
ABSTRACT

CHAO, JINGYI. Transport Properties of Strongly Interacting Quantum Fluids: From
CFL Quark Matter to Atomic Fermi Gases. (Under the direction of Thomas Schäfer.)

Kinetic theory is a theoretical approach starting from the first principle, which is par-

ticularly suit to study the transport coefficients of the dilute fluids. Under the framework

of kinetic theory, two distinct topics are explored in this dissertation.

CFL Quark Matter We compute the thermal conductivity of color-flavor locked

(CFL) quark matter. At temperatures below the scale set by the gap in the quark spec-

trum, transport properties are determined by collective modes. We focus on the contribu-

tion from the lightest modes, the superfluid phonon and the massive neutral kaon. We find

that the thermal conductivity due to phonons is ∼ 1.04×1026 µ8
500 ∆

−6
50 erg cm−1 s−1 K−1

and the contribution of kaons is∼ 2.81×1021 f 4
π,100 T

1/2
MeVm

−5/2
10 erg cm−1 s−1 K−1. Thereby

we estimate that a CFL quark matter core of a compact star becomes isothermal on a

timescale of a few seconds.

Atomic Fermi Gas In a dilute atomic Fermi gas, above the critical temperature,

Tc, the elementary excitations are fermions, whereas below Tc, the dominant excitations

are phonons. We find that the thermal conductivity in the normal phase at unitarity is

∝ T 3/2 but is ∝ T 2 in the superfluid phase. At high temperature the Prandtl number,

the ratio of the momentum and thermal diffusion constants, is 2/3. The ratio increases

as the temperature is lowered. As a consequence we expect sound attenuation in the

normal phase just above Tc to be dominated by shear viscosity.

Finally, We calculate the viscosity spectral function of the dilute atomic Fermi gas

in three different channels. We find the expected structure consisting of a diffusive peak

in the transverse shear channel and a sound peak in the longitudinal channel. At zero



momentum the width of the diffusive peak is ω0 ≃ (2ε)/(3η) where ε is the energy density

and η is the shear viscosity. At finite momentum the spectral function approaches the

collisionless limit and the width is of order ω0 ∼ k(T/m)1/2.
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Chapter 1

Introduction

1.1 Quantum Liquids

A fluid is, liquid or gas, a many body system in whose behavior not only determined by

microscopic mechanics, but also those of statistics. In physics, with many particles, it is

usually impossible to know the wave function of the whole system. As a result, it is often

more useful to think in terms of macroscopic observable, such as transport coefficients,

rather than microscopic states. Before calculating the magnitude of transport coefficients,

below we will give some briefly introduction about several known fluids.

The main tool for studying the behavior of macroscopic systems in thermal equi-

librium is thermodynamics. Away from equilibrium the two most important tools are

hydrodynamics and kinetic theory. In this thesis we will use these tools to study non-

equilibrium properties of strongly correlated quantum fluids. Quantum fluids are many

body systems in which quantum mechanics not only governs the structure of the con-

stituents (molecules, atoms, nuclei, etc.), but also their collective behavior. A rough

criterion for the importance of quantum effects can be obtained from the particle-wave
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correspondence. The quantitative relation is given by the de Broglie relation:

λ = h̄/p (1.1)

where p is the particle’s momentum and λ is the particle’s wavelength of the associated

wave. In the case of a many-body particle system, another reasonable microscopic length

is the interparticle distance, d ∼ n−1/3, where n is the density. Roughly speaking, the

condition to see particle-wave effects is,

λ ≥ d (1.2)

On the other hands, the typical particle’s momentum is determined by the thermal energy,

kBT , where

p ∼
√
mkBT (1.3)

Combing Eq. 1.1 and Eq. 1.3, we find out the condition for quantum mechanical effects

to be important is below the temperature

kBT ≤ n2/3h̄2/m (1.4)

where m is the mass of the atom, molecule or particle in question. With the estimation

n ∼ 1023cm−3, it requires temperatures at a very low order of 20 K/A, much lower than

the room temperatures, where A is the atomic or molecular weight.

As we have mentioned before, liquid is a composed system of particles which must be

in either the gas or the liquid phase. Collecting these conditions, we have already known,

in universal, the class of quantum liquids include:
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1. electrons gases [11] in any solid or liquid metal.

2. the new state of hot, dense matter out of the quarks and gluons created by heavy

ion collider, such as RHIC at BNL and LHC at CERN [12, 13, 14, 15].

3. atoms or molecules in their liquid or gaseous phase, which the known member are

helium [16, 17, 18, 19] and the dilute alkali gases [20, 21, 22, 23].

4. in some regions of neutron stars, including nuclear and quark matter [24, 25, 26, 27].

The last two classes liquids, dilute alkali gases and the quark matter in neutron stars

are our research topics in this thesis. I will detailed study them in chapter 4, 5 and 6.

Therefore, I will briefly introduce the properties of the former two classes liquids and

helium in the immediate next.

1.1.1 Fermi Liquids, Electron Gases

It is known that the kinetic energy of electron goes as n3/2, whereas the Coulomb inter-

action between the electrons goes as n1/3. We see that the ratio VCoulomb/EK = n−1/3,

named as the coupling constant in question. Hence, at high densities regime, n≫ 1, the

interaction between electrons is neglected, then we have the free-electron (Fermi) gas.

Or, perturbation theory can be used in discussed the properties of weakly interacting

electron systems. The behavior of electrons in a white dwarf [28, 29] or neutrons in a

neutron star can be approximated by treating them as an ideal Fermi gas. Something

similar take place in the periodic systems, such as electrons moving in the crystal lattice

of metals and semiconductors [30]. The notable features of this kind weakly interacting

degenerate Fermi gases are: specific heat is proportional to T , the spin susceptibility is

temperature independent and the shear viscosity ∼ T−2, as pointed out by Leggett [19].
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However, for typical metals, 6 ≤ n ≤ 2, in atom unit, the interactions are not weak

enough. Fermi liquid theory [31, 32] (also known as Landau-Fermi liquid theory) is a

theoretical model of interacting fermions that describes the normal state (in contrary

to super state) of most metals at sufficiently low temperatures. Landau phenomeno-

logically developed the idea of ”quasiparticle” excitations in the context of interacting

Fermi systems, and later Abrikosov and Kalatnikov [33] gave a formal derivation through

perturbative method to higher orders. Landau suggested describing the excited states

of the interacting system as a correspondence of the excited states of the noninteracting

system. Starting from this noninteracting system with one particle added in state p; to

the ground state Fermi sea, then ”switching on” the pair interactions adiabatically. The

interactions do not effect on the total particle number, spin, and momentum. Thereby

the particle become a quasiparticle with some effective mass m∗ and must obey the Pauli

exclusion. We note there that there is a finite lifetime of quasiparticles since the state

given by this switch-on process will eventually decay into a collection of more complicated

states. The energy of course is not preserved because the Hamiltonian is changed. The

energy of a single quasiparticle state is just

εp =
p2

2m∗ (1.5)

We can see from the above equations that there is a one-to-one mapping of the quasipar-

ticles with the single particles of the free electron gas.

Except this assumption, in the Fermi liquid theory, Landau made another important

one: the interaction of the quasiparticles can be taken into account as a self-consistent

field of surrounding particles, which leads to the fact that the total energy of the system

does not equal the sum of energies of the N quasiparticles, but it is a functional of its
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distribution function. This is reflected in the form,

ε(p, σ) = ε0(p, σ) + δε(p, σ)

= ε0(p, σ) +
1

2
Tr

∫
dΓf(p, σ;p

′
, σ

′
)δn(p

′
, σ

′
) (1.6)

where δn = n−nT=0, σ is the notation of spin, ε0(p, σ) is the energy of the quasiparticles

at zero temperature, and the second is the mean-field effect of the interactions with other

quasiparticles. The function f is a very important characteristic of a Fermi liquid. Today,

Landau’s Fermi liquid theory is the foundation for the modern standard model of the

weekly repulsive interactions fluid.

1.1.2 Nearly Perfect Fluid, Strongly Coupled QGP

It is predicted that if heat up the nuclei beyond the critical temperature, the quarks

should come out from their parent hadrons and form a gas of hot and dense quark

matter. Meanwhile, because of pair annihilation processes within the hot QGP system,

there will be a lot of thermal gluons. This whole system is expected to behave like a

plasma of quarks (anti-quarks) and gluons, called quark-gluon plasma (QGP) [34]. To

date, the quark-gluon plasma has been created in heavy-ion collider. At RHIC, when two

gold nuclei moving at nearly light speed, colliding, the amount of energy that dump in

the microscopic fireball is about 2.0×104GeV, with an approximation of order 4×1012K.

The conditions of the early universe was recovered on a tiny scale.

Motivated by the asymptotic freedom of QCD at high energies, QGP was expected

to behave like a weakly coupled gas. However, this hot and dense quark matter, instead

of a gas, was confirmed to behave like a liquid in RHIC experiments [12, 13, 14, 15]. The

anisotropic ”elliptic” flow observed in non-central collisions is generated mostly during
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Figure 1.1: Elliptic flow v2 for different hadron species [1, 2, 3], plotted as a function of
transverse momentum, compared with ideal hydrodynamics predictions [4, 5]

the hot early stage, and thus provides the information about the QGP phase. The

elliptic flow v2 [35, 36, 37, 38] is defined as the 2nd Fourier coefficients of the azimuthal

distribution of hadron spectra:

v2(pT ) = ⟨cos(2ϕp)⟩ ≡

∫
dϕp cos(2ϕp)

dN
pT dydpT dϕp∫

dϕp
dN

pT dydpT dϕp

(1.7)

where dN
pT dydpT dϕp

is the angular distribution of the transverse momentum (pT ) dependent

spectra, and y = 1
2
ln E+pL

E−pL
is the rapidity of the particles. Figure 1.1.2 compares the

experimental elliptic flow data v2(pT ) with ideal hydrodynamic predictions For pT <

1.5GeV, where most (more than 98%) of the particles are produced, ideal hydrodynamics

shows excellent agreement with the experimental data and correctly predicts the observed
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splitting for different hadron species. Thus, such strongly coupled QGP behaves like not

a gas but an almost perfect fluid. Besides, why the QGP is strongly coupled at RHIC

energies is yet unknown.

1.1.3 Helium

Since the helium mass is very small and the attractive interaction between two atoms

very weak, the pairing energy is ∼ 10−7 K at temperature of the order of 10−3 K, the

helium atoms cannot form a lattice due to zero point energy even at zero temperature. In

fact, solid helium requires a temperature of 1 ∼ 1.5 K and about 2.5 MPa pressure. This

characteristic allows us to observe quantum effects on a macroscopic scale. There are

eight known isotopes of helium, but only helium-3 and helium-4 are stable. Meanwhile,

that Bose-Einstein statistics is important for understanding the behavior of superfluid

4He, while Fermi-Dirac statistics is important for exploring that of 3He.

Helium-3

Experiments show that between 100 mK and 3 mK the normal phase of liquid 3He behaves

like a weakly interacting degenerate Fermi gas. Landaus Fermi liquid theory, as we

introduced above, provide a good description. However, 3He form rich phases other than

the ordinary weekly coupled Fermi gases at different conditions. As shown by Leggett

[16], the atoms in 3He form a pair, which has many similarities with the condensation

of Cooper pairs in superconductivity. The main difference is that in superconductors,

the attractive interaction between the two electrons is due to the exchange of phonon.

Whereas in 3He, there are no phonons available. To overcome the strong hard core

repulsive interaction at short distances, the Cooper pairs composed by two 3He atoms

must be in a state with non-zero angular momentum L. The direct consequence is that
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Figure 1.2: Helium Three, the phase diagram plotted as a function of temperature and
pressure[6].

p-wave pairing is favorable. It also leads to a remarkable feature of 3He that an each

atom (quasiparticle) can be seen as carrying two vectors, one for spin, SO(3)S, and one

for orbital momentum, SO(3)L. Hence, there has two distinct superfluid phases due to

the different breaking patterns. If you think that both degrees of freedom as independent

of each other, symmetries are broke by themselves in a common sense. This particular

symmetry breaking pattern is named as A phase. But, if keep the relative orientation

of spin and angular momentum being always the same, remaining a SO(3)L+S group

after even both the symmetries of angular momentum and spin broken. This type of

symmetry breaking is so-called B phase in 3He. Only the phase with the lowest free

energy will be realized in practice. It was shown by Balian and Werthamer [39], using

the weak coupling approach, that the B-phase is the most stable one. Only at some

higher temperatures and pressures regime, A phase is the most stable one determined by
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strong coupling effects. This was shown by Anderson and Brinkman [40]. We show the

phase diagram of 3He in the Figure 1.1.3

Table 1.1: Phases in 3He
B phase A phase

conditions at lowest T and P T ∼ 2 mk, P > 20 MPa
spin states | ↑↑⟩, | ↑↓⟩+ | ↓↑⟩, | ↓↓⟩ | ↑↑⟩, | ↓↓⟩

gap isotropic anisotropic, ∆ = 0 in some directions
symmetry Lock phase between L and S L and S break individually

Helium-4

Helium four is the more common isotope of helium. Figure 1.1.3 shows the phase diagram

of 4He at low temperatures. 4He remains liquid at zero temperature if the pressure is

below 25 atmospheres. The liquid has a phase transition to a superfluid phase, also

known as He-II, at the temperature of 2.17 K (at vapor pressure). The solid phase has

either Hexagonal Close Packed (HCP) or Body Centered Cubic (BCC) symmetry.

At low temperatures(Tc = 2.17 K), helium atoms condense into the ground state and

enter a superfluid state due to Bose-Einstein condensation. The characteristic phenomena

of superfluidity were experimentally discovered in the 1930s by Kapitza and Allen et al.

[41, 42]. The idea of the two-fluid model was proposed by Landau [43] and Tisza [44],

which has successfully explained the phenomena of superfluidity. According to the two-

fluid model, the system consists of a superfluid (density ρs) and a viscous normal fluid

(density ρn) with two independent velocity fields vs and vn, respectively. The mixing

ratio of the two fluids depends on the temperature. As the temperature is reduced below

about 1 K, the ratio of the superfluid component increases, and the fluid becomes entirely

9



Figure 1.3: Helium Four, the phase diagram plotted as a function of temperature and
pressure[6].

superfluid below.

1.2 Response to Gradient Perturbations

Consider that a fluid is in equilibrium at given uniform values of temperature, pressure

and velocity. Gradients of these variables are controlled under perturbation. Meanwhile,

the fluid responds to these gradients in a manner to restore equilibrium. Such coeffi-

cients, the ratio of the response to gradients of the perturbation, are called as transport

coefficients, which are defined as follows.
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1.2.1 Shear Viscosity

Classically, the shear viscosity is defined as the ratio between the friction force F per

area and the transverse flow gradient, ∇yVx,

F

A
= η∇yVx (1.8)

Microscopically, shear viscosity is associated with momentum transfer between par-

ticles in different fluid elements. For a dilute gas of non-relativistic particles, the shear

viscosity η and entropy s are estimated as

η ∼ mv̄

σ
, s ∼ n, (1.9)

where n is the particle density, m is the particle mass, σ is the cross section, and the

entropy density s is proportional to the particle density n. The shear viscosity of a

non-relativistic dilute gas increases with temperature with temperature η ∼
√
mT and

is approximately independent of density. Using the ideal gas EOS, P = nkBT , thus, for

fixed pressure, η/s increases with temperature approximately as

η/s ∼ T 3/2 (1.10)

in the high temperature gas phase.

The density of a liquid decreases with temperature, which leads to an increase of

shear viscosity due to the growth of mean free path. Detailed calculation [45, 46] shows

that

η ∼ nh̄eE/kBT , η/s ∼ h̄eE/kBT , (1.11)
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where E is an activation energy and h̄ is the Planck constant, and again entropy s is

the typical function of density n. This result shows that for a liquid the ratio of η to s

increases with decreasing temperature. Taking the liquid phase and gas phase together,

Eq. 1.10 and Eq. 1.11 imply that η/s is likely to reach a minimum during the liquid-

gas phase transition. This is confirmed by experimental results in three kinds fluids of

helium, nitrogen and water.

1.2.2 Bulk Viscosity

In a dense gas, bulk viscosity is associated with the internal friction force arising from

the change of volume at constant shape. Naively, we expect the bulk viscosity (like the

shear viscosity) to be proportional to the mean free path. There are however, a number

of scattering processes that do not contribute to bulk viscosity. An example is elastic

2 ⇔ 2 scattering. As a consequence bulk viscosity is controlled by inelastic or particle

number changing reactions.

In both monatomic and ultra-relativistic gases, the bulk viscosity vanishes or tends

to zero. It also has been proved that the bulk viscosity must vanish in a scale invariant

system [47], such asN = 4 SYM field. The reason is that the tensor space of bulk viscosity

is not conformal invariant which is not allowed in a conformal system. In a mixed fluid,

such as normal-super fluid model, there has additional three bulk viscosities. Similarly,

following the same argument, two of them, ζ1 and ζ2, have to be vanish either, while the

third one ζ3 is allowed to be nonzero [47].

In contrast to shear viscosity arrive in a minimum in the vicinity of the gas-liquid

phase transition, the bulk viscosity shows a peak near the phase transition. Such behavior

of the bulk viscosity of spherical molecules was studied by Meier, Laesecke and Kabelac

using molecular-dynamics simulations with Lennard-Jones potentials [48]. Recently work
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[49] confirms that the same holds true for relativistic QCD matter.

1.2.3 Thermal Conductivity

Thermal conductivity, κ, is the property of a material describing its ability to conduct

heat, which defined as

q = −κ∇T (1.12)

The negative sign inherits from the reason that the heat flow would persist until a state

of uniform temperature is reached. The higher the conductivity, the shorter the time for

this relaxation. Classically, the estimate with mean free path l gives [50]

κ ∼ cV v̄/σ (1.13)

where cV is the specific heat. For the non-relativistic dilute gas, we have

κ ∼
√
T/m

σ
(1.14)

At a given temperature, the thermal conductivity is seen to be independent of the gas

density, i.e. of the gas pressure. It must be emphasized that this important property is

not related to the assumptions used in making the estimate, but is an exact consequence

of the kinetic theory, which only takes account of collision between pairs of particles in

the dilute gases.
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1.3 Organization of the Thesis

In chapter 2 a short overview of the phenomena mathematical models, hydrodynamic, is

presented. This chapter serves to orient the reader in the relevant method of collective

mode, conservation laws and continuity equations. Chapter 3 introduce the systematical

framework that is used in our recent works, kinetic theory. The following three chapters

address our research topics, and can be read independently of each other. Chapter 4

introduces the cooling mechanism of neutron stars and estimate the thermal conductivity

of the quark matter, which possibly exists in the core of neutron stars. In chapter 5, the

thermal conductivity of a cold, dilute atomic gas is explored; an improved experimental

way is proposaled to help extracting observation data more explicitly. In chapter 6 the

contributions toward the development of the viscose spectral function are reported. A

short summary and outlook is provided in chapter 7.
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Chapter 2

Mathematical Models

The mathematical description of the state of a fluid is determined by five macroscopic

variables, the fluid velocity v = v(t, r) and any two thermodynamic quantities of the

fluid, for example the pressure P (t, r) and the density ρ(t, r). It must be true that

five hydrodynamics equations appear as the existence of the conservation laws of mass,

momentum and energy. Together with the equation of state, the macroscopic state of

the fluid is completely known without detailed information of the microscopic dynam-

ics. Hence, hydrodynamics is a well suited macroscopic approach for studying strongly

coupled systems while the underlying microscopic theory is unknown.

2.1 Hydrodynamic Equation

We briefly summarize how to derive the fundamental equations of fluid dynamics. These

conservation equations typically arise from the form [51]

∂A

∂t
+∇ · ΓA = 0 (2.1)
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where ΓA = Av is a flux vector corresponding to the quantity A. The quantity A of

fluid in given volume is
∫
AdV , which flowing in unit time through the surface element

dS is Av · dS, where the magnitude of the vector dS is equal to the area of the surface

element, and its direction is along the normal. Therefore, the total quantity A of fluid

flowing out of the volume V in unit time is

∮
Av · dS (2.2)

where the integration is taken over the whole of the closed surface surrounding the volume

in question.

Next, the decrease per unit time in the quantity A of fluid in the volume V can be

written

− ∂

∂t

∫
AdV (2.3)

Taking the integration over the volume V and employing Gauss’s theorem

∮
Av · dS =

∫
∇ · (Av)dV (2.4)

thus, it lead the general continuity equation.

∫ [
∂A

∂t
+∇ · (Av)

]
dV = 0 (2.5)

Since this equation must hold for any volume, the integration must vanish, i.e. Eq. 2.1

is present.

Consider the mass density, ρ(x, t) and macroscopic fluid density, v(x, t), which defined
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by

ρ =

∫
mfdV

ρv =

∫
pfdV

(2.6)

where p is the momentum of fluid cells and f is the distribution function of fluid cells.

It obey the mass continuity equation:

∂ρ

∂t
+∇ · j = 0 (2.7)

where the vector j = ρv is called the mass flux density. Its direction is that of the motion

of the fluid.

Similarly, consider the energy density, ε(x, t), pressure tensor P ij and macroscopic

heat flux, q(x, t), which given by

ε =

∫
mv2

2
fdV

Πij =

∫
vipjfdV

qi =

∫
mv2vi

2
fdV

(2.8)

Conservation of momentum yields

∂

∂t

(
ρvi
)
+∇jΠ

ji = ρ Qi (2.9)
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where Qi is the external force field. The conservation equation for energy is given by

∂ε

∂t
+∇ · q = ρ Q · v (2.10)

If the equilibrium distribution function f0 is used in deriving the equations of motion,

Eq. 2.7, Eq. 2.9 and Eq. 2.10 describe the motion of an ideal fluid, in which the dissipation

terms ignored. In other words, no gradients of temperature or velocity are included in

the conserved momentum or energy currents, which may occur in a moving fluid as the

consequence of internal friction in the fluid and heat exchange between different parts

of it. Therefore, a fluid is said to be ideal if its thermal conductivity and viscosity are

tend to zero. It also means an ideal fluid must be adiabatic without the heat exchange

between different parts of the fluid. In adiabatic motion the entropy of any particle of

fluid remains constant. We can express the condition for adiabatic motion as

ds/dt = 0 (2.11)

Using Eq. 2.1, we can write it as an equation of continuity for entropy

∂(ρs)/∂t+∇ · (ρsv) = 0 (2.12)

Here the product ρsv is the entropy flux density.

2.2 Navier-Stokes Equations

When an external perturbation is applied to a simple fluid, the disturbance is damped

by the relaxation processes in the system. In a macroscopic view, these dissipation
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phenomena are diffusion, viscous flows, and thermal conduction. To obtain the equations

of a viscous fluid, it is straight to include some dissipative terms in the equation of ideal

fluid. Multiplying by r to the both sides of the equation of mass continuity Eq. 2.7 and

integrating over the fluid volume, one have

d
(∫

ρ r dV
)

dt
=

∫
j dV (2.13)

and since the L.H.S. of above equation determines the position of the center of mass. It

is clear the R.H.S. is the momentum of fluid. In other words, Eq. 2.7 is equally valid

for any fluid. On the other hand, the equations of momentum and energy motion are

required to modify.

The Navier-Stokes (N-S) Equations [51] are the equations of motion of a viscous

fluid. In the ideal momentum equation Eq. 2.9, the momentum flux Πij represents

a completely reversible transfer of momentum. However, to describe the irreversible

momentum transfer, caused by internal friction, an additional viscous tensor is therefore

to be added to the ”ideal” momentum flux. One obtains the momentum flux density in

the form

Πik = Pδik + ρvivk − σik (2.14)

The general form of σik can be established as follows. 1) The internal friction transfer

the momentum from the points where the velocity is large to those where it is small.

Hence, σik must depend on the space derivatives of the velocity and first order one is

enough if the gradients of velocity are small. 2) There can be no term which independent

of ∂vi/∂xk, since σik would vanish when velocity is same in everywhere. 3) Uniform

rotation with angular velocity Ω does not lead to viscous tensor σik since no internal
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friction occurs in the fluid. The sums

∂vi
∂xk

+
∂vk
∂xi

(2.15)

vanish when v = Ω×r. Therefore, σik must only contain these symmetrical combinations

of the derivatives ∂vi/∂xk. Hence, one write down the most general tensor of rank two

satisfying above conditions,

σik = η

(
∂vi
∂xk

+
∂vk
∂xi

− 2

3
δik
∂vi
∂vi

)
+ ζδik

∂vi
∂vi

(2.16)

where η and ζ are both positive and independent of the velocity, which are valid for most

fluid. η and ζ are named as shear and bulk viscosities, respectively.

Thus, the equation of motion of a viscous fluid is obtained by adding σik into Eq. 2.9.

Combining with the mass continuity equation, after some simple algebra calculation, one

produce the expression of N-S equation,

ρ

[
∂vi

∂t
+ vk∇kv

i

]
= −∇iP +∇kσ

ki (2.17)

2.2.1 Energy Dissipation from N-S equations

In an ideal fluid the energy conservation law is expressed by

∂

∂t

(
1

2
ρv2 + ρε

)
= −∂i

(
ρv2vi

2
+ ρwvi

)
(2.18)

where ε is the internal energy and w = ε + P is the heat function. When the gradients

of temperature in the fluid is not large, one can expand the heat flux qi as a series of

powers of the temperature gradients. The constant term always rules out since heat flux
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vanish when ∂iT is zero. Therefore, to the first order, one have

qi = −κ∂iT (2.19)

where κ is positive, named as thermal conductivity. Thus, the total energy flux in a fluid

is given by ρv2vi

2
+ρwvi−vkσik−κ∂iT . Thereby, the conservation law of energy is rewrite

as,

∂

∂t

(
1

2
ρv2 + ρε

)
= −∂i

(
ρv2vi

2
+ ρwvi − vkσ

ik − κ∂iT

)
(2.20)

On the other hands, calculating the time derivative of the energy in unit volume of

fluid, one have

∂

∂t

(
1

2
ρv2 + ρε

)
=
v2

2
∂tρ+ ρvi∂tvi + ρ∂tε+ ε∂tρ (2.21)

Substituting the equations of continuity and the expression of ∂vi/∂t, which arisen from

the N-S equation, one obtains

∂

∂t

(
1

2
ρv2 + ρε

)
= −v

2

2
∂i(ρv

i)− ρvi∂i(
v2

2
)− vi∂iP + vi∂kσ

ik + ρ∂tε− ε∂i(ρv
i) (2.22)

Using the thermodynamic relation dε = Tds + P/ρ2dρ, one finds ∂ε
∂t

= T ∂s
∂t

− P
ρ2
∂i(ρv

i).

Next, from the thermodynamic relation dw = Tds + dP/ρ, one has ∂iP = ρ∂iw − ρ∂is.

It also very useful to rewrite the term vi∂kσ
ik = ∂k

(
viσ

ik
)
−σik∂kvi. Finally, one obtains

∂

∂t

(
1

2
ρv2 + ρε

)
= −∂i

(
ρv2vi

2
+ ρwvi − vkσ

ik − κ∂iT

)
+ρT

(
∂s

∂t
+ vi∂is

)
− ∂ivkσ

ik − κ∂i∂
iT (2.23)

Comparing with the equation of energy motion Eq. 2.20, it leads to the equation of the
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entropy dissipative motion,

ρT

(
∂s

∂t
+ vi∂is

)
= ∂ivkσ

ik + κ∂i∂
iT (2.24)

Expanding the term ∂ivkσ
ik by substituting the expression of σik, the entropy equation

thus becomes

ρT

(
∂s

∂t
+ vi∂is

)
= κ∂i∂

iT +
η

2
(∂ivk + ∂kvi)

2 + ζ
(
∂iv

i
)2

(2.25)

It is clearly that the R.H.S. of Eq. 2.25 is always positive, which implied by the second

thermodynamic law

ds

dt
≥ 0 (2.26)

2.3 Israel-Stewart Equations

Together with equation of state and well formulated boundary conditions, the Navier-

Stokes equations successfully model the fluid motion, even turbulent flows seem to agree

with real world observations (on average). Unfortunately, the N-S equations suffer from

the unphysical instability in relativistic fluids; the instability is attributed to the lack of

the causality and lead to infinite speed of signal propagation. It is a necessary to invent

a fluid dynamical equation which contains the second-order time-derivative as well as the

first-order one. The new equation called Israel-Stewart equation [52, 53, 54] introduces

new transport coefficients like the relaxation time yet to be determined microscopically

or phenomenologically. The Israel-Stewart second order theory of relativistic fluids are

derived basing on Grad’s 14-moment expansion method, which will introduce in the

Chapter 3. The resulting equations are hyperbolic and lead to causal propagations. The
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formulation of relativistic hydrodynamics can be found in standard text books. Here I

only list the results from the recently works by Muronga [55, 56].

Firstly, the notation of the macroscopic variables are present through a covariant way,

ε energy density,

P pressure,

D = uµ∂µ convection time depravation,

∇µ gradient operator,

θ volume expansion,

uµ four velocity,

aµ four acceleration,

πµν viscous stress tensor,

qµ heat flow,

(2.27)

where ∆µν = gµν − uµuν is the projection tensor orthogonal to the four velocity and

gµν = diag(+1,−1,−1,−1) is the metric tensor in Minkowski space time. In the Eckart

theory [57] the dissipative contribution to the bulk pressure, the heat flux and the shear

viscous tensor are given by

⟨π⟩ = ζθ,

qµ = κT (∇µ lnT − aµ),

πµν = 2η∇⟨µuν⟩ (2.28)
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where ζ, κ and η are the bulk, thermal conductivity and shear coefficients respectively.

T is the temperature of the system. The angular bracket notation is defined by

Aµν ≡ 1

2

(
gµαgνβ + gµβgνα − 2

3
gµνgαβ

)
Aαβ (2.29)

The truncated energy equation governing fluid motion, called as Müller-Israel-Stewart

[52, 53, 54] equations, is given by

D⟨π⟩ = − 1

τ⟨π⟩
⟨π⟩+ 1

2β0
⟨π⟩
(
β0θ + TDβ0

T

)
− 1

β0
θ +

α0

β0
∇µq

µ,

Dqµ = − 1

τq
qµ +

1

2β1
qµ
(
β1θ + TDβ1

T

)
+

1

β1

(
∇µ

T
− aµ

)
− α1

β1
∇νπ

µν − α0

β1
∇µ⟨π⟩,

Dπµν = −π
µν

τπ
+

1

2β2
πµν

(
β2θ + TDβ2

T

)
+

1

β2
∇⟨µuν⟩ +

α1

β2
∇⟨µqν⟩,

(2.30)

where

τ⟨π⟩ = ζβ0, τq = κTβ1, τπ = 2ηβ2 (2.31)

are the relaxation times, β0, β1 and β2 are the relaxation coefficients and α0 and α1 are the

coupling coefficients. These five new coefficients are functions of primary thermodynamic

variables like pressure, number density and energy density and hence depend on the

equation of state. Relaxation time is the distinguishing feature of hyperbolic causal

theories which is not present in the first-order theories. Here τ is the time taken by the

corresponding dissipative flux to relax to its steady-state value.

24



2.4 A Word at the End

Hydrodynamic equations have developed significant contributions to phenomenologically

approach the non-equilibrium statistical mechanics of a dense and strongly coupled sys-

tem through the evolution of macroscopic states. However, it is a fundamental task

for theorists to investigate the physical systems from the knowledge of their underlying

microscopic dynamics. In next chapter, we will introduce the kinetic theory, a method

starting from the first principle. In fact, it was a central topic of kinetic theory to derive

macroscopic descriptions, i.e., hydrodynamic equations, during its development.
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Chapter 3

Kinetic Theory

3.1 Introduction

In a weakly coupled quantum or classical system, one would expect to be able to compute

most physical observable by the fundamental knowledge of particle interactions. Kinetic

theory does be the method which has natural advantages from the mathematical point of

view. Thus, kinetic theory is particular well suited to studying the dynamical properties

of dilute or moderately dense gases. However, this approach will break down in the

dense regime. Therefore, it is an very important further work to establish a principle

understanding to connect two approaches, hydrodynamics and kinetic theory.

An overview of kinetic theory that form the background of the thesis shall be provided

in this chapter.
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3.2 Quasi-particle Excitation

The purpose of kinetic theory is to model the time evolution of a collection of parti-

cles. The particles may be entirely different objects depending on the physical situation.

For instance, the particles are atoms and molecules in a neutral gas or electrons and

ions in a plasma. A great development of many body systems, was the concept of the

quasiparticle, as a basic element to understand the low-energy excitations of many-body

systems. Firstly, the term quasiparticle appears in Boguilubov’s [58] paper on the theory

of superfluidity in 1947. However, the idea of treating quasiparticle as the fundamental

element in a complicated system is usually associated with Landau’s pioneering work on

the Fermi liquid theory [31], in 1957. Later, the concept of quasiparticle has become the

fundamental assumption of kinetic theory.

A characteristic feature of kinetic theory is that the dynamical evolution of system

are described by the Boltzmann’s Equation in terms of the quasiparticle’s distribution

functions f = f(t, r,p), which represent the density of particles at given space-time

position (t, r) and momentum p. In terms of a given potential function and known

equilibrium distribution function, one obtains a directly calculation on any macroscopic

states, by analyzing the microscopic details of particle collisions. In this respect, kinetic

theory provides a microscopic trustable way to calculate observable quantities.

3.3 BBGKY Hierarchy

3.3.1 Liouville’s Equation

In physics, Liouville’s theorem [50, 59] is a key theorem in classical statistical and Hamil-

tonian mechanics. Assume we have a problem of N particles moving in the Hamiltonian,
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it asserts that the phase-space distribution function fN is constant along the trajectories

of the system,

fN = fN(q1,p1,q2,p2, ...qN ,pN , t) (3.1)

In other words, the density of system in phase space remains constant along a dynamic

trajectory. The time evolution of fN obeys the Liouville’s equation as

dfN
dt

=
∂fN
∂t

+ [fN , H]

=
∂fN
∂t

+
3N∑
i=1

(
∂fN
∂qi

q̇i +
∂fN
∂pi

ṗi
)

(3.2)

and in equilibrium:

[fN , H] = 0 (3.3)

where H is the Hamiltonian and the bracket is the Poisson bracket in classical physics.

The density function fN is contained in the infinitesimal volume element d3Np d3Nq. And

the expected total number of particles is expressed by:

N =

∫
fN(q1,p1,q2,p2, ...qN ,pN) d

3Np d3Nq (3.4)

3.3.2 The BBGKY Hierarchy

In statistical physics, the BBGKY hierarchy [60, 50, 59, 61] (Bogoliubov-Born-Green-

Kirkwood-Yvon hierarchy, sometimes called Bogoliubov hierarchy) is a set of equations

describing the dynamics of a system of a large number of interacting particles. The

equation in terms of the particle distribution function form a coupled chain of equations

in the BBGKY hierarchy. Such infinite tower of coupled integro-differential equations

are relating the joint distribution function fs(1, 2, ...s), s < N , to distribution function
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fs+1 by integrating over the phase volume dΓs+1dΓs+2...dΓN .

Assume that the Hamiltonian is of the form

H =
N∑
i=1

p2

2m
+

N∑
i=1

Ui +
N∑
i<j

Uij (3.5)

The first two equation of the hierarchy read [60, 50]

(
∂

∂t
+ v1 · ∇r1 + F1 · ∇p1

)
f1(p1, r1, t) = −

∫
dΓ2K12 · ∇p1f2(p1, r1,p2, r2, t)

≡ Â1f2(p1, r1,p2, r2, t),(
∂

∂t
+ v1 · ∇r1 + F1 · ∇p1 + v2 · ∇r2 + F2 · ∇p2 +

1

2
K12 · (∇p1 −∇p2)

)
f2(p2, r2, t)

= −
∫

dΓ3 (K13 · ∇p1 +K23 · ∇p2) f3(p1, r1,p2, r2,p3, r3, t),

(3.6)

where

Fi = −∇riU(ri),

Kij = −∇riUij(|ri − rj|), (3.7)

To date, existence and uniqueness results for the BBGKY hierarchy in nonrelativistic

physics have been proved. The BBGKY hierarchy allows one to describe both equilibrium

and non-equilibrium states of many-particle systems from a common point of view. Non-

equilibrium states are characterized by the solutions of the initial condition for this

hierarchy; and equilibrium states are characterized by the solutions of the steady BBGKY

hierarchy.

If we truncate the chain of BBGKY hierarchy at some level s, expressing fs in terms
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of equal or lower order distributions, then we obtain a closed set of equations which in

principle can be solved, at least numerically. Truncation of the BBGKY chain is the

starting point of kinetic theory that can be used for derivation of classical or quantum

kinetic equations. In particular, it is used to derive classical and quantum Boltzmann

equations if truncating at the first equation; get the first order of density correction if

truncating at the second equation.

3.4 The Boltzmann Transport Equation

3.4.1 Collisional Invariants

Truncate BBGKY hierarchy equation to the first sequence, we obtain the generic form for

all kinetic equations. A kinetic equation is a closed equation since each particle molecule

constitutes a closed subsystem. Performing the assumption

Â1f2(p1, r1,p2, r2, t) = C(f1) (3.8)

it leads to the Boltzmann equation, where C is the collisions integral involve only two

particles. We now explicit write down the form of Boltzmann equation as:

∂f

∂t
+ v · ∇f + F · ∇pf = C[f ] (3.9)

Here we have ignore the script of 1 because of the closure.

The transport equation becomes meaningful only after the form of the collision inte-

gral has been established. Let us consider collision between two particles, one of which

has phase space of Γ in a given range dΓ1 represented by distribution function f1, and
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the other one in a range dΓ2 represented byf2, and which acquire in the collision values

in the ranges dΓ′
1 and dΓ′

2, represented by f1′ and f2′ , respectively. Subtracting the losses

from the gains, thus the number of collisions Γ1Γ2 ⇔ Γ′
1Γ

′
2 per unit time and volume

have the following expression:

∫
C[f1]dΓ1 =

∫
W (f ′

1f
′
2 − f1f2)dΓ1dΓ2dΓ

′
1dΓ

′
2 (3.10)

The function of W is given by solving the underlying mechanical collision of interacting

particles. Therefore, the transport equation is written as

∂f/∂t+ v · ∇f =

∫
W (f ′

1f
′
2 − f1f2)dΓ2dΓ1′dΓ2′ (3.11)

without the external force. This integro-differential equation is also called the Boltzmann-

equation; it was first derived by Ludwig Boltzmann, the founder of the kinetic theory, in

1872.

The collision term in the Boltzmann equation violates time reversal invariance even if

the underlying dynamics is invariant under time reversal. This, of course, is in agreement

with the second law of thermodynamics, which in the context of kinetic theory is a

consequence of Boltzmann’s H theorem. The time reversal invariance of the microscopic

dynamics is reflected in symmetries of the collision operator. We can show, for example,

that for a any given function ϕ, it has a transformation rule 1,

∫
ϕ(Γ) C[f ]dΓ =

1

4

∫
(ϕ1 + ϕ2 − ϕ1′ − ϕ2′)Wf1f2(1 + αf1′)(1 + αf2′) d

(4)Γ (3.12)

1It is not all the collision process would have such symmetry. For example, the number is not
conserved in the phonon’s split process.
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where α = −1 is denoted for Bose, α = +1 for fermi and α = 0 for Maxwell statistical

distribution functions.

3.4.2 Macroscopic Variables and Conservation Equations

We shall show how the transport equation can be converted into the usual equation

of fluid mechanics, as we have introduced in chapter 2, macroscopic description of this

time variation. The description is valid when the macroscopic properties (temperature,

density, velocity, etc.) of the particle vary sufficiently slowly through its volume: the

vary distance L of system must be much greater that free mean path l of the collision.

Then, fluid dynamics can be systematically derived if this condition has been satisfied.

Note the ration of l to L is named as Knudsen number, Kn.

If the number of the quasi-particle is conserved. The spatial distribution density of

particles is,

n(t, r) =

∫
f(t, r,Γ) dΓ (3.13)

The product ρ = mn is correspondingly the mass density of the particles. The macro-

scopic velocity of the particle denoted by V; it is defined as the mean value of

ρV =

∫
pfdΓ (3.14)

Collisions do not alter either the number of colliding particle or their energy and

momentum. It is therefore clear that the collisional part of the changes in the distribution

function cannot affect the macroscopic quantities in the corresponding volume of the
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density, internal energy, and macroscopic velocity V of particles, i.e.

∫
C[f ] dΓ = 0 (3.15)∫

ϵ C[f ] dΓ = 0 (3.16)∫
p C[f ] dΓ = 0 (3.17)

These equation are easily derived by applying to the integrals the transformation Eq. 3.12

with ϕ = 1, ϵ,p respectively; the first integral is zero identically, the other two are zero

by virtue of the conservation of energy and momentum in collisions.

Let us now take the transport equation in the form of

∂f

∂t
+

∂

∂xα
(vαf) = C[f ] (3.18)

and integrate over dΓ after first multiplying by m, pβ or ϵ. In every case, the R.H.S. is

zero, and we have continuity equations

∂ρ

∂t
+∇ · (ρV) = 0 (3.19)

∂(ρVα)

∂t
+
∂Παβ

∂xβ
= 0 (3.20)

∂ε

∂t
+∇ · q = 0 (3.21)

The first of these is the usual continuity equation of fluid mechanics, expressing the

conservation of mass of the particles. The second equation expresses the conservation of

momentum; the tensor Παβ is defined as

Παβ =

∫
mvαvβfdΓ (3.22)
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and is the momentum flux tensor. Lastly, Eq. 3.21 is the equation of conservation of

energy; the vector q defined as

q =

∫
ϵvfdΓ (3.23)

and ε is the energy flux in the system.

Two variant of perturbative methods are widely used for deriving the higher orders

of fluid dynamic equations. The method of Grad’s Momentum Expansion [62, 59, 61]

stems from the BBGKY hierarchy. Another way, called as Chapman-Enskog Expansions

Method [59, 61, 50], is related the expansion of small parameter Kn.

3.4.3 Grad’s Momentum Expanding Method

In the Grad’s momentum approach, the Boltzmann equation is replaced by a set of

moment equations, i.e., the distribution function of the s order tensor is determined by

the all other distribution function of higher order tensors s+1, s+2, ...N . Which and how

many moments are needed depends on the particular process, but experience shows that

the number of moments must be increased with increasing Knudsen number [59, 63, 64].

For the closure of the equations, the phase density is approximated by an expansion

in Hermite polynomials about the equilibrium distribution, where the coefficients are

related to the moments.

f = f0 + f ′
0δf, f ′

0 =
∂f0
∂Ep

(3.24)

where δf ≪ 1,

δf = ϵ(x, t) + ϵi(x, t)p
i + ϵij(x, t)p

ipj + .... (3.25)

Note that the scalar, vector and tensor ϵ, ϵi and ϵij are related to the macroscopic
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dissipative flows. It is convenient to define the nth moment by

f (n) =

∫
cnfdΓ (3.26)

where all the measurement of higher momentums with respect to the intrinsic velocity

ci(p,x, t) =
pi

m
− ui(x, t), (3.27)

where ui(x, t) is the velocity of the fluid. For example, the second, third, fourth momen-

tum are defined by

Pij(x, t) =

∫
cicjfdΓ (3.28)

Sijk(x, t) =

∫
cicjckfdΓ (3.29)

Qijkl(x, t) =

∫
cicjckclfdΓ (3.30)

By their definitions, the momentums are symmetric in their subscripts. There are 1
2
(n+

1)(n+ 2) distinct momentums of order n.

Substituting the expression of Eq. 3.25 into the Boltzmann equation, one find that

the nth order tensor f (n)

f (n) =

∫
c(n)fdΓ (3.31)

satisfy the differential equations

∂f (n)

∂t
+

∂

∂xi

(
uif

(n) + f
(n+1)
i

)
+
∂u

∂xi
f
(n)
i − 1

ρ
f (n−1)∂if

(2)
i = J (n) (3.32)

where

J (n) =

∫
c(n)W (f ′

1f
′
2 − f1f2)dΓ2dΓ1′dΓ2′ (3.33)
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While the full hierarchy of momentum equations should correspond to the original

Boltzmann equation, it is too complicated to be treated exactly. However, an approxi-

mate evolution equation for systems not too far from equilibrium may be constructed.

For simplicity, we consider a fluid with only shear viscosity, neglecting bulk viscosity and

heat conductivity, which simplifies the expansion of δf as

δf(x, t) = τππijp
ipj (3.34)

where πij is the shear viscosity. Asserting the first and third momentum f (1,3) = 0, after

employing the relaxation time approximation for the collision term:

C[f ] = −f − f0
τπ

(3.35)

and integrating out the phase space, one could read the Eq. 3.32 and therefore find the

simplified second order I-S equations,

δΠij = πij − τπ

(
π̇⟨ij⟩ + V k∇kπij +

4

3
πij∇kV

k +
πikωj

k

2η
+
πikπj

k

2η

)
(3.36)

where ωij is the vorticity tensor, ωij = 2η(∇iVj − ∇jVi). The relaxation time τπ and

shear viscosity η are no longer independent from each other.

3.4.4 Chapman-Enskog Expansions Method

The possibility of an explicit calculation of viscosity and heat conductivity was realized

in 1917, when Chapman and Enskog developed the Chapman-Enskog method [59] for

solving the Boltzmann equation. In the Chapman-Enskog method, the distribution func-

tion is expanded in powers of the Knudsen number, i.e., f = f0+Kn · f1+(Kn)2 · f2+ ...,
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where f0 is the local equilibrium distribution. To zeroth-order the expansion yields the

Euler equations. A remarkable success of kinetic theory is recovering the macroscopic

Navier-Stokes equations [60, 64, 65, 66]. The Navier-Stokes equations are based on the

Chapman-Enskog expansion to the corresponding first-order correction of equilibrium

distribution function. Moreover, the second-order expansion yields the Burnett equa-

tions [67, 68], and the third-order expansion yields the so-called Super-Burnett equations

[63]. The Navier-Stokes equations cease to be accurate for Knudsen numbers above 0.05,

and one is led to think that Burnett and Super-Burnett equations are valid for larger

Knudsen numbers.

Chapman-Enskog method yields a linear integral equation for the deviation f1, which

is proportional to the gradients of T and u, and provides explicit expressions for the heat

conductivity and viscosity. Below we will derive the solutions of the transport coefficients

associated with demonstrating the procedure of Chapman-Enskog expansions method to

the first order.

3.5 Transport Coefficients

3.5.1 Constrains on the Corrected Distribution Function

In order to take account of dissipative processes in a slightly inhomogeneous system, we

must go to the next approximation beyond that treated in 3.4.2. In stead of regarding the

distribution function in each region of the system as just the local-equilibrium function

f0, putting

f = f0 + δf, δf = (∂f/∂εp)χ(Γ) = f0χ/ T (3.37)
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where f0 is the Maxwell distribution function and δf is a small correction (≪ f0). The

correction δf is determined by solving the linearized Boltzmann transport equation. The

function χ must satisfy not only the transport equation itself but also certain additional

conditions. The reason is that f0 is the equilibrium distribution function corresponding

to given values of the system number, energy and momentum densities, i.e. to given

values of the integrals

∫
f0dΓ,

∫
εf0dΓ,

∫
pf0dΓ (3.38)

Therefore, to persist conservation laws of mass, momentum and energy, the function χ

must satisfy the conditions

∫
f0χ dΓ = 0,

∫
f0χϵ dΓ = 0,

∫
f0χp dΓ = 0 (3.39)

It is emphasized that the concept of the temperature becomes entirely rigorous only

when the system as a whole is in complete equilibrium. To define the temperature in a

non-equilibrium system, a further condition is necessary.

The above constrains also can be derived from another side. Let us transform the

collision integral in the transport equation Eq. 3.11. When the function Eq. 3.37 are

substituted, the terms not containing the small correction χ cancel, since the equilibrium

distribution function makes the collision integral zero. The first order terms give

C[f ] = f0I(χ)/ T (3.40)
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where I(χ) denotes the linear integral operators

I(χ) =

∫
Wf (1)f (2)(χ1′ + χ2′ − χ1 − χ2) dΓ2dΓ1′dΓ2′ (3.41)

Here we have used equation f (1)f2 = f (1′)f (2′). The integral Eq. 3.41 is identically zero

for the functions

χ = constant, χ = constant× ε χ = p · δV (3.42)

where V is a constant vector.

3.5.2 The Solutions of Transport Coefficients

Write down the equilibrium distribution function

f0 =

(
exp

[
εp −V · p− µ

T

]
± 1

)−1

(3.43)

where +,− are for Fermi and Bose distribution respectively; µ is the chemical potential.

In a slightly inhomogeneous system, f0 depends on the coordinates and the time, as a

result of the variation through the system of its macroscopic properties: the velocity V,

the temperature T and the pressure P (and therefore µ). Since the gradients of these

quantities are assume small, it is sufficient (in this approximation) to replace f by f0 on

the left of the transport equation.

The calculation can be somewhat simplified by noting the obvious fact that the kinetic

coefficients, our real subject of interest, do not depend on the magnitude of velocity V,

but its gradients. It is therefore simplified to choose the fluid velocity being V = 0, but,

of course, its derivatives is nonzero.
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Differentiating the expression Eq. 3.43 with respect to time and then inserting V = 0,

we obtain

∂f0
∂t

=
f0(1± f0)

T

{[(
∂µ

∂T

)
P

+
εp − µ

T

]
∂T

∂t
+

(
∂µ

∂P

)
T

∂P

∂t
+mv · ∂V

∂t

}
(3.44)

By the familiar formulate of thermodynamics,

(∂µ/∂T )P = −s, (∂µ/∂P )T = 1/n, (3.45)

where s and 1/N are the entropy and volume per particle. Hence

∂f0
∂t

=
f0(1± f0)

T

{
εp − µ− Ts

T

∂T

∂t
+

1

n

∂P

∂t
+mv · ∂V

∂t

}
(3.46)

Similarly,

v · ∇f0 =
f0(1± f0)

T

{
εp − µ− Ts

T
v · ∇T +

1

n
v · ∇P +mvαvβVαβ +

1

3
mv2∇ ·V

}
(3.47)

where for brevity

Vαβ =
1

2

(
∂Vα
∂xβ

+
∂Vβ
∂xα

)
− 1

3
δαβ∇ ·V, (3.48)

Here we remind the Eq. 3.19

∂n

∂t
= −n∇ ·V (3.49)

Combing with the continuity equation of motion of entropy, ∂s/∂t = 0 for ideal fluids,

one has

∂T

∂t
= −Tc

2
sα

cP
∇ ·V (3.50)
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under the help of the thermodynamic formula

∂s

∂T

∣∣
n
=
cV
T
,

∂s

∂n

∣∣
T
= − c2s

nγ
α (3.51)

where α is the thermal expansion coefficient, c2s is the speed sound of fluid, cV , cP are

specific heat of constant volume and pressure, respectively, and γ = cP/cV . At the same

time, from Eq. 3.20, one has

∂V

∂t
= − 1

mn
∇P (3.52)

A straightforward calculation leads to the result

∂f0
∂t

+ v · ∇f0 =
f0(1± f0)

T

{
εp − w

T
v · ∇T +mvαvβVαβ

}
+
f0(1± f0)

T

[
εp

(
2

3
− c2sα

cP

)
+ c2s

wα− cP
cP

]
∇ ·V

(3.53)

where w = µ+ Ts is the heat function.

Since the Boltzmann equation must be valid for any magnitude of vector, the gradients

of velocity and/or temperatures, its solutions must only reply on their own corresponding

vector spaces. In another words, the Boltzmann equation decouples to several indepen-

dent equations according to the existence of external inhomogeneous sources. We benefit

it if ignore all other vectors while trying to calculate one particular transport coefficients.

The Solution of Shear Viscosity

To calculate the shear viscosity, we read Eq. 3.52 as,

mvαvβVαβ = I[χ] (3.54)
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It lead to the solution of this equation is sought in the form

χ = gαβVαβ (3.55)

where gαβ is a symmetric and traceless tensor, for example, gαβ = a0
(
pαpβ − δαβp2/3

)
.

Besides, this solution satisfy the constraint conditions Eq. 3.39 automatically. One can

consider a fuller tensor to get a more accurate results, such as gαβ =
∑

n=0 anp
2n
(
pαpβ − δαβp2/3

)
.

The Solution of Bulk Viscosity

To calculate the bulk viscosity, we read Eq. 3.52 as,

[
εp

(
2

3
− c2sα

cP

)
+ c2s

wα− cP
cP

]
∇ ·V = I[χ] (3.56)

Before we explore the solution of this equation, we note the L.H.S. of above equation

is zero in monotonic gases. It can be checked by use its thermodynamic properties:

cP = 5/2, cV = 3/2, c2s = 5T/3, α = 1/T , and w = cPT . The solution of equation

I[g] = 0 is g = 0 and therefore ζ = 0, as we have mentioned before. In other fluids while

the L.H.S. is not zero, the form of solution is χ =
∑

n=1 anp
2np2∇ · V. The term start

from n = 1 because of a0p
2 being ruled out by constraint conditions Eq. 3.39.

The Solution of Thermal Conductivity

To calculate the thermal conductivity, we read Eq. 3.52 as,

εp − w

T
v · ∇T = I[χ] (3.57)
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Hence, the solution is in the form

χ = g · ∇T (3.58)

To satisfy the constrain condition

∫
f0v · g = 0 (3.59)

the suitable form is g =
∑

n=1 anp
2nv.

If the transported equation has been solved and the function of χ is known. The

transport coefficients can be determined by the corresponding tensor flux, for instance,

momentum flux and heat flux.
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Chapter 4

Quark Matter in the CFL Phase

4.1 Introduction

In this chapter, we will explore the thermal conductivity of quark matter in the regime of

large baryon density and low temperature. It is expected that cold dense quark matter

is a color superconductor, and that at asymptotically high density the ground state of

three-flavor quark matter is the color-flavor locked (CFL) phase [7]. The work described

in this chapter is part of an ongoing research effort with the goal of determining the

transport properties of not only the CFL phase, but also of other, less dense, phases

of quark matter. Previous work has focused on the shear viscosity [69], bulk viscosity

[70, 71], and neutrino emissivity of the CFL phase [72, 73]. A general discussion of the

kinetics of a CFL superfluid is given in [74]. There are also calculations of the transport

properties of unpaired quark matter [75, 76, 77], and some results for the transport

properties of a kaon condensed CFL phase [70]. The long term goal is to connect these

calculations of transport properties to possible observational signatures of high density

quark matter phases in the core of compact stars.
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The thermal conductivity of dense matter plays an important part in the cooling of

compact stars [78, 79, 80]. The cooling history of a star depends on the rate of energy

loss by neutrino emission from the bulk and, at very late times, photon emission from

the surface, on the specific heat, and on the thermal conductivity. Thermal conductivity

determines how quickly different layers of the star become isothermal. It is generally

assumed that the core of the star becomes isothermal very quickly, but that the outer

crust is a poor conductor of heat and may take several hundreds of years to reach the

temperature of the inner core [81, 82, 83]. In order to verify that this is true for CFL

quark matter core we have to compute the thermal conductivity of CFL matter. There is

an earlier calculation of the thermal conductivity of the CFL phase [84]. This calculation

was based on a simple mean free path estimate. In the present chapter we will perform

a more definitive calculation based on the linearized Boltzmann equation. We will show

that while the mean free path estimate is not reliable, the main conclusion of [84] is valid,

i.e., a CFL quark matter core becomes isothermal on a very short time scale.

This chapter is organized as follows. In section 4.2, We will briefly review the phase

diagram of QCD matter, as a function in terms of temperature and density. In section

4.3, the formation of Color Superconductor is discussed. We will sketch the properties of

CFL phase and the cooling mechanism of neutron star in section 4.4 and 4.5, respectively.

In Section 4.6 and 4.7, We will outline the calculation of the thermal conductivity in

kinetic theory, in Section 4.8 we will discuss the interaction among the light excitations

and derive the associated collision terms, and in Section 4.9 We will present numerical

results. We will end with some conclusions in Section 4.10.
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Figure 4.1: Sketched phase diagram of QCD matter as the function of temperature and
density [7].

4.2 QCD Matter

4.2.1 Overview of the Quark Matter Phase Diagram

Our universe stared from a very hot, dense state according to the Big Bang theory. Af-

ter cooling down, the universe transited through a cross-over into the normal hadronic

phase. This is the main reason why we are so interested in investigating the extreme sys-

tems of Quantum ChromoDynamics (QCD) matter, where quarks are out of the ordinary

hadronic phase. The phase diagram of quark matter is not well known, either experimen-

tally or theoretically. A commonly sketched phase diagram, Figure 4.1, of quark matter
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is shown in the work of [7]. In this diagram, every point represents a thermal equilibrium

system of quarks and gluons at given temperature T and a quark chemical potential µ,

where ρ ∼ µ3 and ρ is the particle number density.

Hot QCD Matter

When the universe was only a few tens of microseconds old, the phase of matter was in

a hot phase of quark matter, quark-gluon plasma, which is a gas of quarks, anti-quarks,

gluons, and some lighter particles such as photons, electrons, positrons, etc. Predicted

by the lattice gauge theory [85], the confined quark matter could be heat up and pass

through a phase transition to the quark gluon plasma state around T = 170 MeV. As

we introduced in section of 1.1.2, through collisions of heavy nuclei at ultra-relativistic

energies one accomplished to rebuild the situation of the early universe in the laboratory

[13, 14, 15].

Dense QCD Matter

Let us now turn to the region of phase diagram, a special interest in this thesis, moving

along the horizontal line to explore the cold and dense matter in Figure 4.1. There

is a first-order nuclear liquid-gas phase transition [86] around µ = 310MeV. If one

keeps squeezing matter further and further, nucleons will overlap. Eventually, nuclear

matter transit to quark matter associated with chiral symmetry restore. Color Super-

Conductivity, (CSC) [7], another stage of quark matter appears in the cold and dense

region. At the highest densities, one found the Color-Flavor-Locking (CFL) phase [87], a

state of Color Super-Conductivity involving in paring among three flavors quarks. CFL

phase features chiral symmetry breaking, which distinguishes with two flavors quark

CSC. Unlike QGP can be created in laboratory, the cores of neutron stars are the only

47



the places where the color conductor quark matter could exist in universal.

4.3 Color Super-Conductivity

Following the Landau fermi liquid theory, it is a first guess that quarks form a degenerate

fermi gases at very cold but dense state. However, the interaction between quarks must

be weak at the large densities, which is determined by asymptotic freedom. Furthermore,

there of course has some special channels that the interaction between quarks is attrac-

tive, since quarks are able to combine together and form bound states, such as baryons.

Therefore, it is more sensible to expect Color Super-Conductivity will onset at cold dense

QCD matter.

The idea of color superconductivity was detailed studied by Bailin and Love [88], in

1984. In the recent years, a major upsurge of interest were performed in dense quark

matter and color superconductivity (for recent reviews see ref. [7, 89]). The phase

structure of QCD at high density depends on the number of flavors and there are two

very interesting cases, corresponding to two flavors [90, 91] and to three flavors [87] quark

matter, respectively.

4.3.1 Attracting Forces in QCD

The fundamental interaction between electrons (Coulomb interaction) is repulsive. Su-

perconductivity show up as a consequence due to the effective attractive phonon in-

teractions at very low temperatures. In the cuprate superconductors with high critical

temperature, the mechanism is yet unknown. In color superconductivity, by contrast,

the attractive interaction is a primary force in 3̄ channel. This leads to two benefits: 1)

the form of the condensate and associated energy spectrum can be calculated from first
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principles. 2) the ratio of the gap scale to the Fermi surface energy will be much greater

than the ordinary metal superconductor. Therefore, we predicted that the observing

signals of Color Superconductor is stronger than in metals [7].

The thermodynamics of a quark matter at nonzero baryon density is described by

QCD Lagrangian with a nonzero chemical potential µ

LQCD = ψ̄α
i (iγ

µ∂µ + γ0µ−mi)ψ
α
i + gAl

µψ̄
α
i γ

µT l
αβψ

β
i − 1

4
TrF l

µνF
l
µν (4.1)

where Aµ = Al
µTl, Fµν is the gauge field strength with Tl as the SU(Nc) generator in its

fundamental representation, and ψ is a Dirac spinor with both color and flavor indices.

The mass matrixm of quarks is diagonal with respect flavor indices. The running coupling

constant is evaluated at the chemical potential,

g =
24π2

(11Nc − 2Nf ) ln
µ

ΛQCD

(4.2)

where Nf <
11
2
Nc and µ≫ ΛQCD.

Figure 4.2: The one-gluon exchange vertex.
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Single gluon exchange dominate the process between two quarks at the vicinity of

Fermi surface, as shown in Figure 4.2. Decompose the group factor T
c1c1′

l T
c2c2′

l into a

color anti-symmetric channel (3̄) and a color symmetric one (6),

T l
c1c1′

T l
c2c2′

= −Nc + 1

4Nc

(δc1c1′ δc1c1′ − δc1c2′ δc2c1′ ) +
Nc − 1

4Nc

(δc1c1′ δc1c1′ + δc1c2′ δc2c1′ ) (4.3)

which clearly indicate that the color anti-symmetric channel of one-gluon exchange inter-

action is attractive because of the negative sign of the group theoretic factor. The color

3̄ is the dominant interaction at high densities QCD matter. The instanton interaction,

among light quarks discovered by ’t Hooft [92], is also attractive in the 3̄ channel, which is

important at lower densities. In a word, we should expect the formation of a condensate

in a color 3̄ channel.

4.3.2 Pairing Symmetry

The gap parameter appearing in the quark spectrum, depend on the Dirac, chiral,

color and flavor indices of pairing quarks. Zero angular momentum Cooper pairs [93],

⟨ψc1
f1
Cγ5ψ

c2
f2
⟩, allow quarks to participate in the pairing at all angles on the entire Fermi-

sphere. Hence, it is the most favorite diquark condensate and the pairs of quark of equal

helicity is antisymmetric in exchanging Dirac indices. Since the condensate should ac-

quire a negative sign with respect to interchanging all quantum numbers, the sign under

the exchange of their color and flavor indices must be positive, i.e.

ψc1
f1
ψc2
f2

= ψc2
f1
ψc1
f2

(4.4)

Given three colors and three flavors in the chiral limit, in which the masses of the u, d
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and s quarks are set to zero, if one define a SU(3) rotation among flavor indices combining

with that among color indices, the representation contents of the diquark condensate can

be decomposed into a set of irreducible representations under a simultaneous SU(3)

rotation of both color and flavor indices. This pairing symmetry is called as the color-

flavor locking (CFL). The diquark condensate of CFL pairing takes the form [87]

⟨ψc1
f1
Cγ5ψc2

f2
⟩ = ϕAϵ

c1c2Aϵf1f2A + ϕS(δ
c1
f1
δc2f2 + δc2f1δ

c1
f2
) (4.5)

The two invariants ϕA,S correspond to the two unit representation. It was found in that

the magnitude of ϕS is smaller than ϕA, which is suppressed by the coupling constant.

Overall, the symmetry breaking pattern is

SU(3)c ⊗ SU(3)R ⊗ SU(3)L︸ ︷︷ ︸
⊃U(1)Q

⊗U(1)B → SU(3)c+R+L︸ ︷︷ ︸
⊃U(1)

Q̃

⊗Z2 (4.6)

The gauge potential corresponding to this unbroken U(1)Q̃ plays a role of the electro-

magnetic field in the superconductivity phase. Since both right handed flavor indices and

left handed ones are locked to the color indices together. A spontaneous chiral symmetry

breaking is therefore induced in the CFL condensate associated with an octet Goldstone

bosons, meson.

4.3.3 Gap Equation

If one writes down a self-consistency equation, using the self energy as the parameter

inside, and solves it, the actual self energy (the gap) is obtained. Denote the quark
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= +

= +

Figure 4.3: The graphical representation of the Schwinger-Dyson equation in the im-
proved rainbow approximation. The quark propagator in the Nambu-Gorkov basis and
the gluon propagator are denoted by the solid lines and the wavy lines, respectively.

self-energy Σ in Nambu-Gorkov space as

Σ ≡

Σ+ ϕ−

ϕ+ Σ−

 (4.7)

QCD dynamics are well described by the improved rainbow approximation at high den-

sities, the bare quark-gluon vertices could be used directly, but the gluon propagator

should include the screening effects from the approximation of High-Density-Loop (HDL)

[94]. Upon making this approximation, the Schwinger-Dyson equations is presented in

Figure 4.3. Plus, the analytical form of this equation reads

ϕ+(K) = g2
∫
Q

γµT T
a F

+(Q)γνTbD
ab
µν(K −Q) (4.8)

where the so-called anomalous propagator are given by

F± = −((G±
0 )

−1 + Σ±)−1ϕ±G± (4.9)
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Neglecting the momentum dependence of the gap and performing the momentum inte-

gration, one obtains the following approximate form of the gap equation in Euclidean

space (k4 = ik0)

∆(k4) ≃
αs

9π

∫
dp4∆(p4)√
p24 +∆2

ln
Λ∣∣k4 − p4

∣∣ (4.10)

In weak-coupling QCD calculations, where the full single gluon exchange vertex complete

with gluon propagator is used, the gap equation takes the form

∆ ∼ µ

g5
exp

(
−3π2

√
2g

)
(4.11)

This result of gap equation has two interesting features. First, the magnetic gluons

propagator, which are only dynamically damped but not screened, induce ∆ ∼ exp(−1/g)

which is greater than the naively expect from the NJL model, ∆ ∼ exp(−1/g2). Second,

in Eq. 4.11, it is natural to use the energy scale of the coupling constant g(µ) and assume

that it is determined by the one-loop formula 1/g2 ∼ lnµ thus then the exponential

factor in Eq. 4.11 gives very weak suppression. This means that color superconductivity

will dominate the physics at high enough densities.

4.3.4 Two Flavors Color Superconductivity

As long as the density of strange quark can be neglected, the 2SC pattern is ϕA
B = δA3 δ

3
B,

in which only u and d quarks of two colors pair. According to the number of flavors,

the superconducting phase in this system is commonly called the 2SC phase. The 2SC

pairing pattern is ⟨ψc1
f1
Cγ5ψc2

f2
⟩ ∝ ∆2SCϵ

c1c23ϵf1f23, where the symmetry breaking pattern
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is

SU(3)c ⊗ SU(2)R ⊗ SU(2)L︸ ︷︷ ︸
⊃U(1)Q

⊗U(1)B ⊗ U(1)s

→ SU(2)rg ⊗ SU(2)R ⊗ SU(2)L︸ ︷︷ ︸
⊃U(1)

Q̃

⊗U(1)B̃ ⊗ U(1)s (4.12)

In this phase, there is an additional U(1)s introduced by the un-pairing strange quarks.

All the symmetries remain except the the color gauge group SU(3)c breaking down to

SU(2)rg gauge symmetry. Therefore, no order parameter distinguish 2SC phase from

QGP state since no global symmetry are broken, even though 2SC phase is a color

superconductor.

4.4 Color-Flavor-Locked Phase

It may happen that dense baryonic matter is made not only of up and down quarks,

but also strange quarks. Thus, three flavor quark matter and paring patterns are more

interesting. It has been confirmed in weak-coupling QCD calculations that the CFL phase

has the highest condensation energy, thus it is the favored pairing pattern in high density

quark matter. CFL pairing is the only patter that pairs all the quarks but leave a global

SU(3) symmetry unbroken. Though the energy gap ∆2SC > ∆CFL by a factor of 21/3, a

varieties calculation have shown that the CFL condensation energy is 12∆2
CFLµ

2/(4π2)

which is greater than the condensation energy in 2SC phase, 4∆2
2SCµ

2/(4π2), by a factor

of 1.8899.
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4.4.1 Properties of CFL

We briefly summarize the main features of CFL phase here.

Light quark

All the quark modes are gapped. The nine quark quasi-particles separate into 8 ⊕ 1

representations of the unbroken global SU(3)c+L+R, thus lead to two gap parameters, ∆1

and ∆8. The corresponding singlet quasi-particles has a larger gap than the octet one.

Color gauge group

The color gauge group is completely broken. All eight gluons acquire magnetic mass via

Higgs mechanism, which guarantee the gluon propagators are not infrared divergences.

Electromagnetism

One gauged generator is contained in the unbroken SU(3)c+L+R symmetry group, corre-

sponding to an unbroken U(1)Q̃, which is a linear combination of gluon-photon and the

mix angle is cos θ = g/
√
g2 + 4e2/3. Hence, CFL phase matter is an electromagnetic

insulator.

Global symmetries

Two global symmetries are broken, the approximation chiral symmetry SU(3)L⊗SU(3)R

and the exact global baryon number symmetry U(1)B, associated with an octet chiral

Goldstone boson, referring to these modes as pions, kaons, etc., and a singlet scalar

Goldstone boson, respectively. Therefore, there are two gauge-invariant order parameters

that distinguish the CFL phase from the QGP phase. After switch on the light quark
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mass, we note here that the mass hierarchy of the meson octet in CFL is different, [95],

such that the kaons are the lightest excitations.

Superfluidity

After switch on the current quark mass, the mass term would explicitly break the chiral

symmetry and the order parameter of QGP would not be zero. The small quark mass

also introduce a mass term in the energy spectrum of the chiral octet Goldstone bosons.

However, the breaking of the exact baryon number symmetry makes the CFL phase a

superfluid, helping the CFL phase be distinguished from QGP state.

Quark-hadron continuity

The hypernuclear phase is a hadron phase characterized by proton Ξ−, neutron Ξ0 and

Σ+Σ− paring, wherein the hyperons pair in an SU(3)flavor singlet. The symmetries of the

three flavor CFL phase are same as the three flavor hypernuclear matter [96]. Therefore,

there is no phase transition from hypernuclear phase to CFL phase.

4.4.2 Effective Field Theory

Effective Lagrangian for Goldstone Bosons

In the CFL phase, quarks pair together thus condensate. Goldstone fields are introduced

as the phase of the condensation [97, 94]. Start from the high density effective Lagrangian

with a gap term, ∆ appearing in the quark spectrum

L = Tr
[
ψ†
L(iv

µDµψL)
]
+

∆

2

{
Tr
(
X†ψLX

†ψL

)
−
[
X†ψL

]2
+ h.c.

}
+ (L↔ R,X ↔ Y )

(4.13)
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where vµ = (1,vF ) with vF being the Fermi velocity, Dµ the covariant derivative, ψL,R

are left and right hand quark fields and X,Y are defined as

X i
α = ϵijkϵαβγ⟨ψj

βLψ
k
γL⟩, Y i

α = ϵijkϵαβγ⟨ψj
βRψ

k
γR⟩ (4.14)

Since quarks belong to the representation of SU(3)c⊗SU(3)L(R), they transform as under

chiral and color transformation

ψL → ei(α+β)gcψLg
T
L , ψR → ei(α+β)gcψRg

T
R, eiα ∈ U(1)B, eiβ ∈ U(1)A. (4.15)

It is convenient to replace X = X̂e2i(ϕ+θ), Y = Ŷ e2i(ϕ−θ). Therefore, the fields X and Y

transform as X̂ → gcX̂g
T
L , Ŷ → gcŶ g

T
R under the total chiral, color, baryon and anomaly

symmetry group. The fields ϕ and θ can be described through the determination of X̂

and Ŷ ,

dX = det(X) = e6i(ϕ+θ), dY = det(Y ) = e6i(ϕ−θ) (4.16)

where we have assumed that the vacuum expectation is ⟨X⟩ = ⟨Y ⟩ = 1. Check out

the transformation properties of the field Σ = Ŷ †X̂, one find that it transforms as an

usual chiral field, ΣT → gLΣ
Tg†R. It is straight to recognize that Σ field represents the

octet Goldstone bosons corresponding to the breaking of the global symmetry. To get

the effective Lagrangian of Goldstone bosons, one redefine the fermion fields as

χL = ψLX̂
†, χR = ψRŶ

† (4.17)
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which help to rewrite the Lagrangian in the form of

L = Tr
[
χ†
L(iv

µ∂µχL)
]
− iTr

[
χ†
LχLX̂v

µ(∂µ − iAT
µ )X̂

†
]

+
∆

2

{
Tr (χLχL)− [Tr(χL)]

2 + h.c.
}
+
(
L↔ R, X̂ ↔ Ŷ

)
(4.18)

At low energies below the gap, we can integrate out the heavy quarks. Hence, it generates

a kinetic term involving in the fields X̂ and Ŷ

Leff =
f 2
π

2
Tr
[
(X̂†D0X̂)2 − v2π(X̂

†DiX̂)2
]
+ (X̂ ↔ Ŷ ) (4.19)

At asymptotically high density, the pion decay constant fπ, v, can be determined by

matching the effective theory to perturbative QCD [95, 98, 99]

f 2
π =

21− 8 ln 2

18

µ2

2π2
, v =

1√
3
, (4.20)

where ∆ is the energy gap at zero temperature.

The gluon is heavy either. Generally, gluon Aa
0 and A

a
i , a = 1, ...8, acquire Debye and

Meissner masses, which is given by

m2
D = g2f2

π , m2
M = v2πm

2
D (4.21)

Since the gluon is heavy, we also can integrate them out,

Aµ =
i

2

(
X†∂µX + Y †∂µY

)
(4.22)

In the chiral limit, the effective action of Goldstone bosons only enter into in terms of the
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derivatives of the fields. Therefore, up to two derivative terms, the most general effective

Lagrangian for the Goldstone modes is derived through substituting this expression of

Eq. 4.22 into the Lagrangian term Eq. 4.19, it is easy to show,

Leff =
f2
π

4
Tr
(
∂0Σ∂0Σ

† − v2π∂iΣ∂iΣ
†)

+
1

2

(
∂0ϕ∂0ϕ− v2B∂iϕ∂iϕ

)
+

1

2

(
∂0ϑ∂0ϑ− v2

η′
∂iϑ∂iϑ

)
(4.23)

where the fields ϕ and ϑ describe the baryon number and the η
′
bosons. The above

results have include the global symmetry breaking of the exact U(1)B and approximate

U(1)A symmetries.

Dispersion Laws for Goldstone Bosons

Figure 4.4: One-loop diagrams. External dashed lines represent the NG boson field;
solid lines are fermion propagators.

To found the quasiparticle propagator, one diagonalize the color-flavor structure of the

gap matrix by separating fermion fields χL(R) to the octet and the singlet representations

of the unbroken SU(3) group.

∆ = ∆Q+ 2∆P1 (4.24)
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where

Qij
ab =

1

3
δiaδ

j
b − δibδ

j
a

P1 =
1

3
δiaδ

j
b

Qij
abQ

jk
bc = P8

ik
ac (4.25)

The Dirac structure of the quasiparticle Lagrangian is diagonalized with the help of the

helicity projector

H± =
1± γ0γ5γini

2
, n =

p

|p|
(4.26)

it leads the propagator of right quasiparticles as,

SR(p) = H+

(
p/− −∆Q

p2− −∆2
P8 +

p/− − 2∆

p2− − 4∆2
P1

)
+H−

(
p/+ −∆Q

p2+ −∆2
P8 +

p/+ − 2∆

p2+ − 4∆2
P1

)
(4.27)

where

p± = (p0,p± µn) = (p0, (|p| ± µ)n) (4.28)

The propagator for the left quasiparticles is obtained by flipping signs of µ and ∆.

Furthermore, the inverse propagators of the Goldstone bosons are given by longitudinal

components of the polarization operators:

Π(k) = kµΠ
µνkν , K(k) = kµK

µνkν (4.29)

Using quasiparticle propagators Eq. 4.27, one find out the octet and singlet polarization

operator. After extracting the longitudinal part, the inverse pion and phonon propagator
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are

Π(ω, k) = − µ2∆2

24π2k

∫ 1

0

dx

∫ k

0

dα(α2 − ω2)[
5

x(1− x)(α2 − ω2) + ∆2
+

4− 6x

x(1− x)(α2 − ω2) + (4− 3x)∆2

]
k(ω, k) = −µ

2∆2

π2k

∫ 1

0

dx

∫ k

0

dα(α2 − ω2)[
2

x(1− x)(α2 − ω2) + ∆2
+

2

x(1− x)(α2 − ω2) + 4∆2

]
(4.30)

The poles of the propagators determine dispersion relations for the Goldstone bosons,

pions and phonon, respectively. At low momenta,

ω(k) =
1√
3
k

(
1− 1

135

123− 112 ln 2

21− 8 ln 2

k2

∆2

)
ωs(k) =

1√
3
k

(
1− 11

540

k2

∆2

)
(4.31)

4.4.3 Kaon Condensation

Switching on the quark mass in CFL phase, one find a correction to the ψL field of

the form MM †/(2pF ) which is generated while integrating out the ψR field, vice versa.

If we treat these terms, XL = MM †/(2pF ), XR = M †M/(2pF ) as a favor dependent

chemical potential for left and right handed fermions, respectively. We can redefine the

time derivatives of Goldstone bosons field Σ to a covariant way

∇0Σ = ∂0Σ + i

(
MM †

2pF

)
Σ− iΣ

(
M †M

2pF

)
(4.32)
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Thus, the dispersion law of the flavored Goldstone bosons change to

Eπ± = µπ± +

[
v2πp

2 +
4A

f 2
π

(mu +md)ms

]1/2
EK± = µK± +

[
v2πp

2 +
4A

f2
π

(mu +ms)md

]1/2
EK0,K̄0 = µK0,K̄0 +

[
v2πp

2 +
4A

f 2
π

(ms +md)mu

]1/2
(4.33)

where

µπ± = ∓m
2
d −m2

u

2µ
, µK± = ∓m

2
s −m2

u

2µ
, µK0,K̄0 = ∓m

2
s −m2

d

2µ
, A =

3∆2

4π2
.

(4.34)

Goldstone bosons will condensate if their energy become negative. And it is possible

to be true if the favor dependent chemical potential in Eq. 4.33 are larger than the

corresponding mass term in Eq. 4.34. Considering the known physical knowledge, ms ≫

mu ∼ md, such condensation is particular to take place in the K0 and the K+. Note that

in CFL phase matter, it is not easy to switch on s quarks into d quarks since all quarks

are gapped. Instead, one can recognize the mesons as a composition of d quarks and s

holes.

Including the mass terms, the effective lagrangian for the meson octet is given by

[97, 95, 98]

L =
f 2
π

4
Tr
[
∇0Σ∇0Σ

† − v2∇Σ∇Σ†]+ af 2
π

2
Tr
[
M−1|M |(Σ + Σ†)

]
(4.35)

where Σ is the chiral field, fπ is the pion decay constant, M = diag(mu,md,ms) is the

quark mass matrix, and |M | is the determinant of the mass matrix. a is calculate by by

matching the effective theory to perturbative QCD [95, 98, 99], with a = 3∆2/(π2f2
π).
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Since kaons are the lightest excitations in the theory, ones give the leading terms in the

effective theory involving kaons are L0 + Lint with

L0 =
1

2
(∂µK

0)(∂µK̄0) +
1

2
(∂µK

+)(∂µK−)− 1

2
m2

K0K0K̄0 − 1

2
m2

K+K+K− ,

Lint = − 1

24

[
λ0
(
K0K̄0

)2
+ λ+

(
K+K−)2 + (λ0 + λ+)

(
K0K̄0

) (
K+K−)] , (4.36)

where λ0,+ = m2
K0,+/f2

π and

m2
K0 = amu(md +ms) , m2

K+ = amd(mu +ms) . (4.37)

We have not included kaon interactions that involve derivatives of the kaon field. These

terms arise from expanding the first term in Eq. 4.35, see [100]. For energies and momenta

that are small compared to the kaon mass these terms are suppressed as compared to

the terms in Eq. 4.36.

4.5 Neutron star

Neutron stars are compact stellar objects that originate from supernova explosions. Typ-

ically, the radius of neutron stars is about 10 km and whose mass is of the order of the

suns mass MS, 0.1MS ∼ 2MS. Note here that the suns radius is 6.7 · 105 km. Conse-

quently, the matter what a neutron star is made of is extremely dense. Hence, neutron

stars are golden mine fields to investigate the dense matter in universal.

It is a thin crust of iron at the surface of the neutron star; the next followed layer

is the one that is composed of neutron-rich nuclei. Moreover, neutrons start to coexist

individually in equilibrium with nuclei and electrons at the regime where density be-

come higher. Even closer to the center of the star, closing nuclear matter density ρ0,
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the preferred state of matter are expressed by the particles of neutrons, protons, and

electrons. This is the phase why neutron stars are named as neutron stars. Approaching

even higher densities, the contained particles are pions, muons, and hyperons. In the core

of the neutron star, matter density might reach an order of magnitude larger than ρ0.

Therefore, it is predicted that pure quark matter could be found in the core of neutron

star.

The first fundamental concept to explore the properties of neutron stars is the equa-

tion of state, which connects pressure with temperature and energy density. Theoretical

models are essentially based on the astrophysical observations. For example, neutron

stars emit electromagnetic radiation in periodic pulses due to rotation. The rotating pe-

riods are in the range of milliseconds. Observations have shown that the spinning-down

of the star (the rotation frequency decreases due to radiative energy loss) is interrupted

by sudden spin-ups, called glitches. From the spectra and frequency of the radiation

pulses, properties of the neutron star can be deduced. However, the only active fermions,

which involving in pairing, are those lying in the thin shell around the Fermi surface. In

fact, equation of state itself is not much sensitive to different paring patter, i.e. phase

state, since it is deduced from the integration of all fermi momentum space. But, trans-

port coefficients are characterized by the low energy quasi-particles, which is the good

signature to differentiate between the phase and phase.

Investigating the cooling mechanism is another important topic of studying neutron

stars. The temperature of neutron stars right after their creation is in the range of 1011 K,

or 10 MeV. During its evolution, the star cools down. This decrease of temperature is

dominated by neutrino emission. After a time of about a million years, photons arrive in

the surface layer and their emission become the dominant way to cool down the stars to

temperatures ∼ 105 K, or 10 eV. Consequently, matter in the interior of neutron stars
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indeed is cold and dense. Temperatures inside of old neutron stars are lower than the

critical temperatures of color superconductors. Therefore, it is expected that the cores of

neutron stars are made of CFL phase quark matter. It also is the second main reason why

we are interested in calculating the thermal conductivity of CFL phase quark matter.

4.6 Thermal Conductivity and Transport Theory

The thermal conductivity, like other transport properties, depends on the properties of

quasi-particle excitations. In the CFL phase up, down, and strange quarks are all gapped,

with the gaps typically much larger than the appropriate temperature of the compact

stars. Hence, the quarks are unlikely to have any significant contribution to transport

properties. The remained lightest excitation are phonons and kaons in the CFL phase,

which is the basic consideration of our calculation.

4.6.1 Estimations from Mean Free Path

Firstly, we quickly summarize the results from Shovkovy and Ellis [84]. The authors

point out that photons and phonons dominantly contribute to the thermal conductivity,

κ. Using the estimated relation from classical Boltzmann kinetic theory,

κ ∼ 1

3
cV l (4.38)

where cV is the specific heat. κ is very large due to their very large mean free path.

The mean free path of phonons are coming from two kinds of processes: one is the

decay into a pair of quark quasiparticles, another one is the scatter between themselves.
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Confirmed by the microscopic calculation, one has:

lH→qq ∼ v

T
exp

(√
3

2

∆

T

)

lH→HH ∼ µ8

T 8
(4.39)

where ∆ was set as ∼ 50MeV. Both lH→qq and lH→HH depend very strongly on temper-

ature, however, both of them are larger than the size of a compact star for temperatures

T at the order of 1 MeV.

It was argued in [72] that the mean free path of photons is larger than the typical size

of a compact star at all temperatures T < 1 MeV. Thus, the authors claim to use both

the mean free path of photon and phonon being the size of the compact star l ∼ R0.

Meanwhile, the total thermal conductivity is given by the sum of the two contributions,

since the conductivity is additive. This yield the value

κCFL = κH + κγ = 1.2× 1032 T 3R0 erg cm−1 sec−1 K−1 (4.40)

which is many orders of magnitude larger than the thermal conductivity of regular nuclear

matter in a neutron star. It demonstrates that the thermal conductivity of dense quark

matter in the CFL phase is very high. The authors roughly estimate that a temperature

gradient of 1 MeV across a core of 1 km in size is washed away in a very short time

interval of order 6× 10−4 sec.

4.6.2 Subtle Results from Boltzmann Equation

However, comparing to above estimation, we have two main different arguments. The

first one is, we agree on that the phonon is one of the dominant source to contribute
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to the thermal conductivity, but its behavior is very subtle that one need to derive the

Boltzmann equation more carefully. The second one is, the photon does not induce

heat flux even its mean free path is finite. In our arguments, Kaon is another dominant

contribution to the thermal conductivity. Below we will derive the microscopic expression

of thermal conductivity from Boltzmann equation.

The thermal conductivity is defined in hydrodynamics as

q = −κ∇T (4.41)

where q is the heat flow and κ is the thermal conductivity. In kinetic theory, the heat

flux can be written in terms of the quasi-particle distribution function as

q =

∫
d3p

(2π)3
vpEpδfp (4.42)

where vp = ∂Ep/∂p is the particle velocity and δfp = fp − f0
p is the deviation of the

distribution function from the form in local thermal equilibrium, given by

f0
p =

1

e(pµuµ−µ)/T − 1
. (4.43)

Here, uµ is the local fluid velocity and µ is the chemical potential (which is zero in

the case of phonons and equal to the hypercharge chemical potential in the case of the

kaons). Since we are only interested in contributions to the stress-energy tensor arising

from thermal gradients we can write δfp as

δfp = −
f0
p (1 + f 0

p )

T 3
g(p)p ·∇T , (4.44)

67



where g(p) is a dimensionless function of the magnitude of the momentum (meaning g(p)

can always be written as g(x) where x = |p|/Ē where Ē is some appropriate energy scale

in the problem like T or
√
mT ). Inserting this into Eq. (4.42), we can then read off the

heat flux as

q = −∇T

3T 3

∫
d3p

(2π)3
f 0
p (1 + f 0

p )vpEp p g(p) (4.45)

and the thermal conductivity as

κ =
1

3T 3

∫
d3p

(2π)3
f 0
p (1 + f 0

p )g(p) vpEp p (4.46)

Kinetic theory also gives some constrains on the form that δfp can take. Conservation

of particle number, energy and momentum imply [50]

∫
dΓδfp =

∫
dΓEp δfp =

∫
dΓp δfp = 0 , (4.47)

where dΓ = d3p
(2π)3

. Note that the number of phonons is not explicitly conserved. However,

we will only consider 2 ↔ 2 processes and the particle number constraint is expected to

hold. We can show that for δfp of the form given in Eq. (4.44) the first and second

constraints (energy and momentum conservation) are automatically satisfied, but the

third one (particle number conservation) is non-trivial. We get

0 =

∫
dΓp δfp =

∇T

3T 3

∫
dΓ f 0

p (1 + f 0
p )g(p) p

2 . (4.48)

Note that if vp is independent of p, then the contribution to the thermal conductivity

vanishes due to the constraint. This implies that phonons with an exactly linear disper-

sion relation do not contribute to the thermal conductivity. This result was first derived
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in connection with the transport properties of superfluid helium [101]. The thermal con-

ductivity of superfluid helium is dominated by rotons and phonon-roton scattering. Note

that the phonon and roton are part of the same excitation curve. The name roton refers

to the part of the excitation curve in which the disperion relation is very non-linear and

E(p) develops a second minimum. In the following we will compute the thermal conduc-

tivity of the CFL phase due to non-linearities in the phonon dispersion relation, and due

to massive kaons.

To solve for the thermal conductivity, we need to determine the form of g(p). The

quasi-particle distribution functions satisfies the Boltzmann equation,

dfp
dt

=
∂fp
∂t

+ vp ·
∂fp
∂x

+ F ext ·
∂fp
∂p

= C[fp], (4.49)

where F ext is an external force and C[f ] is the collision term. In the case of binary

scattering the collision integral is given by

C[fp] =
1

2Ep

∫
k,k′,p′

(2π)4δ(P +K −K ′ − P ′)|M|2D2↔2, (4.50)

where ∫
q

=

∫
d3q

(2π)3 2Eq

(4.51)

is the one-particle phase space integral, and D2↔2 = fpfk(1 + fp′)(1 + fk′)− (1 + fp)(1 +

fk)fp′fk′ is the term involving the distribution functions for 2 ↔ 2 scattering. Linearizing

in δf we can write D2↔2 = D0 + δD where

δD =
f 0
p f

0
k (1 + f 0

k′)(1 + f 0
p′)

T 3
∆g ·∇T, (4.52)
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and

∆g = g(p)p+ g(k)k − g(k′)k′ − g(p′)p′ . (4.53)

Note that the collision integral will vanish for D = D0. This is a consequence of detailed

balance, which implies that |M|2 is invariant under (p, k) ↔ (p′ k′) and that f0
p f

0
k (1 +

f 0
k′)(1 + f 0

p′) = (1 + f0
p )(1 + f 0

k )f
0
k′f

0
p′ . We can then write the collision integral as

C[fp] ≡
F ·∇T

T 2
, (4.54)

where

F =
1

2Ep

∫
dΓk,k′,p′

f0
p f

0
k (1 + f 0

k′)(1 + f 0
p′)

T
∆g (4.55)

and ∫
dΓk,k′,p′ =

∫
k,k′,p′

(2π)4δ(P +K − P ′ −K ′) |M|2 . (4.56)

We can simplify the left-hand side of the Boltzmann equation using our definition of the

distribution function in Eq. (4.43). In general, we can write

df

dt
= αp

f 0
p (1 + f 0

p )

T 2
p ·∇T , (4.57)

where the form of αp depends on the properties of the quasi-particles we are studying. In

the following we will consider two cases. The first is phonons with a non-linear dispersion

relation

E(P )
p = vp

(
1 + γp2

)
≡ vp

(
1 + ϵ

v2 p2

T 2

)
, (4.58)

where v = 1/
√
3 is the speed of sound, γ controls the curvature of the dispersion relation,

and ϵ ≡ γT 2/v2 is a dimensionless measure of the non-linearity. The parameter γ was

computed by Zarembo [102], showed in Eq. 4.31 with γ = −11/(540∆2), where ∆ is the
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gap in the fermion spectrum. The second case is massive kaons with

E(K)
p =

√
v2Kp

2 +m2
K ≃ v2kp

2

2mK

+mK , (4.59)

where vK = v. We will specify the kaon mass mK in Section 4.8.2. The quasi-particle

velocities, vp =
∂Ep

∂p
, are given by

v(P )
p = v

(
1 + 3ϵ

v2p2

T 2

)
, v(K)

p =
v2p

mK

. (4.60)

The explicit form of αp is derived in Appendix A.1. We find

α(P )
p = 4 ϵ v2

(
v2p2

T 2
− 20π2

7

)
, α(K)

p =
v4p2

2m2
K

− 5 v2 T

2mK

. (4.61)

We have now expressed the LHS of the Boltzmann equation, Eq. (4.57), in terms of

the function αp. The RHS of the Boltzmann equation, Eq. (4.54), is given in terms of

the unknown function g(p). Once g(p) is determined the thermal conductivity is given

by Eq. (4.46). In practice we will solve the Boltzmann equation using a variational

procedure. This procedure is based on an expression for the thermal conductivity in

terms of a suitable integral over the collision term, which we will now derive. Consider

the following integral over the LHS of the Boltzmann equation,

c

T

∫
dΓ

df

dt
g(p)p = −c∇T

3T 3

∫
dΓ f 0

p (1 + f0
p )p

2αpg(p), (4.62)

where c is a constant. We observe that the RHS of this equation has the same structure
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as Eq. (4.45) for the heat flux. For the two expressions to be equal, we need

c

∫
dΓ f 0

p (1 + f 0
p )p

2αpg(p) =

∫
dΓ f0

p (1 + f0
p )p

2 vpEp

p
g(p) . (4.63)

The two sides of this equation can be matched by using the constraint Eq. (4.48). The

constraint implies that constant terms in vpEp/p and αp do not contribute to Eq. (4.63).

We can then determine c by matching the p2 terms in vpEp/p and αp. We find c = 1 for

both phonons and kaons. Using this fact together with the Boltzmann equation we can

express the heat current in terms of the collision integral

q = −∇T

3T 3

∫
dΓ g(p)p · F . (4.64)

The corresponding expression for the thermal conductivity is

κ =
1

12T 4

∫
dΓp,k,k′,p′ ∆

2
g . (4.65)

where

∫
dΓp,k,k′,p′ =

∫
pkp′k′

(2π)4δ(P +K −K ′ − P ′)|M|2f 0
p f

0
k (1 + f 0

k′)(1 + f 0
p′) (4.66)

and we have used Eq. (4.55) and the symmetries of the matrix elements to derive

Eq. (5.27). We now have two expressions for the thermal conductivity, Eq. (4.46) and

Eq. (5.27). Both equations depend on the unknown function g(p), but the equivalence

of the two equations rests on the fact that g(p) satisfies the Boltzmann equation. As we

will now show, this fact can be used to determine g(p).
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4.7 Variational Solution to the Boltzmann Equation

We will solve the Boltzmann equation by expanding g(p) in a basis of orthogonal poly-

nomials. The procedure is variational in the sense that the result for κ obtained in a

truncated basis provides a lower bound on κ for the exact solution. The expansion has

the form

g(p) =
∑
s

bsBs(p
2) , (4.67)

where Bs(p
2) is a polynomial in p2 of order s. The coefficient of the highest power is

set to one. This means that B0 = 1, B1 = p2 + c10, etc. The polynomials Bs(p
2) are

orthogonal with regard to the inner product

∫
dΓf0

p (1 + f 0
p )p

2Bs(p
2)Bt(p

2) ≡ Asδst . (4.68)

The functions Bs(p
2) are a generalization of the Laguerre polynomials used in solutions

of the linearized Boltzmann equation in classical physics [50]. Starting with B0 = 1, we

can solve for all higher polynomials and their normalizations, As. This is laid out in more

detail in Appendix A.2.

Inserting the expansion Eq. (4.67) into the constraint Eq. (4.48) we get

0 =

∫
dΓf 0

p (1 + f 0
p )p

2Bs(p
2)B0(p

2) , (4.69)

where we have used B0 = 1. We conclude that the constraint is satisfied if b0 = 0. Using

the polynomial expansion in the first expression for κ, Eq. (4.46), gives

κ =
1

3T 3

∑
s ̸=0

bs

∫
dΓf 0

p (1 + f0
p ) p

2Bs(p
2) (a0B0 + a1B1) =

a1
3T 3

b1A1 , (4.70)
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where we have written vpEp/p = a0B0 + a1B1. The coefficients a0 and a1 are determined

by Eq. (4.60). We get a1 = 4ϵv4/T 2 for phonons and a1 = v4/2m2
K for kaons. Substi-

tuting the polynomial expansion into the second expression for the thermal conductivity,

Eq. (5.27), gives

κ =
1

12T 4

∑
s,t ̸=0

bsbtMst, (4.71)

where

Mst =

∫
dΓp,k,k′,p′Qs ·Qt , Qs = Bs(p

2)p+Bs(k
2)k −Bs(k

′2)k′ −Bs(p
′2)p′ . (4.72)

Requiring Eq. (4.70) and Eq. (4.71) to be equal gives an equation for bs

a1
3T 3

∑
s ̸=0

bsAsδs1 =
1

12T 4

∑
s,t̸=0

bsbtMst . (4.73)

A sufficient condition to solve this equation is

∑
t̸=0

Mstbt = 4a1T A1δs1. (4.74)

which can be solved by inverting the matrix M to get


b1

b2
...

 = 4a1T A1M
−1


1

0

...

 (4.75)

This equation determines b1 and, using (4.70), the thermal conductivity. We find

κ =

(
4a21
3T 2

)
A2

1M
−1
11 , (4.76)
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where M−1
11 is the (1, 1)-element of the inverse of matrix M , the constants a1 are given

below Eq. (4.70) and A1 is given in Appendix A.1. M is an infinite matrix, and in

practice we solve for κ by restricting the dimension of the matrix to a finite number N .

This procedure can be shown to be variational in the sense that [103]

κ ≥
(
4a21
3T 2

)
(b1A1)

2∑N
s,t̸=0 bsbtMst

(4.77)

for any value of N . This right hand side can be written as

κ ≥
(

4a21
3cT 2

)
A2

1M
−1
11 , (4.78)

where M−1 is the the inverse of the truncated N × N matrix. The bound is saturated

as N → ∞.

4.8 Collision Terms

The matrix M depends on the 2 ↔ 2 scattering amplitudes. In this Section we will com-

pute the phonon and kaon scattering amplitude using a low energy effective lagrangian

for the CFL phase.

4.8.1 Superfluid Phonon

The effective lagrangian for the phonon field ϕ is given by [104]

L = 1
2
(∂0ϕ)

2 − 1
2
v2(∂iϕ)

2 − π

9µ2
q

∂0ϕ(∂µϕ∂
µϕ) +

π2

108µ4
q

(∂µϕ∂
µϕ)2 + . . . , (4.79)
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Figure 4.5: Lowest order Feynman diagrams for the 2-phonon scattering amplitude.

where v = 1/
√
3 is the speed of sound and µq is the quark chemical potential. We

have displayed the leading three and four-phonon vertices. Higher order terms include

higher powers of ϕ or additional derivatives. These terms are suppressed by powers of

the typical momentum over the quark chemical potential. The speed of sound as well as

the coefficients of the three and four-phonon vertices are given to leading order in the

strong coupling constant. The lowest order diagrams that contribute to phonon-phonon

scattering are shown in Figure 4.5.

The corresponding matrix elements were previously computed in connection with the

phonon contribution to the shear viscosity of the CFL phase [69]. The matrix element

M(P,K;P ′K ′) where P,K and P ′, K ′ are the in and out-going four momenta can be

written as the sum of the contact term Mc and the s, t, u-channel phonon exchange

diagrams Ms,t,u. The individual terms are

iMc = λ [(P ·K)(P ′ ·K) + (P ·K ′)(P ′ ·K) + (P · P ′)(K ·K ′)]

iMs = g2
[
2(p0 + k0)P ·K + p0K

2 + k0P
2
] [
2(p′0 + k′0)P

′ ·K ′ + p′0K
′2 + k′0P

′2]G(P +K)

iMt = iMs(P ↔ K ′)

iMu = iMt(P ↔ K), (4.80)
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where G(Q) is the phonon propagator and the coupling constants λ and g are given by

λ =
4π2

108µ4
q

, g =
2π

9µ2
q

. (4.81)

At leading order the phonon propagator is given by G(Q) = (q20 − E2
q )

−1 with Eq = vq.

The thermal conductivity is sensitive to non-linearities in the dispersion relation and

we will use Eq as given in Eq. (4.58). We note that non-linear effects are generated

by higher derivative terms in the effective lagrangian. Except for the non-linearities in

the dispersion relation the structure of these terms has not been determined. We have

verified that the matrix elements Mst are not sensitive to higher order corrections in the

vertices. We also note that a non-linear dispersion (with ϵ < 0) regulates a possible

on-shell divergence of the matrix element, and as consequence there is no need to include

self-energy corrections in the fermion propagator as in [69, 105].

We can now insert the scattering amplitude into Eq. (4.72) and compute the matrix

elements Mst. Using the energy and momentum conserving delta functions as well as

spherical symmetry the 12-dimensional phase space integral in Eq. (4.72) can be reduced

to a 5-dimensional integral. First, we use the momentum conserving delta function

to integrate over p′. We can choose p to lie along the z-direction and perform the

corresponding angular integrals. The energy conserving part of the delta function can

be used to fix the magnitude of k′. Finally, we note that the integrand only depends

on the relative azimuthal angle of k and k′ and we can trivially integrate over the other

azimuthal angle. The remaining 5-dimensional integral is computed numerically using

standard methods, such as the VEGAS routine [106].
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Figure 4.6: Spectrum of energies for the charged and neutral kaons. The mass splitting
between K0 and K+ is given by δm and the larger splitting between the kaons containing
s̄ and those containing s is given by m2

s/2µq.

4.8.2 Massive Kaon

The spectrum of kaons is shown schematically in Figure 4.6. The mass difference between

the isospin doublets (K0, K+) and (K̄0, K−) is proportional to m2
s/(2µq), while the mass

splitting with the doublets is δm2 = ams(md −mu), with a = 3∆2/(π2f 2
π).

In the following we will only include the lightest kaon, theK0. The relevant interaction

term is read from the Eq. 4.36

Lint = −
m2

K0

24f2
π

(K0K̄0)2 , (4.82)

and the corresponding scattering amplitude is

|M|2 =
m4

K0

f4
π

. (4.83)
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This expression can be inserted into Eq. (4.72) in order to compute the matrixMst. As in

the case of phonon scattering, the phase space integral can be reduced to a 5-dimensional

integral over the magnitudes of p and k, the polar angles cos(θk) and cos(θk′) describing

the angles between p and the respective momenta, and one azimuthal angle.

4.9 Results

Before we show numerical results for the thermal conductivity, we would like to discuss

the dependence of κ on the dimensionful parameters that appear in the problem, the

temperature T , the quark chemical potential µq, the fermion gap ∆, and the mass of

the kaon. We begin by studying the scaling of the matrix elements Mst. In the phonon

case, we can rescale all momenta by the temperature and write Mst as a product of

the dimensionful parameters and a dimensionless phase space integral. A subtlety arise

due to the possible role of on-shell divergences. There is no on-shell sensitivity in the

phonon contribution to the shear viscosity and the corresponding matrix elements exhibit

the naive scaling behavior, but the phonon mean free path is sensitive to the phonon

self energy near the on-shell point [105, 69]. We find that the thermal conductivity

also depends on the behavior of the phonon propagator near the on-shell point. In the

present calculation this behavior is governed by non-linearities in the dispersion relation.

Consider the contribution to Mst from nearly on-shell phonons in the s, t or u-channel.

We find

M
(P )
st ∼ T 2s+2t+14

µ8

∫
dq2dΓ′

(q2 + ϵf(q,Γ′))2
∼ T 2s+2t+14

µ8

1

|ϵ|
∼ T 2s+2t+12∆2

µ8
(4.84)
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Figure 4.7: (Color online) Numerical results for the thermal conductivity of the CFL
phase due to phonons and kaons as a function of the basis size N used in the variational
procedure. Results are shown for two different temperatures T = 0.2 MeV and T = 1
MeV. We have used µ = 400 MeV, ∆ = 100 MeV for the phonons and mK = 10 MeV,
µK = 5 MeV and fπ = 100 MeV for the kaons. Numerical results are shown as stars and
crosses, the lines are only serve to guide the eye.

where q represent the momentum transfer in the relevant channel, dΓ′ is a phase space

integral over the remaining momenta, and f(q,Γ′) is a function of these variables.

In the kaon case we can assume that the temperature is smaller than all the other

parameters and write the dispersion as Eq = mK + q2/(2mK). We rescale the momenta

by
√
mKT and extract all dimensionful parameters from the phase space integral. We

get

M
(K)
st ∼ λ20

m3
K

(mKT )
s+t+9/2e−2δm/T ∼ mK

f 4
π

(mKT )
s+t+9/2e−2δm/T (4.85)

Using Eq. (4.84) and Eq. (4.85), as well as the scaling of the normalization factor A1
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derived in Appendix A.2, we find

κ ∼


µ8
q

∆6 phonons,

f4
π

m2
K

√
T

mK
kaons.

(4.86)

We note that the contribution to the thermal conductivity from phonons is independent

of temperature. The naive power counting gives κ ∼ µ8/T 6, but the contribution from

nearly on-shell phonons modifies the naive scaling behavior by a factor ϵ3. Two powers of

ϵ come from the a21 term and one power of ϵ comes from the nonlinear dispersion cutting

off the collinear regimes in the propagators. Using ϵ ∼ T 2 then leads to a thermal

conductivity that is independent of temperature.

The thermal conductivity due to kaons is not exponentially suppressed by exp(−mK/T )

as one might naively expect, because the exponential factors in A2
1 and M11 cancel at

leading order. This result is analogous to the well known fact that the transport proper-

ties of a dilute gas are independent of the density of the gas. We should note, however,

that in practice the range of validity of this result is limited to temperatures that are not

too small. At very small temperature the kaon mean free path is bigger than the system

size, and heat transport is no longer a diffusive process.

Numerical results for the thermal conductivity are shown in Figs. 4.7 and 4.8. In

Fig. 4.7 we show the dependence of κ on the number of basis functions. We observe

that the convergence in the case of the kaon contribution is excellent – using N = 1, 2

gives results within a few percent of the final result. Also, the rate of convergence is

independent of the temperature. In the case of the phonon contribution the rate of

convergence is slower, but going up to N = 5 appears to give converged results.

Fig. 4.8 shows the thermal conductivity as a function of temperature. We have used
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Figure 4.8: (Color online) Numerical results for the contribution of phonons and kaons
to the thermal conductivity of the CFL as a function of temperature. The results shown
in this figure were obtained using the variational method with N = 5. We have used
µ = 400 MeV, ∆ = 100 MeV for the phonons and mK = 10 MeV, µK = 5 MeV and
fπ = 100 MeV for the kaons.

the results for N = 5. We observe that thermal conductivity due to kaons follows the

square root dependence predicted by Eq. (4.86). Also, the thermal conductivity due to

phonons is approximately temperature independent, in agreement with Eq. (4.86). The

numerical results are well represented by

κ(P ) & 4.01× 10−2 µ
8

∆6
MeV2 , κ(K) ≃ 0.86

f 4
π

m2
K

√
T

mK

MeV2 . (4.87)

We observe that for mK in the few MeV range the phonon contribution is significantly

larger than the kaon contribution.
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4.10 Conclusions

We can convert these result into CGS units. We get

κ(P ) & 1.04× 1026
µ8
500

∆6
50

erg

cm sK
, κ(K) ≃ 2.81× 1021 f4

π,100 T
1/2
MeVm

−5/2
10

erg

cm sK
, (4.88)

where µ500 is the quark chemical potential in units of 500 MeV, ∆50 is the gap in units of

50 MeV, fπ,100 is the pion decay constant in units of 100 MeV, TMeV is the temperatures

in units of MeV and m10 is the kaon mass in units of 10 MeV.

These numbers can be compared to a number of results in the literature. The thermal

conductivity of the CFL phase was previously studied by Shovkovy and Ellis [84]. Based

on a mean free path estimate they find that the contribution due to phonons is κ(P ) ≃

0.7 × 1032 T 3
MeVR0,km

erg
cm sK

, where R0,km is the phonon mean free path in units of 1 km.

This particular number was chosen because the authors argued that the mean free path

is so long that it is effectively cut off by the size of the quark matter core. In the present

work we have demonstrated that in the framework of kinetic theory there is no simple

connection between the phonon mean free path and the thermal conductivity. We note,

however, that if one replaces the mean free path in the Shovkovy-Ellis estimate with a

more accurate result from kinetic theory, which is on the order of millimeters rather than

kilometers [69], one obtains a thermal conductivity which is close to our result. Shovkovy

and Ellis also argued that there is a large contribution to κ from photons. The photon

mean free path is indeed on the order of the size of the star [72]. This implies, however,

that photons are not thermally coupled to the a CFL quark matter core.

The thermal conductivity of unpaired quark matter at low temperature is κ =

0.5m2
D/α

2
s [76], where mD is the gluon screening mass and αs is the strong coupling

constant. Using mD ≃ 500 MeV and αs = 0.3 this gives κ ≃ 104MeV2, about 5 orders
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of magnitude larger than the thermal conductivity of the CFL phase. The thermal con-

ductivity of nuclear matter was studied in [107, 108, 109, 110, 111]. A typical value at

nuclear matter saturation density and T ≃ 1 MeV is κ ≃ (1020 − 1021) erg
cm sK

, which is

about 5 orders of magnitude smaller than the thermal conductivity of the CFL phase.

We can convert the thermal conductivity to a timescale for thermal diffusion. The

thermal diffusion constant is χ = κ/cV , where cV is the specific heat. The time scale for

thermal diffusion over a distance R is

τ ≃ cVR
2

κ
. (4.89)

Using cV = 2π2T 3/(15v3) for phonons, as well as T = 1 MeV, µ = 500 MeV, ∆ = 50

MeV, and R = 1 km we get τ ≃ 10 s, indicating that a CFL quark core will become

isothermal rapidly.

In this work we have studied the thermal conductivity of the CFL phase using a

linearized Boltzmann equation including a collision term that involves 2 ↔ 2 scattering

between phonons or kaons only. We have not studied a coupled transport equation for

phonon-kaon scattering. Given that the relaxation times of phonons and kaons are quite

different, it should be possible to find approximate solutions to the coupled problem.

We have only provided a simple estimate for the relaxation time of temperature gradi-

ents. More accurate estimates will require a detailed model of the initial temperature

profile, and a full solution of the dissipative two-fluid hydrodynamic equations for a CFL

superfluid.

In the present work we have only considered a pure CFL phase without kaon con-

densation. This is the groundstate at asymptotically large density. Future work will be

devoted to the effects of kaon condensation, and to the thermal conductivity of quark

84



phases at even lower density. Possible phases that are discussed in [7] include the cur-

CFL phase, a color-flavor-locked phase supporting a non-zero Goldstone boson current,

and the crystalline color superconducting phase.
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Chapter 5

Trapped Atomic gases

5.1 Introduction

Cold, dilute Fermi gases in which the interaction between the atoms can be tuned using

an external magnetic field provide a new paradigm for strongly correlated quantum fluids

[22, 23]. Recently, there has been significant interest in the transport properties of these

systems [112]. This interest was triggered by three independent developments. The

first was the experimental observation of almost ideal hydrodynamic flow in the normal

phase of a cold Fermi gas in the limit of infinite scattering length [113]. The second

was the discovery of almost ideal flow in a completely different system, the quark gluon

plasma created in heavy ion collisions at the Relativistic Heavy Ion Collider (RHIC)

[12, 13, 14, 15]. Both of these experiments constrain the shear viscosity of the fluid.

Remarkably, while the absolute value of the shear viscosity of the two systems differs

by about 26 orders of magnitude, the ratio of shear viscosity η to entropy density s is

very similar, η/s ≃ (0.1− 0.5) h̄/kB, where h̄ is Planck’s constant and kB is Boltzmann’s

constant [114, 115, 116, 117, 118].
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The third development was the theoretical discovery of a new method to compute

the shear viscosity of strongly coupled field theories [119, 120]. This method is based on

the holographic duality between four dimensional field theory and string theory in higher

dimensional spaces [121]. Using the holographic equivalence one can show that in a large

class of field theories the strong coupling limit of η/s is equal to h̄/(4πkB) ≃ 0.08 h̄/kB.

This value is remarkably close to the experimental results for η/s quoted above. Initially

the value h̄/(4πkB) was derived only for scale invariant relativistic field theories, but it

was later shown that the same value of η/s is obtained in the strong coupling limit of

many non-conformal and non-relativistic field theories [122, 123].

The dilute Fermi gas at unitarity is a strongly correlated scale invariant quantum fluid

[22, 23]. It provides a beautiful model system for testing ideas from many different areas of

physics, including condensed matter physics, nuclear and particle physics, and quantum

gravity. An important property of the Fermi gas at unitarity is nearly perfect fluidity

[112]. Experiments with trapped Fermi gases in the vicinity of a Feshbach resonance

indicate that [113, 114, 115, 116, 124, 125]

η

s ∼< 0.5 h̄/kB , (5.1)

where η is the shear viscosity and s is the entropy density. This value is smaller than the

viscosity to entropy density of any known fluid with the possible exception of the quark

gluon plasma [117, 118, 126]. Equ. (5.1) approaches a bound η/s = h̄/(4πkB) that has

been proposed based on the AdS/CFT correspondence [127, 120].

In this work we will use kinetic theory to compute another important transport prop-

erty of a dilute atomic Fermi gas, the thermal conductivity κ. We will consider both

the high temperature as well as the low temperature, superfluid, phase. Our results
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complement earlier studies of the shear viscosity in the high and low temperature phase

[128, 105]. In the unitarity limit the bulk viscosity of the high temperature phase vanishes

[47]. In the superfluid phase there are three bulk viscosities, one of which is non-vanishing

in the unitarity limit. The bulk viscosities in the superfluid phase were recently com-

puted in [129]. Combining our results for the thermal conductivity with the existing

calculations of the shear viscosity we can study the relative size of momentum diffusion

and thermal diffusion. The ratio of these quantities is known as the Prandtl number

Pr =
cPη

ρκ
, (5.2)

where cP is the specific heat at constant pressure and ρ is the fluid mass density.

The Prandtl number also controls the relative importance of shear viscosity and ther-

mal conductivity in sound attenuation. Measurements of sound attenuation have the po-

tential to provide new experimental constraints on transport properties of dilute atomic

gases. Current estimates of the shear viscosity are based on the study of scaling flows,

such as collective modes or the expansion out of a deformed trap [116]. These experi-

ments do not directly constrain the density independent part of the shear viscosity. This

is a problem, because kinetic theory predicts that the shear viscosity at high temperature

is only a function of temperature, and not of density. Sound attenuation, on the other

hand, is sensitive to this contribution. Using our results for the Prandtl number it is

possible to use measurements of sound attenuation to constrain the shear viscosity. Con-

versely, in the regime where shear viscosity is well constrained it is possible to extract

thermal conductivity from sound attenuation. First sound was observed in [130], and

ideas for detecting second sound are discussed in [131].

This chapter is organized as follows. In section 5.2, we will outline introduce the ex-
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perimental achievements and theoretical descriptions of unitarity Fermi gases. In Section

5.3, we will review the quasi-particle interactions in dilute atomic Fermi gases, and in

Section 5.4 we outline the calculation of thermal conductivity using kinetic theory. In

Sections 5.5 and 5.6 we compute the Prandtl number and sound attenuation length. We

end with some conclusions in Section 5.7. We collect some formulas related to varia-

tional trial functions for the linearized Boltzmann equation in Appendix B.1, and the

Virial expansion of thermodynamic functions at high temperature in Appendix B.2.

5.2 Unitarity Fermi Gas

5.2.1 Feshbach Resonances

Feshbach resonances [132] are quantum mechanical scattering resonances that were first

discussed in the context of nuclear physics. Feshbach resonances have become important

due to the developments of the techniques to cool and trap atoms [133]. In 2003-2005, a

lots of ground-breaking experiments [113, 134, 135, 136] have been achieved by inducing

magnetic Feshbach resonances in Bose condensates or Fermi degenerate gases. The in-

teratomic interaction at ultracold temperature is dominated by binary s-wave collision,

whose strength is characterized by scattering length a. In a ultracold atomic gas, a Fesh-

bach resonance occurs when the bound molecular state in the closed channel energetically

approaches the scattering state in the open channel, where the energy difference can be

controlled by an external magnetic field B. Scattering length a is drastically altered near

the Feshbach resonances. Such magnetically tuned Feshbach resonance can be described

by a simple expression, introduced by Moerdijk et al. [137], for the s-wave scattering
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Figure 5.1: Magnetic field dependence of scattering length near the Feshbach resonance
[8, 9]. The solid line is the scattering length, the horizontal dashed line indicates zero
scattering length, which occurs at Bzero = 165.75G.

length a as a function of the magnetic field B,

a(B) = abg

(
1− ∆

B −B0

)
(5.3)

Figure 5.1 shows this resonance expression. The background scattering length abg, which

is the scattering length associated with Vbg(R), a background potential. We should

remind an important feature of potential: the potential range is negligible compared to

the de Broglie wavelength and the mean interparticle distance (n1/3). The parameter B0

denotes the resonance position and the parameter ∆ is the resonance width. Note that

both abg and ∆ can be positive or negative. In the vicinity of the resonance position
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at B = B0 + ∆, where the two channels are strongly coupled, the scattering length is

going to diverges (a → ±∞). The regime, where the infinite scattering length a → ±∞

reached, is frequently referred to as the unitarity limit. The word ”unitarity” refers to the

fact that in this limit the s-wave scattering amplitude saturates the quantum mechanical

unitarity bound. At unitarity the system displays universal properties. This can be

seen by inspecting dimensionless parameters that characterize the many body system.

One example of the dimensionless parameter is kFa, where kF ≡ (3π2n)1/3 is the Fermi

momentum. Here the effective range of the interaction r0 is very small. It leads to the

another typical dimensionless parameter kF r0 → 0. Therefore, both parameters become

invalid to describe such a strongly coupled system; the ratio of temperature to fermion

density is the only dimensionless parameter. Hence, we conclude that the system behavior

universal [138], i.e., independent of details of the interaction potential at unitarity limit.

Note here, for large positive values of a, a ”dressed” molecular state exists with a binding

energy given by [139]

Eb =
h̄2

2µa2
(5.4)

where µ is the reduced mass of the atom pair.

In sum, the ultracold atomic gases provide an ideal system for studying quantum

physics of interacting fermions from weak coupling to strong coupling. Below the crit-

ical temperature, Tc, the longstanding idea of the crossover from the Bardeen-Cooper-

Schrieffer (BCS) state to the Bose-Einstein Condensation (BEC) also has been firstly

realized in laboratories.
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5.2.2 The Crossover from BCS to BEC

BCS mechanism [140] shows that if the Fermions’ interaction is attractive, the Fermi

surface is unstable toward to forming loosely bound Cooper pairs. Then, the bound

states themselves form a condensate, exhibiting the superfluidity or superconductivity.

Such phenomena have been observed in the metallic superconductor [141]; the superfluid

3He [18]; the high-Tc superconductor [142]. Or possibilities of the superfluid nuclear

matter [29]; the color superconductivity [7] and the neutrino superfluidity [143]. When

the attraction between atoms is weak, where kFa is negative and |kFa| ≪ 1, the ultracold

atomic gas, undergoes a phase transition and thus states in superfluid.

On the other hand, when the attraction is strong two fermions form a bound molecule

and the system becomes a weakly interacting Bose gas in terms of molecules. The scat-

tering length is positive and 0 < kFa ≪ 1. Its ground state again exhibits superfluidity,

but by the Bose-Einstein condensation of the tightly bound molecules. Thus, from the

both sides, BCS and BEC, the gas transit from normal phase to superfluid phase below

the critical temperature. The transition is smooth, which implies that the ground state

of the system is a superfluid for any magnitude of (kFa), including |kFa| → ∞.

Such evolution from Cooper pairing (Fermi character) to condensation of composite

bosons (Bose character) is named as BCS-BEC crossover, which firstly suggested in the

dilute nuclear matter [144], where the neutron-neutron scattering length ann ≃ −18.5 fm

is larger than the typical range of the nuclear force r0 ≃ 1.4 fm. Ultracold atomic

gases provide an experimental realization of BCS-BEC crossover [145, 146, 147, 148],

where the unitarity limit exists in the middle of the BCS-BEC crossover. Through the

standard perturbative expansion in terms of the small parameter |kFa| ≪ 1, one is able

to quantitatively investigate the Fermi gas at both BCS and BEC limits. However, such
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method break down in the unitarity limit because lack of a small expansion parameter,

neither kFa nor kF r0. Therefore, theorists should establish another systematic approach

to study the unitary Fermi gas and and its behavior at the BEC-BCS crossover.

5.2.3 Effective Field Theory at Superfluid Phase

The elegant approach of theoretical studying the unitarity gas was finished by D. Son

and M. Wingate, see [138]. We will sketch how the effective action for the Goldstone

bosons can be derived from the first principles in this section.

Considering a non-relativistic system is put in an external gauge field, Aµ, and curved

three dimensional manifold with metric gij. If the particle interacting of system is de-

scribed by a Yukawa two-body potential

V (r) = − q20
4πr

e−r/r0 (5.5)

Note here, the infinity scattering length is achieved through tuning the parameters q0 and

r0, when mq
2
0r0 = 21.1 Hence, the system can be described by the Lagrangian density

L =
i

2
ψ†∂tψ−A0ψ

†ψ− gij

2m
(∂iψ

†−iAiψ
†)(∂jψ

†+iAjψ
†)+q0ψ

†ψσ−1

2
gij∂iσ∂jσ−

σ2

2r20
(5.6)
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The gauge and manifold transformation rules read as

δψ = iαψ − ξk∂kψ

δA0 = −α̇− ξk∂kA0 − Akξ̇
k

δAi = −∂iα− ξk∂kAi − Ak∂iξ
k +mgikξ̇

k

δgij = −ξk∂kgij − gik∂jξ
j − gkj∂iξ

k

δσ = −ξk∂kσ (5.7)

where gauge parameter α and ξi are both time and space dependent. In fact, with

particular choice of α and ξi, such transformation is describing a Galilean transformation

if the space is flat, where

α = mvixi, ξi = vit. (5.8)

The unitarity Fermi gas should be invariant under an additional transformation, which

involves time scale, where

δψ = −βψ̇ − 3

4
β̇ψ

δA0 = −βȦ0 − β̇A0

δAi = −βȦi

δgij = −βġij + β̇gij

δσ = −βσ̇ − 3

4
β̇σ (5.9)

with β being a linear function of time: β = bt.

The effective theory is generated by the general coordinate invariance, i.e., the ef-

fective action is invariant under the general coordinate transformations. It requires the
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Lagrangian density to transform as

δL = −ξk∂kL (5.10)

In the superfluid phase, the only physical freedom is the phase of condensate θ,

ψ = |ψ|e−iθ (5.11)

where the chemical potential is encoded via θ = µt − ϕ. Note that ϕ is corresponding

to phonons excitation. There is no other reason to forbid us to assume the microscopic

theory is invariant under time, which means that the effective theory is invariant under

t→ −t, and θ → −θ (5.12)

Combining with rotational and parity symmetry, one has a constrain on the terms of

time and space gradients after performing momentum expansion:

N [∂t] +N [∂i]−N [θ] = even (5.13)

Since θ is a Nambu-Goldstone field, it should always appear with derivatives in the

effective Lagrangian. With respect to the gauge Aµ and manifold transformations, it

limit the Lagrangian to be function of only two variables

L = L(Dtθ, g
ijDiθDjθ) (5.14)
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where

Dtθ = θ̇ − A0 and Diθ = ∂iθ − Ai (5.15)

Meanwhile, to satisfy the Eq. 5.10, there is only one combination of above two variables

transforming as a scalar,

X = Dtθ −
gij

2m
DiθDjθ, δX = ξk∂kX (5.16)

Therefore, to the first order, the lagrangian must be a function of this scaler, L = P (X).

If we now set the metric to be flat and the external field to be zero, ones find the most

general form of the Lagrangian for superfluid:

L = P

(
θ̇ − (∂iθ)

2

2m

)
(5.17)

Expanding the Lagrangian to quadratic order in ϕ, the Lagrangian is written as

L = P (µ)− nϕ̇+
∂n

2∂µ
ϕ̇2 − n

2m
(∂iϕ)

2 (5.18)

where n is the particle density and the phonon speed is determined by the last two terms,

cs =

√
n

m

∂µ

∂n
(5.19)

One finds in the Lagrangian to the Next-To-Leading(NTL) by repeating above argu-

ment: expand the term to higher order, choose the allowed invariant terms. Without

external gauge field and sitting in a flat space, the NTL Lagrangian is read as

LNTL = ∂iX∂iXf1(X) + (∇2θ)2f2(X) +m∇2A0f3(x) (5.20)
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where

f1(X) = c1m
1/2X−1/2, f2(X) = c2m

−1/2X1/2, f3(X) = c2m
−1/2X1/2. (5.21)

Here, to describe a conformal system, one requires c3 = −9c2. However, the real mag-

nitude of c1 and c2 only can be decided by other microscopic computation. To get the

phonon dispersion to NTL, one expands LNTL to quadratic order in ϕ, where

LNTL =
1
√
µ

(
15c0
8
µϕ̇2 − 5c0

4
µ2(∇ϕ)2 + c1(∂iϕ̇)

2 + c2µ(∇2ϕ)2
)

(5.22)

Solving the above equation after Fourier transformation, the phonon dispersion relation

is given by

ω(q) = csq

(
1− π2

√
2ξ

(
c1 +

3

2
c2

)
q2

k2F

)
(5.23)

5.3 Elementary Excitations

Kinetic theory is based on the existence of well defined quasi-particle excitations. In the

dilute Fermi gas quasi-particles exist both at very high and at very low temperature. In

the high temperature limit the relevant degrees of freedom are spin 1/2 non-relativistic

atoms with mass m. In the dilute limit the scattering cross section is dominated by

elastic s-wave scattering. The scattering amplitude can be described in terms of a delta-

function interaction V (x− x′) = C0δ(x− x′), see Fig. 5.2. Here, C0 = 4πa/m is related

to the scattering length. The s-wave cross section is determined by sum of all two-body

diagrams. The cross section is

σ =

∫
dΩ

a2

1 + a2q2
, (5.24)
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Figure 5.2: This figure shows the main processes that determine the thermal conductiv-
ity in high and low temperature phase, respectively. Fig. (a) shows the local four-fermion
interaction, and Fig. (b) shows the three-phonon interaction.

where p1,p2 and p3,p4 are the ingoing and outgoing momenta and q is the relative

momentum q = (p1 − p2)/2. The relative momentum of the outgoing particles is q′ =

(p3 − p4)/2 with |q′| = |q|. The solid angle is defined in terms of the angle between the

relative momenta q and q′, dΩ = d cos(θqq′)dϕqq′ .

The characteristic temperature of the system is the Fermi temperature TF = k2F/(2m),

where kF is the Fermi momentum defined by k3F = 3π2ntot and ntot is the total density

including both spin states. The strength of the interaction can be characterized by the

dimensionless parameter (kFa). The regime of small and negative (kFa) is the BCS limit.

In this limit the Fermi gas becomes a BCS superfluid at a critical temperature Tc which

is exponentially small compared to TF . The ratio Tc/TF increases with |kFa|. In the

unitary limit |kFa| → ∞ the critical temperature is Tc ≃ 0.15TF [149]. The regime

of positive (kFa) is called the BEC limit. For small and positive (kFa) the system is

composed of weakly interacting bosons with mass 2m and density ntot/2. Superfluidity

occurs at the Einstein temperature Tc ≃ 0.21TF .

In the superfluid phase the low energy excitations are phonons, Goldstone modes

associated with the spontaneous breaking of the U(1) phase symmetry. At unitarity
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the effective lagrangian for the phonon field is strongly constrained by scale invariance.

Expanding the Eq. 5.22, one has [138],

Lϕ =
1

2
(∂0ϕ)

2 − 1

2
v2s(∇ϕ)2 − g3

[
(∂0ϕ)

3 − 9v2s∂0ϕ(∇ϕ)2
]

(5.25)

−3

2
g23
[
(∂0ϕ)

4 + 18v2s(∂0ϕ)
2(∇ϕ)2 − 27v4s(∇ϕ)4

]
+ . . . ,

where g3 = πv3/2ξ3/4/(31/48µ2), µ is the chemical potential and v is the speed of sound

with v2 = 2µ/(3m). At unitarity µ = ξEF with ξ ≃ 0.44 [150]. At low momentum the

phonon dispersion relation is linear, εp = vp. We will see that the thermal conductivity is

sensitive to non-linearities in the dispersion relation. We will write the dispersion relation

as εp = vp(1 + γp2), where the parameter γ can be expressed in terms of the coefficients

of certain higher order terms in the lagrangian of Son and Wingate, γ = −π2
√
2ξ(c1 +

1.5c2)/k
2
F . Rupak and Schäfer computed c1 and c2 using an epsilon expansion [151]. They

find c1 ≃ −
√
2/(30π2ξ3/2) and c2 ≃ 0, corresponding to γ = 1/(30mµ). Other estimates

of γ can be found in [152, 153].

We will study the contribution to thermal conductivity from the phonon splitting

process φ 
 φ + φ, see Fig. 5.2. For γ > 0 this process is kinematically allowed. The

matrix element for the three phonon process is

iM3 = g3

(
p0[Q ·K] + k0[Q · P ] + q0[P ·K]

)
, (5.26)

where we have defined the four vector product Q ·K = q0k0 − 9v2q · k. If γ is negative

then the dominant contribution arises from φ + φ 
 φ + φ. We recently studied this

process in a relativistic superfluid, the color-flavor-locked phase of QCD [154]. We found

that the 2 
 2 processes are controlled by s, t, u-channel exchanges with almost on-shell
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intermediate state phonons. This means that the dominant process can be viewed as

1 � 2 phonon splitting followed by 2 � 1 phonon absorption.

5.4 Thermal Conductivity

Repeat the procedure in subsection 4.6.2, the thermal conductivity can then be written

in two alternative ways

κ = T ⟨ εpvp|χ⟩ = T 2⟨χ|Ĉ|χ⟩ , (5.27)

The function χ is determined by the Boltzmann equation,

|αp⟩ = Ĉ|χ⟩ . (5.28)

These two representations form the basis of the variational principle. Consider a trial

state |g⟩. The Schwarz inequality implies that

⟨g|Ĉ|g⟩⟨χ|Ĉ|χ⟩ ≥ |⟨g|Ĉ|χ⟩|2 . (5.29)

Using Eq. (5.27) and Eq. (5.28), we can write this as

κ ≥ T 2 |⟨g|αp⟩|2

⟨g|Ĉ|g⟩
=

|⟨g|εpvp⟩|2

⟨g|Ĉ|g⟩
. (5.30)

We can then choose to expand the trial function g in orthogonal polynomials and take

advantage of that fact that g is a dimensionless vector-valued function to write

g = x
N∑
s ̸=0

b(F,H)
s B(F,H)

s (x2) (5.31)
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where x = p/∆, x = |x|, and ∆ is some characteristic energy scale in the problem (e.g.

∆ = T/v for massless particles and ∆ =
√
2mT for massive particles). The polymials

are such that B0 = 1, B1 = x2 + a10, B2 = x4 + a21x
2 + a20, etc., and (F,H) labels the

basis functions in the fermion and phonon case. The orthogonality condition is

A(F,H)
s δst =

∫
dxf 0(x)(1± f 0(x))x4B(F,H)

s (x2)B
(F,H)
t (x2) . (5.32)

The type of quasi-particle involved enters via the statistical factor (1±f 0(x)) and through

the dispersion relation in f0(x). The specific forms of B
(F,H)
m (x2) are given in Appendix

B.1. Note that we have enforced the momentum constraint by excluding the s = 0 term

in Eq. (5.31).

The thermal conductivity is now determined by solving Eq. (5.28) for |χ⟩ and then

adopting a variational procedure to compute κ by using Eq. (5.30). In practice, we

will show that χ satisfy the constrains inheriting from the conservation laws of mass,

momentum and energy for both the fermions’ and phonons’ dispersion relation.

5.4.1 Normal Phase

In this section we will specify the matrix elements and the collision operator in the case

of atom-atom scattering in the normal phase of the dilute Fermi gas. We will scale all

the momenta as x = p/
√
2mT , use the Fermi-Dirac distribution functions and set ν = 2.
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The numerator of Eq. (5.30) is

⟨g|εpvp⟩ =
2

3T 3

∫
dΓ f 0(p)(1− f 0(p))εpvp · g (5.33)

=
4m

3π2

∑
s̸=0

bFs

∫
dx f 0(x)(1− f 0(x))x6BF

s (x
2)

=
4m

3π2

∑
s̸=0

bFs A
F
s1δs1 =

4m

3π2
bF1 A

F
11

where we have used the orthogonality condition. The matrix element of the collision

operator is

⟨g|Ĉ|g⟩ = 2

3T 4

∑
s,t̸=0

bFs b
F
t

∫
d3Pd3q

(2π)6
dΩ |v1 − v2|

a2

1 + a2q2
D0

2↔2 g1 · [g1 + g2 − g3 − g4] .

(5.34)

Here we have written the transition probability in terms of the cross section Eq. (5.24) and

the flux factor |v1 − v2|. The integration variables are the pair momentum P = p1 +p2,

the relative momentum q = (p1−p2)/2, and the solid angle Ω is defined below Eq. (5.24).

We have also defined D0
2↔2 = f 0(x1)f

0(x2)[1− f0(x3)][1− f 0(x4)]. We can write

⟨g|Ĉ|g⟩ =
211/2m3/2

3T 3/2

∑
s,t̸=0

bFs b
F
t

∫
d3xd3y

(2π)6
dΩ

mTa2y

1 + 2mTa2y2
D0

2↔2 B
F
s ·BF

t (5.35)

=
211/2m3/2

3T 3/2

∑
s,t̸=0

bFs b
F
t M

F
st

where BF
t =

[
BF

t (x1)x1 +BF
t (x2)x2 −BF

t (x3)x3 −BF
t (x4)x4

]
/2. We finally get

κF ≥ ⟨g|εpvp⟩2

⟨g|Ĉ|g⟩
=

κ0
3 · 23/2π4

(
T

TF

) 3
2

DF (kFa, T/TF ) (5.36)
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where we have defined κ0 = m1/2T
3/2
F and

DF (kFa, T/TF ) ≡
(bF1 )

2(AF
11)

2∑
s,t ̸=0 b

F
s b

F
t M

F
st

. (5.37)

We can now consider a finite basis and optimize the inequality with respect to the co-

efficients bFs . We obtain DF (kFa, T/TF ) = (AF
11)

2(MF )−1
11 where (MF )−1

11 refers to the

(1,1)-component of the matrix inverse of M . Note that this result is equivalent to using

the matrix form of the Boltzmann equation in the finite basis. The function DF must

typically be calculated numerically but we can analytically evaluate it in the limit of

high temperature T/TF ≫ 1 and by keeping only the leading term in the polynomial

expansion. We get

κF =


75

128
√
π

√
T
m

1
a2

|a| → 0

225
128

√
π
m

1
2T

3
2 |a| → ∞

(5.38)

We have tried to improve this result using higher order terms in the polynomial expansion,

but the correction is very small, δκ/κ < 2%. This is consistent with the results in [155],

where the authors observed very rapid convergence for the shear viscosity in the high

temperature phase. Numerical results are shown in Fig. 5.3. Note that the thermal

conductivity depends only on the square of the scattering length so we plot the thermal

conductivity as a function of kF |a|. We observe that the thermal conductivity has a

similar temperature dependence for all values of (kFa). At high temperature κ grows as

κ ∼ T 3/2 at unitarity and T 1/2 at small scattering length. The thermal conductivity then

has a minimum at T/TF ≃ (0.2 − 0.3), and then increases for very small temperatures.

This rise is related to Pauli blocking. We should note, however, that except in the BCS

limit the results in this section are not reliable for T ≪ TF . The right panel shows that

at fixed temperature κ decreases as the strength of the interaction increases, and that κ
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Figure 5.3: Thermal conductivity in the normal phase of a dilute Fermi gas in units of
κ0 = m1/2T

3/2
F . In the left panel we show κ/κ0 as a function of T/TF for different values

of kFa. In the right panel we show κ/κ0 as a function of KFa for different values of T/TF .

becomes insensitive to kFa as we approach the unitarity limit kFa→ ∞.

5.4.2 Superfluid Phase

In this section we study the thermal conductivity in the superfluid phase. We will

concentrate on the unitarity limit kFa → ∞. In the BCS limit the critical temperature

is exponentially small, and the thermal conductivity is dominated by fermionic quasi-

particles even in the case T < TF . In the extreme BEC limit the thermal conductivity

reduces to that of an almost ideal Bose gas [156]. Following the procedure outlined in
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the case the normal phase, we can write the numerator of Eq. (5.30) as

⟨g|εpvp⟩ =
1

3T 3

∫
dΓf0(p)(1 + f0(p))εp vp · g (5.39)

=
2γ

3π2

T 3

v4

∑
s̸=0

bHs

∫
dxf 0(x)(1 + f 0(x))x6BH

s (x2)

=
2γ

3π2

T 3

v4
bH1 A

H
11 ,

where we have used ν = 1, scaled the momenta as x = vp/T and kept only the leading

order terms in the parameter γ that governs nonlinearities in the dispersion relation.

We note that the result is indeed proportional to γ, and κ vanishes in the case of an

exactly linear dispersion relation as discussed before. The matrix element of the collision

operator is

⟨g|Ĉ|g⟩ =
1

3T 4

∑
s,t ̸=0

bHs b
H
t

∫
dΓpkq |M3(p, k, q)|2 (2π)4δ4(P +K −Q)D0

1↔2B
H
s ·BH

t(5.40)

=
g23

96π3

T 5

v6

∑
s,t ̸=0

bHs b
H
t

∫
dΓxyz |M3(x, y, z)|2 (2π)4δ4(X + Y − Z)D0

1↔2 B
H
s ·BH

t

=
g23

96π3

T 5

v6

∑
s,t ̸=0

bHs b
H
t M

H
st ,

where dΓpkq is the 3-particle Lorentz-invariant phase space, D
0
1↔2 = f 0(x)f0(y)(1+f 0(z))

and BH
t =

[
BH

t (x)x+BH
t (y)y −BH

t (z)z
]
/
√
3. As before, we can define

DH = (AH
11)

2(MH
st )

−1
11 (5.41)
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Figure 5.4: Variational function DH as a function of the number of terms in the
polynomial expansion of g̃(x). We show DH for two different temperatures.

which allows us to write the thermal conductivity as

κH ≥ ⟨g|εpvp⟩2

⟨g|Ĉ|g⟩
=

128

3π

γ2

g23

T 2

v2
DH =

256
√
2

25π3ξ2
κ0

( T
TF

)2
DH (T/TF ) . (5.42)

where ξ ≃ 0.44 is defined in Section 5.3. DH is a dimensionless function of T/TF which

has to be calculated numerically. The convergence of DH with the number of terms in

the trial function is shown in Fig. 5.4. We observe that the result in converging, but

not nearly as fast as it did in the case of fermionic quasi-particles. The temperature

dependence of DH is very weak and κH ∼ T 2. In Fig. 5.5 we combine our results for the

thermal conductivity of the dilute Fermi gas at unitarity in the high and low temperature

limits. The dashed line indicates the location of the phase transition. We note that the

low and high temperature results do not match very well near Tc. This suggests that

additional processes or excitations must become relevant in this regime. We also note that
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Figure 5.5: Thermal conductivity κ/κ0 of the dilute Fermi gas at unitarity as a function
of T/TF . We show the calculations in the high and low temperature limit, extrapolated
to T ≃ Tc. The position of the critical temperature is indicated by the dashed line.

at Tc critical fluctuations are expected to lead to a divergence in the thermal conductivity

[157].

5.5 Shear Viscosity and the Prandtl Number

5.5.1 Shear Viscosity

We would like to make some comparisons of the thermal conductivity with the shear

viscosity. The shear viscosity in both the high and low temperature regimes for the

unitary gas have already been calculated, [128, 105]. Here, we summarize the results

using the notation presented in this paper. First we write down the non-ideal part of the
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stress-energy tensor in both a kinetic theory and hydrodynamic description as

δTij = ν

∫
dΓvp

pipj
p
δfp = −ηVij (5.43)

where Vij = ∂iVj + ∂jVi − 2/3δij∇ · V and Vi is the velocity of the fluid. Using an ansatz

for δfp similar to what we had in the thermal conductivity case as

δfp = −
f 0
p (1± f0

p )

T
χijVij, (5.44)

we can write down an expression for η as

η =
ν

5T

∫
dΓf 0

p (1± f 0
p )
vp
p
pipjχij ≡

3T 2

5
⟨p̃ij|χij⟩ (5.45)

where p̃ij = vp(pipj − 1/3δijp
2)/p and we have used the definition of the inner product

defined previously. We can also write down the Boltzmann equation projected onto the

shear component as

df

dt
=

f 0
p (1± f0

p )

2T
|p̃ij⟩Vij (5.46)

= C[fp] ≡
f 0
p (1± f0

p )

2T
Ĉ|χij⟩Vij

As before, we can combine these results into an exact form for the shear viscosity as

η =
3T 2

5

⟨χij|p̃ij⟩2

⟨χij|Ĉ|χij⟩
(5.47)

We can then choose a suitably appropriate variational ansatz for χij =
pij
∆2 g̃(x) and

expand g̃(x) =
∑

s=0 csCs(x
2) as before. From this, we get a lower bound on the shear
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viscosity in the high temperature limit that can be written as

ηF ≥ 27/2

45
Dη

(
T

TF

)3/2

η0 (5.48)

where Dη = (Aη)200(M
η
st)

−1
00 , η0 = (mTF )

3/2 and

Aη
00 =

∫
dxf0

F (x)(1− f0
F (x))x

6 (5.49)

and

Mη
st =

∫
dΓ

mTa2X2x3

1 + 2mTa2x2
f0
F (x1)f

0
F (x2)(1− f0

F (x3))(1− f 0
F (x4))Ĉs · Ĉt (5.50)

with

Ĉt =
[
Ct(x1)x

ij
1 + Ct(x2)x

ij
2 − Ct(x3)x

ij
3 − Ct(x4)x

ij
4

]
/2 (5.51)

In the high temperature limit, T/TF → ∞, we have

ηF =


5
√
mT

32a2
√
π

|a| → 0

15(mT )3/2

32
√
π

|a| → ∞
(5.52)

Below Tc, the shear viscosity from binary scattering of phonons was calculated in

Ref. [105] as

ηH = 5.06× 10−6ξ7/2
(
TF
T

)5

η0 (5.53)

5.5.2 Prandtl Number

Now that we have collected the information of the thermal conductivity and shear vis-

cosity, we are able to examine the behavior of dimensionless parameter Prandtl number,
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Pr = cPη/(ρ κ) where ρ is the mass density of the fluid. For this we need the specific

heat at constant pressure. This is a non-trivial calculation (when not at large or small T)

and is relegated to the appendix. At high temperature, we can use our analytic results

for κ and η from Eq. (5.38) and Eq. (5.52) to gain insight. In that limit, we know that

cp = 5n/2 and ρ = mn where n is the number density. Putting this together, we find

that

Pr = 2/3 T ≫ TF (5.54)

in both the large and small limits of scattering length. In Fig. 5.6, we plot the Prandtl

number as a function of T/TF for negative values of kFa. As discussed in more detail

in Appendix B.2, the virial expansion is smooth across unitarity (from a → −∞ to

a → ∞), but begins to break down as we approach a → 0+ due to the presence of

the bound state, so we do not show those values here. Note that the Prandl number

is remarkably insensitive to the value of kFa for large, negative values of the scattering

length and approaches 2/3 for large values of T/TF .

5.6 Sound Attenuation

The existence of viscosity and thermal conductivity results in the dissipation of energy

in sound waves. A sound wave is propagated through a fluid, its intensity decreased

according to a law e−2γx, where x is travel distance and γ is the absorption coefficient.

The expression for the sound attenuation α1 above the critical temperature is, [51]:

α1 =
γ

ω2
=

1

2ρc3
[
(
4

3
η + ζ) + ρ κ(

1

cV
− 1

cP
)
]

(5.55)

where ω is the frequency of sound wave, ρ is the mass density of fluid, c is the speed of
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Figure 5.6: Left panel: Prandtl number as a function of T/TF . Right panel: Prandtl
number as a function of kFa, the dash line is at the point 2/3. Note the convergence to
Pr ∼ 2/3 as we go to large T/TF for all values of a.

sound wave and ζ is the bulk viscosity. Assuming that ζ = 0, we can write this in a more

transparent way as

α1 =
2η

3ρc3

[
1 +

3

4

∆cP
Pr

]
≡ η0

2ρc3
(α∗

η + α∗
κ) (5.56)

where ∆cP = (cP − cV )/cV and we have defined α∗
η and α∗

κ which we plot in Fig. 5.7.

In the normal phase at high temperature, Pr ∼ 2/3 and ∆cP ∼ 2/3, such that

the contribution to the sound attenuation from the thermal conductivity is 3/4 of the

contribution from the shear viscosity. Also, both Pr and ∆cP are relatively insensitive of

the scattering length at high temperature, so that the results for the sound attenuation

at high temperature remain qualitatively the same for any value of the scattering length,

see Fig. 5.7. As we decrease in temperature, the sound absorption coefficient becomes

more and more dominated by the shear viscosity.

Below Tc, we have two sound absorption coefficients. The first one is the same as

above; however we know that ∆cP → 0 rapidly as T → 0. Therefore, the absorption of
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a constant (3/4) as we go to larger values of T/TF .

first sound will be dominated by the shear viscosity term. The absorption coefficient of

second sound is given by, [51]

α2 =
1

2ρc32

ρs
ρn

[
4

3
η + ζ2 − ρ(ζ1 + ζ4) + ρ2ζ3 + ρ

ρn
ρs

κ

cP

]
(5.57)

where ρn,s are the normal and superfluid densities, c2 is the speed of second sound and

ζi are the 4 bulk viscosities in the superfluid. We can ignore the contributions from the

bulk viscosities near unitarity as they are either identically zero or go to zero at low

temperatures, [129]. We also know that η ∼ 1/T 5 and κ ∼ T 2 at low temperatures.

From this, we can see that if we go to low enough temperatures, only the contribution

from the shear viscosity will be important.
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5.7 Conclusions

In this work we studied the thermal conductivity of a dilute Fermi gas. Our main results

are summarized in Fig. (5.5). We observe that the thermal conductivity κ scales as

m1/2T 3/2 in the high temperature limit and as m1/2T
3/2
F (T/TF )

2 in the low temperature

limit. In the high temperature limit the Prandtl ratio is 2/3, but the Prandtl number

increases as the temperature is lowered. This, together with the fact that ∆cp = (cp −

cv)/cv decreases at low temperature, implies that the sound attenuation length in the

interesting regime Tc < T < TF is dominated by shear viscosity. In order to assess the

feasibility of measuring sound attenuation we consider the ratio of to the wavelength λ

of the sound wave to the sound attenuation length γ−1. We have

λγ =
4π√
3ξ

( k
kF

)(η
n

)[
1 +

3

4

∆cp
Pr

]
≃ 11.4

( k
kF

)(η
n

)
, (5.58)

where we have used ξ ≃ 0.44 and ∆cp/Pr ≃ 0. A rough estimate of the minimum value

of η/n can be obtained by extrapolating the kinetic theory result down to T = Tc. We

get (η
n

)
min

≃ 45π3/2

64
√
2

(
Tc
TF

)3/2

≃ 0.15 . (5.59)

Finally, we can express k/kF in terms of the wavelength and the trap parameters. We

obtain

k

kF
=
Rz

λ

πβ2/3

(3N)1/3
, (5.60)

where Rz is the longitudinal cloud size, β = R⊥/Rz is the trap asymmetry, and N is

the number of particles. For the experiment reported in [130] we get k/kF ≃ 0.046 and

λγ ≃ 0.08. This implies that a measurement of the sound attenuation length is within

reach. Higher sensitivity can be achieved by using more elongated traps or smaller
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wavelengths.

There are a variety of improvements that need to be made once experimental data

become available. The most important is to replace the plane wave approximation which

is the basis of Eq. (5.58) by a more detailed calculation of the wave profile in a given

trap geometry. It will also be interesting to study attenuation of first and second sound

in the superfluid phase.
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Chapter 6

Viscosity Spectral Functions of the

Dilute Fermi Gas in Kinetic Theory

6.1 Introduction

The Kubo formula relates the shear viscosity to the zero momentum, zero frequency

limit of the retarded stress tensor correlation function. In this chapter we will study the

frequency and momentum dependence of this correlation function. We will focus on the

regime of high temperature and small frequency and momentum where the methods of

kinetic theory are applicable. Our study is motivated by several considerations. The first

observation is that the frequency and momentum dependence of the retarded correlator

encodes the time and distance scales over which the viscous contribution to the stress

tensor relaxes to the Navier-Stokes expression. These scales are important for under-

standing how hydrodynamics breaks down in the dilute corona of a trapped Fermi gas

[158, 116]. Kinetic theory predicts that in the dilute limit the shear viscosity is indepen-

dent of density. This leads to a difficulty in the analysis of experiments involving scaling
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flows in which the velocity field is linear in the coordinates. The Navier-Stokes equation

predicts that in this case the viscous stress tensor is a function of time, but constant in

space. As a consequence the dissipative force, which is proportional to gradients of the

stresses, vanishes and the dissipated heat, which is governed by the volume integral of the

square of the stress tensor, is infinite. This problem can be resolved if a finite relaxation

time for the dissipative stresses is taken into account. In this case the dissipative stress

tensor vanishes in the dilute corona, the dissipated heat is finite, and there is a viscous

force that counteracts the expansion of the system.

A second motivation is to understand the physics behind nearly perfect fluidity in

the unitary Fermi, in particular the question whether the unitary gas can be described

in terms of quasi-particles. In kinetic theory quasi-particles manifest themselves in terms

of a peak in the spectral function, but the quasi-particle peak may disappear in strong

coupling. The spectral function is accessible through the behavior of the euclidean cor-

relation function which can be computed in imaginary time Monte Carlo simulations. A

calculation of the spectral function in kinetic theory serves as a useful default model for

numerical calculations of the euclidean correlator.

This chapter extends and complements several recent studies of the transport prop-

erties of the dilute Fermi gas at unitarity. Calculations of transport coefficients in the

context of kinetic theory can be found in [128, 155, 105, 129, 159], and a quasi-particle

model is discussed in [160]. A diagrammatic calculation of the shear viscosity using the

Kubo formula is described in [161]. This chapter also studies the spectral function. A

sum rule for the spectral function of the stress tensor was proved in [162]. Related work

on dilute Bose gases can be found in [163], and first attempts to extend the AdS/CFT cor-

respondence to non-relativistic systems are described in [122, 123]. Finally, the spectral

function of the stress tensor in QCD is studied in [164, 165, 166, 167, 168].
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6.2 Preliminaries

The retarded correlation function of the stress tensor is defined by

Gijkl
R (ω,k) = −i

∫
dt

∫
dx eiωt−ik·xΘ(t)⟨[Πij(t,x),Πkl(0,0)]⟩ . (6.1)

A careful definition of the stress tensor Παβ(t,x) in terms of the Hamiltonian of the dilute

Fermi gas was given in [169, 161]. In the following, we only need the definition of the

stress tensor in terms of hydrodynamic and kinetic variables, see Sec. 6.3 and 6.4. The

spectral function is defined by

ρijkl(ω,k) = −2ImGijkl(ω,k) . (6.2)

In the following, we will focus on the longitudinal and transverse shear channels ρxyxy,

ρxzxz and ρzzzz where the z-direction is the direction defined by the external momentum

k. We will compute the retarded correlation function using linear response theory. The

external field that couples to the stress tensor is the metric gij(t,x). A formalism for

coupling an interacting theory of non-relativistic particles to an external metric in a

way that exhibits a non-relativistic version of general coordinate invariance was recently

developed in [138]. The response to a small perturbation gij(t,x) = δij +hij(t,x) around

the flat metric is given by

δΠij =
δΠeq

ij

δhij
hij − 1

2
Gijkl

R hkl (6.3)

where Πeq
ij is the expectation value of the stress tensor in equilibrium.
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6.3 Hydrodynamics

At very low frequency and momentum the retarded correlation function is governed

by hydrodynamics. The hydrodynamic limit provides an important constraint for the

kinetic description of the system. In this section we will derive these constraints in

the case of correlations functions of the stress tensor. We note that hydrodynamics

breaks down for frequencies ω ∼> (η/n)T and momenta k ∼> (η/n)(mT )1/2, where n is

the density and T is the temperature. In the unitary limit and in the vicinity of Tc we

have η/n ∼ 1 and the range of validity of hydrodynamics is very large. In the weak

coupling limit η ∼ (mT )1/2/a2, where a is the scattering length, and the range of validity

of hydrodynamics is much smaller.

In order to study linear response theory we consider hydrodynamics in a curved

background gij(x, t). Non-relativistic fluid dynamics in a non-trivial metric was studied

in [47]. The continuity equation and the equations of momentum and energy conservation

are given by

1
√
g
∂t (

√
gρ) +∇i

(
ρvi
)

= 0 ,

1
√
g
∂t
(√

gρvi
)
+∇jΠ

ji = 0 ,

1
√
g
∂t (

√
gρs) +∇i

(
ρsvi − κ

T
∂iT
)

=
2R

T
, (6.4)

where ρ = mn is the mass density, vi is the fluid velocity, and g = det(gij). The covariant

derivative of a vector field is given by ∇ivj = ∂ivj − Γk
ijvk, where Γk

ij is the Christoffel

symbol associated with gij. The stress tensor is

Πij = ρvivj + Pgij − σij, (6.5)
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where the viscous term, σij, is given by

σij = η
(
∇ivj +∇jvi + ġij

)
+

(
ζ − 2

3
η

)
gij

(
∇kv

k +
ġ

2g

)
. (6.6)

The dissipative function R is given by

2R =
η

2

(
∇ivj +∇jvi − 2

3
gij∇kv

k + ġij − 1
3
gij
ġ

g

)2

+ζ

(
∇iv

i +
ġ

2g

)2

+
κ

T
∂iT∂

iT, (6.7)

where κ is the thermal conductivity. We are interested in small deviations from equilib-

rium. For this purpose we write gij = δij + hij, and ρ = ρ0 + δρ, P = P0 + δP etc. and

linearize the equations in hij, vi, δP , δs, δρ and δT . After going to Fourier space we find

i

2
ωρ0h+ iωδρ+ ρ0(−ik)vz = 0 ,

iωρ0v
i + (−ik)δPδiz + ikσiz = 0 ,

iωρ0δs+
κk2

T
δT = 0 , (6.8)

where h = Tr(hij) and we have chosen the direction of k to be the z-axis. The fluctuations

in thermodynamic variables are related by thermodynamic identities. We will consider

δρ and δs to be the independent variable and use

δP =
∂P

∂ρ

∣∣
s
δρ+

∂P

∂s

∣∣
ρ
δs = c2sδρ+

∂P

∂s

∣∣
ρ
δs ,

δT =
∂T

∂ρ

∣∣
s
δρ+

∂T

∂s

∣∣
ρ
δT =

∂T

∂ρ

∣∣
s
δρ+

T

cV
δs , (6.9)

where cs is the speed of sound and cV is specific heat at constant volume.
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We can now solve for the hydrodynamic variables in terms of the external field hij and

compute Πij from Eq. (6.5). We then determine GR using Eq. (6.3). We are particularly

interested in the transverse shear correlators Gxyxy
R and Gxzxz

R , as well as the longitudinal

correlator Gzzzz
R . We find

Gxyxy
R = −iηω , (6.10)

Gxzxz
R = − iηω2

ω − ik2(η/ρ0)
, (6.11)

Gzzzz
R = − ω2ρ0(c

2
s + iωα)

ω2 − c2sk
2 − iωk2α

. (6.12)

We note that Gxzxz
R has a diffusive pole, where η/ρ0 is the momentum diffusion coefficient,

and Gzzzz
R has a sound pole where α is the sound attenuation coefficient,

αρ0 =
4

3
η + ζ +

κc2sk
2

ω2

(
1

cV
− 1

cP

)
. (6.13)

Finally, we can take the imaginary parts and compute the spectral functions. In the

Kubo limit k = 0, ω → 0 we find

lim
ω,k→0

ρT
2ω

= η , (6.14)

lim
ω,k→0

ρL
2ω

=
4

3
η + ζ , (6.15)

where T, L labels the transverse and longitudinal components of the spectral functions,

ρT = ρxyxy, ρxzxz and ρL = ρzzzz.
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6.4 Kinetic Theory in Curved Space

In this section we calculate the spectral function using kinetic theory in curved sapace.

The basic object in kinetic theory is the distribution function f(x,p, t) where f = f↑ = f↓.

The distribution function satisfies the Boltzmann equation. The kinetic equation in a

curved background can be found by starting from the Boltzmann equation in general

relativity [170, 171]

1

p0

(
pµ

∂

∂xµ
− Γi

αβp
αpβ

∂

∂pi

)
f(t,x,p) = C[f ] , (6.16)

where i, j, k are three-dimensional indices and µ, α, β are four-dimensional indices. In the

non-relativistic limit p0 ≃ m, Γi
00 ≃ 0, and Γi

0j ≃ 1
2
gikġkj [138]. We get

(
∂

∂t
+
pi

m

∂

∂xi
−
(
gilġljp

j + Γi
jk

pjpk

m

)
∂

∂pi

)
f(t,x,p) = C[f ] , (6.17)

We consider small deviations from equilibrium and write f = f0 + δf with f0(p) =

f0(p
ipjgij/(2mT )). We also write gij = δij + hij and linearize in hij and δf . We get

(
∂t +

pi

m
∂i

)
δf +

f0(1− f0)

2mT
pipj ġij = C[δf ] . (6.18)

We will solve the linearized Boltzmann equation by making an ansatz for δf . We go to

Fourier space and restrict ourselves to quadratic terms in p and write

δf(ω,k,p) = ωf0(1− f0)
pipj

2mT

ξTh
T
ij + ξLh

L
ij

ω − vp · k+ iϵ
, (6.19)
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where ξT,L = ξT,L(ω,k) and

hTij = hij −
1

3
δijh , hLij =

1

3
δijh . (6.20)

Using this ansatz the LHS of the linearized Boltzmann equation becomes

LHS =
iωf0(1− f0)

2mT

{
(ξT + 1)pipjhTij + (ξL + 1)pipjhLij

}
. (6.21)

The RHS of the Boltzmann equation involves the linearized collision integral

RHS =

∫
dΓ234 r(1, 2; 3, 4)

ω

2mT

[
gij(p1) + gij(p2)− gij(p3)− gij(p4)

] (
ξTh

T
ij + ξLh

L
ij

)
,

(6.22)

where we have defined gij(q) ≡ gij(q;ω,k) = qiqj/(ω − vq · k + iϵ) and we have la-

beled the momenta such that p1 = p. We have also defined the phase space mea-

sure dΓ234 = dΓ1dΓ2dΓ2 with dΓi = d3pi/(2π)
3 and the transition rate r(1, 2; 3, 4) =

w(1, 2; 3, 4)D(1, 2; 3, 4). The factor D(1, 2; 3, 4) contains the distribution functions

D(1, 2; 3, 4) = f0(p1)f0(p2) (1− f0(p3)) (1− f0(p4)) , (6.23)

and w(1, 2; 3, 4) is the collision probability

w(1, 2; 3, 4)dΓ34 = vrel

(
dσ

dΩ′

)
dΩ′ . (6.24)

Here, vrel = |v1 − v2| is the relative velocity, dΩ′ is the solid angle along 2q′ = p3 − p4

and (dσ)/(dΩ′) is the differential cross section. We also define 2q = p1 − p2 where

|q| = |q′|. We will consider a dilute Fermi gas in which the scattering amplitude is
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completely characterized by the s-wave scattering length a. The differential cross section

is

dσ

dΩ′ =
1

4π

a2

1 + a2q2
. (6.25)

In order to solve for ξT,L we will take moments of the linearized Boltzmann equation.

The quadratic moments of the LHS are given by

Lab =

∫
dΓp

iωf0(1− f0)

2mT
papbpipj

∑
T,L

hT,Lij (ξT,L + 1) , (6.26)

where Lab = Lab(ω,k). The moments of the RHS are given by

Rab =
ω

2mT

∫
dΓtot r(1, 2; 3, 4) p

a
1p

b
1

[
gij(p1) + gij(p2)− gij(p3)− gij(p4)

]∑
T,L

ξT,Lh
T,L
ij

=
ω

2mT

∫
dΓtot r(1, 2; 3, 4)

[
pa1p

b
1 + pa2p

b
2 − pa3p

b
3 − pa4p

b
4

]
gij(p1)

∑
T,L

ξT,Lh
T,L
ij

=
2ω

m2T

∫
d3pd3q

(2π)6
dΩq′

a2q

1 + a2q2
D2↔2

(
qaqb − q′aq′b

)
gij(p1)

∑
T,L

ξT,Lh
T,L
ij , (6.27)

with D2↔2 = D(1, 2; 3, 4) and Rab = Rab(ω,k).

6.4.1 Transverse Channel

We can now determine ξT,L by solving Lab = Rab. We begin by considering hxy = hyx ̸= 0

with all other components of hij vanishing. In this case h = 0 and only ξT contributes.
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We find

Lxy =

∫
dΓp

iωf0(1− f0)

2mT
(ξT + 1) pxpypipjhTij

=
iω (ξT + 1)hxy

30π2mT

∫
dp p6f0(1− f0)

≡ iω (ξT + 1)hxy
15

Ixy (6.28)

and

Rxy =
2ωξThxy
m2T

∫
d3pd3q

(2π)6
dΩq′

a2q

1 + a2q2
D2↔2 (qxqy − q′xq′y) gij(p1)

=
2ωξThxy
π3mT

∫
dp dq dα dβ

a2q

1 + a2q2
D2↔2

p2q2qxqyqxqy

2mω − pkα− 2qkβ + iϵ
≡ ωξThxy

15
Cxy .(6.29)

Setting Lxy = Rxy gives

ξ
(xy)
T (ω,k) = − Ixy

Ixy + iCxy(ω,k)
. (6.30)

The superscript (xy) indicates that we have obtained ξT by projecting on the Πxy channel.

In the limit k → 0 our ansatz Eq. (6.19) is complete, and there is no dependence on the

channel. At finite k, however, additional tensor structures in Eq. (6.19) are possible and

there is some dependence of ξL,T on the channel.

In kinetic theory the stress tensor is given by

δΠij = 2

∫
d3p

(2π)3
pipj

m
δf , (6.31)
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where the factor 2 is the spin degeneracy. Using the ansatz Eq. (6.19) we get

δΠxy =
ωξ

(xy)
T hxy
mT

∫
d3p

(2π)3
f0(1− f0)

pxpypxpy

mω − pzk + iϵ
≡ ξ

(xy)
T hxyJxy . (6.32)

We can now extract the retarded correlation function and the spectral function using

Eq. (6.3) and Eq. (6.2). We find

ρxyxy(ω,k) = 2Im
(
ξ
(xy)
T (ω,k)

)
Re
(
Jxy(ω,k)

)
+ 2Re

(
ξ
(xy)
T (ω,k)

)
Im
(
Jxy(ω,k)

)
. (6.33)

In general the functions Cxy and Jxy have to computed numerically. The limit k → 0

can be studied analytically. We may consider two cases. In the free case the collision

integral Cxy vanishes and ξT = −1. The spectral function is then given by ρxyxy(ω,k) =

−2Im Jxy(ω,k). The function Jxy(ω,k) can be computed analytically for all values of ω

and k. The collisionless spectral function is

ρxyxy(ω,k)

2ω
=

1

16π

(2mT )2

k
Li2

(
ζ−1
F exp

(
−mω2

2Tk2

))
, (6.34)

where Li2(x) is a polylogarithm and ζF = exp(−µ/T ) is the fugacity. In the limit k → 0

we find

lim
k→0

ρxyxy(ω,k)

2ω
=
ε

3
πδ(ω) , (6.35)

where ε is the energy density

ε = 2

∫
d3p

(2π)3
f0
p2

2m
. (6.36)

At finite momentum the delta function is spread out over the regime ω ∼< |k|(T/m)1/2. In

the collisional case we find that in the limit k → 0 the collision integral is real and scales
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as Cxy(ω,k → 0) ∼ 1/ω. This means that the spectral function is dominated by the

Im(ξ
(xy)
T (ω,k))Re(Jxy(ω,k)) term. We also find that in this limit Re(Jxy) ≃ Ixy/(15m).

This implies that

η(ω) ≡ lim
k→0

ρxyxy(ω,k)

2ω
=

I2xy
15mω

Re(Cxy(ω,0))

I2xy +Re(Cxy(ω,0))2
. (6.37)

The zero frequency limit is

η ≡ lim
ω→0

η(ω) =
I2xy

15mωRe(Cxy(ω,0))
=

15(mT )3/2

32
√
π


1 a→ ∞

1/(3mTa2) a→ 0

, (6.38)

where in the last step we have evaluated the integrals in the high temperature limit. This

result agrees with the hydrodynamic limit given in Eq. (6.10) and the known formula for

the shear viscosity of a dilute Fermi gas in kinetic theory [128]. We can now write the

frequency dependence as

η(ω) =
η

1 + ω2τ 2
(6.39)

where τ = Ixy/(ωRe(Cxy)) = 15mη/Ixy is a relaxation time. In the high temperature

limit τ agrees with the result obtained in [158]. We can also evaluate the sum rule

1

π

∫ ∞

0

dω η(ω) =
η

2τ
=

Ixy
30m

=
ε

3
. (6.40)

We note that the sum rule agrees with the integral of the free spectral function given in

Eq. (6.35). The sum rule also agrees with the general sum rule obtained in [162] if we take

account the fact that kinetic theory does not reproduce the short distance contribution

η(ω) ∼ C/
√
mω, where C is Tan’s contact [172].
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Figure 6.1: Stress tensor spectral functions in the xy and xz channels. We plot the
spectral function ρ(ω, k) normalized to the value in the Kubo limit, ρ(ω → 0, 0) = 2ηω,
as a function of ω/T for different values of k̄ = k/(2mT )1/2 and T/TF . The panels on the
left show the result for kFa = 0.1, which corresponds to weak coupling, and the panels
on the right show the spectral function close to unitarity, for kFa = 100.

The spectral function in the xz channel can be computed in the same fashion. The

spectral function ρxzxz(ω,k) is given by Eq. (6.33) with the obvious replacement (xy) →

(xz). In the Kubo limit we find

lim
ω,k→0

ρxzxz(ω,k)

2ω
= η (6.41)

as expected from hydrodynamics, see Eq. (6.11). Numerical results for the spectral

function in the xy and xz channel are shown in Fig. 6.1. We consider two different
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scattering length, one corresponding to weak coupling, kFa = 0.1, and one close to

unitarity, kFa = 100. We plot the spectral function as a function of ω/T for several

values of k̄ = k/
√
2mT and T/TF .

We first discuss ρxyxy(ω,k). At zero momentum the spectral function normalized to

2ηω is a Lorentzian with a width proportional to 1/η. This implies that the peak in

the spectral function is narrow in weak coupling, but very broad in strong coupling. As

the momentum k grows the width of the peak increases and it becomes less sensitive

on the strength of the coupling. In this regime the spectral function is close to the free

spectral function. We also find numerically that the spectral function satisfies the sum

rule Eq. (6.40) even at non-zero momentum k. In the xz channel the normalized spectral

function ρxzxz(ω,k)/(2ηω) vanishes in the limit ω → 0 for any non-zero value of k. For

k = 0 the normalized spectral function approaches unity as ω → 0. This is in agreement

with the hydrodynamic prediction Eq. (6.11). We find that the spectral function has a

peak which, like the peak in the xy channel, corresponds to a diffusive mode. The width

of the mode is controlled by k except in the limit of small momenta where the width is

controlled by the shear viscosity.

6.4.2 Longitudinal Case

In this section we study the longitudinal spectral function ρzzzz(ω,k). The calculation is

more involved because both ξT and ξL contribute. We consider a perturbation hzz ̸= 0

with all other hij = 0. In this case hLij =
hzz

3
δij and h

T
zz = hij−hzz

3
δij = −hzz

3
diag(1, 1,−2).

The LHS of the Boltzmann equations is Lzz = Lzz
T + Lzz

L with

Lzz
T,L =

∫
dΓ

iωf0(1− f0)

2mT
(ξT,L + 1)pzpzpipjhT,Lij ≡ iω(ξT,L + 1)hzz

3
IzzT,L . (6.42)
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The collision integrals can be written as

Rzz
T =

2ωξT
m2T

∫
d3pd3q

(2π)6
dΩq′ D2↔2

a2q

1 + a2q2
(qzqz − q′zq′z) gij(p1)h

T
ij

= − ωξThzz
12π3mT

∫
dp dq dα dβ D2↔2

a2q

1 + a2q2
p2q4

(β2 − 1
3
)(p2(1− 3α2)− 8pqαβ + 4q2(1− 3β2))

2mω − pkα− 2qkβ + iϵ

≡ ωξThzz
3

Czz
T , (6.43)

Rzz
L =

2ωξT
m2T

∫
d3pd3q

(2π)6
dΩq′ D2↔2

a2q

1 + a2q2
(qzqz − q′zq′z) gij(p1)h

L
ij

= −ωξLhzz
3π3mT

∫
dp dq dα dβ D2↔2

a2q

1 + a2q2
p2q4

(β2 − 1
3
)(p2/4 + pqαβ + q2)

2mω − pkα− 2qkβ + iϵ

≡ ωξLhzz
3

Czz
L . (6.44)

We can now solve for ξT,L. We find

ξ
(zz)
T,L (ω,k) = −

IzzT,L
IzzT,L + iCzz

T,L(ω,k)
. (6.45)

The zz component of the stress tensor is given by

δΠzz = 2ω

∫
d3p

(2π)3
f0(1− f0)

pzpz

m

pipj

2mT

ξ
(zz)
T hTij + ξ

(zz)
L hLij

ω − vp · k+ iϵ

=
ωhzz

12π2mT

∫
dp dα

f0(1− f0)p
6α2

mω − pkα + iϵ

[
ξ
(zz)
T (3α2 − 1) + ξ

(zz)
L

]
≡ ωhzz

(
ξ
(zz)
T (ω,k)Jzz

T (ω,k) + ξ
(zz)
L (ω,k)Jzz

L (ω,k)
)
. (6.46)

We can now extract the retarded correlators and the spectral function using Eq. (6.3)

and Eq. (6.2). We get

ρzzzz(ω,k)

2ω
= Im

(
ξ
(zz)
T (ω,k)Jzz

T (ω,k) + ξ
(zz)
L (ω,k)Jzz

L (ω,k)
)
. (6.47)
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Figure 6.2: Viscosity spectral function in the zz channel. We plot the spectral function
ρ(ω, k) normalized to the value in the Kubo limit, ρ(ω → 0, 0) = 8

3
ηω, as a function of

ω/T for different values of k̄ = k/(2mT )1/2 and T/TF .

The result again simplifies in the limit k → 0. In the collisional case we find that the

function J is dominated by its real part. Also, one can show that the k → 0 limit of

Re(Czz
L ) = 0 and therefore Im(ξ

(zz)
L ) = 0. We find

lim
k→0

ρzzzz(ω,k)

2ω
= lim

k→0
Im
(
ξ
(zz)
T (ω,k)

)
Re
(
Jzz
T (ω,k)

)
=

IzzT Re(Jzz
T (ω,0))

(IzzT )2 +Re(Czz
T (ω,0))2

(6.48)

The transverse and longitudinal integrals that we have done are obviously related to each

other. In the limit k → 0 we have

IzzT =
2

15
Ixy Jzz

T (ω,0) =
4

3
Jxy(ω,0) =

4

45mω
Ixy Czz

T =
2

15
Cxy . (6.49)

This shows that as k → 0 the ansatz Eq. (6.19) is complete and ξ
(zz)
T (ω) = ξ

(xy)
T (ω). We

can also show that

lim
ω,k→0

ρzzzz(ω,k)

2ω
=

4

3
η . (6.50)
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Comparing this result with the hydrodynamic prediction (6.12) we find that the bulk

viscosity ζ vanishes. This follows from scale invariance at unitarity [47]. The fact that

we also find ζ = 0 away from unitarity is related to the fact that we only take into account

elastic 2 ↔ 2 collisions. Numerical results for ρzzzz(ω,k) normalized to the hydrodynamic

limit 8
3
ωη are shown in Fig. 6.2. We observe that the spectral function shows a sound

peak at ω = csk. At the largest temperature considered, T/TF = 3, the speed of sound

differs from the asymptotic high temperature value c2s = (5T )/(3m) by about 10%. The

width of the sound peak is close to that of the free spectral function. This is at variance

with hydrodynamics which predicts that the sound peak is narrow in strong coupling,

and in the limit of small momentum. At zero momentum hydrodynamics predicts that

ρ(ω)/ω is constant. Higher order effects will turn this part of the spectrum into a broad

peak with a width inversely proportional to the relaxation time. This implies that at

small momentum we expect a narrow peak with a width proportional to (k/cs)(η/ρ)

superimposed on a broad peak with a width proportional ε/(Tη). Our ansatz correctly

reproduces the k → 0 limit as well as the existence of a sound peak, but it appears to be

too simple to reproduce the two-peak structure at small k.

6.5 Summary and Discussion

We have computed the viscosity spectral function using kinetic theory in a non-trivial

background metric. We find that a simple quadratic ansatz for the non-equilibrium dis-

tribution function δf satisfies the main constraints on the spectral function, in particular

the existence of a diffusive peak and a sound peak (although it misses the interplay be-

tween these two features in the longitudinal channel), the correct Kubo limit, and the

viscosity sum rule. Kinetic theory misses the non-analytic high frequency tail of the
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spectral function η(ω) ∼ C/
√
mω. We find that the width of the diffusive peak at zero

momentum is inversely proportional to the viscosity. This implies that the relaxation

time for the shear stress is τ ≃ 3η/(2ε), in agreement with [158]. We also find that

at large momentum the spectral function is close to the free spectral function, and the

width of the transport peak is of order k(T/m)1/2.

There are at least two important questions that we have not addressed in this chapter.

The first is a systematic matching to second order hydrodynamics. For this purpose it is

important to understand the structure of second order hydrodynamics in the conformal

limit along the lines of the analysis in the relativistic case performed in [173]. The

second is a detailed study of the imaginary time correlation functions, with an emphasis

on finding the optimal strategy for extracting transport coefficients from Quantum Monte

Carlo calculations. The main difficulty is that the imaginary time correlation function

is mainly sensitive to the spectral weight of the transport peak, and that the sum rule

implies that the weight is independent of the shear viscosity. This problem can be

addressed by utilizing the information contained in the momentum dependence of the

correlation function, and by considering not only the shear channel but also the sound

channel [164, 167].
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Chapter 7

Outlook

Strictly speaking, the kinetic approach is applicable only to rarefied gas and not reliable

in practice for calculating the transport coefficients for finite density systems. To address

a dense and strongly coupled system, it is conceivable that, one reasonable approach is

taking into account the three or four bodies interactions. Another issue is the problem

of extending hydrodynamic theories to include dissipative terms beyond first order in

gradients of velocity and temperature. Both methods have been received a great accom-

plishment in recent works [55, 138, 174, 175]. In this chapter, we will briefly introduce

some newly developments in these two approaches.

7.1 Three Body Interaction

In dilute gas, as we have showed, both the shear viscosity and thermal conductivity are

independent of density. This is because that the Boltzmann equation is the lowest order

approximation of the BBGKY hierarchy equation and does not contain the information

of multiple collisions. To know the density dependence of the transport coefficients,
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Figure 7.1: Genuine triple collisions (a) and ring collisions: recollision (b), cyclic (c) and
hypothetical (d) collision [10].

according to Eq. 3.6, we must go to the second equation, which involved in three body

collisions. We write the second sequence of BBKGY equation again,

(
∂

∂t
+ v1 · ∇r1 + F1 · ∇p1 + v2 · ∇r2 + F2 · ∇p2 +

1

2
K12 · (∇p1 −∇p2)

)
f2(p2, r2, t)

= −
∫

dΓ3 (K13 · ∇p1 +K23 · ∇p2) f3(p1, r1,p2, r2,p3, r3, t) (7.1)

The basic assumption to obtain a higher accurate but truncated kinetic equation is,

f3(p1, r1,p2, r2,p3, r3, t) = f0
1 f

0
2 f

0
3

f2(p2, r2, t) = J12f
0
1 f

0
2 +

∫
dΓ3 (S123 − J12J23 − J12J13 + J12) f

0
1 f

0
2 f

0
3 (7.2)
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where J12 accounts for pair collision, S123 is the genius triplet correlation and all other

higher terms have been neglected. It is an important new result, that generalizes the

Boltzmann equation to include triple collisions [50, 65]. Note that the function J12 and

J23 are noticeable different from zero only within the range of interaction, r0. It leads to

a straightness estimation that the order of correction is ∼ r30. Substituting the expression

of f2 and f3, we have the transport equation in the form

∂f

∂t
+ v · ∂f

∂r
= C(2)[f ] + C(3)[f ] (7.3)

where we ignore the script of 1 because of the closure. And

C(2) =

∫
dΓ2J12f

0
1 f

0
2

C(3) =

∫
dΓ2dΓ3 (S123 − J12J23 − J12J13 + J12) f

0
1 f

0
2 f

0
3 (7.4)

For example, in a hard sphere model, assuming the short repulsive potential range is

d. It is instructive to analyze the different types of contributions from S123, illustrated

in Figure 7.1 [10]. They contain genuine triple collisions, where three particles are simul-

taneously in each others interaction sphere. Once they have collided, the particles will

separate and never re-collide again in the relaxation time scale. In hard sphere systems,

where interactions are instantaneous, this term is quite small. Moreover, S123 contains

sequences of two uncorrelated successive binary collisions (12) (13) and (12) (23). Such

collisions have already been accounted for in the Boltzmann collision term J12. So, they

are subtracted out from the possible sequences of binary collisions among three particles

in Eq. 7.4. Finally S123 contains sequences of three correlated successive binary colli-

sions, such as the recollision (12)(13)(12) and the cyclic collision (12)(23)(13), generally
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referred to as ring collisions. In the model of hard spheres, the density expansion of the

shear viscosity and thermal conductivity is given by [176]

κ = κ0(1 + 1.2nd3), η = η0(1 + 0.35nd3) (7.5)

where κ0 and η0 is the low density Boltzmann result and n is the particle density.

7.2 Higher Order of Dissipative Fluid Dynamics

To date, the most commonly used second-order dissipative fluid dynamics are introduced

by Israel and Stewart [52, 53, 54], based on the Grad’s momentum expansion method.

This theory does not have the unphysical problems that are encountered in the first order

theory of relativistic fluids. In recent years, theoreticians have begun to apply this theory

for the description of collective flow in heavy-ion collisions [55, 177, 117, 178]. On the

other hand, the Müller-Israel-Stewart theory could miss some terms of second order in

gradients. A variation of the second order approaches have been built up to classify all

possible terms completely.

7.2.1 Results from Baier-Romatschke-Son-Starinets-Stephanov

An elegant way of obtaining T µν builds upon the conformally invariant theories [173],

the action S[ϕ, gµν ], viewed as a functional of the external metric gµν . gµν is invariant

under local dilatations, or Weyl transformations:

gµν → e−2ωgµν (7.6)
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where ω is the function of space-time coordinates. Rescaling in four dimensions, if the

energy momentum tensor T µν under Weyl transformations

T µν → e(d+2)ωT µν (7.7)

and T µ
µ = 0, therefore, the hydrodynamic equation ∇µT

µν = 0 is Weyl invariant. If

one assumes that the conformal invariance is preserved throughout the evolution of the

system, conformal invariance imposes a constrain on the dissipative terms, formed by

less than d derivatives, which here d = 4.

It is easy to check that the 1st order N-S equation satisfy this constraint automatically.

Firstly, the traceless condition forces ζ = 0, the only viscous term is the shear viscosity

and velocity tensor transform as ∇µuν → e3ω∇µuν . Secondly, η = const · T d−1 in a

conformal fluid. Therefore, the shear stress tensor transforms as

πµν → e6ωπµν (7.8)

To find all possible 2nd order contributions to T µν , ones directly add 2nd order

derivatives which satisfying the conformal constraint Eq. 7.7 and employ the first order

equation

D lnT = − 1

d− 1
(∇⊥ · uµ) , Duµ = −∇µ

⊥ lnT (7.9)

to convert temporal derivatives (D = uµ∇µ) into spatial (∇µ
⊥ = ∆µα∇α). Additionally,

tensor Πµν
2 is symmetric, transverse, uµΠ

µν
2 = 0 and traceless, gµνΠ

µν
2 = 0 for a comformal

fluid. The authors point out: the last two constraints allow for 8 possible 2nd order
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corrections:

D⟨µ ln εDν⟩ ln ε, D⟨µDν⟩ ln ε D⟨µuν⟩(∇αu
α), P µν

αβ∇
⟨αuγ⟩gγδ∇⟨δuβ⟩,

P µν
αβ∇

⟨αuγ⟩gγδΩ
βδ, P µν

αβΩ
αγgγδΩ

βδ, uγR
γ⟨µν⟩δuδ, R⟨µν⟩ (7.10)

where Rαµνβ is the Riemann tensor, Rµν is the Ricci tensor and Ωµν is the vortex tensor.

However, only 5 combinations of the above terms transform homogeneously under Weyl

transformation. This determines the form of the 2nd order dissipative terms, creating 5

independent new constant. Thus, the final expression , up to second order in derivatives,

is

Πµν = −ησµν − τΠ

[
⟨DΠµν⟩ +

d

d− 1
Πµν(∇ · u)

]
+κ
[
R⟨µν⟩ − (d− 2)uαR

α⟨µν⟩βuβ
]

+
λ1
η2

Π
⟨µ
λ Πν⟩λ − λ2

η2
Π

⟨µ
λ Ων⟩λ + λ3Ω

⟨µ
λ Ων⟩λ (7.11)

Note that the κ term is related to curved spaces and vanishes in flat space.

The conformal symmetry constraint approach provides the general form of the 2nd

order viscous equations, however, it does not give the 2nd order coefficients τπ, κ, λ1, λ2

and λ3. Ones must determine them through explicit calculation. Such calculations were

performed for weakly coupled QCD by York and Moore. We summarize their results in

the next section.

7.2.2 Results from York-Moore

In the framework of kinetic theory, M. York and G. Moore [174] compute these second-

order hydrodynamic coefficients in QCD to leading order in the weak coupling expansion.
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They set up from the kinetic theory

2P µ∂µf
a(x,p) = −C[f ] (7.12)

where p0 = Ep =
√

p2 +m2 in terms of the on-shell condition. Using λ to keep track of

the order in derivatives, the Boltzmann equation can be written as:

f(x,p) = f0 + λf1 + λ2f2 + ... (7.13)

f0 is the equilibrium distribution function which fixed by the condition C[f0] = 0. The

L.H.S of the Boltzmann equation has an explicit derivative so it starts at O(λ). In

contrast to the collision operator was expanded to the first order before, here one has,

2P µ∂µf1(x,p) = −C11[f1]− C1;M1 [f1]− C1[f2] (7.14)

where C11 is the collision operator expanded to quadratic order in terms of f1, C1[f2] is

the collision operator expanded to first order in f2, and C1;M1 [f1] is the collision operator

expanded to first order in f1 with the scattering matrix element also expanded to first

order in f1, all other higher terms have been neglects, including term C2
1;M1

[f1], which

will be higher order in the gauge coupling.

It is enough to consider the components in f2 which contribute to the viscous stress-

energy tensor, i.e. the departure source of spherical harmonic number l = 2. In the

expression Eq. 7.14, it is obviously to show f1 determining the terms of f2. The expression

of f1 has been derived in literature. For weakly coupling QCD, one can refer the work,

shown as,

f1(p) = pµpν
σµν
2
β3χ(−βu · P ) (7.15)
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where β ≡ 1/T , σµν is the shear viscosity tensor and χ is a dimensionless function which

remains to be determined. The definition of the temperature and velocity have been

fixed to the first order λ under the relationship

uµ∂µβ =
β

3
∆µν∂µuν

∆ναuµ∂µuα =
1

β
∆να∂αβ (7.16)

After carefully evaluating, all the related second order terms are listed below:

2pµ∂µf1 term

Πij,2 order ⊃ β4

30π2

(
∂tσij +

1

3
σij∂ku

k − σikσ
k
j − 2σikΩ

k
j

)∫
p

p5χ(p)χ̃(p)

−4β5

105

(
σikσ

k
j −

δijσklσ
kl

3

)∫
p

p6χ(p)χ̃(p) (7.17)

where the first term leads a negative coefficient to λ1. However, the second term con-

tributes to λ1 positively and the magnitude dominates all contributions to λ1 in weakly

coupling QCD. Besides, the first term is the sole contributor to the term τπ and λ2 with

the fixing relation λ2 = −2ητπ.
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C11[f1] term

Πij,2 order ⊃ 1

35

(
σikσ

k
j −

δijσklσ
kl

3

)(
3xpkxpp′xpk′ − x2pk − x2pp′ − x2kp′ +

2

3

)
×
∫

dΓpkp′k′|M|2
{
χ(p)χ(p)χ(k)f0(p)f0(k)(e

(p+k)/T ) + 5perm.terms
}

(7.18)

where xpk is angle between the momentum p and k. Obviously, this term can be classified

as a source of λ1 evaluated precisely together with results of first order. For 3 flavor QCD,

the C11 contribution to λ1 varies between −0.18 at weak to −0.45 at stronger coupling.

This contribution could be positive in the toy model of λϕ4 theory, ∼ +0.0372.

C1;M1 contribution

Expand the matrix element as well:

M[f ] = M[f0] + λ

∫
r

f1(r)
dM[f ]

df(r)
+O(λ2) (7.19)

Therefore the O(λ) correction to M first gives rise to a nonzero effect at second order in

λ.

Πij,2 order ⊃ Aabσrs
29π5

∫
dΓpkp′k′χij(p)(M0M1 +M0M1)

× [χrs(p) + χrs(k)− χrs(p
′)− χrs(k

′)] (7.20)

where M1 is a function in terms of σij, Aab is 16d2fn
2
fC

2
f/dA for fermion-fermion scat-

tering in a SU(Nc) gauge theory with nf fermions. It is 16dfnfCfCA for fermion-boson
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scattering and 4dAC
2
A for boson-boson scattering. This term is the third source which

lead a contribution to λ1. However, even though the scatters are enhanced via soft gluon

exchange, the numerical simulation demonstrate that its contribution to λ1 is quite small,

never exceeding 0.003 for 3-flavor QCD and 0.0003 for pure gluon QCD.

Table 7.2.2 summarizes the results for strongly coupled N = 4 SYM theory in [173]

and for weakly coupled QCD given by York and Moore.

Coeffcients τπ λ1 λ2 λ3 κ

N = 4 SYM 2−ln 2
2πT

η
2πT

− ln 2η
πT

0 η
πT

Kinetic Theory 5.0∼5.9
T

η
s

4.1∼5.2
T

η2

s
−2ητπ 0 O(g−4)T 2

7.2.3 Results from Denicol-Koide-Rischke

In the work [175] of Denicol-Koide-Rischke, the authors rederive the equations of motion

of dissipative relativistic fluid dynamics from kinetic theory. The original relativistic

Boltzmann equation is written as

pµ∂µf = C[f ] (7.21)

To derive the equations of motion for the dissipative currents, Israel and Stewart use the

second momentum of the Boltzmann eqaution

pµpνpλ∂µf = pνpλC[f ] (7.22)

The expression of f is expanded to second momentum and then truncated by an ansatz

of 14 moments approximation. After integrating out both hands, the equations of motion

are obtained by the projections uνuλ∂µ⟨pµpνpλ⟩, ∆α
λuν∂µ⟨pµpνpλ⟩ and ∆αβ

νλ∂µ⟨pµpνpλ⟩ on

the both sides of Boltzmann equation. These equations determine the time evolution of
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Π, nµ and πµν through their comoving derivatives.

In contrast with above procedures, the authors directly use the definition of comoving

derivatives, where

Π̇ = −m
2

3

∫
dΓδḟ

ṅµ =

∫
dΓpµδḟ

π̇µν =

∫
dΓpµpνδḟ (7.23)

with the expression of δḟ , where

δḟ = −ḟ0 −
1

u · p
p · ∇f +

1

u · p
C[f ] (7.24)

Therefore, the equation of motion of dissipative currents are obtained,

Π̇ = − Π

τΠ
− βΠθ − lΠn∂ · n− τΠnn · u̇− δΠΠΠθ − λΠn · ∇α0 + λΠππ

µνσµν

ṅµ = −n
µ

τn
+ βn∇µα0 − nνω

νµ − δnnn
µθ − lnΠ∇µΠ+ lnπ∆

µν∂λπ
λ
ν

+τnΠΠu̇
µ − τnππ

µ
ν u̇

ν − λnnn
νσµ

ν + λnΠΠ∇µα0 − λnππ
µν∇να0

π̇µν = −π
µν

τπ
+ 2βπσ

µν + 2πµ
αω

αν − τπnn
µu̇ν

+lπn∇µnν − δπππ
µνθ − τπππ

µ
ασ

να + λπnn
µ∇να0 + λπΠΠσ

µν (7.25)

And of course, the equations obtained via the two approaches are formally identical;

the only difference is in the coefficients. The authors show that, in the model of a

one-dimension massless Boltzmann gas, their coefficients simplify,

βπ =
4P0

5
, τ−1

π =
3

5
σP0β0, λ =

124

63
(7.26)
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which differ with the results from IS theory,

βπ =
2P0

3
, τ−1

π =
5

9
σP0β0, λ = 2 (7.27)

And the latter approach is better adapted than IS theory to capture the microphysics

contained in the Boltzmann equation.

7.3 Conclusion

Hydrodynamic picture is an excellent tool to explore the time evolution of strongly cou-

pled system at its initial time stage. However, considering a real physics system, the

validity of hydrodynamic equation is not only limited to sufficiently early times, but also

to sufficiently high density regions, for example, the low transverse momenta regions of

strongly coupled QGP; the dense core of trapped unitarity gas. Correspondingly, it is im-

portant for us to completely understand the conditions when hydrodynamics breakdown

and reduce to kinetic theory.

We have already know that, in kinetic theory, the two particle collisions are not

sensitive to the system density and lead to the density independent transport coefficients.

However, if the three body interaction is taken into account at moderated densities, it

effect an positive density dependent correction on the transport coefficients. The second

order hydrodynamics expand the gradients of temperature and velocity to higher orders;

introduce more undetermined transport coefficients and lead negative corrections on the

known transport coefficients, viscosity and thermal conductivity. It actually imposed an

important question: at the moderate densities, could we obtain the consistent limitation

of transport coefficients through these two approaches?
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Grad’s momentum expansion method and Chapman-Enskog expansions method are

served as the tools to accomplish the second order hydrodynamic equations under the

framework of kinetic theory. However, in contrast to the remarkable succusses of kinetic

theory in which recover the Navier-Stokes equation at the first order. One hasn’t ob-

tained the fully systematic formula which match the kinetic theory to the second order

hydrodynamics. At the end of this thesis, I would like to bring another interesting ques-

tion: is able to recover the second order hydrodynamics equation from the kinetic theory

which take into account the three body collisions?
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[112] T. Schäfer and D. Teaney. Nearly perfect fluidity: From cold atomic gases to
hot quark gluon plasmas. Rept. Prog. Phys., 72:126001, 2009. [arXiv:0904.3107
[hep-ph]].

[113] K. M. O’Hara, S. L. Hemmer, M. E. Gehm, S. R. Granade, and J. E. Thomas. Ob-
servation of a strongly-interacting degenerate fermi gas of atoms. Science, 298:2179,
2002. [cond-mat/0212463].
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Appendix A

A.1 Streaming Terms in the Boltzmann Equation

A.1.1 Superfluid Phonon

In this appendix we compute the quantity αp, which is related to the streaming terms

(the left-hand side) of the Boltzmann equation. We will use the dispersion relation for

the phonon given by

Ep = vp
(
1 + γp2

)
≡ vp

(
1 + ϵ

v2 p2

T 2

)
. (A.1)

The left-hand side of the Boltzmann equation can be written as

dfp
dt

=
∂fp
∂t

+ vp ·∇fp , (A.2)

where vp is the particle velocity. In local thermal equilibrium the time dependence of fp

arises from the time dependence of the local temperature and fluid velocity. We have

∂fp
∂t

=
f 0
p (1 + f 0

p )

T

(
Ep

T

∂T

∂t
+ p · ∂u

∂t

)
, (A.3)
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where we have used the fact that by going to the local rest frame we can set the local fluid

velocity (but not its derivatives to zero). We have also used that the number of phonons

is not conserved, and the phonon chemical potential is zero. The spatial derivatives can

be written as

vp ·∇fp =
f 0
p (1 + f 0

p )

T

(
Ep

T
vp ·∇T + vp ·∇(p · u)

)
. (A.4)

We can simplify these expressions using the Euler equation

∂u

∂t
= − 1

ρn
∇P = − 1

ρn

dP

dT
∇T (A.5)

where P is the pressure and ρn is the density of the normal component of the fluid which

is defined by

π = ρnu , (A.6)

where π is the momentum density of the fluid. We can now collect all terms that contain

a gradients of T . We find

dfp
dt

=
f0
p (1 + f0

p )

T

(
Ep

T
vp ·∇T − 1

ρn

dP

dT
p ·∇T

)
. (A.7)

Noting that vp = (vp/p)p and using our definition of αp in Eq. (4.57), we can write

αp =
Ep vp
p

− T

ρn

dP

dT
. (A.8)

The pressure of the phonon gas is given by

P = −T
∫
dΓ ln

(
1− e−Ep/T

)
, (A.9)
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leading to

dP

dT
=

1

3T

∫
dΓ(3Ep + vp p)f

0
p ≃ 2π2T 3

45v3

(
1− 60ϵπ2

7

)
, (A.10)

where we have kept terms up to linear order in ϵ. The effective mass density, defined in

Eq. (A.6), is given by

ρn =
1

3T

∫
dΓp2f0

p (1 + f0
p ) ≃

2π2T 4

45v5
(
1− 20ϵπ2

)
. (A.11)

Inserting these results into Eq. (A.8) we get

α(P )
p = 4ϵv2

[
v2 p2

T 2
− 20π2

7

]
. (A.12)

We note that αp = 0 for ϵ = 0. This result is consistent with Eq. (4.48). In the case of

phonons with an exactly linear dispersion relation, the LHS side (the streaming term)

of the Boltzmann equation is zero. The RHS (the collision term) is zero if δfp is a zero

mode of the linearized collision operator. The zero mode associated with momentum

conservation satisfies the constraints in Eq. (4.47) and, because of Eq. (4.48), gives a

vanishing thermal conductivity. For ϵ ̸= 0 both the LHS and the RHS are not zero, and

the corresponding solution of the linearized Boltzmann equation leads to a finite thermal

conductivity.

A.1.2 Massive Kaon

In this section we compute the streaming term for kaons. There are two important dif-

ferences as compared to the phonon case: kaons are massive, and they carry conserved

charges (hypercharge and isospin) which couple to chemical potentials. For simplicity

we consider only the neutral kaon, which couples to a single chemical potential (a linear
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combination of isopsin and hypercharge). We will also consider the limit of low temper-

ature, such that T ≪ m,µ, δm ≡ m − µ, where m ≡ mK and µ ≡ µK . The left-hand

side of the Boltzmann equation can be written as

dfp
dt

=
∂fp
∂u

· du
dt

+
∂fp
∂T

dT

dt
+
∂fp
∂µ

dµ

dt
+ vp · gradient terms (A.13)

The time derivatives of the temperature and the chemical potential can be converted to

spatial derivatives using the the continuity equation. These terms do not contribute to

the thermal conductivity. The derivative of the velocity field can be rewritten using the

Euler equation

du

dt
= − 1

ρK
∇P. (A.14)

where ρK is the mass density of the kaon fluid. Spatial derivatives of the velocity field

only contribute to the shear viscosity. The spatial derivative of the chemical potential

can be rewritten using the Gibbs-Duhem relation dP = ndµ+sdT , where n is the density

and s is the entropy density. We get

∇µ =
1

n
∇P − s

n
∇T . (A.15)

Collecting gradients of the temperature and pressure we find

dfp
dt

=

(
∂fp
∂T

− s

n

∂fp
∂µ

)
vp ·∇T +

(
vp

n

∂fp
∂µ

− 1

ρK

∂fp
∂u

)
·∇P . (A.16)
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At this point we need to specify explicit expressions for the thermodynamic quantities.

The pressure of an ideal gas of massive bosons is given by

P = −T
∫
dΓ ln

(
1− e−(Ep−µ)/T

)
. (A.17)

The entropy density, particle density, and mass density are

s =
1

3T

∫
dΓ f 0

p (3 (Ep − µ) + vpp) ≃
(
δm

T
+

5

2

)
n ,

n =

∫
dΓ f 0

p ≃
(
mT

2πv2

)3/2

e−δm/T ,

ρK =
1

3T

∫
dΓ p2 f 0

p (1 + f0
p ) ≃

m

v2
n , (A.18)

where we have given analytical results in the low temperature limit. We also need the

derivatives of the distribution function with respect to the thermodynamic quantities,

∂f

∂T
=

f0
p (1 + f0

p )

T

Ep − µ

T
∂f

∂µ
=

f0
p (1 + f0

p )

T

∂f

∂u
=

f0
p (1 + f0

p )

T
p. (A.19)

The coefficient of the ∇P term in Eq. (A.16) is given by

vp

n

∂f

∂µ
− 1

ρK

∂f

∂u
=
f 0
p (1 + f 0

p )

T

(
vp

n
− p

ρK

)
. (A.20)
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Using vp = v2p/Ep ∼ v2p/m we can see that vp/p ∼ v2/m. We can also show that

n/ρK = v2/m. This implies that the coefficient of ∇P is zero. The ∇T term is

df

dt
=

(
∂f

∂T
− s

n

∂f

∂µ

)
vp ·∇T =

f 0
p (1 + f 0

p )

T

(
Ep − µ

T
− s

n

)
vp ·∇T . (A.21)

We can then read off the coefficient αp. We find

α(K)
p =

v2

m

[
Ep − µ− Ts

n

]
≃ v4p2

2m2
− 5v2T

2m
. (A.22)

A.2 Orthogonal Polynomials

In this appendix we collect some explicit expressions for the orthogonal polynomials

Bs(p
2) introduced in section 4.7. The starting point is Eq. (4.68)

∫
dΓf0

p (1 + f 0
p )p

2Bs(p
2)Bt(p

2) ≡ Asδst , (B.23)

together with B0 = 1. We write

B0 = 1

B1 = p2 + c10

B2 = p4 + c22p
2 + c20

B3 = p6 + c34p
4 + c32p

2 + c30
...

, (B.24)
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and iteratively determine the coefficients cst. For example, we find

c10 =

 −20π2T 2

7v2
phonons,

−5mT
v2

kaons.
(B.25)

which implies that B1 ∝ αp. This relation plays a role in ensuring the consistency of the

linearized Boltzmann equation. The variational function g(p) = B0 is a zero mode of the

linearized collision operator. We already showed that a term g(p) ∝ B0 is eliminated by

the constraints, Eq. (4.48), and that it does not contribute to the thermal conductivity.

The collision operator acting on any function g(p) is orthogonal to B0, because B0 is

a zero mode, and the collision operator is hermitean. This implies that the streaming

term must be orthogonal to B0 also. The streaming term is proportional to αp, and

orthogonality to B0 follows from the relation αp ∝ B1.

The final result for the thermal conductivity requires the normalization constant A1.

Using the result for B1 we get

A1 =

∫
dΓ f 0

p (1 + f 0
p )p

2(p2 + c10)
2 =


256π6

245v9
T 9 phonons,

15
32π3/2

(
2mT
v2

)9/2
e−δm/T kaons.

(B.26)
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Appendix B

B.1 Trial Functions

We expand on the definitions of the trial funcion polynomials as defined in Eq. (5.32),

A(F,H)
s δst =

∫
dx f 0(x)(1± f 0(x))x4B(F,H)

s (x2)B
(F,H)
t (x2) . (A.1)

where

B(F,H)
s (x2) = x2s +

s−1∑
i=0

a
(F,H)
si x2i (A.2)

such that B
(F,H)
0 (x2) = 1. Defining

c(F,H)
n =

∫
dx f 0(x)(1± f 0(x))x4+n, (A.3)
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we see that A0 = c0. We can then proceed to find

a10 = −c2/c0 (A.4)

a20 = (c2c6 − c24)/(c0c4 − c22)

a21 = (c0c6 − c2c4)/(c0c4 − c22)

...

We can then calculate that

A1 = c4 − c22/c0 (A.5)

Evaluating the integrals for cn in the two cases of fermions with Ep = p2/(2m) and

phonons with Ep = vp, we find

AF
1 =

512

245
π8 (A.6)

AH
1 = 1.31152,

which we can then use to evaluate the expressions for the thermal conductivity.

B.2 Thermodynamic Properties

B.2.1 Virial Expansion

In the high temperature limit, T ≫ TF , it is convenient to use a virial expansion to

rewrite the pressure and other thermodynamical quantities, such as cV and cP . We begin
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with an expansion of the pressure as,

P (µ, T ) =
νT

λ3

∞∑
l=1

blz
l (B.7)

where λ =
√
2π/mT is thermal wave length, ν is the egeneracy factor and z = eµ/T is

the fugacity. b1 is 1 always (and corresponds to the ideal gas), but we are interested in

the first-order corrections which have been previous calculated, [?, 139]. There are two

sources for b2; one is from quantum corrections to the classical statistics, which becomes

important as nλ3 ∼ 1; another one is related to atomic interaction. The correction of

due to quantum statistics is

b0l =


l−

5
2 for ideal Bose gas

(−1)l+1l−
5
2 for ideal Fermi gas

(B.8)

From the standard cluster expansion, we can write down the expression of the effect

of due to non-zero scattering length,

b2 − b02 =
√
2
∑
n

(e−ϵn/T − e−ϵ0n/T ) (B.9)

where ϵn is the energy spectrum for the interacting system in the center of mass frame

and ϵ0n is the energy for the non-interacting system. This has been calculated in Ref. [139]

as

b2 − b02 =


1√
2
ex

2
[1− erf(|x|)] x < 0

√
2ex

2 − 1√
2
ex

2
[1− erf(x)] x > 0,

where erf(x) is the error function, x = λ/(a
√
2π) and the bound state energy in the x > 0

case was assumed to be Eb = 1/(ma2). We can write down the asymptotic forms in the

169



limits of zero and infinite scattering lengths as

b2 − b02 =


− a

λ
a→ 0−

√
2 e1/(mTa2) a→ 0+

1√
2
(1 +

√
2
π

λ
|a|) a→ ±∞

(B.10)

Not surprisingly, the interaction part of b2 approaches a finite number as a → ∞, and

is the same order as the effects of quantum statistics. One can also see that the total b2

will start off negative for small and negative scattering length, but eventually becomes

positive as a→ −∞. Interestingly, that means there is a value for the scattering length

where the quantum correction and the interaction correction cancel and b2 = 0. For

positive scattering length, the contribution from the atomic interaction is always larger

(and positive) than the quantum correction, so that b2 > 0 for all a > 0. Also, as

we approach smaller values of the scattering length (a → 0+), the bound state energy

becomes larger and b2 starts becoming very large. In this regime, our expansion does not

make sense anymore, so we will limit ourselves to the a < 0 regime or the large positive

scattering lengths.

B.2.2 Specific Heat

Given that our thermodynamic variables are (µ, T ), we must use some thermodynamic

identities to calculate the specific heats at constant temperature and pressure. The

typical derivatives of the pressure are

s =
∂P

∂T

∣∣
µ

and n =
∂P

∂µ

∣∣
T

(B.11)
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Figure B.1: The left panel shows cV in units of n0 as a function of T/TF n0. Here,
n0 = νz/λ3 is the density of the free gas. The right panel shows the temperature
dependence of cP .

To calculate the specific heat at constant volume using the thermodynamical variables,

(µ, T ), we write down

cV = T
∂s

∂T

∣∣
V
=
∂(s, V )

∂(T, V )
=
∂(s, V )/∂(T, µ)

∂(T, V )/∂(T, µ)
= T

[ ∂s
∂T

∣∣
µ
−

(∂n/∂T )2µ
(∂n/∂µ)T

]
(B.12)

where V = N/n with N being the total number and we have used the definition of the

Jacobian,

∂(a, b)

∂(c, d)
= Det

 ∂a/∂c
∣∣
d
∂a/∂d

∣∣
c

∂b/∂c
∣∣
d

∂b/∂d
∣∣
c


We do not express cP directly, but use the formula for the difference between the

specific heats,

cP − cV = −T
[
(∂V/∂T )P

]2
(∂V/∂P )T

(B.13)
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Transforming to the variables (µ, T ), we have

∂V

∂T
|P =

s

n

∂n

∂µ

∣∣
T
− ∂n

∂T

∣∣
µ

(B.14)

and

∂V

∂P
|T =

∂n

∂µ

∣∣
T

(B.15)

which gives us

cP = cV + T

[
s
n
(∂n/∂µ)

∣∣
T
− (∂n/∂T )

∣∣
µ

]2
(∂n/∂µ)

∣∣
T

(B.16)

High Temperature Phase

Using the high temperature expressions for pressure including the first virial correction

as P = νT
λ3 (z + b2z

2), we can then derive

cV =
νz

λ3

[
3

2
+

15

4
zb2 − zT

∂b2
∂T

+ zT 2∂
2b2
∂2T

]
(B.17)

cP = cV +
νz

λ3

[
1 + 5zb2 − 2zT

∂b2
∂T

]

Obviously, we arrive at the answers for a classical free gas if b2 = 0 with n0 =
νz
λ3 being the

density for a free gas. We show the results for the specific heats in Fig. B.2.1. Note that

the small positive scattering length (kFa = 1) already gives a large deviation from the

ideal gas at temperatures of a few times the Fermi temperature, indicating the breakdown

of the Virial expansion. Also, note the smoothness of the transition across unitarity, from

a→ −∞ to a→ ∞.
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Superfluid Phase

At zero temperature, the pressure from the fermions, PF , is given by

PF =
4
√
2

15π2ξ3/2
m3/2µ5/2 (B.18)

from which we find the zero temperature fermionic density is

nF =
∂PF

∂µ

∣∣
T
=

2
√
2m3/2

3π2ξ3/2
µ3/2 (B.19)

In order to calculate second derivatives of the pressure (as needed in the specific heat),

we need to thermal contribution from the phonons as well,

PH =
π2T 4

90

(3m
2µ

)3/2
(B.20)

Putting these together and taking the appropriate derivatives, we find

cV =
24ζ[5]

π2
T 3
(3m
2µ

)3/2
(B.21)

cP = cV +O(T 7) .

These equations obviously verify Nernst’s theorem, the difference of two type specific

heat, cP − cv tends to zero more rapidly than specific heats themselves as T → 0.

Generally, if entropy s ∼ T n for T → 0, then cP − cv ∼ T 2n+1.
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