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SUMMARY
i The problem of finding a complete solution for the transient thermal
stress with considerations of the thermomechanical coupling effect and
the inertia effect is one of considerable analytical difficulty. In our
recent study, however, it can be seen that it is sufficient to consider only
the effect of the coupllng term for realistic cases. From the present paper,
it may be stated that it is important to consider the coupling term, because
of the coupling effect which acts visible affect on the temperature and
stress distribution. This paper presents a general treatment of the axi-
symmetric coupled transient thermal stresses of a hollow circular cylinder
with a finite length using a new technique, and numerical results are given.

The method used is déeveloped by Love's strain function and the thermoelastic
displacement potential function apart from the former method deviced by the
one of authors. The value of thermomechanical coupling parameter adopted in
our calculation is almost for a realistic material. In spite of the reduc-
tion of the temperature rise for the whole time interval in transient state,
the maximum thermal stresses are increased by the thermemechanical coupling
effect.

Moreover the solution rigourously meets traction-free boundary conditions

on both the lateral surfaces and plane ends of the hollow circular cylinder.
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I. Introduction

It is well known'that uncoupling of the temperature and stress problems
is permissible whenever simultaneously inertia effects are small and the
value of the coupling paremeter is small. However, in order to treat thermal
stress problems rigourously by a sudden change in temperature such as thermal
shock problems, two effective terms must be taken into account. 1In the
arthor's reference, we found that effect which is the most powerful for
finding the thermal stress distribution. From our previous result[l], it
is more important to consider the coupling term than to consider the inertia
term for common metals in pure thermal stress problems. Therefore, it may
be stated that it is sufficient to consider only the effect of the coupling
term for realistic cases.

In this paper, we show the effects of thermomechanical coupling for
a transient thermal stress problems in an axisymmetric temperature distribu-
tion in a hollow circular cylinder by means of the another new technigue
apart from our previous paperf2,3]. The numerical results show that the
coupling term has a considerable affect on the temperature and stress

distribution.

II. Basic Formulation

Let us consider a finite hollow circular cylinder with outer redius a,
inner radius 5 and length 21 is heated partially in the axial direction, as
shown in Fig. 1. Assuming the surface heat generation to be axisymmetric,
the fundamental corrected heat conduction equation for the axisymmetric
problems with the thermomechanical coupling term can be written in the non-
dimensional form, as

8,F =5 +amla, 8, = 0%700% + 07Tas0 4 0%/ar?, (1)

where, § is so-called thermomechanical coupling parameter and commaf(,)
denotes the differntiation with respect to the variable.

If the body is initially at the uniform temperature{ say at zero tempe-.
rature ) and assuming the surface heat generation on the cylindrical surfaces
and the heat transfer on the both end surfaces to be prescribed, eq.( 1)

must be solved under the initial condition
at T = 0 3 T =0 ( 2)

and with the thermal boundary conditions

on p =1 : af/ap + HJ.’T' = Hlfft) ( 3
on p = p; J 3aT/dp ~ HZT = -HZQ(EJ (4
on § = tL, ; 3/ * 33T =0 ( 5)

where f(g) and g(t) are the arbitrary functions which are difined the region
-£,<8<g, and =L ,<5<T, respectively. They describe the temperature distribu-

tion on the cylindrical surfaces.
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Since the abovementioned system for the coupled thermal stress problems
is imcomplete, the following additional relations are to be considered.
Takig into account that the present problem is axisymmetrie, we introduce the
thermoelastic displacement potential ¢ and Love's displacement functien [.
These function ¢ and I should satisfy the following fundamental differential

equations

A0 = mP, a,8.0 =0, { 6)
Then, the corresponding displacement gi,volumetric strain ¢ and thermal stress

components 3.j in the non-dimensional form can be written as

o= 0, = D, s B, = 4, + 2(2-v)AF - Ly tn
e = 4,0 + (I-Zv)Ali,c . { 8)

Ty = m‘1[¢,pp-al¢+(valz-z,pp),cl,

Tgp = m'1[p"1¢,D~AI¢+rvA13-p“lz,p),c],

§,, = m'1[¢,cc_a $e{f2-v)a,E-E, .3, 1,

5, =mn o pc+{r1 ~vJ8,E-L, b, €9

Futhermore, the abovementloned relations are supplemented by the initial

condition
at T =0 ﬁi =0, & =0, aij =0.( L =0, & =0) (10)
and the mechanical boundary conditions that the surfaces are traction free,
on p =1 and Py 5 9 =0, =0,
= + - g =g = 0.
on [ _ca K Uzz Tz Q (11}

The system, eqs.({ 1)-(ll}, constitutes the complete set for the coupled themo~-
elastic problems.

Next, in order to separate the second term in the right hand side of
eg.{ 1), substituting egs.({ 6) and ( 8) into eq.{ 1}, we obtain

AlT = (1+5)T,T + (1 Zv)GA L, srr {12}

Now, we introduce a new temperature function defined as

FPr=F +m {(1 2u)/(1+6)}6A L, ’r {13)

Substituting eq. (13} into eq.(12) and taking into account the relation of the
second of eq.( 6}, we obtain the following differential equation for 7',

B, = (1+6)B7, (14)

In the preceding system, the non-dimensional quantities are difined as

T=2/Ty t=xt/a’, p=r/a, t=z/a, py=bla, t,=Lla, 5, =1,/a,

Ty = Zz/a, (u ,u J = (u L J/a TO e = e/utTa, Uij = (I~v)cij/atETo,

a
§ = matT*B/Cup, m= (I+v)/(1-v), Hi = Yia/lt (i=1,2,3). {15)

where TO is reference temperature, ¢ is time, k is thermal diffusivity, at is

coefficient of linear thermal expansion, E is Young's modulus, v is Poisson's
ratio, T* is the absolute reference temperature, €y is spcific heat at
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constant volume, p is density, Yi is the heat trasfer coefficient, At is
thermal conductivity, e=tgﬁr+uﬁﬁquz, is volumetric strain and g = atE/(l-Zv).
F4

III. BAnalysis

To solve the system in the preceding section, we introduce the following
expressions for T and aij‘

_ - - - -0 - 1 = = -
T=T,+7, 04 = ot Gij, L=1I1,+1,. (16)

in which To and Eig are the temperature and stress components for the steady

state, while T, and 6£§ are the additional terms for the transient state.

1
Let us now consider the steady state solutions. For the steady state,
the right hand side of eg.( 1) are all vanished, then,

8,7, =0 (17)

For convenience, assuming the arbitrary functions f(z) and g(t) to be
symmetric functions with respect to f=0, the solution for eg.(l7) can be

written as
[=-]

T o= .zlcosch{BleO(wjp) + B jKO(mjp)}' (18)

a a
where In(x) and Kn(x) are the n-th order modified Bessel functions of first,

and second kind of argument z, respectively,

Blj=~[{mjkl(wjp1)+H2K0(wjp1)}F(wj)+{wjkl(mj)-HIKO(mj)}G(mj)]/AU,

82j=—[{ijl(mj)+H1I0(mj)}G(mj)+{ij1(mjp1)~H2I0(wjp1)}F(mj)]/Ao,
g
Y
IF(wj),G(mj)}—Zfo {Hlf(c),Hzgfc)]aosmjcdc/Iz,

= 2 2
I, Ly * Hs/(wj+H3) 3

— 2 _ _ -
Ao—wj{II(wjpl)Kl(mj) Il(mj)KI(wjpl)} ijl{II(wjpl)ﬂo(mj)+I0(wj)KI(wjpl)}
—mjﬂz{IG(wjpl)KI(wj)+I1(mj)Ko(mjpl)}+H1H2{I0(mjp1)KO(mj)—Iofwj)KO(mjpl)}.
(19)
and mj are the j-th positive roots of

Hscosmco - wsinwg, = 0 (20)

Considering eq. {18}, a suitable particular solution of the first relation of

eq. {6) has the form

— 2
¢, = m_{ aosch{B w.pII(wjp)—szwijI(wjp)}/(2mj) (21)

i1 1377

For our present problem, a general solution for the function L, is given by

0
(=]
L. =m stnw,{C, w,pl (w,p)+D,, I (w,p)+E, w.pK (w.p)+FP, K (w, 3¢
0 [j{l nw {0 pw 0Ly (0 p)#D ;T (0 0)HE ;o0 0Ky (0 p)4F oK (0 sp) } w2

+
&

=18 4

, 3
lsznksc{csoksle(kSp)+DSOI0(kSp)+E30kSpKI(ksp)+F90K0(ksp)}/kS +
= ' 3 '
. £ 2 3 .
+Z£130(Blp)(CloszccoshsZc+Dlosznhslc)/sz+cgp t/2+D,L /3+E0clnp] (22)
where Rn(BZp) is defined as
Rn(Blp) = Jn(sz) - JJ(szl)fn(ﬁlp)/flfﬁzpl), n=20,1. (23}
Jn(x) and Yn(x) are the n-th order Bessel functions of first and second kind

of argument z, respectively,
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ks=ws/cafs=1,2, ..... } and BZ are the I-th positive roots of
R, (B) = d,(8) - I (B0, Y, (B)/Y (Bpy) = 0 (24)

Substituting egs.({21) and (22) into eq.({ 9), we cbtain the steady state stres
s$tress components aij' It follows then that

r !
czo=2(2—v)C +2(1-9)D i+

+ chosw C[C {2(2—v)Ia(wjp)+mij1(wjp)}+Dj0I0(mjp)—

. ~Ej0{2(2—v)K0(wjp)-mij1(mjp)}+FjaKa(mjp)] +
+szlcosksc{CSG{B(Z—v)ID(ksp)+kSpI1(ksp)}+Dsan(ksp)-

—Esa{2rz—u)Ka(kSp)~kspK1(ksp)}+F30K0(kap)] +

@
ZZ; (sz)[Cza{(1—2v)cashBZC—Bzcsinhﬁzc}-DZOcoshﬂzﬁ]—
% E coswjt[Blj{BIo(mjp)+wijI(wjp)}+BZj{2K0(wjp)-wij1(mjp)}](25)
For the sake of brevity, the other expressions for thermal stress components
are omitted here.

The unknown constants in the above expression can be determined from the
mechanical boundary conditions eq.(l1l). The procedure, however, becomes to
be complicated, then the precise discriptions are omitted.

-
For eq.(1l4), there also exists the steady state solution TG' Function
7
TO can be derived from eq. (13} as follow
T

T,= 7 cosw.;{B Iafw p)+B K (m p))+266 [ z cosw; c{C oLo (w pl- E 0% (w pl)le

J 1 w Jj=1
+ { cosk t{C_,T (k p)-E aﬂo(k pJ) I+ Z coshB,LCy R (B 0)+C,)] (26)
g=1
where §,= (1-2v)/(1+6) o= CO+D0 .
_r
Obviously, function To satlsfles the following equation
i TO =0 (27}

Next step is to find the transient solution. Applying the method of
separation of variables, we have

Foo= { eosw .z 2 €, G,lu W Reep{-(a2rwl)t/(1+8)} (28)
1 Je=1 J m= mod

where Gn(ap) is defined as
Gn(ap)=Jn(up)—{HEJo(ap1)+aJ1(apl)}/{H2YO{ap1)+aY1(apz)}rnrap) (29)

= 2 2 2 2 2 2 2 2
Cp = 2am/{(am+Hl)GO(am)—p1(um+H2)GO{am)} (30}
and o, are the m-th positive roots of

2
o {JJ{a)Yl(apl)-Jl(apl)Yl(a)}+H2a{J1(a)YG(apl)mJO{apl)YI(u)}-
-Hla{Jg(a)Yl{apl)—JI(Gpl)Yo(a)}—Hlﬁz{Ja(a)Yo(apl)nJo(apl)Yb(u)}=0 (31)

The above transcendental equation for the eigenvalue a is derived from the
following thermal bhoundary conditions

! !

on p =1 3 BTI/ap + HJTJ

i -l

3 BTJ/Bp - HZTJ

:0’ .

on p =p

I

0. (32)

1
oL
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The unknown constants ij are to be determined from the initial condition
eq.(2). In order to obtain ij, we rewrite the initial condition. From

eq.(13), 7,6 and T, can be written as

[ 1 .
" Lt _ _t 1 -
B,=TF, - 551A1Lo,c s Py =Ty -mes 8D, (33)
Substitution eq.(33) into { 2), we obtain the following condition
] r
- S S ;4 _
at T =10 K (T0+T1)-m SGIAJ(L0+L1),C =0 (34}
Taking into account egs, (10) and (16}, we can rewrite as
_! _t
at T =0 T, =-T, (35)

Substituting egs. (26) and (28) into eq.(35) and applying the method of series
expansion over the whole region by using the function aosmchO{amp) as a
kernel, we can find the unknown constants ij an each j and m.

= - 2,2 _
ij— {(B .+266 C.o)aj +(B 24 2648 E. )bjm}/(am+ij

_ - 2,22 ) 2 %2
488, cosw, L olE g X (-1)°% (€ 0% em Esobsm)/{(am+ks)(wj k3

o s 1
+ZEICZO B einhB L +H, coshBan /{{m +B )(a —B )Y+
2.2
+H3{H1G0(am)+H2plGO(amp1)}Co/(mjam)]/Iz (36)

where
ajm={HIIO(wj)+ijI(mj)}GO(am)+pl{H210(mij)—ij1(mjpl)}GorampI) s
b m={H1K0(wj)~ij1(mj)}GO(am)+p1{H2K0(mjp1)+mjK1{mjpl)}Gg(ampl) N
and @ and bsm have the similar form to eq.(37) which is obtained by chang-
ing eigenvalues mJ and subscript 7 for k and s, respectively.

For the second of eqg. (33), we obtain the follow1ng expression for TJ

= E cosw .t E Cplple,p)O; o) =2661 X cosw, c{C 110 (m pJ -B;4%, (m prl+
g 2 me=1 gm
+szlcosksc{CSIIO(kSp)—ESOKO{kSp)}+Zzlcashszgc

L]

1

1Ry B )40, 1 (38)

where
- 22
0 m(T) = ijexp{ (am+mj)1/(1+6)} (39)

Taking into account eq. (38}, the corresponding particular solution for ¢1

has the form

¢ ==m Z cosw.y E ¢ G,la, p)e, (T (a2+wZ) ~
1 Py 1 m o J

-m88 [Jzzcosm C{C wijI(mjp)+E
+ J cosk c{C K pI,(k p)+E koK, (% p)}/k2
S=I

{ 011 o(B,p)(coshB, c+B rsinhB, c)/a2 +c 022 +D 1 (40)

2
jlepKJ{wjp)}/wj +

Thus, by eq { 9), we can obtain the required solution for Gi; for the transi-
ent state. For example,
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= 1_ ' . 7 -
czz_3r661+2-v)01+2(1 v)D1+

+jzlcosch{le{2(661+2-v)I0(wjp)+(661+1)wij1(wjp)}+DleO(mjp) -
-EjI{Z(661+2-v)K0(wjp}—(661+1)wij1(mjp)}+Fj1K0(me)} +

+a£1008k8c{081{2(661+2—v)10(ksp)+(661+1)kspll(kap)}+D8110(k8p) -
—ESI{2(661+2-v)K0(ksp)—(661+1)k3pK1(ksp)}+F81K0(ksp)} o+

+
A

Il o~18

IRD(BZp)[Cll{Glcoshﬂztw(661+1)81Cs£nhﬂlc}-911005h81c] -

(=] oo

-3 cosw.z J
j:_‘[ d m=

For the sake of brevity, the other expressions for thermal stress compo-

2 2 2
Iamcmco(amp)ejm(T)/(am+wj) (41)

nents are omitted here. The unknown coefficients in the preceding expre-
ssions can be determined from eq.{l1l). Hence, using eq. (16}, we find the
final expressions for ? and aij.

IV. Numerical Results

The numerical calculations are performed for the following characteristic

case
fre) =1 ¢ EINNT Jy = 0 ( for other ).
glt) = 0 ( for all ¢ ).
v=0.3, p = 0.5, T,=30, ;=10
By = 1.0, H2 = 0.5, H3_= 0,1, § = 0.08 (Coupled), = 0.0 (Uncoupled).

In Figs.2-6, we show the numerical calculation results. In thses figures
the coupled solutions are plotted by the dotted line and alsc the correspond-
ing numerical results for the uncoupled solutions are shown by the solid

lines for comparison.
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