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SUMMARY

Suppose one has k populations and wishes eventually to choose the 'best"
one. It is often desirable to use a multi-stage experiment, where at each stage,
at least t (21) populations are selected for further study. This paper is
concerned with selecting at least t(22) populations, presenting generalizations
of two methods in existence for t = 1. One method has as its goal the selection

‘ of good populations, while the other eliminates bad populations. Two special
cases considered are the problems of selecting large normal means or small
normal variances, and tables are constructed for implementing the procedures.
In the case of normal variances, the tables are useful in the classical indif-
ference zone problem. Applications are presented in a variety of fields.
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1. Introduction

In many problems where the eventual goal is to select the ''best' population,
the evaluation criteria may not be strictly numerical. Examples (see also
Section 4) include problems of choosing industrial components (where time and
availability of materials are also considered), deciding on an effective drug
to reduce tumor size (where side effects are an important factor), and choosing
students for admission to a professional school (where the subjective personal
interview plays an important part). A possible method for solving such problems
is to select a subset of the populations on the basis of a numerical criterion
for further study of their other effects. For want of a better term, these
other effects will be called subjective effects. Note that one will usually
need to study more than one population after the first stage of the experiment
since it is entirely possible that the population which ranks highest on the
numerical score may be unacceptable. Beside the examples mentioned above, another
illustration would be an industrial process which is unacceptable in that it
causes excessive amounts of pollution. By choosing more than one population for
further study, one will thus often save substantial amounts of time.

In this paper we will have k populations and the goal will be to select a
subset of these populations of size at least t(21). Two approaches will be
studied. In Section 2 a procedure of Desu (1970) for t = 1 which eliminates
"bad' populations will be generalized. In Section 3, Gupta's rule (1965), which
sékects "good" populations, will also be generalized. Tables will be given for
implementing these procedures in the 5pecial cases of normal means and normal
variances; the tables for the latter will be useful in computing the probability
of a correct selection for the t smallest normal variances using Bechhofer's
(1954) indifference zone approach. Other work related to this paper include re-
sults of Gupta and Sobel (1962), Deverman (1969), Deverman and Gupta (1969), |

Panchapekesan (1969), and Santher (1974} .



‘2. Eliminating the '""Non t Best' Populations.

Consider a problem where one has k drugs and wishes (i) to select at least
t (21) of these for further study and (ii) to make sure "ineffective" drugs are
eliminated. One possible method, introduced by Desu (1970) for the case t =1,
is to eliminate all populations which are not 'sufficiently close" to the t
best populations. To be precise, suppose that for i =1,...,k , we have a random
variable Xi (usually a sufficient statistic) from the population L with dis-
tribution F(x-ei) » where F is known. Denote by 9[1]5...56[k] the true
(unknown) ordering of the parameters. We say that T is strictly non-t-best if
6[k-t+1] - ei 2 A>0, where A is chosen by the experimenter. A correct deci-
sion (CD) is defined to be the selection of a subset of TyseeesTy which
excludes all strictly non-t-best populations. We use the rule R1 , which reduces

. to Desu's rule (1970) when t = 1:

x

R,: Reject LA if Xi < (A-dl) (0<d1<A) s

1 Xik-t+1] ~

where X[I]S...sxlk] is the ordered sample. Letting & denote the parameter space,
the problem reduces, for given values of P* and A, to finding an admissible

value d; such that P,(CD|R,) 2 P* if @ = (85...,8, )€l .

Lomma 2.1. For the rule R if t < k-t ,

1 L]

2.1) inf Py (CD[R)) = t f P oed ) [1-F (015 MR 00
Q —_

so that the required value of d1 is the smallest number dl (less than A) for

which the expression in (2.1) exceeds P* ,

Proof. We may assume 61 < 62 £ ... S Bk . Define (for m = 0,1,...,k-t)

. (2.2) Q = {8: 0, S ... S0 <8, _ . -A<O .S .56},

Then an argument similar to that in Desu (1970) shows that PG(CDIRI) attains
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its minimum on Qm when 61=...=6k_t=6k_t+1-A=...=6k-A. This means that on
Q .

m

2.3 P(CD 2 Primax X, < X - (A-d)) ¢,
(2.3) IR {1<J<m [k-t+1] P}

the last probability being under the above parameter configuration. Since this
configuration does not change as m increases, the infimum is attained when

= k-t, in which case (2.3) reduces to (2.1).

Corollary 2.1. Suppose F is the normal distribution with mean 0 and known

variance 02, and that samples of size n have been taken from each population.

If 4 = do//n and rule R, 1is used,

(o4

inf p(cnlnl) =t j tlxsd) [1-0(x) 1" d@(x)
Q

«-00

The values of d are tabulated in Bechhofer (1954) for various k,t, and P*.
Note that n must be large enough so that do/v/n < A.

In the scale parameter case, where the populations have distributions
p(x/el),...,F(x/ek), one might be interested in small scale parameters. For
example, one might wish to select that one of several industrial processes with
the smallest variation. A population s will be said to be strictly non-t-best
in this situation if e[ t] < AB. (0 <A< 1). In analogy with rule Rl’ we use:

Rz: Eliminate m if X > d X[t]/A (A < d <1).

Lemma 2.2. Using the rule R

2’
(2.4) inf P(CD|R,) = f [1-F(xd,) 1 adr ).
0

As in the case of Lemma 2.1, the above integral is the infimum of the P(CD)

for selecting the smallest scale parameter using the indifference zone approach



5
of Bechhofer (1954). When one is interested in the smallest normal variance,
F in (2.4) becomes the distribution of a chi-square random variable with r = n-1
degrees of freedom. Table 1 gives values of (2.4) in this case for r = 2(2)8
and various values of d2’ k, t. These tables will be useful not 6n1y for the

problems of this paper but also for the classical indifference zone problem.

3. Selecting a Subset Containing the t Best Populations.

The procedures of this section have as their goal the selection of at least
t populations, and are thus an analogue of the subset selection procedures of
Gupta (1965). An example of the type of problem of interest here is the problem
of student selection for a professional school, where at least t students are
to be selected. |

We again first consider the case where the populations MyseeesT have
distributions F(x-el),...,F(x-ek) where F is known. A correct decision (CD)
is defined to be the selection of a subset of size at least t which includes
the t populations giving rise to e[k_t+1],...,e[k]. The rule R3 used here
reduces to that of Gupta (1965) when t = 1.

R,: Select m, if X, =2 X
i i

3 d3 (d3 =0 .

[k-t+1]~
*
Letting Q denote the parameter space, the problem is to find, for givemn P ,k,t

the value d, for which PB(CDlRS) >p" if B belongs to 2 .

3
In general in ranking theory, one attempts to find explicitly a "'least
favorable configuration" @, at which Pe(CD|R3) attains its infimum on £ ,

as for example in Section 2. For RS’ we have not been able to find a least favor-

able configuration, but, as a first step, we present a lower bound.

Lemma 3.1. For the rule RS’

(o]

(3.1) inf P (CD[R,) 2t I Fk‘t(x+d3)[1-F(x)]t’1dF(x) .
0 -

-CO



Proof. Again assume 615...56k. Let

A= {min(Xk_t+1,...,Xk) 2 max(xl,...,xk)-ds} .

Then A is a subset of the set of correct decisions, so that Pe(CDlRS) Zpe(AIRS)’
From Bechhofer (1954), this last probability has as its infimum the right hand

side of (3.1). Note that (3.1) is precisely the same as (2.1).

Corollary 3.1. Suppose F 1is the normal distribution with mean 0 and known

variance 02. If d3 = do/vn and rule R3 is used,
(3.2) inf P(CDIRS)Z't [mék't(x+d)[l—é(x)]t-ldé(x) .
2
=00

*
Table 2 presents a Monte-Carlo study of the bound (3.2) for P = ,90, .95,

k = 2(2)10 and the configurations

(3.3) 9[1]=. ..=0 [k-t]=6[k-t+l]-6=' ..-0 [k] -6 5

(3.4) 9[i+1]-6[i] =§ (i=1,...,k-1) ,

and for § = 0(1)4. Even when & = 0 (that is, when the populations are identical)
the bounds are conservative for t = 2 and E(Sle) , the expected number of
populations selected, tends to be high for (3.3) but behaves well for (3.4).
Because of the conservative nature of the bound (3.2) further study is neces-
sary. If t = 1, the least favorable configuration for the location parameter
case is the slippage configuration (3.3) withv 6 = 0. This is not true for t 2 2
as is seen in the discussion after Lemma 3.2; however, it is possible to derive
the least favorable configuration under the assumption that e[k-t+1]="'=e[k] .
Letting Q" = {(61,...,6k) : e[k-t+1]="‘=e[k]} , the rule Ry attains its least

favorable configuration over Q* in the slippage configuration (3.3) with & = 0.
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Not only is this an important special case in the applications (corresponding to
the idea that the good populations are substantially the same), but it also yields

a rule for general use which should be very efficient.

Lemma 3.2. If Q°(6) is the subset of 2 for which 8rgts1] ~ O[ket] 2

the rule R, attains its infimum over Q*(é) at the configuration (3.3), and in

3
this configuration (3.3),

(3.5) P(CDIRy) =t 2 (t 1)(t SEA Gt

EoL ey k-t-1 :
+ (k-t)jzo(j) (t-j-l)AZ(k’t’J) ’

where
[+5]

(3.6) MGt = [ 1P 17 Ged)]

-0

£ p (x) -F(x-d)1E T TP 2 a8y ()

[-<]

(3.7) Ay(k,t,5) = [ [1-F(x-8)]7 [F(x-8) -F(x-6-a) 1 F I [1-F o 13- 1FK 24T gpxy

-00

If & = 0, Az(k,t,j) = Al(k,t,j-l) » SO that in this case
(3.8) P(CD|R,) = tfl tCEHEYs kv O ETY A .t
. 3/ = ser -1 e R AT ISR i A A

k-t-1
+ thy(k,t,t) + (k-t) ([ 117)A,(k,t,0) .

Proof. The following decomposition holds:

t-1 CD and Xy [k t-1] and j of the other t best
(3.9 P(CD|R,) =t .E Pr
=0 exceed X,
v (ket) tilPr CD and X [k t+1] and j of the t best
j=0 exceed X,

Then (3.7) and (3.8) follow.
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. Table 3 presents, for various values of k,t, and P*, the value d3 such

that the right hand side of (3.8) equals P* when F = ®, the standard normal

distribution function. These values were computed by Gaussian quadrature and

are correct to two decimals; the values for t = 1 may be found in Bechhofer (1954).
It is interesting and important to note that for t > 2, d(k,t,P*) <

d(k-l,t-l,P*). If the configuration (3.3) with 6 = 0 actually were the least

favorable configuration over the whole parameter space, it would follow that

P(CD]R3,61=...=6k,t)

< lim P(CD[6.=...=8, ,0, ,t)
oo o k-17"k

k
= P(CD|6,=...=6, ,,t-1) .
This inequality is contradicted by the tables, so that the least favorable con-
figuration over Q 1is still unknown.

. Now suppose that in the normal means case of Corollary 3.1, the common variance

027 is unknown. Suppose that si satisfies (i) . it is independent of 1""’Yk
and (ii) 512‘/02 has the chi-square distribution Gr with r degrees of freedom.
The natural rule to use is

R.: Select m, if xi > X[k-t+1] - dsr/-fn_ .

Then, the conclusion to Corollary 3.1 becomes

0 o

(3.10) inf Py (CD|Ry) = ¢t f ] @k't(x+dz)[1-¢(x)]t‘1d¢(x)dcr(z) .
9] -
0 -0

Lemma 3.2 holds for 6 = 0 with

o oo

(3.11) Ay(k,t,5) = f f [1-0(x)1 " 10% 2043 () [0 (x) -0 (x-d2) 1T a0 (x)dG (2 .
' 0

=00
‘ The problem of selecting the smallest scale parameter is quite similar. The

natural rule tg¢ use is:



R4: Select LAY if Xi s d4x[t] (d4 21) .

For this problem, (3.1) becomes

(-4

(3.12) inf P, (CD|R,) > t f [1-F(x/d4)]k‘tpt‘1(x)dF(x) .
Q —

0
A result similar to Lemma 3.2 can be found for the rule R4 in the

case where

(3.13) e[l] = ... = G[t] = 66[t+1] = L., = 69[k] (0<8<1) .

Lemma 3.3. In the slippage case (3.13) using rule R4 , Lemma 3.2 holds
with

(3.14) A Gt = Fj(x)[F(d4x)-F(x)]t'j’1(ax)[1-F(cx)]k'2t+5*1dp(x) .

(3.15)  Ay(t,d) = | B x/6) [Faye/8)-F /)1 I T ) -2 Har ()

O Sy, 8O Sy, 8

4. Applications

The following can be seen as reasonable applications of the results of

this paper.

4. a. (Studeﬁt Admittance) A certain professional school admits students on

-+ the basis of objective scores and the results of a subject interview.
In actual practice, the numerical scores are the first principal com-
ponents of such factors as SAT scores, high school ciass rank, and
college grade point averages. From a total of 38 in-state applicants
in 1973 the school must admit at least 12. The objective scores ranged
from -4.43 to 2.74. A reasonable hypothesis (somewhat supported by the
data) is the existence of good, average, and poor groups. Thus, if t = 12,

the following type configuration seems reasonable:
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17 0570 [s+17817 = [ot] 170 e4218170% -+ iy 6178

‘l' (4.1) o

where s S k-t = 26 and 61 s 6§ 20 . One can show in a straightfor-

ward manner that P{CDIRS} is minimized when 61 =4§d =0, so that

P{CDIRS} has an infimum equal to the expression in (3.8) with k = 38 ,

t =12 . An estimate of the variance 02 s, developed from (4.1), was
& = .40 ; setting P* = ,75 , a reasonable value of d obtained by a
projection of the tables would be d(P*) = 2.5 , so that the rule

becones

RS:

Accept student Hi <=> xi 2 X[27] - 1.00 .
Using this rule, 20 of the 38 students would have been retained for fur-
ther subjective study (namely the personal interview). For the proce-

. dure of Section 2 d1 is approximately 4.5 , so that choosing A = 5.5
would have led to similar results. In actuality, the school interviewed
all applicants who wished to be seen, causing large expenditures of time;

in 1974 their applications number well over 60 which should force them to

develop some sort of a screening procedure.

4. b. (Drug Studies) In cancer research, the effect of drugs in often mea-

sured by such quantifiable variables as body weight loss, tumor size, and
survival time. For example, suppose one isvinterested in finding the best
of a number of dosage levels of a particular drug. The objective criterion
- could be one of the above variables, a linear combination of them or some
other value function (see, for example, Goldin, Venditti, and Mantel (1961).
However, even if one dosage seems to maximize the value function, it may be

. unacceptable because of non-quantitative side-effects not included in the

value function. In this case, unlike the previous example, repeated obser-
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vations are available. Thus, a sequential type of procedure could be
used; given k dosage levels, one applies either of the rules of Sections
2 and 3 to eliminate those levels of poor value and those which have
unacceptable side effects, retaining k2 dosages. This procedure could
be repeated or a final decision made after further study.

In Table 4 data (collected for the National Cancer Institute) are
given for the weight loss and median survival time in days of mice
inoculated with a certain type of tumor. The mice have been given a drug
at different dosage levels (A,B,C,D,E,F) in ascending order and on differ-
ent schedules (on Day 1 only, Days 1-5-9, and Days 1 through 9). Although
most combinations were given to 10 mice, in order to make the numbers of
observations in each group equal only the first 8 mice in each group were
considered. Also, two combinations were left out because they gave rise
to non-homogeneous sample variances; however, they both lead to high

weight loss and low survival time. We will apply R, to find the combina-

3
tion giving rise to the smallest weight loss (largest weight gain); the
procedures of Section 2 would also be applicable here.

Let t =4 with k = 12 combinations. Then the data indicate some-

2.50 ,

thing like (3.8) holds. Using & = 19.5 , since d
dé/v/n £ 15.2 , so we reject combination m, if i& 2 ¥k4] + 15.2 ,

since the interest is in the smallest weight loss. Thus, the number of
combinations left is 6 , and they are marked by (*) in Table 4. Note

the interesting but not too surprising fact that the selected combinations

have uniformly higher median survival time than the rejected combinations.
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' 4.c. (Choosing Measuring Methods) Suppose an analyst has k different methods

of measuring the concentrate of a certain solution, and that for each method
the measurements are normally distributed with unknown means My and unknown
variances ci. The best method in this case (assuming u1=...=uk) would be
the one with the smallest variance; however certain good methods may be
inadmissible if they are found to be too time consuming. The methods of
Section 2 (and Table 1) are directly applicable herg, while approximations
can be obtained for the methods of Section 3 by making use of the asymptotic

distribution of the natural logarithm of the sample variance.

5. Summary

The methods developed in this paper will be useful in situations where one
is attempting to choose one of k populations (a process, a drug, etc.) based

‘ on both numerical and what we have called subjective criteria. At the first

stage, at least t (t21) populations wil% be chosen using the methods of
Sections 2 and 3. One method has as its goal the elimination of ""poor’ popula-
tions, the other attempts specifically to include good ones. It is very often
useful to have t = 2 because an obviously superior population (based on numer-
ical criteria) may be unacceptable for other reasdns (see Section 4). Tables for
the development of the elimination procedure are already available in the special
case where one has k normal populations with common known variance; we have
also provided tables for use when one would like to select small normal variances,
tables which can also be used for the indifference zone problem of Bechhofer |
(1954). The selection schemes developed in Section 3 are complicated by the
fact that we have not been able to find the least favorable configuration;

. however, a lower bound on P(CD) has been provided as have tables for the slippage
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case in the normal means problem. For normal variances, a similar bound and

discussion of the slippage case have also been provided.
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TABLE 1
This table lists the values of the right hand side of (2.4)
is the chi-square distribution
degrees of freedom

= 2
.3000

.66890.
.48077
.60809
.28409
.27921
. 34840
.18797
.15237
.15614
.13369
.09253
.08112
.085190

v

for various r, k, t , and QN if F
with r

mm .0200 .0400 .1000 .2000
.97069 .94268 .86580 .75758
.94268 .89031 .75758 .59524
.96426 ,93028 .83787 .71023
.89031 .79821 .59524 39683
.89796 .80992 .60809 .40064
.92107 .85109 .67641 .47747
.84232 .72005 .48077 .28409
.83787 .71023 .45714 .25000
.85019 .72865 .47747 .26109
.79821 .65308 .29683 .21368
.78325 .52581 .35329 .16711
.78633 .62898 .34840 .15614
.80137 .65034 .36933 ,16655

am .0200 .0400 .1000 .2000
.99816 .99304 .96309 .88539
. 99633 .98619 .92882 .79288
.99764 .99111 .95330 .85743
.99268 .97280 .86707 .65247
.99295 97376 .87052 .65449
.99445 .97930 .98583 .70946
.98907 .95979 .81288 .55092
.98830 .95697 .79936 .51811
.98896 .95932 .80797 .52846
.98549 ,94714 .76488 ,47411
.98369 .94071 .73752 .42117
.98351 .94003 .73294 .40741
.98455 ,94350 .74465 .42049

.4000

.59524
.39683
.52521
.21368
.20292
.26109
.13369
. 09998
. 09962
.09160
.05662
. 04659
.04749

.4000

.70651
.53374
.64601
.34299
.33155
.39513
.24271
.19872
.19853
.18243
.13065
.11377
.11636

.5000

.53333
.33333
.45714
.16667
.15237
.20003
.10002
.06921
. 06679
.06676
.03710
.02880
.02833

.5000

.62388
.43441
.55262
.25132
.23523
.29039
.16628
.12560
.12224
.11912
.07617
.06196
.06205

.6000,

.48077
.28409
.40064
.13369
.11747
.15614
.07769
. 04588
.04659
.05095
. 02552
.01883
.01784

.6000

. 54964
.35453
.47119
.18697
.16843
.21367
.11691
.08132
.07650
.08049
.04613
.03488
.03384

.7000

.43573.

.24510
.35329
.10966
.09253
.12385
.06216
.03710
.03358
.04034
.01820
.01284
.01175

.7000

.48407
.29080
.40143
.14132
.12204
.15796
.08420
.05398
.04881
.05601
.02892
.02036
.01892

. 8006

.39683
.21368
.31328
.09160
.07422
. 09962
.05095
.02828
.02486
.03293
.01336
. 00904
.00805

.8000

.42671
.23998
.34221
.10846
. 08956
.11754
.06194
.03668
.03179
.04000
.01864
.01232
.01089
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.0200

. 99988
.99975
.99983
.99950
.99950
.99959
.99925
.99917
.99920
.99901
.99884
.99880
.99893

.0200

.99999
.99998
. 99999
. 99997
. 99997
.99994
.99995
.99994
.99991
.99993
.99992
.99988
.99989

.0400

. 99909
.99819
. 99880
.99639
.99641
.99711
. 99459
.99494
.99424
.99281
.99168
.99140
.99185

. 0400

.99988
.99976
.99984
.99951
. 99951
. 99956
.99927
.99913
.99916
.99902
.99885
.99875
.99879

Table 1 (cont.)

.1000

.98915
.97851
. 98583
.95840
.95880
.96677
.93924
.93335
.93569
.92103
.90933
.90652
.91041

.1000

.99672
.99347
.99561
.98710
.98700
.98938
.98086
.97860
.97908
.97476
.97040
.96904
.97007

v=256
.2000

.94266
.89215
.92661
.80684
.80678
.83982
.73713
.71265
.71891
.67882
.63652
.62434
.63403

v =8
.2000

.97057
.94337
.96150
.89451
.89362
.91216
.85164
.83536
.83845
.81354
.78458
.77540
.78115

.3000

.86759
.76596
.83385
.61913
.61427
.66824
.51759
.47621
.48051
.44300
.38212
.36216
. 36985

.3000

.91236
.84032
.88786
.72772
.72302
.76433
.64287
.60676
.60976
.47614
.52004
.50060
.50724

.4000

77874
.63337
.72754
.45381
.44219
.50334
.34769
.29921
.29885
.27809
.21621
.19480
.198191

.4000

.83012
.70959
.78727
.54824
. 53695
.59247
.44445
.39547
.39472
.37189
.30567
.28161
.28474

.5000

.68732
.51271
.62177
. 32666
.30952
.36718
.23117
.18385
.17985
.17434
.12078
.10208
.10216

.5000

.73618
.57725
.67644
« 39496
.37744
.43493
.29410
.24271
.23816
.23067
.16946
.14617
.14681

.6000

.60002
.41053
.52422
.23432
.21412
.26314
.15457
.11275
.10701
.11078
.06813
.05352
.05208

.6000

. 64069
.45843
.56796
.27813
. 25685
. 30803
.19127
.14470
.13825
.14143
.09183
.07447
.07245

.7000

.52023
.32725
.43816
.16880
.14779
.18691
.10460
. 06976
.06374
.07166
.03911
.02853
. 02665

.7000

+55016
. 35882
.46910
.19404
17175
.21327
.12404
.08530
.97882
.08706
.04941
.03730
.03522

.8000

.44923
.26071
.36429
.12257
.10235
.13234
.07181
.04372
.03832
.04733
.02281
.01555
.01388

.8000

.46807
.27860
. 38300
.13520
.11392
.14567
.08095
.05016
.04466
.05445
.02668
.01858
.01711



TABLE 2

If Tys eee 5T arTe normal populations with means (3.4)
and common known variance 02 = 1 , then the top number represents
PtCSIRg) , and the lower number represents E(SIRS) obtained

from a Monte-Carlo study with P* = ,90 .

s

kK t 0 1 2 3 4
2 1 .90 .977 .997 1.000 1.000
1.80 1.694 1.444 1.200 1.060
4 1 .90 .992 .999 1.000 1.000
3.60 2.696 1.732 1.356 1.136
2 .976 .996 ,998 - 1.000 1.000
3.957 3.635 2.873 2.421 1.134
6 1 .90 .997 1.000 1.000 1.000
5.40 2.983 1.838 1.439 1.156
2 .976 ..999 1.000 1.000 1.000
5.919  4.404 2.975 2.494 2.220
3 991 .999 1.000 1.000 1.000
5.977 5.312 4.067 3.536 3.242
g8 1 .90 .997 1.000 1.000 1.000
7.20 3.250 1.964 1.488 1.221
2 .978 1.000 1.000 1.000 1.000
7.896  4.644 3.133 2.607 2.302
3 .991 ..999 1.000 1.000 1.000
.1 7.975 5.765 4.124 3.598 3.320
4 .995 .999 1.000 1.000 1.000
7.990 6.749 5.155 4.602 4.296
10 1 .90 .997 1.000 1.000 1.000
9.00 3.290 1.990 1.510 1.240
2 .976 .998 1.000 1.000 1.000
9.871 4.813 3.194 2.587 2.294
3 .990 1.000 1.000 1.000 1.000
9.969 5.989 4.285 3.704 3.366
4 .999 1.000 1.000 1.000 1.000
9.988 7.021 5.304 4.717 4,398
5 .997 1.000 1.000 1.000 1.000
9.994 8.005 6.247 5.685 5.384




If Tys wes »M, are normal populations with means (3.4) and common known

variance o = 1 , then the top number represents P(CSIRs) , and the lower

number represents B(S|R3) obtained from a Monte-Carlo study with P* = ,95 ,

é
K t 0 1 2 3 4
2 1 .95 .991 .999 .000 1.000
1.900 1.816 1.590 .316 1.118
4 1 .95 .997 1.000 .000 1.000
3.800 3.048 1.960 .492 1.224
2 .990 . 996 1.000 .000 1.000
3.979 3.762 3.074 .572 2.253
6 1 .95 ..999 1.000 .000 1.000
5.700 3.419 2.041 .552 1.281
2 .992 .999 1,000 .000 1.000
5.967 4.774 3.182 .630 2.314
3 .997 1.000 1,000 . 000 1.000
5.992 5.540 4.261 .665 3.359
8 1 .95 1.000 1.000 .000 1.000
7.600 3.660 2.165 .641 1.322
2 .993 1.000 1.000 . 000 1.000
7.962 5.059 3.338 .738 2.422
3 .998 1.000 1.000 .000 1.000

.730 3.429

.000 1.000
.726 4.396

7.991 6.132 4.328

4 1.000 1.000 1.000
7.998 7.032 5.340

10 1 .95 .999 1.000 .000 1.000
9.500 3.710 2.190 .650 1.340

2 .990 1.000 1.000 .000 1.000
9.954 5.252 3.394 .726 2.399

3 .997 1.000 1.000 .000 1.000
9.991 6.330 4,504 .817 3.474

4 .998 1.000 1.000 .000 1.000

.829 4,508

.000 1.000
.796 5.476

9.997 7.385 5.482

5 1.000 1.000 1.000
9.999 8.334 6.449
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. If Tys «es M are normal populations with means (3.3) and common known
variance 02 = 1 , then the top number represents P(CSIRS) , and the lower

number represents E(SIRS) obtained from a Monte-Carlo study with P* = .90 .
)
K t 0 1 2 3 4

2 1 .90 .982 .998 1.000 1.000

1.80 1.707 1.441 1.183 1.053

4 1 .90 ;987 1.000 1.000 1.000

3.60 3.467 2.885 2.048 1.421

2 .976 .992 .998 1.000 1.000

3.957 3.912 3.655 3.120 2,529

6 1 .90 .987 .999 1.000 1.000

5.40 5.146 4,294 2.984 1.793

2 .976 1.000 1.000 1.000 1.000

5.919 5.839 5.426 4,566 3.362

3 .991 1,000 1.000 1.000 1.000

5.977 5.950 5.776 5.255 4.350

8 1 .90 .987 .998 1.000 1.000

7.20 6.998 6.019 4.351 2.541

‘ 2 .978 .998 1.000 1.000 1.000

7.896 7.792 7.399 6.314 4.577

3 .991 1.000 1.000 1.000 1.000

7.975 7.943 7.737 7.069 5.726

4 .995 1.000 1.000 1.000 1.000

7.990 7.380 7.870 7.444 6.431

10 1 .90 . .986 1.000 1.000 1.000

9.00 8.700 7.546 5.278 3.055

2 .976 .907 1.000 1.000 1.000

9.871 9.755 9.231 7.882 5.623

3 .990 .999 1.000 1.000 1.000

9.969 9,923 9,691 8.894 7.131

4 .994 1.000 1.000 1.000 1.000

9.988 9.973 9.863 9.351 8.030

5 .997 1.000 1.000 1.000 1.000

9.994 9,987 9.924 9.586 8.544




. If Tys ses 5T are normal populations with means (3.3) and common known
variance 02 = 1 , then the top number represents P(CSIRS) , and the lower
number represents E(S| RS) obtained from a Monte-Carlo study with P* = .95 .

é
. K t 0 1 2 3 4

2 1 95 .994 1.000 1.000 1.000
1,900 1.823 1.597 1.298 1.108
1 .95 .994 1.000 1.000 1.000
3.800 3.708 3.246 2.447 1.657
2 .990 .997 1.000 1.000 1.000
3.979 3.967 3.806 3.394 2.786
6 1 .95 .994 1.000 1.000 1.000
5.700 5.544 4.843 3.622 2.285
2 .992 1.000 1.000 1.000 1.000
5.967 5.926 5.697 5.012 3.870
3 .997 1.000 1.000 1.000 1.000
5.992 5.978 5.891 5.540 4.760
8 1 .95 .996 1.000 1.000 1.000
. 7.600 7.463 6.724 5.213 3.297
2 .993 .999 1.000 1.000 1.000
7.962 7.923 7.704 6.879 5.350
3 .998 1.000 1.000 1.000 1.000
7.991 7.981 7.876 7.448 6.328
4 1.000 1.000 1.000 1.000 1.000
7.998 7.990 7.944 7.681 6.875
10 1 .95 .994 1.000 1.000 1.000
9.500 9.307 8.390 6.397 3.946
2 .990 1.000 1.000 1.000 1.000
9.954 9.905 9.599 8.658 6.615
3 .997 1.000 1.000 1.000 1.000
9.991 9.978 9.855 9.354 7.792
4 .998 1.000 1.000 1.000 1.000
9.997 9.990 9.944 9.655 8.714
5 1.000 1.000 1.000 1.000 1.000
. 9.999 9.994 9.973 9.789 9.094



TABLE 3
Lists the value d such that the expression (3.5) equals P* .

P*
K t - .90 .95 .99

4 2 1.97 2.35 3.10
5 2 2.20 2.58 3.31

2 2.36 2.74 3.46
6 3 2.06 2.41 3.08

7 2 2.49 2.86 3.57
7 3 2.23 2.57 3.22
8 2 2.59 2.96 3.67
8 3 2.35 2.69 3.33
8 4 2.14 2.46 3.11
9 2 2.67 3.04 3.76
9 3 2.46 2.79 3.43
9 4 2.26 2.58 3.17
10 2 2.74 3.11 3.82
10 3 2.55 2.89 3.57
10 4 2.36 2.66 3.20



TABLE 4

The combinations marked by (*) are selected.

Drug Level Schedule Average Weight Loss (X) Median Survival Time
in Days

A Day 1 48.57 7.0

C Day 1 54.50 6.0
*) A 1-5-9 23.25 11.0

B 1-5-9 46.25 7.0

c 1-5-9 56.25 6.0
(*) D 1-5-9 29.25 11.0
(*) F 1-5-9 11.00 13.0

A 1-9 45,25 8.0

B 1-9 47.25 6.0
* D 1-9 33.25 11.0
(*) E 1-9 17.25 11.5
(*) F 1-9 18.75 11.0



