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ABSTRACT

Let X denote age, T be the survival time since occurrence of a
certain initial event at age x, and z' = (zl, Zys cves zS) be a vector
of characteristics measured on individual aged x. The purpose of this
paper is to construct survival models for prospective-type experiments,
emphasizing that the original lifetime distribution, Sx(x; z), plays an
essential role and cannot be ignored. The survival distribution since
initial event at age x (e.g. entry to the study, onset of a disease) is
the future lifetime distribution, ST(tlx; z), and is closely related to
Sx(x; E). In the original population, this would be Sx(x+t|X>x; z).

Exponential hazard rate models are suggested and justified, to some extent,

in regard to their mathematical properties and simple biological interpretation

of their parameters. When the covariables are linear functions of age, there
is a close relation to Cox's model, and an approximate relationship with

the multiple logistic linear model. The discussion is extended to competing
risk analysis with several causes of death. Non-Gompertzian models are
constructed by introducing non linear functional dependence of z's on x, or
by allowing for interaction between the z's and x. The relationship between
the z's and x can be estimated from repeated measurements of z's on each
individual. The techniques of model building are illustrated by several

examples.

*) This work was supported by U.S. National Heart, Lung and Blood Institute
contract NIH-NHLI-712243 from the National Institutes of Health.



-2-

1. INTRODUCTION

1.1. Probability Models in Follow-Up Studies

In the last two decades there has been considerably increased interest
in prognostic factors of mortality from chronic diseases, especially
those classified as being of malignant or cardiovascular type. There is .
a vast number and variety of relevant studies, but here we restrict
ourselves to two major types: epldemiologic prospective follow-up studies
and clinical trials,
Let 2' = (zl, cens zs) denote a vector of S characteristics,
named briefly concomitant variables or covariables, which are considered
as potential prognostic factors; let x be the age, and t the survival
time since occurrence of a cerqﬁgn initial event, such as onset of a
disease or entry to the study, for an individual at age x. The probabilistic
and statistical problems lie in constructing a model of the survival ‘
distribution function (SDF), ST(tIx; z) = Pr{T>t|x; z}, or equivalently,
a model for the hazard rate, AT(tIx; 5) = fT(tlx; 5)/ST(t|x; z), where
fT(tlx; 5)13 the probability density function, and estimating the parameters,
including those which represent the contributions of concomitant variables.
Two models have been commonly used:

(1) The logistic linear model
a(t]|x; 2)

log —?;q;;—jg— Yy + o x + ﬁ 'z (1.1)

where q(TIx; z) and p(TIx; z) = l-q(TIx; z) are the probabilities of
death and survival, respectively, over a specified period +t, and

(11i) Cox's (1972) exponential hazard rate model

Ap(t]xs z) = exp(ogx + B'2)Ay (1), (1.2)

where Ao(t) - sometimes called the underlying hazard - is solely a



.

function of ¢t.

Apart from the fact that the logistic function is inappropriate to

" use in analysis of survival data where each individual (j) has his own

potential exposure time Tj, both models are constructed by using T>0
as a stochastic variable, without paying attention to what would be the
original lifetime distribution Sx(x; g) = Pr{X>x; g}. In fact, no
special notation is used for age, which is regared as just one of the
elements of the vector z.

The purpose of this article is to develop a methodology based on
the original lifetime survival distribution, Sx(x; z).

We note that 1if ux(x; z) 1is the hazard rate (force of mortality)

of Sx(x; z), then the hazard rate for future lifetime distribution is
Hy (RHE | X>x5 2) = Uy (xbe; 2) = Ap(tlxs 2), (1.3)

and the distribution of the follow-up time for an individual aged x is the

future lifetime survival distribution
t
ST(t|x; z) = exp[-é AT(ulx; z)du]

= Sy(xt+t; 2)/S;(x;5 2) . (1.4)
As we shall see later, it is only under certain conditions that
the future lifetime hazard rate (1.3) coincides with that given by (1.2).
It is worthwhile noticing that:
(a) The hazard rate of the future lifetime distribution, AT(tlg),
is the same as the hazard rate of the original (unconditional) distribution,
ux(x+t; z). (formula (1.3))

(b) It is usually greater than zero at t=0.

1.2. Preservation of SX(’) in ST(-)

Suppose that U (x; z) can be factorized into two terms
X ~



b

g (x5 ) = Clzp)¥y(x), (1.5)

where C(go) is a constant, possibly depending on some fixed values
50’ and wx(x) is solely a function of x. Suppose that it is also
possible to factorize the future lifetime hazard rate function into

two terms .
ApCtlx; 2) = h(x; 2 (1), (1.6)
where wT(t) is solely a function of t. If further,
wT(t) = wx(t), for all t>0, (1.7)

then we say that the lifetime distribution Sx(x; z) 1is preserved in
the future lifetime distribution ST(tlx; z).
If the preservation property holds, the survivorship analysis

based on future lifetime distribution (briefly, T-analysis) is the

same as the analysis based on original lifetime distribution (briefly, ‘
X-analysis).
EXAMPLE 1. Let M (x) = Re®™, R>0, 0>0, x>0. Then uy (ebt) = .

AT(t|x) = Re®®e®.  Here wx(x) = eax; and Y (t) = Ot

, so that
wx(t) = wT(t) ~ the preservation property holds. On the other hand,
suppose that ux(x) = ch, 6>0, ¢>0, x>0. Then ux(x+t) = 6(x+t)c —_

here the preservation property does not hold.

We also notice that if (1.5)-(1.7) hold, we have

X
Sy(x; zo) = exp[-C(go)£ by (M)dyl,

and : -
t

Sp(t]|x; 2) = exp[-h(x; g)é Py (u)du]

h(x; t
- expl- —‘Cf(z—oﬁ))— “CGa)] by (wau]

= [sy(t]x; gy "0 2/C(2p), (1.8)
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Preservation thus implies that the future lifetime distribution is
in the class of Lehmann's alternative distributions.

Which distributions should be used in X-analysis? It seems that
many different positively skewed families of distributions can be fitted
to survival data, especially if the age range is not too wide as is
often the case in clinical trials. Traditionally, however, a Gompertz
distribution with exponential hazard rate, ux(x) = Reax, has been used
in analysis of human mortality data, and has proved to fit life tables
well, at least for the older ages. It also has some convenient mathematical
properties which make it an attractive model, as 1s shown in the next

section.

2. GOMPERTZ DISTRIBUTION AND ITS PROPERTIES.
A MODEL OF MORTALITY AND AGING

2.1, Definition. Preservation Property

The hazard rate of Gompertz distribution at age x 1is of exponential

form
ox
ux(x) = Re’~, R>0, 0>0, x>0, 2.1)
and the survival distribution function is
R, ax
SX(x) = exp[-'&(e - 1D]. (2.2)

It is worthwhile noticing that (2.2) is, in fact, a truncated
(at x=0) extreme value Type 1 limiting distribution.
The hazard rate of future lifetime distribution is

a(xtt) _ Reax_eat

)\T(t|x) = g (x+t) = Re , t>0, (2.3)

and the future lifetime distribution is

Sp(t]x) = Sy(x+t)/Sy(x)

= exp[- %(ea(x+t) - 1)]/exp[--~§(e0Lx - 1]

= exp[- %eax(eat - D], (2.4)



—-6-

Clearly, (2.4) 1s of the same form as (2.2); the preservation

property holds, with wx(x) = eax.

As mentioned earlier, Gompertz distributions fit much human
mortality data, especially for older ages, above age £, say. Letting

x =& + (x-£), we obtain

L

ux(x|!>E) = Re(,'x = ReaEea(x_E), (2.5)
and the truncated (at x=f) Gompertz SDF is
5 x| E) = expl- 2e* (e 1y, 2.6)

The future lifetime distribution is, of course, not affected by the
truncation at x = &§; it is identical with (2.4), provided x > E.

2.2. Approximate Relation to Logistic Model

Let

q(T|x)' = Pr{x<X5x-H'|X>x} = 1 - exp[- geax(eon’ - 1] (2.8) ‘

denote the conditional probability of death within a fixed period T,

given alive at age x, and -
p(t|x) = 1 - q(t]x).
(In actuarial notation, these correspond to _q and Py’ respectively.)

T°X

If R 1is very small and T 18 not too large (1 year, say), then

there is an approximate logistic linear relation over the period T,

- D]
- D]

. *
log =yv + 0 x, 2.9)

or

ROX®T _ 1)) 21 + eY”"f". (2.10)

*
We now derive two approximations for Y and o .

Approximation 1. Taking logarithms of both sides of (2.10), we obtain

yod' x

geax(

ea‘r
(¢

-1) =1log (1 + e
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We note that Y 1s usually negative and rather large (of
*
order -3 to -12), while o 1is small (of order 0.05-0.10), so that
o
eY X = y is small (<1). Using then expansion of log(l +y) =1y,

we obtain

%eax(eaT S = ey-l-a*xQ
or A & eY+a*x, where A =~-(I:-L(e01T - 1). Hence
elogAi-ux K eY+a*x’
so that
Y # logh = logla(e®™ - )] and o* # a. (2.11)

Approximation 2. For small T, we may write

T
q(t|x) = é AT(:lx)sT(tlx)dt = %TXT(Tlx)ST(Tlx), (2.12)
and we have

p(t]x) = sp(t]x).

Hence -
LA (T]x)8..(T]x)
(T]x) - T T - _ ax aT
T T ST(TTk) %TAT(TIx) = L4TRe e,
so that
p(z :; = %TRea(T+x) = exp[aT + log(%TR) + ox]
S exp(y + d'x). (2.13)
Hence
Y = oT + log(%TR) and o = a. (2.14)

Estimating R and o from follow-up data, one can estimate
the probability of death, q(TIx), from (2.8) or approximate this

probability by the traditional logistic prediction function

q(T]x) = exp(y + a*x)[l + exp(y + oc*x)]_l, (2.15)
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*
where Y and O  are approximated by (2.11) or (2.14), provided

that a Gompertz distribution fits the data over an appropriate range

of age. In practice, this often requires a fairly large volume of

the data in each age group, in order to observe enough deaths to reduce

the standard errors of death rates and make these more reliable. .
We now present two examples, to illustrate the techniques

involved, and evaluate the applicability of the model to real situations.
EXAMPLE 2. Table 1 represents the U.S. Life Table (1969-71),

White Males for ages x)»35. The force of mortality, at age xts was

estimated from the approximate formula

Moty = - log P, * Rea(x*%).

so that

AR log(- log px) = log R + a(xHs)- (2.16)

Using px's (for ages 35-90) from life table, we fitted by least squares

a straight line yielding R # 0.00011405 and o = 0.085921.

We then fitted the taiZl of Gompertz distribution for x£35, that is, -
calculating the fitted tail, Sx(l)(x), of Gomperte SDF from the
formula
2 S, (x)
(1) .35 X
8¢t (%) T, 5,09 x 2 35, (2.17)

where Sx(x) = exp[----g'(emx - 1)] 1s a Gompertz survival function
(Elandt-Johnson & Johnson (1980), Chapter 7). The fitted tail (column (7))

is shown in Figure 1.

41 .-
The logistic parameter 7Y calculated from (2.8) gives <Yy = -9.0364,
! .
and from (2.58 gives vy = -9.7343. We also fitted a straight line, .
q *
Yy = log 35 =y + ax, by least squares, using the same age range,
X .

35-90. Here 9y and p, are the life table values. We obtained

. . q
Yy = -9.1131, o = 0.087605. The points y, = log 5= , x = 35,...,90
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TABLE 1

U.S. LIFE TABLES (1969-71), WHITE MALES

%

1) (2) 3 4) (5) (6) ¢)) (8)
Age slos Py 1)

to s+l /1, a P, T e log[-1og p ] S ) log(q,/p.)
35-36 ,93843 ,00217 .99783 .00217 -6.1321 .93843 -6.1309
36-37 .93639 .00235 .99765 .00235 -6.0521 93617 -6.0510
37-38 .93420 .00256 99744 .00256 -5.9666 .93371 -5.9652
38-39 .93181 .00281 .99719 .00281 -5.8731 .93105 -5.8718
39-40 .92919 ,00310 .99690 .00310 -5.7747 .92815 -5.7733
40-41 ,92631 .00340 .99660 .00341 ~5.6822 .92500 -5.6806
41-42 .92316 .00372 .99628 ,00373 -5.5922 .92158 -5.5903
42-43 .91973 . 00409 .99591 .00410 -5.4973 .91787 -5.4951
43-44 .91596 .00452 .99548 .00453 -5.3970 .91384 -5.3947
44-45 .91182 . 00501 .99499 .00502 -5.2939 .90948 -5.2913
45-46 .90725 ,00555 .99445 .00556 -5.1913 .90474 - -5.1884
46-47 .90221 ,00612 .99388 .00614 ~5.0931 .89961 -5.0901
47-48 .89669 .00673 .99327 .00675 -4.9978 .98405 -4.9944
48-49 .89066 .00739 .99261 00742 -4.9040 .88803 -4.9002
49-50 .88408 .00812 .99188 .00815 -4.8094 .88151 -4.8053
50-51 .87690 .00892 .99108 . 00896 -4.7150 87447 -4.7105
51-52 .87908 .00980 .99020 .00985 -4.6205 .86686 -4.6155
52-53 .86056 .01081 .98919 01087 -4.5218 .85864 -4.5164
53-54 .85126 .01194 . 98806 .01201 -4.4218 .84977 -4.4159
54-55 ,84110 .01318 ,98682 ,01323 -4.3255 ,84021 -4.3158
55-56 .83001 .01452 .98548 .01463 -4.2250 ,82991 -4.2176
56-57 .81796 .01594 . 98406 .01607 -4.1309 ~ .81884 -4.1229
57-58 .80492 .01745 .98255 .01760 -4.0396 .80773 -4.0308
58-59 .79088 .01906 .98094 .01924 -3.9506 . 79417 ~3.9409
59-60 .77580 ,02077 ,97923 .02099 -3.8638 .78048 . -3.8533
60-61 .75969 ,02258 .97742 .02284 -3.7793 .76584 -3.7679
61-62 .74253 .02451 .97549 .02482 -3.6963 .75019 -3.6939
62-63 .72433 .02657 .97343 ,02693 -3.6146 ,73350 -3.6010
63-64 .70509 .02879 .97121 .02921 -3.5332 71574 -3.5185
64-65 ,68479 .03120 .96880 .03170 -3.4515 .69687 -3.4356
65-66 .66343 .03386 96614 . 03445 ~3.3684 .67688 -3.3511
66-67 .64097 .03674 .96326 .03743 -3.2852 65574 -3.2665
67-68 .61742 ,03977 .96023 . 04058 -3.2044 .63346 -3.1841
68-69 .59286 .04284 .95716 .04378 -3.1285 ,61004 -3.1065
69-70 .56746 .04597 .95403 .04706 -3.0563 . 59965 -3.0327
70-71 .54138 .04916 .95084 .05041 -2.9876 ,55991 -2.9623
71-72 .51476 .05262 ,94738 . 05406 -2.9178 .53325 -2.8906
72-73 .48768 .05655 .94345 .05821 -2.8437 50567 ~2.8144
73-74 46010 .06118 .93882 ,06313 -2.7625 ,47723 -2.7308
74-75 .43195 06647 .93353 .06878 -2.6768 44772 -2.6422
75-76 . 40324 .07231 .92769 .07506 -2.5050 .41829 -2.5517
76-77 .37408 .07843 .92157 .08168 -2.5050 .38810 -2.4639
77-78 .34474 .08472 .91528 .08852 -2.4245 .35768 -2.3799
78-79 .31553 ,09103 .90897 .09544 -2.3492 .32724 -2.3011
79-80 .28681 .09749 .90251 .10258 -2.2772 .29701 -2.2254
80-81 .25885 ,10466 .89534 .11055 -2.2023 26724 -2.1465
81-82 ,23176 .11273 .88727 .11961 -2.1236 .23818 ~2.0632
82-83 .20563 .12127 .87873 .12928 -2,0458 .21010 -1.9805
83-84 .18069 .13012 .86982 .13947 -1.9699 .18326 -1.8998
84-85 .15718 .13942 .86058 ,15015 -1.8962 15790 -1.8201
85-86 .13527 .15033 .84967 .16291 -1.8146 13424 -1.7320
86-87 .11493 .16321 .83679 .17818 -1.7250 .11263 -1.6345
87-88 .09618 .17666 .82334 .19439 -1.6379 ©.09276 -1.5391
88-89 .07919 .18947 .81053 ,21007 ~1.5603 .07519 -1.4535
89~90 .06418 ,20145 .79855 .22496 -1.4918 ,05981 -1.3773
90-91 .05125 . 21344 . 78656 . 24009 -1.4268 ,04660 -1.3043
91-92 .04031 .22684 77316 ,25727 -1.3576 ,03551 -1.2262
92-93 .03117 .24152 75848 .27644 -1.2858 .02641 ~1.1444
93-94 .02364 .25767 74233 .29796 ~1.2108 .01912 -1.0581

94-95 .01755 .27426 .72574 .32056 =1.1377 .01345 -0.9731
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U.S. Life Table (1969~71), White Males

1.001 2+0.00011405
a~0.085921
0.80]
0.60
0.40
0.20
S %0 <5 35 33 60 65 70 75 80 8 % 95 100

Age (x)

Fig. 1. Fitted tail of Gompertz distribution
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Age (x)

Fig. 2. Fitting logistic linear function
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and the fitted line y_ = -9.1137 + 0.087605% are shown in Fig. 2.

.

The line y_= -9.0364 + 0.085921x (not displayed in Fig. 2) is
very close to the least squares fitted line. Approximation 1 is quite
good, since R and T are small. A still better fit can be obtained

by fitting two Gompertz distributions piecewise.

3. EXTENDED GOMPERTZ DISTRIBUTION
WITH CONCOMITANT VARIABLES

3.1. Interpretation of the Parameters

Assume for a moment that a Gompertz distribution fits the mortality
data of a bilological population over the whole lifespan. Note that at
x=0, ux(O) = R (>0), which implies that at birth there is already a
positive force of mortality, for each individual. It is not unreasonable
to speculate that this is distinct for each member of a given population,
and depends on the individual's genetic makeup; the population value can
be regarded as a kind of an average of individual R's. It is worthwhile
to notice that, in contrast, the power hazard rate of the Weibull
distribution, ux(x) = Oxc, is equal to zero at x=0. This might be
not an unreasonable assumption for inanimate populations; in fact, the
Weibull distribution is commonly used in reliability theory of industrial
devices and systems. Some statisticians are very keen on using this
distribution in survival analysis. Since this is a skew distribution,
it also fits much mortality data (e.g. life table, see Elandt-Johnson
& Johnson (1980), Chapter 7), but it is rather difficult to give a
biological interpretation to its parameters. In my opinion, Weibull
distribution should be avoided in analysis of mortality data.

The parameter o in the Gompertz distribution can be interpreted
as a rate of using up vital resources, or as a 'rate of living". Though

it is specific for a given population - it is different, for example,
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for males and females in the same ethnic population - it also depends
on environmental factors. However, for members of the same population
living in similar environmental conditions, it might be practically
the same.

Let us represent the hazard rate function (2.1) in the form
ux(x) = Re™* = e—¢e0tx = e_(¢—ax), (3.1

where ¢ (>0) may be interpreted as some initial level of "living

¢ may be thought of as an initial level of

capacity", while R = e
"unfitness" or toxicity". The bigger ¢ (or smaller R), the smaller the
force of mortality for a given &, that is, the better chance of

surviving. At age £ (>0), say,

n (€) = & @08,
and then for x = § + (x-%),

My (x) = Uy (x| ) = & (FO)2E) (3.2)

- that is, the "living resources' decrease as x increases.

Our interest is in determining these resources. This is a very
difficult problem in cell biology and one may have some doubts whether
the aging problem can ever be completely solved. At a less ambitious
level, we may select a set of S specific observable characteristics
(z), which are expected to make some contribution to the aging
(mortality) process. In general, the z's might be functions of x,

so that we consider a vector g(x)'- (zl(x),...,zs(x)).

To be consistent with (3.1), we represent the hazard rate function

in an exponential form

My(x; z(x)) = explg(x; z(x))], (3.3)

where g(x; z(x)) 1s an unknown (negative) function of x and z(x)'s.
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As a first approximation, we take a linear form for function g(),

g(x; g(x) = [By + Bz, (x) + ... + Byzg(x) + %]

so that

where R0 =

= BO + B'z(x) + ay%s (3.4)

My (x5 2(x)) = Roexp[ﬁ'g(X)]eaox, (3.5)

exp(Bo).

This approximation is not unreasonable noticing that the z's

need not represent direct measurements, but each can be a function of

a specific observable characteristic such as, for example, logarithm or

square root,

etc.

1f the z's are not constants (e.g. sex or race) then we still need

to establish

the relationship (if any) between the z's and x. Since

the exponential hazard rate function (3.1) has proved to be appropriate

for fitting many lifetime distributions, and its exponent is a linear

function of

x (see (3.5)), it must be that Zz_ is either a constant

allowing, perhaps, for a random variation and using an average of

several replications, or z is linear function of x, that is,

Hence

g(x; z(x))

where

Substituting

zs(x) = zS(O) + m_X. (3.6)

’{BO + Bl[zl(O) + mlx] + ...+ BS[zS(O) + msx] + oox }

{BO + [Blzl(O) + ...+ BSzS(O)] + (Blm1 + ...+ Bsms + ao)x}

[By + B'z(0) + ax], (3.7)

o= Blm1 + ... + Bsms + ao. (3.8)

(3.7) into (3.3), we obtain

U (x; z(0) = exp[By + B'2(0)]e™™

= Ryexp(8'z(0))e™ = R[z(0)]e™ » (3.9)
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where

(3.10) ‘

R[z(0)] =Rexp[B'z(0)] or -¢ = B + £'z(0).

Of course, the z(0)'s (and so z(x)'s) are distinct for different
individuals, because the '"living capacity" for each individual in a
given population is specific, determined by the individual's genetic
composition.

The coefficients (B8's) can be interpreted as contributions of the
corresponding z's to the 'vital material”. If Bs > 0, the effect of
zg is harmful, and the characteristic z, can be considered as a
'rigk factor'; if Bs < 0, the z_ 1s a prognostic factor, with a
beneficial effect. The coefficient BO is almost always negative;
it may be regarded, perhaps, as the genetic contribution specific for

a given biological population and confounded with other factors, not

controlled in a particular study. On the other hand, the term BsmS

depends on the change (slope ms) in Zs and on the contribution (Bs)

of z, to the aging process. When Bs =0 or m = o, Bsms = 0. The

parameter ao accounts for the contributlion of age, defined formally

as time since day of birth; it may vary in different calendar periods.
Of course, it is not claimed that this explanation gives a complete

and true picture of biological processes; but it seems that, at least,

it is not inconsistent with observations.

3.2. Future Lifetime Distribution

We now derive the hazard rate for future lifetime distribution, using

the measurements of z's and age x, the z(x)'s. We have

zs(x) = zs(O) + m_x,

so that

zs(x+t) = zs(O) + ms(x+t) = zs(O) + mx + mst

= zs(x) + mst. (3.11)
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Hence

x+t)

(
ApCtlx; z(x)) = g (xtt) = Roexp[ﬁ'z(X+t)]eao

Roexp[ﬁ'g(x) + t(B'm) Jexp[o, (x+t)]

Roexp[g'g(x) + aox]exp[(ﬁ'm + ao)t]

Roexp[g'g(x) + aox]eat, (3.12)

where o = 8'm + o, 1s already defined in (3.8).
It is easy to see that the preservation property holds. The

future lifetime distribution is

R0 ot
ST(t[x; E(X)) = exp{- Br-exp[g'g(x) + aox](e - 1)}. (3.13)

Also, we notice that (3.12) resembles a Cox's (1972) model, with

the 'underlying' hazard rate Ao(t) = Roeat.

It should be also noticed that if a Gompertz SDF is fitted for
. x > &, (3.12) and (3.13) are not affected by the truncation point,
provided x > E.
. Likelihood Function
Construction of the likelihood function is straightforward.
Let N be the number of individuals who were observed for some
time during the investigation period. Suppose that for individual

(j) the following data are available: age at entry, Xx,; values of

3

z's at entry, z_,, s=1,2,...,5; and time last seen, t

8] ]
Let
1 if individual (j) died at time tj’
- 5 =
3 0 otherwise.
T The likelihood function is
N 6j
AL(t ; S..(t ; 3.14
[ . .
where Ej (zlj’ ey zsj)’ and AT( ) and ST( ) are defined in (3.12) and

(3.13), respectively.
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3.3. Relation to Logistic Linear Model

There is also an approximate relationship between the expanded
Gompertz model and a logistic linear model. For the time period T,

we have
R

1 - exp{- a—oexp[aox + E'z(x)](eat - D}
= log R
expl{- —Cexplogx + B'z(0)] (™ - 1))

q(t|x; 2(x))
108 (1l z(x))

2y +a'x+ s’:zl(x) oo+ B;zs(x). (3.15)

Using the same techniques as in Section 2, we obtain

R
108ﬁ§g(eaT - 1)] (approximation 1);

Y #
or
- &
Y = at + log OT) (approximation 2); (3.16)
and
*x . *x
ay T O, Bs = Bs’ s=1,2,...,S.

Of course, care should be taken, when using these approximations

(R0 and T should be very small). Perhaps, it would be safer to fit

multiple regression of observed values of log[q(TIx)/p(T|x)] on x and
)

Z' 8.

3.4. Fitting 'Piecewise’ Gompertz SDF

As mentioned at the end of Section 2, we can obtain a better fit
if, for example, two 'pieces’, each representing a Gompertz distribution
with different parameters, are used. This corresponds to assuming that
the slope(s) of the linear function of z's on x has (have) been
changed at a certain age, which may be associated with different
phases of living processes, as exemplified below.

EXAMPLE 3. For simplicity, consider only a single concomitant, age
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dependent covariable z(x). Suppose that we fit two Gompertz

distributions: the first 'piece' for ages EO < x < El, and the

second 'piece' for x 2 El.

(1) For &y < x<E), wehave x-= Ey + (x-£4), and
2(x) = 2(Ep) + m)(x-Ey), (3.17)
so that
by (x| xpE) = Roexp[Bz(x) + ox]
= Rexp{[8z(E) + m (£ + 0y [E; + (x-E])
= Roexp[Bz(E;) + opEylexp[(Bm; + 0p) (x-5)]
= Rjexplo, (x-EQ)], | (3.18)
where
R, = Roexp[Bz(Eo) + aUF,O] and o = Bm; + a,. (3.19)

(11) Suppose that for x 2 El’ we have
z(x) = z(El) + mz(x-El), m, z m.. (3.20)
By the same argument as in (1), we obtain

ux(x|x>£1) = Roexp[Bz(El) + aOEI]eXP[(Bmz + ao)(x'ﬁl)]

= RzexP[az(x_gl)]9 (3'21)

where

R, = Roexp[Bz(El) + aoil] and a, = Bm2 + o . (3.22)

There is no difficulty in incorporating more than one covariableg
in the hazard rate model, allowing also for linear change of some z's
with x. Also, fitting more than two Gompertz distributions is straight-
forward (for the general method, see Elandt-Johnson & Johnson (1980),

Chapter 7).
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EXAMPLE 4. (Age dependent disease)

Suppose that a chronic disease (e.g. cancer, diabetes) develops
when an age dependent factor, z, reaches a threshold value at age x and
changes. the slope of the linear$relation with'age.The‘ onset of such disease
is age specific for a given individuval. This is a situation analogous

to that in Example 3, replacing the fixed value £, by x, and x by

1

xtt, say. Therefore, for an individual who is free of the disease

at age x, the hazard rate function is

u;l)(x+t|X>x; z(x)) = A;}tlx; z(x))
= Roexp[Bz(x) + aox]exp[(Bm1 + ao)t]

a.t
Roexp[Bz(x) + aox]e 1= (3.23)
where

o -Bm1+a

1 0"’

while for an individual who experienced onset t years ago at age x,

the hazard rate function is

) t
u,((z) (bt [Xox; 2(x)) = Ryexp[Bz(x) + aox]eaz ’ (3.24)

where

+ a .

a, = Bmy + a,

2

4. SEVERAL CAUSES OF DEATH:
COMPETING RISK ANALYSIS

4.1. Exponential 'Crude' Hazard Rates

In epidemiological studies and clinical trials, the main concern
is often whether a particular characteristic represents a risk factor
associated with a particular cause of death such as, for example, cancer
or heart disease. We again consider a vector of characteristics,

z(x), and assume
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zs(x) = zs(O) + m_X, 4.1)

s=1,2,...,8 (with, perhaps, some m_ = 0).
Consider K causes, Cl’ CZ’ ceey CK’ of death. Suppose that
over a specified age range, we may assume an exponential 'crude'

hazard rate, for cause Ck

b (x5 z2(x)) = ROkexp[E-{g(x)]eaox

Oh X O X
= ' k™ = k
Ro.kexp[B] z(0)]e R (4.2)
where

4 =g + Bklml + B.kzm2 + ...+ BkSmS and R = ROkexp[Bi;(O)](é.B)

for k=1,2,...,K.

Note that the relation (4.1) does not depend on the cause; however
the contribution, Bsk for characteristic zs might be cause specific.
In particular, if z is a high risk factor for cause Ck’ then Bsk
should be rather large and, perhaps, not so large for other causes.

The future lifetime hazard rate function for cause Ck is
ALt ]x; = . (x+t; =R ) + M g
Wtlxs 2(x)) = p (bt z2Gebt)) = Ry exp[Biz(x) + agxle = (4.4)

for k=1,2,...,K.

The overall (for all causes) force of mortality is

X

K K
ux(XI,g(x)) = Z W (x|z(x)) = Z RyexplR', 2(0)] eak s  (4.5)
k=1 k=1

and the overall survival distribution function is

K Rok akx
Sg(x; 2(x)) = T Texp{- 7= exp[Biz(0)](e = - D}.  (4.6)
k=1 k

The corresponding future lifetime overall hazard rate function and

SDF are

K K o, t
AT(t|x; z(x)) = E::Ak(tlx; z(x)) = z: ROkexp[ﬁég(x) + aox]e k R
k=1 k=1

(4.7)
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and
R o, t

LS Ok K
ST(tlx; z(x)) = | Iexp{— R exp[gég(x) + aox](e - D},
k=1 k (4.8)

respectively. .
Likelihood Function

The parameters of the distribution can be estimated from the future
lifetime joint likelihood function (from all causes).

Let N, denote the number of deaths from cause Ck’ k=1,2,...,K,

k

and NK+l - the number of survivors over a specified period of investigation,

with

N1 + N2 + ... + NK + NK+1 = N.

Further, let tj denote the time at which individual (j) was

last seen; xj - age at entry; z'! = (z

: lj""’sz)be the vector of observed

values of z's at age x and

j’

1 if individual (j) died at time t, from
5. = cause Ck 3
kj
0 otherwise.

The likelihood function is
N K

é
) kj .
;=l l=1[kk(tjlxj, 2] splelxg; 2y (4.9)

4.2. Relation to the Logistic Function

There is also an approximate relation between the multi-cause
Gompertz SDF and a multi-response logistic function.

Let q:(Tlx; z(x)) denote the conditional probability of death
from cause Ck over the period x to xtt given alive at age x.

We have (for small 1)

T
/ Ak(tlx; g(x))ST(tlx; z(x))dt (4.10)
0

af (T]x; z(x))

oh (t]xs 2(0)S,(t]x; 2(0) (4.10a)
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and the conditional probability of surviving the period x to x+T
‘ given alive at age x is

p(tlx; 2(x)) = Si(t|x; 2()). (4.11)

Hence for the exponential hazard rate model, we have

qlt(T|X; z2(x)) o, T
p(t[x; z2(x)) WA (Tx; 2(0) = TRy exp[Biz(x) ]e

0, T
k
%TRCkgxp[uox + Bklzl(x) + ... + Bkszs(x)]e .

(4.12)

The multi-response logistic linear relation is defined by

ap(tlx; () . % .
Ty Tk GgR Bz (0 + e ¥ Bgzg (0. (413)

log

From (4.11) and (4.12), we obtain
‘ [o,T + 1og(!51R0k)] + ogx + Bklzl(x) + ...+ Bkszs(x)

* * *
Yk + aox + Bklzl(x) + ... + Bkszs(x). (4.14)

Hence

*

*
0‘0 = o and Bks

Y, T o+ log(sTR

. Bk (4.15)

(1] Ve s
for k=1,2,...,K and s=1,2,...,8.
(compare (3.16)).

Note that the approximations are fair when T is small (<1, say)
and ROk very small {(of order 10_4 or 10—3).
EXAMPLE 5. Life table functions presented in Table 2, were calculated
for U.S. Census population, 1970, White Males. We distinguish three
causes of death: (1) - Malignent neoplasms; (2) - Diseases of circulatory

system; (3) - Others. For x=30, 35, .,.,85, we uge the approximation

Pk(x+%) % s ex 0 where 5mkx is the central quinquennial death rate for
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Fig. 4. Logistic relations for different causes
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cause C The uk(~) for k=1,2,3, and the ux(') for all causes are re-

K
presentad in Fig. 3. The .observed ilog(sqgig(spx'),are-' shown im-Fig. 4. .
As we can see, better fit for each cause, can be obtained for ages x » 50.

It is clear from Figs. 3 and 4 that the majority of deaths over -

age 40 are due to diseases of circulatory system.

5. APPLICATION TO FOLLOW-UP STUDIES
One purpose of epidemiological prospective studies is to find
out which characteristics (z) represent prognostic factors for increased
(decreased) mortality from a specific cause. Traditionally, epidemiologists
use a logistic linear function for response, which is death from this

cause. This method is inappropriate for various reasons; for example, in studies

with fixed termination time, the recruitments sometimes takes a long period

(1-3 years) and the participants do not represent a cohort, so that the logistic

prediction probability function is underestimated. This fact. is now well ‘

recognized. More appropriate approximation for this probability is
obtained from Cox's (1972) approach. Often the partial likelihood function s

is used to estimate a. and R's, while Ro(t) is unspecified. A fair

0
amount of information may be lost, however, with this approach. Another
possibility would be to use a Gompertz future lifetime survival
distribution with regard to specific cause, defined in (4.1), with

Ak(-) defined in (4.3), provided that the data are extensive enough

to obtain reasonable standard errors. Technical details on this topic,
and critical evaluation of various approximations to the prediction
probability will be discussed elsewhere.

6. NON-GOMPERTZIAN POPULATIONS
WITH EXPONENTIAL HAZARD RATE FUNCTION

So far we have been concerned with exponential hazard rate models .
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with time dependent concomitant variables and no interaction among the
z's, and between the z's and x. In these cases, the original Gompertz
distribution, SX(-), as well as the future lifetime distribution, ST('),
have the same Q.

We now consider situations in which hazard rate function is still
of exponential form, but the relation between z and x 1is non linear
or there is an interaction term between 2z and x. To show the
consequences of such assumptions, we use two examples. For simplicity,
we shall consider only a single covariable z.

EXAMPLE 6. (Quadratic relation of 2z with x)
(a) Let
2(x) = 2(0) + k;x + k%, (6.1)
so that
2(xtt) = 2(0) + K, (ebe) + k) (x+t)

2

[z(0) + k

1* + k2x2] + (k1 + 2k2x)t + k.t

2

z(x) + (k1 +2k2x)t + k2t2. (6.2)

The exponential force of mortality is

Me(xs 2(x)) = R exp[Bz(x) + GOX]

0

2
Roexp[Bz(O)]exp[(Bk1 + ao)x + Bkzx ]

= Roexp[BZ(O)]exp(alx + a2x2) (6.3)
or
My (-) = R exp(ox + azxz), (6.3a)
where
a, = Bk1 + Ay az = Bk2 and R = Roexp[Bz(O)]. (6.4)

The hazard rate for future lifetime is
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MGxtt; z(xebt) [ Xox)

T(tlx; z(x))

= Roexp[B'z(x+t) + ao(x+t)]

Roexp{B[z(x) + (k1+2k2x)t + k2t2] + (aox + aot)}

Roexp[Bz(x) + aox]exp[(8k1+a0)t + ZBkzxt + Bkztz]

- 2
Roexp[Bz(x) + aox]exp(alt + 2a2xt + a,t ), (6.5)
or

N 2
Ap() = Roexp[B2(0) + oyx + ayx’)Jexp(ayt + 2ayxt + o e?) . (6.5a)

2
Note that the preservation property no longer holds; the second factor

in (6.5) includes the interaction term, 2a.xt. Also, (6.5) does not

2

represent a Cox's proportional hazard rate model.

(b) Suppose now that the accelerated change of 2z with x,
expressed by the quadratic relation, is associated with contracting a
certain age dependent disease. Suppose, then that up to age of onset,

x, the relation is linear
z(x) = z(0) + mx, (6.6)

and after onset, it becomes quadratic

2
z(x) + klt + k2t

z (x+t)

[z(0) + mx] + klt + kztz. (6.7)

In this case, the future lifetime hazard rate function is

AT(tIx; 2(x)) = ug(xert; z(xbe) [Xox) = Roexp[B-z (x+t) + oy (x+t)]

Roexp[Bz(x) + aox]exp(alt + aztz), (6.8)

or

AT(.) Roexp[Bz(O) + a3x]exp(a1t + aztz), (6.8a)

where
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o, =Bk1 + o o, = Bk2 and o, = Bm + O

0 % 6.9)

3 0’
Now, there is no interaction term; the hazard rate (6.8) belongs
to the class of Cox's models with specified Ao(t) = Roexp(alt + aztz).

EXAMPLE 7. (Linear relation of =z with x, including interaction

between =z and x)

We now consider an exponential hazard rate model when 2z is

a linear function of x, but there is an interaction term of z with

x, expressed as product &zx.

(a) We have

z(x) = z(0) + mx, (6.10)
and
z(x+t) = z(0) + m(xtt) = z(x) + mt. (6.11)
Suppose that
ux(x; z(x)) = Roexp[Bz(x) +anx + 8§z (x) -x]
= Roexp{B[z(O) + mx] + ¥ + 8[z(0) + mx]x}
= Roexp[Bz(O) + (Bm + ao)x + 8z(0)x + Gmxz]
= Ryexp[Bz(0)Jexp{[o; + 62(0)]x + a,x’Y,
(6.12)
where
a, = Rm + Qs a, = Sm. (6.13)
Formula (6.12) resembles (6.3), except for the interaction term,
8z (0)x.

For future lifetime, we have
AT(tlx; z(x)) = Roexp[8°z(x+t) + ao(x+t) + §-z(xtt) - (xt+t)]

= Roexp{B[z(x) + mt] + [ao + 8(z(x) + mt)](xtt)}
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= Roexp[Bz(x) + agx + Sz(x)x]exp{ (Bm + ao)t + 8§[mx + z(x)]t + Gmtz}

= Roexp{Bz(x) + [ao + Gz(x)]x}exp{alt + [azx + Sz(x)]t + aztz},
(6.14)

or

AL () Roexp[(B + 6x)z(0) + alx + azxz]exp[(Gz(O) + o, + 2a2x)t + aztz],

1
(6.14a)

(b) Now, suppose that interaction occurs only after age =x Then

AT(tlx; z(x)) = ux(x+t; z(xtt)) = Roexp[B-z(x+t) + ao(x+t) + Srz(xtt)t]
= Roexp{B[z(x) + mt] + ayx + agt + §[z2(x) + mt]t}
= Roexp[Bz(x) + aox]exp[(Bm + ao)t + Sz(x){+ 6mt2]

= Roexp[Bz(x) + aox]exp[alt + Sz(x)t + azéj . (6.15)

or

Ap(+) Roexp{B[z(O) + mx] + aox}exp{alt + §[z(0) + mx]t + aztz}

= Roexp[Bz(O) + alx]exp[(ﬁz(O) + al)t + a,xt + aztz]. (6.15a)

2

In this case, the interaction term is present only in the second
factor of (6.15).

Comparing model (6.5) (Example 6) and model (6.14) (Example 7,
we notice that both include quadratic terms in t; both may even fit
well the same data. To distinguish between them, one may study the
function

u(t|x) = z(x+t) - z(x). (6.16)

(a) For situation (a), the quadratic relation, (Example 6(a))

leads to

u(t|x) = (k; + 2k0)t + k2t2 (6.17)

which depends on age x. For different given ages (or age groups)

ta
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the coefficient of t in (6.17) will be different.

On the other hand, for the linear model with interaction (Example
7(a)), we have

u(tlx) = mt, (6.18)

which does not depend on X.

(b) Comparing these models for situations discussed in ),
we have for the quadratic model

)

u(t]x) = kit + k,t, | (6.19)

2
while for the linear model with interaction,

u(t]x) = mt.

Repeated Measurements

In order to study these relationships empirically, it is essential
to obtain repeated measurements on the covariables z's, For each
characteristic, z, we try to estimate the function us(tlx), s=1,2,...,5
and then use these functions in constructing an appropriate hazard

function, AT(t|x; z(x)).
7. COMPARATIVE TRIALS

There is a large number of experimental designs for comparisons
of two or more populations. Here we will consider only a few examples,
to illustrate some basic methodological techniques.

7.1. Two Demographic Populations

Suppose that we wish to compare survivorship in two populations,
(1) and (2), say. For example, the two populations may represent males
and females or, in general, two demographic populations.

The simplest way would be to evaluate a survival function
separately for each population. Mathematically more elegant results

might be obtained by introducing concomitant variable(s) z.
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EXAMPLE 8. (Indicator variable)

Let

1 for population (1)
z = (7.1)
0 for population (2).

In general, there might be an interaction between z and x, so

that the force of mortality can be written in the form

Bz (0L0+(52)x
e e

ux(x; z) = Roexp(Bz + aox + 8zx) = R0 , (7.2)

and the future lifetime hazard rate is

Ap(elxs 2) = ugGert]x; 2) = RgeZexpl (o, + 82) (xbe)]

(oz0+6z) t .

= R exp[Bz + (ao + 6z)x]e (7.3)

0
Noticing that =z takes only the values 0 or 1, we may write (7.2)

in the form of two hazard rates, one for each population.

o.,x
p$ (x5 2=1) =R 1, (7.4.9)
X 1
where
R, =R eB and o, = o, + 6
1 0 1 0 ?
and
o x
182 (5 2=0) = Rye 07 (7.4.11)
Similarly, for the future lifetime hazard rates, we have
Oq4x 04t
M (elx; z=1) = Rpe P15, (7.5.1)
and
anX Ont
M2 (e]x; 2=0) = R 070, (7.5.1i)

EXAMPLE 9. (Linear relation of 2z with x, with a different slope

for each population)

In Example 8, two different hazard rates n;l)(-) and uéz)(~)
for populations (1) and (2), respectively, were obtained by introducing .

a "population effect”" (Bz), and an interaction term (8zx), without

interpreting their meaning. The same general result can be obtained
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by introducing a continuous variable z, and assuming that z is a

. 1inear function of x, but with a different slope in each population.

for population (1): z(l)(x) = z(l)(O) + m X, (8.6.1)

for population (2): 2(2)(x) = z(2)(0) + m,X, (8.6.1i1)

Then
i (o = Roexp[82¢1) () + agx]

= Roexp{B[z(l)(O) + mlx] + aox}

= Roexp[Bz(l)(O) + (Bm1 + ao)x]

= Roexp[Bz(l)(O) + alx] = Rlealx, (7.6.1)
where

. = Bml + % and R1 = Roexp(Bz(l)(O)).
(Compare (7.6.1i) with (7.4.1))
In a similar way, we obtain
o
u§2)(x) = Rye 2% (7.6.11)

where

a, = Bm2 + ao and R2 = Roexp(Bz(Z)(O)).

(Compare (7.6,ii) with 7.4,11))
(1) (2)

The corresponding XT (-) and AT (-) can be obtained
straightforwardly.

The question, whether the different lifetime distributions for males
and females can be adequately represented by models of the types
introduced in Examples 8 and 9, still remains open. Of course, neither
may be correct. The decision does not belong to statisticians alone.

7.2. Clinical Trials

Most clinical trials are designed to investigate whether some
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treatments or drugs are better than others, for a particular disease.
Preventive trials are usually aimed at treating a specific characteristic
considered as a risk factor so as to prevent or, at least, delay the
occurrence of an intervening event which accelerates, or leads to sudden
death. For example, reducing blood pressure and blood sugar in diabetic
patients is considered as likely to extend a patient's life. At present,
the question whether the reduction of the level of plasma cholesterol
prevents heart failure is among the controversial topics in many current
clinical trials.

There can be a large number of experimental designs, models and
kinds of analysis. Here we just use two examples, again to illustrate
techniques in constructing hazard rate functions.

EXAMPLE 10. (Treatment and control populations)

Suppose that we consider a controlled clinical trial with

populations (1) and (2) representing treatment and control populations,

respectively. We assume exponential hazard.

Let

1 for treatment population (1)

0 for control population (2). (7.7)
Similarly, as in Example 8, for the control population, we have
(2) (4. 220) = R.e O
My (x; z=0) Roe . (7.8)
and
a.xX 0.t
AéZ)(tlx; z=0) = Roe 0% 0 (7.9.1)

(see (7.5.1ii)).
Suppose that for an individual to whom treatment is applied at age

x, the hazard rate changed (asllowing for interaction with age). Then

"

"
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(:), is the same as (2)(-) defined

u}({l) My

up to age x, the hazard rate,

in (7.8). While the future lifetime hazard rate is

Aél)(tIX; z=1) = R, exp[Bz + ay(xtt) + §zt]

]

RUeBexp[an + (ao + §)t]

O.X . b
0 1
= Rle e , (7.9.ii)

where

R, = Roe » Qp = Qg +§ . ‘ _ (7.10)

(Notice the difference between (7.9.ii) and (7.5.1i)).
EXAMPLE 11. (Treatment acting upon a concomitant variable)
A drug is used for lowering blood pressure (z) in hypertensive

patients. Suppose that for hypertensive patients

z(x) = z(0) + mx . (7.11)
Thus for the control group (2), we have

(2) -

z “7(xtt) = z(x) + mt . (7.12)

Assuming Gompertzian model

' ' GaX . -
By(x; 2(x)) = Ry exp[Bz(x)]e s (7.13)
the future hazard rate for control group (2) takes the form
() O (xt+t)
M2 (t]x; 2(x) = Ry exp{Blz(x) + mtl}e
) a,t

it

RO exp[Rz(x) + aox]e 2 , (7.14)

where

a, = mt + (7.15)

2 (I

We now speculate about the Aél)(-) for the treatment group (1).
Suppose that we can distinguish fwc phases in the action of the drug.

Up to time T,, say, the blood pressure decreases linearly, and after

1

time T it is stabilized at a certain level.

We then have for the first phase, for the period 0 < t < T

20 (xht) = 2(x) - ot , 8, >0, (7.16)
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so that
oo Aél)(tlx; z(x)) = R0 exp[Bz(l)(x+t) + ao(x+t)]

= RO exp{B[z(x) - elt] +oogx + aot}

= R, exp[Bz(x) + aox]exp[(ao - Bel)t]

&1t

= R, exp[Bz(x) + ayxJe R (7.17)

where
al =04 - 891 . ’ (7.18)

(Note that « o, < az.)

For the seccond phase, covariable 2z is stabilized at the value

z(l)(x+TJ) (except, perhaps, for random variation). Thus for ¢t > T1»

we have
(1) . - (1)
Ap (t]x; z(x)) Ry expl{[Bz"'" (xt1)) + op et + (e=1)) 1}
= Ry exp{ [Bz(x) - BO, T 1 + opx + ayT; + ao(t-Tl)}
. Got
= R0 exp(—BGlTl)exp[Bz(x)’+ aox]e
% Got
= RO exp[Bz(x) + aox]e R (7.19)
where
| Ry = exp(-BSlTl) . €7.20)
*
(Note R < Rj.),
We then have, for the treatment group (1)
. Q.
R exp[Bz(x) + aox]e 1 for 0 s t <7
(1) 0 1
AT (t]x; z2(x)) = % ont (7.21)
RO exp[Bz(x) + aox]e , for t > Tl .
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To establish the changes in the blood pressure (z) under treatment,
repeated measurements are needed. Provided that the model (7.21) is
correct, it would still be difficult to establish the value of Tl.

It would be, perhaps, not unreasonable, to consider Tl as a parameter.
Further complications occur when more than one covariables are
considered simultaneously; also, there might be an interaction among them,

and they might be correlated. It is, however, useful to examine, first,

models using one covariable at a time.

8. DISCUSSION

8.1. The basic idea of this article is that for epidemiological
follow-up studies and clinical trials, the survival models are, in

fact, future lifetime distributions, and have to be consistent with the
original distribution of lifetime.

8.2. For modeling survival distributions or, equivalently, hazard rate
functions, we have chosen an exponential function; the corresponding

SDF is a Gompertz survival function. Among the reasons for choosing
this form are the following: Gompertz distributions fit most human
mortality data, at least for older ages; its parameters have some

simple biological interpretations; it has convenient mathematical
properties such as, for example, the 'preservation' property; the
extension of the model by incorporating concomitant variables in straight-
forward, when introducing functional relationship of covariates with age.
8.3. We especially emphasize the importance of repeated measurements of
covariables in time, on each individual. These measurements are needed
in estimating the relations of z's with x, and, in turn, in constructing
appropriate hazard rate models.

8.4. We also stressed the relationship of Gompertz models with Cox's
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and logistic linear models. Several examples indicate circumstances in
which the latter models are consistent with exponential hazard rate

model, and in which they deviate from it.
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