKX;D<0 Z)
K+1 2
2112
sp|Ay ~T (—2 7)\—%) )
2
ti,l’)‘gkl ~ €xXp (AT) )
2kl

— T _ (42 2 2 T — a7 —
where s = (81,. .., S t = (tl,l’ c. tlp?"‘vthl,l? c. ’tK*LP) s )\1[ = wl)\l and /\le =

[
ijJ}\g.
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Hierarchical Model

With the approximate conditional density function and prior specifications, the corre-

sponding Bayesian hierarchical model can be expressed as

y|Xi7 0 ~ A(y|x’i7 0)7

(B{TKa (R /B;I;,TK)T’Sa t~ NKXp<07 E)?

MCMC Algorithm for Bayesian Fused Adaptive LASSO II
1. Initialize oug, B, siy, thys AT and A3
(a) The initial values for axr and B can be obtained by applying the conventional

quantile regression at each 7, separately.

(b) The initial values for si and tj, are drawn from GIG(1/2,1, 18 |12) and

lvTK

GIG(1/2,1, |dl(f)7)k 12), respectively, where 8\” and dl(g)k are the initial estimates

l77—k

for the [-th predictor at the 7-th quantile level.

(c) The initial values for A\? and A3 are 1.

2. Update ax and B using the LIGPD in Chapter 2.
3. Update s and t;, using Gibb’s sampler.

(a) Update s} using the GIG(1/2, A\, [|8, ,,.||3) or update 1/s} using the GIG(—1/2,

)\2
1808380 =1G (g ).
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(b) Update t;, by sampling from IG <\/%, A%l) and taking the reciprocal.
4. Update A\? and )3 using Gibb’s sampler.

(a) Update \? using T’ (% +a, (3 +3>0, 711123[2)_1).

(b) Update A3 using T’ <(K —1p+e, <l/d s ﬁz,lti,z/2> _1>.

5. Repeat Steps 2-4 until the MCMC chain converges. We estimate each parameter
by using the mean of the corresponding MCMC samples.

4.3 Simulation Studies

We carried out simulation studies to compare the performance of the three proposed
methods and the conventional quantile regression. We refer to the conventional quantile
regression method as QR, the Bayesian fused adaptive group LASSO as BFGLGL, the
Bayesian fused adaptive LASSO as BFLL and the Bayesian fused adaptive LASSO II as
BFGLL.

For each scenario, the simulation is repeated 500 times and a grid of nine equally
spaced quantile levels, (0.1,0.2,...,0.9), is considered. We evaluate the three proposed
methods using the mean of integrated squared error (MISE) and the mean squared errors
(MSE) of quantile slopes. The MISE is defined as the average of ISE over 500 simulations,

where
n

158 =5 {(an, +x78,,) ~ (4, +xIB,)}

i=1
The MISE evaluates the overall estimation efficiency of an estimator for estimating the 7-
th conditional quantile given x;,7 = 1, ..., n. We measure the individual slope estimation
efficiency by the mean squared errors. The MSE of a quantile slope g, .,k =1,..., K,l =

1,...,pis defined as

e
500
1

% (/Bl,Tk - ﬂl,m)27

m=1

where Bm and f; ,, are the estimated and true 7,-th quantile slope associated with the

[-th predictor, respectively.
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4.3.1 Simulation Study I

We consider the following model for generating the simulation data

yi = Bo + frxia + Boxio + Baxis + h(xi)e; i =1,...,200, (4.6)

where By =51 =1, fo =3 =0, z;; oy U(0,1), e; bEg- N(0,1) and h(x;) =1,14+ I(7 >

0.5)z;1, or 1 + x;1. The corresponding conditional quantile function is

QT (Y;|X7,) = 50,7 + /8177'x’i1 + ﬁ277xi2 + 53,7371'37

where Sy, =14+ ®7Y(7), f2, = 3, =0 and

1 if h(zy) =1,
Bir =1+ 1(r>05)0r) if h(wy) =1+ (1 > 0.5)x,,
1+ @—1(7_) if h(l’ﬂ) =1+ Ti1-

If h(z;1) =1, b1, are constant across all quantile levels. If h(x;1) = 1+ I(7 > 0.5)z; ,
f1.- remain constant for 7 < 0.5 and vary with 7 otherwise. If h(z;;) = 1 + 1, 1, vary
with 7 across the entire quantile region.

We put independent normal priors N(0,100) on ay,..., o, and we use I'(1,0.1)
prior on A} and A3. As discussed in Kyung et al. (2010), the prior distribution T'(1,0.1)
is relatively flat and gives high posterior density near the MLE. With 100,000 MCMC
samples, we discard the first 25,000 samples as burn-in and estimate 3, ; for j =0,1,2,3

by the posterior means of the thinned sample using every 100th MCMC sample.

Simulation Results

Table 4.1 summarizes the mean of integrated squared errors (MISE) of the QR and three
proposed methods across 500 data sets. Figures 4.1 — 4.3 plot the mean squared errors
(MSEs) of the QR and three proposed methods and 95% pointwise confidence bands
of the MSE of the QR estimator. Figure 4.4 shows the box plots of BLT and Table 4.2
summarizes the biases of BALT,Z =0,1,2,3 when h(z;) = 1.

Figure 4.1 shows that the proposed estimators have similar efficiency at central quan-

tiles and slightly higher efficiency at tails than the QR estimator for estimating the con-
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stant non-zero quantile slope 1, when h(z;) = 1. Figure 4.4 shows that the proposed
methods slightly overshrink 3, ; towards zero since all three proposed methods penalize
quantile slopes. The variances of BLT for the BFLL, BFGLL and BFGLGL estimators are
smaller than for the QR estimator, especially at tails. Thus, the proposed methods yield
higher efficiency for estimating 3; , at tails even though the BFLL, BFGLL and BFGLGL
estimators have slightly higher biases than the QR in Table 4.2. When h(z;;) = 1, we ex-
pect that BEFGLGL performs the best since it can capture global sparsity and constancy
in the quantile slope. However, BFGLGL shrinks 3, ; towards zero more than necessary.
Instead, the BEGLL estimator has smaller biases and MSEs than the other two proposed
methods.

Figures 4.2 — 4.3 show that the QR estimator has similar or slightly higher efficiency
than the proposed methods for estimating the non-constant and non-zero quantile slope
p1+ when h(x;) = 1+ I(7 > 0.5)x;; or 1 4 ;. When h(z;) = 14+ I(7 > 0.5)x;, we
expect that the BFLL and BFGLL methods performs better than BFGLGL since the
BFLL and BFGLL estimators can capture non-zero local constancy of ;.. However, we
do not observe the advantage of using the proposed methods. Figure 4.5 shows that, at
7 < 0.5, the three proposed methods have similar variances and biases of BL’T compared
to the QR and, at 7 > 0.5, the three proposed methods have smaller variances and
higher biases for estimating BLT than QR due to shrinkage towards constant. When
h(z;1) = 1+ x;1, the proposed methods also have higher biases and smaller variances for
estimating (3, ; and thus we observe no improvement over the QR for estimating /3 ,.

Across all three scenarios considered, the proposed methods yield significantly smaller
MISEs than the QR method because the proposed methods have higher efficiency for
estimating the zero quantile slopes ;. and f3,. The BFGLL estimator has smaller
biases and MSEs than the other two proposed methods for estimating the non-zero
constant and sparse quantile slopes at the lower and upper quantiles. Hence, the BFGLL
method shows smaller MISEs at tails than the other methods. In addition, the higher
efficiency of the proposed methods for estimating quantile intercepts can be explained by
the compounding effects of joint-modeling of LIGPD and higher efficiency for estimating

other quantile slope coefficients.
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Table 4.1: A thousand times the mean of integrated squared errors (10*x MISE) across
500 simulations for data generated from model (4.6) from the conventional quantile re-
gression method (QR), the Bayesian fused adaptive LASSO (BFLL), the Bayesian fused
adaptive LASSO II (BFGLL) and the Bayesian fused adaptive group LASSO (BFGLGL).
The values in the parentheses are the standard errors of 10>x MISE.

T 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09
BFLL 48.64 32.7 27.01 24.03 24 2477 2776 32.64 46.29
(1.87) (1.29) (1.02) (0.89) (0.87) (0.89) (1.02) (1.20) (1.70)
BFGLL 3875 30.17 2541 23.37 23.61 24.15 2539 29.09 35.28
(1.53) (1.23) (0.95) (0.83) (0.84) (0.85) (0.86) (0.99) (1.22)
BFGLGL 4736 34.67 27.45 234 2324 2447 2728 34.64 46.63
(1.87) (1.38) (0.94) (0.78) (0.78) (0.85) (0.93) (1.18) (1.74)
QR 60.09 41.49 33.16 30.46 32.26 33.37 35.32 42,18 59.27
(2.01) (1.37) (1.08) (0.96) (0.99) (0.99) (1.11) (1.33) (2.05)
BFLL 46.78 32.57 27.83 2721 4056 4882 59.44 745 117.54
(1.75)  (1.27) (1.08) (1.10) (1.70) (1.83) (2.26) (2.66) (4.26)
BFGLL 40.15 31.72 2795 26.71 36.58 43.63 51.54 65.78 96.23
(151) (1.24) (1.03) (1.00) (1.53) (1.59) (1.89) (2.26) (3.33)
BFGLGL 4739 34.1 2823 2694 4137 49.12 60.17 79.26 118.06
(1.83) (1.26) (1.01) (1.01) (1.73) (1.86) (2.19) (2.73) (4.16)
QR 60.19 41.53 33.27 33.08 50.97 68.58 76.82 93.13 127.83
(2.00) (1.37) (1.10) (1.15) (1.84) (2.03) (2.58) (3.00) (4.51)

h($11)21+$11

BFLL 107.33 67.27 54.38 49.66 4995 5243 6397 79.26 12287
(4.34)  (2.60) (2.08) (1.83) (1.79) (1.82) (2.25) (2.68) (4.20)
BFGLL 104.18 73.98 59.11 5225 5258 55.83 65.14 8242 1154
(3.81) (2.97) (2.25) (1.90) (1.90) (2.02) (2.34) (2.75) (3.91)
BFGLGL 114.64 77.66 60.54 51.54 51.03 54.88 66.53 85.79 130.85
(4.48) (3.00) (2.19) (1.80) (1.82) (1.94) (2.30) (2.82) (4.56)
QR 12948 88.79 7041 66.69 68.67 723 77.15 93.13 127.83
(4.24) (3.03) (2.33) (217) (2.21) (2.25) (2.63) (3.00) (4.51)
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Figure 4.1: Mean squared errors of BFLL, BFGLL, BFGLGL and QR estimators in
model (4.6) with 8y, = 1+ @ (7), f1, = 1 and Ba, = B3, = 0. The shaded bands
represent 95% pointwise confidence bands of the MSE of the QR estimator.
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shaded bands represent 95% pointwise confidence bands of the MSE of the QR estimator.
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true ;.. For example, if the center of the last box plot in each graph is at the top
horizontal line, 9 is unbiased.
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Table 4.2: 102x bias of Blml = 0,1,2,3 from the QR, BFLL, BFGLL and BFGLGL
estimators in model (4.6) with h(z;;) = 1.

Method = 01 02 03 04 05 06 07 08 0.9
BFLL By, -2.63 -0.68 0.28 1.01 259 453 6.15 7.64 9.90
B, -7.11 -6.14 -548 -527 -511 -519 -538 -5.95 -6.42

Bor -1.91 -205 -1.69 -0.72 -0.62 -0.14 0.71 2.09 2.96

B3, -1.08 -0.36 -0.25 0.36 0.68 0.67 0.35 044 0.41

BFGLL fj3y, -0.45 -0.43 0.13 0.77 143 270 3.63 4.85 5.06
Bi, -458 -411 -3.73 -4.05 -3.81 -3.99 -431 -532 -6.24

Bor -141 -1.62 -1.66 -1.17 -0.99 -0.73 0.05 1.17 2.44

B3, 126 134 131 121 159 140 0.71 -0.06 -0.31
BFGLGL Sy, -2.82 -0.26 1.10 204 370 580 7.55 9.41 11.37
B, -7.69 -7.69 -7.15 -6.74 -6.42 -6.46 -6.62 -7.07 -7.25

Bor -259 -291 -249 -1.64 -1.29 -0.67 0.25 1.46 2.07

B3, -0.48 -0.57 -0.50 0.13 060 0.71 054 051 0.58

QR By, -0.86 -0.08 -0.58 -0.58 0.04 -0.68 -0.00 1.30 -0.30
B, 268 285 355 200 206 212 -035 -1.72 -3.34

Bor -0.86 -1.64 -2.18 -1.31 -2.26 -1.47 -0.19 1.14 5.07

B3, 157 003 112 0.70 050 0.59 -0.15 -2.07 -2.34
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4.3.2 Simulation Study II

We consider the following model for generating the simulation data

Y = ﬂo + leil + /82$i2 + h(X)@i,i = 1, ey 200, (47)
where By = 01 = [ = 0, z;; ~ U(0,1), x; RS U(0,1), e RS N(0,1) and h(x;) =
14+ I(r > 05)x; or 1 + I(1 > 0.5)x;1 + I(7 > 0.5)z;2. The corresponding conditional

quantile function is

Q- (Yi|x:) = Bor + Prrxin + ParTio,

where 3y, = & 1(7), f1, = I(T > 0.5)® (1) and

We put independent normal priors N(0,100) on s, ..., o, and we use I'(1,0.1)
prior on A? and \3. With 100,000 MCMC samples, we discard the first 25,000 samples
as burn-in and estimate 3, ; for j = 0, 1,2 by the posterior means of the thinned sample
using every 100th MCMC sample.

Table 4.3 summarizes the mean of integrated squared errors (MISE) of the QR and
three proposed methods. Figures 4.6 — 4.7 plot the mean squared errors (MSEs) of the
QR and three proposed methods and 95% pointwise confidence bands of the MSE of the
QR estimator.

For model (4.7) with h(x;) = 14 I(7 > 0.5)x;1, the proposed methods yield signifi-
cantly smaller MISE than the QR method because the proposed estimators have higher
efficiency for estimating the zero quantile slope ;. Since the BFGLL and BFGLGL
methods regularize f; . with a group LASSO penalty, these two proposed methods are
not able to capture local sparsity of ;. at 7 < 0.5. Generally speaking, the BFLL
estimator have the smallest MSEs for estimating ;- at the lower and central quantiles.

For model (4.7) with h(x) = 1+ I(7 > 0.5)z; + I(T > 0.5)z;9, the BFLL estimator
has smaller MISE than the others because it better captures the local sparsity of 3; » and
Ba2,-. The BFGLL and BFGLGL generally give more efficient estimation than the QR,
possibly due to the joint-modeling of multiple quantiles using LIGPD and the quantile
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Table 4.3: A thousand times the mean of integrated squared errors (10°x MISE) for
data generated from model (4.7) from the conventional quantile regression method (QR),
the Bayesian fused adaptive LASSO (BFLL), the Bayesian fused adaptive LASSO II
(BFGLL) and the Bayesian fused adaptive group LASSO (BFGLGL). The values in the
parentheses are the standard errors of 10°>x MISE.

T 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
h(x;) =14+ I(1 > 0.5)z;

BFLL 19.55 13.39 11.02 9.77 154  25.09 33.64 51.38 86.17
(0.98) (0.73) (0.56) (0.53) (0.96) (1.24) (1.49) (1.86) (2.96)

BFGLL 31.18 24.31 22.23 2226 31.68 38.59 43.54 55.91 80.84
(1.30) (1.03) (0.91) (0.99) (1.60) (1.64) (1.93) (2.21) (2.83)

BFGLGL 34.26 2483 21.94 21.6 34.38 4048 48.17 61.72 86.07
(1.40) (1.09) (0.91) (0.94) (1.62) (1.75) (2.07) (2.46) (3.05)

QR 4394 30.89 25.63 25.07 37.75 54.44 59.98 66.74 90.58
(1.71) (1.16) (1.02) (L06) (1.59) (2.08) (2.23) (2.62) (3.38)

h(x;) =1+ I(7 > 0.5)(xi1 + 2:2)

BFLL 204 13.33 1096 10.13 24.81 4295 62.39 102.23 183.92
(0.96) (0.66) (0.56) (0.63) (1.96) (2.00) (2.37) (3.12) (5.29)
BFGLL 33.09 24.85 2296 24.09 47.46 62.17 73.73 101.38 159.02
(1.25) (1.00) (0.98) (1.18) (2.66) (2.64) (3.00) (3.79) (5.34)
BFGLGL 35.72 253 22.88 25,57 60.24 71.05 88.3 115.84 169.57
(1.35) (1.04) (0.94) (L.27) (3.04) (3.23) (3.71) (4.53) (5.50)

QR 4422 31.09 259 27.27 5729 92.13 103.6 121.67 167.51
(1.64) (1.16) (1.02) (1.40) (2.68) (3.28) (3.90) (4.85) (6.36)

and interquantile shrinkage.

As expected, the BFLL estimator performs the best for capturing the local sparsity
and constancy of quantile slopes. If there exists local sparsity of quantile slopes, the
regularization parameter \? in the BFLL estimator increases. A high value of A\? may
result in the overshrinkage of the quantile slope towards zero at the quantile levels with
no sparsity. At the upper quantiles, the BFLL overshrinks locally sparse quantile slopes
towards zero and it results in higher biases and MISE than the other two proposed
methods.
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Figure 4.6: Mean squared errors of BFLL, BFGLL, BFGLGL and QR estimators in
model (4.7) with By, = ®(7), f1, = (7 > 0.5)®7!(7) and By, = 0. The shaded bands
represent 95% pointwise confidence bands of the MSE of the QR estimator.
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model (4.7) with By, = ®7'(7) and B1, = Ba, = I(7 > 0.5)®7'(7). The shaded bands
represent 95% pointwise confidence bands of the MSE of the QR estimator.
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4.3.3 Simulation Study III

We consider the following model for generating the simulation data

Yi = Bo + Bixia + Patio + Paxiz + Bazis + Bsxis + Pexic + h(xis)ei, i =1,...,200, (4.8)
whete fy = B = o =1, B3 =2, By = 5 = o = 0, z;; X" U(0,1), ¢; "= N(0,1) and
h(x;3) = 1,1+ I(1 > 0.5)x;3, or 1+ x;3. The corresponding conditional quantile function

is
Q- (Yi|x:) = Bor + Brrmin + PorTiz + BTz + BarTia + Bs.-Tis + BorTis,

where By, =1+ ®7Y(7), i, = Bo; =1, fuy = Bs5, = P = 0 and

Bar =192+ 1(r >05)0(7) if h(x) =1+ I(1 > 0.5)zs3,
2+ QD_I(T) if h(.]?lg) =1+ x;3.

We put independent normal priors N(0,100) on ., ...,a,, and we use I'(1,0.1)
prior on A3 and A2. With 100,000 MCMC samples, we discard the first 25,000 samples as
burn-in and estimate 3, ; for j = 0,1, ..., 6 by the posterior means of the thinned sample
using every 100th MCMC sample.

Table 4.4 summarizes the mean of integrated squared errors (MISE) of the QR and
three proposed methods. Figures 4.8 — 4.10 plot the mean squared errors (MSEs) of the
QR and three proposed methods and 95% pointwise confidence bands of the MSE of the
QR estimator.

Figures 4.8 — 4.10 show that the BFGLL estimator has smaller MSE than the BFLL
and BFGLGL for estimating the non-zero constant quantile slopes 3 ; and (3, ,, especially
at tails. The proposed methods have advantage over the QR for estimating 5,  and [ ;.
For estimating (3, when h(z;3) = 1+ I(1 > 0.5)z;3 or 1 + x;3, the proposed methods
have similar or higher MSE than the QR at the quantile levels with no constancy of
quantile slopes. The proposed methods tend to shrink s, towards constants and this
leads to higher MSEs than the QR. This explains the slightly higher MISE of the BFLL
and BFGLGL at 7 = 0.1 and 0.9 when h(z;3) = 1+ I(7 > 0.5)x;3 or 1 + x;3.
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All three proposed methods generally give smaller MISE mainly because of their
higher efficiency for estimating zero quantile slopes 4., 85, and Sg.. As we have seen
in the simulation study I, the BFGLL estimator has smaller biases than the BFLL and
BFGLGL at the upper and lower quantiles and thus the BFGLL estimator has the small-
est MISE, especially at tails.

4.4 Summary

Compared to the conventional quantile regression, our proposed methods yield higher
efficiency for estimating quantile slope coefficients when they are sparse or constant in
some quantile regions. As expected, the proposed methods do not show clear efficiency
gain over the QR for estimating non-zero and non-constant quantile slope coefficients.

For estimating zero quantile slopes or non-zero constant quantile slopes, all three
proposed methods are more efficient than the QR. One may expect BFGLGL to perform
the best for estimating non-zero constant slopes but BFGLGL tends to overshrink towards
zero. Instead, BFGLL has smaller MSEs for estimating non-zero constant slopes than
BFGLGL. In addition, BFGLL also has less biases at tails and shows the best overall
estimation when the model contains non-zero constant quantile slopes.

For estimating quantile slopes with local sparsity, the proposed methods have higher
efficiency than QR, possibly due to the compounding effect of joint-modeling of multiple
quantiles and regularization. Among the three proposed methods, only BFLL can capture
local sparsity of quantile slopes. Consequently, compared to BFGLL, BFGLGL and QR,
BFLL shows higher estimation efficiency at quantile levels with local sparsity.

In sum, Figure 4.11 summarizes the features of each proposed method based on our
simulation observations. We divide quantile slopes into five different categories (sparse /
constant / locally sparse/ locally constant / non-constant). The three proposed methods
work well for estimating sparse quantile slopes. The BEFGLL method performs the best for
estimating non-zero constant quantile slopes and the other two proposed methods work
better than QR at tails. The BFLL method is best suited for capturing local sparsity
in quantile slopes. The three methods do not show improvement over QR for estimating

non-zero locally constant quantile slopes.
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Table 4.4: A thousand times the mean of integrated squared errors (10°x MISE) for
data generated from model (4.8) from the conventional quantile regression method (QR),
the Bayesian fused adaptive LASSO (BFLL), the Bayesian fused adaptive LASSO II
(BFGLL) and the Bayesian fused adaptive group LASSO (BFGLGL). The values in the
parentheses are the standard errors of 103x MISE.

T 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09
BFLL 105.87 60.55 47.36 39.57 3746 386 43.76 53.65 88.18
(321) (1.69) (1.29) (1.11) (1.00) (1.01) (1.16) (1.40) (2.55)
BFGLL 5598 43.77 38.62 3544 3515 3527 3762 4146 54.43
(1.54) (1.38) (1.06) (0.91) (0.92) (0.92) (1.04) (1.12) (1.44)
BFGLGL 108.75 65.07  48.6  40.27 37.08 38.07 44.39 56.83 96.35
(2.66) (1.29) (1.08) (0.95) (0.91) (0.91) (1.06) (1.30) (2.87)
QR 1022 6991 61.21 5498 53.12 555 5875  69.5 103.76
(2.33)  (1.64) (1.48) (1.37) (1.36) (1.29) (1.38) (1.60) (2.45)
BFLL 92.66 56.44 47.89 48.18 68.14 78.83 98.18 131.75 255.59
(2.62) (1.57) (1.33) (1.41) (1.97) (221) (2.71) (3.39) (7.48)
BFGLL 62.33 50.62  46.72 47 60.19 63.33 T71.29 86.37 134.42
(1.56) (1.38) (1.19) (1.23) (1.74) (1.76) (1.89) (2.24) (3.27)
BFGLGL 100.26 58.46 47.95 49.03 7529 87.1 107.31 142.58 260.08
(2.53)  (1.36) (1.31) (1.42) (2.10) (2.28) (2.80) (3.42) (7.11)
QR 10212 7047 6218 61.73 833 106.95 124.18 149.07 220.11
(2.31)  (1.67) (1.58) (1.69) (2.33) (2.35) (3.03) (3.65) (5.24)

h(l‘ﬁ) =1+ T3

BFLL 243.64 133.89 102.85 86.42 82.7 88.85 104.81 137.99 260.83
(7.24)  (3.67) (2.71) (2.38) (2.16) (2.26) (2.65) (3.36) (7.02)
BFGLL 155.95 114.34 93.17 819  79.65 82.75 9249 110.73 166.19
(3.84) (3.61) (2.66) (2.21) (2.21) (2.30) (2.52) (2.87) (4.01)
BFGLGL 240.22 135.11 98.24 7883 7817 86.1 104.48 143.19 283.49
(5.71) (2.80) (2.22) (1.88) (1.84) (2.03) (2.41) (3.31) (7.75)
QR 21792 1498 130.34 116.42 113.63 118.81 125.76 149.61 220.39
(5.09) (3.74) (3.10) (2.90) (2.87) (2.83) (3.10) (3.62) (5.29)
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Figure 4.8: Mean squared errors of BFLL, BFGLL, BFGLGL and QR estimators in

model (48) with /80,7' =1+ (I)_l(7_>7 61,7 = 52,7 =1, 53,7 = 2 and B4,'r = /35,7' = 56,7 = 0.
The shaded bands represent 95% pointwise confidence bands of the MSE of the QR
estimator.
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Figure 4.9: Mean squared errors of BFLL, BFGLL, BFGLGL and QR estimators in
model (4.8) with By, =1+ (1), f1r = for =1, B3 =2+ I(7 > 0.5)®7!(7) and
Bar = Bs5.+ = Por = 0. The shaded bands represent 95% pointwise confidence bands of
the MSE of the QR estimator.
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Figure 4.10: Mean squared errors of BFLL, BFGLL, BFGLGL and QR estimators in
model (4.8) with By, =14+ D7 H(7), 1, =Por =1, B3, =24+ P (1) and By, = B5, =
Be.- = 0. The shaded bands represent 95% pointwise confidence bands of the MSE of the
QR estimator.
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Figure 4.11: Comparison of BFLL, BFGLL and BFGLGL with QR for five different cases
of quantile slopes (sparse / constant / locally sparse/ locally constant / non-constant).
The x-axis represents quantile levels and the y-axis represents the true quantile coef-
ficients. A check symbol v' means higher efficiency of the proposed method than QR,
V" indicates the best method among the three penalization methods, A means similar
efficiency to QR and X indicates slightly lower efficiency than QR.
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Appendix A

A.1 Proposal Distribution for Quantile Monotonic-
ity
A.1.1 For Independent data
We describe the proposal distribution for f ., , the Ith element of 3, for the algorithm
in Section 2.2.2 to avoid quantile crossing.
First, we calculate (b; and ub;, the lower and upper bounds for 5 . We then take the

maximum of [b; and minimum of ub; over ¢ as the lower and upper bounds for 5 . For
k=2,...,K —1, define

3
T4l T

T T
. X ﬁfr,_ - Z in,mﬁmﬂ'k X ﬂ'ﬂ - Z lxi,mﬁmﬁk
lbl _ mln{ k—1 m# k-1 m# :

)
Lj1l ;)

T T
ub; = max { = IBTk_l — Zmﬂ TimPmn, X ﬂTk+1 B Zm;él Ti,m P, } )

where x;; is the {th element of x;. For kK = 1 and z;; > 0, define

T
X; ﬂTk-H - Zm#l xi,mﬁm,m

lb; = —oo and ub; =
T
For k =1 and z;; < 0, define
XT/BTk+1 - Zm# xi,mﬂmn—k

b = — and ub; = oo.

X4l
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For k = K and z;; > 0 define

T
X’L ﬁ’rk_l - Zm;ﬁl xi»m/@mﬂ—k

lb; = and ub; = oco.
X4l
For k = K and z;; < 0 define
XT - TimPm,m
Ib; = —o0 and ub; = — Pris Zm# mbm t
T
In addition, for ;; = 0, define lb; = —oo and ub; = co. Thus, the lower and upper bounds

for the candidate 3/, are Ib = max;(lb;) and ub = min,(ub;), respectively. If k is neither
1 nor K, we draw g, from U (lb,ub) or a truncated normal distribution with support
(Ib,ub). If k is either 1 or K, we generate 3/, from a normal distribution truncated at

[b or ub, respectively.

A.1.2 For Clustered Data

This subsection describes the specifications of the lower and upper bounds for g/ in
Step 5 of the MCMC algorithm in Section 3.2.2 to avoid quantile crossing.

First, we calculate [b;; and ub;j, the lower and upper bounds for 3/ associated with
cluster ¢ for the j-th subject. We then take the maximum of /b;; and minumum of ub;

over ¢ and j as the lower and upper bounds for 8, . For k=2,..., K — 1, define

9

T T
lb _ : X'L] Tk—1 - Em#l xij7mﬁm77k X’L] Tk+1 - Zm;ﬁl mijam/@mv‘rk
ij — 1111 s

Tijl Tij1
T T
_ XijPre_1 — Zm;ﬁl TigmBm,my XijiPrep — Zm;ﬁl Tigm Bm,m
ub;; = max , ,
Tiji Lij
where x;;; is the {th element of x;;. For &£ = 1 and z;;; > 0, define
T

X5Brias — Lot B

1 T m#£l 17,M =M, Tk

lbij = —oo and Ubij = I Thil a .

Tijl
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For k =1 and z;;; < 0, define

T
X7, — Tis ﬁ -
Iby; = —2 Tkt et T g uby; = oo.
Xijl
For k = K and z;;; > 0 define
T
X5 T] - x“y ﬁ )
by = —L T Lt T g ubsj = 0.
Lijl
For k = K and z;;; < 0 define
T
Xij T - x”? /B )
lb;j = —oo and ub;; = Y Thed Zm# DT
Tijl
In addition, for z;;; = 0, define lb;; = —oo and ub;; = oo. Thus, the lower and upper

bounds for the candidate 3 are Ib = max; ;(lb;) and ub = min; ;(uby;), respectively.
If £ is neither 1 nor K, we draw g/ from U (Ib,ub) or a truncated normal distribution
with support (Ib, ub). If k is either 1 or K, we generate B, from a normal distribution

truncated at Ib or ub, respectively.

A.1.3 For Interquantile Differences

This subsection describes the specifications of the lower and upper bounds for dj;, the
Ith element of 3, for the algorithm in Section 4.2.2 to avoid quantile crossing.
To avoid quantile crossing, the conditional quantile functions for the quantile levels

T1, ..., T, must satisfy that

2 K
a7 —l—X;-Fdl < Qg +ZXszk <0 K OZK—{—ZX;-de.
k=1 k=1

Equivalently,
ap < Qi -I—XZ-TdkH, fork=1,..., K —1.

We can obtain the upper and lower bounds of the candidates for «ay and djy; using the

following procedure. Suppose that we would like to update dy;, k=2,.... K, [ =1,....p.
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Let dj, denote the candidate for dy;. Let Ib; and ub; denote the lower and upper bounds
of dj,; for the i-th observation. For x; > 0, define

QO — Q-1+ Dy Tijdi;

Ib; = , Al
(A1)
ub; = o0. (A.2)
For z; < 0, define
lb; = —o0, (A.3)
by = _Oék — Qi1+ Zj;él xijdkj‘ (A.4)
L5
For z;; = 0, define [b; = —oo and ub; = oo. Thus, the lower and upper bounds for the

candidate are b = maxy<;<,,({b;) and ub = min;<;<, (ub;), respectively. The candidate is

drawn from the following truncated normal distribution:

1 ((di—du
Lo (i

o (ub—dkl> _ & (lb—dkl> ’
@ ®

where ® and ¢ are the cumulative distribution and probability density functions of the

fTN(dl:h dkl) 2 lb) Ub) = (A5)

standard normal distribution, respectively, and ¢ is a some constant.

Similarly, we can update dy;,l = 1,...,p and ay, k = 1, ..., K after finding their lower
and upper bounds. Let [b; and ub; denote the lower and upper bounds of oy for the
i-th observation and let b = max(lb;) and ub = min(ub;). The lower and upper bounds
for ag, k = 2,.., K — 1, are aj_; — x''dy, and apy1 + X! dy1, respectively. We choose
the proposal distribution for «; with the support (Ib,ub), for example, U(lb,ub) or
Jrn (5 ag, @, 1b,ub). We only have the upper bound for «y, that is, as + x7dy and we
have the lower bound for ag, that is, ax_1 — X;deK. The proposal distributions for oy
and ag are fry(-;aq,p, —oo,ub) and fry(-; ak, ¢, b, 00), respectively. There are neither
a lower bound nor a upper bound for dy;, [ = 1, ..., p. The proposal distribution for dy; is

the normal distribution with mean d;; and some variance.
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A.2 Comparisons of the LID and LIGPD Methods

In this section, we propose different versions of the LID and LIGPD methods and compare
new methods with the LID and LIGPD methods. First, we propose two new LIGPD
methods: one with updating the scale and shape parameters in tail distributions and
one with reparameterization and new constraints on the quantile coefficients. Second, we
propose a tail parameter estimation method for the LID method by matching the linearly
interpolated density and tail density. Lastly, we compare the performance of different LID

and LIGPD estimators via simulation studies.

A.2.1 LIGPD with Updating the Scale and Shape Parameters
of Tail Distributions

Our proposed LIGPD method uses the generalized Pareto distribution (GPD) as the tail
distributions and the scale and shape parameters of the GPD remain constant in the
MCMC algorithm. The scale parameter estimates are determined by the initial estimates
of the quantile coefficients and the shape parameter is determined by the maximum
likelihood estimation using samples over the lower and upper thresholds. Those thresholds
are also determined by the initial estimates of the quantile coefficients.

In constrast, the new LIGPD method updates the scale and shape parameters of
the GPD in the MCMC algorithm. The scale parameters are estimated by matching the
linearly interpolated density and the GPD tail density at the lower and upper thresholds.
We update the shape parameters £ and & by using the Metropolis-Hastings algorithm.
The algorithm of the LIGPD method with updating tail density parameters is as follows.

1. Choose the initial values for the quantile coefficients B, using the algorithm in
Section 2.2 and obtain the initial values for the scale and shape parameters: p;, 9,

&1 and & by using Step 1-2 in Section 2.3.
2. Update B by using the Metropolis-Hastings algorithm in Section 2.2.

3. Estimate the scale parameters p; and g9. At the t-th iteration in the MCMC, the
scale parameter oo for the right tail distributions can be updated by

n T t T t
x/BY) —xIBY
n(T, ’

o = {1 = (e +7)/2)} Y

K —TK71)
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where ,B(Tt) are the quantile coefficients at the t-th iteration. Similarly, the scale

parameter p; is updated by

" xT XT (t)
() (11 4 72) /QZ ﬁ ﬁl

72 - Tl)

4. Update the shape parameters & and & using the Metropolis-Hastings algorithm.
We assign the priors on & and &, say m(&;) and 7(&;) and the proposal distributions
for & and & are distributions with finite support such as uniform distributions
and truncated normal distributions. Suppose £ is the candidate at the (¢ 4 1)-th
iteration. Then, Take

o _ & with probability ¢, &)
! ¢ with probability 1 — ¢(£", &),

where

(b( gt)’fik) :mln{ Hz 1fY(yZ|X27ﬁK7£17€1 7@1 7@2 )W(él) 1}

Hl 1fY(yz|Xza/8K7£1 7£2 7@1 7Q§)>7T( (t))

and fy(y|x, B, &1, &1, 01, 02) is the approximate density with the left tail density

fily) = g(=y; 01,&, 1) and the right tail density fa(y) = g(y; 02,&2,u) and g is
the generalized Pareto density function, | = {x/ 8, +x/8,,}/2 and u = {x] B, +
X?BTKA} /2 are the lower and upper thresholds, respectively. We can update & by

using the same algorithm.

5. Repeat Steps 2 and 4 until the MCMC chain converges.

A.2.2 LIGPD with Simpler Constraints to the Quantile Coeffi-

cients

The LIGPD and LID methods avoid quantile crossing problem by imposing the following

constraints to the quantile coefficient:

X/ B,  <x/B. k=2 ,Ki=1 - n (A.6)

(3
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These (K — 1)n constraints ensure non-crossing property but also increase the compu-
tation time. However, Using the constraint (3) in Bondell et al. (2010), the number of
constraints can be reduced from (K —1)n to (K —1) after the transformation of covariates
and reparameterization. Hence, the computation can be simplified.

Let x;; be the j-th predictor of observation i and z;; = % € [0,1], where

Tjmin = MIN(T1;, -+, Tpj) and Zjmee = max(xy;,- -, Ty;). The domain of interest re-

duced to [0,1]P. Then, we can re-write the conditional quantile function in terms of

Z; = (Zﬂ? e 7zip> and aTk - (O(lk, e 7apk>'
I I S _
Q. (Y|x:) =x; B, = z; o, i=1,---,n, k=1,.. K.
Next, consider the reparametrization by using inter-quantile differences from o, - - - , a7
to Ve Vg

(7117"' a’7p1) = (04117"' 70-/1?1)7

(’Y1k, T 7’ka’) = (qu — Qok—1," ", Qpk — ap,k—1)> k=2--- K. (A-7)

The constraints can be written in terms of the quantile coefficient o, , k =2,--- | K:

T T .
Z; O, > Z; 0y, Vi

& ziT'ka >0, Vi

p
< Yk + Z ZiiYik >0, Vi. (A8)

Jj=2

Since z;;vjx > 0 X (vjr)+ — 1 X (%) -, the constraint (A.8) will be satisfied if

p
Yk — Y _(yr)- >0, (A.9)
j=2
where Vi = (Vie)+ — (Vie) = (Vie)+ = I (Ve > 0)vjk and () = —1(v;r < 0)7;x. Hence,

the number of constraints can be reduced to (K — 1) by using the constrinat (A.9).
To incorporate the reparameterization and the constraint (A.8), we propose new

Metropolis-Hastings algorithm as follows.

1. Choose the initial values for the inter-quantile differences 'ygg) = (75?), e ,’yso)).
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First, obtain 5,&0) using the algorithm in Section 2.2 and obtain the initial values

for the scale and shape parameters by using Step 1-2 in Section 2.3. Then, 'y%) can

be calculated by the equation (A.7) and the following equations

p
7,min®;
g = Bk + E ;
=2 jmaz — Ljmin
Ak = (xj,ma;t - xj,min)ﬁjk for J= 27 Y 4

where 3;; and oy, are the j-th element of B, and a,, respectively.

. Propose a move at the (¢+1)-th iteration, ¢ = 0, 1,2, - - - . Randomly pick a quantile
level, 7%, and select a random number from 1 to p, say [. Let v, denote the lth

element of v, . The candidate 1j; need to satisfy the constraint (A.9).

For v};,l =1,---,p, we do not have any constraint and we draw +;; from a normal

distribution.

For v/, l=2,--- ,p,k =2,--- | K, the constraint (A.9) is equivalent to

711g + Z ’ij

J#

where 7](2) is the MCMC sample at the t-th iteration since

{wzz)_ (- € | = (- o] }
L j#l
& {wzz)_ (- € | =), ) } U{(i)-|(v5) - = 0}
L j#l
A {%*k Vik € —71k + Z %k ) } U {7kl > 0}
J#l
= {%*k Vi € 71k + Z %k ) },
J#l

and we draw ;5. from the truncated normal distribution N A0S0 )(’yl(,?, o2
G\

Similarly, we draw v}, = 2,--- ,p,k = 1 from the truncated normal distribution
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()
N [zszgm(-”)_,oo)( 10 %)

The [-th element of «,, will be replaced by ~;,, generating the candidate v, which

has the same elements as 'yg? except the [-th element of 'y%).

3. Take
’Y(Hl) _ 5 with probability gb(’y&?,'y’;{)
K 7&? with probability 1 — ¢(7§§), ¥i),
where

Hzll fY(%‘|Zz', V)T (V) 1}

¢(7§?,7§<)=min{ 0 7 )
H¢:1 fY(yi|Zi,’Y$))7T(’Y%))

and () is the prior for v, and fy(ylz,vx) = fy(y|x, Bx) is the approximate
density. To obtain B, ,k =1,--- , K, the following equations can be used,

p

Jymin*~+g
51k =k — E )

=2 Tjmazx — Ljmin

ozjk

where o), = Zﬁlzlyjm, j=1,---,p.

4. Repeat Steps 2 and 3 until the MCMC chain converges.

A.2.3 Parameter Estimation for Tail Distributions of LID

The LID method uses the truncated normal distributions as tail distributions and the
parameters of tail distributions need to be pre-specified. Simulation studies I and II show
that bad pre-specified values can result in estimations with high mean squared errors.
Thus, we propose a simple method for estimating the parameter of the tail distribution
by matching the linearly interpolated density and truncated normal tail density at X?ﬁﬁ
and X} 3, .

The left and right tail distribution of the LID method are the truncated normal
distributions N(—oo,xZT,B,,_l)<XzTIBn7 0?) and Nirg, oo (x!'B,,..03), respectively. Then, the
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variance parameter o7 and o2 can be estimated by

n.o T T

N XZ IBTQ - Xl ﬁTl

o1 =271 and
Z‘i

< n\2m(Ty — 11)

T T
" x; IBTK - X; BTK,l

G2 =2{1—-7x)>

n\ 2 (T — Tr—1)

A.2.4 Simulation Study

To comply with committee members’ comments on the tail density approximation method,
we investigate the impact of different tail density approximation methods on the estima-
tion efficiency through numerical analysis.

The data were generated from model (2.9) with z; ~ LN(0,1) and (B, 1) = (2,4).
We also consider three distributions for generating the random errors: the standard nor-
mal, ¢3, and x?.

For each scenario, the simulation is repeated 200 times. In the following, we refer to
the LIGPD method with updating the scale and shape parameters of tail distributions
as LIGPD II, the LIGPD method with reparamterization and new constraints as LIGPD
III, and the proposed LID method with the simple tail distribution parameter estimation
method as LID II.

In the simulations, we generated n = 100, 200 and 500 observations from model (2.9).
For both LID IT and LIGPD II methods, we considered a grid of K = 7,11 or 15 equally
spaced quantile levels 7, = k/(1+ K),k = 1,--- , K. To obtain the posterior distributions
of Bo.r, and By, k =1, ..., K, we put the normal priors N(0,%) on (8o, , Bor)’ and
(Bimy s Brrge)T, where ¥ = diag(100, ...,100). For LIGPD III method, the priors on
(Yors s Y0r) T and (Y17, Y1) " are N(0,%,), where X, is a tridiagonal matrix
with large values of diagonal and off-diagonal elements.

Both LID and LIGPD estimates were based on 100,000 samples after the first 50,000
burn-in samples. We estimated the posterior means by thinned samples using every 100th
MCMC step.

Tables A.1-A.3 summarize the mean squared errors of the LIGPD II, LIGPD III, and
LID IT estimators at three quartiles (7=0.25, 0.5, 0.75), respectively.

In general, the LIGPD estimator has higher efficiency than the LIGPD II. The LIGPD

IIT estimator complicates the algorithm and computation time without show clear ad-
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vantage over the LIGPD. Hence, we estimate the shape and scale parameters of the tail

densities and then keep them unchanged throughout the MCMC sampling.

A.3 The Scale Mixture Representation of the Laplace

Distribution

Bayesian hierarchical models in Chapter 4 rely on a scale mixture representation of the
Laplace prior distribution. The Laplace distribution can be written as a scale mixture of

normal distributions with an exponential mixing density (Andrews and Mallows, 1974,

Example 4.2), that is,
A o) 1 BQ )\2 )\2
y P (=AIAD /0 \/%GXP( 25) 2 eXp( 2 S> ’

Proof:

| 7

exp (—5—) )\—Qexp (—)\—25) ds
\/271'8 2 2

A2 1 9
=5 i Worris p(—Q—S(]B]—)\s) )exp(—)\]m)ds
A2 <1 1
e (A [ e (<5081~ ) as
=2 exp (-\l8).

since, by letting z = (As)™1,

/ T —ew (—iqm - As>2) s
/ A22\/7 p(~ e 187 s
o M (——z—wr ) a

e /0 fal2)dz = A7,
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Table A.1: Mean squared errors of parameter estimators for data generated from model
(2.9) with ¢; ~ N(0,1),¢3 or x? from the proposed LIGPD method with updating the
scale and shape parameters, where do=/y 75 — [o.5 and d1=051 75 — P1.5-

n K By Bos  Bors do Br,25  Bis B O
N(O, 1)
100 7 0.225 0.130 0.165 0.057 0.224 0.128 0.201 0.080
11 0.228 0.153 0.196 0.050 0.206 0.140 0.168 0.049
15 0.321 0.172 0.277 0.091 0.371 0.209 0.261 0.076
200 7 0.090 0.053 0.081 0.039 0.111 0.055 0.115 0.060
11 0.081 0.051 0.066 0.030 0.082 0.052 0.080 0.029
15 0.104 0.076 0.088 0.029 0.098 0.067 0.090 0.031
500 7 0.051 0.034 0.053 0.022 0.078 0.034 0.066 0.036
11 0.043 0.035 0.043 0.016 0.052 0.036 0.046 0.017
15 0.050 0.038 0.041 0.013 0.054 0.038 0.047 0.015
t3
100 7 0.243 0.145 0.248 0.112 0.300 0.134 0.207 0.079
11 0.354 0.193 0.346 0.136 0.381 0.178 0.269 0.104
15 0.554 0.234 0.507 0.236 0.649 0.218 0.407 0.201
200 7 0.122 0.063 0.121 0.055 0.136 0.075 0.126 0.052
11 0.143 0.081 0.137 0.051 0.142 0.095 0.131 0.037
15 0.183 0.111 0.18 0.055 0.164 0.102 0.145 0.047
500 7 0.043 0.025 0.041 0.022 0.056 0.035 0.054 0.027
11 0.042 0.030 0.049 0.021 0.052 0.038 0.050 0.023
15 0.043 0.030 0.054 0.020 0.045 0.038 0.055 0.018
Xi
100 7 0.005 0.036 0.383 0.271 0.005 0.025 0.261 0.195
11 0.006 0.114 1.133 0.613 0.004 0.093 0.752 0.382
15 0.015 0.267 2.361 1.155 0.012 0.265 2.135 1.004
200 7 0.004 0.018 0.117 0.096 0.007 0.022 0.136 0.095
11 0.002 0.025 0.213 0.136 0.002 0.018 0.178 0.116
15 0.004 0.053 0.457 0.247 0.002 0.041 0.344 0.186
500 7 0.003 0.018 0.095 0.058 0.008 0.038 0.165 0.071
11 0.002 0.013 0.081 0.048 0.003 0.013 0.084 0.051
15 0.001 0.014 0.092 0.056 0.001 0.008 0.070 0.050
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Table A.2: Mean squared errors of parameter estimators for data generated from model
(2.9) with ¢; ~ N(0,1),¢3 or x? from the proposed LIGPD method with simpler con-
straint, where do=0 75 — o5 and 61=051 75 — 1,5

n K Boos  Los  Bo.rs do Br2s  Prs  Burws O
N(O, 1)
100 7 0.195 0.127 0.134 0.049 0.180 0.134 0.144 0.061
11 0.232 0.135 0.147 0.053 0.210 0.152 0.175 0.061
15 0.323 0.181 0.197 0.072 0.272 0.187 0.247 0.081
200 7 0.096 0.061 0.087 0.040 0.079 0.054 0.070 0.034
11 0.091 0.058 0.073 0.035 0.076 0.051 0.073 0.033
15 0.097 0.068 0.084 0.033 0.091 0.062 0.088 0.034
500 7 0.042 0.034 0.053 0.022 0.042 0.031 0.043 0.018
11 0.046 0.036 0.043 0.019 0.045 0.035 0.043 0.017
15 0.050 0.035 0.039 0.015 0.051 0.036 0.043 0.014
t3
100 7 0358 0.180 0.259 0.106 0.248 0.163 0.254 0.080
11 0.382 0.185 0.297 0.146 0.288 0.193 0.372 0.135
15 0.427 0.215 0475 0.216 0.349 0.228 0.604 0.265
200 7 0.144 0.069 0.128 0.064 0.124 0.076 0.118 0.042
11 0.184 0.083 0.134 0.061 0.145 0.088 0.132 0.046
15 0.211 0.109 0.175 0.062 0.178 0.112 0.165 0.059
500 7 0.057 0.030 0.048 0.028 0.053 0.035 0.052 0.026
11 0.051 0.029 0.053 0.026 0.053 0.035 0.048 0.024
15 0.057 0.033 0.056 0.022 0.058 0.038 0.054 0.023
Xi
100 7 0.018 0.110 0.578 0.279 0.007 0.093 0.457 0.216
11 0.028 0.220 1.379 0.638 0.014 0.189 1.278 0.638
15 0.033 0.331 2.242 0.986 0.027 0.383 3.524 1.862
200 7 0.008 0.032 0.183 0.124 0.004 0.025 0.133 0.083
11 0.008 0.051 0.308 0.164 0.004 0.037 0.233 0.129
15 0.011 0.084 0.523 0.252 0.006 0.064 0.393 0.192
500 7 0.007 0.025 0.098 0.063 0.005 0.027 0.136 0.065
11 0.004 0.017 0.100 0.062 0.002 0.013 0.086 0.053
15 0.002 0.021 0.121 0.065 0.001 0.011 0.078 0.052
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Table A.3: Mean squared errors of parameter estimators for data generated from model
(2.9) with ¢; ~ N(0,1),t3 or x? from the proposed LID method with matching linearly
interpolated density and truncated normal density, where do=/3 75 — 50,5 and d1=/31 75 —

B,

n K Boas  Los  Bo.rs do Br2s  Prs  Buws O
N0, 1)
100 7 0.180 0.138 0.134 0.039 0.207 0.155 0.183 0.052
11 0.221 0.147 0.18 0.046 0.230 0.160 0.179 0.048
15 0.281 0.173 0.220 0.060 0.276 0.187 0.220 0.061
200 7 0.090 0.060 0.083 0.038 0.082 0.055 0.076 0.039
11 0.094 0.061 0.075 0.029 0.102 0.059 0.083 0.036
15 0.090 0.062 0.077 0.030 0.083 0.058 0.081 0.032
500 7 0.046 0.035 0.050 0.021 0.050 0.035 0.048 0.020
11 0.041 0.034 0.045 0.016 0.047 0.034 0.049 0.018
15 0.046 0.039 0.047 0.015 0.047 0.041 0.057 0.017
i3
100 7 0315 0.195 0.284 0.103 0.329 0.200 0.269 0.072
11 0.429 0.257 0431 0.143 0.478 0.259 0.375 0.098
15 0.563 0.254 0.503 0.204 0.578 0.255 0.460 0.181
200 7 0.132 0.078 0.127 0.056 0.153 0.102 0.158 0.054
11 0.159 0.095 0.154 0.053 0.176 0.109 0.147 0.041
15 0.174 0.108 0.175 0.051 0.184 0.118 0.165 0.051
500 7 0.058 0.032 0.050 0.024 0.064 0.040 0.061 0.029
11 0.061 0.034 0.057 0.024 0.059 0.042 0.062 0.026
15 0.053 0.032 0.052 0.019 0.0561 0.040 0.059 0.020
Xi
100 7 0.013 0.075 0.531 0.292 0.007 0.073 0.402 0.205
11 0.020 0.181 1.152 0.511 0.012 0.143 0.815 0.353
15 0.032 0.323 2.287 1.038 0.021 0.263 1.583 0.673
200 7 0.007 0.029 0.167 0.117 0.004 0.023 0.139 0.091
11 0.007 0.047 0.277 0.149 0.003 0.031 0.220 0.120
15 0.009 0.073 0.484 0.237 0.006 0.055 0.358 0.179
500 7 0.007 0.029 0.118 0.064 0.006 0.026 0.126 0.0064
11 0.003 0.015 0.086 0.053 0.002 0.013 0.087 0.053
15 0.003 0.020 0.119 0.066 0.001 0.011 0.082 0.055
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where f7(z) is the inverse Gaussian density function with mean |3|~! and shape param-
eter A.

A.4 The Scale Mixture representation of the Spher-

ical Multivariate Laplace Distribution

The K-dimensional spherical multivariate Laplace distribution can be written as a scale

mixture of multivariate normal distributions with a gamma mixing density, that is,

o K+1 2
exp(—)\||[3K7l||2) o /o N(0,s%I) x T (T, ﬁ) ds?.

Proof:

252 2

1/4
o e (1 ) e (VB
1 K/2 9 2\ 1/4 B
() o (L2E) ™ 2 o) s

=Cr exp(=A||Bxkll2),

( B Kl 2
1 K/2 1 o] 2 )\2 2
_) _ (32)%_1 exp (_HﬂKHz A )dSQ

K/2
/ 2 (HﬁKH%

where K 5(2) = \/m/(22) exp(—z) is the modified bessel function of the third kind.
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A.5 Inverse Gaussian Distribution

The probability density function of the inverse Gaussian distribution (IG) with mean

i € R* and shape parameter A € RV is

flzp,A) =

exp{M} I(z > 0).

23 22w

A.6 Generalized Inverse Gaussian Distribution

The probability density function of the generalized inverse Gaussian distribution (GIG)
with three parameters a,b € R™ and p € R is

(a/b)P
20,(V/ab)

f(z;a,b,p) = g P D@ /2 (1 > (),

where K, is a modified Bessel function of the second kind (Jorgensen, 1982). The GIG(a =

A p? b= \p=—1/2) is the inverse Gaussian with mean p and shape parameter \.
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