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ABSTRACT

HUANG, SHU-PANG. ROBUST METHODS FOR ESTIMATING ALLELE

FREQUENCIES (Advisor: Bruce S. Weir)

The distribution of allele frequencies has been a major focus in population

genetics. Classical approaches using stochastic arguments depend highly on the

choice of mutation model. Unfortunately, it is hard to justify which mutation

model is suitable for a particular sample. We propose two methods to estimate

allele frequencies, especially for rare alleles, without assuming a mutation model.

The first method achieves its goal through two steps. First it estimates the number

of alleles in a population using a sample coverage method and then models ranked

frequencies for these alleles using the stretched exponential/Weibull distribution.

Simulation studies have shown that both steps are robust to different mutation

models. The second method uses Bayesian approach to estimate both the number

of alleles and their frequencies simultaneously by assuming a non-informative prior

distribution. The Bayesian approach is also robust to mutation models. Questions

concerning the probability of finding a new allele, and the possible highest (or

lowest) probability for a new-found allele can be answered by both methods. The

advantages of our approaches include robustness to mutation model and ability to

be easily extended to genotypic, haploid and protein structure data.
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Chapter 1

Introduction

As biotechnology advances, the amount of the data being generated is increasing

dramatically. It is possible now for biologists to collect DNA data for each species

and construct a database for them. It is still not possible, however, to collect DNA

data from every individual under limited resources. Sampling from populations for

genes of interest serves as a basic tool for understanding the gene at the population

level. However, a sample may not be large enough to capture all the different types

of alleles in the population. Use of just the observed types of alleles in the sample

to represent genetic diversity of the whole population is obviously not an adequate

summary convincing assumption.

For population geneticists, estimating the frequencies of alleles is one of the

major ways to understand gene diversity. The problem is that most of the methods

for estimating allele frequencies are simply based on the observed alleles in the

sample, as though they are the only allele types in the population. Unfortunately,
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this is not true in general. Some rare alleles may not appear in the sample simply

because the sample is not big enough or because of sampling error. In this chapter,

we will briefly review classical approaches for deriving allele frequencies under

different mutation models. We will also describe how to use the coalescent process

to simulate the evolutionary process and verify the outcome with the theoretical

result.

1.1 Distribution of Allele Frequencies

Finding distribution of allele frequencies in a population is a fundamental problem

in population genetics. Fisher (1922) first considered this problem and Wright

(1938) develop a lot of theoretical work under the stochastic process framework.

He assumed that for each generation, each allele is a random sample from the

previous generation. He obtained a general form of allele frequency distribution

for a population when the population reaches the equilibrium status. Kimura

and Crow (1964) approached this problem by combining diffusion theory with

the work done by Wright and developed a series of frequency distributions under

different evolutionary forces. We will give a brief review for the distribution of

allele frequencies under three mutation models in this section. The evolutionary

forces that we consider are random drift and mutation.
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1.1.1 Recurrent Mutation Model

In this model, each mutation is reversible and will create another allele which

already exists in the population. We will consider the two-allele case first and then

generalize it to the arbitrary m-allele case.

For the two-allele case, suppose we have the forward mutation (A → a) rate

µ and backward (a → A) rate ν. We write that the frequency of alleles A and a

in the tth generation are pt and qt = 1 − pt, respectively. Then, under the W-F

model, the frequency of A for the first offspring generation (generation 1) is

p1 = ν(q0) + (1− µ)p0

p1 −
ν

µ + ν
= (p0 −

ν
µ + ν

)(1− µ− ν)

p2 −
ν

µ + ν
= (p1 −

ν
µ + ν

)(1− µ− ν)

= (p0 −
ν

µ + ν
)(1− µ− ν)2

...

pt −
ν

µ + ν
= (pt−1 −

ν
µ + ν

)(1− µ− ν)

= (p0 −
ν

µ + ν
)(1− µ− ν)t (1.1)

Since (1 − µ − ν)t → 0 as t → ∞, we have pt → ν/(µ + ν) which is independent

of t and the difference of allele frequency between generations then goes to zero

to reach the equilibrium status. So, under the balance between mutation and

random drift, the allele frequencies of A and a are ν/(µ + ν) and µ/(µ + ν),

respectively. We should notice that those allele frequencies are expected values

for populations having the same evolutionary history. Any two populations could
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have different allele frequencies. Now if we can sample a set of populations with

the same evolutionary history, we can not only check the expected values of allele

frequencies but also investigate the distribution of allele frequencies.

Suppose, with the initial gene frequency p, we denote the allele frequency of

A being x at the tth generation to be φ(p, x, t), It can be shown that, when the

population is at equilibrium,

lim
t→∞

φ(p, x, t) = φ(x).

Then the distribution is independent of the initial frequency. Not only that, Wright

(1969) derived the form for the φ(x) to be

φ(x) =
C
Vδx

exp
(

2
∫

Mδx

Vδx
dx

)

(1.2)

where Mδx and Vδx are the mean and the variance of the change in x per generation,

respectively. C is a constant such that

∫

φ(x)dx = 1

Now under the mutation-and-drift model, we know that

Mδx = −µx + ν(1− x)

Vδx =
x(1− x)

2N
(1.3)
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If we substitute equation (1.3) into equation (1.2), we have

Mδx

Vδx
=

−µx + ν(1− x)
x(1−x)

2N

= 2N [µ(1− x)−1 + νx−1]

2
∫

Mδx

Vδx
dx = 4Nµ log(1− x) + 4Nν log(x) + constant

φ(x) = 2NCx4Nν−1(1− x)4Nµ−1 (1.4)

Hence, for the two-allele RMM model, the frequency of allele A is Beta distributed

with shape parameters 4Nν and 4Nµ.

When the allele numbers are more than two, Wright (1951) and Griffiths (1979)

extended the distribution of allele frequency from the Beta distribution to the

Dirichlet distribution. Suppose now we have M alleles for a locus. We denote

the total rate of mutation to allele type i as νi, ie. νi =
∑M

j=1, j 6=i Pji, where Pji

is the transition probability from type j to type i. Then by the same argument

described in two-allele case, we would expect that, when at equilibrium, the distri-

bution of frequencies of those k alleles would follow the Dirichlet distribution with

parameters (4Nν1, . . . , 4NνM).

1.1.2 Infinite Alleles Model (IAM)

When every mutation produces a new allele type, we have the infinite alleles model.

Since each mutation creates a new allele, it is not clear how to find the frequency

distribution for some particular allele. However, it is of interest to know how many

alleles have frequency in a certain range.

5



Crow and Kimura (1970) used Kolmogorov’s forward equation and derived the

following distribution.

φ(x) = θx−1(1−x)θ−1,

where θ = 4Nµ. For this distribution, φ(x)dx means the expected number of

alleles whose frequencies lie between x and x + dx. It is not a distribution for any

particular allele.

1.1.3 Stepwise Mutation Model (SMM)

The stepwise mutation model (SMM) was first proposed by Ohta and Kimura

(1973) for modeling the variation of electrophoretically detectable alleles in a finite

population. The allelic states of those alleles can be characterized by the integers

i = 0,±1,±2, . . .. Each mutation can either increase or decrease the net charge of

an allele or keep the same charge.

Although originally used for protein data, the SMM is now widely used as a

model for microsatellite data. A microsatellite is a region of DNA sequence with a

variable numbers of tandemly repeated units. Microsatellites are widely spread in

the whole genome, so have been used as genetic markers in many different studies.

Because the mutation mechanism of microsatellites tends to increase or decrease

the number of repeat units instead of pointwise mutation, it is convenient to use

integers to represent the allelic types. The stepwise mutation model has been

documented (Pritchard and Feldman 1996) to be a better model for describing the

mutation mechanism for microsatellites.
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A stepwise mutation model can be characterized by a transition probability,

πij, which is the probability that a mutation causes repeat number changes from i

to j. The most basic model is a one-step model. In this model we have

πij =











α if j = i + 1

1− α if j = i− 1
(1.5)

When α > 0.5, each mutation is more likely to increase the repeat number than to

decrease the number. Kimura and Ohta (1975) and Kimura and Ohta (1978) used

diffusion theory and derived the equilibrium distribution under this model. The

meaning of this distribution is similar to that for IAM model. It is the distribution

of frequency of allele frequencies, rather than for any particular allele type. Moran

(1975) showed that, under the one-step mutation model, the variance of allele

frequencies do not vanish. There is no convergence to a steady state distribution.

However, based on the coalescent process, we will derive a theoretical distribution

for the finite-step SMM in next paragraph.

Suppose we have a sample of n alleles. Let Xi be the allele type for the ith

allele and L be the number of mutations that happened in the lineage from the ith

allele back to the most recent common ancestor (MRCA) of those sample alleles.

Without loss of generality we assume the MRCA allele type is 0 (we can shift the

0 to any particular allele type). When the total evolution time (T ) is known, we
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have

P (Xi = k|T ) = P (Xi = k, L ≥ k|T )

=
∞

∑

l=k

P (Xi = k, L = l|T )

=
∞

∑

l=k

P (Xi = k|L = l, T )P (L = l|T )

=
∞

∑

j=0

P (Xi = k|L = k + 2j, T )P (L = k + 2j|T )

=
∞

∑

j=0

(

k + 2j
k + j, j

)

(α)k+j(1− α)j ( θT
2 )k+2j

(k + 2j)!
e−

θT
2

=
∞

∑

j=0

( θTα
2 )k+j

(k + j)!
e−

θTα
2

( θT (1−α)
2 )j

j!
e−

θT (1−α)
2

= P (Y − Z = k|T )

where Y and Z are independent Poisson distributions with mean θTα/2 and θT (1−

α)/2. This result fits our intuition since, under this model, each allele will have

repeat number k when there are k more mutations in one direction than in the

other direction. If the mutation rate is µ, then the mutation rate for increasing

or decreasing repeat numbers is µα or µ(1 − α) otherwise. So the allele type for

each allele will depend only on the difference of these two independent Poisson

distributions.

Under the same argument we can extend the single step model to a more general

8



transition model. For example, if the transition model is

πij =







































α1 if j = i + 2

α2 if j = i + 1

α3 if j = i− 1

α4 if j = i− 2

(1.6)

where α1 + α2 + α3 + α4 = 1, we obtain the allele type distribution

P (Xi = k|T ) = P (2∗P +Q−R−2∗S = k|T ) (1.7)

where the four independent variables P, Q,R, S are Poisson distributed with pa-

rameters θTαi/2, i = 1, 2, 3, 4.

Since we don’t know the TMRCA in general, we need to integrate over all the

possible T values. From the framework of the coalescence process, we know that

T =
∑n

i=2 Ti where Ti is the coalescent time at which there are i individuals in

the sample. We can find the unconditional distribution for the allele size by the

following formula.

P (X = i) =
∫ ∞

0
P (X = i|T )f(T )dT (1.8)

where f(T ) is the density function of T . Now for the joint density function P (Xi =

k,Xj = k + r|T ), we can divide the time of the lineages of the two alleles into two

parts. The first part is for the present time back to the coalescent time of the two

alleles (t). The second part is for this coalescent time to the time of MRCA of the

n alleles (T − t). By doing that we obtain three independent lineages. Usually

what we want is the moments of allele frequencies of allele types rather than the

9



allele types themselves. Suppose p̃i is the frequency for the allele type i in the

sample. Conditioning on T , we know that

p̃i|T =
1
n

n
∑

j=1

I(Xj = i|T )

By using equation (1.8), we can get the first two sample moments to be

E(p̃i|T ) = P (X = i|T )

E(p̃2
i |T ) =

1
n

n
∑

j=1

P (Xj = i|T ) +
1
n2

∑

j 6=l

P (Xj = i,Xl = i|T )

=
P (X = i|T )

n
+ (1− 1

n
)P (X = i, Y = i|T )

where X and Y represent any two of Xi and Xj with i 6= j, i, j = 1, 2, . . . , n. We

can then use the double expectation technique to compute the first two sample

moments

E(p̃i) = ET (E(P (X = i|T ))) (1.9)

V ar(p̃i) = ET (V ar(P (X = i|T ))) + V arT (E(P (X = i|T ))) (1.10)

1.2 The Coalescent Process

It is straightforward to mimic the evolution process from the original (ancestral)

population and introduce evolutionary forces into the evolution process until the

population reaches an equilibrium status (Fig 1.1). Since the process for a popu-

lation to reach equilibrium is very slow, the amount of sampling process in order

to generate an equilibrium population is huge. Even with today’s computing tech-

10



nology, the whole process still takes a lot of time for a reasonable population size.

The memory needed to store all the information for each individual is also large.

Figure 1.1: Evolution process

Ancestral Population (Size=2Ne)

↙ ↓ ↘

G1 Size 2Ne Size 2Ne · · · Size 2Ne

↓ ↓ ↓

G2 Size 2Ne Size 2Ne · · · Size 2Ne

↓ ↓ ↓
...

...
...

↓ ↓ ↓

Gt Size 2Ne Size 2Ne · · · Size 2Ne

Although the evolutionary process of a population is a forward process, most of

the times the investigation of the process is relying only on data obtained from the

current population and then looks back. Hence it is natural that we need a method

to simulate the process in a reverse way. Kingman (1982) proposed the coalescent

process. The basic idea of the coalescent process is that, if the evolution time is

long enough, all individuals in a population will come from a single ancestor due

to the random drift effect. So if we have a sample from the present population, we

11



can trace back to the most recent common ancestor (MRCA) of the individuals in

the sample. If we follow the lineage of those genes to their MRCA, we will see the

coalescent events happen between individuals from time to time. Because more

and more data are obtained nowadays, the coalescent process is playing a major

role in population genetic theory.

The coalescent process is also very efficient with respect to the simulation. The

reasons for this advantage are

1. Instead of dealing with the whole population, the coalescent theory looks

only at the sample in the present population.

2. Instead of keeping track on each generation of the evolutionary history, the

coalescent theory focuses only on the time point when the evolutionary event

took place.

Suppose we have a population of 2Ne = 2N haploids which remains constant

size during the evolutionary history. If we have a random sample of size n indi-

viduals from the current population, the probability, P (n) that all the n sampled

individuals have different ancestors in the previous generation is

P (n) = 1 ∗ (1− 1/2N) ∗ (1− 2/2N) ∗ . . . ∗ [1− (n− 1)/2N ]

=
n

∏

i=1

(1− i/2N)

≈ 1−
(n

2

)

2N
if n � N (1.11)

It is straightforward to show that the probability of the n individuals having the

12



first coalescent event after previous t generations is

P (n)t[1−P (n)] ≈
(n

2

)

2N
e

"
(n

2)t

2N

#
(1.12)

Hence the time back to the first coalescent event for the sample can be approxi-

mated as an exponential distribution with mean 2N/
(n

2

)

, denoted by exp(2N/
(n

2

)

).

In this approximation, we assume the probability of more than one coalescent event

happening simultaneously to be negligible. After the first coalescence, we then can,

by the same process, approximate the distribution of the second coalescent time

for the (n − 1) ancestral alleles to be exp(2N/
(n−1

2

)

). Following this process, the

coalescence time of the last two ancestral alleles would be exp(2N/
(2
2

)

). If we set

the time unit to be 2N generations, then the exponential distribution depends only

on the sample size n. We will use this time unit from now on except otherwise

mentioned.

It is easy to see that the expected total coalescent time (T ) and the total

evolution time (L) of the whole sample back to the most recent common ancestor

(MRCA) are

E(T ) = E(
n

∑

j=2

Tj) =
n

∑

j=2

2
j(j − 1)

= 2 ∗ (1− 1/n) (1.13)

E(L) = E(
n

∑

j=2

jTj) (1.14)

After constructing the basic structure of the genealogy of the sample, we can

then study the effect of evolutionary forces by adding them to the genealogy.

We will discuss the effect of neutral mutation under several mutation models in

13



the following sections. Before doing that, we will first describe the underlying

assumption for mutations.

We assume the mutation rate (µ) is constant through the whole coalescent pro-

cess so that the number of mutations in a branch is proportional to the length of

that branch. We further assume that the probability of two or more mutations

happening at the same time is negligible. The mutations among branches of the

genealogy are assumed to be independent to each other. Based on previous as-

sumptions, we assume that the number of mutations in a branch of length Ti has a

Poisson distribution with mean parameter λ = 2NµTi. The 2N term in the mean

is because the time unit of the genealogy is 2N generations but mutation rate is

defined as per allele per generation. Since θ = 4Nµ is a conventional notation in

literature, we will denote λ = θTi/2.

Figure 1.2: Coalescent process
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Now we can start describing how to simulate the whole process. For a given

sample size n, we first obtain a random number (coalescent time) from the exp(1/
(n

2

)

)
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distribution and randomly choose two alleles to form a single allele at that time.

From that time, there are only (n−1) sample points left. We then get another ran-

dom number from the exp(1/
(n−1

2

)

) distribution and randomly choose two alleles

to coalesce. We repeat this process until there is only one allele (the MRCA) left

in the sample. After the genealogy is completed, we can assign the number of mu-

tations from the MRCA allele to each branch by obtaining a random number form

Poisson distribution with corresponding λ. Then based on the mutation model, we

can decide the allele type for each gene and get a simulated sample. One should

notice that the whole process assumes that the population is in equilibrium status.

1.3 Simulating Allele Frequencies under Differ-

ent Mutation Models

In this section, we will apply the coalescent process to simulate the evolution

process under RMM, IAM and SMM models. Although the simulation scheme

only allow us to obtain frequencies from the sample instead of population, we will

compare the simulated sample distribution of allele frequencies to the theoretical

distribution to see if the sample can well represent the population.

1.3.1 RMM simulation studies

We will start with the two alleles case first and then expand it to multiple alleles

case. In the simulation we assume the effective population size (2N) is 10,000.

15



The sample size n is 200. In two alleles case, we assume the forward mutation rate

is µ = 10−4. Four backward mutation rates, ν = {5 ∗ 10−3, 10−4, 10−5, 10−6}, are

selected to investigate the relationship between the two mutation rates.

The simulation procedure is:

1. Based on the sample size, we create a random genealogy using the coalescent

process. For each node, we record its descendants and ancestor.

2. Once the genealogy is determined, then for each lineage we can determine

how many mutations happened in that lineage. Since the time (the length) of

each lineage follows an exponential distribution, and we assume the probabil-

ity of simultaneous mutations is negligible, the number of mutations follow

the Poisson distribution with mean 2N(µ + ν)t, where t is the length of

generations for that particular lineage with unit of 2N generations.

3. When the above information is obtained, our next step is to assign the allele

type for each node in this genealogy. Starting from the MRCA, i.e. the root

of the genealogy, we randomly assign the allele type for the MRCA by the

following criteria:

P (the allele type is A) =
ν

µ + ν

P (the allele type is a) =
µ

µ + ν

4. Now if there is no mutation in the whole genealogy, all the descendants

should have exactly the same allele type as the MRCA. Whenever a mutation

16



happened, we then determine the resulting allele type for this mutation by

using the same criteria described in previous step. All the alleles that are

descendants of that mutant allele should also be changed.

5. Then we calculate the proportion for each allele type from the sample.

Repeating the same procedure several times, we can collect the allele frequencies for

each allele type and obtain their distribution. From Fig 1.3, we see that, regarding

the MRCA allele type, the performances are quite similar between the simulation

outcome and theoretical results.

The basic steps for the simulation under the multiple-allele case are similar to

the two-allele case. Slight changes may be needed in changing the mutation rate

to µ =
∑M

i=1 νi and the transition probabilities to

P (the allele type is A1) =
ν1

µ

P (the allele type is A2) =
ν2

µ
...

P (the allele type is AM−1) =
νM−1

µ

P (the allele type is AM) =
νM

µ

In our simulation we choose νi = 0.0001 ∗ b/(b + i), i = 1, 2, . . . ,M so that the

allele frequencies pi = νi/µ will be very close to Zipf’s law:

pi ∼ i−(1+δ),

17



i.e., the probability distribution on the positive integers which decays algebraically.

Zipf’s law is widely used for biological genera and species (Chen 1980). It captures

the phenomenon that the allele frequencies in a real population are not equal

in general. Some particular alleles usually dominate the whole population. The

constant b determines the magnitude of the coefficient of variation (CV) among

allele frequencies.

We chose b to be 1, 10 and 100 to represent the high CV value, medium CV

value and low CV value respectively. The allele numbers used in the simulation is

10. All other parameters are same as two-allele case.

Since we are unable to plot the density function for Dirichlet distribution, it

is hard to see if our data fit the theoretical distribution. One way to do it is to

use goodness-of-fit method to divide the M -dimension space to k cells. But it is

difficult to calculate the theoretical probabilities for each cell when the number

of alleles is large. It is also quite common to have some cells with low expected

numbers which will make the test lose its power. Here we look only at the first two

moments and compare them for the theoretical and simulated values. The results

are listed in Table 1.1 and 1.2. The performance of covariances between alleles are

similar to that for variance (data not shown). We see that when the sample size

increases, we obtain a better estimate for the first two moments.
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Table 1.1: Means and variances for simulated and theoretical values under RMM
model with n = 20.

Sample Allele Mean Variance
Size b Type Theory Simulation Theory Simulation
20 1 0 0.341 0.340 0.0177 0.0271

1 0.171 0.172 0.0111 0.0173
2 0.114 0.113 0.0079 0.0125
3 0.085 0.086 0.0061 0.0098
4 0.068 0.069 0.0050 0.0079
5 0.057 0.058 0.0042 0.0068
6 0.049 0.048 0.0036 0.0056
7 0.043 0.041 0.0032 0.0051
8 0.038 0.038 0.0029 0.0044
9 0.034 0.035 0.0026 0.0043

10 0 0.139 0.140 0.0040 0.0098
1 0.126 0.131 0.0037 0.0097
2 0.116 0.115 0.0034 0.0083
3 0.107 0.105 0.0032 0.0075
4 0.099 0.099 0.0030 0.0072
5 0.093 0.093 0.0028 0.0069
6 0.087 0.088 0.0027 0.0068
7 0.082 0.082 0.0025 0.0062
8 0.077 0.077 0.0024 0.0058
9 0.073 0.071 0.0023 0.0054

100 0 0.104 0.105 0.0024 0.0071
1 0.103 0.104 0.0024 0.0067
2 0.102 0.102 0.0024 0.0066
3 0.101 0.102 0.0023 0.0068
4 0.100 0.102 0.0023 0.0070
5 0.099 0.010 0.0023 0.0069
6 0.098 0.097 0.0023 0.0068
7 0.098 0.097 0.0022 0.0066
8 0.097 0.095 0.0022 0.0064
9 0.096 0.096 0.0022 0.0066
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Table 1.2: Means and variances for simulated and theoretical values under RMM
model with n = 200.

Sample Allele Mean Variance
Size b Type Theory Simulation Theory Simulation
200 1 0 0.341 0.342 0.0177 0.0185

1 0.171 0.171 0.0111 0.0118
2 0.114 0.113 0.0079 0.0082
3 0.085 0.085 0.0061 0.0062
4 0.068 0.068 0.0050 0.0052
5 0.057 0.058 0.0042 0.0046
6 0.049 0.049 0.0036 0.0039
7 0.043 0.044 0.0032 0.0036
8 0.038 0.037 0.0029 0.0029
9 0.034 0.034 0.0026 0.0028

10 0 0.139 0.139 0.0040 0.0047
1 0.126 0.183 0.0037 0.0043
2 0.116 0.116 0.0034 0.0041
3 0.107 0.107 0.0032 0.0036
4 0.099 0.100 0.0030 0.0035
5 0.093 0.093 0.0028 0.0033
6 0.087 0.086 0.0027 0.0031
7 0.082 0.081 0.0025 0.0029
8 0.077 0.079 0.0024 0.0028
9 0.073 0.072 0.0023 0.0026

100 0 0.104 0.104 0.0024 0.0028
1 0.103 0.104 0.0024 0.0028
2 0.102 0.101 0.0023 0.0027
3 0.101 0.101 0.0023 0.0027
4 0.100 0.010 0.0023 0.0027
5 0.099 0.099 0.0023 0.0027
6 0.099 0.010 0.0023 0.0028
7 0.098 0.098 0.0022 0.0026
8 0.097 0.096 0.0022 0.0026
9 0.096 0.097 0.0022 0.0026
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1.3.2 IAM simulation studies

The simulation process under this model is slightly different from the RMM. The

difference is that the number of mutations in a lineage is not important. The

important thing is to determine whether or not a mutation happened in a lineage.

One mutation has the same effect as several mutations for the same lineage, because

they all create a new allele.

In order to get a continuous-like graph, we chose the sample size to be 200.

Eight different θ values are chosen in our simulation with 10,000 replicates for

each θ values. The results are shown in the Fig 1.4. We see the theoretical value

and the simulated results highly agree with each other. One thing to mention is

that in the simulation we don’t consider the situation of alleles being lost or fixed.

Hence φ(0)dx and φ(1)dx are excluded in our simulation.

1.3.3 SMM simulation studies

For this model, we use a generalized stepwise mutation model proposed by Fu

and Chakraborty (1998) in which the transition probability πij depends on i and

j through |i− j|. Under their model,

πij =











αP (1− P )j−i−1 if j > i

(1− α)P (1− P )i−j−1 if j < i
(1.15)

The α value reflects the trend that the mutation tends to increase the repeat

number (α > 0.5) or decrease (α < 0.5) the number. The P indicates the magni-

tude of a mutation. The size |i−j| of the resulting change in allelic repeat numbers
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has a geometric distribution with probability P (1 − P )|i−j|−1. Theoretically, the

size of change could be infinite. Instead of constraining the maximum allele size for

their model to prevent the infinite change situation, Fu and Chakraborty (1998)

considered the following criteria to constrain the size change for each mutation.

For any given value ε such that πij < ε, the maximum size change of any mutation

can’t be greater than

s = 1−− log10(ε) + log10(max{α, 1− α}) + log10(P )
log10(1− P )

(1.16)

It is easy to see that s will increase when P decreases.

We perform our simulation under the combinations of the following parameters:

1. MRCA allele type=50.

2. α = 0.3, 0.5, 0.7.

3. P = 0.9, ε = 10−3.

4. 4Nµ = 0.1, 1.0, 10.

5. sample size=200.

6. replicates=5000.

Figure (1.5) shows the results between simulated data and theoretical value of

each case for the mean frequencies. The solid line is from the theoretical result

and dashed line is from the simulated data. We can see that equation (1.9) fits

the data almost perfectly. Note that, unlike the IAM model and RMM model,
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the allele type of the simulated data under this model is not only affected by the

mutation rate µ, α, and P , but also highly depends on the MRCA allele type.

1.4 Difficulties in Data Analysis

Although, from both biological and mathematical perspective, the theoretical

derivation seems to give promising results and provide useful information about

expected frequencies for replicate populations, it has some difficulties when we

want to apply it to real data. First of all, the equilibrium distribution is hard to

reach and is the expected distribution among hypothetical population generated

under same evolutionary forces. For any particular population, the frequency con-

figuration may exhibit a very different outcome than the expected distribution.

Therefore, it is not suitable to use the expected distribution to represent the pop-

ulation for which we have the data. Secondly, we need to determine the population

structure and mutation model in order to use the theoretical result. In some cases,

it is hard to decide which model is better based on the information provided from

the data. The results based on different models, however, are usually very different.

For some problems in molecular biology, we are concerned only about the cur-

rent population and focus on the specific population. There is no need to make

inferences for the evolutionary process in order to understand this particular popu-

lation. Hence we don’t need the assumptions for population structure and mutation

model. In the following chapters, we will describe a method to estimate the allele

frequencies for a particular population from statistical perspective. We will also
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demonstrate that the method is robust to different mutation models. A Bayesian

approach for the same problem will also be discussed in the last chapter.
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Figure 1.3: Distribution of allele frequencies under different mutation rate com-

binations. The solid line is the theoretical density and the dashed line is from

simulation.
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Figure 1.4: The expected number of alleles under IAM model. The solid line is the

theoretical φ(x)dx values with dx = 1/200 = 0.005. The dotted line is the mean

number of alleles from 10,000 replicates of simulation.
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Figure 1.5: Mean of frequency for each allele size under Fu’s model. The solid line

is the theoretical density. The dashed line is from simulated data.
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Chapter 2

Estimating the Total Number of

Alleles Using a Sample Coverage

Method

2.1 Introduction

A major topic in population genetics is the characterization of the distribution

of allele frequencies for a population. Some theoretical results under different

evolutionary forces have been proposed (Crow and Kimura 1970). For example,

under the recurrent mutation model (RMM), the stationary distribution for allele

frequencies will be the Dirichlet distribution (Griffiths 1979). This model assumes

that the number of alleles M is known. Unfortunately, we do not know this number

in general. Many other population genetic parameters are also associated with
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allele numbers. For instance, the genetic diversity (Weir 1996), defined as 1 −
∑M

i=1 p2
i , where pi is the frequency for the ith allele, faces the same problem. The

parameter M is usually estimated by the number of alleles observed in a sample.

This will, of course, underestimate the true allele number.

The same problem has been recognized for a long time by ecologists who want

to use a sample to estimate the number of species (or individuals) in a population.

After Fisher et al. (1943) first proposed a statistical model to estimate the number

of species in a population, it has been an active research field with applications in

many other fields. For example, Lewontin and Prout (1956) derived a maximum

likelihood estimator under the assumption of equal frequencies and applied it to

estimate the number of genes on a chromosome. Several methods have been pro-

posed to manage the unequal frequencies situation including both parametric and

non-parametric approach under frequentist or Bayesian philosophy (Bunge and

Fitzpatrick 1993). It is quite straightforward to relate our problem to theirs if we

treat allele types as species.

Most of the estimating methods are based on sampling theory. If the underlying

population is finite, it is natural to use the hypergeometric model. When the

population size is large, however, the multinomial model is a good approximate

model to use. Several methods have been proposed under the multinomial model

(Bunge and Fitzpatrick 1993). We use the sample coverage (SC) method proposed

by Chao and Lee (1992). It is a nonparametric method and its performance is

better than other methods (Bunge et al. 1995).
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We describe how to obtain estimators based on the sample coverage method,

followed by simulation studies using the coalescent process under different mutation

models. Examples are given to illustrate applications of this method.

2.2 Method

Suppose there are M different alleles for a locus in a population. A random sample

of n alleles is drawn from the population. Let Xi be the number of the ith type

of allele observed in the sample and D be the number of different observed allele

types. Furthermore, let fj be the number of alleles which have j representatives in

the sample. It is easy to see that D =
∑n

j=1 fj and n =
∑D

i=1 Xi =
∑n

j=1 jfj. If the

ith allele type has frequency pi in the population, then under the equal frequencies

assumption (i.e. p1 = p2 = · · · = pM = 1/M), the likelihood for the given sample

is

L(M) =

[

n!
∏D

i=1 Xi!
∏n

j=1 fj!

]

[

M !
(M −D)!

(

1
M

)n]

.

The maximum likelihood estimator M̂ for M can be derived as (Feller 1950)

n

M̂
=

M̂
∑

j=M̂−D+1

1
j
≈ ln

(

M̂

M̂ −D + 1

)

. (2.1)

On the other hand, the probability mass function of the number U of unseen

allele types is (Feller 1950)

PU =
(

M
U

) M−U
∑

ν=0

(−1)ν
(

M − U
ν

)

(1− U + ν
M

)n

≈ e−λ λU

U !
,
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where λ = Me−n/M . This distribution converges to a Poisson(λ) distribution as n

increases. But, since at least one type will appear in the sample, the appropriate

distribution for U is actually the truncated distribution of PU , i.e.

f(U) =
P (U)

1− P (U = M)
.

Taking the expectation of U , and by suitable transformation, we have

E(U) ≈ λ

[

M−2
∑

z=0

e−λ λZ

Z!
1

1− P (z = M − 1)

]

(let z = U − 1)

≈ λ (because
∑M−2

z=0 e−λ λZ

Z! = 1− P (z = M − 1))

≈ Me−n/M .

Because U = M −D, we have

E(D) ≈ M(1− e−n/M),

or

n
M

= ln
(

M
M − E(D)

)

. (2.2)

From equations (2.1) and (2.2), the approximate maximum likelihood estimate M̂

of M satisfies (Lewontin and Prout 1956)

D = M̂ [1− e−n/M̂ ].

Harris (1968) obtained the asymptotic variance for this estimator

Var(M̂) = M/[en/M−(n/M)−1].
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The assumption of equiprobable frequencies is usually unrealistic and M̂ will there-

fore underestimate the number of allele types. In order to solve this problem, sev-

eral papers have proposed different distributions to model the so-called “capture”

probability for each class (e.g. species, allele types) (Engen 1978). Although those

parametric approaches can deal with the heterogeneous problem in some way, they

are still highly dependent on the suitability of the parametric model.

Instead of estimating the number of classes M directly, if we can estimate the

percentage (denoted by C) of classes which are represented in the sample, the

quantity D/C, the ratio of the observed classes and their total percentage, can

serve as an estimate for the parameter M . A formal definition for the parameter

C, namely, sample coverage, is

C =
M

∑

i=1

piI(Xi > 0).

This is the sum of the probabilities of classes observed in a sample. Now if all allele

types have the same frequency in the population, i.e. p1 = p2 = . . . = pM = 1/M ,

then

C =
M

∑

i=1

1
M

I(Xi > 0) =
D
M

M =
D
C

.

If we can estimate the sample coverage C, the estimate of M will follow directly.

The quantity C has been well studied. Because

E(C) = 1−
M

∑

i=1

pi (1−pi)n
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and

E(f1) = 1−n
M

∑

i=1

pi (1−pi)n−1.

Good (1953) and Esty (1982) used the following estimator proposed by Turing

(Good 1953):

Ĉ = 1− f1/n.

Under the equal probability case, we have (Darroch and Ratcliff 1958)

M̂1 = D/Ĉ. (2.3)

Compared with the MLE under the equiprobable population, this estimator is very

efficient. Both estimators, however, suffer the same problem of underestimating

M when the pi are not all equal. But in the definition of C, we didn’t require

all pi’s to be the same. Chao and Lee (1992) therefore proposed the following

approach to obtain an adjusted estimator for M . They used a Taylor series to

expand E(D)/E(C) up to the second order with respect to the equal probability

point p1 = p2 = · · · = pM = 1/M . This provides

E(D)
E(C)

= M− n(1− p̄)n−1

E(C)
γ2+R, (2.4)

where γ = [
∑

i(pi − p̄)2/M ]1/2/p̄ is the coefficient of variation (CV) and is always

greater than or equal to 0. By observing that

E(f1) =
∑

i

npi(1− pi)n−1

∼ n(1− p̄)n−1 − [2E(f2)− 3E(f3)]γ2, (2.5)
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we can substitute equation (2.5) into equation (2.4) and get the following estimat-

ing function

M =
E(D)
E(C)

+
E(f1)
E(C)

γ2 +R′. (2.6)

In practice, the remainder term R′ is usually negligible. Good and Toulmin (1956)

obtained the following equation

γ2 = M

∑n
j j(j − 1)E(fj)
[n(n− 1)]

−1.

By substituting equation (2.3) and fj into the formula, we can get an estimate for

γ2:

γ̂2 = max{M̂1

∑n
j j(j − 1) fj

[n(n− 1)]
−1, 0}. (2.7)

Replacing the expected quantities by observed values and combining with equation

(2.7) leads to an estimate of M :

M̂2 =
D

Ĉ
+

n(1− Ĉ)

Ĉ
γ̂2. (2.8)

The bias of γ̂2 is greater when γ is large. An adjusted estimator, γ̃2, of γ2 is

recommended by Chao and Lee (1992):

M̂3 =
D

Ĉ
+

n(1− Ĉ)

Ĉ
γ̃2, (2.9)

where

γ̃2 = γ̂2[1+
n(1− Ĉ)

∑

j(j − 1)fj

n(n− 1)Ĉ
].
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For the variance of the estimators, recall that all of the quantities used in

the estimators are functions of (f0, f1, · · · , fn). Hence we can rewrite M̂i as

M̂i(f0, f1, · · · , fn), i = 1, 2, 3. Since f0 + · · · + fn = M and fi and fj are mutu-

ally exclusive, we can regard (f0, f1, · · · , fn) as having a multinomial distribution.

Notice that under this setting, the sample size n =
∑n

j=1 jfj is also a random

variable. The asymptotic variance for the estimator can be derived using standard

asymptotic approach:

̂Var(M̂i) ≈
n

∑

j=1

n
∑

k=1

∂M̂i

∂fj

∂M̂i

∂fk
cov(fj, fk), (2.10)

where

ĉov(fj, fk) =















fj(1−
fj

M̂i
) if j = k

−fjfk

M̂i
if j 6= k.

2.3 Simulation Study

Simulation studies were performed for the three mutation models described in

section 1.1:

1. Recurrent Mutation Model (RMM): Every mutation produces a pre-existing

type of allele. It is a reversible process. There is no restriction for an allele

to mutate to another type as long as the mutation rate towards a particular

type is not zero.

2. Infinite-allele Model (IAM): Each mutation creates a new allele type.
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3. Stepwise Mutation Model (SMM): Each mutation is more likely to change to

its adjacent type(s).

The simulation algorithm is based on the coalescent process (Kingman 1982).

Hudson (1993) gave a general description of simulation methods. The statistical

terms used in the tables of results are defined as follow. All the values in the

table are based on 5000 replicates. Notice that, due to genetic sampling, the true

number of alleles in a population is unknown even under the RMM. Therefore

we also simulate the number of alleles for the whole population (Msim) for each

mutation model. Our target quantity is this MSim other than the pre-assumed

number (Mmax) under the RMM.

Sample Mean =
∑5000

k=1 M̂k
i

5000
= M̂ i

Sample Std. Err. =

√

∑5000
k=1 (M̂k

i − M̂ i)2

5000
, i = 1, 2, 3

Estimated Std. Err. =

∑5000
k=1

√

V̂ar(M̂k
i )

5000

where M̂k
i is the ith estimate in the kth replicate and V̂ar(M̂k

i ) is obtained from

equation (2.10).

2.3.1 Simulation Results under RMM

Under this model, the number of alleles is set up beforehand so that we can measure

the performance of estimators discussed in this paper. Since the magnitude of CV
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is reported to be an important effect on performance, particular configurations of

pi’s are selected to reflect different CV levels. We chose Zipf’s law described in

section 1.3 to specify allele frequencies. Its form is pi ∼ c i−(1+α) as i → ∞. We

select α = 0 so that pi = c i−1.

Under this particular model, suppose the rate for all other allele types mutating

to a particular type i is νi. When the population reaches equilibrium, the allele

frequency for allele i is νi/ν·, where ν· =
∑M

i=1 νi. In our simulation, we chose

νi = 0.0001 b
b+i so that the slightly adjusted Zipf’s law is

pi = νi/ν· = [
M

∑

j=1

(b+i)/(b+j)]−1 = c (b+i)−1. (2.11)

The role of b here is to adjust the CV of allele frequencies. The larger the b, the

smaller the CV.

We chose b to be 1, 10 and 100 to represent high, medium and low CV values

respectively. Two tables (Table 2.1 and 2.2) are provided for results from sample

sizes of 50 and 200 respectively. The estimated sample coverage Ĉ and true C

value are also listed.

In Table 2.1 and 2.2, we see that when CV is high, all three estimators under-

estimate the true number of alleles. When CV is smaller, performance is better.

Equation (2.3), however, still has large bias even if CV is low. Generally speaking,

M2 and M3 have similar RMSE. M2 has smaller standard deviation than M3 but

has larger bias. When CV is not too large, M2 is better. Otherwise, M3 seems

better.

Notice that the sample coverage estimates at the fourth column in Table 2.1
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and 2.2 exhibit a noticeable overestimate results. It conflicts the negligible negative

bias property documented in many studies for the estimator. The reason is that the

distribution in equation (2.11) is not the true allele distribution for the population

in which we observed the data. It is actually the expected distribution of all the

hypothetical populations generated by the same transition probability under the

mutation process. Due to the evolutionary process, each hypothetical population

often exhibits a very different frequency configuration from the expected distribu-

tion. The difference between the estimated sample coverage (Ĉ) and the sample

coverage C obtained from the expected distribution reflects the fundamental dif-

ference between our approach and classical approach. We focus on the population

where we have the data whereas classical approach makes inferences about the

evolution process and conclude the results based on the hypothetical populations.

2.3.2 Simulation Results under IAM

In the infinite-allele case, the sample sizes used in RMM simulation are also used.

The parameter θ = 4Nµ is selected to be {0.1, 1.0, 5.0, 10.0}. The results are listed

in Table 2.3. The effective numbers of alleles Me = 1 + θ and number of alleles

that can be maintained in the population MCK (Crow and Kimura 1970) are also

listed in the table. The MCK can be calculated by

MCK =
∫ 1

1
2Ne

θ(1−x)θ−1x−1dx (2.12)

where θ(1− x)θ−1x−1 is the distribution of frequencies of allele frequencies.
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Table 2.1: Recurrent mutation simulation results for sample size n = 50.

M †
max M∗

Sim b C D M̂ Sample Est.
(CV) (Ĉ) Mean Std. Err. Std. Err.

10 9 1 0.79 6.26 M̂1 6.42 1.38 0.35
(0.95) (0.98) M̂2 7.80 2.83 3.06

M̂3 9.13 6.57 6.31
10 10 0.89 8.82 M̂1 9.05 1.04 0.43

(0.22) (0.98) M̂2 9.83 1.74 1.89
M̂3 10.23 2.72 2.87

10 100 0.92 9.23 M̂1 9.45 0.86 0.42
(0.03) (0.98) M̂2 10.05 1.42 1.55

M̂3 10.31 2.05 2.19

50 28 1 0.54 11.26 M̂1 12.20 2.77 1.09
(1.75) (0.93) M̂2 16.69 6.45 7.45

M̂3 21.75 17.52 16.29
48 10 0.53 22.17 M̂1 28.10 5.02 3.66

(0.57) (0.80) M̂2 34.12 9.22 11.18
M̂3 39.64 17.78 19.15

50 100 0.55 27.26 M̂1 38.77 6.72 6.04
(0.12) (0.71) M̂2 43.92 10.53 13.45

M̂3 48.45 17.08 20.77

100 37 1 0.46 13.07 M̂1 14.54 3.29 1.45
(2.26) (0.91) M̂2 20.49 7.99 9.22

M̂3 27.76 23.38 20.80
84 10 0.39 27.18 M̂1 39.89 8.20 6.70

(0.78) (0.70) M̂2 49.12 15.05 17.73
M̂3 58.94 30.70 31.18

100 100 0.36 34.77 M̂1 69.21 16.93 16.34
(0.20) (0.52) M̂2 78.26 24.23 28.55

M̂3 88.02 39.67 44.42

† The maximum possible number of alleles in a population
∗ The simulated number of alleles in a population of size 10,000.
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Table 2.2: Recurrent mutation simulation results for sample size n = 200.

Mmax Msim b C D M̂ Sample Est.
(CV) (Ĉ) Mean Std. Err. Std. Err.

10 9 1 0.87 7.55 M̂1 7.58 1.21 0.12
(0.95) (1.00) M̂2 8.68 2.29 2.38

M̂3 9.43 4.28 4.52
10 10 0.98 9.76 M̂1 9.77 0.48 0.06

(0.22) (1.00) M̂2 9.98 0.70 0.51
M̂3 10.04 0.84 0.67

10 100 0.99 9.92 M̂1 9.93 0.28 0.03
(0.03) (1.00) M̂2 10.02 0.38 0.22

M̂3 10.03 0.42 0.27

50 28 1 0.64 15.90 M̂1 16.16 2.81 0.50
(1.75) (0.98) M̂2 22.03 6.64 8.42

M̂3 27.19 15.60 18.33
48 10 0.77 34.44 M̂1 35.74 3.13 1.21

(0.57) (0.96) M̂2 42.47 6.23 7.42
M̂3 45.86 10.07 11.81

50 100 0.87 43.34 M̂1 45.07 2.53 1.40
(0.12) (0.96) M̂2 48.83 4.03 4.81

M̂3 50.03 5.11 6.28

100 37 1 0.56 19.36 M̂1 19.80 3.30 0.68
(2.26) (0.98) M̂2 28.16 8.59 10.60

M̂3 36.17 23.59 24.03
84 10 0.63 48.61 M̂1 52.48 4.94 2.27

(0.78) (0.93) M̂2 66.67 10.44 12.83
M̂3 76.09 18.79 22.17

100 100 0.72 70.42 M̂1 79.82 5.60 3.83
(0.20) (0.88) M̂2 90.47 9.50 11.75

M̂3 96.03 13.61 16.90
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From 2.3, we see when θ increases, the difference between the observed and

estimated allele numbers is larger. We think this is reasonable since, when mutation

rate increases, it is easier to get more distinct alleles in the population. The other

property we can obtain from the simulation is that when the sample size increases,

the ratio between D and M̂2 decreases. This is also desirable because when we

obtain more and more data, the unseen alleles should be fewer and fewer. We

would expect the ratio to converge to one if we have an infinite amount of data.

The convergence rate, however, is quite slow.

2.3.3 Simulation Results under SMM

Under the SMM, we adopted the transition probability model in equation (1.15)

to characterize the behavior of mutations. The model indicates that the transition

probability from type i to type j depends on the absolute value of the size difference

(|i − j|). If only the size change is concerned, the distribution of size change is

geometrically distributed. Since

∞
∑

j>i

pi→j = α ,

the parameter α is the probability of increasing size when a mutation occurs. Hence

if α > 0.5, mutations tend to increase the size. The parameter P has the effect

of determining the magnitude of size change. The size change reach its maximum

when P = 0.5 and becomes smaller when P approaches its boundaries (0 or 1).

Although there is no restriction on the size change under the model, experi-

ments show that each mutation is more likely to change an allele to an adjacent
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Table 2.3: IAM simulation results. The theoretical value MCK assumes an effective
population size of Ne = 10000.

n θ D MCK M∗
Sim Estimator Sample Estimated

(Ĉ) (Me) Mean Std. Err. Std. Err

50 0.1 1.44 1.75 2 M̂1 1.44 0.66 0.02
(1.00) (1.10) M̂2 1.56 0.92 0.39

M̂3 1.68 1.33 0.84
1.0 4.52 8.23 10 M̂1 4.64 1.83 0.28

(0.98) (2.00) M̂2 6.20 3.63 3.59
M̂3 8.19 8.66 8.57

5.0 12.46 45.66 39 M̂1 13.86 3.55 1.42
(0.91) (6.00) M̂2 20.63 8.97 10.30

M̂3 30.02 29.35 25.17
10.0 18.36 120.52 70 M̂1 22.45 5.15 2.91

(0.83) (11.00) M̂2 32.98 12.29 14.62
M̂3 46.88 34.28 33.31

200 0.1 1.58 1.75 2 M̂1 1.58 0.75 0.01
(1.00) (1.10) M̂2 1.71 1.06 0.42

M̂3 1.86 1.69 0.97
1.0 5.89 8.23 10 M̂1 5.92 2.10 0.14

(1.00) (2.00) M̂2 8.17 4.59 4.74
M̂3 11.09 11.77 12.19

5.0 19.13 45.66 39 M̂1 19.64 3.91 0.73
(0.98) (6.00) M̂2 31.10 11.35 13.93

M̂3 45.46 35.55 36.61
10.0 30.90 120.52 70 M̂1 32.50 5.21 1.40

(0.95) (11.00) M̂2 51.80 15.13 18.29
M̂3 74.61 44.87 45.41

∗ The simulated number of alleles for the whole population.
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allele. The authors of this model also set up a maximum mutation step when the

transition probability greater than that step is less than some critical value ε. The

maximum step s is determined by equation (1.16).

We performed our simulation study under three α values = {0.3, 0.5, 0.7}, two

P values = {0.5, 0.8} and two θ values = {1, 10}. Together with the two sample

sizes we have 24 cases. Results are listed in Table 2.4, 2.5 and 2.6. The ε value

was set to 0.001, so that the maximum steps for P = 0.5 and 0.8 are nine and four

respectively.

Based on Table 2.4, 2.5 and 2.6 we observe that even though we set P = 0.5

and each mutation can change an allele by up to nine units, the number of alleles

observed in the sample is still very limited. Under the same mutation rate and

sample size, we can observe many more alleles under IAM than SMM. As a result,

the sample coverage estimate under SMM is very close to one. Hence the estimates

are not very different from the observed numbers.

2.4 Examples and Applications

Estoup, Garnery, Solignac, and Cornuet (1995) published a set of microsatellite

data from nine populations of honey bee (Apis Mellifera L.) subspecies. The ade-

quacy of two mutation models usually used for microsatellite, IAM and RMM, are

tested by comparing the observed allele numbers and theoretical numbers. The

authors claimed that the IAM fits the data better and argued that the reason

may be because the majority of the microsatellites they used in the study contain
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Table 2.4: Stepwise mutation simulation results with α = 0.3.

n θ P M∗
Sim D Estimator Sample Estimated

(Ĉ) Mean Std. Err. Std. Err.

50 1.00 0.50 10 3.61 M̂1 3.66 1.26 0.15
(0.99) M̂2 4.41 2.18 1.99

M̂3 5.21 4.30 4.36
0.80 7 3.03 M̂1 3.06 0.95 0.09

(0.99) M̂2 3.45 1.49 1.15
M̂3 3.85 2.80 2.42

10.00 0.50 13 8.70 M̂1 9.06 1.77 0.58
(0.96) M̂2 10.79 3.31 3.55

M̂3 12.11 5.99 6.44
0.80 8 6.31 M̂1 6.46 1.31 0.32

(0.98) M̂2 7.53 2.46 2.45
M̂3 8.37 4.72 4.59

200 1.00 0.50 10 4.27 M̂1 4.28 1.26 0.06
(1.00) M̂2 5.08 2.26 2.00

M̂3 5.91 4.63 4.54
0.80 7 3.43 M̂1 3.43 0.98 0.03

(1.00) M̂2 3.79 1.50 0.98
M̂3 4.11 2.48 2.08

10.00 0.50 13 10.27 M̂1 10.33 1.62 0.19
(0.99) M̂2 11.60 2.65 2.50

M̂3 12.24 3.99 4.15
0.80 8 6.88 M̂1 6.90 1.22 0.08

(1.00) M̂2 7.48 1.83 1.35
M̂3 7.79 2.54 2.30

∗ The simulated number of alleles in a population of size 10000.
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Table 2.5: Stepwise mutation simulation results with α = 0.5.

n θ P D Estimator Sample Estimated
(Ĉ) Mean Std. Err. Std. Err.

50 1.00 0.50 3.66 M̂1 3.71 1.26 0.16
(0.99) M̂2 4.47 2.21 1.99

M̂3 5.29 4.76 4.39
0.80 3.12 M̂1 3.15 0.96 0.10

(0.99) M̂2 3.60 1.57 1.29
M̂3 4.05 2.79 2.74

10.00 0.50 8.84 M̂1 9.20 1.74 0.59
(0.96) M̂2 10.84 3.19 3.39

M̂3 12.05 5.98 6.03
0.80 6.22 M̂1 6.35 1.25 0.29

(0.98) M̂2 7.20 2.14 2.04
M̂3 7.79 3.56 3.59

200 1.00 0.50 4.37 M̂1 4.38 1.29 0.07
(1.00) M̂2 5.21 2.31 2.03

M̂3 6.05 4.70 4.61
0.80 3.56 M̂1 3.56 0.97 0.04

(1.00) M̂2 3.97 1.55 1.11
M̂3 4.36 2.85 2.39

10.00 0.50 10.37 M̂1 10.42 1.59 0.18
(1.00) M̂2 11.55 2.48 2.24

M̂3 12.07 3.45 3.59
0.80 6.85 M̂1 6.87 1.16 0.08

(1.00) M̂2 7.37 1.67 1.17
M̂3 7.62 2.29 1.93

∗ The simulated number of alleles (Msim) is same as table 2.4.
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Table 2.6: Stepwise mutation simulation results with α = 0.7.

n θ P D Estimator Sample Estimated
(Ĉ) Mean Std. Err. Std. Err.

50 1.00 0.50 3.58 M̂1 3.63 1.24 0.15
(0.99) M̂2 4.37 2.14 1.97

M̂3 5.15 4.28 4.30
0.80 3.05 M̂1 3.07 0.96 0.09

(0.99) M̂2 3.51 1.56 1.25
M̂3 3.95 2.91 2.69

10.00 0.50 8.70 M̂1 9.06 1.74 0.58
(0.96) M̂2 0.81 3.29 3.58

M̂3 2.14 5.96 6.50
0.80 6.29 M̂1 6.43 1.29 0.31

(0.98) M̂2 7.45 2.28 2.35
M̂3 8.19 3.90 4.29

200 1.00 0.50 4.28 M̂1 4.29 1.29 0.06
(1.00) M̂2 5.07 2.27 1.93

M̂3 5.89 4.78 4.40
0.80 3.44 M̂1 3.44 0.96 0.03

(1.00) M̂2 3.82 1.48 1.02
M̂3 4.16 2.57 2.20

10.00 0.50 10.24 M̂1 0.29 1.62 0.19
(0.99) M̂2 11.57 2.71 2.51

M̂3 12.24 4.12 4.21
0.80 6.90 M̂1 6.92 1.21 0.08

(1.00) M̂2 7.51 1.82 1.35
M̂3 7.83 2.54 2.31

∗ The simulated number of alleles (Msim) is same as table 2.4.

46



repeats of several different length motifs. They also provided estimates of effec-

tive population size (2Ne) and mutation rates (µ) for each locus based on some

assumptions. We chose the subspecies Tiznit as an example to demonstrate the

use of our method. The allele frequencies in their data are changed to allele counts

to fit our need. The data are listed in Table 2.7.

Using the information listed in Table 2.7 together with equation (2.12) we can

get a theoretical allele numbers for the population. Table 2.8 shows the theoretical

allele numbers and our three estimates. The estimated allele numbers are generally

close to the theoretical values.

Notice that in some cases, the theoretical allele numbers are less than the

observed numbers. Since the theoretical number is the number of alleles that can

be maintained in the population, we would expect this number not to be less

than the observed numbers from a sample. This reflects the problem that the two

parameters, effective population size and mutation rate, are generally difficult to

estimate and have high uncertainty. One advantage of the sample coverage method

is that we don’t need to estimate the effective population size and mutation rate

before estimating the allele numbers.

Besides the direct applications in improving the estimation of gene diversity

and characterization of prior distribution of allele frequencies, under SMM, we can

use this information to predict the range of alleles as well.
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Table 2.7: The summary data from Estoup et al.

Locus Mutation Rate n Allele Counts
B124 1.002± 0.138× 10−3 56 f1 = 1, f2 = 2, f3 = 2, f4 = 1,

f5 = 2, f6 = 1, f12 = 1, f13 = 1
A7 0.686± 0.138× 10−3 46 f1 = 4, f2 = 3, f3 = 1, f4 = 1,

f5 = 1, f6 = 1, f18 = 1
A24 0.192± 0.042× 10−3 48 f1 = 1, f6 = 1, f13 = 1, f28 = 1

A113 0.523± 0.084× 10−3 56 f1 = 3, f2 = 3, f5 = 1, f7 = 1,
f12 = 1, f23 = 1

A28 0.291± 0.056× 10−3 52 f1 = 1, f2 = 2, f3 = 1, f6 = 1,
f8 = 1, f12 = 1, f18 = 1

A88 0.256± 0.051× 10−3 54 f1 = 1, f2 = 2, f3 = 1, f4 = 1,
f6 = 1, f9 = 1, f13 = 1, f14 = 1

A43 0.377± 0.067× 10−3 58 f1 = 1, f2 = 2, f3 = 1, f5 = 1,
f7 = 1, f8 = 1, f15 = 2

2.5 Discussion

A drawback of the sample coverage method is that, when the allele number is

large but the sample size is relatively small, if D = f1 = n (i.e., all the alleles in

the data are different), we have ĉ = 0 and hence M̂i = ∞. Although, when we

keep observing new alleles in the data, we would expect there are many alleles in

the population, this estimate is not useful. When this situation happened, Chao

(1984) derived an estimate M̂low = D + f1(f1 − 1)/2 for the lower bound of M .

This estimate was used when the infinity estimate cases occur in the simulation.

In real data, fortunately, this kind of situation is almost impossible.

We also notice that when the CV is large, the estimates have a large negative

bias. One way to conquer this problem is to use the CV reduction technique or
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Table 2.8: Results for the data of Estoup et al. The MCK is obtained assuming
Ne = 1617.

Locus Observed Theoretical Estimator Estimated Estimated
Number MCK Number Std. Err.

B124 11 25.81 M̂1 11.20 0.46
M̂2 11.61 1.32
M̂3 11.66 1.47

A7 12 17.67 M̂1 13.14 1.30
M̂2 19.33 9.88
M̂3 24.31 19.84

A24 4 4.95 M̂1 4.09 0.30
M̂2 4.81 2.24
M̂3 5.11 3.39

A113 10 13.47 M̂1 10.57 0.85
M̂2 15.07 7.90
M̂3 18.35 15.39

A28 8 7.50 M̂1 8.16 0.41
M̂2 8.81 1.85
M̂3 8.95 2.30

A88 8 6.59 M̂1 9.17 0.43
M̂2 9.66 1.49
M̂3 9.74 1.74

A43 9 9.71 M̂1 9.16 0.41
M̂2 9.68 1.55
M̂3 9.77 1.83
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stabilization technique (Haas and Stokes 1998). This technique uses only those

alleles appearing less than k times in the sample to obtain the estimates and then

adding alleles having more than k representatives. For example, suppose we have

r alleles appearing more than k times for a total of nr alleles in the sample. We

first use the remaining data (n− nr) to estimate the allele number (M − r). Then

add the r alleles back. So our estimates will be M̂ = ( ̂M − r) + r. Since the

alleles with high frequencies are not used in estimation, the CV will be reduced

significantly. The reason that those alleles with higher frequencies can be remove

from the estimation process is that since they are so abundance, keep observing

them will not provide any useful information about those unseen alleles and hence

not helpful in estimate the total number. The choice of k value is somewhat

arbitrary. Simulations show that k = 10 works well (data not shown). We should

be careful, however, to apply the CV reduction technique in real data appeared in

genetics. Because the variation of frequencies among alleles could be very large.

When data is not large, taking off the alleles with more than 10 copies from the

data may result in obtaining a unrealistic large estimate because only a very small

size of data is used in the estimation. Hence, we didn’t use this technique in

Table 8.

Besides these technical problems, some concerns still need to be addressed.

For example, when some alleles have been reported previously but are not in the

present sample, what should we do? If there are several samples available, should

we combine them to give a larger sample or should we use them separately? For
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the first problem, assuming there are L alleles we know exist but are not in our

sample, possible solutions are:

1. M̂ ′ = M̂ + L, or

2. replace n by n′ = n + L, D′ = D + L and f ′1 = f1 + L to obtain M̂ ′, or

3. Since M̂ has already estimated the unseen alleles from the data, it should

already include those L alleles. We need only adjust our estimates when

M̂ < D + L and set M̂ ′ = D + L.

For the second problem, besides the method of combining data, if those samples

are from contemporary generations, we may regard them all as a sample from a

capture-recapture experiment. Then many methods utilize the overlap information

in the capture-recapture experiment can be used to deal with this problem and may

provide an even more precise estimate. Recently Chao and Tsay (1998) proposed

a method to estimate M under a multi-system sample scheme which may offer

another possible solution. Currently, our study focuses on only one particular

population. It may be more interesting to know the allele numbers for a whole

species or how many alleles are shared between subspecies. Chao et al. (2000) has

extended the method to this kind of multi-population problem in ecology. Further

studies are needed to adjust their method to population genetics.
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Chapter 3

Modeling Ranked Frequencies

with Applications in Molecular

Biology

3.1 Introduction

The distribution of allele frequencies has been a major focus in population genet-

ics. Theoretical results using stochastic arguments under different mutation models

have been well studied (Crow and Kimura 1970). When applying theoretical re-

sults to real problems, however, difficulties arise when the assumptions required

by the theoretical model are in doubt. For example, under recurrent mutation

models, the number of alleles has to be known beforehand. And for the stepwise

mutation model, the allele type of the most recent common ancestor needs to be
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known in order to determine the frequencies for each allele. Mispecification of these

information may lead to a very different result in classical approach. Therefore, a

more practical method is needed to relax these model-specific assumptions or to

be robust under different mutation models.

When modeling allele frequencies, there are two major problems– how to esti-

mate the possible number of alleles in the population and how to assign frequencies

for those unseen alleles. It is obvious that models applying only to the allele types

seen in a sample are not appropriate when other types also exist in the population.

In this chapter, we propose a distribution family to model ranked allele frequen-

cies. By coping with the allele-number-estimation method we adopt from a sample

coverage approach (Chao and Lee 1992), we are able to assign allele frequencies

for unseen alleles and determine quantities such as the minimum allele frequency

of a population or the probability of finding a new allele. We will describe our

model in detail in the next section. Simulation studies under different mutation

models are presented in section three. Examples are provided in the fourth section

to illustrate the application of our method. Conclusions and future work for our

approach will be described in the last section.

3.2 Modeling Ranked Frequencies

For problems concerning only allele frequencies but not allele types, the allele

types can be renamed based on their ranked frequencies. By using this naming

rule, it is meaningful to discuss the frequencies for unseen alleles, because we
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can assume the ranks (allele type) of unseen alleles are less than the rank of

the smallest frequency in the data. Suppose there are M different alleles with

frequencies p1 ≥ p2 ≥ · · · ≥ pM in the population. It has been recognized that,

in many biological populations, the distribution for the ranked frequencies can be

approximated by

pi = c i−(1+δ), (3.1)

where c is a normalizing factor. Equation (3.1) is usually referred as Zipf’s law or

power law and is used largely in species problems and linguistic fields (Chen 1980).

The major feature for Zipf’s law is that the log-log plot of frequencies against

their ranks is a straight line. This particular feature limited its application because

it requires very “fat” tail frequencies. In most molecular data, however, log-log

plots exhibit a noticeable curvature. For example, Fig 3.1 displays the log-log plots

at locus D21S11 from eight human populations (Budowle et al. 1996). A linear

relationship is not adequate to capture this distribution.

This implication of the pattern shown in Fig 3.1 indicates that the tail frequen-

cies for the population are not as large as given by Zipf’s law, but are still “fat”

enough to generate rare events. Recently the stretched exponential distribution

(also known as Weibull distribution) has been shown to be able to explain many

phenomena in nature and economics (Laherrere and Sornette 1998). We apply the

stretched exponential distribution to the field of molecular biology. The form of

the stretched exponential distribution is:

pi = c e−α iβ . (3.2)
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where c is again a normalizing factor. Unlike the linear relation between the log-

log plot in Zipf’s law, the stretched exponential family has flexibility in its log-log

shape. This feature makes the stretched exponential family superior to Zipf’s

law in many situations. Part of the reason of this advantage is that the stretched

exponential distribution has one more parameter than Zipf’s law. The other reason

for that is that the parameters α and β in equation (3.2) have physical meaning

for ranked frequencies. Conditional on the number of alleles M , α determines

the magnitude of the highest allele frequency and β controls the fatness of tail

frequencies. Figures 3.1 and 3.2 show the results of fitting the two distribution

families on the log-log scale and the original scale.

Although the stretched exponential distribution works well in fitting ranked

frequencies for those alleles appearing in the data, we need to model the frequencies

for possible unseen alleles as well. Our approach is to estimate α and β first by

nonlinear regression on the function

pi = e−α iβ (3.3)

and obtain estimates α̂ and β̂ based on the data. The next step is to estimate the

total number of alleles for the population. Due to the high CV nature in genetic

data, we employ equation (2.9) to estimate the number of alleles in a population.

After obtaining the number of alleles, we arrange all the alleles according to

their frequencies as A1, A2, · · · , AD, AD+1, AD+2, · · · , AM̂ with frequencies

pAi = c e−α̂ iβ̂ , i = 1, 2, · · · , M̂ . (3.4)
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Figure 3.1: The comparison of fit between Zipf’s law and the stretched exponential

distribution on the log-log scale for Locus D21S11 in several samples given source

of data.
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Figure 3.2: The comparison of fit between Zipf’s law and the stretched exponential

distribution on the original scale.
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where c = (
∑M̂

i=1 e−α̂ iβ̂)−1 so that
∑M̂

i=1 pAi = 1.

Variance estimates for quantities related to the rank frequencies can be obtained

by using the bootstrap method (Efron and Tibshirani 1993). Since the set of

frequency spectrum {f0, f1, · · · , fn} are mutually exclusive and f0 +f1 + · · ·+fn =

M , we have

(f0, f1, · · · , fn)|M ∼ multinomial(M, f0/M, f1/M, · · · , fn/M) (3.5)

Now once we get an estimate of M from equation (2.9), we can replace the true M

by M̂ in equation (3.5) and get a random vector (f ∗0 , f ∗1 , · · · , f ∗n). Using this new

frequency spectrum we are able to calculate the corresponding ordered frequency

vector (p∗1, p
∗
2, · · · , p∗D∗) and obtain a new α̂∗ and β̂∗ from equation (3.3). Together

with M̂ , a new estimate of (pA1 , · · · , pAM̂
) can be calculated from equation (3.4).

A variance estimate of the estimator derived under this approach can then be

obtained by calculating the sample variance of these pseudosamples generated by

resampling.

3.3 Simulation Studies

Here we also use the coalescent process to do the simulation. All the three mutation

models in section 1.1 are investigated to illustrate the robustness of our method.

The ranked frequencies and quantities used in equation (2.9) are collected from

the sample to calculate our estimates. We performed 2000 replicates for each case

studied. Sample size n was chosen to be 100.
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Under IAM, the joint effect of effective population size (Ne) and mutation rate

(µ) is through the parameter θ = 2Ne µ (Crow and Kimura 1970). We selected

four θ values = {0.1, 1, 5, 10} for our simulation. The results are shown in

Fig 3.5. Both distribution models are fitted for comparison. Clearly the stretched

exponential distribution performs better than the power law.

For SMM, the evolutionary process is affected by both the population param-

eter θ and the transition probability of the mutation mechanism. We adopt the

transition probability model from equation (1.15) with slightly change in notation.

πij =











λ P (1− P )j−i−1 if j > i

(1− λ) P (1− P )i−j−1 if j < i
(3.6)

where λ is the probability of increasing size when a mutation occurs. Hence if

λ > 0.5, mutations tend to increase the size. The parameter P has the effect of

determining the magnitude of size change. The size change reaches its maximum

when P = 0.5 and becomes smaller when P approaches its boundaries (0 or 1).

Although λ is important if we take into account the allele type, simulation studies

(data not shown) show that its effect on ranked frequencies is very limited. We

chose two θ values = {1, 10} and two P values = {0.5, 0.8}. The results are shown

in Fig 3.4. We observed the same performance as in IAM case. The RMM model

assumes that the number of alleles (M) is fixed and known. Under this model we

can determine allele frequencies analytically. Crow and Kimura (1970) showed that

if the total mutation rate is µ and the probability of any allele mutating to the ith

allele is νi, then the frequency of the ith allele is qi = νi/
∑M

i=1 νi = νi/µ when the
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Figure 3.4: Simulated rank frequencies under SMM.

61



population reaches its equilibrium status. In our simulation we set νi = 10−4/(b+i)

so that

qi =
1

(b + i)(
∑M

i=1 1/(b + i))
= c(M, b)∗(b+i)−1 = pi.

where the constant c is a function of M and b. Notice that the allele frequencies

described above are the mean values over all hypothetical populations under the

same evolution forces. The real frequencies for any particular population, however,

may be quite different from the theoretical values. Since we order the frequencies

without regard their types, the allele type for any particular rank may not be the

same for each replicate. We are interested if, when the true distribution is a Zipf’s-

law-like distribution, the stretched exponential family is still a good approximation.

Simulations were performed under two M values = {20, 50} and two b values

= {1, 10} to investigate these quantities. The outcomes are shown in Fig 3.5.

The allele numbers shown on the X-axis are not same as the true numbers because

not all alleles appear in the sample. Even in this case, the stretched exponential

family performs better than Zipf’s law. Our final simulation evaluates the

performance, under the SMM model, of the bootstrap method in estimating the

variance for two quantities, PD+1 and Pnew. The first quantity represents the

highest possible frequency for a new allele and Pnew represents the total frequency

for alleles not appearing in the sample. In estimating PD+1, we assume a new

allele is observed and added to the original sample. Applications of same situation

can be found in forensic science and will be discussed in next section. The same

mutation transition mechanism described in equation (3.6) is used again here. We
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Figure 3.5: Simulated rank frequencies under RMM.

63



Table 3.1: Simulation studies for estimating probabilities of new allele (PD+1) and
discovering a new allele (Pnew).

PD+1 Pnew
θ P D M̂ Est. Sample Boots Est. Sample Boots

std. err. std. err. std. err. std. err.
5 0.5 8.66 13.82 0.012 0.012 0.012 0.021 0.014 0.040

0.8 6.46 9.84 0.016 0.019 0.020 0.041 0.024 0.049
10 0.5 10.62 15.86 0.013 0.010 0.009 0.070 0.026 0.032

0.8 7.55 10.69 0.017 0.017 0.016 0.093 0.032 0.038

select two θ values = {5, 10} and two P values = {0.5, 0.8} in the simulation. Our

results are based on 2000 replicates with 500 bootstrap samples in each replicate

for estimating the standard errors of PD+1 and Pnew. From Table 3.1, we see that

the bootstrap estimates for standard error of PD+1 are very close to the sample

standard error. The estimates for standard error of Pnew are overestimated when

the θ values are small and converge to the sample variance when θ increases. The

possible reason is that, when θ increases, we can observe more alleles and the

bootstrap samples will be more stable. Notice that, since we put the new allele

into the sample, we need to add one to three quantities; the sample size n, the

observed allele numbers D, and the number f1 of alleles appearing only once in

equation (2.9).
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3.4 Examples

We use two examples to illustrate our method. In forensic science, the minimum

allele frequency for a population is of great concern. Underestimating the minimum

allele frequency can overstate the strength of DNA evidence. It is obvious that

the minimum allele frequency for a sample is one over the size of the sample. This

value is believed to underestimate the true minimum allele frequency.

Estimation methods for the minimum allele frequency have been proposed

by Nelson (1978) and Chakraborty (1992). Nelson estimated the minimum al-

lele frequency based only on the sample size and set the confidence level equal to

some particular 100(1− α)% value. Under this scenario, the maximum frequency

of an unseen allele PW should satisfy the following equation

(

n
0

)

P 0(1−P )n = α,

where n is the sample size. Therefore we have

PN = 1−α1/n. (3.7)

The obvious problem for this method is that even if we observed a very different

configuration of allele frequencies in samples from two populations, the maximum

allele frequencies for new alleles are the same if the sample sizes are the same.

Chakraborty (1992) argued that, with a 100(1 − α)% confidence level, the

probability of all common alleles being in the sample is:

[1− (1−P )n]r ≥ 1−α
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where p is lower bound of frequency for the common alleles and r is the number

of common alleles in the population. The upper bound frequency for a new allele

will then be:

PC ≥ 1− [1−(1−α)1/r]1/n. (3.8)

The number of common alleles is estimated by taking the difference between the

expected number of alleles and the expected number of rare alleles from the sample

(equations (3.9) and (3.10)), i.e. r = E[k]−E[k(q)]. Under the IAM, Ewens (1972)

showed the expected number of alleles is

E[k] = θ
n

∑

i=0

1
θ + i

, (3.9)

(Chakraborty and Griffiths 1982) further showed that the expected number of

alleles with frequency less than q is:

E[k(q)] =
[nq]
∑

i=1

θ
i

(n/2)!
(n/2− i)!

Γ(n/2 + θ − i)
Γ(n/2 + θ)

≈ θ
[nq]
∑

i=1

1
i

[nq]
∑

i=1

1
n− i

(3.10)

where q is an arbitrary small value so that an allele with frequency less than q

is treated as a rare allele. It can take values like 0.001, 0.01, or 0.05. [nq] is the

largest integer smaller than nq. The θ value can be estimated by (Ewens 1972))

θ̂ =
H̃

1− H̃

where H is the heterozygosity in the sample.
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Questions arise when the assumption of a particular mutation model is wrong.

For example, for one of the most widely used forensic genetic markers, microsatel-

lites, the SMM is more appropriate. It is also known that the polymorphism level

under SMM is less than that under IAM. Hence we wouldn’t expect as many alleles

under SMM as we can see under IAM in the sample. Consequently, the number of

unseen alleles can not be large.

The major difference between our method and Chakraborty’s method is that,

instead of estimating the expected allele numbers in the sample based on a pop-

ulation model, we try to estimate the number of alleles that should exist in the

population based on the sample. The only assumption we used is that the popu-

lation size is large enough that the sampling distribution can be approximated by

a multinomial distribution.

Forensic scientists are interesting in estimating the frequency of a “new” allele

type found both in samples from a crime scene and from a suspect’s DNA. In order

not to overstate the strength of this evidence, they estimate the largest possible

frequency for this new allele in the population. Table 3.2 lists our estimates for

the D21S11 locus and compares them with the two methods described in equations

(3.7) and (3.8). We list the estimates of the parameters α and β in the nonlinear

function (3.3) for each sample. D is the observed number of alleles in the database,

M̂ is the estimated number of alleles in the corresponding population, and Pmin is

the smallest possible frequency for the new allele.

As another application, in field of protein structure, the number of protein folds
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Table 3.2: The estimated allele frequencies for D21S11 locus.

Population α β D M̂ PD+1 Pmin PC PN Pnew

(std.err) (std.err) (std.err)
Aboriginals, 1.331 0.395 11 15 0.025 0.018 0.025 0.014 0.061

Ontario (0.011) (0.009) (0.029)
Aboriginals, 1.027 0.594 12 26 0.008 0.001 0.025 0.015 0.035

Saskatchewan (0.008) (0.003) (0.061)
Aboriginals, 1.182 0.477 10 14 0.022 0.014 0.024 0.014 0.049

British Columbia (0.012) (0.010) (0.031)
Chinese, 1.141 0.488 14 29 0.011 0.002 0.021 0.012 0.068
Singapore (0.006) (0.003) (0.063)
Indians, 1.496 0.326 12 15 0.029 0.024 0.020 0.012 0.051

Singapore (0.010) (0.009) (0.019)
Malays, 1.122 0.527 11 19 0.014 0.005 0.025 0.015 0.053

Singapore (0.009) (0.006) (0.048)
Caucasians, 1.204 0.475 11 17 0.018 0.009 0.033 0.019 0.059
Vancouver (0.009) (0.007) (0.039)
Caucasians, 1.406 0.374 13 20 0.020 0.012 0.021 0.012 0.088
Edmonton (0.008) (0.006) (0.041)
Combined 1.331 0.412 14 23 0.015 0.007 0.013 0.008 0.078
Caucasians (0.007) (0.005) (0.045)
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Table 3.3: Summarized data for SCOP database.

Summary n D f1 f2 f3 f4 f5 f6 f7 f8 f9 f10

Counts 1296 548 349 77 38 31 15 4 7 4 4 2
Summary f11 f12 f13 f14 f15 f17 f18 f20 f25 f34 f38 f44

Counts 3 4 1 1 1 1 1 1 1 1 1 1

is one of the fundamental quantities in structural biology (Zhang and DeLiSi 1998).

A good estimate of this number would be helpful in understanding the structural

diversity for protein families. It may be also interesting to know the percentage of

protein folds covered by the current database. Current estimates for the number of

folds ranges from several hundred to more than 10 thousand. The widely quoted

structural classification database SCOP (Murzin et al. (1995), release 1.50) was

selected to address these problems using our approach.

The summarized data is listed in Table 3.3. Fig 3.6 shows the result of fitting

a stretched exponential distribution to ranked frequencies of this database. Using

the CV reduction technique (section 2.5), we predict the total number of folds to

be about 1944 with standard error of 300. The probability of finding a new fold is

about 0.27. A database can cover 90% of folds in Nature if it contains 1150 folds

but needs 1857 folds to cover 99% of them. One advantage of our method is that

we can answer all these questions simultaneously.

69



Figure 3.6: The fit of the stretched exponential distribution on the original scale.
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3.5 Conclusions and Future Work

Simulation has shown that the use of the stretched exponential distribution in

modeling ranked frequencies is robust under different mutation models. Since es-

timation of the number of alleles is also independent of the choice of mutation

model, the whole procedure of predicting allele frequencies is not restricted to any

specific mutation model. Notice that, instead of deriving the analysis based on

the expected values among all hypothetical populations (the assumption of muta-

tion model is necessary for generating the hypothetical population in the classical

approach), our method focuses only on the target population. This particular

approach successfully avoids having to make inferences for some hard-to-estimate

population parameters like effective population size, mutation rate and the MRCA

allele type.

Since the main idea of our approach is to estimate the number of categories in a

population and model ranked frequencies for these categories, its application can be

extended to different data types as long as these types classify the whole population

into categories. An immediate extension is to model genotype frequencies. Further

study is needed to examine the validity of using the product of allele frequencies to

represent the corresponding genotype frequencies when the assumption of Hardy-

Weinberg equilibrium can not be made.

One drawback of our approach is that we did not use the information of true

allele types. This information, unfortunately, is critical in evolutionary studies.

The same problem causes the comparison between two populations to be infeasible.
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Chapter 4

A Bayesian Approach

4.1 Introduction

Bayesian approaches for estimating the number of categories have also been pro-

posed (for example, Boender and Kan (1987) and Bunge and Fitzpatrick (1993)).

Most Bayesian approaches assume that the prior distribution for the relative fre-

quencies among categories is a symmetric Dirichlet distribution. Combined with

the multinomial sampling model, a relatively easy form of a Bayes’ estimate for

the number of categories can be derived (Boender and Kan 1983). However, the

assumption of exchangeability and equal negative correlations among frequencies

implied by the symmetric Dirichlet distribution may not be true in some cases.

Hence, we need a more general approach to this problem. Besides, inferences

about the frequencies are not considered in previously reported research. It would

be useful if we can obtain that information simultaneously.
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We will briefly describe the problem and start with the simplest version with

equal population frequencies followed by the general case in section 4.2. Simulation

studies and examples are also given in section 4.3 followed by a discussion in

section 4.4.

4.2 The Generalized Multinomial Model

Estimating the number of alleles in a population is a fundamental question in pop-

ulation genetics but has received little attention due to the complicated likelihood

function. Most of the inferences for quantities relating to this number simply as-

sume that the number of alleles observed in the data is the total number in the

population. This will, of course, underestimate the true number and lose any infor-

mation about rare alleles. Statistical approaches for similar problems in different

fields (e.g. capture-recapture models) have led to good progress. We now describe

a statistical model and notation.

Suppose that there are M distinct alleles with relative population frequencies

p1, p2, · · · , pM , respectively in a population of size N . A random sample of size

n is drawn from the population. Assume that Xi is the number of copies of the

ith allele in the sample and D is the number of distinct alleles observed in the

sample. Quantity fj denotes the number of alleles with exactly j copies in the

sample. Notice that we have the following relationship between these statistics,

n =
n

∑

j=1

jfj, fj =
D

∑

i=1

I(Xi = j)
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where I(A) denote the indicator function; I(A) = 1 if condition A is true otherwise

I(A) = 0. For consistency, we will use L(·), π(·) and p(·) to represent the likelihood,

prior distribution and posterior distribution respectively.

4.2.1 Equal Frequencies Population

For the simplest situation, if the relative frequencies are all assumed to be equal,

we have p1 = p2 = · · · = pM = 1/M . The likelihood under this assumption of

equal population frequencies is (Emigh 1983),

L(M ; D, n) =
n! D!

∏n
j=1 fj!

∏D
i=1 xi!

(

M
D

)(

1
M

)n

I(D = 1, 2, · · · , min(n, M))

(4.1)

Notice that (D, n) is a sufficient statistic for M . The maximum likelihood es-

timator of M is given by M̂ ≥ D such that L(M̂ ; D, n) ≥ L(M̂ − 1; D, n)

and L(M̂ + 1; D,n) ≤ L(M̂ ; D,n). In other words, M̂ = inf{M ≥ D + 1 :

n ln(1 − 1/M) ≥ ln(1 − D/M)}. However, a point estimate is of more use if we

can find the associated standard error (s.e.) of the estimate. A closed form expres-

sion for the s.e. of M̂ is not available. A numerical approximation is possible but

could be computationally intensive. An asymptotic distribution is also intractable

because the parameter space is discrete and the likelihood doesn’t satisfy the stan-

dard regularity conditions. So we turn to a Bayesian framework with the following

non-informative prior of the form,

π(M) ∝
(

1
M

)α

; α ∈ R. (4.2)
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We will justify the use of this prior later in this section. Now using Bayes’s

theorem, we find the posterior distribution of M to be

p(M |D,n) ∝ L(M ; D, n)× π(M)

∝
(

M
D

)(

1
M

)n+α

I(M = D,D + 1, · · · ) (4.3)

Notice that

∞
∑

M=D

(

M
D

)(

1
M

)n+α

≤ 1
D!

∞
∑

M=D

(

1
M

)n+α−D

(4.4)

Hence, in order to avoid an improper posterior distribution, α has to be greater

than D − n + 1. Choice of α values will be discussed in more detail later. Notice

that when α = 0, equation (4.3) is equivalent to equation (4.1) as a function of M .

However, the posterior distribution in (4.3) can not be evaluated analytically, so

we use Gibbs sampling (Gelman, Carlin, Stern, and Rubin 1995) to draw samples

from the posterior distribution. If we look at equation (4.3) more carefully, we

observe that

p(M |D, n) ∝
(

M
D

)∫ ∞

0
e−Mλλn+α−1 dλ (4.5)

Hence we can introduce a nuisance parameter λ into the model and expand the

posterior distribution for both M and λ as

p(M, λ|D, n) ∝
(

M
D

)

λn+α−1e−MλI(M = D,D+1, · · · ; λ > 0) (4.6)

From equation (4.6), we can easily obtain the full conditional distributions for M
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and λ as:

p(M |λ,D, n) ∝
(

M
D

)

e−MλI(M = D, D + 1, · · · )

i.e. M |λ,D, n ∼ NegBin(D, 1− e−λ) (4.7)

and

p(λ|M,D, n) ∝ λn+α−1e−Mλ

i.e. λ|M, D, n ∼ Gamma(n + α, M) (4.8)

Using equations (4.7) and (4.8), it is easy to implement Gibbs sampling. We can

sample from the standard distributions available in most software packages.

Since the full conditional distribution is available, a Gibbs sampling scheme

can then be applied to obtain a Markov chain Monte Carlo (MCMC) sample from

the marginal posterior distribution of M given D, n. The choice of α in equation

(4.2) is not arbitrary. A large positive value of α will make the prior dominate the

likelihood whereas a large negative value of α will make the posterior improper.

Since we generally have little information about the parameter M , an objective

choice of prior will be Jeffrey’s noninformative prior. The usual way to derive

Jeffrey’s prior is (Lehmann 1983)

π(M) ∝ [J(M)]1/2

∝
[

−E
(

d2 log L(M)
dM2

)]1/2

(4.9)

However, the parameter M in this case is discrete, so this method is not appropri-
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ate. We will use the discrete version of Jeffrey’s prior:

J∗(M) = EM

[

(

L(M + 1)
L(M)

− 1
)2

]

(4.10)

where L(M) = L(M ; D,n) is as in equation (4.1). We approximate the above

expectation for large values of M to obtain J∗(M) and the corresponding prior. A

proof is given in the appendix.

Theorem 4.2.1 When sample size is fixed, Jeffrey’s prior for the parameter M of

the generalized multinomial distribution under the equal frequencies case is given

by

π(M) ∝ 1
M

.

proof :

J∗(M) = EM

[

[

L(M + 1)
L(M)

− 1
]2

]

= EM

[

[

M + 1
M −D + 1

(

M
M + 1

)n

− 1
]2

]

'
min(n,M)

∑

D=1

n! D!
Πn

j=1fj! ΠD
j=1xij !

(

M + 1
D

)(

1
M + 1

)n (

M
M + 1

)n (

M + 1
M −D + 1

)

−2
min(n,M)

∑

D=1

n! D!
Πn

j=1fj! ΠD
j=1xij !

(

M + 1
D

)(

1
M + 1

)n

+ 1

'
(

M
M + 1

)n (

M + 2
D

) (

1
M + 2

)n

− 1

'
(

M2 + 2M
(M + 1)2

)n

− 1 =
(

1− 1
(M + 1)2

)n

− 1

' − n
(M + 1)2

∝ 1
(M)2
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Notice that the above prior corresponds to α = 1 in equation (4.2). The results

for different α = {0, 1, 2} values are listed in Table 4.1 and 4.2 with sample sizes 100

and 20. We also compare our results with the results from sample coverage method

proposed by Good (1953). The sample coverage method has been shown to be a

very efficient estimator for the number of categories under the equal frequencies

case. Recently Chao and Lee (1992) extended this method to unequal frequencies

problem. Notice that when sample size is small, it is possible that all the observed

alleles are singleton. Under this case, we replace the sample coverage estimate by

its lower bound estimator M̂ = D + f1 ∗ (f1 − 1)/2 (Chao 1984) since the original

estimator gives us an infinite estimate. Using the Bayesian method, we can avoid

getting such infinite estimates. From the two tables, we observe that when sample

size is large, the choice of different α value within a reasonable range does not have

noticeable effects. When sample size is small, the effect of the α values becomes

critical. It is intuitive that the more data we have, the less important is the effect

of prior.

We also notice that the mean and the upper bound of the 95% equal tail

posterior interval is very unstable when sample size is small. This can happen

when the posterior distribution is highly right-skewed. Under this situation, the

median and the highest posterior density (HPD) region are suggested to replace the

mean and equal tail posterior interval respectively. The posterior distributions for

M corresponding to the three α values are listed in Figure 4.2 and 4.1 for sample

sizes equal to 20 and 100 respectively. In Table 4.2, the number in the parenthesis
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next to the “SC” estimator is the number of cases where all the observed alleles

are singleton.

4.2.2 The Case of Unequal Frequencies Population

It is unrealistic to assume that all the alleles have the same frequencies in the

population. Even if the transition probabilities for an allele mutating to any other

alleles are all equal, the allele frequencies in each population are still not the same

because of the random drift and genetic sampling effects. Hence a generalization

to the unequal frequencies is needed. Under the unequal frequencies situation,

Emigh (1983) and Boender and Kan (1987) independently derived the likelihood

for the multinomial distribution when the number of categories M is unknown

(also known as generalized multinomial distribution).

Now if we observed D alleles in the sample, we can write the observed data

vector ~x = (xi1 , xi2 , · · · , xiD), where (i1, i2, · · · , iD) are D ordered distinct numbers

from (1, 2, · · · ,M). Now the likelihood becomes

L(~x|M, ~p) =
n! D!

Πn
j=1fj! ΠD

j=1xij !

∑

i1,i2,··· ,iD∈SD

pxi1
i1 pxi2

i2 · · · pxiD
iD . (4.11)

where SD is the set of all permutation of D elements from {1, 2, · · · ,M}. Suppose

the prior density for ~p = (p1, · · · , pM) conditional on M is Dirichlet(ν, ν, · · · , ν)

and choose equation (4.2) as the prior density of M . So the joint prior distribution

of (M, ~p) is given by

π(M, ~p) ∝
(

1
M

)α Γ(Mν)
(Γ(ν))M

M
∏

i=1

pν−1
i I(

M
∑

i=1

pi = 1). (4.12)

79



Table 4.1: Posterior distribution of M when sample size n = 100 (based on 5000
MCMC samples with 2000 burn in).

α M D SC1 Mean Median LCI2 UCI3 HPDL4 HPDU5

s.e. s.e. s.e. s.e. s.e. s.e. s.e.
0 10 10.00 10.00 10.00 10.00 10.00 10.00 10.00 10.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00
50 43.32 50.13 50.59 50.16 44.95 58.73 43.34 57.03

3.20 3.23 3.25 2.45 4.25 1.90 4.08
100 63.16 100.64 102.59 101.08 82.17 131.72 72.58 125.69

12.42 12.98 12.55 8.76 19.52 6.96 18.07
1 10 10.00 10.00 10.00 10.00 10.00 10.00 10.00 10.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00
50 43.38 50.09 50.44 50.05 44.95 58.44 43.38 56.81

3.39 3.31 3.27 2.61 4.38 1.98 4.09
100 63.42 100.73 102.18 100.71 82.06 130.66 72.31 124.89

13.01 12.53 12.15 8.42 18.73 6.89 17.34
2 10 10.00 10.00 10.00 10.00 10.00 10.00 10.00 10.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00
50 43.22 49.91 49.94 49.48 44.65 57.70 43.22 56.17

3.38 3.16 3.15 2.45 4.14 1.91 3.92
100 63.50 101.81 100.92 99.50 81.43 128.56 72.05 122.93

12.44 11.78 11.47 7.97 17.38 6.24 16.26

1 Estimator from equation (2.3)
2 the 2.5% quantile of the posterior distribution
3 the 97.5% quantile of the posterior distribution
4 the lower bound of the 95% highest posterior density region
5 the upper bound of the 95% highest posterior density region
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Figure 4.1: Posterior Distribution for M.
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Figure 4.2: Posterior Distribution for M.
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Table 4.2: Posterior distribution of M when sample size n = 20 (5000 MCMC
samples with 2000 burn in).

α M D SC(inf) Mean Median LCI UCI HPDL HPDU
s.e. s.e. s.e. s.e. s.e. s.e. s.e.

1 10 8.73 10.18(0) 10.35 9.85 8.73 14.84 8.73 13.70
1.59 1.53 1.36 0.89 2.82 0.89 2.42

50 16.573 61.69(4) 83.11 55.34 25.20 310.38 18.30 211.62
39.35 155.14 42.23 8.36 1041.89 3.86 608.54

100 18.14 106.53(18) 205.96 103.47 35.51 1032.39 22.77 610.55
65.56 324.54 76.73 11.13 2521.98 4.54 1199.13

2 10 8.79 10.18(0) 10.20 9.92 8.79 14.35 8.79 13.23
1.54 1.40 1.34 0.85 2.46 0.85 2.33

50 16.52 63.96(1) 48.93 41.88 22.73 117.73 17.57 96.34
40.60 22.70 16.14 5.45 81.41 2.72 61.02

100 18.23 96.79(29) 93.57 69.87 30.83 303.89 21.30 224.96
65.57 55.60 30.65 7.66 268.67 3.74 175.01

From equations 4.11) and (4.12), we have the posterior distribution

p(M |x1, x2, · · · , xD)

∝ π(M)
Γ(Mν)

∏M
i=1 Γ(ν)

∑

i1,i2,··· ,iD∈SD

∫

(p1,··· ,pM )

D
∏

j=1

p
xij +ν
ij

M
∏

j=D+1

pν
ijdp1 · · · pM

∝
(

1
M

)α Γ(Mν)
∏M

i=1 Γ(ν)

∑

i1,i2,··· ,iD∈SD

∏D
j=1 Γ(xij + ν)

∏M
j=D+1 Γ(ν)

Γ(Mν + n)

∝
(

1
M

)α Γ(Mν)
Γ(Mν + n)

M !
(M −D)!

When α = 0 and ν = 1, Boender and Kan (1983) obtained

E(M |~x) = D
n− 1

n−D − 2
(n ≥ D+3). (4.13)

Although equation (4.13) provides a concise form for the estimate, it is restricted

to only those particular parameter values. An analytic solution for other values
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of α and ν is currently unavailable. Besides, inferences for frequency vector ~p are

still not available. We adopt a similar parameter augmentation technique used in

section 4.2.1 to obtain posterior of (M, ~p) simultaneously.

Recall that

p(M, ~p|~x) ∝
∑

i1,i2,··· ,iD∈SD

D
∏

j=1

p
xij
ij π(M, ~p) I(

M
∑

i=1

pi = 1, M ≥ D). (4.14)

By introducing a set of augmented parameters ~I = (I1, · · · , ID), we can rewrite

equation (4.14) as

p(M, ~p, ~I|~x) ∝
D

∏

j=1

p
xIj
Ij

π(M, ~p) I(
M

∑

i=1

pi = 1, M ≥ ID). (4.15)

Using the prior in equation (4.12), we have

p(M, ~p, ~I|~x) ∝
(

1
M

)α Γ(Mν)
(Γ(ν))M

D
∏

j=1

p
xIj +ν−1
Ij

∏

i6∈I

pν−1
i I(

M
∑

i=1

pi = 1, M ≥ ID).

(4.16)

Based on this “augmented” posterior distribution, we can easily derive full condi-

tional distributions for parameters of interest. Since

p(M, ~p|~I, ~x) = p(~p|M, ~I, ~x) p(M |~I, ~x), (4.17)

we can get the MCMC sample of (M, ~p) by sampling M first and then sample ~p

conditional on the previously selected M . Since

p(M, ~I|~x) ∝
∫

p(M, ~p, ~I|~x) d~p

∝
(

1
M

)α Γ(Mν)
(Γ(ν))D

∏D
j=1 Γ(xIj + ν)
Γ(Mν + n)

I(M ≥ ID),

84



Because Γ(ν)D and
∏D

j=1 Γ(xIj +ν) are constant when ν is fixed and ~x is observed,

we have

p(M |~I, ~x) ∝
(

1
M

)α Γ(Mν)
Γ(Mν + n)

I(M ≥ ID). (4.18)

To sample from equation (4.18), we can first calculate the relative frequencies for

all possible M(≥ ID) by setting an upper bound of M∗ such that
(

1
M∗

)α Γ(M∗ν)
Γ(M∗ν+n)

∑M∗

M=ID

(

1
M

)α Γ(Mν)
Γ(Mν+n)

< ε

for a very small ε value (we choose 10−6 in simulation studies). After the possible

range of ID ≤ M ≤ M∗ is determined, we can draw a random sample based on

the relative frequencies of M . For full conditional distribution of ~p, we know that

p(~p |M, ~I, ~x) ∝
D

∏

j=1

p
xIj +ν−1
Ij

∏

j 6∈I

pν−1
j I(

M
∑

i=1

pi = 1)

∼ Dirichlet(ν, · · · , xI1 + ν, ν, · · · , xIj + ν, · · · , xID + ν, · · · , ν) (4.19)

where the parameter xIj +ν locates at the Ijth component and all other components

have value ν. Hence, equations (4.18) and (4.19) provide us a systematic scheme

for drawing random samples from (M, ~p). For the augmented parameter Ij, we

have

p(Ij|~p, ~I−j,M, ~x) ∝ p
xIj +ν
Ij

, (4.20)

where I−j = {1, 2, · · · , Ij−1, Ij+1, · · · , ID}. This is equivalent to sampling a ran-

dom value from {1, 2, · · · ,M}\{I1, I2, Ij−1, Ij+1, · · · , ID} with relative frequencies

p
xIj +ν
i for i 6= (I1, I2, Ij−1, Ij+1, · · · , ID). A Gibbs sampler is then constructed by
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equations (4.18), (4.19) and (4.20). It can be shown that, conditional on M , Jef-

frey’s prior for ~p is the Dirichlet distribution with ν = 1/2. Based on theorem 4.2.1,

we know Jeffrey’s prior for M under equal frequencies will be 1/M (i.e. α = 1).

Table 4.3 lists the simulation results based on this particular prior. We compare

this Bayesian estimate with MSC and MBK obtained from equations (2.8) and

(4.13), respectively. From the simulation results we observe that this approach

tends to have smaller variance in all cases even when the CV is large. It will,

however, overestimate the true number of categories when CV is small. When CV

is small, the method described in section 4.2.1 can be used instead. Boender and

Kan’s method seems not to work well in most cases (Boender and Kan 1987). From

simulation results (data not shown), we notice that the influence of α in equation

4.18 is not as important as that of ν. The smaller the ν, the larger the estimate

of M .

4.3 Simulation Studies and Applications

In the previous section, we have illustrated the performance of this method under

a pure statistical situation. It is our major interest to see if this method works

well under different mutation models. We perform the simulation for the same

parameters used in section 3.3. The results for estimating M are shown on Tables

4.4, 4.5 and 4.6. The simulations are based on the non-informative prior using

α = 1 and ν = 1/2.
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Table 4.3: Simulation results for unequal frequencies case based on 200 replicates
with sample size n = 100.

Allele b D MSC MBK Mean Median HPDL HPDU
Size (s.e.) (s.e.) (s.e.) (s.e.) (s.e.) (s.e.)
20 1 18.80 21.37 23.51 23.01 22.59 18.82 28.09

(2.51) (1.50) (1.30) (1.33) (0.98) (2.01)
10 19.71 20.05 24.93 25.52 25.11 19.89 31.45

(0.67) (0.78) (1.22) (1.25) (0.64) (2.09)
100 19.88 20.01 25.19 26.26 25.88 20.16 32.34

(0.39) (0.52) (1.42) (1.49) (1.07) (2.45)
50 1 34.88 59.78 54.95 42.47 41.67 34.73 51.80

(11.70) (6.21) (3.61) (3.53) (2.61) (5.26)
10 40.49 50.28 69.98 50.48 49.58 40.23 61.69

(5.89) (6.72) (3.51) (3.44) (2.34) (5.35)
100 43.33 51.21 78.68 55.18.42 54.16 43.59 67.48

(4.31) (6.39) (3.43) (3.28) (2.31) (5.54)

4.3.1 Gene Diversity

The advantage of this method is that not only does it provide information about

the number of alleles in the population, but also it allows us to track the posterior

distribution of frequency for any individual allele or the parameters associated with

the frequencies.

It is not convenient to report entire posterior distribution of the frequencies,

because for each posterior sample (M, ~p), we may have different dimensions of ~p

to report. However, in most application, we are typically interested in functions

of parameters associated with the frequencies, for example, gene diversity d =

1−
∑M

i=1 p2
i (Weir 1996) or the highest possible frequency of an allele. Simulation

results for estimating gene diversity under RMM and IAM are listed in Tables 4.7
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Table 4.4: Simulation results for RMM based on 200 replicates with sample size
n = 100.

M †
max M∗

Sim b D MSC MBK Mean Median HPDL HPDU
(s.e.) (s.e.) (s.e.) (s.e.) (s.e.) (s.e.)

20 17 1 10.97 14.16 12.53 13.43 13.13 10.97 16.93
(4.18) (2.31) (2.29) (2.29) (1.80) (2.87)

20 10 16.60 18.89 20.23 21.00 20.63 16.61 25.94
(2.74) (2.25) (2.05) (2.02) (1.54) (2.84)

20 100 18.37 19.99 22.87 23.72 23.32 18.44 29.23
(1.97) (1.90) (1.94) (1.93) (1.30) (2.97)

50 28 1 14.86 20.88 17.80 18.29 17.89 14.86 22.70
(6.20) (3.55) (3.29) (3.29) (2.53) (4.05)

48 10 28.81 38.38 41.46 36.80 36.23 29.11 44.52
(6.86) (5.79) (3.97) (3.91) (3.05) (5.22)

50 100 36.30 45.65 58.55 47.39 46.73 37.24 57.07
(6.24) (6.83) (3.95) (3.97) (2.94) (5.26)

† The maximum possible number of alleles in a population
∗ The simulated number of alleles in a population of size 10,000.

Table 4.5: Simulation results for IAM based on 200 replicates with sample size
n = 100.

θ M∗
sim D MSC MBK Mean Median HPDL HPDU

(s.e.) (s.e.) (s.e.) (s.e.) (s.e.) (s.e.)
10 70 24.68 42.05 34.11 30.76 30.24 24.75 37.34

(13.42) (7.89) (5.74) (5.66) (4.35) (7.20)
5 39 15.88 26.32 19.52 19.40 18.97 15.88 23.94

(10.97) (4.84) (4.06) (4.02) (3.20) (4.91)
1 10 5.20 7.48 5.64 6.07 5.79 5.20 8.00

(4.31) (2.02) (2.17) (2.24) (1.76) (2.76)
0.5 5 3.27 4.11 3.47 3.77 3.51 3.27 5.08

(2.64) (1.52) (1.71) (1.67) (1.38) (2.34)

∗ The simulated number of alleles in a population of size 10,000.
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Table 4.6: Simulation results for SMM based on 200 replicates with sample size
n = 100.

θ P M∗
Sim D MSC MBK Mean Median HPDL HPDU

(s.e.) (s.e.) (s.e.) (s.e.) (s.e.) (s.e.)
5 0.50 10 7.88 9.54 8.77 9.52 9.24 7.88 12.29

(2.54) (1.63) (1.77) (1.76) (1.35) (2.33)
0.80 7 5.87 6.54 6.39 7.00 6.74 5.87 9.22

(1.94) (1.46) (1.64) (1.66) (1.26) (2.16)
10 0.50 13 9.69 11.28 11.00 11.84 11.53 9.69 15.09

(2.86) (1.85) (1.90) (1.89) (1.47) (2.47)
0.80 8 7.27 8.27 8.03 8.77 8.50 7.27 11.37

(1.98) (1.50) (1.69) (1.67) (1.25) (2.24)

∗ The simulated number of alleles in a population of size 10,000.

and 4.8, respectively. Under RMM, we compare the Bayesian estimate with the

usual estimator

d̂ = 1−
D

∑

i=1

p̃2
i (4.21)

where p̃i = xi/n is the sample frequency of the ith allele. The Bayesian estimate

is consistently smaller than the estimate obtained from equation (4.21) but with a

smaller standard error. It seems that both estimators exhibit a large negative bias

in each case. We argue that the d value listed is obtained assuming that we can

get a random sample directly from a multinomial distribution with parameters M

and pi, i = 1, · · · ,M . Due to the mutation and coalescent process, however, we

do not have the ability to sample from this particular multinomial distribution.

This can be seen by comparing Table 4.4 and 4.3 where we observe many fewer

alleles under the genetic model when all parameter values are the same. Hence

the d value in Table 4.7 is not the true value under the RMM. Unfortunately, no
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Table 4.7: Genetic diversity estimates for RMM based on 200 replicates with
sample size n = 100. The explanation of d can be found on page 89.

Allele b d d̂ Median HPDL HPDU
Size (s.e.) (s.e.) (s.e.) (s.e.)
20 1 0.914 0.796 0.759 0.534 0.890

(0.066) (0.049) (0.104) (0.017)
10 0.945 0.895 0.857 0.736 0.926

(0.020) (0.018) (0.046) (0.008)
100 0.950 0.916 0.879 0.785 0.934

(0.013) (0.012) (0.034) (0.006)
50 1 0.949 0.839 0.809 0.619 0.914

(0.054) (0.042) (0.099) (0.015)
10 0.974 0.939 0.916 0.849 0.955

(0.011) (0.011) (0.030) (0.005)
100 0.980 0.958 0.940 0.901 0.965

(0.005) (0.006) (0.015) (0.003)

theoretical d value has been developed for the RMM. The posterior distribution of

d is slightly left skewed.

Under the IAM, Crow and Kimura (1970) derived that d = θ/(1 + θ). By

comparing both estimators, we observe that the our estimator has larger bias but

smaller standard error than d̂. Also the average of the 95% HPD intervals contain

the true value.

4.3.2 Highest Possible Frequency

We use the same data described in section 3.4 to estimate the highest possible

frequencies for a new-found allele. Table 4.9 compares the Bayesian estimates

with the estimates from previous chapter. The PD+1 is obtained from equation
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Table 4.8: Genetic diversity estimates for IAM based on 200 replicates with sample
size n = 100.

θ d d̂ Median HPDL HPDU
(s.e.) (s.e.) (s.e.) (s.e.)

10 0.909 0.900 0.882 0.756 0.945
(0.038) (0.033) (0.083) (0.011)

5 0.833 0.826 0.807 0.604 0.917
(0.074) (0.052) (0.121) (0.017)

1 0.5 0.477 0.472 0.172 0.740
(0.210) (0.173) (0.145) (0.120)

0.5 0.333 0.341 0.325 0.077 0.575
(0.230) (0.198) (0.110) (0.215)

(3.4) in section 3.2 and PC and PN are from equations (3.7) and (3.8) respectively.

Although the median of the posterior distribution (Median) is usually very low,

the highest possible frequency (HPDU) of the 95% HPD interval is very close to

PC obtained from Chakraborty’s method (Chakraborty 1992).

There are some advantages of using the Bayesian approach as opposed to the

ranked frequencies approach. First, we can preserve the true allele types which is

lost by nature of the previous approach. Second, when there is a tie in the data, the

ranked frequencies approach assigns an order for them. Although it is reasonable

assumption, we do not know which allele actually has the higher frequencies. This

can create problems when they are both rare alleles because one could have twice

as high frequencies than the other based on their ranks. Using Bayesian approach,

we can avoid this situation and get very close results between both alleles. The tie

problem is then automatically solved.
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Table 4.9: The comparison for the highest possible allele frequencies at D21S11
locus.

Posterior of PD+1

Population PD+1 (s.e.) PC PN Median HPDL HPDU
Aboriginals, 0.025 (0.011) 0.025 0.014 0.008 0.000 0.024

Ontario
Aboriginals, 0.008 (0.008) 0.025 0.015 0.008 0.000 0.028

Saskatchewan
Aboriginals, 0.022 (0.012) 0.024 0.014 0.008 0.000 0.026

British Columbia
Chinese, 0.011 (0.006) 0.021 0.012 0.006 0.000 0.020
Singapore
Indians, 0.029 (0.010) 0.020 0.012 0.006 0.000 0.020

Singapore
Malays, 0.014 (0.009) 0.025 0.015 0.008 0.000 0.025

Singapore
Caucasians, 0.018 (0.009) 0.033 0.019 0.010 0.000 0.032
Vancouver
Caucasians, 0.020 (0.008) 0.021 0.012 0.007 0.000 0.022
Edmonton
Combined 0.015 (0.007) 0.013 0.008 0.004 0.000 0.014
Caucasians
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4.4 Discussion

The method we developed enables us to make inference for any population pa-

rameters associated with number of alleles and frequencies. Simulation studies

also show that the method is robust to different mutation models. Therefore, no

validation of the mutation model is needed for data analysis. We also want to

emphasize that this method is not restricted to allelic data. It is also useful for

genotypic data or any field interested in estimating the number of categories and

their relative frequencies.

Although simulation studies show that the non-informative prior works fine,

it is better to determine the parameters for the prior distribution case by case

because they can make a large difference for the estimates. Since Good (1965)

derived that, under the Dirichlet prior distribution,

E~p(
M

∑

i=1

p2
i ) =

ν + 1
νM + 1

.

We can easily obtain

ν =
1−

∑M
i=1 p2

i

M
∑M

i=1 p2
i − 1

.

Therefore, an intuitive guess for ν will be

ν̃ =
1−

∑D
i=1 p̃2

i

D
∑D

i=1 p̃2
i − 1

,

where p̃i, i = 1, 2, · · · , D is the relative sample frequencies. This choice of ν is

still too conservative in many cases especially when the denominator is close to 0.
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Table 4.10: Comparisons between ν = 0.5 and equation (4.22) under various con-
ditions with n = 200.

Bayesian Median
θ MCK M∗

Sim D MSC MBK ν = 0.5 ν̂
10 120 70 31.43 80.95 37.60 34.41 44.30
5 46 39 20.14 28.99 22.55 23.50 25.61
1 8 10 5.43 9.14 5.61 5.55 7.95

0.5 4 5 3.94 4.25 4.05 4.17 5.99

∗ The simulated number of alleles in a population of size 10,000.

Therefore we propose an adjusted estimator,

ν̂ =
1−

∑D
i=1 p̃2

i

2 + D
∑D

i=1 p̃2
i

. (4.22)

This estimate is consistent with the observation that “a value of ν in the range

0.15 to 0.25 seems to lead to the most sensible results” (Lewins and Joanes 1984).

Simulation studies show that, when CV is very small, the estimates using equation

(4.22) tend to overestimate the true M . We argue that under this situation, the

equal frequencies approach described in section 4.2.1 is a better choice. Table 4.10

compares results using ν = 1/2 and equation (4.22) with the “expected number of

alleles that can be maintained in a population” obtained from equation (2.12).

Also notice that the assumption of equal negative correlations among alleles

is questionable. For example, under the SMM, the correlation between allele fre-

quencies can be positive (Graham, Curran, and Weir 2000). Figure 4.3 shows the

correlations between the most recent common ancestor (MRCA) allele type (cho-

sen to be length of 50) and other alleles under different combination parameters

in equation (1.15). We see that the correlations could be positive especially when
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mutation rates are high. Therefore, further research is needed to propose a prior

distribution with positive correlations.
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Figure 4.3: The correlation between MRCA allele type and other alleles under Fu’s
model
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